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ABSTRACT OF THE DISSERTATION
On the Learning Behavior of Adaptive Networks
by

Jianshu Chen
Doctor of Philosophy in Electrical Engineering
University of California, Los Angeles, 2014
Professor Ali H. Sayed, Chair

This dissertation deals with the development of effective information process-
ing strategies for distributed optimization and learning over graphs. The work
considers initially global cost functions that can be expressed as the aggregate
sum of individual costs (“sum-of-costs”) and proceeds to develop diffusion adap-
tation algorithms that enable distributed optimization through localized coordi-
nation among neighboring agents. The diffusion strategies allow the nodes to
cooperate and diffuse information in real-time and they help alleviate the effects
of stochastic approximations and gradient noise through a continuous learning
process. Among other applications, the resulting strategies can be applied to
large-scale machine learning problems, where a network of agents is used to learn

a common model from big data sets that are distributed over the network.

The work also develops diffusion strategies for the solution of another class
of problems where the global cost functions are expressed as regularized “cost-
of-sum” forms. This situation arises when a large-scale model is stored and
learned over a network of agents, with each agent being in charge of a portion
of the model and it is not feasible to aggregate the entire model in one location

due to communication and privacy considerations. It is shown that the “cost-
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of-sum” problem can be transformed into a “sum-of-costs” problem by using
dual decompositions and the concept of conjugate functions. The collaborative
inference step in the dual domain is shown to generate dual variables that can
be used by the agents to update their model without the need to share these
model parameters or the training data with the other agents. This is a powerful
property that leads to an efficient distributed procedure for learning large-scale

models over networks.

The dissertation carries out a detailed transient and steady-state analysis
of the learning behavior of multi-agent networks, and reveals interesting results
about the learning abilities of distributed strategies. Among other results, the
analysis reveals how combination policies influence the learning process of net-
worked agents, and how these policies can steer the convergence point towards
any of many possible Pareto optimal solutions. The results also establish that
the learning process of an adaptive network undergoes three well-defined stages
of evolution with distinctive convergence rates during the first two stages, while
attaining a finite mean-square-error (MSE) level in the last stage. The analy-
sis reveals what aspects of the network topology influence performance directly
and suggests design procedures that can optimize performance by adjusting the
relevant topology parameters. Interestingly, it is further shown that, in the adap-
tation regime, each agent in a sparsely connected network is able to achieve the
same performance level as that of a centralized stochastic approximation strat-
egy even for left-stochastic combination strategies. These results lead to a deeper
understanding and useful insights on the convergence behavior of coupled dis-
tributed learners. The results also lead to effective design mechanisms to help

diffuse information more thoroughly over networks.
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CHAPTER 1

Introduction

In this dissertation, we study the learning behavior of multi-agent adaptive net-
works consisting of NV connected agents. Each agent k receives a local data stream
{zr:} at time ¢ and is able to communicate with its local neighbors — see Fig. 1.1.
The objective of the network is for the agents to collaboratively solve a global op-
timization problem by using information that is collected /stored locally at the dif-
ferent agents. Such networks of interacting agents are useful in solving distributed
estimation, learning, and decision making problems [7,48,100,115,117,130]. They
are also useful in modeling biological networks [29,46,140], collective rational be-
havior [51,52], and in developing biologically-inspired designs [7,67]. The learning
and adaptation processes of multi-agent systems typically consist of two compo-
nents: self-learning from local data streams and social-learning from neighbors.
During self-learning, each agent updates its state using its local data. During
social learning, each agent aggregates information from its neighbors. We briefly
discuss in this chapter the special features of these two components and then

state contributions of the dissertation.

1.1 Single-Agent Adaptation

The self-learning procedure at each agent k extracts information from its local

data streams {zy;} in order to best represent, predict, interpret the local data,



Figure 1.1: A network representing a multi-agent system. The set of all agents
that can communicate with node k is denoted by Nj. The edge linking any two
agents is represented by two directed arrows to emphasize that information can
flow in both directions.

infer parameters of interest, or to make the best decision. Typically, the statistics
of the data streams are unknown to the agents, and this requires the networked

agents to rely on data realizations to learn from streaming data.

To introduce the self-learning process, we first review adaptation and learning
for stand-alone agents. Thus, consider a single agent k and introduce the problem

of minimizing an expected loss function with respect to an unknown vector w:
min EQy(w; ;) (1.1)

where Qr(w; xy ;) is the loss function at agent k for data sample @y ; (we use the
boldface notation, @y ;, to highlight the random nature of the data and use regular
font, z;, to denote its realizations), and the expected loss Ji(w) = EQx(w; oy ;)

is called the risk function. A typical algorithm to solve (1.1) is the stochastic



gradient descent (SGD) algorithm, which updates estimates for w according to

the following recursion [117]:

Wi = Wh,i—1 — k(1) - VQr(Wki—1; Tpi) (1.2)

where (1) is a positive step-size parameter, which can be time-dependent or be
set to a constant value. Note that we are using the gradient of the loss function
Qr(w;zg,) in (1.2) instead of the risk function Ji(w) to update from wy ;1 to
wg;. This is because we may not be able to evaluate V,,Ji(w) in closed-form
since the statistics of the data are usually unavailable. The learning algorithm
can also take other forms beyond gradient descent. For example, in order to
improve the convergence behavior, we may multiply a gain matrix Dy ; to the left

of V,Qr(w; ;) so that the recursion becomes:

Wi = Wh,i—1 — k(1) - Dii - ViQr(Wki—1; Tgi) (1.3)

This variation is popular in optimization problems to improve the convergence

rate of deterministic optimization algorithms [10]. More generally, we can write

Wi, = Wii—1 — p() - Spi(Whiz1) (1.4)

where §;;(w) denotes the update vector used by agent k at time i. The SGD
algorithm (1.2) is a special case of (1.4) when the update vector 5 ;(w) is chosen
as V,Qr(w; ;). The more general form (1.4) is referred to as a stochastic
approximation algorithm [81,99,105,116]. This type of algorithms is widely used
in online learning and prediction [1,6,30,44,60,65,74,101,121,122,148]. It is also
popular in large-scale machine learning problems, where the dataset contains a

finite but a large number of data samples [6,15-17]. In this context, it is common



to formulate deterministic cost measures and to require each agent to minimize

an empirical cost defined in the form of a running sum:

Tiw) = 53 Quluws ) (15)

In these scenarios, the gradient descent algorithm assumes the following form:

N T

/)

Wgi = Wki—1 — /”“T(, ) E Vka(wk,i—l; ﬂsz,t) (1-6)
t=1

Note that each iteration now requires computing a total of T gradients and then
averaging them together. When the dataset is large, computing the gradients can
be very expensive. Instead, we can randomly fetch one sample at a time from
the dataset and update wy; according to the SGD recursion (1.2). By doing so,
the computation complexity can be greatly reduced without much degradation

in performance.

1.2 Multi-Agent Adaptation

1.2.1 Sum-of-Costs Formulation

The single-agent adaptation procedure serves as a building block for the multi-
agent case. In multi-agent adaptation, agents collaborate with each other to solve
a problem that combines the individual cost functions {J(w)} in a certain way.
One important case is through a “sum-of-costs” formulation, which we will study

in some detail in Chapter 2, where the networked agents aim to minimize an



aggregate cost of the form:

JEP () = Je(w) (1.7)

1=

This situation arises when data streams arrive at different agents in a distributed
manner, and the agents want to work together to extract information from all the
data streams, i.e., learning from “distributed data’. Another example arises in
large-scale machine learning problems, where the training dataset is finite but too
large to be fitted into a single machine. Then, the entire dataset is partitioned
into several subsets, which are allocated to different machines to perform parallel
training. The individual cost functions in (1.7) can be either a risk function of

the form
Je(w) = EQr(w; @ ;) (1.8)

or an empirical cost of the form:

Je(w) = 7 D Qulw; i) (1.9)

As we will show in Chapter 2, problem (1.7) can be solved by the SGD iteration
(1.2) interleaved with one combination step over neighborhoods at each agent.
Specifically, one may employ consensus [48,75-77,97,98,137] or diffusion (ATC
or CTA) strategies [26,34,36,42,89,91,115,117,146] of the following form:

¢k,i—1: E QW) 5—1

Consensus : 1ENK (1.10)

Wy = Grio1 — (1) Sk, (Wria)



¢k,z’—1 = Z QWi ;—1
CTA diffusion : IENG, (1.11)

Wi = Grio1 — k(1) Sk, (Pri1)

Vi = Wii—1 — (1) 81,i (W i—1)
ATC diffusion : (1.12)

Wy = Z alkwl,i

lGNk

where wy,; € RM is the iterate of agent k at time 4, usually an estimate for the
minimizer of (1.7), ¢y;—1 € RM and Y € RM are intermediate variables gener-
ated at node k before updating to wy ;, p(i) is a non-negative (time-dependent
or constant) step-size parameter used by node k, and $;;(-) is an M x 1 update
vector function at node k. In deterministic optimization problems, the update
vectors §y;(+) can be the gradient or Newton steps associated with the cost func-
tions [97]. On the other hand, in stocastic approximation problems, such as
adaptation, learning and estimation problems [26, 34, 36, 42,48, 49,58, 75,77, 89,
91,109, 115,125,130, 137,146], the update vectors are usually computed from re-
alizations of data samples that arrive sequentially at the nodes, with a typical

choice being the stochastic gradient:

Ski(w) = Vo Qp(w; @) (1.13)

In the stochastic setting, the quantities appearing in (1.10)—(1.12) become ran-
dom and we therefore use boldface letters to highlight their stochastic nature.
The combination coefficients {a;} in (1.10)—(1.12) are nonnegative weights that

each node k assigns to the information arriving from node [; these coefficients are



required to satisfy:

N
> ap=1 (1.14)
=1

. — 0, if [ ¢ Nk (1.16)

Observe from (1.16) that the combination coefficients are zero if [ ¢ N}, where
N, denotes the set of neighbors of node k. Therefore, each summation in (1.10)—
(1.12) is actually confined to the neighborhood of node k. We let A denote
the N x N matrix that collects the coefficients {a;.}. Then, condition (1.14) is

equivalent to
AT1 =1 (1.17)

where 1 is the N x 1 vector with all its entries equal to one. Condition (1.17)
means that the matrix A is left-stochastic (i.e., the entries on each of its columns

add up to one).

Observe from (1.10)—(1.12) that the convex combination steps appear in differ-
ent locations in the consensus and diffusion implementations. Moreover, observe
that the consensus strategy (1.10) evaluates the update direction 8y ;(-) at wy;—1,
which is the estimator prior to the aggregation, while the diffusion strategy (1.11)
evaluates the update direction at ¢y ;_1, which is the estimator after the aggrega-
tion. It was shown in [117,139] that this asymmetry in the consensus update is a
source of instability. For this reason, we shall focus mainly on diffusion strategies

in later chapters.



Figure 1.2: The data sample x; at each time ¢ is available to a subset N7 of agents
in the network (e.g., agents 3 and 6 in the figure), and each agent k is in charge of
one sub-dictionary, W}, and the corresponding optimal sub-vector of coefficients
estimated at time ¢, yp,. Each agent £ can only exchange information with its
immediate neighbors (e.g., agents 5, 2 and 6 in the figure and k itself). We use
N: to denote the set of neighbors of agent k.

1.2.2 Cost-of-Sum Formulations

Another important situation that leads to the “sum-of-costs” form is the “model-
distributed” case, which we will study in Chapter 3. In this case, each agent in
the network is only in charge of a portion of the model, and the agents work
together to represent the data streams that arrive at a subset of the agents.
This setup is important in large-scale machine learning applications, since the
increasing amount of data samples allows us to use more sophisticated models
to interpret the data. However, when the model is too large, it may not be
possible to fit it into a single machine. One example is dictionary learning over
large-scale models, as illustrated in Fig. 1.2. As we will reveal in Chapter 3,

the problem involves a “cost-of-sum” form, which is not directly amenable to



distributed implementations. Specifically, the networked agents aim to learn a

dictionary W = [W1, ..., Wy] by solving the following optimization problem:

N N N
min E Ty — Wiyr, | + hy, (yp,) | + hw, (W) 1.18a
i B (2 oWt ) 4 3 b (wta) | + 3 (V) (118)
st. We€Wy,  k=1,....N (1.18b)

where W}, denotes the sub-dictionary at each agent k, x; is the M x 1 input data

vector at time ¢, f(u) in (1.18a) denotes a differentiable convex loss function for

the residual error, hy, (yx) and hy, (Wj) are convex (but not necessarily differ-

entiable) regularization terms on y, and Wy, respectively, and W, denotes the

convex constraint set on Wj. Moreover, for each given realization z;, yi, is a

sub-coding vector at each agent k. {y{,,...,y%,} are defined as the solution to
the following inference (sparse coding) problem:

N N

{Wis - YN,y = arg  min } [f <xt — Z kak) + Z hy, (yk)] (1.19)

k=1 k=

{ylv"'7yN 1

Observe that the inference problem (1.19) is a regularized “cost-of-sum” problem.
By using a dual decomposition technique and the concept of conjugate function,
we will be able to convert the problem into the “sum-of-costs” form (1.7), which
can be solved efficiently over networked agents. More specifically, we will show
that problem (1.19) can be transformed into the following dual problem that

assumes the “sum-of-costs” form:

N
min f*(v) — vl + Z hy (W) (1.20a)
k=1

st. veV (1.20b)



where f*(-) and h; (-) are the conjugate functions of f(u) and hy, (yx), respec-
tively, and Vy is the domain of f*(v). Furthermore, for the dual “sum-of-costs”
problem (1.20a)—(1.20b), the optimal solution v{ can be used to update the dic-

tionary components:

Wit = Iy, {proxuw,hwk (Wm,l + uwl/f(y,‘;t)T)} (1.21)

where 11y, (-) denotes the projection operator onto Wy, and prox () denotes

P«w'hWk
the proximal operator of pi,, - hy, . Note that the sub-dictionary update recursion

at each agent k does not require further exchange of information among agents.

The distributed dictionary learning problem we are solving here is different
from the useful work [31,32], where it is assumed that the entire dictionary
W [31,32] is maintained at each agent in the network, whereas individual data
samples generated by the same distribution, denoted by ., are observed by
the agents at each time ¢. That is, these previous works study data distributed
formulations. What we are going to study in Chapter 3 is to find a distributed
solution where each agent is only in charge of a portion of the dictionary (W}
for each agent k) while the incoming data, x;, is observed by only a subset
of the agents. This scenario corresponds to a model distributed (or dictionary-
distributed) formulation. A related albeit different model was considered in [43]
in the context of distributed deep neural network (DNN) models over computer
networks. In these models, each computer is in charge of a portion of neurons
in the DNN, which exchange their private activation signals with neurons over
the network to perform the classification task. As we will see in Chapter 3, our
distributed model does not require exchanging either the private combination
coefficients {yx} or the sub-dictionaries {W}} while still being able to model

the data using the collective “wisdom” over the network. Another related but
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different work is [142], where the authors study a special form of a distributed
sparse basis pursuit problem under fized sub-dictionaries at each agent. We
instead allow the sub-dictionaries to be updated dynamically over time (rather
than staying fixed) and this is accomplished without exchanging any further
information after the distributed inference step — see (1.21) and also future Sec.

3.3.5.

The distributed model setting is important in practice because agents tend to
be limited in their memory and computing power and they may not be able to
store large dictionaries locally. Even if the agents were powerful enough, different
agents may have access to different databases and different sources of information.
Rather than aggregate the information in the form of large dictionaries at every
single location, it is more advantageous to keep the information distributed due
to potential excessive costs in exchanging large data sets, and also due to privacy
considerations where different agents may not be in favor of sharing their data
and dictionary. Therefore, by having distributed sub-dictionaries, and by having
many agents cooperate with each other, a large model that is beyond the ability or

reach of any single agent can be trained by the network in a distributed manner.

1.2.3 Social Learning

Note that in multi-agent systems, either data arrive at different agents in a dis-
tributed manner or the entire model is distributed over different agents. There-
fore, in order to solve the global problem, agents need social-learning to consult
with each other so that information extracted from local data streams can be
propagated over the entire network. An important feature of social-learning is
that it relies on limited interactions for at least two reasons. First, because the

network is possibly sparsely connected, each agent in the network can only in-
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teract with a limited number of intermediate one-hop neighbors. Second, due to
privacy or security considerations, agents may be reluctant to share their raw or

processed data more fully.

1.3 Objectives

In future chapters, we will develop algorithms that solve the aforementioned
“sum-of-costs” and “cost-of-sum” problems in a distributed manner. To ensure
continuous learning and adaptation to streaming data, we focus on multi-agent
systems with constant step-sizes. As we already indicated, there are two types of
learning processes involved in the dynamics of each agent k: (i) self-learning from
locally sensed data and (ii) social learning from neighbors. All nodes implement
the same self- and social learning structure. As a result, the learning dynamics
of all nodes in the network are coupled; knowledge exploited from local data at
node k will be propagated to its neighbors and from there to their neighbors in
a diffusive learning process. It is expected that some global performance pattern
will emerge from these localized interactions in the multi-agent system. In this

dissertation, we address the following questions:
e Limit point: where does each state wy; converge to?
e Stability: under which conditions does convergence occur?
e Learning rate: how fast does convergence occur?

e Performance: how close does wy,; get to the limit point?

We address the four questions by characterizing analytically the learning dynam-
ics of the network to reveal the global behavior that emerges in the small step-size

regime. A critical question to ask is whether it is possible that, under certain
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conditions, the distributed strategy can achieve the same performance as the cen-
tralized strategy? The centralized strategy is the one that collects all data and
has the entire model available at a powerful fusion center. This question will be

addressed in later chapters.

In comparison with the existing literature [13,21,48,71,75-77,84,97,109,125,
126,137], it is worth noting that most prior studies on distributed optimization al-
gorithms focus on studying their performance and convergence under diminishing
step-size conditions and for doubly-stochastic combination policies (i.e., matrices
for which the entries on each of their columns and on each of their rows add up
to one). These are of course useful conditions, especially when the emphasis is
on solving static optimization problems. We focus instead on the case of con-
stant step-sizes because, as explained earlier, they enable continuous adaptation
and learning under drifting conditions; in contrast, diminishing step-sizes turn
off learning once they approach zero. By using constant step-sizes, the result-
ing algorithms are able to track dynamic solutions that may slowly drift as the
underlying problem conditions change. Moreover, we do not limit the combina-
tion policies to be doubly-stochastic; we only require condition (1.17). It turns
out that left-stochastic matrices lead to superior mean-square error performance
(see, e.g., expression (6.66) and also [26,146]). Furthermore, constant step-sizes
and left-stochastic combination policies enrich the learning dynamics of the net-
work in interesting ways, as we are going to discover. In particular, under these
conditions, we shall derive an interesting result that reveals how the topology
of the network determines the limit point of the distributed algorithm. We will
show that the combination weights steer the convergence point away from the ex-
pected solution and towards any of many possible Pareto optimal solutions. This
is in contrast to commonly-used doubly-stochastic combination policies where

the limit point of the network is fixed and cannot be changed regardless of the
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topology. We will show that the limit point is determined by the right eigenvec-
tor that is associated with the eigenvalue at one for the matrix A. Therefore,
left-stochastic policies enable the networks to converge to any of infinitely many
Pareto optimal solutions. Moreover, the value of the limit point can be controlled

through the selection of the Perron eigenvector.

We will also be able to characterize how close each agent in the network gets
to this limit point. As a by-product of studying the transient behavior of the
algorithms, we will be able to derive closed-form performance expressions for
the steady-state mean-square-error (MSE) for a fairly general class of distributed
strategies under broader (weaker) conditions than normally considered in the

literature.

Other useful and related works in the literature appear in [13,75-77]. These
works, however, study the distribution of the error vector in steady-state under di-
minishing step-size conditions and using central limit theorem (CLT) arguments.
They showed a Gaussian distribution for the error quantities in steady-state and
derived an expression for the error variance but their expression naturally tends
to zero as i — 0o since, under the conditions assumed in these works, the error
vector wy,; approaches zero almost surely. Such results are possible because, in
the diminishing step-size case, the influence of gradient noise is annihilated by
the decaying step-size. However, in the constant step-size regime, the influence
of gradient noise is always present and seeps into the operation of the algorithm.
In this case, the error vector does not approach zero any longer and its vari-
ance approaches instead a steady-state positive-definite value. Our objective is
to characterize this steady-state value and to examine how it is influenced by the
network topology, by the persistent gradient noise conditions, and by the data

characteristics and utility functions. In the constant step-size regime, CLT argu-

14



ments cannot be employed anymore because the Gaussianity result does not hold
any longer. Indeed, reference [145] illustrates this situation clearly; it derived
an expression for the characteristic function of the limiting error distribution
in the case of mean-square-error estimation and it was shown that the distri-
bution is not Gaussian. For these reasons, the analysis in this dissertation is
based on alternative techniques that do not assume any specific form for the
steady-state distribution and that rely instead on the use of energy conservation

arguments [34,115,116].

1.4 Overview of Main Results

Before we proceed to the formal analysis, we first give a brief overview of the
main results that we are going to establish in this dissertation on the learning
behavior of the distributed strategies (1.10)—(1.12) for sufficiently small step-sizes.
Let 0 denote the right eigenvector of the matrix A = [ay,] corresponding to the

eigenvalue at one and whose entries are normalized to add up to one, i.e.,
Ad=0, 179=1 (1.22)

The first major conclusion is that for general left-stochastic primitive combination
matrices A, the agents in the network will have their estimators wjy,; converge,
in the mean-square-error sense, to the same vector w® that corresponds to the

unique solution of the following algebraic equation:

> pese(w) =0 (1.23)
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where

() £ E [81:(w)|Fiy] (1.24)
i 2 0 - L (1.25)
Lomax = max iy (1.26)

F;_1 denotes the history of iterates up to time ¢ — 1, and 6y is the kth entry of
the right-eigenvector 6. For example, in the context of distributed optimization
problems of the form (1.7), this result implies that for left-stochastic matrices A,
the distributed strategies (1.10)—(1.12) will not converge to the global minimizer
of the original aggregate cost (1.7), which is the unique solution to the alternative

algebraic equation

> Vudi(w) =0 (1.27)

Instead, these distributed solutions will converge to the global minimizer of the

weighted aggregate cost J&°P*(w) defined in terms of the entries py:

JEPH (w) £ " prJp(w) (1.28)

That is, the algorithms will converge to the unique solution of

> peVudi(w) =0 (1.29)
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Result (1.29) means that the distributed strategies (1.10)—(1.12) converge to a

Pareto optimal solution of the multi-objective problem
min {J;(w), ..., Jn(w)} (1.30)

with one Pareto solution obtained for each selection of the topology parameters
{pr}. The distinction between the aggregate costs J&°P(w) and J&°P*(w) does
not appear in earlier studies on distributed optimization [75,77,97,109,125,137]
mainly because these studies focus on doubly-stochastic combination matrices, for
which the entries {p;} will all become equal to each other for uniform step-sizes
tr = p. In that case, the minimizations of (1.7) and (1.27) become equivalent and
the solutions of (1.27) and (1.29) would then coincide. In other words, regardless
of the choice of the doubly stochastic combination weights, when the {p,} are

identical, the limit point will be unique and correspond to the solution of

> sp(w) =0 (1.31)

In contrast, result (1.23) shows that left-stochastic combination policies add more
flexibility into the behavior of the network. By selecting different combination
weights, or even different topologies, the entries {py} can be made to change and

the limit point can be steered towards other desired Pareto optimal solutions.

The second major conclusion of the dissertation is that we will show in (5.145)
further ahead that there always exist sufficiently small step-sizes such that the
learning process over the network is mean-square stable. This means that the

weight error vectors relative to w? will satisfy

lim sup El|wy || = O(ttmax) (1.32)

1—00
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so that the steady-state mean-square-error at each agent will be of the order of
O (ftmax)-

The third major conclusion of our analysis is that we will show that, during the
convergence process towards the limit point w?, the learning curve at each agent
exhibits three distinct phases: Transient Phase I, Transient Phase II, and Steady-
State Phase. These phases are illustrated in Fig. 1.3 and they are interpreted as
follows. Let us first introduce a reference (centralized) procedure that is described

by the following centralized-type recursion:

N
We; = Wei—1 — Mmax Zpkskﬁﬂc,ifl) (133)
k=1
which is initialized at
N
Weo = Y Okt (1.34)
k=1

where 8, is the kth entry of the eigenvector 0, wy is the initial value of the
distributed strategy at agent k, and w,.; is an M x 1 vector generated by the
reference recursion (1.33). The three phases of the learning curve will be shown

to have the following features:

e Transient Phase I:
If agents are initialized at different values, then the estimates of the various
agents will initially evolve in such a way to make each wy,; get closer to the
reference recursion w.;. The rate at which the agents approach w,.; will be
determined by |A2(A)|, the second largest eigenvalue of A in magnitude. If
the agents are initialized at the same value, say, e.g., wio = 0, then the

learning curves start at Transient Phase II directly.
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Figure 1.3: A typical mean-square-error (MSE) learning curve includes a transient
stage that consists of two phases and a steady-state phase. The plot shows how
the learning curve of a network of agents compares to the learning curve of a
centralized reference solution. The analysis in this dissertation characterizes in
detail the parameters that determine the behavior of the network (rate, stability,
and performance) during each phase of the learning process.

e Transient Phase II:
In this phase, the trajectories of all agents are uniformly close to the tra-
jectory of the reference recursion; they converge in a coordinated manner
to steady-state. The learning curves at this phase are well modeled by the

same reference recursion (1.33) since we will show in (6.10) that:
Ellwpill* = ll@eill” + Oltglam) - 7% + OHmax) (1.35)

Furthermore, for small step-sizes and during the later stages of this phase,

w,,; will be close enough to w” and the convergence rate r will be shown to
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satisfy:
r= [p(IM — ,urnaXHc>:|2 + O((,umaxe) 2(Ml*1>) (1.36)

where p(-) denotes the spectral radius of its matrix argument, € is an arbi-

trarily small positive number, and H, is defined as

N
H. % Zpkvwrsk(wo) (1.37)
k=1
Steady-State Phase:
The reference recursion (1.33) continues converging towards w® so that
|Wei||* = [Jw® — we;]|* will converge to zero (—oo dB in Fig. 1.3). However,
for the distributed strategy (1.10)—(1.12), the mean-square-error E||wy, ;||* =
E|w® — wy,;||* at each agent k will converge to a finite steady-state value.

We will be able to characterize this value in terms of the vector p £

col{pi,...,pn} as follows:
iliréloEH’II)k’iHQ = fma Tt {X (" @I\ )Ry (p@1ar) } + 0 fhimax) (1.38)

where X is the solution to the Lyapunov equation described later in (6.42)
(when 3 = I), and o(fmax) denotes a strictly higher order term of fipax.
Expression (1.38) is a revealing result. It is a non-trivial extension of a
classical result pertaining to the mean-square-error performance of stand-
alone adaptive filters [54,57,72,141] to the more demanding context when a
multitude of adaptive agents are coupled together in a cooperative manner
through a network topology. Expression (1.38) also extends the results

that were developed for least-mean-square (LMS) adaptive networks (with
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quadratic costs) [146] to the more general case where agents in the network
are associated with general cost functions. This result has an important
ramification, which we pursue later in Chapter 6. We will show there that
no matter how the agents are connected to each other, there is always a way
to select the combination weights such that the performance of the network
is invariant to the topology. This will also imply that, for any connected
topology, there is always a way to select the combination weights such that

the performance of the network matches that of the centralized solution.

Finally, we will show that the convergence rate in Transient Phase II and the
mean-square-error of Steady-State Phase match those of a centralized strategy
described by the following recursion:

N

Weent,i — Weent,i—1 — Hmax Zpkék,i(wcent,i—l) (139)
k=1

where the parameters pm.x and {piy} are the same as those in the distributed
strategies. That is, in the small constant step-size regime, the performance of the
distributed strategies can approach a centralized strategy that collects all the data
into a central agent. From the design perspective, the centralized strategy (1.39)
could serve as a frame of reference for the distributed strategies. By designing
the combination coefficients {a;.}, we could steer the vector p in order to make

the distributed strategies approach the performance of the centralized strategy.

1.5 Organization

The organization of the dissertation is summarized as follows.
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e Chapter 2: In this chapter, we propose an adaptive diffusion mechanism
to optimize a global cost function in a distributed manner over a network
of agents. The cost function is assumed to be the sum of a collection of
individual components, i.e., in the “sum-of-costs” form. Diffusion adapta-
tion allows the nodes to cooperate and diffuse information in real-time; it
also helps alleviate the effects of stochastic gradient noise and measurement

noise through a continuous learning process.

e Chapter 3: Here, we examine problems involving an alternative form of
global cost functions that can be expressed as regularized “cost-of-sum”
forms. This formulation arises, for example, in dictionary learning over
large-scale distributed models, where each agent is in charge of a portion
of the dictionary and the agents collaborate to learn a best representation
for the incoming data. We will show that “cost-of-sum” problems can be
transformed to “sum-of-costs” problems of the form studied in Chapter 2
using the technique of dual decomposition and the concept of conjugate
functions. For this reason, the problem can be solved in the dual domain
using the methods developed in Chapter 2. Furthermore, besides its close
connection to the “sum-of-costs” problem, the “cost-of-sum” problem has
another special structure: its dual solution can provide a global gradient
information. As we will explain in Chapter 3, this property is especially

useful for learning large-scale distributed models.

e Chapter 4: From Chapters 2-3, we will conclude that both the “sum-
of-costs” and “cost-of-sum” problems can be effectively solved by diffusion
strategies. In this chapter, we analyze the stability and performance of
the diffusion algorithm under the special case where each individual cost

function is strongly convex. This assumption will be relaxed in later chap-
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ters to only require the aggregate cost to be strongly conver. Analyzing
the performance of diffusion strategies under the stronger assumption that
each cost function is strongly convex is important since this assumption
typically holds in practical applications. This is because quadratic regular-
ization can always be added to convert each individual cost into a strongly

convex function.

Chapter 5: This chapter carries out a detailed transient analysis of the
learning behavior of multi-agent networks, and reveals interesting results
about the learning abilities of distributed strategies. Among other results,
the analysis reveals how combination policies influence the learning process
of networked agents, and how these policies can steer the convergence point
towards any of many possible Pareto optimal solutions. The results also
establish that the learning process of an adaptive network undergoes three
(rather than two) well-defined stages of evolution with distinctive conver-
gence rates during the first two stages, while attaining a finite mean-square-
error (MSE) level in the last stage. The analysis reveals what aspects of
the network topology influence performance directly and suggests design
procedures that can optimize performance by adjusting the relevant topol-
ogy parameters. Interestingly, it is further shown that, in the adaptation
regime, each agent in a sparsely connected network is able to achieve the
same performance level as that of a centralized stochastic-gradient strat-
egy even for left- stochastic combination strategies. These results lead to
a deeper understanding and useful insights on the convergence behavior
of coupled distributed learners. The results also lead to effective design

mechanisms to help diffuse information more thoroughly over networks.
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e Chapter 6: This chapter examines the steady-state phase of distributed
learning by networked agents. Apart from characterizing the performance
of the individual agents, it is shown that the network induces a useful equal-
ization effect across all agents. In this way, the performance of noisier agents
is enhanced to the same level as the performance of agents with less noisy
data. It is further shown that in the small step-size regime, each agent in
the network is able to achieve the same performance level as that of a cen-
tralized strategy corresponding to a fully connected network. The results in
this part reveal explicitly which aspects of the network topology and oper-
ation influence performance and provide important insights into the design
of effective mechanisms for the processing and diffusion of information over

networks.

1.6 Notation

All vectors are column vectors. We use boldface letters to denote random quan-

tities (such as uy;) and regular font to denote their realizations or deterministic

variables (such as uy;). We use diag{z1,...,zn} to denote a (block) diagonal
matrix consisting of diagonal entries (blocks) x1, ..., zy, and use col{z1,...,zx}
to denote a column vector formed by stacking x,...,xx on top of each other.

The notation x < y means each entry of the vector x is less than or equal to the
corresponding entry of the vector y, and the notation X <Y means each entry
of the matrix X is less than or equal to the corresponding entry of the matrix
Y. The notation x = vec(X) denotes the vectorization operation that stacks the
columns of a matrix X on top of each other to form a vector x, and X = vec™(x)
is the inverse operation. The operators V,, and V,,r denote the column and row

gradient vectors with respect to w. When V ,r is applied to a column vector s,
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it generates a matrix. The notation a(u) = O(b(n)) means that there exists a
constant C' > 0 such that a(p) < C - b(p). The notation a(p) = o(b(p)) means
that lim, 0 a(p)/b(p) =0

25



CHAPTER 2

Sum-of-Costs Formulation

In this chapter, we propose an adaptive diffusion mechanism to optimize a global
cost function in a distributed manner over a network of nodes. The cost function is
assumed to be the sum of a collection of individual components, i.e., in the “sum-
of-costs” form. Diffusion adaptation allows the nodes to cooperate and diffuse
information in real-time; it also helps alleviate the effects of stochastic gradient
noise and measurement noise through a continuous learning process. We apply
the resulting distributed strategy to two applications: distributed estimation
with sparse parameters and distributed localization. Compared to well-studied
incremental methods, diffusion methods do not require the use of a cyclic path
over the nodes and are robust to node and link failure. Diffusion methods also
endow networks with adaptation abilities that enable the individual nodes to
continue learning even when the cost function changes with time. The following

presentation in this chapter is based on [34].
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2.1 Problem Formulation

The objective is to determine, in a collaborative and distributed manner, the

M x1 column vector w® that minimizes a global cost of the form:

JEP(w) =) " Ti(w) (2.1)

where Jj(w), I = 1,2,..., N, are individual real-valued functions, defined over
w € RM and assumed to be differentiable and strongly convex. Then, J&'°P(w)
in (2.1) is also strongly convex so that the minimizer w® is unique [105]. In this
chapter we study the important case where the component functions {J;(w)} are
minimized at the same w®. This case is common in practice; situations abound
where nodes in a network need to work cooperatively to attain a common objec-
tive (such as tracking a target, locating the source of chemical leak, estimating
a physical model, or identifying a statistical distribution). This scenario is also
frequent in the context of biological networks. For example, during the foraging
behavior of an animal group, each agent in the group is interested in determin-
ing the same vector w® that corresponds to the location of the food source or
the location of the predator [138]. This scenario is equally common in online
distributed machine learning problems, where data samples are often generated
from the same underlying distribution and they are processed in a distributed
manner by different nodes (e.g., [44,133]). Later in Chapters 4-6, we will show
that diffusion strategies are also applicable to the case when the {J;(w)} have
different individual minimizers and nodes would converge instead to a Pareto-

optimal solution.

Our strategy to optimize the global cost J&°P(w) in a distributed manner is

based on three steps. First, using a second-order Taylor series expansion, we
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argue that J&°P(w) can be approximated by an alternative localized cost that is
amenable to distributed optimization — see (2.11). Second, each individual node
optimizes this alternative cost via a steepest-descent procedure that relies solely
on interactions within the neighborhood of the node. Finally, the local estimates
for w® are spatially combined by each node and the procedure repeats itself in
real-time. The approach in this chapter extends the derivation from [26, 115],
which focused on diffusion strategies for mean-square-error estimation problems

(i.e., quadratic costs).

To motivate the approach, we start by introducing a set of nonnegative coef-

ficients {c;x} that satisfy:
N
qu:l, Cl,kIOifl¢Nk, l:1,2,...,N (22)
k=1

where N denotes the neighborhood of node k (including node k itself); the
neighbors of node k consist of all nodes with which node k can share information.
Each ¢ represents a weight value that node k£ assigns to information arriving
from its neighbor [. Condition (2.2) states that the sum of all weights leaving
each node [ should be one. Using the coefficients {c; .}, we can express J&°(w)

from (2.1) as

JEP (w) = J(w) + > J*(w) (2.3)
£k

where

T (w) £ Z i1 (w) (2.4)

lGNk

In other words, for each node k, we are introducing a new local cost function,
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Ji°¢(w), which corresponds to a weighted combination of the costs of its neighbors.
Since the {c; 1} are all nonnegative and each J;(w) is strongly convex, then J.°¢(w)

is also a strongly convex function.

Now, each J/°°(w) in the second term of (2.3) can be approximated via a

second-order Taylor series expansion as:
D% (w) = 7 (W) + lw — |}, (2.5)

where I'; =3 V2 J;°°(w°) is the (scaled) Hessian matrix relative to w and evaluated
at w=w°, and the notation |la|% denotes a’Xa for any weighting matrix . The
analysis in the subsequent sections will show that the second-order approximation
(2.5) is sufficient to ensure mean-square convergence of the resulting diffusion

algorithm. Now, substituting (2.5) into the right-hand side of (2.3) gives:

JEP (w) & i (w)+ ) lw—w? {4 (w) (2.6)

14k 14k

The last term in the above expression does not depend on the unknown w. There-
fore, we can ignore it so that optimizing J&°(w) is approximately equivalent to

optimizing the following alternative cost:

JE (w) £ T (w) + > flw — w?|}, (2.7)
14k

2.2 Diffusion Adaptation Strategies

2.2.1 TIterative Diffusion Solution

Expression (2.7) relates the original global cost (2.1) to the newly-defined local

cost function J°¢(w). The relation is through the second term on the right-
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Figure 2.1: A network with N nodes; a cost function Ji(w) is associated with
each node k. The set of neighbors of node % is denoted by N; this set consists
of all nodes with which node k can share information.

hand side of (2.7), which corresponds to a sum of quadratic terms involving the

° is not available at node k since the nodes wish

minimizer w®. Obviously, w
to estimate w’. Likewise, not all Hessian matrices I'; are available to node k.
Nevertheless, expression (2.7) suggests a useful approximation that leads to a

powerful distributed solution, as we proceed to explain.

Our first step is to replace the global cost J&°P (w) by a reasonable localized
approximation for it at every node k. Thus, initially we limit the summation on
the right-hand side of (2.7) to the neighbors of node k and introduce the cost

function:

lob’ oc 0
TE (w) & (w) + D lw — w3, (2.8)
leN\{k}

Compared with (2.7), the last term in (2.8) involves only quantities that are

available in the neighborhood of node k. The argument involving steps (2.5)—
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(2.8) therefore shows us one way by which we can adjust the earlier local cost
function J1°°(w) defined in (2.4) by adding to it the last term that appears in (2.8).
Doing so, we end up replacing Ji°¢(w) by J,flOb/ (w), and this new localized cost
function preserves the second term in (2.3) up to a second-order approximation.

This correction will help lead to a diffusion step (see (2.14)—(2.15)).

Now, observe that the cost in (2.8) includes the quantities {I';}, which belong
to the neighbors of node k. These quantities may or may not be available. If they
are known, then we can proceed with (2.8) and rely on the use of the Hessian
matrices I['; in the subsequent development. Nevertheless, the more interesting
situation in practice is when these Hessian matrices are not known beforehand
(especially since they depend on the unknown w?). For this reason, we approxi-

mate each I'; in (2.8) by a multiple of the identity matrix, say,
Fl =~ bl,kIM (29)

for some nonnegative coefficients {b;x}; observe that we are allowing the coeffi-
cient b5 to vary with the node index k. Such approximations are common in
stochastic approximation theory and help reduce the complexity of the resulting
algorithms — see [105, pp.20-28] and [116, pp.142-147]. Approximation (2.9) is
reasonable since, in view of the Rayleigh-Ritz characterization of eigenvalues [59],
we can always bound the weighted squared norm |Jw — w°||f, by the unweighted

squared norm as follows

Auin(T0) o= < [l =3, < s () - o=
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Thus, we replace (2.8) by

JE (w) & g (w) + Y billw — w?? (2.10)
leN\{k}
As the derivation will show, we do not need to worry at this stage about how the
scalars {b;x} are selected; they will be embedded into other combination weights
loc

that the designer selects. If we replace J,°°(w) by its definition (2.4), we can

rewrite (2.10) as

TE (w) = audiw) + Y byflw—w||? (2.11)

leN leNE\{k}
Observe that cost (2.11) is different for different nodes; this is because the choices
of the weighting scalars {c;x, by} vary across nodes k; moreover, the neighbor-
hoods vary with k. Nevertheless, these localized cost functions now constitute
the important starting point for the development of diffusion strategies for the

online and distributed optimization of (2.1).

Each node k£ can apply a steepest-descent iteration to minimize J,flObN (w) by
moving along the negative direction of the gradient (column) vector of the cost

function, namely,

Whi = Whict — e Y kVuli(Wrict) — e Y gy —w), >0
lEN, leEN\{k}

(2.12)

where wy; denotes the estimate for w® at node k at time ¢, and p; denotes
a small constant positive step-size parameter. While vanishing step-sizes, such
as px(i) = 1/i, can be used in (2.12), we consider the case of constant step-

sizes. This is because we are interested in distributed strategies that are able to
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continue adapting and learning. An important question to address therefore is
how close each of the wy, ; gets to the optimal solution w?; we answer this question
later in Chapters 4-6 under general conditions by means of a mean-square-error
convergence analysis. It will be seen then that the mean-square-error (MSE)
of the algorithm will be of the order of the step-size; hence, sufficiently small

step-sizes will lead to sufficiently small MSEs.

Expression (2.12) adds two correction terms to the previous estimate, wy ;_1,
in order to update it to wy;. The correction terms can be added one at a time

in a succession of two steps, for example, as:

Ui = Wri—1 — Mg Z 1V (Wii-1) (2.13)
lENk
Wi = Yri — [k Z 20y 1 (Wy,i—1 — w°) (2.14)
leEN;\{k}

Step (2.13) updates wy;—; to an intermediate value ¢y ; by using a combination
of local gradient vectors. Step (2.14) further updates vy ; to wy; by using a

combination of local estimates. However, two issues arise while examining (2.14):

(a) First, iteration (2.14) requires knowledge of the optimizer w°. However, all
nodes are running similar updates to estimate the w°. By the time node
k wishes to apply (2.14), each of its neighbors would have performed its
own update similar to (2.13) and would have available their intermediate
estimates, {t;;}. Therefore, we replace w® in (2.14) by ¢;,;. This step helps
diffuse information over the network and brings into node k information
that exists beyond its immediate neighborhood; this is because each 1 ;
is influenced by data from the neighbors of node [. We observe that this
diffusive term arises from the quadratic approximation (2.5) we have made

to the second term in (2.3).
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(b) Second, the intermediate value 9y ; in (2.13) is generally a better estimate
for w® than wy,;—; since it is obtained by incorporating information from
the neighbors through (2.13). Therefore, we further replace wy;—1 in (2.14)
by ;. This step is reminiscent of incremental-type approaches to opti-

mization, which have been widely studied in the literature [9,88,96, 108].

Performing the substitutions described in items (a) and (b) into (2.14), we obtain:

Whyi = Vki — Mk Z 2005 (Vi — Y1) (2.15)

leNK\{k}

Now introduce the coeflicients

ay k =S 2Nkbl,k (l;’ék), Q. k £ l—ﬂk Z Qb”g (216)
leN\{k}
Note that the {a;} are nonnegative for [ # k and ay, > 0 for sufficiently small

step-sizes. Moreover, the coefficients {a;} satisfy

N

=1, ap=0if 1 ¢ N, (2.17)

=1

Using (2.16) in (2.15), we arrive at the following Adapt-then-Combine (ATC)
diffusion strategy (whose structure is the same as the ATC algorithm originally

proposed in [25,26,89] for mean-square-error estimation):

¢k,z‘ = Wgi—-1 — Mk Z Cl,kaJl(wk,iq)
(ATC) N (2.18)

W, = Z ay P

leEN},

To run algorithm (2.18), we only need to select combination coefficients {a; x, ¢, 1 }
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satisfying (2.2) and (2.17), respectively; there is no need to worry about the
intermediate coefficients {b;} any more, since they have been blended into the
{aix}. The ATC algorithm (2.18) involves two steps. In the first step, node k
receives gradient vector information from its neighbors and uses it to update its
estimate wy;—1 to an intermediate value 1) ;. All other nodes in the network
are performing a similar step and generating their intermediate estimate ;.
In the second step, node k aggregates the estimates {¢;;} of its neighbors and
generates wy ;. Again, all other nodes are performing a similar step. Similarly,
if we reverse the order of steps (2.13) and (2.14) to implement (2.12), we can
motivate the following alternative Combine-then-Adapt (CTA) diffusion strategy
(whose structure is similar to the CTA algorithm originally proposed in [23, 25,

26,87,89,90, 118] for mean-square-error estimation):

wk,m = Z ap Wy ;—1
(CTA) 1M (2.19)
Wk = wk,i—l — Mk Z Cl,kszt]l(wk,i—l)

lEN},

Adaptive diffusion strategies of the above ATC and CTA types were first pro-
posed and extended in [23-27,87,89,90, 118] for the solution of distributed mean-
square-error, least-squares, and state-space estimation problems over networks.
The special form of ATC strategy (2.18) for minimum-mean-square-error esti-
mation is listed further ahead as Eq. (2.30) in Example 2.3; the same strategy
as (2.30) was used [126] albeit with a vanishing step-size sequence to ensure
convergence towards consensus. A special case of the diffusion strategy (2.19)
(corresponding to choosing ¢ = 0 for [ # k and ¢, = 1, i.e., without sharing
gradient information) was used in the works [14, 109, 125] to solve distributed

optimization problems that require all nodes to reach agreement about w° by
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relying on step-sizes that decay to zero with time. Diffusion recursions of the
forms (2.18) and (2.19) are more general than these earlier investigations in a
couple of respects. First, they do not only diffuse the local estimates, but they
can also diffuse the local gradient vectors. In other words, two sets of combi-
nation coefficients {a;x, ¢} are used. Second, the combination weights {a;}
are not required to be doubly stochastic (which would require both the rows and
columns of the weighting matrix A = [a;x] to add up to one; as seen from (2.17),
we only require the entries on the columns of A to add up to one). Finally, and
most importantly, the step-size parameters {u} in (2.18) and (2.19) are not re-
quired to depend on the time index ¢ and are not required to vanish as ¢+ — oo.
Instead, they can assume constant values, which is critical to endow the network
with continuous adaptation and learning abilities (otherwise, when step-sizes die
out, the network stops learning). Constant step-sizes also endow networks with
tracking abilities, in which case the algorithms can track time changes in the
optimal w®.
We note that these strategies differ in important ways from traditional consensus-

based distributed solutions, which are of the following form [12,75,97,98|:

W = Z appWri—1 — pi(t) - Vi Ji(wgi—1) (2.20)
lG/\fk

usually with a time-variant step-size sequence, pu (i), that decays to zero. For
example, if we set C' £ [¢;;] = I in the CTA algorithm (2.19) and substitute the

combination step into the adaptation step, we obtain:

Wk = Z ag Wki—1 — Mkval( Z al,kwk,i—l) (2.21)

leNy leENE

Thus, note that the gradient vector in (2.21) is evaluated at t;_;, while in
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(2.20) it is evaluated at wy,;—1. Since ;1 already incorporates information
from neighbors, we would expect the diffusion algorithm to perform better. Ac-
tually, it is shown in [117,139] that, for mean-square-error estimation problems,
diffusion strategies achieve higher convergence rate and lower mean-square-error
than consensus strategies due to these differences in the dynamics of the algo-

rithms.

2.2.2 Adaptive Diffusion Solution

The diffusion algorithms (2.18) and (2.19) depend on sharing local gradient vec-
tors V,Ji(+). In many cases of practical relevance, the exact gradient vectors are
not available and approximations are instead used. We model the inaccuracy in

the gradient vectors as some random additive noise component, say, of the form:

—

Vle(w) = Vle(w) + ’Uu(w) (2.22)

where vy ;(+) denotes the perturbation and is often referred to as gradient noise.
Note that we are using a boldface symbol v to refer to the gradient noise since it
is generally stochastic in nature. Using the perturbed gradient vectors (4.8), the

diffusion algorithms (2.18)—(2.19) become the following:

¢k,i = Wg,i—1— Mk Z Cz,kv/w\efz(wk,i—l)
(ATC) 1M (2.23)

Wi, = Z ar P

lENk
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@bk,zel = Z QWi -1
(CTA) 1M (2.24)

Wy = Yrio1— [k Z c1kVwdi(Wr,i-1)
lENk

Example 2.1. Assume the individual cost J;(w) at node [ can be expressed as
the expected value of a certain loss function @Q(+,-), i.e., Ji(w) = E{Q;(w, z;,)},
where the expectation is with respect to the randomness in the data samples
{z,;} that are collected at node [ at time . Then, if we replace the true gradient
V. Ji(w) with its stochastic gradient approximation V/w\Jl(w) = VuQi(w, z1;),

we find that the gradient noise in this case can be expressed as

vi(w) = VoQi(w, 213) — Vo E{Qi(w, z1,)} (2.25)

]

Example 2.2. Consider an example in which the loss function at node [ is

chosen to be of the following quadratic form:
Qu(w, {wri, di(i)}) = |di(i) — wwl*

for some scalars {d;(i)} and 1 x M regression vectors {u;;}. The corresponding

cost function is then:
Jl(w) = ]E|dl(2) — uuw|2 (2.26)
Assume further that the data {w;;, d;(7)} satisfy the linear regression model

dl(Z) = 'll,uwo + Zl(i) (227)
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where the regressors {u;;} are zero mean and independent over time with covari-
ance matrix R,; = E{u/;u;;}, and the noise sequence {2 (j)} is also zero mean,
white, with variance agvk, and independent of the regressors {u;;} for all [, k, 1, j.
Then, using (2.27) and (2.25), the gradient noise in this case can be expressed

as:
vi(w) =2(Ry, — ulz;um-)(wo —w) — 2ufizl (7) (2.28)

O

Example 2.3. Quadratic costs of the form (2.26) are common in mean-square-
error estimation for linear regression models of the type (2.27). If we use instanta-
neous approximations, as is common in the context of stochastic approximation
and adaptive filtering [64, 105, 116], then the actual gradient V,J;(w) can be

approximated by

V/w\Jl(w) = Vo Qi(w, {u;, d;i(7)})
= —Qu{i[dl (1) — uyw) (2.29)

Substituting into (2.23)—(2.24), and assuming C' = [ for illustration purposes, we
arrive at the following ATC and CTA diffusion strategies originally proposed and
extended in [25,26,87,89,90,118] for the solution of distributed mean-square-error

estimation problems:

Yri = Wi i1 + 2ty [ di (i) — wpwy 1]

(ATO) Wk, = Z kP (2:30)

lENk
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":bk,ifl = Z QWi i—1
(CTA) lEN} (2.31)

Wi = Yrio1 + 2ty ;[ di (i) — w1

2.3 Simulation Results

In this section we illustrate the performance of the diffusion strategies (2.23)—
(2.24) by considering two applications. We consider a randomly generated con-
nected network topology with a cyclic path so that the incremental strategy could
also be implemented and compared. There are a total of N = 10 nodes in the
network, and nodes are assumed to be connected when they are close enough
geographically. In the simulations, we consider two applications: a regularized
least-mean-squares estimation problem with sparse data, and a collaborative lo-

calization problem.

2.3.1 Distributed Estimation with Sparse Data

Assume each node k has access to data {Uy,, dy;}, generated according to the

following model:

dk,z’ = Ukﬂ'wo + Vi,i (2.32)

where {Uj;} is a sequence of K x M iid. Gaussian random matrices, the
entries of each Uy, are i.i.d. Gaussian random variables with zero mean and
unit variance, and vy; ~ N (0, 021k) is the measurement noise that is temporally

and spatially white and is independent of U, ; for all k,[,4,j. Our objective is
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to estimate w® from the data set {Uy;, dy;} in a distributed manner. In many
applications, the vector w® is sparse such as w® = [1 0 ... 0 1]7. One way to
search for sparse solutions is to consider a global cost function of the following

form:

N
JH (w) = Y JElldy; — Uwll; + R(w) (2.33)

=1
where R(w) and v are the regularization function and regularization factor, re-
spectively. A popular choice is R(w) = ||w||;, which helps enforce sparsity and is
convex. However, this choice is non-differentiable, and we would need to apply
sub-gradient methods [105, pp.138-144] for a proper implementation. Instead,

we use the following twice-differentiable approximation for ||w||;:

R(w) =Y /[w]?, + € (2.34)

m=1

where [w],,, denotes the m-th entry of w, and € is a small number. We see that,
as € goes to zero, R(w) ~ ||w||;. Obviously, R(w) is convex, and we can apply
the diffusion algorithms to minimize (2.33) in a distributed manner. To do this,

we decompose the global cost as a sum of N individual costs:
Ji(w) = E|\dy; — Upw|? + %R(m, [=1,...,N (2.35)

Then, by algorithms (2.18) and (2.19), each node k would update its estimate of

w® by using the gradient vectors of {J;(w)}ien,, which are given by:

Vo di(w) = 2B (ULUL) w — 2 (ULdy,) + %va(w) (2.36)
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However, the nodes are assumed to have access to measurements {U,;, d; .} and
not to the second-order moments E (UZ;UM) and E (U ﬂdl’i). In this case, nodes
can use the available measurements to approximate the gradient vectors in (2.23)

and (2.24) as:
Vudi(w) = 208, [Uysw—dy i)+ -V R(w) (2.37)

where

wh vy (2.38)

In the simulation, we set M =50, K =5, 02 =1,and w®=[10 ... 0 1]T. We

VeR(w) =

apply both diffusion and incremental methods to solve the distributed learning
problem, where the incremental approach [9,88,96,108,117] uses the following

construction to determine w;:

(
Start with 1p; = w,;_; at the node at the beginning of the incremental cycle
Cycle through the nodi_:\

Vi = Yr—1i — e Vode(Pr-1:), k=1,...,N
Set w; < "pN,i
\Repeat

(2.39)

The results are averaged over 100 trials. The step-sizes for ATC and CTA are set
to u = 1073, and the step-size for the incremental algorithm is set to u = 1073 /N.
This is because the incremental algorithm cycles through all N nodes every itera-
tion. We therefore need to ensure the same convergence rate for both algorithms
for a fair comparison [127,144]. For ATC and CTA strategies, we use simple
averaging weights for the combination step, and for ATC and CTA with gradient
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Figure 2.2: Transient and steady-state performance of distributed estimation
with sparse data.

exchange, we use Metropolis weights for {¢;;} to combine the gradients (see Table

IITin [26]). Fig. 2.2(a) shows the learning curves for different algorithms for v = 2
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and € = 1073. We see that the diffusion and incremental schemes have similar
performance, and both of them have about 10 dB gain over the non-cooperation
case. To examine the impact of the parameter ¢ and the regularization factor
7, we show the steady-state MSD for different values of v and € in Fig. 2.2(b).
When € is small (¢ = 107*), adding a reasonable regularization (y = 1 ~ 4)
decreases the steady-state MSD (even for the individual case). However, when ¢
is large (¢ = 1), expression (2.34) is no longer a good approximation for ||w]|y,

and regularization does not improve the MSD.

2.3.2 Distributed Collaborative Localization

The previous example deals with a convex cost (2.33). Now, we consider a local-
ization problem that has a non-convex cost function and apply the same diffusion
strategies to its solution. Assume each node is interested in locating a common
target located at w® = [0 0]7. Each node k knows its position x; and has a noisy

measurement of the squared distance to the target:
dk(l) = ||w0—xk||2+vk<i)7 k= 1727"'7N

where v,(i) ~ N(0,07,) is the measurement noise of node & at time 7. The

component cost function Ji(w) at node k is chosen as
Je(w) = E |dy (i) — [Jw — z)?|” (2.40)

If each node £ minimizes Ji(w) individually, it is not possible to solve for w°.

Therefore, we should use information from other nodes, and instead seek to min-
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Figure 2.3: Performance of distributed localization for a stationary target.

imize the following global cost:

N
TP (w) = N E|dy (i) — [lw — x|’ (2.41)
k=1
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Figure 2.4: Performance of distributed localization for a target. Diffusion strate-
gies employ constant step-sizes, which enable continuous adaptation and learning
even when the target moves (which corresponds to a changing cost function).

This problem arises, for example, in cellular communication systems, where mul-
tiple base-stations are interested in locating users using the measured distances

between themselves and the user [119]. Diffusion algorithms (2.18) and (2.19)
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can be applied to solve the problem in a distributed manner. Each node k& would
update its estimate of w® by using the gradient vectors of {.J;(w)}1ens,, which are

given by:
Vodi(w) = =4 Edy (i) (w — x;) + 4||lw — 2||*(w — ) (2.42)

However, the nodes are assumed to have access to measurements {d;(7), x;} and
not to Ed, (7). In this case, nodes can use the available measurements to approx-

imate the gradient vectors in (2.23) and (2.24) as:
Vodi(w) = —4d(i)(w — ;) + 4]jw — 2| (w — 27) (2.43)

If we do not exchange the local gradients with neighbors, i.e., if weset S = C = I,
then the base-stations only share the local estimates of the target position w® with

their neighbors (no exchange of {;}1ens,).

We first simulate the stationary case, where the target stays at w°. In Fig.
2.3(a), we show the MSD curves for non-cooperative, ATC, CTA, and incremental
algorithms. The noise variance is set to o, = 1. We set the step-sizes to
= 0.0025 for ATC and CTA, and p = 0.0025/N for the incremental algorithm.
For ATC and CTA strategies, we use simple averaging for the combination step
{ai 1}, and for ATC and CTA with gradient exchange, we use Metropolis weights
for {¢; 1} to combine the gradients. The performance of CTA and ATC algorithms
are close to each other, and both of them are close to the incremental scheme.
In Fig. 2.3(b), we show the steady state MSD with respect to different values of
1. As the step-size becomes small, the performances of diffusion and incremental
algorithms are close, and the MSD decreases as u decreases. Furthermore, we see

that exchanging only local estimates (S = I) is enough for localization, compared
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to the case of exchanging both local estimates and gradients (S = C).

Next, we apply the algorithms to a non-stationary case, where the target
moves along a trajectory, as shown in Fig. 2.4(a). The step-size is set to u = 0.01
for diffusion algorithms, and to g = 0.01/N for the incremental approach. To see
the advantage of using a constant step-size for continuous tracking, we also sim-
ulate the vanishing step-size version of the algorithm from [109] (ug; = 0.01/7).
The diffusion algorithms track well the target but not the non-cooperative algo-
rithm and the algorithm from [109], because a decaying step-size is not helpful

for tracking. The tracking performance is shown in Fig. 2.4(b).

2.4 Conclusion

This chapter proposed diffusion adaptation strategies to optimize global cost
functions over a network of nodes, where the cost is the sum of several compo-
nents, i.e., in the “sum-of-costs” form. Diffusion adaptation allows the nodes to
solve the distributed optimization problem via local interaction and online learn-
ing. We employ gradient approximations and constant step-sizes to endow the
networks with continuous learning and tracking abilities. We applied the scheme
to two examples: distributed sparse parameter estimation and distributed local-
ization. Compared to incremental methods, diffusion strategies do not require
a cyclic path over the nodes, which makes them more robust to node and link

failure.
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CHAPTER 3

Cost-of-Sum Formulations

In this chapter, we consider an alternative form of global cost function to be

optimized over a network of agents, namely, regularized “cost-of-sum” forms such

as
N N
JEP(y) = Jo (Z kak> + Z Py, (Yk) (3.1)
k=1 k=1
where each agent k is in charge of finding a sub-vector i of y = col{y,...,yn}.

Furthermore, the cost functions h,, (yx) and the matrices W}, are only known to
agent k, and the form of the cost Jy(+) is known to all agents. We will motivate
and solve this problem in the context of a typical application, namely, dictionary
learning over large-scale distributed models. We will show that cost (3.1) can be
transformed into a “sum-of-costs” problem of the form studied in Chapter 2 us-
ing the technique of dual decomposition and the concept of conjugate functions.
Accordingly, the problem can be solved in the dual domain by using the meth-
ods developed in Chapter 2. Besides its close connection to the “sum-of-costs”
problem, the cost (3.1) has another special structure: its dual solution will be
shown to provide a global gradient information for Jy(-) evaluated at chvzl Wiy
This property will prove to be especially useful for learning large-scale distributed

models. The following presentation in this chapter is based on [39].
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3.1 Motivation

Dictionary learning is a useful procedure by which dependencies among input
features can be represented in terms of suitable bases [2, 41,53, 78, 83,93, 94,
123,131, 149]. It has found applications in many machine learning and infer-
ence tasks including image denoising [53,93], dimensionality-reduction [123,149],
bi-clustering [83], feature-extraction and classification [94], and novel document
detection [78]. Dictionary learning usually alternates between two steps: (i) an
inference (sparse coding) step and (ii) a dictionary update step. The first step
finds a sparse representation for the input data using the existing dictionary by
solving, for example, an ¢;-regularized regression problem, and the second step

usually employs gradient descent approximation to update the dictionary entries.

With the increasing complexity of various learning tasks, it is natural that the
size of the learning dictionaries is becoming demanding in terms of memory and
computing requirements. It is therefore important to study scenarios where the
dictionary need not be available in a single central location but is possibly spread
out over multiple locations. This is particularly true in big data scenarios where
multiple large dictionary models may already be available at separate locations
and it is not feasible to aggregate all dictionaries in one location due to commu-
nication and privacy considerations. This observation motivates us to examine
how to learn a dictionary model that is stored over a network of agents, where
each agent is in charge of only a portion of the dictionary elements. Compared
with other works, the problem we solve in this chapter and also in [39,40] is how
to learn a distributed dictionary model, which is, for example, different from the
useful work in [31,32] where it is assumed instead that each agent maintains the

entire dictionary model.
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3.2 Problem Formulation

3.2.1 General Dictionary Learning Problem

We seek to solve the following global general dictionary learning problem over a

network of N agents connected by a topology:

min E[f(@; — W)+ by (4)] + hu (V) (32
st. WeWw (3.3)

where E[-] denotes the expectation operator, x; is the M x 1 input data vector
at time ¢t (we use boldface letters to represent random quantities), yf is a K x
1 coding vector defined further ahead as the solution to (3.8), and W is an
M x K dictionary matrix. Moreover, the ¢-th column of W, denoted by [W]. ,, is
called the ¢-th dictionary element (or atom), f(u) in (3.2) denotes a differentiable
convex loss function for the residual error, h,(y) and hy (W) are convex (but not
necessarily differentiable) regularization terms on y and W, respectively, and W
denotes the convex constraint set on W. Depending on the application problem
of interest, there are different choices for f(u), h,(y) and hy (W). Table 3.1 lists
some typical tasks and the corresponding choices for these functions. In regular

dictionary learning [93], the constraint set W can be

W =AW [[W].qlla < 1} (3.4)

and in applications of nonnegative matrix factorization [93] and novel document

detection (topic modeling) [78], it can be

W =AW [[[W].glla <1, W= 0} (3.5)
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where the notation [W]. , denotes the g-th column of the matrix W, the notation
W > 0 means each entry of the matrix W is nonnegative. We note that if there
is a constraint on y, it can be absorbed into the regularization factor h,(y), by
including an indicator function of the constraint into this regularization term.
For example, if y is required to satisfy y € Y = {y : 0 < y < 1}, where 1 denotes
an all-one vector, we can modify the original regularization h,(y) by adding an

additional indicator function:

hy () = hy(y) + Iy(y) (3.6)

where the indicator function Iy (y) for Y is defined as

o ifo=y=1
Iy(y) = (3.7)

+00 otherwise

The vector yy in (3.2) is the solution to the following general inference problem
for each input data sample z; at time ¢ for a given W (the regular font for z; and

y¢ denotes realizations for the random quantities «; and yy):

2 & axgmin[f (v, — Wy) + by (v)] (33)

Note that dictionary learning consists of two steps: the inference step (e.g., sparse
coding) for the realization x; at each time ¢ in (3.8), and the dictionary update

step (learning) in (3.2)-(3.3).

52



Se__-

Figure 3.1: The data sample z; at each time ¢ is available to a subset N7 of agents
in the network (e.g., agents 3 and 6 in the figure), and each agent k is in charge of
one sub-dictionary, Wy, and the corresponding optimal sub-vector of coefficients
estimated at time ¢, y7,. Each agent & can only exchange information with its
immediate neighbors (e.g., agents 5, 2 and 6 in the figure and k itself). We use
N to denote the set of neighbors of agent k.
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3.2.2 Dictionary Learning over Networked Agents

Let the matrix W and the vector y be partitioned in the following block forms:

W=l o Wy (3.9)

y=col{ys, ..., yn} (3.10)

where Wy is an M x N sub-dictionary matrix and y, is an N, x 1 sub-vector.
Furthermore, we assume the regularization terms h,(y) and hy (W) admit the

following decompositions:

hy(y) =D hy, () (3.11)
k=1
hw (W) = hw, (Wi (3.12)

Then, the objective function of the inference step (3.8) can be written as
N N
QW,y; ) £ f(xt - Z kak) + Z oy, (yr) (3.13)
k=

k=1 1

We observe from (3.13) that the sub-dictionary matrices {W}} are linearly com-
bined to represent the input data z;. By minimizing Q(W,y; x;) over y, the first
term in (3.13) helps ensure that the representation error for z; is small. The sec-
ond term in (3.13), which usually involves a combination of ¢; and ¢, measures,
as indicated in Table 3.1, helps ensure that each of the resulting combination
coefficients {y} is sparse and small. We require the regularization terms h,, (yx)
to be strongly convex, which will allow us to develop a fully distributed strategy

that enables the sub-dictionaries {W} and the corresponding coefficients {y;}
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S = N W ok Ot

Figure 3.2: Illustration of the functions 1u?, |u|, and L(u).

to be stored and learned in a distributed manner over the network; each agent
k will infer its own y; and update its own sub-dictionary W), with limited inter-
action with its neighboring agents. Requiring {h,, (yx)} to be strongly convex is
not restrictive since we can always add a small ¢y regularization term to make it
strongly convex. For example, in Table 3.1, we add an /5 term to ¢; regularization

so that the resulting h,, (yx) ends up amounting to elastic net regularization [149)].

Figure 3.1 shows the configuration of the knowledge and data distribution over
the network. The sub-dictionaries {Wy} can be interpreted as the “wisdom” that
is distributed over the network, and which we wish to combine in a distributed
manner to form a greater “intelligence” for interpreting the data x;. Observe
that we are allowing x; to be observed by only a subset of the agents. By
having the dictionary distributed over the agents, we would then like to develop a
procedure that enables these networked agents to find the global solutions to both
the inference problem (3.8) and the learning problem (3.2)—(3.3) with interactions

that are limited to their neighborhoods.
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3.2.3 Relation to Prior Work

The problem we are solving in this chapter is different from the useful work
[31,32] on distributed dictionary learning and from the traditional distributed
learning setting [26, 36,42, 120], where it is assumed that the entire dictionary
W [31,32] or the entire data model [26,36,42,47,120] is maintained at each
agent in the network, whereas individual data samples generated by the same
distribution, denoted by xj ¢, are observed by the agents at each time ¢. That is,
these previous works study data distributed formulations. What we are studying
in this chapter is to find a distributed solution where each agent is only in charge
of a portion of the dictionary (W} for each agent k) while the incoming data,
x;, is common and is observed by only a subset of the agents. This scenario
corresponds to a model distributed (or dictionary-distributed) formulation. A
related albeit different model was considered in [43] in the context of distributed
deep neural network (DNN) models over computer networks. In these models,
each computer is in charge of a portion of neurons in the DNN, which exchange
their private activation signals with neurons over the network to perform the
classification task. As we will see further ahead, our distributed model does not
require exchanging either the private combination coefficients {y;} or the sub-
dictionaries {W},} while still being able to model the data using the collective
“wisdom” over the network. Another related but different work is [142], where
the authors study a special form of a distributed sparse basis pursuit problem
under fized sub-dictionaries at each agent. In this chapter, we allow the sub-
dictionaries to be updated dynamically over time (rather than staying fixed)
and this is accomplished without exchanging any further information after the

distributed inference step — see Sec. 3.3.5 further ahead.

The distributed model setting is important in practice because agents tend to
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be limited in their memory and computing power and they may not be able to
store large dictionaries locally. Even if the agents were powerful enough, different
agents may have access to different databases and different sources of information.
Rather than aggregate the information in the form of large dictionaries at every
single location, it is more advantageous to keep the information distributed due
to potential excessive costs in exchanging large data sets, and also due to privacy
considerations where different agents may not be in favor of sharing their data
and dictionary. Therefore, by having distributed sub-dictionaries, and by having
many agents cooperate with each other, a large model that is beyond the ability
or reach of any single agent can be analyzed by the network in a distributed

manner.

3.3 Learning over Distributed Models

3.3.1 “Cost-of-Sum” vs. “Sum-of-Costs”

Observe that the cost function (3.13) is a regularized “cost-of-sum”; it consists
of two terms: the first term has a sum of quantities associated to different agents
inside a cost function f(-) and the second term is a collection of separable reg-
ularization terms {h,, (yx)}. This is different from the classical “sum-of-costs”

problem, where the global cost function J&°P(w) is an aggregation of individual

costs {Jx(w)}:

JEP(w) =Y " Ji(w) (3.14)

I

The “sum-of-costs” problem (3.14) is amenable to distributed implementations

— see Chapter 2 and [12, 26, 35, 36,77, 84,120, 137]. However, minimizing the
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regularized “cost-of-sum” problem in (3.13) directly for inference (sparse coding)
at any agent would require knowledge of all sub-dictionaries {W}} and coefficients
{yx} from the other agents due to the sum that runs from £ = 1 up to N.
Therefore, this formulation is not directly amenable to the distributed techniques
from [12,26,35,36,77,84,120,137|. In [33], the authors propose a useful consensus-
based primal-dual perturbation method to solve a similar constrained “cost-of-
sum” problem for smart grid control, where an averaging consensus step is used
to compute the sum inside the cost. However, different from [33], we arrive at
a more efficient distributed strategy by transforming the original optimization
problem into a dual problem that has the same form as (3.14) — see (3.31a)-
(3.31b) further ahead. More importantly, we will reveal in Sec. 3.3.5 that the dual
solution provides critical information for fully distributed dictionary updates. In
particular, for each new input data sample x;, after the dual inference problem is
solved, there will be no need to exchange any further information among agents
or use a consensus step to evaluate the sum inside the cost in order to update

their own sub-dictionaries.

3.3.2 Inference over Distributed Models

To begin with, we first transform the minimization of (3.13) into the following

equivalent constrained optimization problem:

N
min  f(z; —2) + Z oy, (Yi) (3.15a)
{yr}2 k=1
N
st. z= Z Wiy (3.15b)
k=1
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Note that the above problem is convex over both {y;} and z since the objective is
convex and the equality constraint is linear. Problem (3.15a)—(3.15b) is a convex
optimization problem with linear constraints so that strong duality holds [10,
p.514], meaning that the optimal solution to (3.15a)—(3.15b) can be found by
solving its corresponding dual problem and then recovering the optimal {y;} and
z. To arrive at the dual problem, we write the Lagrangian of (3.15a)—(3.15b) for

each input realization x; as

L({yk’}v Z, V3 wt)

e Sl (= 3 W)
k=1 k=1
= flze—2)+v 2+ i [hyk (yi) — uTkak} (3.16)
k=1

where {y;} and z are the primal variables and v is the Lagrange multiplier (also
known as dual variable) of size M x 1. The dual function g(v;z;) is defined as
the infinum of the Lagrangian L({yx}, z, v; x;) over the primal variables {y;} and

z for each given v:

g(v;zy) = inf L{yr}, 2z, v;24)
{yk}7Z

N

= inf [ f(z;—2)+v" 2] —i—Z inf [hyk (yx) — v Wiy (3.17)
z el Yk

With strong duality [20, p. 226] (a brief overview of duality can be found in
Appendix 3.B), it is known that the minimum value of the cost function obtained

from the original optimization problem (3.15a)—(3.15b) is equal to the maximum
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value of g(v;x;) obtained from the following dual problem:

max g(v; ;) (3.18)

v

Furthermore, if f(u) and {h,, (yx)} are strongly convex, the infimum in (3.17)
can be attained and the infimums become minimizations [105, p.15]. As a result,
the optimal solution of (3.15a)—(3.15b) can be found by solving the above dual
problem (3.18) to obtain:

vy = argmax g(v; x¢) (3.19)
and then uniquely recovering the optimal primal variables z° and vy via

z) = arg mzin {flze—2)+ ()2} (3.20)

vy = avgmin { by, ()= () Wi | (3.21)

The strong convexity of f(u) and {h,, (yx)} is needed if we want to uniquely
recover z{ and {yj,} from the dual problem (3.19). As we will show further
ahead in (3.52), the quantities {y7,} are always needed in the dictionary update.
Therefore, we shall assume that the {h,, (yx)} are strongly convex throughout
our presentation, which can always be satisfied by means of elastic net regular-
ization as explained earlier. On the other hand, depending on the application,
the recovery of z7 is not always needed and neither is the strong convexity of
f(u) (in these cases, it is sufficient to assume that f(u)) is convex). For example,
as we will show in Sec. 3.4, the image denoising application requires recovery
of z7 as the final reconstructed image. On the other hand, the novel document

detection application in the same section does not require recovery of z{. In-
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stead, in this application, it suffices to recover the maximum value of the dual
function, g(v; ), which, by strong duality, is equal to the minimum value of the

cost function (3.15a).

To continue, observe that the infimum in (3.17) over the variables {y;} and z
for a given v is decoupled, and the minimization' over each y;, is also decoupled
for different k. Therefore, the infimum (minimization) over the primal variables
can be done independently. However, we still need to determine the optimal dual
variable v¢ by solving (3.19). This requires us to derive the closed-form expression
for g(v; x;) by solving the infimum (minimizations) in (3.17). To do so, we shall
explain first how the optimization over {z,yx} in (3.17) is related to the concept

of conjugate functions in convex optimization [20, pp.90-95].

Thus, recall that for a function r(z), its conjugate function, 7*(v), is defined

as

r*(v) £sup [z —r(z)], ve, (3.22)

T

where the domain V, is defined as the set of v where the above supremun is finite.
The conjugate function r*(v) and its domain V), are always convex regardless of
whether r(x) is convex or not [10, p.530] [20, p.91]. In particular, it holds that
V, = RM if r(z) is strongly convex [66, p.240]. To see this, let z; denote a point

where r(x) is differentiable. Then, by strong convexity, we have

r(z) > r(xy) 4+ [Ver(e)] (z — 21) + %Hx — 1|3 (3.23)

!The infimum over yj in (3.17) becomes minimization since we assume hy, (yx) is strongly
convex so that the infimum can be attained.
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where A, is some positive constant. Substituting (3.23) into (3.22), we obtain

r*(v) = sup [V —r(z)]

< sup[a—r(a)~ (Var (o) (a—20) = 2]

T

a )\r 1 2
(__)Slip{ — 5 x—x1+)\—r(er(a:1)—u) ‘2
1
+ KHVIT(QH) — VH; + vl — r(xl)}
1

- KHV:,J’(:zcl) — I/Hz + vl —r(z) (3.24)

where in step (a) we completed the square. Therefore, *(v) is always upper
bounded by a finite value for any given v € RM | i.e., the domain V for r*(v) is
RM,

Applying the concept of conjugate functions to the first term in (3.17) we

have:

(@) .

irz}f [flze—2)+v72] = 12f [f(u) — v u+ vz

= —sup [vTu— f(u)] + vz,

=—fv)+viz, vey (3.25)

Likewise, applying the concept of conjugate functions again to the second term

in (3.17) we get

inf [hyk (y) — VTkak} = —Ssup [(WEV)Tyk = hy, (?Jk)]

Yk Yk

= —hy (Wiv), veV,, (3.26)

where in step (a) of (3.25) we introduced u £ z; — z, and f*(-) and hy (-) are the
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conjugate functions of f(-) and hy, (-), respectively, with corresponding domains
being V¢ and V,, , respectively. Now since hy, () is strongly convex, its domain
Vh,, is the entire RM [66, p.240]. If f(u) happens to be strongly convex (rather
than only convex, e.g., if f(u) = 3|ul|3), then V; would also be R, otherwise it

is a convex subset of RM. Therefore, the dual function defined by (3.17) becomes

gwizy) = —f*(v) + vz — Z hy, (Wlv) (3.27)
k=1

and the domain is v € Vy. The dual problem (3.19) can then be expressed as

max g(v;x) (3.28a)
st. veVy (3.28b)
which is equivalent to
N
min  f*(v) — vlz, + Z hy (W) (3.29a)
k=1
st. veVy (3.29b)

Note that the objective function in the above optimization problem is an ag-
gregation of many individual costs associated with sub-dictionaries at different
agents (last term in (3.29a)), a component associated with data sample x; (second
term in (3.29a)), and a component that is the conjugate function of the residual
cost (first term in (3.29a)). In contrast to (3.13), the cost function in (3.29a) is
now in a form that is amenable to distributed processing. Specifically, diffusion
strategies of the form described in Chapter 2 and [34,120] can now be applied to
obtain the optimal dual variable v in a distributed manner at the various agents.

Depending on how we assign f*(-) and vz, there can be many different config-
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urations. For example, we can assign the term associated with data to a subset
of agents. Then, only these agents will be required to know the data sample, and
all other agents will learn and benefit from the cooperative process and attain

the same variable v} as if they had seen the data x;.

To arrive at the distributed solution, we proceed as follows. We denote the
set of agents that observe the data sample x; by N7. Motivated by (3.29a), with

each agent k, we associate the local cost function:

L 7 1 T
——v m+—f"(v)+h; (W,v), keN;
Jk(V§$t) L |N[| N Yk

, (3.30)
)+, (W), kN

where |N7| denotes the cardinality of A7. Then, the optimization problem
(3.29a)—(3.29b) can be rewritten as

N
min Z Jie(v; xy) (3.31a)
I
st. ve Vf (331b)

Note that the new equivalent form (3.31a) is an aggregation of individual costs
associated with different agents; each cost Jy(v;x;) only requires knowledge of
Wy. Consider first the case in which f(u) is strongly convex. Then, it holds that
V; = RM and problem (3.31a)-(3.31b) becomes an unconstrained optimization
problem and of the same general nature as problems studied in [35,36]. Therefore,
we can directly apply the diffusion strategies developed in these works to solve

(3.31a)—(3.31b) in a fully distributed manner. The algorithm takes the following
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form:

Vi = Vkic1 — - Vode(Vkio1; Tt) (3.32a)
Vi = Z C%W,z‘ (3~32b)
KGN)C

where v, ; denotes the estimate of the optimal v} at agent k at iteration ¢ (we will
use ¢ to denote the i-th iteration of the inference, and use ¢t to denote the t-th
data sample), ¢y, is an intermediate variable, N) denotes the neighborhood of
agent k, u is the step-size parameter chosen to be a small positive number, and
ag is the combination coefficient that agent k assigns to the information shared

from agent ¢ and it satisfies

daw=1, an>0if L€Ny, an=0if L ¢N; (3.33)
LeN,
Let A denote the N x N matrix that collects ag as its (¢, k)-th entry. Then, it
will be shown in Chapter 4 that there exists a small po > 0 such that as long as
the matrix A is doubly-stochastic and the step-size is sufficiently small satisfying
i < o, then the algorithm (3.32a)-(3.32b) converges to a fixed point that is
O(p?) away from the optimal solution of (3.31a) in squared Euclidean distance.

We remark that a doubly-stochastic matrix is one that satisfies A1 = AT1 = 1.

Consider now the case in which the constraint set V; is not equal to R but
is still known to all agents. In general, we need to solve the maximization in
the second line of (3.25) to derive the expression for f*(v) and determine the set
V; that makes the maximization in (3.25) finite. Fortunately, this can be done
in closed-form for many typical choices of f(u) that are of practical interest —
see [20, pp.90-95]. Here we list in Table 3.2 the results that will be used in Sec.

3.4; part of results are derived in Appendix 3.A and the rest is from [20, pp.90-
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95]. Usually, V; for these typical choices of f(u) are simple sets whose projection
operators? can be found in closed-form — see [103]. For example, the projection

operator onto the set
Vi={v:|v]e<1l}={r:-1<v <1} (3.34)
that is listed in the third row of Table 3.2 is given by

1 it v, > 1

My, ()] = vy if —1< 1, <1 (3.35)

1 ifuy, < -1
\

where [z],, denotes the m-th entry of the vector z and v, denotes the m-th
entry of the vector v. Now, the constraint set V; can be enforced either by
incorporating local projections onto Vy into the combination step (3.32b) at each
agent [130] or by using the penalized diffusion method [134,135]. Specifically, the

projection-based strategy is given by

Uk = Vkyio1 — b Vi (Viio1; 74) (3.36a)
Vi = 11y, Z azkl/)z,z‘] (3.36b)
fENk

where Ily, [-] is a projection operator onto V. On the other hand, the penalty-

based approach is given by

Crii = Unjic1 — - Vo (Vr,io15 1) (3.37a)

Vi = Chyi — J - vujgjn(Ck,i) (3.37b)

?The projection operator onto the set Vy is defined as Ily, (v) £ arg mi‘gl lz — v||2-
zEVy
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Vg = Z e (3.37c)

LEN,
where Ji™"(v) is a penalty function that is equal to zero when v € Vy and assumes
a large value when v ¢ V;. Examples of choices for the penalty function can be

found in [134,135].

3.3.3 Recovery of the Primal Variables

After the optimal dual variable vy has been estimated by the various agents, the
optimal primal variable y7 ; can be recovered from (3.21) since hy(yx) is strongly
convex; hy(yx) being strongly convex makes the term hy, (yx) — (1) Wiyk in
(3.21) also strongly convex so that the minimum in (3.21) exists and is unique.

Based on the argument in (3.26), expression (3.21) is equivalent to:

Vg = argmax (W) Ty — By, (yn)] (3.38)

Fortunately, for many typical choices of hy, (-), the optimal g7, can be expressed
in closed form in terms of . In Table 3.2, we list the results that will be used
later in Sec. 3.4 with the derivation given in Appendix 3.A. Now, with regards
to z7, we indicated earlier that depending on the application, we may need to
recover z; or not. For cases when z{ should be recovered, we need to assume
f(u) is strongly convex (e.g., 3|lul[3). In these cases, z{ can be recovered from
(3.20), which, according to the argument in (3.25) and the fact that v = x; — 2,

is equivalent to following expression:

2y =y — arg max () u— f(u)] (3.39)
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When f(u) is strongly convex, the term (v?)"u — f(u) to be maximized in (3.39)

will become strongly concave so that there is a unique maximizer in (3.39). Prob-
lem (3.39) can be solved in closed-form for many typical choices of f(u) and we
list in Table 3.2 the results that will be used in Sec. 3.4. For more examples,

readers are referred to [20, pp.90-94].

3.3.4 Choice of Residual and Regularization Functions

In Tables 3.1-3.2, we list several typical choices for the residual function, f(u),
and the regularization functions, {h,, (yx)}. In general, a careful choice of f(u)
and {hy, (yx)} can make the dual cost (3.29a) better conditioned than in the
primal cost (3.15a). Recall that the primal cost (3.15a) may not be differen-
tiable due to the choice of hy, (yx) (e.g., the elastic net). However, if f(u) is
chosen to be strictly convex with Lipschitz gradients and the {h,, (yx)} are cho-
sen to be strongly convex (not necessarily differentiable), then the conjugate
function f*(-) will be a differentiable strongly convex function with Lipschitz
gradient and the {h; (-)} will be differentiable convex functions with Lipschitz
gradients [66, pp.238-240]. Adding these two parts from f*(-) and {h; (-)} to-
gether in (3.29a) essentially transforms a non-differentiable primal cost (3.15a)
into a differentiable strongly convex dual cost (3.29a) with Lipschitz gradients.
As a result, the algorithms that optimize the dual problem (3.29a)—(3.29b) can

generally enjoy a fast (geometric) convergence rate [36,105].

3.3.5 Distributed Dictionary Updates

Now that we have shown how the inference task (3.8) can be solved in a dis-
tributed manner, we move on to explain how the local sub-dictionaries W, can

be updated through the solution of the stochastic optimization problem (3.2)-
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(3.3), which is rewritten as:

N

min - EQ(W.y7; @) + > by (W) (3.40a)
k=1

st. WeeW,, k=1,...,N (340b)

where the loss function Q(W, y;x,) is given in (3.13), y¢ £ col{yf,,...,y%.},
the decomposition for hy (W) from (3.12) is used, and we assume the constraint
set W can be decomposed into a set of constraints {Wj} on the individual sub-
dictionaries Wy, which usually holds for typical dictionary learning applications
— see Table 3.1. Note that the cost function in (3.40a) consists of two parts,
where the first term is differentiable with respect to W3 while the second term, if
it exists, is non-differentiable but usually has a simple form — see Table 3.1. A
typical approach to optimizing cost functions of this type is the prozimal gradient
method [8, 55,56, 103], which applies gradient descent to the first differentiable
part followed by a proximal operator to the second non-differentiable part. This
method is known to converge faster than applying the subgradient descent method
to both parts. Therefore, our strategy is to apply the proximal gradient method
to the cost function in (3.40a) and remove the expectation operator to obtain an
instantaneous approximation to the true gradient; this is the approach typically
used in adaptation [116] and stochastic approximation [81,99]. Afterwards, we
project the iterate onto the constraint set Wi to enforce the constraint (3.40b)

10, 105]:

sz,t = Hwk{pTOX#w.hWk(Wm—l _,uvakQ(Wt—l ) yf; xt))} (3-41)

3Note from (3.13) that Q(-) depends on W via f(-), which is assumed to be differentiable.
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Figure 3.3: Illustration of the functions 7x(z), 75" (z), Sx(z), and Sy (x). Best
viewed in color.

where W1 = Wiy 1, , Wxi), PrOX,y,, oy, () denotes the proximal operator
of puy - hw, (W), and Iy, (X) is the projection operator of the matrix X onto
the set Wj. The expression for the gradient i, Vi, Q(Wi—1, y7; x;) will be given
further ahead in (3.49)-(3.52). The proximal operator of a vector function h(u)
is defined as [103, p.6]:

1
prox, (r) £ arg min (h(u) + §||u - x||g> (3.42)

For a matrix function h(U), the proximal operator assumes the same form as
(3.42) except that the Euclidean norm in (3.42) is replaced by the Frobenius norm.
The proximal operator for fu, - hy, (Wk) = 10 - [|Wk||, used in the bi-clustering
task in Table 3.1 is the entry-wise soft-thresholding function [103, p.191]:

Prox,, ny, (1) = Prox,, s yw, () = T, () (3.43)

and the proximal operator for hy, (W) = 0 for other cases in Table 3.1 is the

identity mapping:

proxy(z) = (3.44)
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With regards to the projection operator used in (3.41), we provide some examples

of interest for the current work. If the constraint set W, is of the form:
Wi ={Wi: [[[Wil.gll2 < 1} (3.45)
then the projection operator Iy, (-) is given by [103,130]

Xlms  [X]nlle < 1
My, (o = 4 e X (3.46)

X :,n
ﬂ%?%;ﬂ;’ ”[)(LJ1H2:> 1

On the other hand, if the constraint set W, is of the form:
Wi = {Wi: [[[Wil.qll2 <1, W= 0} (3.47)

then the projection operator Iy, (-) becomes

1, () ([XTin) 4 I([X]:n) Nl < 1 18
M (Xn =9 ([X].0)., 3.48
ma H([X]:,n)+||2 >1

where (z); = max(z,0), i.e., it replaces all the negative entries of a vector = with

Zeros.

Now, we return to derive the expression for the gradient Vy, Q(Wi—1, y7; x1)

in (3.41). By (3.13), we have

N
Vi QWer s e) = =1 (w0 = > Wieawit, ) (62)" (3.49)
k=1

where f](u) denotes the gradient of f(u) with respect to the residual u. On

the face of it, expression (3.49) requires global knowledge by agent k of all sub-
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dictionaries {WW;} across the network, which goes against the desired objective of
arriving at a distributed implementation. However, we can develop a distributed
algorithm by exploiting the structure of the problem as follows. Note from (3.16)

that the optimal inference result should satisfy:

/ o o
0=2L({yg,}, 20, v m) 0= —fi(z—27)+v
Oz k.t tr Pt o N (350)
0= %L({y&t}, 20, V0 1y) 2z = Z Wk,tfly]it
k=1
which leads to
N
0= —fi(m = 3 W) + 7
k=1
N
e =1 (mt - Z Wk,t_ly?;,t> (3.51)

and, hence, the optimal dual variable vy will be equal to the gradient. Substitut-

ing (3.51) into (3.49), the dictionary learning update (3.41) becomes

Wit = Iy, {proxuw,hwk (kat_l + ;Lwl/f(yg’t)T)} (3.52)

which is now in a fully-distributed form. At each agent k, the above v can be
replaced by the estimate vy ; after a sufficient number of inference iterations (large
enough 7). We note that the dictionary learning update (3.52) has the following

important interpretation. Let

N
u & 1y — Z Wiit—1Yh s (3.53)
k=1

which is the optimal prediction residual error using the entire existing dictionary
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set {Wy,_ 1} ;. Observe from (3.51) that 1/ is the gradient of the residual
function f(u) at the optimal u?. The update term for dictionary element k
in (3.52) is effectively the correlation between vy, the gradient of the residual
function f(u?), and the coefficient 37 ; (the activation) at agent k. In the special

case of f(u) = %||ull3, expression (3.51) implies that

N
v =uj = x4 — Z Wit 1Yps (3.54)
k=1

In this case, vy has the interpretation of being equal to the optimal prediction
residual error, u, using the entire existing dictionary set {Wj.;—1}+_,. Then the
update term for dictionary element k in (3.52) becomes the correlation between
the optimal prediction error v = uy and the coefficient y;, at agent k. Further-
more, recursion (3.52) reveals that, for each input data sample z;, after the dual
variable vy is obtained at each agent, there is no need to further exchange any in-
formation among agents in order to update their own sub-dictionaries. In other
words, the dual variable vy already provides sufficient and critical information
required for distributed dictionary updates. The fully distributed algorithm for

dictionary learning is listed in Algorithm 3.1 and is also illustrated in Fig. 3.4.

3.4 Important Special Cases and Experiments

In this section, we specialize the general dictionary learning algorithm and apply

it to two problems involving image denoising and novel document/topic detection.
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Algorithm 3.1 Model-distributed diffusion strategy for dictionary learning
(Main algorithm)

for each input data sample z; do
Compute vf by iterating (3.32a)-(3.32b) until convergence: v{ ~ vy, ;. That is:

Vri = Vg1 — p- Vo (Vo1 2t)

Vi =Ty, 4 Y amtbe

EEN]@

for each agent k do
Compute coefficient y7 , using Table 3.2 or (3.38):

yi = argmax [(Wivy) ye — hy, (ve)]
Adjust dictionary element W, using (3.52):

Wit =y, {prOqu~hwk (Wk,tfl + p,wyf(y,‘;t)T)}

end for
end for

3.4.1 Tuning of the inference step-size

In the following experiments, it is necessary to select properly the step-size u
for the diffusion algorithm (3.32a)—(3.32b) to ensure that the estimate for vy

converges sufficiently close to it after a reasonable number of iterations.

To choose pu, we first choose the number of diffusion iterations that can be
afforded for the task of estimating 17, say, 1000. Second, we choose a data sam-
ple x from the training dataset. Using this x, we compute the optimal solution
y° = col{ys,...,y%} and its respective dual variable v° to the inference problem
(3.15a)—(3.15b) using a non-distributed optimization package such as CVX [61].
We then adjust p by plotting the signal-to-noise measures ||y°||%/|ly; — v°||* and
|v°112/|lvk.: — v°||* against the iteration number i, as illustrated in Fig. 3.5. The

value vy, is obtained from the distributed algorithm (see (3.32b), (3.36b) or
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Figure 3.4: The distributed inference step and the dictionary update step over
distributed models. In the inference step, after each data sample x; arrives at a
subset of the agents in the network, all the agents find the corresponding opti-
mal dual variable v by exchanging the estimates of v with neighbors. In the
dictionary update step, agents update their sub-dictionaries locally on their own
using a step of proximal stochastic gradient descent as (3.52).
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Figure 3.5: Learning curve for the Huber document detection example described
by Alg. 3.4 with p = 0.5.
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(3.37c)) at each iteration i and y; = col{y1,,...,yn.} is calculated at each iter-

ation according to:

Y = argmax [(Wlvii) yr — hy, (yi)] (3.55)

Yk

The chosen value of ;1 must guarantee that both curves reach an acceptable
SNR value (around 40-50dB in this example) for the chosen number of diffusion
iterations. Observe that the primal variable y generally reaches a high SNR value
before the dual variable v, but both are required to be found with reasonable

accuracy for the dictionary update step (see (3.52)).

3.4.2 Image Denoising via Dictionary Learning

The image denoising application has been a staple of dictionary learning tasks
[53,86,93,95]. The task is to denoise an image corrupted by white Gaussian
noise. In this section, we compare the performance of the proposed distributed
algorithm to that of the centralized solution from [93]. We consider two simulation
settings. In the first setting, a single agent has the image data. In the second
setting, all agents in the network are assumed to have access to the image data.
In the simulations, we choose f(u), hy, (yx) and hy, (Wj) according to the second

row of Table 3.1.

The example we consider involves learning a 100 x 196 dictionary W over a
network of N = 196 agents. The network is generated according to a random
graph, where the probability that any agent is connected to another agent is 0.5.
The network connectivity is checked by inspecting the algebraic connectivity of
the graph Laplacian matrix, and we will repeat this random graph generation

until we find a connected topology [115]. Each agent in the network is in charge
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of one dictionary element. We extract a total of one million 10 x 10 patches from
images 101-200 of the non-calibrated natural image dataset [63]. Each image is
originally 1536 x 1024 pixels in size, but the outer most two-pixel border was
discarded from each image. We then consider the top-left 1019 x 1019 pixels for
patch extraction. With each data sample being a 10 x 10 patch, the dimension
of the input data sample is M = 100 (vertically stacked columns). In each
experiment, we randomly initialize each entry of the dictionary matrix W with a
zero mean unit variance Gaussian random variable. The columns are then scaled
to guarantee that the sub-unit-norm constraint (3.4) is satisfied. Furthermore, in
the combination step (3.32b) of the distributed inference, we use the Metropolis
rule [26,115,146], which is known to be doubly-stochastic. The patch extraction,
preprocessing, and image reconstruction code (excluding dictionary learning and

patch inference steps) is borrowed from [104].

We simulate the following two setups of the diffusion algorithm (see (3.30)):
1. Only node 1 has access to the image data, z; (N; = {1}).
2. All nodes have access to the same image data, z; (N = {1,...,N}).

In the first case, the other nodes in the network are unaware of the incoming
data. In this way, they are only helping in the inference task despite the lack of
information. To derive the algorithm, we note from (3.30) that Ji(v;z) is given

by:

/\/ v — f( )+hy (wiv), ke N
Te(viz,) 2 | 1] (3.56)

S0+ (), kN

where we are using wy, instead of W, because each agent k is in charge of one atom

of the dictionary (i.e., the k-th column of W). Since, for this example, we are

79



setting f(u) = 2|u|? and hy, (yk) = v|lylli + $l|y|3 (according to the second row
wTV
of Table 3.1), we have that f*(v) = |[v[3, Vs = RM, and h}, (w]v) = S ( i )

according to Table 3.2. A straightforward calculation then shows that

V.f*(v)=v (3.57)
N 1
Vohy (wyv) = Sﬁ(w{ v)wy (3.58)
Substituting (3.57)—(3.58) into the gradient of (3.56), we obtain:
—ﬁ+%+—w“’§”’“”“, ke N
Vo Ji(v;zy) = (3.59)

+5 T (wevyws, kN

ZIH
om—t

By substituting (3.59) into the inference part of Alg. 3.1, we immediately obtain
the inference part of Alg. 3.2. The learning portion of the algorithm (adaptation
of wy) is the same for both setups. First, we need to compute g7, at node k
once v} has been estimated. With our choices of f(u) and h(yy), we observe from
Table 3.2 that y, may be obtained as y7, = T2 (wk Vt) = 3T, (wfvy) (as listed
in Alg. 3.2). Now, using the fact that h,, (w;) = 0 (see Table 3.1), we have that

the update rule for wy from Alg. 3.1 becomes

o, 0
Wt = HWk {wk,t—l + yl@t}

where Wy, = {w : ||wl||s < 1} (see Table I).

For the dictionary learning, we utilize v = 45, § = 0.1, and p = 0.7. Computer
code from the SPAMS toolbox [92] was used to compare the algorithm from [93]

using its default parameters except where otherwise stated. We used v = 45 and
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Algorithm 3.2 Model-distributed diffusion strategy for image denoising.

for each input data sample z, each node k£ do
Repeat until convergence:

Vi i—
Vi i=Vh,im1— [ ( B — \Jfftzl Hk) *%ﬂ(w£t71Vk,i—1)w1€,t—1
Vi = Dgen; GkPei

where 6, = 1 when k € N} and is zero otherwise.
Set v{ = vg;. Compute yp , = lﬂ(wat_luto).
Update the dictionary using:

o, 0
Wt = <1 {wk,t—l + Hwly yk,t}

end for

d = 0.1 when training the dictionary with the algorithm from [93]. A step-size
of p, = 5 x 107 was utilized for adapting the dictionary atoms in our Alg.
3.2. The number of iterations for the diffusion algorithm to optimize (3.8) was
chosen to be 300 iterations. The data was presented in minibatches [45] of size
four samples/minibatch and therefore the dictionary update gradients v{yy, , were
averaged over the four samples at each step?. The results are shown in Fig. 3.6.
We observe that all dictionaries exhibit edge detection-like features. In denoising
Fig. 3.6, the sparsity regularizer v remained at v = 45 for all algorithms and the
step-size for our algorithm’s inference was also increased to 1 = 1 to increase the
quality of the inference result (). The number of iterations of the inference step
increased to 500 iterations to ensure convergence and 0 = 0.1 remained constant
for all algorithms. The PSNR?® of the original corrupted image is 14.06dB, while
the algorithm from [93] and our proposed distributed algorithm attain PSNR
values of 21.77dB, 21.97dB (when the data is only available at agent 1), and

4We perform the inference for four samples at a time, for example, (21, T2, T3, 24) to obtain
{vP 1R 2, Vi3, Vi 4} (all using the same dictionary W). Then, we update W by averaging the
gradient listed in (3.52) for those four samples.

SPSNR is the peak-signal-to-noise ratio defined as PSNR £ 101log;, (12, /MSE), where I .
is the maximum pixel intensity in the image and MSE is the mean-square-error over all image
pixels.
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Figure 3.6: Application of dictionary learning to image denoising. (a) Original
image; (b) denoised image by using the centralized method from [93]; (c) dic-
tionary obtained by the centralized method from [93]; (d) image corrupted by
additive white Gaussian noise; (e) denoised image by our proposed distributed
method assuming only node 1 has access to the image; (f) dictionary obtained
by our proposed distributed method obtained by only providing node 1 with the
image data; (g) PSNR over the network if all nodes have access to the image
data; (h) denoised image by our proposed distributed method at agent 1 assum-
ing that all nodes have access to the image data, and (i) dictionary obtained by
our proposed distributed method obtained by providing all nodes with the image
data.

21.98dB (when the data is available to all nodes), respectively. Furthermore, we
also show the PSNR of the recovered image at different agents in the network for
the third case by using our distributed strategy. We can see that the performance

is relatively uniform (around 21.97dB) across the network, meaning that while
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no agent in the network had access to the entire dictionary, all agents were able
to obtain a 7dB improvement in the PSNR of the corrupted image. In addition,
even when only a single agent in the network has access to the data samples
themselves, and does not have access to the entire dictionary, this one agent can

still obtain the 7dB improvement in PSNR by cooperation.

3.4.3 Novel Document Detection via Dictionary Learning

In this section, we demonstrate our algorithm’s performance on the novel docu-
ment detection task [3,78,128]. In this application, a stream of documents arrives
in blocks at the network, and the task is to detect which of the documents in
the incoming batch are associated with topics that have not been observed pre-
viously, and to incorporate the new block of data into the knowledge database
to detect new topics/documents in future incoming batches. We will simulate
our dictionary learning algorithm on two different setups: 1) using the square-
Euclidean norm as the residual metric f(-), and 2) using the Huber cost function
as the residual metric. In the first setup, we compare our algorithm performance
to that of the SPAMS toolbox [92,93] on the NIST Topic Detection and Tracking
corpus (TDT?2) dataset [22] where a test set from the corpus is separated out
and the algorithm is repeatedly tested on it. In the second case, we use the same
setup as in [78]. The TDT2 dataset contains news documents associated with
their dominant topics collected over the first 27 weeks of 1998. The documents
have been processed so that only the most frequent 30 topics (and documents as-
sociated with them) are preserved. In this experiment, we allow all agents in the
network to observe the incoming data. The key observation is that if a document
belongs to a topic that has been observed previously, then it is expected that the

objective value of the optimization problem (3.15a)—(3.15b) will be “small” since
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the document should be well modeled by the available dictionary. On the other
hand, when the objective value is “large,” then this is an indication that the doc-
ument is not well modeled by the available dictionary, and hence the document

is most likely associated with a topic that has not yet been observed.

The experiment setup is as follows. A collection of 1000 documents are pre-
sented to the algorithms in order to initialize the dictionary. The algorithm
from [78] utilizes the data as a block, while the diffusion-based algorithms utilize
the data incrementally. Once the dictionary is initialized, a new collection of 1000
documents are presented to the algorithms. The algorithms then process the data
samples in order to determine if each of the new documents belong to a topic
that has been previously observed, or not. This is done by determining if the
value of the cost function is sufficiently large, in order to deem the data sample
“novel.” The detection result then produces a receiver operating characteristic
(ROC) curve [79, p. 74], illustrated in Figs. 3.7-3.8. Following the production of
the ROC curve, the previously new data set becomes the training dataset for the
classifier in order to update the dictionary (the dictionary is also expanded at
this point by adding nodes to the network). The process then repeats by testing
the newly updated dictionary on a new set of documents that later become the
training set, etc. We will call each generation of an ROC curve a “time-step” and
we will designate it with the variable 1 < s < 8 (since the TDT2 dataset only
contains enough data for eight time-steps plus an initialization dataset). It is also
important to observe that in some time-steps, no documents that are associated
with novel classes are introduced to the algorithm, so an ROC curve is thus not

generated.
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3.4.3.1 Squared-Euclidean-norm Residual

We test our online algorithm on the top 30-category TDT2 dataset [22]. The data
is compiled into a term frequency-inverse document frequency matrix X € RMxT
where M = 19527 and T" = 9394, and normalized so that each column would pos-
sess a unit Euclidean norm. Out of the entire 9394 samples, we choose 1000 sam-
ples at random and set those aside as a test set. We verify that all 30 categories
appear in this test set. The remaining data are ordered in the order of topics and
used as the training set. For each algorithm, we create a non-negative random
dictionary, initially of size M x 10, but after each examination, the dictionary
size is increased by 10 atoms. In the distributed algorithm implementation, each
node in the network is responsible for a single atom (therefore, after each time
step, 10 new nodes enter the network). When the dictionary size is increased, the

previous atoms are preserved for all algorithms. All algorithms utilize v = 0.05

and 6 = 0.1, and we do not utilize minibatches for any algorithm.

At each time step, each algorithm receives the same batch of 1000 document
feature vectors. We test our algorithm in two cases: 1) fully connected, and
2) distributed. In the distributed case, a random topology is generated at each
time step, where the probability of any two nodes being connected is 0.5. All
algorithms are only allowed to observe each data sample once during the training
of the dictionary (single epoch learning). We once again utilize the Metropolis rule
to generate the combination matrix in a fully distributed manner. Both the fully
connected and distributed algorithms utilize a learning step-size of p,,(s) = 10/s,
where s is the current time-step for learning of the dictionary. For the inference,
the fully connected algorithm utilizes ¢ = 0.7, while the distributed algorithm
uses i = 0.05. The fully connected algorithm performs 100 iterations for the

inference, while the distributed algorithm utilizes 1000 iterations for the inference
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(the choice of the number of iterations and p is discussed earlier in Sec. 3.4.1).

To obtain the distributed algorithm, we have from (3.30) that

J(vizy) 2 %(f*(y) — VT:L‘t)—I—h;k(wgl/), (3.60)

where we let N7 = N and all the agents in the network have access to z; and

each agent is in charge of one atom of the dictionary, i.e., wy. Since we now

choose f(u) = 3||ul|? and hy, (yr) = V|lyll1.+ + 2|ly[|3 (according to the fourth row

2

of Table 3.1), we have that /*(v) = 3[VI[3, A, (wfv) = S} (), and V; =R
6

according to Table 3.2. A straightforward calculation then gives

V.f*(v)=v (3.61)
Vohi, (wlv) = ST (wf vy (362)
Substituting (3.61)—(3.62) into the gradient of (3.60), we obtain:
Vo Je(viay) = i(1/ - :ct)—l—lTJr(w,{u)wk (3.63)
N 57

By substituting (3.63) into the inference part of Alg. 3.1, we immediately obtain
the inference part of Alg. 3.3. For the learning portion of the algorithm, we need
to compute yj, , at node k once v{ has been estimated. With our choices of f(u)
and hy, (yx), we observe from Table 3.2 that y , may be obtained as

wivp 1

Yer = T%“L (T) = ng (wivf) (3.64)

Now, using the fact that h,, (wx) = 0 (see Table 3.1), we have that the update
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rule for wy from Alg. 3.1 becomes
Wit = Ty, {wk,t—l +,UwnyZ,t} (3.65)

where Wy, = {w : ||w|]s < 1,w = 0} (see Table 3.1).

The fully connected version of the algorithm may be attained by replacing pu
with ¢*¢ and the combination matrix with A = +117. In the algorithm, x is
the threshold used to distinguish between novel and non-novel documents; it is
treated as a tunable parameter in order to generate the ROC curves. Interestingly,
since strong duality holds for this example, we do not need to recover z{ in (3.39),
but we only need to recover the cost value, g(v7, h;) for a test data sample hy;
we use h; to differentiate it from the training data sample x;. This can be done
in many ways, one of them being the diffusion strategy. In order to obtain a
scaled multiple of g(v?,2,) = — S0 | Ju(1?, hy), we setup the following scalar

optimization problem:

min > Vilg) (3.66)
where
Vi(g) £ % (Je(1, he) + 9)? (3.67)

from which we can obtain the following scalar diffusion algorithm [36]:

Or(i) = gr(i — 1) — pg(Jr (), he) + gr(i — 1))

gr(i) = Y andu(i)

LEN,

(3.68)
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After sufficient iterations, recursion (3.68) approximates the following value:

o 1 (0]
g7 = N Je(Vy, hy) (3.69)

I

This is sufficient since the positive scaling factor, 1/N, may be absorbed into the

threshold parameter, .

In Fig. 3.7, we show the result of the experiment for the three algorithms. We
observe that for the first two time steps, the algorithm from [93] slightly outper-
forms our fully connected and distributed algorithms. Recall, however, that the
algorithm from [93] fully optimizes v, while we stop at 100 and 1000 iterations
for fully connected and distributed algorithms, respectively. After the first two

time steps, the algorithm from [93] never again outperforms our algorithms.

We also list the area under the curves in Table 3.3. The cases where the
distributed algorithm outperforms the fully connected algorithm (although by a
small amount) can be explained by different random initialization of the dictio-

nary atoms.

Table 3.3: Area under the curve measure for the three tested algorithms.

Time Step || [93] | Diffusion (Fully Connected) | Diffusion
1 0.97 0.93 0.94
2 0.95 0.91 0.90
3 0.75 0.89 0.91
4 0.78 0.91 0.92
) 0.78 0.91 0.91
6 0.72 0.92 0.92
7 0.66 0.90 0.85
8 0.55 0.87 0.78
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Algorithm 3.3 Model-distributed diffusion strategy for distributed novel docu-
ment detection (Square Euclidean Norm Residual).

for each time step s =1,2,...,8 do
Dictionary Learning:
for each training data sample z§ from time-step s, each node k do

Repeat until convergence:

Vki=Vhi—1— § Wkio1—27) =5 7fy+(wkT7t_1 Uk i—1) Wk t—1
Vk,i = D 0en, WkYei

Set v9 = v,,;. Compute y%t = %77},+(w£t711/f).
Update the dictionary using:

Wit = <1 {Hwto {wk,t71+ﬂw(8)’/§yz,t}}

end for
Novel Document Detection:
for each test data sample h:, each node k do

Repeat until convergence:

'(/Jk,i =Vk,i—-1 (I/k,ifl ht) ] (’wk t_1Vk,i71)wk,t71
N el >
Vk:,i § :[e/\[k aéklbé,i

Set v = vy ;.
Perform diffusion strategy to optimize (3.66) until convergence:

(1) = gr (i — 1) — ug(Jk (V7 he) + gr (i — 1))
9 (1) = Xpen, aende(i)

where Ji (v, -) is defined in (3.60).
Set g7 = g,i-
if g7 > x then
declare document as novel.
else
declare document as not novel.
end if
end for
Add nodes to network (expand the dictionary)
end for

3.4.3.2 Huber Residual

M
m=1

We now test our algorithm on f(u) = >~ L(u,,), where L(u,,) is the scalar
Huber function defined in Table 3.2. Interestingly, the conjugate function f*(-)

of the Huber residual is strongly-convex. This allows our algorithm to guarantee
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Figure 3.7: Application of dictionary learning to novel document/topic detec-
tion. At each time step, the algorithms receive 1000 documents. The task is
to determine which documents are associated with topics that have already been
observed, and which documents are associated with topics that have not yet been
observed. These curves represent the ROC associated with each time step against
a fixed test set. The z-axis represents probability of false alarm while the y-axis

represents the probability of detection. The area under each curve is listed in
Table 3.3.

relatively fast convergence. The setup for this section is the same as in [78]°,
except that we start with only ten dictionary atoms, and add ten additional
atoms after each time-step. We simulate the last line of the non-negative matrix
factorization setup in Table 3.2. We compare our algorithm to the one proposed
in [78], which simulates the setup where f(u) = ||ull1, hy(y) = |ly|l1, and Wy, =

{w : flwlly <1}

SWe would like to thank S. P. Kasiviswanathan for kindly sharing his MATLAB code though
e-mail communication in order to reproduce the simulation in [78], including the ordered data.
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Algorithm 3.4 Model-distributed diffusion strategy for distributed novel docu-
ment detection (Huber Loss Residual).

for each time step s =1,2,...,8 do
Dictionary Learning:
for each training data sample z§ from time-step s, each node k do

Repeat until convergence:

e —% Wk im1—xf) — %77 (wkT-,t_Wk,ifl)wk,tfl

ki =e—1.1] { X pen, aertbei}
where the above projection is carried out according to (3.35).

Set v9 = v, ;. Compute ygﬂt = %ﬁ+(w£t_luf’).
Update the dictionary using:

Wit = Hjy)p<1 {Hwto {wk,t71+/’«w(5)l’§yz,t}}

end for
Novel Document Detection:
for each test data sample ht, each node k do

Repeat until convergence:

Vri=Vk i1~ OVkio1—he) = 5 TF (wgzt_ﬁ/k,iq)wk,tq
ki = yei—1,1) {Xpen, aerxtlei}

Set v = vy ;.
Perform diffusion strategy to optimize (3.66) until convergence:

(1) = gr (i — 1) — ug(Jr(v7, he) + gr (i — 1))
9k () = 2w, aekde(i)

where Ji (v, -) is defined in (3.70).
Set g7 = g,i-
if g¢ > x then
declare document as novel.
else
declare document as not novel.
end if
end for
Add nodes to network (expand the dictionary)
end for

For the simulation of the diffusion algorithm, the data are normalized so that
|z¢]l2 = 1. On the other hand, when testing on the centralized ADMM-based
algorithm from [78], the data are normalized so that ||z¢||; = 1, in keeping with
the proposed simulation setup there. The constraint set for W for the diffusion-
based algorithm is {W : ||[W].4|l2 < 1, W = 0}, while the constraint set for the
ADMM-based algorithm from [78] is {W : ||[[W].,|[1 <1, W > 0}. We choose
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Figure 3.8: Application of dictionary learning to novel document/topic detec-
tion. At each time step, the algorithms receive 1000 documents. The task is
to determine which documents are associated with topics that have already been
observed, and which documents are associated with topics that have not yet been
observed. These curves represent the ROC curve associated with each time step
against a changing test set. The x-axis represents probability of false alarm while
the y-axis represents probability of detection. The area under each cuve is listed
in Table 3.4.

v =1 and § = 0.1. For the initialization of the dictionary for the ADMM
algorithm from [78], we let the algorithm iterate between the sparse coding step
and the dictionary learning step 35 times. The diffusion algorithm runs through
the data once. We choose n = 0.2 for the connection point between the quadratic
part and the linear part of the Huber loss function. We use the same step-
size choices as in the square Euclidean norm simulation described in Sec.3.4.3.1.
Samples 1-1000 are used for the initialization of the dictionary. In this simulation
setup, since the data is ordered differently from the last section (although it is

still the TDT2 corpus data), novel documents are only introduced at the first
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(samples 1001-2000), second (2001-3000), fifth (5001-6000), sixth (6001-7000),
and eighth (8001-9000) time-steps. For this reason, we only execute the novel
document detection part of the algorithm at those time-steps, and present the
ROC curves for those time-steps. We run our algorithm using the fully connected
case, where A = %]I]IT and the distributed case where the probability that two

nodes are connected is 0.5, and the combination matrix is the Metropolis rule.

To obtain the distributed algorithm, we note from (3.30) that

T ) & () = v )41, (w ) (3.10)

Since we now use f(u) = S L(uy,) and hy, (yx) = vllylli. + 3|yl13 (according

m=1

to the last row of Table 3.1), we obtain that f*(v) = 2||v||3, Vy = {v : |V]| < 1},

and h} (wiv) = S%r (%TV) according to Table 3.2. A straightforward calculation
then shows that

Voff(v)=n-v (3.71)
Voh (wiv) = %ﬂ*(w,{y)wk (3.72)

Substituting (3.71)—(3.72) into the gradient of (3.70), we obtain:

1 1
Vo i(v; ) = N(U V= ift)Jrng(wZ’/)wk (3.73)

where we let N7 = N and all the agents in the network have access to z;. By
substituting (3.73) into the inference part of Alg. 3.1, we immediately obtain the
inference part of Alg. 3.4. For the learning portion of the algorithm, we need to

compute y7 , at node k once v has been estimated. With our choices of f(u) and

h(yr), we observe from Table 3.2 that y7 , may be obtained as y ; = Tgr (wéuf) =
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ST (wlv) (as listed in Alg. 3.4). Now, using the fact that hy, (wy) = 0 (see

Table 3.1), we have that the update rule for wy from Alg. 3.1 becomes

wie = Hyy, {wkz,t—l +Mwl/fy1?;,t} (3.74)

where Wy, = {w : ||w|]s < 1,w = 0} (see Table 3.1).

The final algorithm is listed in Alg. 3.4. Again, each node in the network is
responsible for a single dictionary atom. The sparse coding stages of the central-
ized ADMM-based algorithm from [78] utilize 35 iterations, and the number of
iterations of the dictionary update steps are capped at 10 for all iterations other
than the initialization step. We observe that the performance of the centralized
ADMM-based algorithm reproduced in this manuscript is competitive with that
in [78], even though the initial dictionary size is chosen to be ten, as opposed to

200 atoms (as was done in the experiment in [78]).

The performance of the algorithms is illustrated in Fig. 3.8. We observe that
the Huber loss function improves performance relative to the ¢; function. The
area under each ROC curve is listed in Table 3.4. Since the different algorithms
were initialized with different dictionaries, it may be possible for the sparsely-
connected diffusion strategy to slightly outperform the fully-connected diffusion
strategy. We observe this effect in Table 3.4, where the sparsely-connected net-
work outperforms the fully-connected network by 0.01 (area under the curve

measure).

3.5 Conclusion

In this chapter, we studied the “cost-of-sum” problem in the context of dictio-

nary learning problems over distributed models, where each agent in a connected
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Table 3.4: Area under the curve measure for the three tested algorithms. No
novel documents were presented in time-steps 3, 5, and 7.

Time Step || ADMM [78] | Diffusion (Fully Connected) | Diffusion
1 0.69 0.79 0.79
2 0.61 0.94 0.93
) 0.69 0.94 0.95
6 0.73 0.96 0.95
8 0.69 0.93 0.94

network is in charge of a portion of the dictionary atoms and the agents collab-
orate to represent the data. Using the concepts of conjugate function and dual
decomposition, we transform the original global dictionary learning problem into
a form that is amenable to distributed optimization, which is solved by diffu-
sion strategy. The collaborative inference step generates the dual variables that
can be used by the agents to update their dictionary atoms without the need
to share these dictionaries or even the coefficient models for the training data.
The proposed algorithm is tested over two typical tasks of dictionary learning,
namely, image denoising and novel document detection. The results illustrate the

superior performance of our proposed algorithm.

3.A Derivation of Some Typical Conjugate Functions

In this appendix, we derive the conjugate functions listed in Table 3.2. The
conjugate functions for $||ul|3, and their corresponding domains can be found
in [20, pp.90-94]. The conjugate function for the scalar Huber loss L(u,,) can be
found in [143] as

1
L*(vp) = 51/,1, V] <1 (3.75)
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Therefore, by the “sums of independent functions” property” in [20, p.95], the

conjugate function of fo:l L(u,,) is given by

M

1 1
S L) = Y 5 =5 bl (3.76)
m=1 m=1
where the domain is given by
vm| <1, m=1,....M < |V]e<1 (3.77)

Next, we derive the conjugate functions for the elastic net regularization term:

J
hy, (Yi) = Yllyeells + §||yk||§ (3.78)

By the definition of conjugate functions in (3.22), we have

hy (Wilv) = sup (W) Ty — Dy, (yi)]
= =it [ () = W70) ]
= it [yl 5ol (090 (3.79)
st [ o]
+ o IWTvB (380)
where the last step completes the square. Note from (3.42) that the optimal

yr that minimizes the term inside the bracket of (3.80) can be expressed as the

proximal operator of (v/d)||yk|1, which is known to be given by the entry-wise

If f(z1,...,on) = fi(x1) + -+ fn(zn), then the conjugate function for f(z1,...,xn) is

given by f*(ys,-.,yn) = £1 (1) + -+ + Fie(yn), where f{(yn),..., fi (yn) ave the conjugate
functions for fi(x1),..., fn(znN), respectively.
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soft-thresholding operator [103, p.188] [50]:

)

o e 1 1
U,y = argmin [gHkal + §Hyk_5WkTV

= PO, (Wj;%)
-7 (WgTV) (3.81)
where
[T@)]n = (|[2]a] = A)4sen((z]n) (3.82)
and
(z)+ = max(z, 0) (3.83)

Substituting (3.81) into (3.79), we obtain

N Wlv
hyk(W,Zu):Sg< § > (3.84)
where

810 2 1 |T @, -5 @5 @ 38)

Finally, we derive the conjugate function for the nonnegative elastic net reg-

ularization function:

5
Ry, (k) = Yyell+ + 5|!ka§ (3.86)
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Following the same line of argument from (3.79) and (3.80), we get

* . )
W) = =i [l Sl - VE0) ] (7
Iy 1 1 2
= g | Lo+ 5l 5
1
+ %nguug (3.87b)

By (3.42), the optimal y7 , that minimizes the term inside the bracket of (3.87b)

is given by

: 1 1 2
e = argmin | <yl e+ 5 Jue— 5wV (3.58)
uk |0 2 o 2

Applying an argument similar to the one used in [8], we can express the optimal

yp, in (3.88) as

T
Uie =T (—Wg V) (3.89)

where 7,7 (+) is the one-sided soft-thresholding operator:
[T (@)]n = ([2]n — M+ (3.90)

Substituting (3.89) into (3.87a), we obtain

. Wiv
hy (Wlv) = Sg ( 5 ) (3.91)
where

A )
St (2) 2 =y |5 @, , —35II75 (@)[5+8 - 27T ()
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5
= |17 @, =3 l175 @l +6 - 2T (@) (3.92)

where the last step uses the fact that the output of ’7:]“() is always nonnegative

so that ||7~%+ (@) |1+ = ||7~%+ () |-

3.B Overview of Duality Theory

In this appendix, we give a brief overview of duality theory in convex optimization.
For more thorough treatments of duality theory, the readers are referred to [10,

20,105]. First, consider the following convex optimization problem:

min  fo(x) (3.93a)

st. fi(z) <0, k=1,....K (3.93b)

Az =1b (3.93¢)

where fo(z), fi(z),..., fx(x) are convex cost functions defined over RM A is

an N x M matrix, and b is an N x 1 vector. Problem (3.93a)—(3.93c) is called
the primal problem, and the variable z is called the primal variable. Then, the

Lagrangian corresponding to the primal problem (3.93a)—(3.93c) is defined as

L(z,v,\) = fo(z) + v (Az —b) + Z e fr () (3.94)
k=1
= fo(x) + v7(Az — b) + AT f(2) (3.95)

where f(x) £ col{fi(x),..., fx(z)}, v € RY is the Lagrange multiplier vector
associated with the equality constraint (3.93c), A = col{\;,..., A\x} is the La-

grange multiplier vector associated with the inequality constraints (3.93b) and is
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required to satisfy A = 0. The dual function is constructed as
g, \) = inf L(z, v, \) (3.96)
and the dual problem corresponding to (3.93a)—(3.93c) is defined as

max g(v, \) (3.97a)

st. Ax=0 (3.97b)

We now introduce the concept of weak duality [20, pp.225-226].

Theorem 3.1 (Weak duality). Let p* denote the value of fo(x) at the optimal
solution to the primal problem (3.93a)—(3.93c), and let d* denote the value of
g(v, \) corresponding to the optimal solution to the dual problem (3.97a)—(3.97b).
Then, it always holds that

pr=d (3.98)

]

In other words, the optimal value of the dual problem is always a lower bound
for the optimal value of the primal problem. In fact, the weak duality inequality
(3.98) holds even when the primal problem (3.93a)-(3.93c) is not convex (i.e.,

even when none of the functions fo(z), fi(x),..., fx(x) is convex).

We say that strong duality [20, p.226] holds if, and only if
p=d (3.99)

That is, the optimal value of the dual problem (3.97a)—(3.97b) is equal to the
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optimal value of the primal problem (3.93a)-(3.93c). In general, strong dual-
ity does not hold for non-convex problems, and it may not even hold for some
convex problems. Nevertheless, if certain additional conditions (called constraint
qualifications) hold in convex optimization problems, then strong duality can be
established. One simple and useful (sufficient) constraint qualification is Slater’s
condition [20, p.226-227], which requires that there should exist an z € RM such
that

folz) <0, k=1,... K, Az=»b (3.100)

That is, there exists a point x such that the equality constraint is satisfied and the
inequality constraint (3.93b) is strictly satisfied. Such a point is called a strictly
feasible point. If Slater’s condition holds for a convex optimization problem,
then strong duality (3.99) holds. Another sufficient condition occurs when the

inequality constraints (3.93c) happen to be affine, such that

min  fo(x) (3.101a)
st. Bxr =0 (3.101b)
Ax =b (3.101c)

Then, strong duality also holds [20, p.226], [10, p.514].

Once we get the optimal solutions (v°,A°) for the dual problem (3.97a)-
(3.97b), then the optimal solution to the primal problem (3.93a)—(3.93c) can

be obtained as

x° = argmin L(x, 1%, \?) (3.102)
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if the minimizer of L(x,v°, A\°) is unique. However, if there are multiple minimiz-
ers for L(xz,v°, \°), then some of the minimizers might be primal-infeasible [10,
p.603]. That is, some of the minimizers of L(x,v° \°) may not satisfy the fea-
sibility conditions (3.93b)—(3.93c). In this case, we need to select the z° to be
the ones that satisfy the constraint (3.93b)—(3.93c) from all the minimizers of
L(z,v°,A°). In this chapter, we only use (3.102) because the cost functions are

selected to ensure a unique minimizer of L(z, v°, \°) — see Sec. 3.3.3.

3.C Overview of Proximal Gradient Algorithms

In this appendix, we give a short overview of proximal gradient algorithms and
the proximal operator. For a useful survey, the readers are referred to [103]. The
proximal gradient algorithm is applicable to optimization problems that assume

the following form:
min  f(x) + h(x) (3.103)

where f(z) is a continuously differentiable convex function defined over RM and
h(z) is a non-differentiable convex function over R™. That is, the cost func-
tion consists of the sum of a differentiable part and a non-differentiable part.
One approach to minimizing non-differentiable cost functions is to employ the
sub-gradient method [10,105]. However, sub-gradient methods tend to converge
slowly at the rate of O(1/v/i), where i is the number of iterations. Neverthe-
less, if h(x) in (3.103) assumes certain forms such that its proximal operator
(defined by (3.104) below) can be evaluated easily, then the proximal gradient
algorithm provides a more efficient technique to minimize (3.103) by exploiting

the differentiable nature of f(z) and the structure of h(x).
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Table 3.5: Examples of proximal operators

h(x) proxs(a), 6> 0
0 x
a’z+b x — fPa
12T Az + 0"z + ¢, A is positive definite | (I + 8A4)~!(z — Bb)
sl 57
—In(x) : (x + /22 + 46)
(B4 Ts ()
llly + 31113 7 Ts()

The proximal operator of a function h(z) is defined as

1
prox, (z) = arg min <h(u) + §Hu - xH%)

(3.104)

Note that the above definition of the proximal operator is for both differentiable

and non-differentiable functions. Closed-form expressions for some useful choices

for h(z) can be found in Table 3.5 and [103, pp.172-195]. For example, if h(x) =

||z||1, then the proximal operator for §-h(zx) is the (entry-wise) soft-thresholding

operator:

ProxXg gy, ()]m = [T(2)]m

p

Tm

0

|| < 3

\

(3.105)

where [-],, denotes the mth entry of the vector argument, and z,, denotes the
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mth entry of the vector z.

The proximal gradient method for solving the problem (3.103) is given by the

following iteration:

Tj = ProX, p (%‘—1 - Mva:f(il?i—l)) (3.106)

where p is a positive step-size parameter. That is, the algorithm applies gradi-
ent descent step to the differentiable part, f(z), and then applies the proximal
operator to the non-differentiable part. By doing so, it is shown in [8] that the
convergence rate becomes O(1/i) for any convex function f(z) with Lipschitz

gradients, which is faster than the O(1/+/4) rate for sub-gradient methods.

A useful interpretation of the proximal gradient method (3.106) is the ma-
jorization minimization strategy [69,103], which minimizes a function g(z) by
iteratively minimizing a particular upper bound defined using the previous it-
erate x;_;. Assume f(x) in (3.103) is continuously differentiable with Lipschitz

gradients, i.e.,
IVf(@) =Vl <L-llz—yl, vy (3.107)

where L is the Lipschitz constant. Then, f(z) can be upper bounded as

Fe) = flaiy) + [ | it ta s @
= f(wi1)

+ |:/D [Vf(xz_ﬁ + Vf(l’i_l + t(l’ — ZL’i_l)) — Vf(l’z_l)} dt (I — «Ti—l)

= f(zic1) + [V (2im)] (z — i)
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T

+ (/01 V f(@in 4t — i) — V()] dt) (z — 2:1)
< Fen) + (V)] (@ — 2i)

-/ 9 i+t — 2i2) — V)l db o — 2
2 Fi) + V@) (@ — ma) + /01 bt L o —
= Flain) + [V @) (@ = 2i) + = - [l = 21

2
(©)

< flaia) + V()] (z = 2i0) + % o — @i ? (3.108)

(.

£fu(@,mio1)

where step (a) uses Cauchy-Schwartz inequality (z7y < [2Ty| < ||z| - ||lyl), step
(b) uses the Lipshitz condition (3.107) on the gradient, and step (c) holds for any
w that satisfies 0 < p < 1/L. That is, for any p € (0,1/L], we have the following

magorization relation for f(x):

f() < fulz,2i0) (3.109)

which implies the following majorzation relation for f(x)+ h(x):

f(@) +h(z) < fulz,zi0) + h(z)

= f(xic) + [Vf (@) (z — 2i0) + i o — 2 |)* + h(x)

(3.110)

The majorization minimization strategy minimizes f(z)-+ h(x) by minimizing its

upper bound f,(x,x;_1) + h(z) at each iteration i:

x; = argmin (f,(z,z;—1) + h(x))
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= argmin (/- h(z) + 3 |z — (i1 — uV f (2]
1 2

1
+ 5l = Sllzis — wVF )|

2 arg mxin (u -h(x) + % |z — (21 — va(xi—l)mZ)

= prox,,, (zi1 — pV f(zi-1)) (3.111)

Il

where steps (a) and (c) drop the terms that are independent of z, and step (b)
completes the square to absorb the linear term of x into the quadratic term.
From the above derivation (3.111), the majorization process is only performed
on the differentiable part, f(x), in (3.103). The non-differentiable part, h(x),
remains unchanged. The majorization is approximating f(z) by a quadratic
function using its local gradient at the previous iterate z;_; and a sufficiently
large Hessian I /p, which provides local information about f(z) around z;_;. On
the other hand, by keeping h(z) unchanged during the majorization process, we
retain its global information. Therefore, the proximal gradient algorithm (3.106)
is exploiting local information for f(x) and global information for h(x) during the
iteration, which is expected to achieve a faster convergence than the sub-gradient

method, which uses only the local information for both f(x) and h(z).
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CHAPTER 4

Mean-Square Analysis

From Chapters 2-3, we know that both the “sum-of-costs” and “cost-of-sum”
problems can be effectively solved by diffusion strategies. Starting from this
chapter, we proceed to analyze the performance of the diffusion strategies. In this
chapter, we first analyze the stability and performance of the algorithm under
the assumption that each cost function Jy(w) is strongly convez. In later chap-
ters, we will relax this assumption to require only the aggregate cost J¥°P(w) =
ijﬂ Je(w) to be strongly convezr. The analysis in the latter case is more involved.
Nevertheless, studying the performance of diffusion strategies under the stronger
assumptions (“where each cost function is strongly convex”) is still important
since this assumption typically holds in practical applications. This is because
quadratic regularization can be added to convert each Ji(w) into a strongly con-

vex function. The following presentation in this chapter is based on [36].

4.1 General Diffusion Adaptation Strategies

In Chapter 2, we motivated and derived diffusion strategies for distributed opti-

mization of the following aggregate cost

JEP(w) =Y " Ji(w) (4.1)

I
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where we assumed that the cost functions {.J(w)} share a common minimizer.
In this chapter, we are going to show that this assumption is not necessary
and diffusion strategies still work even when the minimizers of {Jy(w)} are not
necessarily equal to each other. Recall that the diffusion strategies (ATC and

CTA strategies) are captured by the following general description:

N

Brict = 3 Q1KW1 (4.2)

=1

N

Vi = bkt — i Y Vo i(drio1) (4.3)
N =1

Wi = Z az,lk¢l,i (4-4)

=1

where wy,; is the local estimate for w® at node k and time 4, y is the step-size
parameter used by node k, and {¢x;—1,¢x,} are intermediate estimates for w®.
Moreover, V,,Ji(+) is the (column) gradient vector of J;(+) relative to w. The non-
negative coefficients {a1 i}, {ci}, and {ag i} are the (I, k)-th entries of matrices

Ay, C, and A,, respectively, and they are required to satisfy:

Afi =1, Al1=1, C1 =1,
(4.5)
arge =0, asy, =0, e, =0if [ ¢ N,

where 1 denotes a vector with all entries equal to one, N}, denotes the neighbor-
hood of node k (including node k itself); the neighbors of node k consist of all
nodes with which node & can share information. Note from (4.5) that the combi-
nation coefficients {ay i, a2k, cix} are nonzero only for those [ € Ny. Therefore,
the sums in (4.2)—(4.4) are confined within the neighborhood of node k. Condi-
tion (4.5) requires the combination matrices {A;, A2} to be left-stochastic, while

C is right-stochastic. We therefore note that each node k first aggregates the ex-
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isting estimates from its neighbors through (4.2) and generates the intermediate
estimate ¢y ;1. Then, node k aggregates gradient information from its neighbor-
hood and updates ¢ ;1 to )y, through (4.3). All other nodes in the network
are performing these same steps simultaneously. Finally, node k aggregates the

estimates {¢;;} through step (4.4) to update its weight estimate to wy;.

Algorithm (4.2)—(4.4) can be simplified to several special cases for different
choices of the matrices { A, Ay, C'}. For example, the choice A; = I, Ay = A and
C' = I reduces to the adapt-then-combine (ATC) strategy that has no exchange
of gradient information [26,34,89]:

wk,i = Wg,i—1 — ,Ukvwr]k<wk,ifl)
ATC, C =1 4.6
Wi, = Z alk¢l,i ( ) ( )

lENk

while the choice A1 = A, Ay = I and C' = [ reduces to the combine-then-adapt
(CTA) strategy, where the order of the combination and adaptation steps are
reversed relative to (4.6) [26,89]:

wk,i—l = Z QWi —1
[N, (CTA, C =1) (4.7)

Wi = Vric1 — Ve (Vrk,i-1)

Furthermore, if in the CTA implementation (4.7) we enforce A to be doubly
stochastic, replace V,,Ji(-) by a subgradient, and use a time-decaying step-size
parameter (u(i) — 0), then we obtain the unconstrained version used by [109].
In the sequel, we continue with the general recursions (4.2)—(4.4), which allow us
to examine the convergence properties of several algorithms in a unified manner.

The challenge we encounter now is to show that this class of algorithms can
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optimize the cost (2.1) in a distributed manner when the individual costs {J;(w)}
do not necessarily have the same minimizer. This is a demanding task, as the

analysis in the coming sections reveals.

4.2 Modeling Assumptions

In situations of adaptation and learning, the true gradient vectors needed in (4.3)
are not available. Instead, these gradients are replaced by approximate values,

which we model as:
Vodi(w) = Vo Ji(w) + vy(w) (4.8)

where the random noise term, v;;(w), may depend on w and will be required to
satisfy certain conditions given by (4.13)—(4.14). We refer to the perturbation in
(4.8) as gradient noise. Using (4.8), the diffusion algorithm (4.2)—(4.4) becomes
the following, where we are using boldface letters for various quantities to high-
light the fact that they are now stochastic in nature due to the randomness in

the gradient noise component:

N
Pri-1 = Z 1,1k Wy i1 (4.9)
I=1 N
VYii = Ori—1 — M Z Clk [Vle((ﬁk,z;l) + vl,i((pk,ifl)} (4.10)
N =1
Wy j = Z a1k, (4.11)
=1

Using (4.9)—(4.11), we now proceed to examine the mean-square performance of
the diffusion strategies. Specifically, in the sequel, we study: (i) how fast and (ii)

how close the estimator wy; at each node k approaches the minimizer w® of the
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aggregate cost (4.1) in the mean-square-error sense. We establish the convergence
of all nodes towards the same w® within a small MSE bound. The approach
we employ to examine the convergence properties of the diffusion strategy is a
system-theoretic approach that examines the flow of energy through the network,

and calls upon the fixed-point theorem for contractive mappings [80, pp.299-303].
To proceed with the analysis, we introduce the following assumptions on the

cost functions and gradient noise.

Assumption 4.1 (Bounded Hessian). Each component cost function J;(w) has
a Hessian matriz that is bounded from below and from above, i.e., there exist

Aimin = 0 and A max > 0 such that, for each k =1,... N:

)\l,min]M S V?UJZ(U/) S Al,max-[M (412)
with 31, CikAimin > 0. Inequality (4.12) means that the eigenvalues of V2 J;(w)
are upper and lower bounded by A\ max and A\ min, respectively. O
Assumption 4.2 (Gradient noise). There exist a > 0 and ag > 0 such that, for

allw e E—l-'

E {vi(w) | Fisa} =0 (4.13)

E {{|lvii(w)|*} < o E[[Voi(w)]* + o3 (4.14)

for all i,l, where F;_y denotes the past history of estimators {wy;} for j <i—1
and all k. ]

Remark 4.1. Assumption 4.1 ensures the strong convexity of the aggregate cost
J&°P (w) defined by (4.1); condition (4.12) would require the individual costs to

be strongly convex when C' = I. This condition is applicable to many situations
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of interest; one of its main benefits is that it ensures that the Hessian matrix
is not close-to-singular or ill-conditioned. Strong convexity is prevalent in many
other studies on optimization techniques as well. For example, the individual
costs Jj(w) are assumed to be stronlgy convex in [125,132] in order to derive
upper bounds on the limit superior (“limsup”) of the mean-square-error of their
estimates wy,; or the expected value of their cost function at wy,; when constant

step-sizes are used, i.e., to derive results of the form

lim sup E[lwy; — w°||* < (4.15)
1—00

lim sup EJ&" (wy, ;) < J&P(w°) + 1 (4.16)
1—+00

where 7 is the upper bound. For example, in Theorem 5 of [125], each individual
cost function is assumed to be continuously differentiable and strongly convex.
Likewise, in Proposition 2 of [132], each individual cost function is also assumed
to be strongly convex. When the strong convexity assumption is relaxed, no
upper bounds on the limit superiors similar to (4.15) or (4.16) are established
in [97,109,132]. Instead, only upper bounds on the limit inferior (“liminf”) of
EJ&°P(wy, ;) are derived in the presence of noise [109,132], or in the absence of

noise [71,97], such as the bound

lim inf EJ&°P (wy, ;) < J&P(w?) 4+ 7 (4.17)

1— 00
By the definitions of limsup and liminf [4, p.353-355], inequality (4.17) means
that E.J®°P(wy ;) can only be smaller than the upper bound on the right-hand
side infinitely often as ¢ — oo. However, it can also be arbitrarily far away from
the upper bound infinitely often. On the contrary, the bound on lim sup means

that, as ¢ — oo, eventually the mean-square-error or the expected cost function
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value at wy,; would be uniformly smaller than the upper bound. For this reason,
it is more critical to establish an upper bound on the limit superior rather than
the limit inferior. It is for this purpose that Polyak-Ruppert averaging [106,111]
is applied in [97,109,132] to obtain a new time-averaged estimate at each node k

as:

1 7
Zki = n Z Wy ¢ (4.18)
t=1

which is then shown to satisfy the lim sup bound:

lim sup EJEP(2,) < J&P(w?) 4+ 1 (4.19)
i—o0

This is a useful technique in enhancing the convergence behavior when the envi-
ronment is stationary. However, over non-stationary environments, the technique
is problematic since it reduces the adaptation and tracking ability of the algo-
rithm because averaging of the estimates is performed over the entire history up
to the current time ¢. Therefore, in terms of better adaptation ability, it is more
favorable to seek estimates {wy,;} that satisfy a “lim sup” bound directly on their
mean-square-error. This objective can be achieved by adding a small regulariza-
tion term. For example, we can convert a non-strongly convex function .J;(w) to
a strongly convex one by redefining J;(w) as Ji(w) < Jij(w) + €||w||?, where € > 0

is a small regularization factor. m

Remark 4.2. In Chapters 5-6, we relax Assumption 4.1 and only require the
aggregate cost J&°P(w) to be strongly convex. We show that the diffusion strate-
gies (4.2)—(4.7) still achieve the convergence rate and steady-state performance

of a centralized strategy. O]

Remark 4.3. We further note that assumption (4.14) is a mix of the “relative
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random noise” and “absolute random noise” model usually assumed in stochastic
approximation [105]. Condition (4.14) implies that the gradient noise grows when
the estimate is away from the optimum (large gradient). Condition (4.14) also
states that even when the gradient vector is zero, there is still some residual noise
variance 2. On the other hand, in [109,125,132], the variance of the gradient

noise was instead assumed to be uniformly upper bounded, i.e.,
E{llogl*} <oy o E{flugl*|Fiaa} < 0} (4.20)

with only an absolute noise term appearing in (4.20). Such an assumption is useful
in constrained optimization over a compact set. However, for the unconstrained
optimization problems that we consider here, we need a model that incorporates
both “relative random noise” and “absolute random noise” [34, 105]. Without
the relative noise term factor, the analyses and the gradient model would not

be able to handle situations involving adaptation and learning (see the following

Example 4.1). O

Example 4.1. Such a mix of “relative random noise” and “absolute random
noise” is of practical importance. For instance, consider an example in which the

loss function at node [ is chosen to be of the following quadratic form:

Qu(w, {wi, di(i)}) = |dy(i) — wyw]?

for some scalars {d;(i)} and 1 x M regression vectors {u;;}. The corresponding

cost function is then:

Ji(w) = E|dy(i) — upw|? (4.21)
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Assume further that the data {w;;, d;(7)} satisfy the linear regression model
dl(’l) = 'U,MU)O + Zl(’i) (422)

where the regressors {u;;} are zero mean and independent over time with covari-
ance matrix Ry; = E{u,u;,}, and the noise sequence {z(j)} is also zero mean,
white, with variance 037,{, and independent of the regressors {u;;} for all [, k, 1, j.
Then, as we pointed out in Example 2.1 in Chapter 2 that the gradient noise in

this case can be expressed as:
v i(w) =2(Ry,; — u;":ium)(wo —w) — Quﬂzl (1) (4.23)

It can easily be verified that this noise satisfies both conditions stated in Assump-

tion 4.2, namely, (4.13) and also:
E {[[vni(w)|*} < B[ Ry —wpyu]* - Ellw® —w]|*+402 Te(Ryy) - (4.24)

for all w € F;_;. Note that both relative random noise and absolute random
noise components appear in (4.24) and are necessary to model the statistical
gradient perturbation even for quadratic costs. Such costs, and linear regression
models of the form (4.22), arise frequently in the context of adaptive filters —

see, e.g., [5,23-26,28,64,87-90,116, 118,124, 130]. 0

4.3 Diffusion Adaptation Operators

To analyze the performance of the diffusion adaptation strategies, we first repre-

sent the mappings performed by (4.9)—(4.11) in terms of useful operators.

Definition 4.1 (Combination Operator). Suppose © = col{xy,...,xny} is an
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arbitrary N x 1 block column vector that is formed by stacking M x 1 wvectors
T1,...,xN on top of each other. The combination operator Ty : RMN — RMN s

defined as the linear mapping:
Ta(z) 2 (AT @1y) x (4.25)
where A is an N x N left-stochastic matrixz, and @ denotes the Kronecker product

operation. [

Definition 4.2 (Gradient-Descent Operator). Consider the same N x 1 block
column vector x. Then, the gradient-descent operator T : RMN — RMN s the

nonlinear mapping defined by:

21— o en V(1)
Tg(x) = : (4.26)

TN — UN Zfil anVeJi(zn)
O]

Definition 4.3 (Power Operator). Consider the same N x 1 block vector x. The

power operator P : RMN — RY s defined as the mapping:
Plz] £ col{||z1||?, ..., |lz~|*} (4.27)

where || - || denotes the Euclidean norm of a vector. O

We will use the power operator to study how error variances propagate after
a specific operator T4(-) or Ti(+) is applied to a random vector. We remark that
we are using the notation “P[-]” rather than “P(-)” to highlight the fact that P

is a mapping from RM¥ to a lower dimensional space RY. In addition to the
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above three operators, we define the following aggregate vector of gradient noise

that depends on the state x:

N

v(z) =S —C01{M1 ZN: cnv(T1), - iy Z ClNUz(ﬂUN)} (4.28)

=1 =1

where we are dropping the subscript ¢ for simplicity. With these definitions, we
can now represent the two combination steps (4.9) and (4.11) as two combination
operators T4, (-) and T'4,(-). We can also represent the adaptation step (4.10) by

a gradient-descent operator perturbed by the noise operator (4.28):
Teo(z) 2 To(z) + v(z) (4.29)

We can view fg(a:) as a random operator that maps each input x € RMY into
an RMY random vector, and we use boldface T to highlight this random nature.

Let
w; = COI{’lULZ', Wy, - - . 7wN,i} (430)

denote the vector that collects the estimators across all nodes. Then, the overall
diffusion adaptation steps (4.9)—(4.11) that update w;_; to w; can be represented

as a cascade composition of three operators:
fd() £ TA2 e} j-\,G o TA1<') (431)

where we use o to denote the composition of any two operators, i.e., 77 o Ty(x) £

T1(T5(x)). If there is no gradient noise, then the diffusion adaptation operator
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Figure 4.1: Representation of the diffusion adaptation strategy (4.9)—(4.11) in
terms of operators. Each diffusion adaptation step can be viewed as a cascade
composition of three operators: T4, (-), Te(+), and Ta,(-) with gradient perturba-
tion v(-). If v(-) = 0, then Ty(-) becomes Ty(-).

(4.31) reduces to
Tu(-) & T, 0T o Ta, () (4.32)

In other words, the diffusion adaptation over the entire network with and without

gradient noise can be described in the following compact forms:

w; = Ty(w; 1) (4.33)

The combination operator Ts(-) aggregates the estimates from the neighborhood
(social learning), while the gradient-descent operator T¢(+) incorporates informa-
tion from the local gradient vector (self-learning). In Fig. 4.1, we show that each
diffusion adaptation step can be represented as the cascade composition of three
operators, with perturbation from the gradient noise operator. Next, in Lemma

4.1, we examine some of the properties of the operators {T',,Ta,, T}, which are
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proved in Appendix 4.A.

Lemma 4.1 (Useful Properties). Consider Nx1 block vectors x = col{x1,...,xn}

and y = col{y1, ..., yn} with M x 1 entries {xg,yx}. Then, the operators Tx(-),

T (+) and P[] satisfy the following properties:

~

(Linearity): Ta(+) is a linear operator.
(Nonnegativity): Plx] = 0.
(Scaling): For any scalar a € R, we have Plax] = a*P[z].

(Convezity): suppose M 2 are N x 1 block vectors formed in the
same manner as x, and let ay,...,ax be non-negative real scalars that add

up to one. Then,

PlayzW + - 4+ agaz®] < a, PlzW] + - + ag P[2\®)] (4.35)

(Additivity): Suppose x = col{xy,...,xn} and y = col{y,...,yx} are
N x 1 block random vectors that satisfy Exly, = 0 for k = 1,...,N.
Then, EP[x + y] = EP[x] + EP[y].

(Variance relations):

P[Ta(z)] = AT P[x] (4.36)
PTa(z) — Ta(y)] 2 T?Pla —y] (4.37)
where
I = diag{y1,..., 7} (4.38)
Y = max{|1 — 0k max|, |1 — 4Ok min | } (4.39)
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N N
A A
Ok,min = E Clk‘)\l,mina Ok max = E Clk:)\l,max (440)

=1 =1

7. (Block Mazimum Norm): The co—norm of Plx] is the squared block mazi-

mum norm of x [115]:

2
1Plelllc = 12l o 2 (max o) (a.41)

8. (Preservation of Inequality): Suppose vectors x, y and matriz F have non-

negative entries, then x =<y implies Fx < Fy. O

4.4 'Transient Analysis

Using the operator representation developed above, we now analyze the transient
behavior of the diffusion algorithm (4.9)—(4.11). From Fig. 4.1 and the previous
discussion, we know that the stochastic recursion w; = fd(wi_l) is a perturbed
version of the noise-free recursion w; = Ty(w;_1). Therefore, we first study the
convergence of the noise free recursion, and then analyze the effect of gradient

perturbation on the stochastic recursion.

The operator Ty is a continuous operator, which is guaranteed by the twice-
differentiability of the cost functions. Therefore, if w; converges to a vector wyo,

then this vector should be a fixed point of Ty [80, p.299]:

We need to answer four questions pertaining to the fixed point. First, does the

fixed point exist? Second, is it unique? Third, under which condition does the
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recursion w; = Ty(w;_1) converge to the fixed point? Fourth, how far is the fixed
point ws, away from the minimizer w° of (2.1)? We answer the first two ques-
tions using the Banach Fixed Point Theorem (Contraction Theorem) [80, pp.2—
9, pp-299-300]. Afterwards, we study convergence under gradient perturbation.

The last question will be considered in the next subsection.

Definition 4.4 (Metric Space). A set X, whose elements we shall call points,
is said to be a metric space if we can associate a real number d(p,q) with any
two points p and q of X, such that (i). d(p,q) > 0 if p # q, and d(p,q) = 0
if and only if p = q; (ii). d(p,q) = d(q,p); (ii). d(p,q) < d(p,r)+d(r,q), for
any r € X. Any function d(p,q) with these three properties is called a distance
function, or a metric, and we denote a metric space X with distance d(-,-) as

(X, d). O

Definition 4.5 (Contraction). Let (X,d) be a metric space. A mapping T :
X —> X is called a contraction on X if there is a positive real number 6 < 1

such that d(T(x),T(y)) < §-d(x,y) for all z,y € X

Lemma 4.2 (Banach Fixed Point Theorem [80]). Consider a metric space (X, d),
where X # (. Suppose that X is complete! and let T : X — X be a contraction.

Then, T has precisely one fixed point. [

As long as we can prove that the diffusion operator Ty(+) is a contraction, i.e.,

RMN " after we apply the operator Ty(+), the distance

for any two points =,y €
between Ty (z) and Ty(y) scales down by a scalar that is uniformly bounded away
from one, then the fixed point w., defined in (4.42) exists and is unique. We
now proceed to show that Ty(+) is a contraction operator in X = RMY when the

step-size parameters {py} satisfy certain conditions.

LA metric space (X, d) is complete if any of its Cauchy sequences converges to a point in the
space; a sequence {z,} is Cauchy in (X,d) if Ve > 0, there exists N such that d(x,,z,,) < €
for all n, m > N.
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Theorem 4.1 (Fixed Point). Suppose the step-size parameters {ug} satisfy the

following conditions

2
0 < px < , k=1,2,...,N (4.43)

Ok, max

Then, there exists a unique fixed point w, for the unperturbed diffusion operator

Ty(-) in (4.32).

Proof. Let x = col{zy,...,zx} € RM¥*1 be formed by stacking M x 1 vectors
x1,...,xy on top of each other. Similarly, let y = col{y,...,yn}. The distance
function d(z, y) that we will use is induced from the block maximum norm (5.110):
d(z,y) = ||z — yllpoo = maxi<g<n ||Tx — yi||. From the definition of the diffusion

operator Ty(+) in (4.32), we have

P[Ty(x) — Tuly)] 2 P[Ta, (T 0 Ta,(z) = Tg 0 Ta, (y))]

(b)
< AJP[Tg o Ta,(x) — Te 0 Ta, (y)]
()

j Agrzp[TAl (l’) - TAI (y)]

D AT’ PTa, (x — )]

)
< ATT?AT Plz — ) (4.44)

where steps (a) and (d) are because of the linearity of T4, (-) and Ta,(+), steps
(b) and (e) are because of the variance relation property (4.36), and step (c) is
due to the variance relation property (4.37). Taking the co—norm of both sides

of (4.44), we have

1P[Ta(z) = Ta(w)llle < 143 T*Afllc - 1 Pl = 9]l

< TI% - 1Pl = vl (4.45)
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where, in the second inequality, we used the fact that ||AT], = ||AY]|e = 1
since AT and AI are right-stochastic matrices. Using property (5.110), we can
conclude from (4.45) that: | T4(z) —Ta(y)|lo.c0 < 1T |loo |z —Y||p,co- Therefore, the
operator Ty(-) is a contraction if ||T'||« < 1, which, by substituting (4.38)—(4.39),

becomes

’1 — Mkak,max| < 1, |1 — ukak,min| < 1, k= 1, . ,N (446)

and we arrive at the condition (4.43) on the step-sizes In other words, if condition
(4.43) holds for each k = 1,..., N, then Ty(-) is a contraction operator. By
Lemma 4.2, the operator Ty(-) will have a unique fixed point w,, that satisfies

equation (4.42). O

Given the existence and uniqueness of the fixed point, the third question to
answer is if recursion w; = Ty(w;_1) converges to this fixed point. The answer
is affimative under (4.43). However, we are not going to study this question
separately. Instead, we will analyze the convergence of the more demanding
stochastic recursion (4.33). Therefore, we now study how fast and how close the
successive estimators {w;} generated by recursion (4.33) approach w,. Once
this issue is addressed, we will then examine how close w,, is to the desired w®.

Introduce the following mean-square-perturbation (MSP) vector at time i:

MSP; £ EP[w; — wy) (4.47)

The k-th entry of MSP; characterizes how far away the estimate wy; at node k
and time 7 is from wy, », in the mean-square sense. To study the closeness of w; to

Weo, We shall study how the quantity MSP; evolves over time. By (4.33), (4.42)
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and the definitions of Ty(-) and Ty(-) in (4.31) and (4.32), we obtain

MSP; = EP[w; — wa]
= EP[Ta,0TgoTa, (w; 1) —Ta,0TgoTa, (wa)]
@ EP[T4, (Te o Ta, (wi1) — To 0 T, (wsc))
(%) AJEP [T 0 Ta, (wir) — Ta 0 Ta, (o))
& ATEP (T (T, (win)) — Te (T, (weo)) + 0 (T, (wi1))]
D ATLEP[T6(Ta, (wi 1)) — To(Tay (wa))] + EP[v (T, (wi_1))]}
< ATTUEP(T, (wi1) = T, (w.)] + AEP[o(T, (w,-1))
(Q AZT2AT - EPw; 1 — woo] + A EP[ (T, (wi1))]

= ATT?AT - MSP;_; + ATEP[v(T4, (w;_1))] (4.48)

where step (a) is by the linearity of T'4,(:), steps (b) and (f) are by property
(4.36), step (c) is by the substitution of (4.29), step (d) is by Property 5 in
Lemma 4.1 and assumption (4.13), and step (e) is by (4.37). To proceed with the

analysis, we establish the following lemma to bound the second term in (4.48).

Lemma 4.3 (Bound on Gradient Perturbation). It holds that

EP[v(Ta, (wi-1))] X 40X |CIF- QAT EP[wis —wso +[|ClF2%,  (4.49)

where || - ||1 denotes the mazimum absolute column sum and
)\m X £ A max 4.
a A A (4.50)

by 2 4aX? AT Plws — 1y ® )

max

0\ |2 2 .
+ max {20]| Vi (w”)|[* + o7} Ty (4.51)

124



Q & diag{p, ..., un} (4.52)

Proof. By the definition of v(x) in (4.28) with @ = T4, (w;_1) being a random

vector, we get

PEE| SN cnv(z), ||
EPJv(z)] : (4.53)

PAE(| L evvi(en)|

For each block in (4.53), using Jensen’s inequality, we have

]EHZCzkvl(wk ZC E”Zzl 1Clk )“2

=1

< (D cu) E Zl 1 lkEHvz(wwn

=1 =1

< ||C||1ZCZk[aEIIVsz(ka)II2+03} (4.54)

=1

where we used (4.14) in the last step. Using (4.120),
V() = Vi Ji(w / V2 Ji(w® + t(zy, — w°))dt] (x), — w°) (4.55)
From (4.121) and the norm inequality ||z + y||* < 2||z||* + 2||ly||*, we obtain

IV i@l < 20V Ji(w) |* 4227 e |1 — w7

< 2|V i (wO) [P 4+202 - |l — w°||? (4.56)

ma”|
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Substituting (4.56) into (4.54), we obtain

E” Z Clk’vl(ibk)HQ

N
< NClhY e [200 Bl s —w’|P+2a | Vo Ji (w°) [P +07)]
=1

< 200 [ICIIE - By, — wl* + ICF - 77 (4.57)

where 72 £ lrglzgv{ZOzHVle(wo)W +02}. Substituting (4.57) and @ = Ty, (w;_1)
into (4.53) leads to

EP[v(Ta, (w;-1))]

= {20 CliN oy - EP[Ta, (w;1) — 1y @ w”)

+||C|IFeoN }

W 02{90|C|12A2,, - EP[Ta, (wi_y) — Ta, (1y ® w)]

+||C|l{7e1N }

Y 02{20)|C|2\2, - EP [T, (wioy — 1y @ u)]

max

+ICliT Ly}

©)
= {20 C|i Nk Al - EP[w;y — 1y @ w’)

max

+[Cli73 1N}
—Weo Weo— 1y ® w°

2 2

2 02{2a||C|[2X2, AT 4B P |2
AN

2 0220|032 AT - (2EPlw, ;]
+2P[we— 1y ® w’]) +[|C| 2521y }

= 40||C|]2N2, - QPAT EP[w;_, —ws | +]|C||2Q2-b, (4.58)

max
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where step (a) is due to the fact that AT is right-stochastic so that Ty, (1 y@w°) =
1y ®w?, step (b) is because of the linearity of T4, (+), step (c) is due to property
(4.36), step (d) is a consequence of Property 3 of Lemma 4.1, and step (e) is due
to the convexity property (5.102). ]

Substituting (4.49) into (4.48), we obtain

MSP; < ATT4A] - MSP,_; + [|C||] - AT, (4.59)

where
[y 2 T2 +4aX?_||C]5 - Q (4.60)

The following theorem gives the stability conditions on the inequality recursion

(4.59) and derives both asymptotic and non-asymptotic bounds for MSP.

Theorem 4.2 (Mean-Square Stability and Bounds). Suppose AIT4AT is a stable
matriz, i.e., p(ATT4AT) < 1, where p(-) denotes the spectral radius of its matrix

argument. Then, the following non-asymptotic bound holds for all i > 0:
MSP; < (AT AT) MSP, — MSP™] + MSP" (4.61)
where MSP™ is the asymptotic upper bound on MSP defined as
MSP & ||C||3(Iy — AJT4A]) AT Q%, (4.62)
And, as i — 00, we have the following asymptotic bound

lim sup MSP; < MSP" (4.63)

1—00
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Furthermore, a sufficient condition that guarantees the stability of the matrix

ATT AT is that

. Ok max Ok, min
0< g < { : , : } 4.64
IS G AN IO 7 b O 0
forallk =1,..., N, where oy max and o min were defined earlier in (4.40).
Proof. Iterating inequality (4.59), we obtain
i1
MSP; = (AJT4A])MSPo + ||CIF - [ > (AJT4AT )] A7Q%, (4.65)

j=0

For the second term in (4.65), we note that (/+X +---+ X" 1) (I - X) =T—X".
If X is a stable matrix so that (I — X) is invertible, then it leads to Z;;B X7 =
(I — X% (I — X)~!. Using this relation and given that the matrix AIT AT is

stable, we can express (4.65) as

MSP; < (AIT4AT)'MSP,
HICIT - [Ty = (A TaAT) ] (I — A TaAT) T A; D,
= (ATT,ATY MSP, — MSP!"] + MSPYP (4.66)
Letting ¢ — oo on both sides of the above inequality, we get limsup MSP; <

—+00
MSPEB. In the last step, we need to show that the conditions on the step-sizes

{1x} guarantee stability of the matrix ATT4AY. Note that the spectral radius of

a matrix is upper bounded by its matrix norms. Therefore,

p(AJT4AT) < |JAITT4AT ||

< 43 lloo  ITdllso - [1AT floc
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= [ITalloo

= ||IT% + 4aX L NCI1T - 92|

ax‘

If the right-hand side of the above inequality is strictly less than one, then the
matrix ATT AL is stable. Using (4.38)—(4.39), this condition is satisfied by the

following quadratic inequalities in gy :

(1 = kO max)? + i - AaAL ICNT < 1 (4.67)

(1 = pkOrmin)” + i - AaAL [ICTT < 1 (4.68)

for all k = 1,..., N. Solving the above inequalities, we obtain condition (4.64).

]

The non-asymptotic bound (4.61) characterizes how the MSP at each node evolves
over time. It shows that the MSP converges to steady state at a geometric
rate determined by the spectral radius of the matrix AZT;AT. The transient
term is determined by the difference between the initial MSP and the steay-state
MSP. At steady state, the MSP is upper bounded by MSP"". We now examine
closely how small the steady-state MSP can be for small step-size parameters
{}. Taking the co—norm of both sides of (4.62) and using the Neuman series
(In — AJTGAT) ™1 = 3772 ((AJT4AT)’, we obtain

IMSP2 e = [[ICIE - (T — ATT4AT) - ATC2, |

< I3 (Do IAT I - ITalle - AT ) - 1A lloo - 12U - 0l
=0

(a) > . )
<NCI- (DIl ) - ( mas ) - bl
=0 o
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ICI1Z - 1150l 2
= 4.69
1 — [Tl (,macx px) (4.69)
where step (a) is because AT and Al are right-stochastic matrices so that their
oco—norms (maximum absolute row sum) are one. Let piyay and piy;, denote the
maximum and minimum values of {uy}, respectively, and let 3 £ min/ fhmax- For
sufficiently small step-sizes, i.e.,

2

0 <pp < 4.70
ik Ok, max + Ok, min ( )

by the definitions of I'; and I' in (4.60) and (4.38), we have

ITalloe < 7115 + 40dmax[C]1] - 19115

—

a

T/ . 2 2 2
= max {1 = puminl "} + 40 mactiae | O]

N

< 1—20minOmin +Mi1ax(03nax +4a}‘maXHCH %)

= ]- - 26Nmaxamin +M?nax(o-r2nax+4a)\max||o|| %) (471)

where oy and o, are the maximum and minimum values of {og max} and
{0k min}, respectively, and step (a) holds for sufficiently small step-sizes satisfy-
ing (4.70). Note that (4.69) is a monotonically increasing function of ||T'y||oc-
Substituting (4.71) into (4.69), we get

lim sup || MSP; || < [|MSPL ||

i—00
4.72
(1 Ul s -
B 260min_,umax(o-?nax_{_4a>\max||c||%) -

Note that, for sufficiently small step-sizes, the right-hand side of (4.72) is ap-

proximately % fmax, Which is on the order of O(jimax). In other words, the
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steady-state MSP can be made be arbitrarily small for small step-sizes, and the
estimators w; = col{wy;, ..., wy;} will be close to the fixed point ws (in the
mean-square sense) even under gradient perturbations. To understand how close
the estimate wy, ; at each node £ is to the optimal solution w?, a natural question

to consider is how close the fixed point we, is to 1y ® w®, which we study next.

4.5 Bias Analysis

Our objective is to examine how large |1y ® w® — wy||? is when the step-sizes
are small. We carry out the analysis in two steps: first, we derive an expression
for e = 1n ® W® — Weo, and then we derive the conditions that guarantee small

bias.

To begin with, recall that w,, is the fixed point of Ty(+), to which the recursion
w; = Ty(w;—1) converges. In other words, both wy; and wy ;1 converge to wy, o,
which is the kth block of the vector ws. By (4.2), this implies that ¢ ,;—1 also
converges to its limit, denoted by ¢ . And by (4.3), the convergence of ¢ ;1
further guarantees the convergence of ¢y ; to its limit 9y .. Also note that Ty(-)
is an operator representation of the recursions (4.2)—(4.4). We let ¢ — oo on both

sides of (4.2)—(4.4) and obtain

N

Do = Z a1,1k Wi,00 (4.73)
=1 N

Vkoo = Phoo — M Z ik Vi (Pr,00) (4.74)
N =1

Whoo = > 1k Vloo (4.75)

=1

where Wy oo, Pro0o and ¥y o denote the limits of wy;, ¢r,; and Y, as i — oo,

131



respectively. Introduce the following bias vectors at node k
wk,oo é wo_wk,ocn ék,oo é wo_¢k,w7 z;k,oo é wo_wk,oo (476>

Subtracting each equation of (4.73)—(4.75) from w° and using relation V,,J; (¢ ) =
Vi (w®) — sz,ooﬂgk,oo that can be derived from Lemma 4.4 in Appendix 4.A, we

obtain

N

Proe = Z ar,ik Wioo (4.77)
= N N

Vhoo = []M — [k Z ClkHlk,ooi| Do+ 11k Z 1V Ji(w°) (4.78)
v =1 =1

W00 = Z i Vtoo (4.79)
=1

where Hjj, o is a positive semi-definite symmetric matrix defined as

1 N
Hlk,oo é / V?UJZ (w"—tz ale’lIJljoo))dt (480)
0 I=1

Introduce the following global vectors and matrices

Woo = Ty @ W — Wog = cO{W1 00, - -, WN 00} (4.81)

A2A Ly, A2ARL, C2C®I, (4.82)

M = diag{p, ..., un} @ Iy (4.83)
N

Roo 2 diag{cnHinoor v Hineo (4.84)
=1

g° = co{V Jy(w°), ..., Vudn(w)} (4.85)
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Then, expressions (4.77), (4.79) and (4.78) lead to

oo = [Ty — AL (T — MRoo) AT] AT MCT g (4.86)

Theorem 4.3 (Bias at Small Step-sizes). Suppose that the N x N matriz product
A& A A, is a primitive left-stochastic matriz, so that its eigenvalue of largest
magnitude is one with multiplicity one, and all other eigenvalues are strictly
smaller than one. Let 6 denote the right eigenvector of A of eigenvalue one
and whose entries are normalized to add up to one, i.e., 170 = 1. Furthermore,

assume the following condition holds:

0T ATQCT = 1™ (4.87)
where Q = diag{py, ..., un} was defined earlier in Lemma 4.3, and cq is some
constant. Then,

1o |I* = 1My & w” = wao|* ~ O(kza) (4.88)
Proof. See Appendix 4.B. m

Let A = [ay;,] denote the entries of A. The matrix A is a primitive left-stochastic
matrix if the network is connected (not necessarily fully connected) and there
is at least one ag; > 0 for some node k, i.e., AT1 = 1 and there exists a finite
integer j, such that all entries of A% are strictly positive. It then follows from
the Perron-Frobenius Theorem [68] that the matrix A = A; A, has an eigenvalue
equal to one of multiplicity one while all other eigenvalues are strictly less than
one. Obviously, 17 is a left eigenvector of A; A, corresponding to the eigenvalue

at one. For the right eigenvector € that corresponds to the eigenvalue at one,
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the Perron-Frobenius Theorem further ensures that all entries of 8 are positive.
Furthermore, if condition (4.87) holds as well, then Theorem 4.3 implies that the
bias would become arbitrarily small for small step-size. For condition (4.87) to
hold, one choice is to require the matrices AT and Al to be doubly stochastic,
and all nodes to use the same step-size p, namely, Q2 = puly. In that case, the
matrix A7 A is doubly-stochastic so that the left eigenvector of eigenvalue one
is 07 = 17 and (4.87) holds. The matrix AT or AT does not need to be doubly
stochastic or the step-size parameters {1} do not need to be the same across
nodes. We can also have other possible choices that satisfy (4.87). Consider
the ATC case where Ay = A, Ay = I and C' = I, where A is a left-stochastic
matrix with nonnegative entries. Then, 6 is the right eigenvector of AjA; = A
corresponding to the eigenvalue at one. In this case, condition (4.87) becomes
7Q = co1”, which is equivalent to 0, = co, where ), is the kth entry of the
vector #. Therefore, if we choose to use different step-sizes uy at different nodes,
then we need to choose the right eigenvector # of the matrix A at eigenvalue one

to be

0=co-col{pr' 'y} (4.89)

where ¢o = (30, 1)~ so that 671 = 1. Such a left-stochastic matrix A can

be implemented by using the Metropolis-Hasting rule [18,62, 146].

Finally, we combine the results from Theorems 4.2 and 4.3 to bound the
mean-square-error (MSE) of the estimators {wy,;} from the desired solution w®.

Introduce the N x 1 MSE vector

MSE; £ EP[w;] = col{E||w:|]?, ..., E|wy,|*} (4.90)
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where wy, ; £ o — wy, ;. Using Properties 3-4 in Lemma 4.1, we obtain

Ty ® w’—we woo—'wi)]
2 2

= 2P[oo|+2 EP[we —w;]

MSE; = EP[2(

= 2P[ls]+2 MSP; (4.91)

Taking the co—norm of both sides of above inequality and using property (5.110),

we obtain

lim sup ||MSE;||oc < 2[|P[Woo)|0o + 2 lim sup ||MSP; ||
] 1—00

1— 00

— 2|7, + 2 lim sup [ MSP
1— 00

~ O(fmax) + O(Hmax) (4.92)

where in the last step, we used (4.72) and (4.88), and the fact that all vector norms
are equivalent. Therefore, as the step-sizes become small, the MSEs become small
and the estimates {wy,; } get arbitrarily close to the optimal solution w°. We also
observe that, for small step-sizes, the dominating steady-state error is MSP, which
is caused by the gradient noise and is on the order of O(pmax). On the other hand,

the bias term is a high order component, i.e., O(p2,.), and can be ignored.

The fact that the bias term w,, is small also gives us a useful approximation
for Reo in (4.84). Since Wy = cOl{Wy oo, - .., WN o} is small for small step-sizes,
the matrix Hj; o defined in (4.80) can be approximated as Hyj o & V2 Jj(w®).
Then, by definition (4.84), we have

N
Reo ~ Y _diag{cn Vo, Ji(uw”), ... anVaJi(uw)} (4.93)

=1
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Expressing (4.93) is useful for evaluating closed-form expressions of the steady-

state MSE in sequel.

4.6 Steady-State Performance

So far, we derived inequalities (4.92) to bound the steady-state performance, and
showed that, for small step-sizes, the solution at each node k approaches the same
optimal solution w®. In this section, we derive closed-form expressions (rather
than bounds) for the steady-state MSE at small step-sizes. Introduce the error

vectors?
Ori = W —Pri, Wi = W' —Pp, Wy = W — Wy, (4.94)

and the following global random quantities

w; Zcol{w, 4, ..., Wy} (4.95)
N

Ri1 = Z diag{CquLz;l, e 7ClNHlN,1>1} (4.96)
=1 N

Hlk,i—l é / V?UJZ <w°—t Z &17lk’lz)l7i_1> dt (497)
0 -
o =1

g 2 col{cnvii(dria), - cnvvii(Pnia) } (4.98)

=1

Then, we can establish that

W; = A3 [Ty — MR 4] AT w1 + AF MCT g% + A7 Mg, (4.99)

2 We always use the notation @ = w® — w to denote the error relative to w®. For the error
between w and the fixed point ws,, we do not define a separate notation, but instead write
Weo — w explicitly to avoid confusion.
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According to (4.92), the error wy; at each node k would be small for small step-
sizes and after long enough time. In other words, wy, ; is close to w°. And recalling
from (4.9) that ¢y, is a convex combination of {w;;}, we conclude that the

quantities {¢y;—1} are also close to w°®. Therefore, we can approximate Hjy ;—1,

R;_1 and g; in (4.96)(4.98) by

1
Hy i~ / V2 Ji(w®)dt = V2 Jy(w°) (4.100)
0
N
R~y diag{cn Vo Ji(w°), ..., anVali(w’)} ~Re (4.101)
=1

Then, the error recursion (4.99) can be approximated by

W; = A [Ty — MR A i1+ A5 MCT g%+ AT Mg, (4.102)

Note that our analysis proceeds with the above approximate relations (4.100)—
(4.101). In Chapter 6, we will perform a rigorous analysis of the steady-state
performance under more relaxed conditions. Furthermore, we will also quantify
the error introduced by these approximations and show that it only adds a high
order correct term of o(fmax), wWhere pmax denotes the largest step-size across

nodes and o(pimax) denotes a strictly higher order term of fiax.

First, let us examine the behavior of Ew;. Taking expectation of both sides

of recursion (4.102), we obtain
Ew; = Al [Iyy — MR A B, + A MCT g (4.103)

This recursion converges when the matrix A2 [y — MR JAT is stable, which

is guaranteed by (4.43) (see Appendix C of [34]). Let ¢ — oo on both sides of
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(4.103) so that

E. £ lim Ew;
e (4.104)
= [Inun— AL (Iniy — MRo) AT AT MCT g0

Note that Ew,, coincides with (4.86). By Theorem 4.3, we know that the squared
norm of this expression is on the order of O(u?2 ) at small step-sizes — see (4.88).
Next, we derive closed-form expressions for the MSEs, i.e., E|jws;||?. Let R,

denote the covariance matrix of g; evaluated at w® as i — oo:

R, = E{[ﬁ: COl{Cll’l)M(’wo), e ,clelvi(wo)}}
X [i col{c“vl,i(wo), . ,clN'vl,i(wo)}] T} (4.105)

In practice, we can evaluate R, from the expressions of {v;;(w®)}. Equating
the squared weighted Euclidean “norm” of both sides of (4.102), applying the
expectation operator with assumption (4.13), we can establish the following ap-

proximate variance relation at small step-sizes:

B3 = Ell_ | + Tr(SATMR,MA;) + Te(SAIMCGTAIMCY?)T)
+ 2(ATMCT )T - S AL (Iyn —MR) ATEw;_, (4.106)
Z, %.Al(]MN—MRW)A22A5<IMN—MRW)A{ (4107)

where Y is a positive semi-definite weighting matrix that we are free to choose
and the notation ||z||3 denotes 2*Yz. Let o = vec(X) denote the vectorization
operation that stacks the columns of a matrix ¥ on top of each other. We shall use

the notation ||z||2 and ||z||% interchangeably. Following the argument from [34],
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we can rewrite (4.106) as
Ellw;|; = Ellw—1 |7, + "o+ 0" Q Ew,;, (4.108)

where

F 2 A[Iyy— MR Ar @ A [Lyy — MR Az (4.109)
B = Al[Iyy — MRJAT (4.110)
r £ vec(A; MR,MAy)+ A MC" ¢°0 A MC"g° (4.111)
Q = 2AT (Iyy— MR AT @ AMCT ¢° (4.112)

We already established that Ew; ; on the right-hand side of (4.108) converges
to its limit Ew,, under condition (4.43). And, it was shown in [116, pp.344-346]
that such recursion converges to a steady-state value if the matrix F' is stable,
i.e., p(F) < 1. This condition is guaranteed when the step-sizes are sufficiently
small (or chosen according to (4.43)) — see the proof in Appendix 4.D. Letting

i — oo on both sides of expression (4.108), we obtain:

lim E|w;]|?_p, = (r + Q Ebs) 0 (4.113)
1—00

We can now resort to (4.113) and use it to evaluate various performance metrics by
choosing proper weighting matrices ¥ (or o). For example, the MSE of any node
k can be obtained by computing lim;_,, E||w;||3- with a block weighting matrix T
that has an identity matrix at block (k, k) and zeros elsewhere: Zliglo E||wy;||* =
Jim E||%0;]|3. Denote the vectorized version of this matrix by ¢, = vec(diag(ey) ®
Inr), where e, is a vector whose kth entry is one and zeros elsewhere. Then, if

we select o in (4.113) as o = (I — F))"'t;, the term on the left-hand side becomes
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the desired lim; ., E||wy,;||> and the MSE for node k is therefore given by:

MSE; 2 lim E|ftiy||*~ (r+Q Eboe) (I —F) 'ty (4.114)
1—00

If we are interested in the average network MSE, then it is given by

N
NISE & > " MSE; (4.115)

4.7 Conclusion

In this chapter, we analyzed the mean-square-error performance of the diffusion
strategy, and showed that the solution at each node gets arbitrarily close to the
minimizer of the aggregate cost for small step-sizes. The result holds even when

the minimizers of the individual costs are not necessarily equal to each other.

4.A Properties of the Operators

Properties 1-3 are straightforward from the definitions of T4(-) and P[-]. We
therefore omit the proof for brevity, and start with property 4.

(Property 4: Convexity)

We can express each N x 1 block vector 2*) in the form 2*) = col{wgk), . ,xg\];)}
for k =1,..., N. Then, the convex combination of z("), ..., z®™) can be expressed
as
K K K
Z ap P = Col{ Z akmgk), Cee Z ak:pg\’;)} (4.116)
k=1 k=1 k=1
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According to the definition of the operator P[-], and in view of the convexity of

| - ]|?, we have
K K K
P[Zal x(k):| :col{HZamgk)HQ’,,,, Zam;y\;)HQ}
k=1 k=1 k=1
K K K
~ col{ S a2 Zaluxmz} =3 Pl (4.117)
k=1 k=1 k=1

(Property 5: Additivity)

By the definition of P[] and the assumption that Exly, = 0 for each k =

1,..., N, we obtain

EP[x +y|=col{Ellz1 + y1l*, ..., Ellzy +yn|*}

=col{E[z|*E|y:|*,.. .. Elzm*E|yn|*}=EP[xHEP(y]

(Property 6: Variance Relations)
We first prove (4.36). From the definition of T'4(+) in (4.25) and the definition of

P[] in (4.27), we express

N N
P[Tx(x)] = COI{H Z anw| S 1 Zamwl”Q} (4.118)
=1 =1

Since || - ||* is a convex function and each sum inside the squared norm operator
is a convex combination of x1,...,zy (AT is right stochastic), then by Jensen’s

inequality [20, p.77]:

N N
P[Tu(2)] < col{ZallelHQ, Za,NHle?}
=1 =1

= Alcol{||z1]|?, ..., |lzn|*} = AT Plx] (4.119)
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Next, we proceed to prove (4.37). We need to call upon the following useful

lemmas from [105, p.24], and Lemmas 1-2 in [34], respectively.

Lemma 4.4 (Mean-Value Theorem). For any twice-differentiable function f(-),
it holds that

Vi) =Vf(x [/ V2 f(z+t(y—z))dt| (y — z) (4.120)

where V2f(-) denotes the symmetric Hessian of f(-). O

Lemma 4.5 (Bounds on the Integral of Hessian). Under Assumption 4.1, it holds

that for any vectors x and y:

1
Mominlys < / V2 Ji(z + ty)dt < NmaxTar (4.121)
0
1
I — g Z Clk [/ V2 Ji(x + ty)dt} < (4.122)
where || - || denotes the 2—induced norm, and Vg, Ok min ONd Ok max were defined
n (4.39)-(4.40). 0

By the definition of the operator T¢(-) in (4.26) and the expression (4.120), we

express Tg(x) — T(y) as

To(z) — Ta(y) =

1
[IM—M > Cll/ Vi iy +t(z —yl))dt](fﬁl —y1)
=1 J0

[IM_,UN i CZN/OlviJl<yN+t(xN_yN))dt](xN_yN)
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Therefore, using (4.122) and the definition of P[-] in (4.27), we obtain

P[Ta(x)=To(y)) Zcol{nllzr — nll, . yxlley — yn %}

=T?Plx — 9] (4.123)

(Property 7: Block Maximum Norm)

According to the definition of P[-] and the definition of block maximum norm [34],

we have

1Ploe = [leot{llaal®, - lawlP}] .
— 2 _ 2 2
= max fJal” = (max foll)” = [z (4.124)

(Property 8: Preservation of Inequality)

To prove Fx < Fy, it suffices to prove 0 < F(y — z). Since z < y, we have
0 <y —=x, i.e., all entries of the vector y — x are nonnegative. Furthermore, since
all entries of the matrix F' are nonnegative, the entries of the vector F(y — x) are

all nonnegative, which means 0 < F(y — x).

4.B Bias at Small Step-Sizes

It suffices to show that lim,, . o ||1 ® w® — weo||/phmax = & Where & is a constant
independent of fiyax. It is known that any matrix is similar to a Jordan canonical
form [82]. Hence, there exists an invertible matrix Y such that AT AT =Y JY !,
where J is the Jordan canonical form of the matrix A AT, and the columns of
the matrix Y are the corresponding right principal vectors of various degrees
(82, pp.82-88]; the right principal vector of degree one is the right eigenvector.

Obviously, the matrices J and Y are independent of fi.¢. Using the Kronecker
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product property [82, p.140]: (A® B)(C ® D) = AC ® BD, we obtain

ATAT = AT AT @ Iy = (Y @Iy ) (J & Iy ) (Y @ 1y) (4.125)

Denote py = Brftmax, Where [y is some positive scalar such that 0 < £, < 1.

Substituting (4.125) into (4.86), we obtain

LW —woo = [Ty — AT AT+ AT MR AT] AT MCT ¢

= (Y ® [M> [IMN — J® IM +NmaxE]71

x (Y@ Iy) Ay MCT g° (4.126)

where
E=(Y""® L) A MR AT (Y @ Iy) (4.127)
Mo 2 M/ jimay = diag{B1, ..., Bn} @ Iy (4.128)

where we shall define Qy = diag{f,...,0y}. By (4.5), the matrix ATAT is
right-stochastic, and since AT AT is primitive, it will have an eigenvalue of one
that has multiplicity one and is strictly greater than all other eigenvalues [68].
Furthermore, the corresponding left and right eigenvectors are #7 and 1, with
67 = 0 (all entries of the row vector §7 are real positive numbers). For this

reason, we can partition J, Y~ and Y in the following block forms:

T

J=diag{1, Jo}, Y‘lzcol{:T—]l, YR}, Y =[1Y]] (4.129)

where Jy is an (N — 1) x (N — 1) matrix that contains the Jordan blocks of

eigenvalues strictly within unit circle, i.e., p(Jy) < 1. The first row of the matrix
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Y~!in (4.129) is normalized by 71 so that Y'Y = I. (Note that Y'Y =T
requires the product of the first row of Y ~! and the first column of Y to be one:

%]1 = 1.) Substituting these partitionings into (4.127):

EFy FE
B TR T (4.130)
E21 E22
A T T
En = (ﬂ ® Ing) Ay MoRoo AT (1 ® Tuy) (4.131)
eT
B = (m ® Ing) A MoRoo AL (Y1 © Inp) (4.132)
B 2 (Vi@ L) AL MR AT (1 ® Iy (1133)
By £ (Yr ® In) Ay MoRoo AT (Y1 @ I) (4.134)

Observe that the matrices Eyq, Eio, Fo1 and Esy are independent of fi .. Sub-
stituting (4.129)-(4.130) into (4.126), we obtain

maxE maxE
1@w—we= (YR I1) H 11 K 12

tmax o1 L —Jo@Inr+ fimax 22

(07 @ I,;) AT MCT g°
g1 (07 @ L) A, MCg (4.135)
(YR (029 IM).A%MCTQO
Let us denote
-1
G111 Gio 2 ,umaxEn #maxEm (4.136)
Ga1 Gag tmaxE21 L —Jo& I ps+ fhmax Faz
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Furthermore, recalling that w® is the minimizer of the global cost function (2.1),

we have
N
Y Vud(w’) =0 & (1"@Iy) g =0 (4.137)
which, together with condition (4.87), implies that
0@ 1) AT MCTg° = (0TALQCT® 1)) g°= co(17 @11 ) g°=0

where we also used the facts that AT = AT @ I, CT =CT @ Iy, M =Q® Iy
and the Kronecker product property: (A ® B)(C ® D). Substituting the above
result and (4.136) into (4.135) and using (4.128) lead to

o Gro T T 0
]l®w — W= [I,maX(Y®IM) (YRA2 Q()C ®]M)g (4138)
G
To proceed with analysis, we need to evaluate G5 and Goy. We call upon the

relation from [82, pp.48]:

-1
P P4+ PTIQSUP™t —P71QS

N - @ v (4.139)
U v —SUP! S

where S=(V —UP~'Q)~!. To apply the above relation to (4.136), we first need
to verify that Ey; is invertible. By (4.131),

T

0
EnZ(

HT_]lAFiFQO ® [M)ROO(A{]I ® IM)

k=1 =1
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where z;, denotes the kth entry of the vector z = Qg A,0/671 (note that all entries
of z are non-negative, i.e., z; > 0). Recall from (4.80) that Hy o is a symmetric
positive semi-definite matrix. Moreover, since z, and ¢ are nonnegative, we
can conclude from (4.140) that Ej; is a symmetric positive semi-definite matrix.
Next, we show that Fy; is actually strictly positive definite. Applying (4.121) to
the expression of Hj o in (4.80), we obtain Hy o > A minla. Substituting into
(4.140):

N N
E > Z Clk)\l min|L0r> ZZk>1£Illc1<IlN{ Clie A\l mln}]M
=1 =1 1 —1
170, A
B (S}t i

Noting that the matrices 0y and Ay have nonnegative entries with some entries
being positive, and that all entries of 6 are positive, we have (17QqA420)/(671) >
0. Furthermore, by Assumption 4.1, we know El]\il CikAmin > 0 for each k =
1,...,N. Therefore, we conclude that F;; > 0 and is invertible. Applying
(4.139) to (4.136), we get

G12 = —El_llElgGQQ (4142)

_ -1
G22 = [[_JO ® [M+Nmax<E22_E21E111E?2>:| (4143)

Substituting (4.143) into (4.138) leads to

1 Ere

1R W= Woe=fmax (Y@ 1) Gor(YRAT Q0 CTR11) g°

147



Substituting into lim ||1 ® w’ — Weo |/ fmax, We get

Hmax —0

[T 9w’ — w|

lim
Hmax—0 Hmax
. — Ly Ens T T o
= lim ||(Y ® Iy) Gaa(YrA; Q0 C" ® 1)y
NmaxHO [

Observe that the only term on the right-hand side of the above expression that de-
pends on fiyay 1S Gao. From its expression (4.143), we observe that, as fimax — 0,
the matrix Gao tends to (I — Jy® I;) ™!, which is independent of jiy,.c. Therefore,

the limit on the right-hand side is independent of fiyax-

4.C Block Maximum Norm of a Matrix

Consider a block matrix X with blocks of size M x M each. Its block maximum

norm is defined as [127]:

Xz

X|lpoo = HlaX”—’OO 4.144
|| ||b,00 220 H«THb,oo ( )
where the block maximum norm of a vector z = col{zy,...,zx}, formed by

stacking IV vectors of size M each on top of each other, is defined as [127]:

A
llloco = max [z (4.145)
where || - || denotes the Euclidean norm of its vector argument.

Lemma 4.6 (Block maximum norm). If a block diagonal matriz

X 2 diag{X1,..., Xy} € RNMxNM (4.146)
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consists of N blocks along the diagonal with dimension M x M each, then the
block maximum norm of X is bounded as

| X |00 < max || Xg]| (4.147)
1<k<N

in terms of the 2-induced norms of {Xy} (largest singular values). Moreover, if

X is symmetric, then equality holds in (4.147).

Proof. Note that Xz = col{ Xjx1,..., Xyxy}. Evaluating the block maximum
norm of vector Xz leads to

X = X

| X2 |p,00 max | Xrw

< max [ X[ - [l

1<k<N
< . .
< max, | Xk || max IEZA] (4.148)

Substituting (4.148) and (4.145) into (4.144), we establish (4.147) as

X{L'“b
X £ max [1Xllo.00
” ||b,<>0 220 ||x||b,oo

< maxi<k<n ||Xk|| - MaxXi<k<N ||xk||
< max
T£0 maxi<k<n (B

= max || X (4.149)
1<k<N

Next, we prove that, if all the diagonal blocks of X are symmetric, then
equality should hold in (4.149). To do this, we only need to show that there

exists an xg # 0, such that

X0[b,00
IXZolloce _ o 1) (4.150)
[zolboe  1<k<N
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which would mean that

XJIH[,
X = max”—’oo
H Hb,OO 220 Hbe,oo

X o|p,00

1zoll,00

= max || (4.151)

Then, combining inequalities (4.149) and (4.151), we would obtain desired equal-

ity that

| X ||p.oo = max || Xkl (4.152)

1<k<N
when X is block diagonal and symmetric. Thus, without loss of generality, assume

the maximum in (4.150) is achieved by X3, i.e.,

Xl = [1X
max || Xl = [1Xa ]

For a symmetric Xy, its 2-induced norm ||Xj|| (defined as the largest singular
value of X}) coincides with the spectral radius of Xj. Let Ag denote the eigenvalue
of X of largest magnitude, with the corresponding right eigenvector given by zj.

Then,

nax; | Xkl = Aol X120 = Xozo

We select g = col{2,0,...,0}. Then, we establish (4.150) by:

| X2ollpoo  |lcol{X120,0,...,0}]s00

lzolloe llcol{z0,0, ..., 0}poc
X A
- [Xiz] - Rozo] = || = max || Xx||
10| [ 20| 1<k<N
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4.D Stability of B and F

Recall the definitions of the matrices B and F from (4.110) and (4.109):

B=AlIyn — MR AT (4.153)
F = (Ai[lyy — MRJA) @ (A [Ty — MR A)

=B"oB" (4.154)
From (4.153)—(4.154), we obtain (see Theorem 13.12 from [82, p.141]):
p(F) = p(B" @ B") = [p(B")]> = [p(B)? (4.155)

where p(-) denotes the spectral radius of its matrix argument. Therefore, the
stability of the matrix F is equivalent to the stability of the matrix B, and we
only need to examine the stability of B. Now note that the block maximum norm

(see the definition in Appendix 4.C) of the matrix B satisfies
1Bll5,00 < M1 — MReollb.0o0 (4.156)
since the block maximum norms of A; and A, are one (see [127, p.4801]):
Mill e =1 A2, =1 (4.157)

Moreover, by noting that the spectral radius of a matrix is upper bounded by any

matrix norm (Theorem 5.6.9, [68, p.297]) and that Iy — MR, is symmetric
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and block diagonal, we have
p(B) < 1 Inn — MRoollboo = p(Inin — MRoo) (4.158)

Therefore, the stability of B is guaranteed by the stability of I,y — MR,. Next,

we call upon the following lemma to bound H[MN—MROOH%O.

Lemma 4.7 (Norm of Iy — MDy). It holds that the matriz Ry defined in
(4.101) satisfies

— <
Hary = MRoolly o0 < max v (4.159)

where v 1s defined in (4.39).

Proof. Since R, is block diagonal and symmetric, I,y — MR is also block
diagonal with blocks {Ip;— xRk o}, Where Ry o denotes the kth diagonal block
of Roo. Then, from (4.147) in Lemma 4.6 in Appendix 4.C, it holds that

||IMN_MROO||[)7OO = 12}@85\[ ||]M_HkRk,oo|| (4160)

By the definition of R, in (4.101), and using condition (4.12) from Assumption

4.1, we have

N N
(Z Cl,k)\l,min) Iy S Rpoo < (Z Cl,k)\l,max> Ay
=1 =1

which implies that

N
Ing — 1R o0 > (1 — [k Z Cl,k)\l,max> Ay (4.161)
=1
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It — i Rioo < (1 " i cl,kAlvmm) o (4.162)
I=1
Thus, || Iy — kR col| <. Substituting into (4.160), we get (4.159). O
Substituting (4.159) into (4.158), we get:
p(B) < max 7 (4.163)

As long as max < 1, then all the eigenvalues of B will lie within the unit

circle. By the definition of 7y in (4.39), this is equivalent to requiring
|1 — (1 Okmax| < 1, 11— 1k Ok min| <1

for k=1,..., N, where oj max and og min are defined in (4.40). These conditions

are satisfied if we choose i such that
0 < pg < 2/0k max, k=1,....,N (4.164)

which is obviously guaranteed for sufficiently small step-sizes (and also by condi-

tion (4.64)).
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CHAPTER 5

Transient Analysis

5.1 Introduction

In Chapter 4, we analyzed the stability and performance of the diffusion al-
gorithm under the assumption that each cost function Ji(w) is strongly con-
vexr. In this chapter, and in Chapter 6, we relax this assumption and con-
sider a general class of distributed strategies, which includes diffusion strate-
gies [26,34,36,42,58,89,91,115,146] and consensus strategies [48,75-77,97,98,137]
as special cases. Both classes of algorithms involve self-learning and social-
learning steps. During self-learning, each agent updates its state using its local
data. During social learning, each agent aggregates information from its neigh-
bors. A useful feature that results from these localized interactions is that the
network ends up exhibiting global patterns of behavior. For example, in dis-
tributed estimation and learning, each agent is able to attain the performance
of centralized solutions by relying solely on local cooperation [75,146]. We now
study the resulting global learning behavior by addressing four important ques-
tions: (i) where does the distributed algorithm converge to? (ii) when does it
converge? (iii) how fast does it converge? and (iv) how close does it converge to
the intended point? We answer questions (i)—(iii) in this chapter and question
(iv) in Chapter 6. We study these four questions by dissecting and characterizing

the learning dynamics of the network in some great detail. An interesting con-
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clusion that follows from our analysis is that the learning curve of a multi-agent
system will be shown to exhibit three different phases. In the first phase (Tran-
sient Phase I), the convergence rate of the network is determined by the second
largest eigenvalue of the combination matrix in magnitude, which is related to
the degree of network connectivity. In the second phase (Transient Phase II), the
convergence rate is determined by the entries of the right-eigenvector of the com-
bination matrix corresponding to the eigenvalue at one. And, in the third phase
(the steady-state phase) the mean-square performance of the algorithm turns out
to depend on this same right-eigenvector in a revealing way. Even more surpris-
ingly, we shall discover that the agents have the same learning behavior starting
at Transient Phase II, and are able to achieve a performance level that matches
that of a fully connected network or a centralized stochastic-gradient strategy.
Actually, we shall show that the consensus and diffusion strategies can be rep-
resented as perturbed versions of a centralized reference recursion in a certain
transform domain. We quantify the effect of the perturbations and establish the
aforementioned properties for the various phases of the learning behavior of the
networks. The results will reveal the manner by which the network topology

influences performance in some unexpected ways.

There have been of course many insightful works in the literature on dis-
tributed strategies and their convergence behavior. In Sections 5.2.2 and 5.4.1
further ahead, we explain in what ways the current chapter extends these earlier
investigations and what novel contributions this work leads to. In particular,
it will be seen that several new insights are discovered that clarify how dis-
tributed networks learn. For the time being, in these introductory remarks, we
limit ourselves to mentioning one important aspect of our development. Most
prior studies on distributed optimization and estimation tend to focus on the

performance and convergence of the algorithms under diminishing step-size con-
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ditions [13,48,75-77,84,97,109,125,137|, or on convergence under deterministic
conditions on the data [97]. This is perfectly fine for applications involving static
optimization problems where the objective is to locate the fixed optimizer of some
aggregate cost function of interest. In this thesis, however, we examine the learn-
ing behavior of distributed strategies under constant step-size conditions. This is
because constant step-sizes are necessary to enable continuous adaptation, learn-
ing, and tracking in the presence of streaming data and drifting conditions. These
features would enable the algorithms to perform well even when the location of
the optimizer drifts with time. Nevertheless, the use of constant step-sizes en-
riches the dynamics of (stochastic-gradient) distributed algorithms in that the
gradient update term does not die out with time anymore, in clear contrast to
the diminishing step-size case where the influence of the gradient term is an-
nihilated over time due to the decaying value of the step-size parameter. For
this reason, more care is needed to examine the learning behavior of distributed
strategies in the constant step-size regime since their updates remain continually
active and the effect of gradient noise is always present. This work also gener-
alizes and extends in non-trivial ways the studies in the previous chapters. For
example, while Chapter 2 assumed that the individual costs of all agents have
the same minimizer, and Chapter 4 assumed that each of these individual costs
is strongly convex, these requirements are not needed in the current chapter and
the next chapter: individual costs can have distinct minimizers and they do not
even need to be convex (see the discussion after expression (5.32)). This fact
widens significantly the class of distributed learning problems that are covered
by our framework. Moreover, the network behavior is studied under less restric-
tive assumptions and for broader scenarios, including a close study of the various
phases of evolution during the transient phase of the learning process. We also

study a larger class of distributed strategies that includes diffusion and consensus
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strategies as special cases.

To examine the learning behavior of adaptive networks under broader and
more relaxed conditions than usual, we pursue a new analysis route by introducing
a reference centralized recursion and by studying the perturbation of the diffusion
and consensus strategies relative to this centralized solution over time. Insightful
new results are obtained through this perturbation analysis. For example, we are
now able to examine closely both the transient phase behavior and the steady-
state phase behavior of the learning process and to explain how behavior in these
two stages relate to the behavior of the centralized solution (see Fig. 5.2 further
ahead). Among several other results, the mean-square-error expression (5.45)
derived later in Chapter 6 following some careful analysis, which builds on the
results of this chapter, is one of the new (compact and powerful) insights; it reveals
how the performance of each agent is closely related to that of the centralized
stochastic approximation strategy — see the discussion right after (5.45). As
the reader will ascertain from the derivations in the appendices, arriving at these
conclusions for a broad class of distributed strategies and under weaker conditions
than usual is demanding and necessitates a careful study of the evolution of the
error dynamics over the network and its stability. When all is said and done,
Chapters 5-6 lead to several novel insights into the learning behavior of adaptive

networks. The following presentation in this chapter is based on [37].

5.2 Problem Formulation

5.2.1 Distributed Strategies: Consensus and Diffusion

We consider a connected network of N agents that are linked together through

a topology — see Fig. 5.1. Each agent k implements a distributed algorithm of
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the following form to update its state vector from wy ;1 to wy;:

N
¢k,i71 = Zal,uﬁwl,iq (5-1)
=1
N
Vi =Y aouPriot — ki Prio) (5.2)
=1
N
Wi = Z a2, kWi (5.3)
I=1

where wy,; € RM is the state of agent k at time 4, usually an estimate for
the solution of some optimization problem, ¢; ; € RY and v, € RM are
intermediate variables generated at node k before updating to wy,;, p is a non-
negative constant step-size parameter used by node k, and §j;(-) is an M x 1
update vector function at node k. In deterministic optimization problems, the
update vectors 8 ;(-) can be the gradient or Newton steps associated with the
cost functions [97]. On the other hand, in stocastic approximation problems,
such as adaptation, learning and estimation problems [26,34, 36,42, 48,49,58,75,
77,89,91,109, 115, 125,130, 137, 146|, the update vectors are usually computed
from realizations of data samples that arrive sequentially at the nodes. In the
stochastic setting, the quantities appearing in (5.1)—(5.3) become random and we
use boldface letters to highlight their stochastic nature. In Example 5.1 below,

we illustrate choices for §;,;(w) in different contexts.

The combination coefficients ay i, ag . and agy in (5.1)—(5.3) are nonnegative
weights that each node k assigns to the information arriving from node [; these

coefficients are required to satisfy:

N N N
Zal,lk =1, Z aouk = 1, Z g = 1 (5.4)
=1 =1 =1
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Figure 5.1: A network representing a multi-agent system. The set of all agents
that can communicate with node k is denoted by N;.The edge linking any two
agents is represented by two directed arrows to emphasize that information can
flow in both directions.

ark 2 0, aok 2 0, azix = 0 (5.5)

aru = Az = agux = 0, if | ¢ Ny (5.6)

Observe from (5.6) that the combination coefficients are zero if [ ¢ N, where N
denotes the set of neighbors of node k. Therefore, each summation in (5.1)—(5.3)
is actually confined to the neighborhood of node k. In algorithm (5.1)—(5.3),
each node k first combines the states {w;;—1} from its neighbors and updates
wy ;1 to the intermediate variable ¢y ;1. Then, the {¢;;_1} from the neighbors
are aggregated and updated to 1y ; along the opposite direction of 8 ;(¢g—1).
Finally, the intermediate estimators {4;;} from the neighbors are combined to

generate the new state wy; at node k.

Example 5.1. The distributed algorithm (5.1)—(5.3) can be applied to optimize

159



aggregate costs of the following form:

JEP(w) =Y Ji(w) (5.7)

1=

or to find Pareto-optimal solutions to multi-objective optimization problems, such

m&n{Jl(w),...,JN(w)} (5.8)

where Ji(w) is an individual convex cost associated with each agent k. Optimiza-
tion problems of the form (5.7)—(5.8) arise in various applications — see [26,34,
36,42,48,49,51,52,58,75-77,84,85,89,91,96-98, 109, 115, 125, 130, 136, 137, 146].
Depending on the context, the update vector $;;(-) may be chosen in different

ways:

e In deterministic optimization problems, the expressions for {Ji(w)} are
known and the update vector 8 ;(-) at node k is chosen as the deterministic

gradient (column) vector V,,Ji(+).

e In distributed estimation and learning, the individual cost function at each
node k is usually selected as the expected value of some loss function Q(-, ),
ie., Jy(w) = E{Qk(w, zr;)} [34], where the expectation is with respect to
the randomness in the data samples {x;;} collected at node k at time i.
The exact expression for V,,Ji(w) is usually unknown since the probability
distribution of the data is not known beforehand. In these situations, the
update vector 8 ;(-) is chosen as an instantaneous approximation for the
true gradient vector, such as, §x;(-) = m() = V@i (-, k). Note that

the update vector 8 ;(w) is now evaluated from the random data sample
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xj;. Therefore, it is also random and time dependent.

The update vectors {8 () } may not necessarily be the gradients of cost functions
or their stochastic approximations. They may take other forms for different
reasons. For example, in [75], a certain gain matrix K is multiplied to the left
of the stochastic gradient vector V/H,?k() to make the estimator asymptotically

efficient for a linear observation model. O]

Returning to the general distributed strategy (5.1)—(5.3), we note that it can
be specialized into various useful algorithms. We let A;, Ay and A, denote the
N x N matrices that collect the coefficients {a1x}, {aou} and {as;}. Then,

condition (5.4) is equivalent to
Al1=1, Af1=1, Al1=1 (5.9)

where 1 is the N x 1 vector with all its entries equal to one. Condition (5.9)
means that the matrices { Ay, Ay, A2} are left-stochastic (i.e., the entries on each
of their columns add up to one). Different choices for A;, Ay and A, correspond
to different distributed strategies, as summarized in Table 5.1. Specifically, the
traditional consensus [48,75-77,97,98,137] and diffusion (ATC and CTA) [26,
34,36,42,89,91, 115, 146| algorithms with constant step-sizes are given by the

following iterations:

¢k,z‘—1 = E 0,1k W]i—1

Consensus : 1N, (5.10)

Wg,; = Cbk,zel - Mk§k,i(’wk,ze1)
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Table 5.1: Different choices for A;, Ay and A, correspond to different distributed
strategies.

Distributed Strategeis | Ay Ag As | A1AgAs
Consensus I A I A
ATC diffusion I I A A
CTA diffusion A I T A

¢k‘,i—1 = Z A1,1kW) i—1
CTA diffusion : 1ENG, (5.11)

Wg,; = Cbk,zel - Mkék,i(fﬁk,iq)

Yhi = Wi i—1— i Ski(Wri—1)
ATC diffusion : (5.12)
Wy, = Z a2,lk’¢l,i

lENk

Therefore, the convex combination steps appear in different locations in the con-
sensus and diffusion implementations. For instance, observe that the consensus
strategy (5.10) evaluates the update direction 8 () at wg;—1, which is the es-
timator prior to the aggregation, while the diffusion strategy (5.11) evaluates
the update direction at ¢y ;_;, which is the estimator after the aggregation. In
our analysis, we will proceed with the general form (5.1)—(5.3) to study all three

schemes, and other possibilities, within a unifying framework.

We observe that there are two types of learning processes involved in the
dynamics of each agent k: (i) self-learning in (5.2) from locally sensed data and
(ii) social learning in (5.1) and (5.3) from neighbors. All nodes implement the
same self- and social learning structure. As a result, the learning dynamics of
all nodes in the network are coupled; knowledge exploited from local data at

node k will be propagated to its neighbors and from there to their neighbors in
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a diffusive learning process. It is expected that some global performance pattern
will emerge from these localized interactions in the multi-agent system. In this

chapter and the following Chapter 6, we address the following questions:

Limit point: where does each state wy,; converge to?

Stability: under which conditions does convergence occur?

e Learning rate: how fast does convergence occur?

Performance: how close does wy; get to the limit point?

We address the first three questions in this chapter, and examine the last ques-
tion pertaining to performance in Chapter 6. We address the four questions by
characterizing analytically the learning dynamics of the network to reveal the
global behavior that emerges in the small step-size regime. The answers to these
questions will provide useful and novel insights about how to tune the algorithm

parameters in order to reach desired performance levels — see Sec. 6.6.

5.2.2 Relation to Prior Work

In comparison with the existing literature [13,21,48,71,75-77,84,97,109,125,126,
137], it is worth noting that most prior studies on distributed optimization algo-
rithms focus on studying their performance and convergence under diminishing
step-size conditions and for doubly-stochastic combination policies (i.e., matrices
for which the entries on each of their columns and on each of their rows add up
to one). These are of course useful conditions, especially when the emphasis is
on solving static optimization problems. We focus instead on the case of con-
stant step-sizes because, as explained earlier, they enable continuous adaptation

and learning under drifting conditions; in contrast, diminishing step-sizes turn
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off learning once they approach zero. By using constant step-sizes, the result-
ing algorithms are able to track dynamic solutions that may slowly drift as the
underlying problem conditions change. Moreover, we do not limit the combina-
tion policies to be doubly-stochastic; we only require condition (5.9). It turns
out that left-stochastic matrices lead to superior mean-square error performance
(see, e.g., expression (6.66) and also [146]). Furthermore, constant step-sizes and
left-stochastic combination policies enrich the learning dynamics of the network
in interesting ways, as we are going to discover. In particular, under these condi-
tions, we derive an interesting result that reveals how the topology of the network
determines the limit point of the distributed algorithm. We will show that the
combination weights steer the convergence point away from the expected solution
and towards any of many possible Pareto optimal solutions. This is in contrast
to commonly-used doubly-stochastic combination policies where the limit point
of the network is fixed and cannot be changed regardless of the topology. We will
show that the limit point is determined by the right eigenvector that is associated
with the eigenvalue at one for the matrix product A; AgAs. We will also be able
to characterize in Chapter 6 how close each agent in the network gets to this
limit point and to explain how the limit point plays the role of a Pareto optimal

solution for a suitably defined aggregate cost function.

5.3 Modeling Assumptions

In this section, we collect the assumptions and definitions that are used in
the analysis and explain why they are justified and how they relate to sim-
ilar assumptions used in several prior studies in the literature. As the dis-
cussion will reveal, in most cases, the assumptions that we adopt here are re-

laxed (i.e., weaker) versions than conditions used before in the literature such as
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in [11,11,34,36,52,75,77,84,97,105,109, 125,137]. We do so in order to analyze
the learning behavior of networks under conditions that are similar to what is

normally assumed in the prior art, albeit ones that are generally less restrictive.

Assumption 5.1 (Strongly-connected network). The N x N matriz product
A& A AA, is assumed to be a primitive left-stochastic matriz, i.e., AT1 = 1
and there exists a finite integer j, such that all entries of A% are strictly positive.

]

This condition is satisfied for most networks and is not restrictive. Let A =
la;x] denote the entries of A. Assumption 5.1 is automatically satisfied if the
product A corresponds to a connected network and there exists at least one
agr > 0 for some node k (i.e., at least one node with a nontrivial self-loop) [115].
It then follows from the Perron-Frobenius Theorem [68] that the matrix A; AgAs
has a single eigenvalue at one of multiplicity one and all other eigenvalues are

strictly less than one in magnitude, i.e.,

L= XM(A4) > A (A)] = --- = [An(A4)] (5.13)

Obviously, 17 is a left eigenvector for A; AgA, corresponding to the eigenvalue at
one. Let 0 denote the right eigenvector corresponding to the eigenvalue at one

and whose entries are normalized to add up to one, i.e.,

Ag=0, 179=1 (5.14)

Then, the Perron-Frobenius Theorem further ensures that all entries of 6 satisfy
0 < 0 < 1. Note that, unlike [75,77,97,109,125,137], we do not require the matrix
A; ApAs to be doubly-stochastic (in which case 6 would be 1 /N and, therefore, all
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its entries will be identical to each other). Instead, we will study the performance
of the algorithms in the context of general left-stochastic matrices {A1, Ay, As}
and we will examine the influence of (the generally non-equal entries of) 6 on

both the limit point and performance of the network.

Definition 5.1 (Step-sizes). Without loss of generality, we express the step-size
at each node k as jr, = pmaxSr, WheTe fmax S max{py} is the largest step-size,
and 0 < B, < 1. We assume B, > 0 for at least one k. Thus, observe that we are

allowing the possibility of zero step-sizes by some of the agents.

O
Definition 5.2 (Useful vectors). Let m and p be the following N x 1 vectors:
T2 Ayl (5.15)
p = col{mpBi,...,TnOn} (5.16)
where y, is the kth entry of the vector . [

The vector p will play a critical role in the performance of the distributed
strategy (5.1)—(5.3). Furthermore, we introduce the following assumptions on

the update vectors 8 ,(-) in (5.1)—(5.3).

Assumption 5.2 (Update vector: Randomness). There ezists an M x 1 deter-
ministic vector function si(w) such that, for all M x 1 vectors w in the filtration
Fi—1 generated by the past history of iterates {wy ;} for j <i—1 and all k, it
holds that

E {8yi(w)|Fi-1} = sp(w) (5.17)
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for all i, k. Furthermore, there exist o > 0 and o > 0 such that for all i,k and

w € ./—'.2;1.'

E {||81s(w) —si(w)|* |Fioi } < a-Jw]*+07 (5.18)

Condition (5.18) requires the conditional variance of the random update di-
rection §;(w) to be bounded by the square-norm of w. Condition (5.21) is a
generalized version of Assumption 4.2 from Chapter 4; it is also a generalization
of the assumptions from [11,105,109], where §;;(w) was instead modeled as the

following perturbed version of the true gradient vector:
Bri(w) = Vo Jy(w) = Vi, Ji(w) + vy s(w) (5.19)

with sg(w) = Vy,Ji(w), in which case conditions (5.17)—(5.18) translate into the

following requirements on the gradient noise vy, ;(w):

E{vg:(w)|Fi1} =0 (zero mean) (5.20)

E {|Jvgi(w)|* | Fiei } < a-|Jw]*+0? (5.21)

In Example 4.1 of Chapter 4, we explained how these conditions are satisfied
automatically in the context of mean-square-error adaptation over networks. As-
sumption 5.2 given by (5.17)—(5.18) is more general than (5.20)—(5.21) because
we are allowing the update vector 8 ;(-) to be constructed in forms other than

(5.19). Furthermore, Assumption (5.21) is also more relaxed than the following
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variant used in [11,105]:
E {lvri(w)[” |[Fioi} < o |V du(w)|*+07 (5.22)
This is because (5.22) implies a condition of the form (5.21). Indeed, note that

E {||vxq(w)|* | Fir }
= - HVka(w) — vak(O) + Vka(O)HQ—FO'g

(a)

< 20 [V Jx(w) = Vi Jr(0)[* + 20V o Jx (0)[*+ 07,
(®)

< 207 - [w]]* + 20|V S (0)]* +0;

2o - ||w|?®+ o2 (5.23)

where step (a) uses the relation ||z 4+ y||* < 2|jz||* + 2||y||*, and step (b) used
(5.24) to be assumed next.

Assumption 5.3 (Update vector: Lipschitz). There exists a nonnegative \y

such that for all x,y € RM and all k:

[sk(z) = skl < Av - llz =y (5.24)

where the subscript “U” in Ay means “upper bound”. 0

A similar assumption to (5.24) was used before in the literature for the model
(5.19) by requiring the gradient vector of the individual cost functions Jy(w) to
be Lipschitz [11,52,84,105,137]. Again, condition (5.24) is more general because

we are not limiting the construction of the update direction to (5.19).

Assumption 5.4 (Update vector: Strong monotonicity). Let py denote the kth
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entry of the vector p defined in (5.16). There exists A\, > 0 such that for all

r,y € RM:
N
(@=9)" > pisn(@) = si()| = - o =yl (5.25)
k=1
where the subscript “L” in A\, means “lower bound”. [

Remark 5.1. Applying the Cauchy-Schwartz inequality [68, p.15] to the left-
hand side of (5.25) and using (5.24), we deduce the following relation between
>\L and )\UI

Au - lplls = Ar (5.26)

where || - ||; denotes the 1—norm of the vector argument. [

The following lemma gives the equivalent forms of Assumptions 5.3-5.4 when

the {sx(w)} happen to be differentiable.

Lemma 5.1 (Equivalent conditions on update vectors). Suppose {sg(w)} are
differentiable in an open set S C RM. Then, having conditions (5.24) and (5.25)

hold on S is equivalent to the following conditions, respectively,

|Vrsi(w)|| < A (5.27)
1
gl He(w) + HZ (w)] 2 Ar - T (5.28)
for any w € S, where || - || denotes the 2— induced norm (largest singular value)
of its matrix argument and
Ho(w) £ " ppVrsi(w) (5.29)
k=1
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Proof. See Appendix 5.A. n

Since in Assumptions 5.3-5.4 we require conditions (5.24) and (5.25) to be
hold over the entire RM, then the equivalent conditions (5.27)—(5.28) will need
to hold over the entire RM when the {s,(w)} are differentiable. In the context of
distributed optimization problems of the form (5.7)-(5.8) with twice-differentiable
Jp(w), where the stochastic gradient vectors are constructed as in (5.19), Lemma
5.1 implies that the above Assumptions 5.3-5.4 are equivalent to the following

conditions on the Hessian matrix of each Ji(w) [105, p.10]:

V2 Je(w)]| < v (5.30)
N
Zpkvijk<w) > A dy >0 (5.31)
k=1

Condition (5.31) is in turn equivalent to requiring the following weighted sum of

the individual cost functions {Jy(w)} to be strongly convex:

JEPH (w) £ " prJi(w) (5.32)

We note that strong convexity conditions are prevalent in many studies on opti-
mization techniques in the literature. For example, each of the individual costs
Jp(w) is assumed to be stronlgy convex in [125] in order to derive upper bounds
on the limit superior (“limsup”) of the mean-square-error of the estimates wy;
or the expected value of the cost function at wy, ;. In comparison, the framework
in this work does not require the individual costs to be strongly convex or even
convex. Actually, some of the costs {Jy(w)} can be non-convex as long as the
aggregate cost (5.32) remains strongly convex. Such relaxed assumptions on the

individual costs introduce challenges into the analysis, and we need to develop a
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systematic approach to characterize the limiting behavior of adaptive networks

under such less restrictive conditions.

Assumption 5.5 (Jacobian matrix: Lipschitz). Let w° denote the limit point of
the distributed strategy (5.1)—(5.3), which is defined further ahead as the unique
solution to (5.35). Then, in a small neighborhood around w°, we assume that

sk(w) is differentiable with respect to w and satisfies

|V prsk(w® + dw) — Vyrsp(w)|| < Ay - [|ow]| (5.33)

for all ||dw|| < ry for some small ry, and where Ay is a nonnegative number

independent of dw and w°.

In the context of distributed optimization problems of the form (5.7)-(5.8)
with twice-differentiable Ji(w), where the stochastic gradient vectors are con-
structed as in (5.19), the above Assumption translates into the following Lipschitz

Hessian condition:

V2 Jp(w® + dw) — V2 T (w)] < Ag - ||6w]] (5.34)

Condition (5.33) is useful when we examine the convergence rate of the algorithm
later in this article. It is also useful in deriving the steady-state mean-square-error

expression (5.45) in Chapter 6.
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5.4 Learning Behavior

5.4.1 Overview of Main Results

Before we proceed to the formal analysis, we first give a brief overview of the main
results that we are going to establish in this chapter on the learning behavior of
the distributed strategies (5.1)—(5.3) for sufficiently small step-sizes. The first
major conclusion is that for general left-stochastic matrices {A;, Ag, A2}, the
agents in the network will have their estimators wy; converge, in the mean-
square-error sense, to the same vector w® that corresponds to the unique solution

of the following algebraic equation:

> pese(w) =0 (5.35)

For example, in the context of distributed optimization problems of the form (5.7),
this result implies that for left-stochastic matrices {A;, Ag, A2}, the distributed
strategies represented by (5.1)—(5.3) will not converge to the global minimizer of
the original aggregate cost (5.7), which is the unique solution to the alternative

algebraic equation

N
D Vidi(w) =0 (5.36)
k=1

Instead, these distributed solutions will converge to the global minimizer of the

weighted aggregate cost J&°"*(w) defined by (5.32) in terms of the entries py,

i.e., to the unique solution of

> peVudi(w) =0 (5.37)

172



Result (5.35) also means that the distributed strategies (5.1)—(5.3) converge to a
Pareto optimal solution of the multi-objective problem (5.8); one Pareto solution
for each selection of the topology parameters {py}. The distinction between
the aggregate costs J&°"(w) and J&'°"*(w) does not appear in earlier studies on
distributed optimization [75, 77,97, 109, 125, 137] mainly because these studies
focus on doubly-stochastic combination matrices, for which the entries {p;} will
all become equal to each other for uniform step-sizes pp = p or pug(i) = (7).
In that case, the minimizations of (5.7) and (5.32) become equivalent and the
solution of (5.36) and (5.37) would then coincide. In other words, regardless
of the choice of the doubly stochastic combination weights, when the {p;} are

identical, the limit point will be unique and correspond to the solution of

Zsk(w) =0 (5.38)

k=1

In contrast, result (5.35) shows that left-stochastic combination policies add more
flexibility into the behavior of the network. By selecting different combination
weights, or even different topologies, the entries {py} can be made to change and

the limit point can be steered towards other desired Pareto optimal solutions.

The second major conclusion of the paper is that we will show in (5.145)
further ahead that there always exist sufficiently small step-sizes such that the
learning process over the network is mean-square stable. This means that the

weight error vectors relative to w? will satisfy

lim sup B[y, i]|* = O(fimax) (5.39)

1—00

so that the steady-state mean-square-error at each agent will be of the order of

O (fmax)-
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The third major conclusion of our analysis is that we will show that, during the
convergence process towards the limit point w?, the learning curve at each agent
exhibits three distinct phases: Transient Phase I, Transient Phase II, and Steady-
State Phase. These phases are illustrated in Fig. 5.2 and they are interpreted as
follows. Let us first introduce a reference (centralized) procedure that is described

by the following centralized-type recursion:

N
wc,i = wc,i—l — HMmax Zpksk(wc,i—l) (540)
k=1
which is initialized at
N
IUC,() = Z kakp (541)
k=1

where 0 is the kth entry of the eigenvector 0, fimax, and {py} are defined in
Definitions 5.1-5.2, wy o is the initial value of the distributed strategy at agent
k, and w.; is an M x 1 vector generated by the reference recursion (5.40). The

three phases of the learning curve will be shown to have the following features:

e Transient Phase I:
If agents are initialized at different values, then the estimates of the various
agents will initially evolve in such a way to make each wy,; get closer to the
reference recursion w.,;. The rate at which the agents approach w.; will be
determined by |\y(A)|, the second largest eigenvalue of A in magnitude. If
the agents are initialized at the same value, say, e.g., wyo = 0, then the

learning curves start at Transient Phase II directly.

e Transient Phase II:

In this phase, the trajectories of all agents are uniformly close to the tra-
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Figure 5.2: A typical mean-square-error (MSE) learning curve includes a transient
stage that consists of two phases and a steady-state phase. The plot shows how
the learning curve of a network of agents compares to the learning curve of a
centralized reference solution. The analysis in this work, and in the following
Chapter 6 characterizes in detail the parameters that determine the behavior of
the network (rate, stability, and performance) during each phase of the learning
process.

jectory of the reference recursion; they converge in a coordinated manner
to steady-state. The learning curves at this phase are well modeled by the

same reference recursion (5.40) since we will show in (5.150) that:

Elwpall® = lleill” + Otgiam) - v + OHmax) (5.42)

/J“max

Furthermore, for small step-sizes and during the later stages of this phase,
w,; will be close enough to w? and the convergence rate r will be shown to

satisfy:

T = [p(IM - ,umaxI_IC)}2 + O((/Lmaxe)m) (5.43)
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where p(-) denotes the spectral radius of its matrix argument, € is an arbi-
trarily small positive number, and H, is the same matrix that results from

evaluating (5.29) at w = w°, i.e.,
N
H, 2 " ppHy = Ho(w°) (5.44)
k=1

where Hy, = V,rsp(w°).

Steady-State Phase:

The reference recursion (5.40) continues converging towards w® so that
|Wei||> = [Jw® — 0,;]|* will converge to zero (—oo dB in Fig. 5.2). However,
for the distributed strategy (5.1)—(5.3), the mean-square-error E|wy;||> =
E||w® — wy;||* at each agent k will converge to a finite steady-state value.

We will be able to characterize this value in terms of the vector p in Chapter

6 as follows:
ZEI?OEHII]]CJ‘P = ﬂmax'Tr {X<pT®[M)RU(p®IM)} + O(Mmax) (545)

where X is the solution to the Lyapunov equation described later in (6.42)
of Chapter 6 (when ¥ = I). Expression (5.45) is a revealing result. It is
a non-trivial extension of a classical result pertaining to the mean-square-
error performance of stand-alone adaptive filters [54,57,72,141] to the more
demanding context when a multitude of adaptive agents are coupled to-
gether in a cooperative manner through a network topology. This result
has an important ramification, which we pursue in Chapter 6. We will show
there that no matter how the agents are connected to each other, there is
always a way to select the combination weights such that the performance

of the network is invariant to the topology. This will also imply that, for any
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connected topology, there is always a way to select the combination weights
such that the performance of the network matches that of the centralized

solution.

5.5 Study of Error Dynamics

5.5.1 Error Quantities

We shall examine the learning behavior of the distributed strategy (5.1)—(5.3) by
examining how the perturbation between the distributed solution (5.1)—(5.3) and
the reference solution (5.40) evolves over time — see Fig. 5.3. Specifically, let

wy,; denote the discrepancy between wy,; and w,;, i.e.,

Wy £ Wy — Wey (5.46)

and let w; and w; denote the global vectors that collect the wy; and Wy, from

across the network, respectively:

w; £ col{wy, ..., wy;} (5.47)

w; & col{wy, ..., N} = w; — 1 ® 1w, (5.48)

It turns out that it is insightful to study the evolution of w; in a transformed
domain where it is possible to express the distributed recursion (5.1)—(5.3) as a

perturbed version of the reference recursion (5.40).

Definition 5.3 (Network basis transformation). We define the transformation

by introducing the Jordan canonical decomposition of the matric A = A1 AgAs.
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Let

AT =UDU! (5.49)

where U is an invertible matrix whose columns correspond to the right-eigenvevtors
of AT, and D is a block Jordan matriz with a single eigenvalue at one with mul-
tiplicity one while all other eigenvalues are strictly less than one. The Kronecker

form of A then admits the decomposition:

AT 2 AT @ Iy =UDU™! (5.50)

where

UZETU® Iy, DE2D®Iy (5.51)

We use U to define the following basis transformation:

[1>

= (U@ Ly)w; (5.52)

lI>

w, & U w
w2 U w; = (U@ Iy)w; (5.53)

The relations between the quantities in transformations (5.52)—(5.53) are illus-

trated in Fig. 5.3(a). O

We can gain useful insight into the nature of this transformation by exploiting
more directly the structure of the matrices U, D, and U~!. By Assumption 5.1,
the matrix AT has an eigenvalue one of multiplicity one, with the corresponding
left- and right-eigenvectors being #7 and 1, respectively. All other eigenvalues

of D are strictly less than one in magnitude. Therefore, the matrices D, U, and
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Figure 5.3: (a) Network basis transformation. (b) The diagrams show how the it-
erate wy,; is decomposed relative to the reference w.; and relative to the centroid,
w,;, of the NN iterates across the network.

U~ can be partitioned as

— (5.54)

where Dy_; is an (N — 1) x (N — 1) Jordan matrix with all diagonal entries
strictly less than one in magnitude, Uy is an N x (N — 1) matrix, and Ug is an

(N —1) x N matrix. Then, the Kronecker forms D, U, and =" can be expressed
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as

0T @1y,

D= U= 1en ] Ut = [— (5.55)
Ur
where

ULéUL(XJ]M (556)
Ur 2 Ur @ Iy (5.57)
Dn_1 2 Dy_1® Iy (5.58)

It is important to note that U~'U = Iy and that
071 =1, 0"U, =0, Url =0, UrUy=Iy_ (5.59)

We first study the structure of w} defined in (5.52) using (5.54):

w; = col{ (0" @ i)w;, (Ur @ In)w;} (5.60)

The two components w,; and w,; have useful interpretations. Recalling that 60y

denotes the kth entry of the vector 6, then w.; can be expressed as

N
We; = Z@kwkﬂ (561)
k=1

As we indicated after Assumption 5.1, the entries {0y} are positive and add up
to one. Therefore, w,; is a weighted average (i.e., the centroid) of the estimates

{wy;} across all agents. To interpret w,;, we examine the inverse mapping of
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(5.52) from w} to w; using the block structure of U in (5.54):

w; = (U ® Iy)w,
=1 ® Iy w.; + (UL ® Iy)w,,

=1®w.;+ (U, ® Iy)w., (5.62)

which implies that the individual estimates at the various agents satisfy:

W = We; + (Upp @ Iyr)We (5.63)

where up, ; denotes the kth row of the matrix Uy. The network basis transfor-
mation defined by (5.52) represents the cluster of iterates {wy;} by its centroid
w,; and their positions {ur ; ® Ips)we,;} relative to the centroid as shown in Fig.
5.3. The two parts, w,; and w,;, of w} in (5.60) are the coordinates in this new
transformed representation. Then, the actual error quantity wy,; relative to w®
can be represented as

W, = W — We; — (W — Wey)

)

=W’ — We; — (Wi + (Upp @ Ing)We; — We ;) (5.64)

Introduce
We; = W’ — W, (5.65)
’UVJC,Z‘ £ We; — u_}c,i (566)

Then, from (5.64) we arrive at the following critical relation for our analysis in
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the sequel:

Wy = We; — We,; — (Upp @ Ipp)we, (5.67)

This relation is also illustrated in Fig. 5.3. Then, the behavior of the error
quantities {wy;} can be studied by examining . ;, w.; and w.,, respectively,
which is pursued in Sec. 5.6 further ahead. The first term is the error between
the reference recursion and w?, which is studied in Theorems 5.1-5.3. The second
quantity is the difference between the weighted centroid w.; of the cluster and
the reference vector w,;, and the third quantity characterizes the positions of the
individual iterates {wy;} relative to the centroid w,,. As long as the second and
the third terms in (5.67), or equivalently, w,; and w, ;, are small (which will be
shown in Theorem 5.4), the behavior of each wy; can be well approximated by
the behavior of the reference vector w.,. Indeed, w.; and w,; are the coordinates
of the transformed vector w; defined by (5.53). To see this, we substitute (5.54)
and (5.48) into (5.53) to get

W, = (U @ Ly)(w; — 1 ®w,.,)

=w, — (U ) ® e, (5.68)

Recalling (5.59) and the expression for U™! in (5.54), we obtain

U1 = col{#"1, Url}

== C01{17 ON—I} (569)

where Oy_; denotes an (N — 1) x 1 vector with all zero entries. Substituting
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(5.69) and (5.60) into (5.68), we get

’UVJ; = col{we; — We;, We;} = col{we;, we,;} (5.70)

Therefore, it suffices to study the dynamics of w; and its mean-square perfor-
mance. We will establish joint recursions for w,; and w.; in Sec. 5.5.2, and joint
recursions for w.; and w,; in Sec. 5.5.3. Table 5.2 summarizes the definitions of

the various quantities, the recursions that they follow, and their relations.

5.5.2 Signal Recursions

We now derive the joint recursion that describes the evolution of the quantities
W, = W.; — We; and w,,;. Since w,, follows the reference recursion (5.40), it
suffices to derive the joint recursion for w.; and w. ;. To begin with, we introduce

the following global quantities:

A=A® Iy (5.71)

Ao = Ay ® Iy (5.72)

A= A1 ® 1y (5.73)

Ay =A@ Iy (5.74)

M=Q&Iy (5.75)

Q = diag{p1, ..., un} (5.76)

We also let the notation z = col{x,...,xy} denote an arbitrary N x 1 block
column vector that is formed by stacking M x 1 sub-vectors 1, ..., zy on top of
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each other. We further define the following global update vectors:

8i(z) £ col{81(x1), ..., 8ni(zn)} (5.77)

s(z) £ col{si(x1),...,sn(rn)} (5.78)

Then, the general recursion for the distributed strategy (5.1)—(5.3) can be rewrit-

ten in terms of these extended quantities as follows:
w; = ATw; 1 — AJM3i(di_1) (5.79)
where
i = col{1,...,Pni} (5.80)
and is related to w; and w} via the following relation
¢ = Al w; = Al Uw; (5.81)

Applying the transformation (5.52) to both sides of (5.79), we obtain the trans-

formed global recursion:

We can now use the block structures in (5.54) and (5.60) to derive recursions for
w,,; and w,,; from (5.82). Substituting (5.55) and (5.60) into (5.82), and using
properties of Kronecker products [82, p.147], we obtain

Wej; = Wei1 — (9T & [M)AgMéi (¢i—1)
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= wc,i_l — (HTACQFQ & IM)gz (¢i—1)

= We i1~ fmax - (07 @ In)8i (i) (5.83)
and
w.; = Dy 1w ;1 — UpAj M3; (¢i_1) (5.84)
where in the last step of (5.83) we used the relation
fimax - p = QA0 (5.85)

which follows from Definitions 5.1 and 5.2. Furthermore, by adding and subtract-
ing identical factors, the term §; (¢;—1) that appears in (5.83) and (5.84) can be

expressed as

8; (¢ic1) = s(l @ we ;1) + :§z (¢i1)—s (¢1712

-~

Lvi(¢pi—1)
+ s (¢i—1) —S(]l X wcﬂ-_l) (586)

where the first perturbation term v;(¢;_1) consists of the difference between the
true update vectors { sy (1)} and their stochastic approximations {8y ;(¢x.i—1) }
while the second perturbation term z; ; represents the difference between the
same {sg(@k,i—1)} and {si(w,;—1)}. The subscript ¢ — 1 in z;_; implies that this
variable depends on data up to time ¢ — 1 and the subscript ¢ in v;(¢;_1) implies
that its value depends on data up to time i (since, in general, $;(-) can depend on

data from time i — see Eq. (6.31) in Chapter 6 for an example). Then, §; (¢;—1)
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can be expressed as

8 (¢i—1) = s(L @ we;i—1) + v + i1 (5.87)

Lemma 5.2 (Signal dynamics). In summary, the previous derivation shows that

the weight iterates at each agent evolve according to the following dynamics:

ot
o)
&0

ot
o]
)
~—  ~—  ~— =

Wi = We; + (upp @ Iy)we;
We; = Wei—1 — Mmax * (PT ® In)8; (¢iz1)
We; = DN—lwe,i—l - URAg’Méz- (¢i—1)

— — — —
¢ o
oo
Nej

ot
Ne)
—_

8;(ic1) =s(l@wei—1) + v + zi1

5.5.3 Error Dynamics

To simplify the notation, we introduce the centralized operator T, : R® — RM

as the following mapping for any = € RM:

T.(x) L0 — limax - (pT ® Iy) s(1®x)

N
=X — Jhmax Zpksk(:c) (5.92)
k=1

Substituting (5.87) into (5.89)—(5.90) and using (5.92), we find that we can rewrite
(5.83) and (5.84) in the alternative form:

We; = Tc(wc,i—l) — HMmax ° (pT & IM) [zi—l + vi] (593)

We; =Dy 1Wei—1 — UpAZM [s(1 @ we1) + zi-1+ )] (5.94)
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Likewise, we can write the reference recursion (5.40) in the following compact

form:

U_)c,i - Tc<wc,i71) (595)

Comparing (5.93) with (5.95), we notice that the recursion for the centroid vector,
w,;, follows the same update rule as the reference recursion except for the two
driving perturbation terms z;_; and v;. Therefore, we would expect the trajectory
of w,; to be a perturbed version of that of w.,. Let

wc,i S We; — Wey (596)

t] ]

To obtain the dynamics of w.;, we subtract (5.95) from (5.93).

Lemma 5.3 (Error dynamics). The error quantities that appear on the right-

hand side of (5.70) evolve according to the following dynamics:

wc,i - Tc(“-’c,i—l) _Tc(wc,i—l) — Mmax* (pT®IM) [zi—l +’Uz] (597)
We; = Dy_1We i1 —URAQTM [s(1 @ Wwe—1)+2zi—1+v] (5.98)
O

The analysis in sequel will study the dynamics of the variances of the error
quantities w.; and w,; based on (5.97)-(5.98). The main challenge is that these
two recursions are coupled with each other through z;_; and v;. To address the
difficulty, we will extend the energy operator approach developed in [36] to the

general scenario under consideration.
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5.5.4 Energy Operator and Properties

To carry out the analysis, we need to introduce the following operators and their

corresponding properties.

Definition 5.4 (Energy vector operator). Suppose x = col{xy,...,zn} is an
arbitrary N x 1 block column wvector that is formed by stacking My x 1 vectors
T1,...,2n on top of each other. The energy vector operator Py, : CMoN — RN

1s defined as the mapping:

Pagy[2] £ col{lz[l?, ... [lon]*} (5.99)

where || - || denotes the Euclidean norm of a vector. O

Definition 5.5 (Norm matrix operator). Suppose X is an arbitrary K x N block

matriz consisting of blocks { Xy} of size Mgy x My:

X=| : : (5.100)

The norm matriz operator Py, : CMoEXMN _ REXN 4o defined as the mapping:

[ Xl - Xl
Pyylz] & | ¢ : (5.101)
[ Xwall - [ Xrenl
where || - || denotes the 2—induced norm of a matriz. O

By default, we choose M to be M, the size of the vector wy, ;. In this case, we

will drop the subscript inPyy,[-] and use P[-] for convenience. However, in other
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cases, we will keep the subscript to avoid confusion. Likewise, Py, [-] characterizes
the norms of different parts of a matrix it operates on. We will also drop the
subscript if My = M. Next, we state lemmas on properties of the operators Py, -]

and Py, [-]. We begin with some basic properties.

Lemma 5.4 (Basic properties). Consider N x1 block vectors x = col{z1,...,zx}
and y = col{yy,...,yn} with M x 1 entries {xx,yx}. Consider also the K x N
block matriz X with blocks of size M x M. Then, the operators P[] and P[]

satisfy the following properties:
1. (Nonnegativity): Plz] = 0, P[X] = 0.

2. (Scaling): For any scalar a € C, we have Plax] = |a]?P|x] and PlaX] =
laf - PIX].

3. (Convexity ): suppose V), ... .25 are N x 1 block vectors formed in the

same manner as x, X, ..., XE) gre K x N block matrices formed in the

same manner as X, and let ay,...,ax be non-negative real scalars that add

up to one. Then,

p[aﬂ(l) 4ot aKx(K)] < alP[x(l)] et aKP[x(K)] (5.102)

PlanX® 4 -+ ag X < 0 PIXY] + -+« +ax PIXT)] (5.103)
4. (Additivity ): Suppose x = col{xy,...,xn} and y = col{yy,...,yn} are

N x 1 block random vectors that satisfy Ex;y, =0 fork=1,..., N, where

x denotes complex conjugate transposition. Then,

EP[z + y] = EP[z] + EP[y] (5.104)

5. (Triangular inequality ): Suppose X andY are two K x N block matrices
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of same block size M. Then,

P[X + Y] < P[X] + P[Y] (5.105)

. (Submultiplicity ): Suppose X and Z are K x N and N x L block matrices

of the same block size M, respectively. Then,
P[XZ] = P[X]|P|Z] (5.106)

. (Kronecker structure): Suppose X € CEXN g € CVN and b € CM.

Then,

P[X ® I = Py[X] (5.107)

Pla ® b] = ||b]|* - P1[a] (5.108)

where by definition, P[] and P[] denote the operators that work on the
scalar entries of their arguments. When X consists of nonnegative entries,

relation (5.107) becomes

PIX®Iyl=X (5.109)

. (Relation to norms): The co—norm of Plx| is the squared block mazi-

mum norm of x:
2
1Ple]llo = llzllp o0 = ( max [lzll) (5.110)

1<k<N

Moreover, the sum of the entries in Plx| is the squared Euclidean norm of
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1 Plz] = [l|* = Z Al (5.111)

9. (Inequality preservation): Suppose vectors x, y and matrices F, G
have nonnegative entries, then x =<y implies Fx < Fy, and F < G implies

Fz < Gux.

10. (Upper bounds): It holds that

PIX] = |P[X]|, - 117 (5.112)
P[X] 2 || P[X]]lo - 107 (5.113)
where || - ||« denotes the co—induced norm of a matriz (mazimum absolute
row sum,).
Proof. See Appendix 5.B. m

More importantly, the following variance relations hold for the energy and
norm operators. These relations show how error variances propagate after a

certain operator is applied to a random vector.

Lemma 5.5 (Variance relations). Consider N x1 block vectors x = col{z1,...,zx}
and y = col{yy, ..., yn} with M x 1 entries {xy,yx}. The followig variance rela-

tions are satisfied by the energy vector operator P[]:

1. (Linear transformation): Given a K x N block matriz ) with the size

of each block being M x M, Qx defines a linear operator on x and its enerqgy
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satisfies

P[Qz] 2 ||PQ]ll - PIQ] Plz] (5.114)

< [|P[QIIIZ, - 117 - Pla] (5.115)
As a special case, for a left-stochastic N x N matriz A, we have

P[(AT @ Iy)z] = AT P[] (5.116)

. (Update operation): The global update vector defined by (5.78) satisfies

the following variance relation:
Pls(z) = s(y)] 2 A\ Pla —y] (5.117)

. (Centralized operation): The centralized operator T.(x) defined by (5.92)

satisfies the following variance relations:

P[T.(z) = Te(y)] = (1 = 2ptmaxllp[1 Av) - Plz — 9] (5.119)
where
1
Ve = 1-— Hmax)\L + §u3nax||p||%)\2U (5120)

Moreover, it follows from (5.26) that

1
Ye 2 1 - /Lmax/\L + §Mrznax/\%

1 1
=(1— §umax)\L)2 + Zu?naxki > 0 (5.121)
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4. (Stable Jordan operation): Suppose Dy is an L x L Jordan matriz of
the following block form.:

Dy, & diag{Dr2,..., Dy} (5.122)

where the nth L, x L, Jordan block is defined as (note that L = Lo+ -+ +
Ly,)

>

Dpn (5.123)

We further assume Dy, to be stable with 0 < |d,,| < --- <|do| < 1. Then,

for any L x 1 vectors x' and vy, we have

2

Pl[DLI/+y/] jre'Pl[l’/]—Fl—w'Pl[y/] (5124)

— |d2

where I, is the L x L matriz defined as
‘d2| 1—?d2\

r, 2 - ) (5.125)

T |de]

I |da

5. (Stable Kronecker Jordan operator): Suppose Dy = Dy ® I, where
Dy is the L x L Jordan matriz defined in (5.122)—(5.123). Then, for any
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LM x 1 vectors x. and y., we have

P[IDLxe + ye] =<TI.- P[xe] + ’ P[ye] (5'126)

2
1 — [do]

Proof. See Appendix 5.C. m

5.6 Transient Analysis

Using the energy operators and the various properties, we can now examine the
transient behavior of the learning curve more closely. Recall from (5.67) that wy,;
consists of three parts: the error of the reference recursion, w0, ;, the difference be-
tween the centroid and the reference, w.;, and the position of individual iterates
relative to the centroid, (urx ® Ip)w.,;. The main objective in the sequel is to
study the convergence of the reference error, w,;, and establish non-asymptotic
bounds for the mean-square values of w.; and w,;, which will allow us to un-
derstand how fast and how close the iterates at the individual agents, {wy;}, get
to the reference recursion. Recalling from (5.70) that w,,; and w,; are the two
blocks of the transformed vector w; defined by (5.53), we can examine instead

the evolution of

W, £ EP[w)] = col {EP[u,], EP[w,]}

= col {E||w.;|*, EPw.,]} (5.127)

Specifically, we will study the convergence of w,.; in Sec. 5.6.1, the stability of

W! in Sec. 5.6.2, and the two transient phases of wy; in Sec. 5.6.3.
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5.6.1 Limit Point

Before we proceed to study Wl’ , we state the following theorems on the existence

of a limit point and on the convergence of the reference recursion (5.95).

Theorem 5.1 (Limit point). Given Assumptions 5.8-5.4, there exists a unique

M x 1 vector w° that solves

> pese(w®) =0 (5.128)
k=1

where py. is the kth entry of the vector p defined in (5.16).

Proof. See Appendix 5.D. O]

Theorem 5.2 (Convergence of the reference recursion). Let ., L we — We,i
denote the error vector of the reference recursion (5.95). Then, the following

non-asymptotic bound on the squared error holds for all © > 0:

> <2 ol (5.129)

(1=2ptmax [Pl A0)" [ We0||* < || e

Furthermore, if the following condition on the step-size holds

201

<L (5.130)
PN

0 < fmax

then, the iterate w.; converges to zero.
Proof. See Appendix 5.E. m

Note from (5.129) that, when the step-size is sufficiently small, the reference

recursion (5.40) converges at a geometric rate between 1 — 2pmax||pliAv and
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Y2 =1 — 2pmax L + 0(fimax). We can get a more precise characterization of the

convergence rate of the reference recursion.

Theorem 5.3 (Convergence rate of the reference recursion). Specifically, for any
small € > 0, there exists a time instant ig such that, for i > iy, the error vector

W.,; converges to zero at the following rate:

r= [P(]M - ,U/max]_ICﬂ2 + O((MmaXE)m) (5131)

Proof. See Appendix 5.F. n

Note that since (5.131) holds for arbitrary € > 0, we can choose € to be an
arbitrarily small positive number. Therefore, the convergence rate of the reference

recursion is arbitrarily close to [p(In; — pmaxHe)]*

5.6.2 Mean-Square Stability

Now we apply the properties from Lemmas 5.4-5.5 to derive an inequality recur-
sion for the transformed energy vector W! = EP[w!]. The results are summarized

in the following lemma.

Lemma 5.6 (Inequality recursion for W/). The N x 1 wector W! defined by

(5.127) satisfies the following relation for all time instants:
Wz/ j sz{—l + IU/I2naxb’U (5132)
where

[ 2T+ pl, - 117 € RV (5.133)
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Ve Mmaxhc(ﬂ’max) : ]lT

0 I,

lI>

Iy € RV*N (5.134)

by 2 col{byc, by -1} € RY (5.135)

and Ty is an (N — 1) x (N — 1) matriz of the same form as (5.125) (i.e., with the
same structure and entries with dy replaced by |A2(A)|). The scalars 1o, he(p),

by and b, . are defined as

by 2 max{mupui, tallpl? - | PLATULL.
_ 3 e

AN || P AR, - (| PLATUL|, A

()} (130

_ 1
(i) 2 0113 || PLATL|, 33| |
ClIPEA X A= 3 fimax| [P TG

bue 2 [IplI} - [da(([weoll® + [w’]?) + o] (5.138)
boo & N Pt A, (1222000l
+a(lieal? + [|?) + (5.139)
where g° 2 P[s(1 ® w°)].
Proof. See Appendix 5.G. O]

From (5.133)—(5.134), we see that as the step-size pmax becomes small, we
have I' &~ I'y, since the second term in the expression for I' depends on the square
of the step-size. Moreover, note that I'y is an upper triangular matrix. Therefore,

w,,; and w,; are weakly coupled for small step-sizes; EP[w., ;| evolves on its own,
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but it will seep into the evolution of EP[w,.;] via the off-diagonal term in Iy,
which is O(max). This insight is exploited to establish a non-asymptotic bound
on W! = col{E||w,;||?, EP[w,,]} in the following theorem.

Theorem 5.4 (Non-asymptotic bound for W!). Suppose the matriz T defined in
(5.133) is stable, i.e., p(I') < 1. Then, the following non-asymptotic bound holds

for all i > 0:
EP[wc,z} j /flmaxhc<,umax)']lT(’YcI_Fe)il (f}/é[_ré) We,()
+W (5.140)
EP[w,,] < W, + Wi (5.141)
where W g = EP[w. ], WC‘IE; and W;ﬂ;; are the limsup bounds of EP|w, ;] and
EP|w., ], respectively:

wO ()\L + hc(0>)]1T([ - Fe)_lwe,o + bv,c/\L

Anub’
Wc,oo = HMmax

AL
+ 0(ftmax) (5.142)
Wub’ 2 X % (AL + h’C(O))]lT(I - I_\e)_ly\}e,(] + bv,e)\L
e,00 :umax )\L
x (I-=T)" +o(p2,,) (5.143)

where o(-) denotes strictly higher order terms, and h.(0) is the value of he(fimax)
(see (5.137)) evaluated at pimax = 0. An important implication of (5.140) and
(5.142) is that

EP[te;] < O(ftmax), Vi >0 (5.144)

Furthermore, a sufficient condition that quarantees the stability of the matriz I’

199



1s that

. AL
U Home < 100 {1 2y2 4 1 1o\ 2N
S IPITAG + 3% (T)

\/3(1—|A2<A>|>2N+1

22N+2w0 !

AL }
_ 5.145
MRS (5:145)

Proof. See Appendix 5.1. O

Corollary 5.1 (Asymptotic bounds). It holds that

lim sup]E||’uVJC,Z-H2 < O(fhmax) (5.146)
1—00

tim sup Elfeoe [ < O (5147
1—>00

Proof. The bound (5.146) holds since E|jw.;||> = EP[w.;] < O(tmayx) for all
i > 0 according to (5.144). Furthermore, inequality (5.147) holds because

lim sup E[jw | @ lim sup 1"EP[w., ]

11— 00 11— 00

®) o
<17

€,00

9 0o(2,.) (5.148)

where step (a) uses property (5.111), step (b) uses (5.141), and step (c) uses
(5.143). O

Finally, we present following main theorem that characterizes the difference
between the learning curve of wy,; at each agent £ and that of w.; generated by

the reference recursion (5.95).
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Theorem 5.5 (Learning behavior of E|wy;||?). Suppose the stability condition

(5.145) holds. Then, the difference between the learning curve of the mean-square-

|2 2 is bounded as

error E||lwy;||* at each agent k and the learning curve of ||W.||

|E|wpl|* — |||
< 2l|upp @ Iy])* - TTT W,
+ 2||Weol - [|urk @ In|l - A/TTTiW, o

. 1
+ 7 - O(pax) + O(fimax) for all 7 >0 (5.149)

where ' was defined earlier in (5.120).

Proof. See Appendix 5.K. O

5.6.3 Interpretation of Results

The result established in Theorem 5.5 is significant because it allows us to examine
the learning behavior of E|wy;||*>. Note that the third and fourth terms are
small for small step-size parameter fiy.x. Moreover, the first and second terms
in (5.149) converge to zero at the rates of p(I'.) = |[A2(A)|, the second largest
magnitude eigenvalue of the combination matrix A, and \/m , respectively.
For sufficiently small step-sizes, these two rates will be faster than the convergence
rate of |[w.;||?, which is between 1 — 2pumac|lplidv and 72 = 1 — 2upaAr +
0(Amax) during the initial stages of adaptation and then [p(Ip; — pmax He)]? later
on. Therefore, in Transient Phase I, the first and second terms in (5.149) converge

to zero at a faster rate than |[w.;||*. Then, in Transient Phase II, we have

Elweill* = [[@eill® + O(ttgiam) - Ve + Otmax) (5.150)
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so that the convergence rate of E|lwy ;||* is the same as that of ||w,;||* given by

(5.131). Afterwards, as i — oo, we have ||w.;||* — 0 and taking the limsup of

both sides of (5.149) implies
lim sup B[y ||* = lim sup [Ef[||* — | deq1?|
1—00 1—00

< O(ftmax) (5.151)

We will go a step further and evaluate this steady-state MSE for small step-sizes
in Chapter 6. Therefore, wy, ; converges to w® with a small steady-state MSE that
is on the order of O(pmax). And the steady-state MSE can be made arbitrarily

small for small step-sizes.

Furthermore, the results established in Theorems 5.1-5.4 reveal the evolution
of the three components, . ;, w.; and w,; in (5.67) during the three distinct
phases of the learning curve. From (5.140), the centroid w,; of the distributed
algorithm (5.1)—(5.3) stays close to w.; over the entire time for sufficiently small
step-sizes since the mean-square error E|w.; — w.;|*> = EP[w.,] is always of
the order of O(pmax). However, W,y = EP[w,,] in (5.141) is not necessarily
small at the beginning. This is because, as we pointed out in (5.63) and Fig.
5.3, w,,; characterizes the deviation of the agents from their centroid. If the
agents are initialized at different values, then EP[w, ] # 0, and it takes some
time for EP[w, ;] to decay to a small value of O(u2,.). By (5.141), the rate
at which EP[w. ;| decays is p(I'.) = |A2(A4)|. On the other hand, recall from
Theorems 5.2-5.3 that the error of the reference recursion, w.; converges at a
rate between 1 — 2fumax|[plliAv and 72 = 1 — 205 A1 + 0(Amax) at beginning and
then [p(Ips — pmaxHc)]? later on, which is slower than the convergence rate of
EP[w. ;] for small step-size pimax. Now, returning to relation (5.67):

Wi = We; — Wei — (Upk @ Iny)Wes (5.152)

)
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this means that during the initial stage of adaptation, the third term in (5.152)
decays to O(p2,,,) at a faster rate than the first term, although @..; will eventually
converge to zero. Recalling from (5.63) and Fig. 5.3 that w,.; characterizes the
deviation of the agents from their centroid, the decay of w,; implies that the
agents are coordinating with each other so that their estimates wjy; are close
to the same w.; — we call this stage Transient Phase I. Moreover, as we just
pointed out, the term EP[w. ;] is O(ftmax) Over the entire time domain so that the
second term in (5.152) is always small. This also means that the centroid of the
cluster in Fig. 5.3, i.e., w.;, is always close to the reference recursion w.; since
We; = W.; — W,; 1s always small. Now that Eljw,||* is O(tmax) and EP[w, ;] is
O(p2,.), the error wy; at each agent k is mainly dominated by the first term,
We4, in (5.152), and the estimates {wy;} at different agents converge together
at the same rate as the reference recursion, given by (5.131), to steady-state —
we call this stage Transient Phase II. Furthermore, it W,y = 0, i.e., the iterates
wy; are initialized at the same value (e.g., zero vector), then (5.141) shows that
EP[w.;] is O(u2,,) over the entire time domain so that the learning dynamics
start at Transient Phase II directly. Finally, all agents reach the third phase,
steady-state, where w.; — 0 and wy; is dominated by the second and third
terms in (5.152) so that E|lwy;||* becomes O(fimay). We summarize the above
results in Table 5.3 and illustrate the evolution of the quantities in the simulated
example in Fig. 5.4. We observe from (5.4) that the radius of the cluster shrinks
quickly at the early stage of the transient phase, and then converges towards the

optimal solution.
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5.6.4 Discussion on the Limit Point and the Fixed Point

We now discuss the relation between the iterate wy; at agent k, the limit point
w®, and the fixed point wy « (defined in (5.167) and (5.170a)—(5.170c) further
ahead). First, recall that w® is the unique solution to the algebraic equation

(5.128):

N
we Zpksk(w) =0 (5.153)
k=1

To define the fixed point wy ., we first introduce the following deterministic

recursion, which uses the actual s;(w) instead of §;;(w) in (5.1)—(5.3):

N

Brict = 3 Q1KW1 (5.154a)
=1
N

Y = Z a0,k Pri—1 — iSk(Pri—1) (5.154b)
=1
N

Wi = Z a2,k Wi (5.154c¢)
=1

Introduce the following global vectors and matrices:

¢ = col{¢rs, ..., N} (5.155)
i = col{thri, - N} (5.156)
w; 2 col{wyy, ... wy,} (5.157)
s(¢i-1) = col{s1(d1i1), -, sn(dni1)} (5.158)
A= A @ Iy (5.159)
Ay £ Ay ® Ly (5.160)
Ao 2 Ay ® Iy (5.161)
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Then, recursions (5.154a)—(5.154c¢) can be written as

Pi1 = Arw; (5.163)
Y = Aoi1 — Ms(pi—1) (5.164)
w; = At (5.165)
which leads to
Ww; = AngAlwi,l — AQMS(Ale-,l) (5166)

The fixed point we, of the deterministic recursion (5.166) is the solution to the

following algebraic equation:

Woo = AngAlwoo - .AQMS(AﬂUOO) (5167)

Note that, if the deterministic recursion (5.166) is stable, then it will converge
to the fixed point ws. In Chapter 4, we proved that the recursion (5.167) is
contractive so that there exists a unique fixed point for the deterministic diffusion
recursion (Ag = I and sg(w) = V,Jg(w)) under the assumption that each cost
function Ji(w) is strongly convex. Proving the result under the general conditions

assumed in this chapter could be an interesting extension of the work. Introduce

Poo = A1Woo (5.168)
Voo = Aopoo — Ms(do0) (5.169)
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Wk, i O(/vbmax) W00

Figure 5.5: Relations between the fixed point wy, ., the iterate wy;, and the limit
point w°. In steady-state, the mean-square-error between wy,; and w® is O(fimax),
the mean-square-error between wy; and wy o i8 O(fimax), and the square-error
(i.e., the bias) between wy o, and w° is O(uZ,..)-

and let @ oo, Yk oo, and Wy o denote the kth sub-vector of ¢, Yoo, and wee.
Then, the global fixed point equation (5.167) can also be written in the following

form for each agent k:

N
Pkyoo = Z a1,15W], 00 (5.170a)
=1
N
Uhoo = Z 0,1k P00 — MiSk(Phyo0) (5.170b)
=1
N
W00 = Z a2 1V1,00 (5.170c¢)

=1
We now proceed to discuss the relationship between wy, ;, wy , and w?.

In this chapter, we showed in (5.151) that the iterate wy,; at each agent k is

close to w? in steady-state with mean-square-error being O(fimax):

lim sup Ejwy,; — w°||* = O(ftmax) (5.171)

1— 00

In Chapter 4, we performed the mean-square-error analysis using a different ap-

proach for diffusion strategies (Ag = I) with si(w) = V,Jip(w) and 8 ;(w) =
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V/U,Tk(w) under the assumption that each cost function Ji(w) is strongly convex.
Specifically, we analyzed the mean-square-error of wy; relative the fixed point
Wi 0o and show it is O(pimax) (see (4.72) and (4.47)). Then, by performing bias
analysis, we showed that the square-error between the fixed point wy o, and the
limit point w? is O(u2,,) (see (4.88)). Combining these two parts together, we
arrive at the same result as (5.171) (see (4.92)):

o|I2

lim sup E[|wy,; —w’||* = limsup E||(wy; — wk,00) + (Wk0o — w?)||?

1—00 11— 00

< limsup [2-E||wy,; — w0 || *] +lim sup [2-[Jwy,co —w’||?]
1—00 1—+00

= O(ftmax) + O(1ax) = Ofimax) (5.172)

The relations between wy, ;, Wi o, and w? are illustrated in Fig. 5.5. In steady-
state, the mean-square-error between wy; and w® is O(fimax), the mean-square-
error between wy; and Wy oo 18 O(lmax), and the square-error between wy, « and
w® (i.e., the bias) is O(u?,.). When the recursion is a deterministic recursion
using the exact sp(w) instead of §j,;(w), then the iterate wy; (we use regular
font instead of wy,; to highlight its deterministic nature in this case) converges to
W, N steady-state. In this case, the error between wy; and w? in steady-state

becomes the error between wy, o, and w®, i.e., the bias, which is O(p2,,,).

5.7 Conclusion

In this chapter, we studied the learning behavior of adaptive networks under
fairly general conditions. We showed that, in the constant and small step-size
regime, a typical learning curve of each agent exhibits three phases: Transient

Phase I, Transient Phase II, and Steady-state Phase. A key observation is that,
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the second and third phases approach the performance of a centralized strategy.
Furthermore, we showed that the right eigenvector of the combination matrix
corresponding to the eigenvalue at one influences the limit point, the convergence
rate, and the steady-state mean-square-error (MSE) performance in a critical
way. Analytical expressions that illustrate these effects were derived. Various

implications were discussed and illustrative examples were also considered.

5.A Proof of Lemma 5.1

First, we establish that conditions (5.27) and (5.28) imply (5.24) and (5.25),

respectively. Using the mean-value theorem [105, p.6], we have for any z,y € S:

Isue) = el = | [ Pursaty + e~ it o - )|

1
< / IVursi(y + t@ — ) dt - 1z -yl
0

<Av -z =yl (5.173)

where we used the fact that y +t(z —y) =tz + (1 —t)y € S given z,y € S and

0 <t < 1. Likewise, we have

N

(@ =)D palsu(@) = si(y)]

k=1

=) Yone [ Varssly+ tla = )it (o)

— (e -y / S peVarsily + Hz — )it - (z — y)
0 =1

Oz~ )T Hoy+ tx — ) - (z — y)

o Hily+i(e—y)+ H(y+i(e —y))

= (z—y) 5

(z—y)
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> A [l = yll? (5.174)

Next, we establish the reverse direction that conditions (5.24) and (5.25) imply
(5.27) and (5.28). Choosing © = w + ¢ - dw and y = w in (5.24) for any dw # 0

and any small positive ¢, we get

Isw(w +1 - dw) = sp(w)|| < - Ap - [|ow]|

L et sw) —Sk<w>H <o+ 8wl
t—0+ t

= i si(w + 1 - dw) —Sk(w>H < Ay - ||6w]|
t—0+ t

= ||Vyrsp(w)ow|| < Ay - ||dw]|

5
L [ Varse(w)] 2 sup W wrse@owll (5.175)
Sw0 [[ow]]

Likewise, choosing x = w + ¢ - dw and y = w in (5.25) for any dw # 0 and any

small positive ¢, we obtain

N

t-sw” Y prlsk(w + - dw) — sp(w)] > 7 Ay - [|dw])?
k=1
T N . sp(w+t - dw) — s (w)
- oo g )
> Ap - |ow]?

N
= w'- Zpkvask(w) 0w > Ap, - [|0w|)?
k=1

= dw" H(w)ow > Ap - ||dw]]?

L g Hew) + HT ()
2

He(w) + H (w)

Sw > A - ||dw|?

> A Iy (5.176)
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5.B Proof of Lemma 5.4

Properties 1-2 are straightforward from the definitions of P[-] and P[-]. Property

4 was proved in Chapter 4. We establish the remaining properties.

(Property 3: Convexity) The convexity of P[] has already been proven
in Chapter 4. We now establish the convexity of the operator P[]. Let Xéﬁ)
denote the (¢,n)—th M x M block of the matrix X®* where ¢ = 1,..., K and
n=1,...,N. Then,

K
k=1

k
Zf:lakHXfl)‘ Zk 1 @k ’X H
= :
K k K k
S ] - o |x)
K
=Y aeP[X W) (5.177)
k=1

(Property 5: Triangular inequality) Let X, and Y,,, denote the (¢, n)—th
M x M blocks of the matrices X and Y, respectively, where ¢ = 1,..., K and

n =1,...,N. Then, by the triangular inequality of the matrix norm || - ||, we
have
[Xull + Yl - [ Xl + [l
PIX+Y] = :
[ Xeall + Ykl - ([ Xl =+ Vel
= P[X] + P[Y] (5.178)
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(Property 6: Submultiplicity) Let Xj, and Z, be the (k,n)—th and
(n,l)—th M x M blocks of X and Z, respectively. Then, the (k,l)—th M x M
block of the matrix product X Z, denoted by [X Z]j,, is

N
(X Z)ks = XinZn (5.179)
n=1

Therefore, the (k,l)—th entry of the matrix P[XZ] can be bounded as

N N
[PIXZ]],, = > XenZual| < D 11Xkl - ([ Za (5.180)
n=1 n=1

Note that || Xy, || and || Z,,|| are the (k,n)—th and (n,)—th entries of the matrices
P[X] and P[Z], respectively. The right-hand side of the above inequality is
therefore the (k,l)—th entry of the matrix product P[X]P[Z]. Therefore, we

obtain

P[XZ] < PIX|P|Z] (5.181)

(Property 7: Kronecker structure) For (5.107), we note that the (k,n)—th
M x M block of X ® Iy is @, 1. Therefore, by the definition of P[], we have

EEU IR EA0N
PIX®Iy|l=| : = P [X] (5.182)
[Zr1| - TR
In the special case when X consists of nonnegative entries, P;[X] = X, and

we recover (5.109). To prove (5.108), we let a = col{ay,...,an} and b =
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col{by,...,by}. Then, by the definitin of P[], we have
Pla®b] = col{|as|* - [IBI*,. .. lan[|* - [|BI[*} = [[6]]* - Pr[a] (5.183)

(Property 8: Relation to morms) Relations (5.110) and (5.111) are

straightforward and follow from the definition.

(Property 9: Inequality preservation) The proof that < y implies
Fx < Fy can be found in Chapter 4. We now prove that F' < G implies
= Gz. This can be proved by showig that (G — F)x > 0, which is true

because all entries of G — F' and = are nonnegative due to F' < G and x > 0.

(Property 10: Upper bounds) By the definition of P[X] in (5.101), we
get

PLX) = (X ) - 127
N
< max (Z HXZkH) 117
: k=1
= [|P[X][lo - 217 (5.184)

Likewise, we can establish that P[X] < ||P[X]|, - 117.

5.C Proof of Lemma 5.5

(Property 1: Linear transformation) Let Qy, be the (k,n)-th M x M block
of Q). Then

2

P[Qz] = col (5.185)

g ey
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Using the convexity of || - ||?, we have the following bound on each n-th entry:

N

1Qunll  Qua
;ziﬂn%n Q™

2

r N -2
(a)
= | 2 1Qual
Ln=1 J

N
Z anxn
n=1

r 42

0 [ Y @l 1 Qual?

< 15 1Qul] - ol Wkl 2
; | ;ZMQMH Qo2

[ N 7 N
= D Qknll| - D Q| - llazall?
Ln=1 ] n=1
N N
< max [Z IIanH] Y NQknll - I
n=1 n=1

N
= 1P[Qllse - >_ 1Qnll - lznll® (5.186)
n=1

where in step (b) we applied Jensen’s inequlity to ||-||>. Note that if some ||Qgy||
in step (a) is zero, we eliminate the corresponding term from the sum and it can
be verified that the final result still holds. Substituting into (5.185), we establish
(5.114). The special case (5.116) can be obtained by using P[AT ® I);] = AT and
that ||AT]|. = 1 (left-stochastic) in (5.114). Finally, the upper bound (5.115)
can be proved by applying (5.113) to P[Q].

(Property 2: Update operation) By the definition of P[-| and the Lips-

chitz Assumption 5.3, we have

Pls(z) = s(y)] = col{[|s1(21) — si()[I%, - s (@n) — s (yn)[I*}
= col{Af - [lwy —will®, - A - llew — wl*}

=\, Plr — 9] (5.187)
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(Property 3: Centralized opertion) Since T, : R® — RM | the output of

P[T.(z) — T.(y)] becomes a scalar. From the definition, we get

PT(x) = To(y)] = |2 = v — ttmax - (0 © Ing) [s(1 @ ) — s(1 @ p)]||”

= |z =y — fma - Y 2 [s0(2) — su(@)] ||

k=1

= [l = ylI* = 2ptmax - (= = )" Y pr [s(2) = si(y)]

+ 1 |07 ® Inp) [s(1 @ 2) — s(1 @ )|

=2

= [l = ylI* — 2ptmac - (& Zpk sk(x) = si(y)]

TP [T © L) sl @) —s(Loy)]]  (5.188)

We first prove the upper bound (5.118) as follows:
al 2
P [Tc(x) - Tc<y>] = ||‘T — Y — Hmax - Zpk[sk(x) - Sk(y)]H
k=1

= |z = ylI” = 2imax - ( — )" > prlse(®) — su(y)]

1M

N

ot | D prlsn(2) = se )]
k=1

(6 18) ) 2

||m—y|| _2,umax )‘L ||x—y||

+ :umax H Zpk Sk - Sk y)]||2
<z =yl = 2ttmax - A - [l2 =y

b [ L pilon(o) = su()]])

(524 ) )
2 = ylI” = 2bmax - A - ||z =yl
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N 2
+ :uilax ’ lzpk : )‘U ’ ”l’ - yH]

k=1
= [l = ylI* = 2ttmas - Az - [l = y]?
+ i PIRAG - 2 = yI?

= (1 = 2ftmax Az + L A 1PIT) - [l2 =y

1 2
< (1=t + g BI) ool (589

where in the last step we used the relation (1 —z) < (1 — 3z)2.

Next, we prove the lower bound (5.119). From (5.188), we notice that the

last term in (5.188) is always nonnegative so that

PTo(x) = Te(y)) = |z = ylI* = 2ptma - (2 = )" Y pi [s(w) — sx(y)]
2 e = 0l = 2t — - | e Isel) — 5w |
k=1
o e = 0l = 2l — -3 ) — 5w
k=1

() N
= Nl = yl” = 2htmax - 17—y - Zpkkuﬂx — 9l
k=1

= (1= 2ptmaxAulplly) - Iz = y]I* (5.190)

where in step (a), we used the Cauchy-Schwartz inequality z7y < |#Ty| < ||z -

ly||, and in step (b) we used (5.24).

(Property 4: Stable Jordan operator) First, we notice that matrix Dy,

can be written as

DL,n =d, Iy, + ®Ln (5191)
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where O is an L, x L, strictly upper triangular matrix of the following form:

_0 X -
O, = (5.192)
1
- O_
Define the following matrices:
AL = diag{dglLQ, Ce ?dnoano} (5193)
0}, £ diag{O©p,,....0, } (5.194)
Then, the original Jordan matrix D can be expressed as
Dy =Ap+ 0} (5.195)

so that

Pi[Dpa’ +y]| = P [Ap2' + 0L 2" + o]

1 1 — |ds| 2
— Polldol - — A2’ i ro
e S T
1_|d2|. 2 y/
21— |dy
(a) 1 1—|d2| 2
< |dy| - Py | —Apa’ P Lo
= || 1{|d2| Lx}* R PN
1_|d2| 2 /
. P
T3 1[1—|d2|y
® 1 / 2 '’ ,
2 P A — = __.pe :
|d2‘ 1[ Lx]+1—|d2| 1[ Lx]+1—|d2’ 1[y]
2
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2||P1[®/L]HOO D / / 2 /
Ll A 1) - SRy o) ) _“ _.p
1 — |dy| 1[O7] l[x]+1—|d2| 1 Y]
d D / 2 ! /
j Pl[AL]'Pl [x]+1_‘d2|6LP1 [x]+1—‘d2‘
2 2
= WY = Y ) I
=gy O P T

) , 2
LT, P =

—
=

Py [y]

(¢)
= |da|-Tp- Py [2']+ Py

Py (5.196)

where step (a) uses the convexity property (5.102), step (b) uses the scaling
property, step (c) uses variance relation (5.114), step (d) uses || Pi[AL]||oo = |da],
Pi[07] = O] and [|A[0]]lc = O]l = 1, step (e) uses Pi[Ar] < |do| - I,
and ©) < O, where O denotes a matrix of the same form as (5.192) but
of size L x L, step (f) uses the definition of the matrix I'. in (5.125).  The
above derivation assumes |dy| # 0. When |dy| = 0, we can verify that the above
inequality still holds. To see this, we first notice that when |dz| = 0, the relation
0 < |dp| < -+ < |dy| implies that d,,, = --- = dy = 0 so that Ay, = 0 and
Dy = 0} — see (5.193) and (5.195). Therefore, similar to the steps (a)—-(f) in
(5.196), we get

P1 [DLZL‘/ + y'] = P1 [@/Ll’, -+ y'}
1 1
=D [5 2072 + 3 2y/]
1
< - P 2072 + 3 Py[2y']

[y =

1
=52 PO+ 52 Ay

(\V]

= 2P1 [@/LQZ’/] + 2P1 [y/]
= 2| PO ][l - AA[OL]P[2'] + 2P1[y]
— 20, Ale/) + 2Py

<20, P[] + 2P[y/] (5.197)
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By (5.125), we have I'. = 20, when |d2| = 0. Therefore, the above expression is
the same as the one on the right-hand side of (5.196).

(Property 5: Stable Kronecker Jordan operator) Using (5.195) we

have

P[DLxe+ye]:P[(AL®IM)xe+( /L®]M)xe+ye]

1 1—|dy| 2 ,
— Plldy|- — (AL ®1af) e - (0, @1z,
el e L)oo (O @ )
1—|d| 2
LN R SN y]
(a) 1
= |d2\-P[@.(AL®zM)x4
1_|d2| 2 /
+— P[1_|d2| (@L®IM)J:B}
1 |ds] 2
. P .
L [1—|d2| v
® 1 /
Y = P(AL® )z 4+ ——— . P T) e
+ . Ply.
1) [Ye]
© | P[(A; @1 _
2
2| PO, @] |loe =
P[0 @Iy Plz.] + Ply.
@ _ 9 ,
j P[(AL®IM)]P[$6]+1_—|CZQ|@LP[CC'6]
+ - Ply.
=) [Ye]
(<e)|d|l Plz.]+ 2 Or - Plx.]+ Plye]
- 2 L Te 1—|d2| L Te 1—|d2| ye
9
2T, Ple]+ — = Ply.] (5.198)
1 — |dy|

where step (a) uses the convexity property (5.102), step (b) uses the scaling
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property, step (c) uses variance relation (5.114), step (d) uses ||P[Ar ® Iy]|loo =
|ds| and P[0 ® I] = ©, step (e) uses P[Ap ® Ip] < |dy| - I, and ©} < Oy,
and step (f) uses the definition of the matrix I'. in (5.125). Likewise, we can

also verify that the above inequalty holds for the case |dy| = 0.

5.D Proof of Theorem 5.1

Consider the following operator:

Ty(w) 2 w — " ”W Zpksk (5.199)

U k=1

As long as we are able to show that Ty(w) is a strict contraction mapping, i.e.,
Vx,y, |To(z) — To(y)|| < vollx — y|| with «, < 1, then we can invoke the Banach
fixed point theorem [80, pp.299-300] to conclude that there exists a unique w®
such that w® = Ty(w°), i.e.,

N
w’ = w’ T HQ/\Q Zpksk & Zpksk(w") =0 (5.200)
k=1

U k=1

as desired. Now, to show that Tp(-) defined in (5.199) is indeed a contraction, we
compare Ty(-) with T,.(-) in (5.92) and observe that Ty(w) has the same form as
T.(+) if we set fimax = HG‘TLAQ in (5.92). Therefore, calling upon property (5.118)

and using fimax = B ”2 = in the expression for 7, in (5.120), we obtain

2
AL 1( AL )2 -
PTo(x) = To()] < [ 1= —2E x4 = (2L ) |pl2A2 | - Ple —

(1 LA )2 Plz —y (5.201)
=1-=—>= ) -Plx—y :
2 [lpllirg
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By the definition of P[-] in (5.99), the above inequality is equivalent to

1Az’
7o) - Tl < (1= 3k ) e —ul® (5200
17U

It remains to show that |1 — A2 /(2||p||3A\%)] < 1. By (5.26) and the fact that A,

|pl|? and A} are positive, we have

1 1 )\
<1l-=-—"L ~
2 2 |Ipll3A

(5.203)

Therefore, Ty(w) is a strict contraction mapping.

5.E Proof of Theorem 5.2

By Theorem 5.1, w® is the unique solution to equation (5.128). Subtracting both
sides of (5.128) from w®, we recognize that w® is also the unique solution to the

following equation:

N
W’ = W° — flmax Zpksk(wo) (5.204)
k=1
so that w® = T.(w®). Applying property (5.118), we obtain

el = Plw® — @]
= P[T.(w°) — To(w0ei-1)]
<72 Plw’ — We; 1]
<7 Plu® — 0]

=72 [l eoll? (5.205)
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Since 7. > 0, the upper bound on the right-hand side will converge to zero if

Y. < 1. From its definition (5.120), this condition is equivalent to requiring

1
1- ,umax)\L + §,ufnaXHpH%)\2U <1 (5206)

Solving the above quadratic inequality in fimay, we obtain (5.130). On the other
hand, to prove the lower bound in (5.130), we apply (5.119) and obtain

HwC,iH2 = P[wo - ww’]
= P[Tc(wo) - TC(wC,Fl)]
>__ (]- - 2,U/max||p||l/\U) : P[wo - wcui_l]

t (1 - 2,umapr||1)\U)z . P[wo - wc,O}

(1 = 2ptmax|[pll1A0)" - || el (5.207)

5.F Proof of Theorem 5.3

Since (5.129) already establishes that w.; approaches w® asymptotically (so that
wW.; — 0), and since from Assumption 5.5 we know that s;(w) is differentiable
when ||@. ;|| < ry for large enough i, we are justified to use the mean-value

theorem [105, p.24] to obtain the following useful relation:

Sk (We,i-1) — sp(w?)
1
= — |:/ VwTsk(wO — f}ﬂ}c’ifl)dt ’Lplv)cﬁ;l
0
= —vaSk(’wo) . 'lI}c’i,1

1
- / [vaSk (”LUO — t’LZ}cJ‘_l) - VwTSk(’wo)] dt - ’LZJCJ‘_l (5208)
0
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Therefore, subtracting w® from both sides of (5.40) and using (5.128) we get,

N
wc,i - wc,i—l + Hmax Zpk(sk(wc,i—l) - Sk(wg))
k=1
= [[ - Mmach]uN)c,ifl — HMmax * €i—1 (5209>
where
N
Ho 2 ppVyrsi(u®) (5.210)
k=1
N 1
€i—1 é Zpk/ [VwTsk(wO—tﬁ)c,i,l) —VwTSk(’LUO)] dt'UN)C’ifl (5211)
k=1 “0

Furthermore, the perturbation term e;_; satisfies the following bound:

NE

1
Jeicall < 3o [ [ ursu(w i)~ Vo) e - [
k=1 0
N 1
<>om [ At et ]
k=1 0
1 ~ 2
= Pl e (5.212)

Evaluating the weighted Euclidean norm of both sides of (5.209), we get

[@eill% = Wei1llBrsp, — 2max - Wey 1 Be L€y 4 fioay - lleialls (5:213)

where

Be =1 — fimaxH, (5.214)
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Moreover, ||z]|% = 27¥z, and ¥ is an arbitrary positive semi-definite weighting
matrix. The second and third terms on the right-hand side of (5.213) satisfy the
following bounds:

. (@
Wei1Be Deioa| < il - 1B - IZ] - eial

cii—1

< el 1B || - Te () - llei-ll

. Aulplle -
< el - |BE - Te(S) - —y [ e, || (5.215)
and
2 (b) 2
leizallss < 2] - el
< Tr(X) - fleia|?
)\2 2
<a(m) AP0 e (5216)

where for steps (a) and (b) in the above inequalities we used the property [|X]| <
p(2) < Tr(X) for real symmetric (or Hermitian) nonnegative-definite 3. Now, for

any given small € > 0, there exists ip such that, for ¢ > iy, we have || ;1] < €

so that
~T T T )\H||P||1 ~ 2
[l \BISei 1| <e-| B! H'TT(E)'T'H’LUQHH (5.217)
/\2 2
el < @ () - 22y e (5218)
Substituting (5.217)—(5.218) into (5.213), we obtain
[@ei1Brsp.a < 1@eill3 < l@eilBrsp. a (5.219)
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where

A llplls
4

= Ojtmaxe) - Te(X) - Tng (5.220)

A £ Hmax€ )‘HHp”l ’ [HBCTH + Mmax€ ] ’ TI‘(E) I

Let 0 = vec(X) denote the vectorization operation that stacks the columns of a
matrix 3 on top of each other. We shall use the notation ||z||2 and ||z||% inter-
changeably to denote the weighted squared Euclidean norm of a vector. Using
the Kronecker product property [82, p.147): vec(UXV) = (VI ® U)vec(X), we
can vectorize the matrices B’Y.B, + A and BI'YB. — A in (5.219) as F, o and

F_o, respectively, where

Aallplliy
. laq

= Bl @ B! + O(jtmaxe€) (5.221)

f—i— = BZ®B3+Nmax€'AHHpH1' [||BZ||+/~Lmax€

A
Fo 2 BT BT — e Al - 1871 4+ e 20 gt

= BT @ BT — O(pimaxe) (5.222)

where ¢ = vec(Iy;), and we have used the fact that Tr(X) = Tr(XIy) =

vec(Iyr)Tvec(X) = ¢"o. In this way, we can write relation (5.219) as
[0ei-1lF_o < eills < Dei-1llF, (5.223)

Using a state-space technique from [116, pp.344-346], we conclude that ||w.;|/%
converges at a rate that is between p(F_) and p(F,). Recalling from (5.221)—
(5.222) that F, and F_ are perturbed matrices of B ® B!, and since the pertur-
bation term is O(€pimay) Which is small for small €, we would expect the spectral

radii of F, and F_ to be small perturbations of p(BI ® BT). This claim is
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justified below.

Lemma 5.7 (Perturbation of spectral radius). Let € < 1 be a sufficiently small
positive number. For any M x M matriz X, the spectral radius of the perturbed

matric X + E for E = O(e) is
p(X + E) = p(X) + O ez (5.224)

Proof. Let X = TJT~! be the Jordan canonical form of the matrix X. Without

loss of generality, we consider the case where there are two Jordan blocks:

where J; € REXL and J, € RIM-L)x(M=L) ar6 Jordan blocks of the form

e 1

Ty = - (5.226)
S

Ak

with |A;] > |Ag]. Since X + E is similar to T7'(X + E)T, the matrix X + F has

the same set of eigenvalues as J + Ey where

Ey 2 T'ET = O(e) (5.227)

Let
€0 2 €T (5.228)
D, = diag {1,€,...,¢ '} (5.229)
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Then, by similarity again, the matrix J + Ej has the same set of eigenvalues as
D '(J + Eg)Dey = D' D, + Er (5.230)

where E, £ De_OlEoDeO- Note that the oo-induced norm (the maximum absolute

row sum) of £ is bounded by

1E1]loe < 11D& Moo - Eolloo + [[Deglloo

1 1 L
= —750(e) 1 =—=-0(e) = O(e?) (5.231)
o €2
and that
D' JD., = diag{Jj, J;} (5.232)
where
-)\k €0 |
Ji = - (5.233)
e
I Ak

Then, by appealing to Gersgorin Theorem [68, p.344], we conclude that the eigen-
values of the matrix D;Ol JD.,+ E4, which are also the eigenvalues of the matrices

J + Ey and X + FE, lie inside the union of the Gersgorin discs, namely,

Gm (5.234)

(=
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where G,, is the mth Gersgorin disc defined as

( M
{)\ A= A <60+ZyE1mgy} 1<m<L
Gm = 4 S
{/\ |)\ )\2|<€0+Z|E1mg} L<m<M
\ /=1

{)\ L ]A=Ag| < O(e D
(5.235)

{)\: IA=Xo| < O(ex0t
\

and where Ej ,,, denotes the (m, ¢)-th entry of the matrix F;. In the last step
we used (5.228) and (5.231). Observe from (5.235) that there are two clusters of

Gersgorin discs that are centered around A\; and Ay, respectively, and have radii

on the order of 0(62<M1 -D). A further statement from Gersgorin theorem shows
that if the these two clusters of discs happen to be disjoint, which is true in our
case since |A1| > || and we can select € to be sufficiently small to ensure this
property. Then there are exactly L eigenvalues of X + F in UL _ G,, while the
remaining M — L eigenvalues are in UM_, ., G,,. From |\;| > |\s|, we conclude

that the largest eigenvalue of D_'J D, + Ey is A; + O(e ue 207=1) ), which establishes

(5.224).
[
Using (5.224) for F; and F_ in (5.221)—(5.222), we conclude that
p(Fr) = [p(Inr = pmax He)? + O((fimax€) ™) (5.236)
p(F-) = [p(Ins = pimaxcHe)* + O((maxe) 1) (5.237)

which holds for arbitrarily small e. Since the convergence rate of ||w,;||* is between

p(F.) and p(F-), we arrive at (5.131).
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5.G Proof of Lemma 5.6

From the definition in (5.127), it suffices to establish a joint inequality recursion
for both EP[w, ;] and EP[w.;]. To begin with, we state the following bounds on

the perturbation terms in (5.86).

Lemma 5.8 (Bounds on the perturbation terms). The following bounds hold for

any v > 0.

Plzia] < 5 - ||BATOL)||Z 107 Plw, o] (5.238)
Pls(1@We;1)] = 372 Pltbe;_1]- 1433 || deo>- 1 +3¢° (5.239)
E{P[v]|Fi-1} 2 da- 1 - Plw;1]

+da- | PIATUL]|IZ, - 117 Plaw,; 1]

+[da- ([l +[Jw?P) +07] - 1 (5.240)
EP[v;) 4o -1 -EP[w, ;1]

+4a - || PLATUL]|Z, - 117EP[we ;]

+[da (ol +[lw|*) +07] -1 (5.241)
where Plb,; 1] = ||e;_1]]?, and g° £ P[s(1 @ w°)].
Proof. See Appendix 5.H. n
Now, we derive an inequality recursion for EP[w. ;] from (5.97). Note that
EP[w,] = El|,|*

=EP [Tc(wc,i—l) - Tc(wc,i—1> — Mmax - (pT & IM)zi—l

— HMmax * (pT ® IM>IUI)}

@ EP [Tc(wc,i—l) - Tc<wc,i—1) — Mmax * (pT 0%y IM)zi—l]
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+ lurznax -EP [(pT ® [M)IUZ)}

1
= EP Ve — (Tc<wc,i—l) - Tc(wc,i—1>>

_Hmax
—(
11—
+ fioax - EP [(p" @ Iyp)v;)]
(b) 1 _
j ’Y_EP [Tc(wc,i—l) - Tc(wc,i—1>]
+ (1 =) - MQLXQEP [(p" ® Ing)zia
(1 - 76)

+ :ugnaxEP [(pT ® [M)Iv’l:|

+ (1 =) - p" ® In)zioa

© 2
< Yo - EP [t 1] + f_ﬂEP (0" © In)2i1]

c

+ 12 BP [(p" @ In)vs)

T 2
=7 - EP[w.;1] + ﬁE H(pT & [M)zz?lH

+ pia B H(pT®fM)UiH2
2

2
9 s BP i) + L2

C

N
E PrZki—1
k=1

N 2
+:u12nax]E Zpkvk,i
k=1
=Y EP [wc i—l]
N 2
Mmax Z Pk
T 2 =N  Rki-1
< ) k=1 21:1 b
2
Pk
+:umax Zpl) Z Vg
(l 1 k= 121 1P

(e)
S Ye * EP [wc,i—l]

2 N
Mmax Pk 2
-(Zm) 'ZZN E ||z
=1

k=1 Zul=1P1
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2 N
+:u1?nax.( ) Z EHUICZH
=1 k= Zz 1 D1
M N
e EP i) + e (zpl) S pE
k=1

1= =1

N
+ [l (Zpl> Yo ol
=1 k=1

2
~ /’LmaX
=Ye - EP [ 1] + = Il - pTEP[2;1]

- Jc

+ tiax - Ipll1 - P EP[v)]
(f) > Hmax * ||P”1 T
= Yo EP [we1] + -p" EP|[z;_4]
AL — 3 tmax P3N
+ tiax - Ipll1 - P EP[v)]

(9)
j Ye o EP [wc,i—l]

NmaX||p||1
)‘L - MmaX%HpH%)\QU

T {/\2U [ PLATU | - 117 EP[wm_l]}

_|_

+ e [pll -7 {40 1 - EPfub
+ 4o - || PIATUL |2, - 1T1TEP[w, ;1]
+ [ (laeoll® + lw”)?) +07] -1}
D e + pEs - 4lp]3] - EPltbi ]
+ bl - | PLATUIL, - N2

Hmax T
' + 4lumax i| 1 Ep[we’t 1]
[)‘L — S Hmax[PITAG G

+ fimas - IPIT - [4e ([@eoll® + w?]?) + o] (5.242)

where step (a) uses the additivity property in Lemma 5.4 since the definition of
zi—1 and v; in (5.86) and the definition of w,,;—; in (5.60) imply that z;_; and
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w,;_1 depend on all {w,} for j <i— 1, meaning that the cross terms are zero:

Elv;z{_)) = E{E[v;|Fi-1] 2 1} =0
E{Ui [Te(wei1) — Tc(wc,i—l)]T}

=E {E [v; | Fii] [Tc(wc,i—l)—Tc(@c,i—l)]T} =0

Step (b) uses the convexity property in Lemma 5.4, step (c¢) uses the variance
property (5.118), step (d) uses the notation zj,_; and vj; to denote the kth
M x 1 block of the NM x 1 vector z;_; and wv;, respectively, step (e) applies
Jensen’s inequality to the convex function || - ||?, step (f) substitutes expression
(5.120) for ., step (g) substitutes the bounds for the perturbation terms from
(5.238), (5.239), and (5.241), step (h) uses the fact that p’1 = ||p||;.

Next, we derive the bound for EP[w, ;| from the recursion for w,; in (5.94):

]EP[U)EJ']
=EP [DNflwe,ifl — Z/{RAgM 3<]1 & wc,i71>

— Z/{RAgMZi_l — URAgMUZ}

(;) EP [DN,lwm,l — URAgM (8(]1 & wcyi,l) —+ 2171)]

(b)
j Fe -EP [we,ifl]
2

_— . T A ‘
Ty P [URAT M (s(1 ® wei—1)+2i-1)]

+EP [UpAj Mu;]

(c)
j Fe : EP [we,i—l]

= P M|

2
00
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. ]].]].T -EP [S(]l & wc,i—l) + Zz'—l]
+ || PUUg ATM]||°. - 117 - EP [v)]
(d)
j Fe -EP [wei 1]

: 4IIPURATJH

+ max' > IL]IT
s “Pe(A)

A{EP [5(1 ® we,; 1)+ EP [2i-1] }

+ 12 |PURAD]|C - 117 - EP [v)]

(e) _ _
= [re+4ufnax-HP[uRAgmio-HP[A?uL]HZOA@N

9 ‘ — T 2 ; g
+4:U’max ||P[URA2]HOO>\UN (1 - |>\2(A>| " /\2U>

1 Ellbe;|

A [PV +17
T ()]

+N[4a(llwc,o||2+||w°||2)+03]] 1

| PURATI {12

—~

f
= [Fe+4umax ||PL{RAT 12| PLAT 2|2 22N

2 P T 2 3 @
+4:umax ||P[URA2]HOO)\UN (1_ ‘)\Q(AM + )\QU)

-1 Eljbe|?

~

MGl el +119° oo
1= [A2(A)]

+4a<nuvc,ouz+uw°|\2>+ai] 1 (5.243)

+ 12 N || PURAT|1 {12
where step (a) uses the additivity property in Lemma 5.4 since the definition of
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z;—1 and v; in (5.86) and the definitions of w,;_; and w,;_; in (5.60) imply that
Zi—1, We;—1 and w, ;1 depend on all {w;} for j <i— 1, meanng that the cross
terms between v; and all other terms are zero, just as in step (a) of (5.242), step
(b) uses the variance relation of stable Kronecker Jordan operators from (5.126)
with dy = A2(A), step (c) uses the variance relation of linear operator (5.115),
step (d) uses the submultiplictive property (5.106) and Plx + y] < 2P[x] + 2P[y]
derived from the convexity property (5.102) and the scaling property in (5.238),
(5.239), and (5.241), step (e) substitutes the bounds on the perturbation terms
from (5.238)—(5.241), and step (f) uses the inequality [17¢°| < N||¢°||oo-

Finally, using the quantities defined in (5.136)—(5.139), we can rewrite recur-
sions (5.242) and (5.243) as

EP[te] X (Yot tomastho) EP e, 1]

+ (pmasche (Hmase) + tinax¥0) - TTEP[we; 1]

112 Do e (5.244)
EP[wei] X piatholl - EP[t; 1]

+ (Te + piiathol17) - EP[w, ;1]

+ 12 bue - 1 (5.245)

where EP[w.;] = E||w,.;||*. Using the matrices and vectors defined in (5.133)~

(5.135), we can write the above two recursions in a joint form as in (5.132).
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5.H Proof of Lemma 5.8

First, we establish the bound for P[z;_;] in (5.238). Substituting (5.62) and
(5.81) into the definition of z;_; in (5.86) we get:

Plz; 1] = P[S (]1 ®wc,i71+(Ar{UL®[M)we,ifl) _5(ﬂ®wc,i71)]

(a)
j )\(2] . P [(A’{UL X IM)we,i—l]

2

) _
23 | PLATU| - 107 - Pluwe ] (5.246)

where step (a) uses the variance relation (5.117), and step (b) uses property

(5.115).

Next, we prove the bound on P[s(1 ® w,.;_1)]. It holds that

Pls(1 ®we; 1)] = P % 3(5(1 @ west) — 5(1® Torr))

4 % 3(s(L ® Weit) — s(1 ® w))
+%-3~s(1®w°)}

) % P3(s(1 @ wei1) = s(1 ® we;1))]
n é - P[3(s(1 ® Wei—1) — s(1 ® uw°))]
n % - P[3-s(1 @ w®)]

2 3P[5(1 @ wei 1) —s(1 @ i 1)]

+3P[s(1 ® We—1)—s(1 @ w®)] 4+ 3P [s(1 @ w°)]
(c)
<3\, P[1® (weim1 — Weio1)]

+3\ - Pl ® (W1 — w®)] + 3P[s(1 ® w°)]

d o _ o
D3N s[> 14303 - [Jtes 1 — w2+ 1
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+ 3P[s(1 ® w’)]

(e)
= 3N | Wi || T 4+3N || Weo |- T4+3P[s(T @ w?)]  (5.247)

where step (a) uses the convexity property (5.102), step (b) uses the scaling
property in Lemma 5.4, step (c) uses the variance relation (5.117), step (d) uses

property (5.108), and step (e) uses the bound (5.129) and the fact that v, < 1.

Finally, we establish the bounds on P[v;] in (5.240)—(5.241). Introduce the
MN x 1 vector x:

rE= 1w, 1+ AlUrw.; 1 = P; (5.248)

We partitin « in block form as & = col{xy,..., &y}, where each x; is M x 1.

Then, by the definition of v; from (5.86), we have

E{P[v]]|Fi_1} = E{P[s:(x) — s(z)]|Fi-1}
= col{E [[|81,4(21) — s1(21)|]*| Fima]
S E8na(en) = sw(@n) P Fia] }
L colfa- [lzi|P+0% ..., a-ex]?+02}

=a- Plx]+ 021 (5.249)
where step (a) uses Assumption (5.18). Now we bound P[x]:

Pla) = P[1 @ we; 1 + AlUpwe, ]
1 1
— P|:Z4]]_ ® (wc,i—l_wc,i—1)+1'4.]]' ® (wc,i—l_wo)

1 1
—|—Z'4'A’{ULU}@J,1+Z'4'1 (29 ’LUO:|
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1 1
=P|-41® 11)071'_1—{—1'4']1 & wqi—l

4
TR 1 .
+ A AUt A L@
@1 § L .
= AP @] + 4P ]
1 1
+7- 42 PlATU ;1] + 1 4. P[1 @ w]

b - ~
Qg |21+ 4 i 1

+4- PIATULwe ;] + 4 Jw?]? - 1
(<) _
= 4 el [* D4 PLATUL 12, 117 Plweii]

F 4 Dol 1 +4- w1 (5.250)

where step (a) uses the convexity property (5.102) and the scaling property in
Lemma 5.4, step (b) uses the Kronecker property (5.108), step (c) uses the vari-
ance relation (5.114) and the bound (5.129). Substituting (5.250) into (5.249),
we obtain (5.240), and taking expectation of (5.240) with respect to F;_; leads
to (5.241).

5.1 Proof of Theorem 5.4

Assume initially that the matrix I' is stable (we show further ahead how the
step-size parameter jiy,., can be selected to ensure this property). Then, we can
iterate the inequality recursion (5.132) and obtain

i—1

WIS TW, + pihe Y T,

j=0

= fj DIV + Hina fj IVb,
j=0 Jj=0
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j (I - F)_l(w(/) + H’IQHaxbv)

(5.251)

where the first two inequalities use the fact that all entries of I are nonnegative.

Moreover, substituting (5.133) into (5.132), we get

W! L ToW,_y + p2axthol LW + 12y

(5.252)

Substituting (5.251) into the second term on the right-hand side of (5.252) leads

to
Wz/ j FOWZ{—]. + :u’?nax ' CU(/’LHI&X)
where

Cv(,umax) £ ¢0 : ]lT([ - F)_1()/‘/(/) + ugnaxbv) -1 + bU

Now iterating (5.253) leads to the following non-asymptotic bound:

i—1
Wi XTIV + > 2T - ol ftmax) < ToWg + Wi

Jj=0

where

Wéﬂ?l 2 (T = T0) ™"+ Cofmax)

(5.253)

(5.254)

(5.255)

(5.256)

We now derive the non-asymptotic bounds (5.140)—(5.141) from (5.255). To this

end, we need to study the structure of the term FBW{). Our approach relies on

applying the unilateral z—transform to the causal matrix sequence {I'},7 > 0} to
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get
To(2) £z {Fg} = z(zl — FO)*1 (5.257)

since I'y is a stable matrix. Note from (5.134) that I'y is a 2 x 2 block upper
triangular matrix. Substituting (5.134) into the above expression and using the
formula for inverting 2 x 2 block upper triangular matrices (see formula (4) in [82,

p.48]), we obtain

£ maxhc max) ° £ . ]]-T 2zl — Fe -t
To(z) = | () - =52 1 ) (5.258)

0 2(zf = T.)7t
Next we compute the inverse z—transform to obtain I'j. Thus, observe that the
inverse z—transform of the (1, 1) entry, the (2,1) block, and the (2,2) block are
the causal sequences ¢, 0, and T, respectively. For the (1,2) block, it can be

expressed in partial fractions as

AT (2 - T

maxhc max ) °
P (Hmax) - — o

= Mmaxhc(ﬂmax) ']lT(’YCI_Fe)_l ( :

2=

I—z(zI—Fe)_1>
from which we conclude that the inverse z—transform of the (1,2) block is
fmasxPe(ftmax) 1T (veI =Te) ™ (I -T%), i>0 (5.259)

It follows that

. : maxhc max) ° ]lT c[ — Fe -1 éI - er
NI (Hmax) - 17 (7 )7 (v ) (5.260)

0 I
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Furthermore, as indicated by (5.41) in Sec. 5.4.1, the reference recursion (5.40)
is initialized at the centroid of the network, i.e., w.o = Zgzl Orwyo. This fact,
together with (5.61) leads to w.o = w,, which means that w.p = 0. As a result,

we get the following form for Wj:
W) = col {0, EP[w,.]} (5.261)
Multiplying (5.260) to the left of (5.261) gives

.y maxhc max) ° ]lT c]_Fe -t (Z;I_Fle We
rig = | () (;W )7 0T =Te) Weo (5.262)
e’ Ve, 0

where W, o = EP|w,]. Substituting (5.262) into (5.255), we obtain

W, < Mmaxhc(:uma)()']lT(Vc]_Fe)il ('Vél_rg Ep[we,o]
T ' EP[w, ]

+ W (5.263)
Finally, we study the behavior of the asymptotic bound Wé‘ob/ by calling upon
the following lemma.
Lemma 5.9 (Useful matrix expressions). It holds that

]lT([ - F)_l = C(lumax)

) - (1+ st s ) 17(1 -] (5264)

AL — g (pllIAG AL~ pl|IAG

ik heimas) 4T (7T )-1
(1Tt = |y mms ol U=Te) (5.265)
0 (I-T.)"
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where

e { Hmax
max) L= |pl 3N

2 (14 h(“ma") 17(1-T.) 1] h
max )\ ,Ltmax||p||2)\2 e

Proof. See Appendix 5.J.

(5.266)

]

Substituting (5.254), (5.261), (5.264) and (5.265) into (5.256) and after some

algebra, we obtain

W;lg)/ = ¢0'C(/Jlmax>f<,umax)

,u 1'5‘,Uzmaxhc(/Jrsnam)]lT(I_Fe)_lIL
max AL~ FBE[pl[AT

lu12nax ’ (I - Fe)il]l

/J/ bv,c“l‘#maxhc(#max)]lT(]—Fe)_lﬂbwe
max )\L_Hnéax ||p||%/\2

fimaxbo.e - (I =T¢) M1

where
,umaxbvc
f(,umax) é max :
A — 5= {p[IFAT
hC(NmaX) ) T -1
+ 11+ 17 (I-T)
( Ap— e |p||TAZ
X (EP[we,o)+ 1l 0 1Dy )
Introduce

W;E; = ¢O'C(Mmax)f(ﬂmax)

1 + ,umaxhc(,umax)]lT(I - Fe)_l]l
A =5 [pAG

max

242
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bv,c + ,umaxhc(umax)]lT(] - Fe)il]lbv,e

+ :umax 5269
N — =l (5209
W 2 40+ () f (Boma) * 10 - (T = Te) 71
+ :u?naxbv,e ’ (] - Fe)_l]l (5.270)
Then, we have
Wi = col{Wi2, Wi} (5.271)

Substituting (5.271) into (5.263), we conclude (5.140)—(5.141). Now, to prove
(5.142)—(5.143), it suffices to prove

W (A +he(0)1T(I—=T) " Weo+by A

unlxggo [Lm;x - A2 (5:272)
war AL+he(0)1T(I = To) " Weg4by oA
lim —% = YolAu+he( )11 [ Weokbodt (1 _pyay (5.273)
Hmax—0 Hmax >\L

Substituting (5.269) and (5.270) into the left-hand side of (5.272) and (5.273),

respectively, we get

Wb 1+ ftmaxche (fimax) 17 (1 —T6) 11
l. c,00 — l. . e e . max’vc max e
o0 i umiﬂo{% b)) =30 37
+ bv,c + Nmaxhc<,umax)]1T([ - Fe>_1]1bv,e }
A — E=[plEA
— - C(O)(0) - - + 2
I A AL
(@) hc(o) T —1 1 bvc
L b1 | (14 =2) 17 (1=, 'EP L
k| (14552) 47T B Pl | 5+ 5
A h  (ON)1T(I —=T.) "W, by A
)‘L
A yub’

4%
lim 26700 = lim 0 {¢0'C(Mmax)f(UmaX) ’ ([ - F6>_1]l + bvﬁ ’ (I - Fe)_l]l}

Nmax‘)o :umax HMmax—>
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= 0-C(0)f(0) - (I =Te) "L 4 by - (I =)'

® Yo KHh;_(())) AT(I-T) 'EPweo]| - (I —T.) 1

L
+bye- (I =T 11

_ 1/J0 (/\L + hc(O))]lT(] B Fe)_lwe,(] + bv,e)\L
= )\L

(I-T,)™1  (5.275)

where steps (a) and (b) use the expressions for ((fimax) and f(fimax) from (5.266)
and (5.268).

Now we proceed to prove (5.144). We already know that the second term on
the right-hand side of (5.140), Wg};;, is O(max) because of (5.142). Therefore,

we only need to show that the first term on the right-hand side of (5.140) is
O(ftmax) for all ¢ > 0. To this end, it suffices to prove that

H,umaxhc(,umax) ']]-T(’YCI_FJ_l (sz_rle) WE,OH

llfmax

lim
Nmax_>0

< constant (5.276)

where the constant on the right-hand side should be independent of ¢. This can

be proved as below:

H,umaxhc(ﬂmax) ']IT(VCI_Fe)_l (F)/é[_ré) W&OH

lim

Hmax—0 Hmax

T 4T =l (i T
_MrlggOHhC(ﬂmaX> 17 (vl —T) (’YCI Fe) WG,OH
< . . —THy!

< T el 21 T =T

(el T - Vel

INE

lim_ |he(fmac)| - N - [[(vel =Te) "]

Hmax —0

: <1 +C. - (p(Te) + €)i> [Weoll

INE

lim |hC(MmaX)|'N' ||('7cI_Fe)_1||'(1+Ce)' HWeOH

Mmax —0
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(c) _
= [he(0)] - N - [(T=T)7H - [1+ Ce] - [Weol|

= constant (5.277)

where step (a) uses 7. = 1 — fimaxA L+% w2, A2 < 1 for sufficiently small step-sizes,
and uses the property that for any small € > 0 there exists a constant C' such
that || X' < C - [p(X) + €]’ for all 7 > 0 [105, p.38], step (b) uses the fact that
p(Le) = [A2(A)] < 1 so that p(I'e) + € < 1 for small € (e.g., e = (1 — p(T.))/2),

and step (c) uses ¥ = 1 — ftmaxAr + 22, A7 — 1 when fimax — 0.

It remains to prove that condition (5.145) guaranees the stability of the
matrix I, i.e., p(I') < 1. First, we introduce the diagonal matrices Dy =

diag{e,- -+, eV} and D, = diag{1, Do}, where € is chosen to be
(5.278)

It holds that p(I') = p(D;'T'D,) since similarity transformations do not alter
eigenvalues. By the definition of I' in (5.133), we have

D'T'D. = D7'TyD, + pi2,, o - D117 D, (5.279)

We now recall that the spectral radius of a matrix is upper bounded by any of its
matrix norms. Thus, taking the 1—norm (the maximum absolute column sum of
the matrix) of both sides of the above expression and using the triangle inequality

and the fact that 0 < e < 1/4, we get

p(T) = p(D7'TD,)
<D 'ToDelly + | piastbo - D7 11T Dy

<D ToDe |1 + piatbo - [|DZM 11T Dl
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= DI ToDelly + practio - (L €7 e 70)
= | Do Dy + pastho - ——

= |[D7'ToDelly + patho -
< DZToDelly + priactio -

1
< IDIToDell + S maxtioe™ (5.280)

Moreover, we can use (5.134) to write:

C maxhc max ]lTDe
D 'ToD, = e K () . (5.281)

0 D;&FeDE,O

where (recall the expression for I, from (5.125) where we replace dy by Aa(A)):

ol gl
-1 .
D yTeDeo = ) (5.282)
2
i [A2(A)] |
Mmaxhc<ﬂmax)]lTDe,0 - ,umaxhc(/vbmax> [6 e €N71] (5283)
Therefore, the 1-norm of D7'TyD, can be evaluatd as
HD;DIFODG,OHl = Inax {’Yca |>\2(A)| + ,umaxhc(,umax)ea
1+ (A
% ,U/maxhc(/jlmax)€27 T,
1+ |A2(A
# + umaxhc(umax)e”l} (5.284)
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Since 0 < € < 1/4, we have € > €2 > -+ > V=1 > (. Therefore,

|D-ToDeoll = max { e, Na(A)] + pimeche(B)e,

L+ [Aa(A4)]

5 umaxhc(umax)eQ} (5.285)

Substituting the above expression for || D_gT¢D. o1 into (5.280) leads to

p(T) < max L, P\a(A)] + fimachefmse)€

1+ (A)]

1
2 +Mmaxhc(ﬂmax)e2}"’_,U?naxwoﬁ_N (5286)

3

We recall from (5.121) that . > 0. To ensure p(I') < 1, it suffices to require that

[max 1S such that the following conditions are satisfied:

1

Ve F SHmacthoe " <1 (5.287)
1

‘)‘2<A)’ + Nmaxh0<umax)€ + guﬁmxwoefN <1 (5'288)

14 [Ao(A 1

# + fmaxPe(Hmax ) €2 + gufnaxwoe—fv <1 (5.289)

We now solve these three inequalities to get a condition on piy,.c. Substituting

the expression for v, from (5.120) into (5.287), we get
o (1 n L2y
L= AL + i (50067 + 5 [PIEAE ) < 1 (5.290)

the solution of which is given by

AL
gtoe ™ + 3llplITNG

0 < fmax < (5.291)

For (5.288)—(5.289), if we substitute the expression for A.(fimax) from (5.137) into
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(5.288)—(5.289), we get a third-order inequality in fiymay, which is difficult to solve
in closed-form. However, inequalities (5.288)—(5.289) can be guaranteed by the

following conditions:

_ 2 2 N B
,u/maxhc(,umax)€< (1 ‘AZ(A”) : :urnax"go'E < 1 ’)Z(A” (5292)

This is because we would then have:

1
| A2(A)] + fimaxPe(fmax )€ + —Milax%e_N

3
< [Aa(A)] + <1—MZ<A>D2 N 1—112<A>\
< ()] =Pt 12 Pe)
= AL < (5.293)

2
Likewise, by the fact that 0 <e <1/4 <1,

14 [A(A 1 _
% + /Lmaxhc(,umax)e2 + guilax¢o€ N

14+ [Xa(A 1 _
< % + ,umaxhc(,umax)6 + g#?naxlﬁoﬁ N
1+ (A 1—{X2(A))? 1| (A
< L Pe()] A=) | 1=]Aa(4)]
2 4 4
1+ (A 1—[A2(A 1—[A2(A
L1+, 1= Pa(A)] | 1= Pa()
2 4 4
=1 (5.294)

Substituting (5.137) and (5.278) into (5.292), we find that the latter conditions
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are satisfied for

(0 < < AL
,umax =
IlIEAZ (| PLATUs) 12+ 5)
(5.295)
3(1 — [Ag(A)])2N+
0 < fimax < \/ ( 2|2]\f£212|)
L 0
Combining (5.287), (5.289) and (5.295) , we arrive at condition (5.145).
5.J Proof of Lemma 5.9
Applying the matrix inversion lemma [68] to (5.133), we get
(I =T)7 = (I = To — piaxtio - 117) 7
2 14T -1
~1, Mmax%o - ([ =To) 117 (I —TY)
= (I —Tg) " e 5.296
e it 1T~ Tg) 1 (5:290)
so that
1
171 -1)"t = AT —Ty) ™ (5.297)

1= g2t - 1T( = To)7'1

By (5.134), the matrix I'g is a 2 x 2 block upper triangular matrix whose inverse

is given by

1—n,)"! M(“max)]lT[—Fe_l
(I —To)' = (1 =) e ( ™) (5.298)
0 (I =T
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Substituting (5.120) into the above expression leads to (5.265). Furthermore,
from (5.265), we have

]lT I—T 711: Hmax
A vy PR
hC(NmaX> ) T -1
+(1+———FF—= |1 (I—Fe) 1 (5.299)
( AL =5 lplliAG

Substituting (5.299) into (5.297), we obtain (5.264).

5.K Proof of Theorem 5.5

Taking the squared Euclidean norm of both sides of (5.67) and applying the

expectation operator, we obtain

E|| @il = [[@cal® + E e + (urs © Lu)we|’

— 200, ; [Eabe; + (urp @ Iny)we] (5.300)
which means that, for all ¢ > 0,

N e A
= [E e + (wze @ Tl

— 227)21- []E’Li)c,i + (up g ® IM)Ewe,i}

(a)
< E|w.; + (upr ® ]M)we,z‘||2
+ 2 el - [ 1B || + [Jursk @ In| - [[Eawe,ll]
(b)
< 2K ||t + 2lur ke @ In|| - ElJwe]®

+ 2|l - [Ellwell + luzy @ Tull - Ellwe,|]
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(©)
< 2B we||* + 2lur s @ In|* - Ellwe,]?

+ 2/ @il - [\ Ellbeill? + [[uri @ Tall - A/ ElJwe,][?]

D OB P, + 2ljurs ® I - 1TEPw, ]

o 2fiegl] - [P + llur g @ Il - /17E P[]
(e) . - ’
< O(ftmax) + 2| ur sk @ Ing||* - (L' TiWeo + 17V

. 1
+ 25l eoll - [O(jain)

g ® Ll - TTTV g + 1T
) ‘
< Optmax) + 2l|ure © I |? - (AT W, 0+ O(i2,0))
+ 2l coll - [O(pihax)

e ® I - <\/]1TP2We,0 n \/omﬁm)) ]

=2ljupr @ Iy |* - 11T W, 0
+29% - ([l - Nlurk @ Tl - A/ 1TTEWe 0
. 1
+ 29 ieoll - [Olaine) + sk ® Lar] - Oljimas)]
+ O(MmaX) + O(:urznax)
(9) o T
< 2|upg @ Iy||* 1 TeWe
+2|[Weoll urk @ Inl]A/TTTiWe g

""72 : O(,urinax) +O(,U/max)
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(5.301)

where step (a) used Cauchy-Schwartz inequality, step (b) used ||z+y||* < 2|z|]*+
2|ly||?, step (c) applied Jensen’s inequality to the concave function /-, step (d)
used property (5.111), step (e) substituted the non-asymptotic bounds (5.140)
and (5.141) and the fact that EP[w.;] < O(tmax) for all i > 0 from (5.144), step
(f) used (5.143) and the fact that \/x +y < /& + /y for z,y > 0, and step (g)



used 7. < 1 for sufficiently small step-sizes (guaranteed by (5.130)).
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CHAPTER 6

Performance Analysis

6.1 Introduction

In Chapter 5, we carried out a detailed transient analysis of the learning be-
havior of multi-agent networks, which have applications in different contexts
(7,19, 26,29, 34, 36, 42, 46, 48, 49,51, 52, 58,67, 70, 75-77, 84, 85, 89, 91, 96-98, 100,
102,107,109,110,113-115,125,130,136,137,140,146]. The analysis revealed inter-
esting results about the learning abilities of distributed strategies when constant
step-sizes are used to ensure continuous tracking of drifts in the data. It was
noted that when constant step-sizes are employed to drive the learning process,
the dynamics of the distributed strategies is modified in a critical manner. Specif-
ically, components that relate to gradient noise are not annihilated any longer, as
happens when diminishing step-sizes are used. These noise components remain
persistently active throughout the adaptation process and it becomes necessary
to examine their impact on network performance, such as examining questions of
the following nature: (a) can these persistent noise components drive the network
unstable? (b) can the degradation in performance be controlled and minimized?
(c) what is the size of the degradation? Motivated by these questions, we provided
in Chapter 5 detailed answers to the following three inquiries: (i) where does the
distributed strategy converge to? (ii) under what conditions on the data and

network topology does it converge? (iii) and what are the rates of convergence
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of the learning process? In particular, we showed in Chapter 5 that there always
exist sufficiently small constant step-sizes that ensure the mean-square conver-
gence of the learning process to a well-defined limit point even in the presence of
persistent gradient noise. We characterized this limit point as the unique fixed
point solution of a nonlinear algebraic equation consisting of the weighted sum of
individual update functions — see Eq. (6.5) further ahead. The scaling weights
{pr} that appear in this equation were shown to be determined by the entries of
the right-eigenvector 6 of the network combination policy corresponding to the
eigenvalue at one (also called the Perron eigenvector; its entries are normalized
to add up to one and are all strictly positive for strongly-connected networks) —
see Eq. (6.6). The analysis from Chapter 5 further revealed that the learning
curve of the multi-agent system exhibits three distinct phases. In the first phase
(Transient Phase I), the convergence rate of the network is determined by the
second largest eigenvalue of the combination policy in magnitude, which is related
to the degree of network connectivity. In the second phase (Transient Phase 1),
the convergence rate is determined by the Perron eigenvector. And, in the third
phase (the steady-state phase) the mean-square error (MSE) performance attains
a bound on the order of O(fimayx), Where fimax is the largest step-size among all

agents.

In this chapter, we address in some detail two additional questions related to
network performance, namely, iv) how close do the individual agents get to the
limit point of the network? and v) can the system of networked agents be made to
match the learning performance of a centralized solution where all information is
collected and processed centrally by a fusion center? In the process of answering
these questions, we shall derive a closed-form expression for the steady-state MSE
of each agent — see (6.14) further ahead. Expression (6.14) turns out to be a

revealing result; it amounts to a non-trivial extension of a classical result for
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stand-alone adaptive agents [54,57,72,141] to the more demanding context of
networked agents and for cost functions that are not necessarily quadratic or of
the mean-square-error type. As we are going to explain in the sequel, relation
(6.14) captures the effect of the network topology (through the {px}), gradient
noise (through the covariance matrix R,) , and data characteristics (through
the Lyapunov solution X) in an integrated manner and shows how these various
factors influence performance. Result (6.14) applies to connected networks under

fairly general conditions and for fairly general aggregate cost functions.

We shall also explain later in Sections 6.5 and 6.6 of this chapter that, as
long as the network is strongly connected, a left-stochastic combination matrix
can always be constructed to have any desired Perron-eigenvector — see expres-
sions (6.66) and (6.73). This observation has an important ramification for the
following reason. Starting from any collection of N agents, there exists a finite
number of topologies that can link these agents together. And for each possible
topology, there are infinitely many combination policies that can be used to train
the network. Since the performance of the network is dependent on the Perron-
eigenvector of its combination policy, one of the important conclusions that will
follow is that regardless of the network topology, there will always exist choices
for the respective combination policies such that the steady-state performance of
all topologies can be made identical to each other to first-order in fiy.c. In other
words, no matter how the agents are connected to each other, there is always a
way to select the combination weights such that the performance of the network is
invariant to the topology. This will also mean that, for any connected topology,
there is always a way to select the combination weights such that the perfor-
mance of the network matches that of the centralized stochastic-approximation
(since a centralized solution can be viewed as corresponding to a fully-connected

network). The following presentation in this chapter is based on [38].
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6.2 Family of Distributed Strategies

6.2.1 Distributed Strategies: Consensus and Diffusion

We consider a connected network of N agents that are linked together through
a topology — see Fig. 5.1 in Chapter 5. Each agent k£ implements a distributed

algorithm of the following form to update its state vector from wy ;1 to wy,:

N

Brio1 = Y QLW (6.1)
=1
N

Vi = Z a0,k Pri—1 — ,Ukék,i((ﬁk,ifl) (6-2)
=1
N

Wg; = Z a2,lk¢l,i (6-3)
=1

where wy; € RM is the state of agent k at time ¢, usually an estimate for
the solution of some optimization problem, ¢; 1 € RM and v; € RM are
intermediate variables generated at node k before updating to wy;, pu is a non-
negative constant step-size parameter used by node k, and 8;;(-) is an M x 1
update vector function at node k. We explained in Chapter 5 that in deterministic
optimization problems, the update vectors §;(-) can be selected as the gradient
or Newton steps associated with the individual utility functions at the agents [97].
On the other hand, in stocastic approximation problems, such as adaptation,
learning and estimation problems [26,34,36,42,48,49,58,75,77,89,91,109,115,125,
130, 137, 146], the update vectors §,(-) are usually computed from realizations
of data samples that arrive sequentially at the nodes. In the stochastic setting,
the quantities appearing in (6.1)—(6.3) become random variables and we shall use
boldface letters to highlight their stochastic nature. In Example 5.1 of Chapter

5, we illustrated various choices for §;;(w) in different contexts.
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The combination coefficients ay i, ag i and agy in (6.1)—(6.3) are nonnegative
convex-combination weights that each node £ assigns to the information arriving
from node [ and will be zero if agent [ is not in the neighborhood of agent k.
Therefore, each summation in (6.1)—(6.3) is actually confined to the neighborhood
of node k. We let Ay, Ay and A; denote the N x N matrices that collect the

coefficients {a 1}, {ao} and {az}. Then, the matrices A;, Ay and Ay satisfy

AT1 =1, Al1=1, Al1=1 (6.4)

where 1 is the N x 1 vector with all its entries equal to one. Condition (6.4)
means that the matrices {Ag, A1, A2} are left-stochastic (i.e., the entries on each
of their columns add up to one). We also explained in Chapter 5 that different
choices for Ay, Ay and A, correspond to different distributed strategies, such as
the traditional consensus [48, 75-77,97,98,137] and diffusion (ATC and CTA)
26, 34, 36, 42,89,91, 115, 146] algorithms. In our analysis, we will proceed with
the general form (6.1)—(6.3) to study all three schemes, and other possibilities,

within a unifying framework.

6.2.2 Review of the Main Results from Chapter 5

Due the coupled nature of the social and self-learning steps in (6.1)—(6.3), infor-
mation derived from local data at agent k£ will be propagated to its neighbors and
from there to their neighbors in a diffusive learning process. It is expected that
some global performance pattern will emerge from these localized interactions in
the multi-agent system. As mentioned in the introductory remarks, in Chapter

5 and in this chapter, we examine the following five questions:

e Limit point: where does each state wy; converge to?
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Stability: under which condition does convergence occur?

e Learning rate: how fast does convergence occur?

Performance: how close does wy; get to the limit point?

Generalization: can wy; match the performance of a centralized solution?

In Chapter 5, we addressed the first three questions in detail and derived ex-
pressions that fully characterize the answer in each case. One of the major and
interesting conclusions established in Chapter 5 is that for general left-stochastic
matrices {A;, Ag, A2}, the agents in the network will have their iterates wy;
converge, in the mean-square-error sense, to the same limit vector w® that cor-

responds to the unique solution of the following algebraic equation:

> pese(w) =0 (6.5)

where the update functions sy (-) are defined further ahead in (6.15) as the condi-
tional means of the update directions 8y ;(-) used in (6.1)—(6.3), and each positive

coefficient py is the kth entry of the following vector:

,umax /fbmax

p:col{ e Tlyeno ol WN} (6.6)

Here, fimax is the largest step-size among all agents, m; is the kth entry of the
vector m £ A,6, and 6 is the right eigenvector of A £ A;AyA, corresponding to

the eigenvalue at one with its entries normalized to add up to one, i.e.,

Af =0, 170 =1 (6.7)

258



We refer to 6 as the Perron eigenvector of A. The unique solution w® of (6.5)
has the interpretation of a Pareto optimal solution corresponding to the weights
{pr} [20,36,37]. By selecting different combination policies A, or even different
topologies, the entries {py} can be made to change (since 6 will change) and
the limit point w® resulting from (6.5) can be steered towards different Pareto

optimal solutions.

The second major conclusion from Chapter 5 is that, during the convergence
process towards the limit point w?, the learning curve at each agent exhibits three
distinct phases (see Fig. 5.2 in Chapter 5): Transient Phase I, Transient Phase
II, and Steady-State Phase. These phases were shown in Chapter 5 to have the

following features:

e Transient Phase I:
If the agents are initialized at different values, then the iterates at the
various agents will initially evolve in such a way to make each wy,; get

closer to the following reference (centralized) recursion w.;:

N
U_)C,i = u_]c,ifl — Mmax Zpk5k<u_]c,i—1) (68)
k=1
which is initialized at
N
Weo = Y _ Okt (6.9)
k=1

where wy, is the initial value of the distributed strategy at agent k. The
rate at which the agents approach ., is determined by |A3(A)|, the second
largest eigenvalue of A in magnitude. If the agents are initialized at the

same value, say, e.g., wyo = 0, then the learning curves start at Transient
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Phase II directly.

Transient Phase II:

In this phase, the trajectories of all agents are uniformly close to the tra-
jectory of the reference recursion; they converge in a coordinated manner
to steady-state. The learning curves at this phase are well modeled by the
same reference recursion (6.8) since we showed in (6.10) from Chapter 5

that:
E|tpil|* = |[deill” + O(paiae) - Ve + O(fimax) (6.10)

where the error vectors are defined by wy; = w° —wy; and w.; = W —W,;.
Furthermore, for small step-sizes and during the later stages of this phase,
w.; will be close enough to w” and the convergence rate r was shown in

expression (5.131) from Chapter 5 to be given by

r= [,O(IM - ,Umach)}Q + O((Nmaxe)m) (6.11)

where p(-) denotes the spectral radius of its matrix argument, € is an arbi-
trarily small positive number, and H, is defined as the aggregate (Hessian-

type) sum:

N
H = ZpkvaSk(wo) (6.12)

k=1

Steady-State Phase:
The reference recursion (6.8) continues converging towards w® so that ||w.;||*
will converge to zero (—oo dB in Fig. 5.2 of Chapter 5). However, for the

distributed strategy (6.1)-(6.3), the mean-square-error E||wy;||*> at each
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agent k will converge to a finite steady-state value that is on the order of

O (fmax):

lim sup E||wyi[|> < O(ftmax) (6.13)

i—
Note that the bound (6.13) provides a partial answer to the fourth question
we are interested in, namely, how close the wy; get to the network limit point

we.

Expression (6.13) indicates that the mean-square error is on the order of
lmax- However, in this chapter, we will examine this mean-square error more
closely and provide a more accurate characterization of the steady-state MSE
value by deriving a closed-form expression for it. In particular, we will be able

to characterize this MSE value in terms of the vector p as follows:
lligloEHwkﬂHQ = Nmax‘Tr {X<pT®IM) "Ry - (p®[M)} + O(Mmax> (614>

where X is the solution to a certain Lyapunov equation described later in (6.42)
(when ¥ = I), R, is a gradient noise covariance matrix defined below in (6.25),
and o(fmax) denotes a strictly higher order term of piy.y. Expression (6.14) is a
most revealing result; it captures the effect of the network topology through the
eigenvector p, and it captures the effects of gradient noise and data characteristics
through the matrices R, and X, respectively. Expression (6.14) is a non-trivial
extension of a classical and famous result pertaining to the mean-square-error
performance of stand-alone adaptive agents [54,57,72,141] to the more demanding
context of networked agents. In particular, it can be easily verified that (6.14)
reduces to the well-known uMo?2/2 expression for the mean-square deviation of
single LMS learners when the network size is set to N = 1 and the topology is

removed [54,57,72,141]. However, expression (6.14) is not limited to single agents
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or to mean-square-error costs. It applies to rather general connected networks

and to fairly general cost functions.

6.2.3 Relation to Prior Work

As pointed out in Chapter 5 (see Sec. 5.2.2), most prior works in the literature
[13,21,48,71,75-77,84,97,109,125,126,137] focus on studying the performance and
convergence of their respective distributed strategies under diminishing step-size
conditions and for doubly-stochastic combination policies. In contrast, we focus
on constant step-sizes in order to enable continuous adaptation and learning
under drifting conditions. We also focus on left-stochastic combination matrices
in order to induce flexibility about the network limit point; this is because doubly-
stochastic policies force the network to converge to the same limit point, while
left-stochastic policies enable the networks to converge to any of infinitely many
Pareto optimal solutions. Moreover, the value of the limit point can be controlled

through the selection of the Perron eigenvector.

Furthermore, the performance of distributed strategies has usually been char-
acterized in terms of bounds on their steady-state mean-square-error performance
— see, e.g., [71,84,97,109,125,126,137]. In Chapter 5 of the work, as a byproduct
of our study of the three stages of the learning process, we were able to derive
performance bounds for the steady-state MSE of a fairly general class of dis-
tributed strategies under broader (weaker) conditions than normally considered
in the literature. In this chapter, we push the analysis noticeably further and
derive a closed-form expression for the steady-state MSE in the slow adapta-
tion regime, such as expression (6.14), which captures in an integrated manner
how various network parameters (topology, combination policy, utilities) influ-

ence performance.

262



Other useful and related works in the literature appear in [13,75-77]. These
works, however, study the distribution of the error vector in steady-state under di-
minishing step-size conditions and using central limit theorem (CLT) arguments.
They showed a Gaussian distribution for the error quantities in steady-state and
derived an expression for the error variance but their expression naturally tends
to zero as ¢ — oo since, under the conditions assumed in these works, the error
vector wy,; approaches zero almost surely. Such results are possible because, in
the diminishing step-size case, the influence of gradient noise is annihilated by
the decaying step-size. However, in the constant step-size regime, the influence
of gradient noise is always present and seeps into the operation of the algorithm.
In this case, the error vector does not approach zero any longer and its vari-
ance approaches instead a steady-state positive-definite value. Our objective is
to characterize this steady-state value and to examine how it is influenced by the
network topology, by the persistent gradient noise conditions, and by the data
characteristics and utility functions. In the constant step-size regime, CLT argu-
ments cannot be employed anymore because the Gaussianity result does not hold
any longer. Indeed, reference [145] illustrates this situation clearly; it derived an
expression for the characteristic function of the limiting error distribution in the
case of mean-square-error estimation and it was shown that the distribution is not
Gaussian. For these reasons, the analysis in this work is based on alternative tech-
niques that do not pursue any specific form for the steady-state distribution and
that rely instead on the use of energy conservation arguments [34,115,116]. As
the analysis and detailed derivations in the appendices show, this is a formidable
task to pursue due to the coupling among the agents and the persistent noise
conditions. Nevertheless, under certain conditions that are generally weaker than
similar conditions used in related contexts in the literature, we will be able to de-

rive accurate expressions for the network MSE performance and its convergence
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rate in small constant step-size regime.

6.3 Modeling Assumptions

In this section, we first recall the assumptions used in Chapter 5 and then in-
troduce two conditions that are required to carry out the MSE analysis in this
chapter. We already explained in Sec. 5.3 of Chapter 5 how the assumptions

listed below relate to, and extend, similar conditions used in the literature.

Assumption 6.1 (Strongly-connected network). The N x N matriz product
A& A AyA, is assumed to be a primitive left-stochastic matriz, i.e., AT1 = 1
and there exists a finite integer j, such that all entries of A% are strictly positive.

]

Assumption 6.2 (Update vector: Randomness). There ezists an M x 1 deter-
ministic vector function si(w) such that, for all M x 1 vectors w in the filtration
Fi—1 generated by the past history of iterates {wy;} for j < i—1 and all k, it
holds that

E {85i(w)[Fi-1} = sp(w) (6.15)

for all i, k. Furthermore, there exist a« > 0 and o2 > 0 such that for all i,k and

w € E_l.'

E {||814(w) —si(w)|* |Fiet } < a-Jw]*+07 (6.16)
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Assumption 6.3 (Update vector: Lipschitz). There exists a nonnegative \y

such that for all x,y € RM and all k:

lsk(2) = sk (W)l < Av -l =yl (6.17)

where the subscript “U” in Ay means “upper bound”. [

Assumption 6.4 (Update vector: Strong monotonicity). Let py denote the kth
entry of the vector p defined in (6.6). There exists A\, > 0 such that for all

x,y € RM:;
N
(2= 9)" D pefsu(@) = sely)| = Ar -l = 2 (6.18)
k=1
where the subscript “L” in A\, means “lower bound”. O

Assumption 6.5 (Jacobian matrix: Lipschitz). Let w® denote the limit point
of the distributed strategy (6.1)—(6.3), which was defined earlier as the unique
solution to (6.5) and was characterized in Theorem 5.1. Then, in a small neigh-
borhood around w®, we assume that si(w) is differentiable with respect to w and

satisfies

|V prsi(w® + dw) — Vrsp(w)|| < Ay - [|ow]| (6.19)

for all ||6w|| < rg for some small ry, and where Ay is a nonnegative number

independent of dw and w°.

]

The following lemma gives the equivalent forms of Assumptions 6.3-6.4 when
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the {sx(w)} happen to be differentiable.

Lemma 6.1 (Equivalent conditions on update vectors). Suppose {si(w)} are
differentiable in an open set S C RM. Then, having conditions (6.17) and (6.18)

hold on § is equivalent to the following conditions, respectively,

|V rsi(w)|| < Au (6.20)
1
gl He(w) + HZ (w)] 2 Ar - T (6.21)
for any w € S, where || - || denotes the 2— induced norm (largest singular value)
of its matrix argument and
Ho(w) £ " ppVrsi(w) (6.22)
k=1
Proof. See Appendix 5.A in Chapter 5. O

Next, we introduce two new assumptions on 8y ;(w), which are needed for the
MSE analysis of this chapter. Assumption 6.6 below has been used before in the
stochastic approximation literature — see, for example, [112] and Eq. (6.2) in

Theorem 6.1 of [99, p.147].

Assumption 6.6 (Second-order moment of gradient noise). Let v;(z) denote
the MN x 1 global vector that collects the statistical fluctuations in the stochastic

update vectors across all agents:

vi(x) £ col{81(z1) — s1(z1), ..., 8ni(zn) — sn(zn)} (6.23)

where we are using the vector x to denote a block vector consisting of entries xy,

of size M x 1 each, i.c., v = col{x1,...,xx}. For any x), € F_1, 1 <k < N,

266



we introduce the covariance matrix:
Ru.i(x) =8 {vi(m)v?(w)‘ﬂ,l} (6.24)

where, again, we are using the notation x to refer to the block vector x =
col{xy, ..., xn} with stochastic entries of size M x 1 each. Note that R, ;(x)
generally depends on time i. This is because the distribution of 8y,(-) given F;_4
usually varies with time. We assume that, in the limit, this second-order mo-
ment of the distribution becomes invariant and tends to a constant value when

evaluated at £ = 1 Q w°:
lim R, (1 @ w’) £ R, (6.25)
21— 00

Furthermore, in a small neighborhood around 1 ®w®, we assume that there exists

aX, >0 and a0 <k <4 such that for alli > 0:
|Rypi(1 @ w’+dz) — Ryi (T @w?)|| < Ay - ||0z]|" (6.26)

for all ||ox|| < ry for some ry. O

Example 6.1. We illustrate how Assumption 6.6 holds automatically in the
context of distributed least-mean-squares estimation. Suppose each agent k re-
ceives a stream of data samples {uy;, di(7)} that are generated by the following

linear model:
dk (Z) = umw" —+ nk(z) (627)

where the 1 x M regressors {uy;} are zero mean and independent over time and

space with covariance matrix R, = E{ul ,u;,;} > 0 and the noise sequence
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2
n,l»

{n,(j)} is also zero mean, white, with variance ¢Z,, and independent of the
regressors {uy; } for all [, k, i, j. The objective is to estimate the M x 1 parameter
vector w® by minimizing the following global cost function

JEOP () = Je(w) (6.28)

I

where
Je(w) = E|dy (i) — uk7iw|2 (6.29)

In this case, the actual gradient vector when evaluated at an M x 1 vector xj, is

given by

si(1) = Vo E|dg (i) — w21 (6.30)
and it can be replaced by the instantaneous approximation

k() = —2u/,[dy(i) — ] (6.31)

(Recall from (6.2) that the stochastic gradient at each agent k is evaluated at
¢ri—1 and in this case xx = ¢p,;-1.) It follows that the gradient noise vector

vii(xy) evaluated at zy, at each agent k is given by
Vi(xr) = 2(Rux — u;fgium)(wo — ) — 2u;‘flnk(z) (6.32)
and it is straightforward to verify that

Roi(1@w) = diag{4a,2%1Ru71, e ,4027NRU,N} (6.33)
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which is independent of i and, therefore, condition (6.25) holds with R, given

by (6.33). Furthermore, condition (6.26) is also satisfied. Indeed, let x =

col{zy,...,zx} € RMN and from (6.32) we find that

Roi(z) = diag{G1,...,Gn} + Rui(1 @ w°) (6.34)

where each Gy is a function of w® — x; and is given by

Note that

so that

Gk £ 4. E{(R%k — u;‘gium)(wo — l‘k)

(w? — :ck)T(Ru,k - u{lum)T} (6.35)

|Gill < 4B || Rup — ul g || - w® — i) (6.36)

[ Roi(z) — Rui(1 @ w)|

max |Gl
max {4 Bl| Ry — w uni]|* - w0’ — o}

X - T' 1121 . o __ 2
max {4-Ell Ry — wpun*} - max [lw” — i

N

e {4-E| Ry — wiupl*} - Z Jw® — ||
- k=1
max_ {4-E|Rys—ufwl’} - |1 ® w—z|? (6.37)

In other words, condition (6.26) holds for the least-mean-squares estimation case.

O
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Assumption 6.7 (Fourth-order moment of gradient noise). There ezist nonneg-

ative numbers oy and o2, such that for any M x 1 random vector w € F;_1,
E {[|lvei(w)[*|Fior} < o lwl* + oy, (6.38)

]

This assumption will be used in the analysis for constant step-size adaptation
to arrive at accurate expressions for the steady-state MSE of the agents. By
assuming that the fourth-order moment of the gradient noise is bounded as in

(6.38), it becomes possible to derive MSE expressions that can be shown to be

at most O(pmmB/21%/2 away from the actual MSE performance. When the
step-sizes are sufficiently small, the size of the term pmn®/217/2) is even smaller

and, for all practical purposes, this term is negligible — see expression (6.1) in

Theorem 6.1.

Example 6.2. It turns out that condition (6.38) is automatically satisfied in
the context of distributed least-mean-squares estimation. We continue with the
setting of Example 6.1. From expression (6.32), we have that for any M x 1

random vector w € F;_1,

i)l = 16| (Ru = uf i) (0 = w) = uf (0|
21658 || B — wl | o = w0l 4 - ()]
< 128(8 || Rup — wl |- ol + 8 | Ry — | e
o Nl - ()] (6.39)

where steps (a) and (b) use the inequality ||z +y||* < 8]|z|*+8]|y||*, which can be

I*.

obtained by applying Jensen’s inequality to the convex function || - Applying
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the expectation operator conditioned on F;_;, we obtain

E {[|vki(w)|*|Fi1}
(@
<1024 -E {HRU,,c —ul g \FH} lw][*+
1024 - E {HRM —ul g IfH} Jlw*+
128 - E { el 1Fio1} - E {|lrs()]|* | Fir }
4 4
b lwll*+

1024 - E {}}Ru,k - u{,iuk,z-W} lwe |+

21024 B { | Ru — uf g,

128 - B |fug]|" - E [l ()|

= oy wl* + oy, (6.40)

where step (a) uses the fact that w € F;_; and is thus determined given F; i,

and step (b) uses the fact that w,; and vy (i) are independent of F;_;. O

6.4 Performance of Multi-Agent Learning Strategy

In this section, we are interested in evaluating E||wy, ;||% as ¢ — oo for arbitrary
positive semi-definite weighting matrices 3. The main result is summarized in

the following theorem.

Theorem 6.1 (Steady-state performance). For small step-sizes, the weighted
mean-square-error of the distributed strategy (6.1)—(6.3) (which includes diffusion

and consensus algorithms as special cases) is given by

ZILI&EHQIJ&ZHQE = Mmax'Tr {X(pT®]M) . Rv . (p@]M)} + O(M$21(3/2,1+H/2))

(6.41)
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where ¥ 1s any positive semi-definite weighting matrix, and X is the unique pos-

itive semi-definite solution to the following Lyapunov equation:
H'X + XH. =% (6.42)

where H, was defined earlier in (6.12). The unique solution of (6.42) can be
represented by the integral expression [13, p.769):

X = / eHetLy L e Het gy (6.43)
0

Moreover, if ¥ is strictly positive-definite, then X is also strictly positive-definite.

Proof. The argument is nontrivial and involves several steps. The details are

provided in Appendix 6.A. O]

Example 6.3. (Distributed stochastic gradient-descent: General case) When
stochastic gradients are used to define the update directions 8y ;(-) in (6.1)-(6.3),
then we can simplify the mean-square-error expression (6.41) as follows. We first

substitute si(w) = V,,Jg(w) into (6.12) to obtain

N
He = peViJu(w®) (6.44)

k=1

Now the matrix H, is the weighted sum of the Hessian matrices of the individual
costs {Jg(w)} and is therefore symmetric. Then, the Lyapunov equation (6.42)

becomes
HX+XH =% (6.45)

We have simple solutions to (6.45) for the following two choices of X:
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1. When ¥ = I, we have X = 1H ' and

.li)m EH’II)IQ‘ZHQ = % -Tr {Hgl(pT®[M)~R (p®1n) } —|—O(,um£<3/2 1+n/2))

(6.46)

2. When ¥ = $H,, we have X = 11, and

hm EmeHH 'urzax Tr { "®@1Iv) R, - (p®fM)} + O(ﬂﬁlar;(gﬂ 1%/2))

(6.47)

O]

Example 6.4. (Distributed stochastic gradient descent: Uncorrelated noise) In
the special case that the gradient noises at the different agents are uncorrelated

with each other, then R, s block diagonal and we write it as
RU = diag{RvJ, e ,Rv,N} (648)

where R,y is the M x M covariance matriz of the gradient noise at agent k.

Then, the MSE expression (6.46) at each agent k can be written as
~1 N
}EQOEH’lf)mHz 'umax' (Zpkv Jre(w )) '(;piRv,k>
+ O (pmin3/2:15/2)) (6.49)

and ezxpression (6.47) for the weighted MSE becomes

. ~ ,umax min K
llgglo E“wsz%-IC = {Zkavk} + O(Mmax3/2 o /2)) (6.50)
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6.5 Performance of Centralized Solution

We conclude from (6.41) that the weighted mean-square-error at each node k
will be the same across all agents in the network for small step-sizes. This is
an important “equalization” effect. Moreover, as we now verify, the performance
level given by (6.41) is close to the performance of a centralized strategy that
collects all the data from the agents and processes them using the following

recursion:

N

Weent,; = Weent,i—1 — Mmax Zpkék,i<wcent,i—l) (651)
k=1

To establish this fact, we first note that the performance of the above centralized
strategy can be analyzed in the same manner as the distributed strategy. Indeed,
let Weent ; £ Weent,i — We; denote the discrepancy between the above centralized
recursion and reference recursion (6.8). Then, we obtain from (6.8) and (6.51)

that
wcent,i - Tc(wcent,i—l) - Tc(wc,i—l) — Hmax * (pT X IM)vi(wcent,i—l) (652)
where the operator T,(w) is defined as the following mapping from R to R:
N
To(w) £ w = fimax Y prsi(w) (6.53)
k=1

Comparing (6.52) with expression (6.80) from Chapter 5, we note that these two

recursions take similar forms except for an additionl perturbation term z;_; in
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(6.80) of Chapter 5. Therefore, following the same line of transient analysis as in
Chapter 5 and steady-state analysis as in the proof of Theorem 6.1 stated earlier,
we can conclude that, in the small step-size regime, the transient behavior of
the centralized strategy (6.51) is close to the reference recursion (6.8), and the

steady-state performance is again given by (6.41).

Theorem 6.2 (Centralized performance). Suppose the step-size parameter [imax

in the centralized recursion (6.51) satisfies the following condition

AL

0 < flmax < v (6.54)
Ipl2 - (3 +20)
Then, the MSE term E|Ween s||* converges at the rate of
r = [p(Tar — tmax He)]” + O ((ftmax€) T ) (6.55)

where € 1s an arbitrarily small positive number. Furthermore, in the small step-

size regime, the steady-state MSE of (6.51) is also given by (6.41)

lim Ef[centill3: = fimas-Tr {X (0" @ Lar) - Ry - (0@ 1ar)} + O (a2

(6.56)

]

6.6 Benefits of Coopeartion

In this section, we illustrate the implications of the main results of this work
in the context of distributed learning and distributed optimization. Consider a

network of N connected agents, where each agent k receives a stream of data

275



{zy;} arising from some underlying distribution. The networked multi-agent
system would like to extract from the distributed data some useful information
about the underlying process. To measure the quality of the inference task, an
individual cost function Ji(w) is associated with each agent k, where w denotes
an M x 1 parameter vector. The agents are generally interested in minimizing
some aggregate cost function of the form (6.28):

JEP(w) =Y T (w) (6.57)

I

Based on whether the individual costs {Jx(w)} share a common minimizer or

not, we can classify problems of the form (6.57) into two broad categories.

6.6.1 Category I: Distributed Learning

In this case, the data streams {x);} are assumed to be generated by (possibly
different) distributions that nevertheless depend on the same parameter vector
w® € RM. The objective is then to estimate this common parameter w° in a
distributed manner. To do so, we first need to associate with each agent k a cost
function Ji(w) that measures how well some arbitrary parameter w approximates

o

w®. The cost Ji(w) should be such that w® is one of its minimizers. More

formally, let WY denote the set of vectors that minimize the selected Ji(w), then

it is expected that

w® € WY 2 {w : arg min Jk(w)} (6.58)
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for kK = 1,...,N. Since J&°(w) is assumed to be strongly convex, then the

intersection of the sets W should contain the single element w?’:
N
w’ € W = (W} (6.59)
=1

The main motivation for cooperation in this case is that the data collected at each
agent k may not be sufficient to uniquely identify w® since w? is not necessarily
the unique element in WWy; this happens, for example, when the individual costs
Jp(w) are not strictly convex. However, once the individual costs are aggregated
into (6.57) and the aggregate function is strongly convex, then w?° is the unique
element in W°. In this way, the cooperative minimization of J&°P(w) allows the

agents to estimate w°.

6.6.1.1 Working under Partial Observation

Under the scenario described by (6.59), the solution of (6.5) agrees with the
unique minimizer w® for J&°P(w) given by (6.57) regardless of the {p} and,
therefore, regardless of the combination policy A. Therefore, the results from
Sec. 5.4 of Chapter 5 show that the iterate wy; at each agent k converges to
this unique w® at a centralized rate and the results from Sec. 6.4 of this chapter
show that this iterate achieves the centralized steady-state MSE performance.
Note that Assumption 6.4 can be satisfied without requiring each Ji(w) to be
strongly convex. Instead, we only require J&°P(w) to be strongly convex. In
other words, we do not need each agent to have complete information about w?;
we only need the network to have enough information to determine w® uniquely.
Although the individual agents in this case have partial information about w?,

the distributed strategies (6.1)—(6.3) enable them to attain the same performance
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level as a centralized solution. The following example illustrates the idea in the

context of distributed least-mean-squares estimation over networks.

Example 6.5. Consider Example 6.1 again. When the covariance matrix R, =

Eluj sup ;] is rank deficient, then Ji(w) in (6.29) would not be strongly convex and
there would be infinitely many minimizers to Ji(w). In this case, the information
provided to agent k via (6.27) is not sufficient to determine w® uniquely. However,
if the global cost function is strongly convex, which can be verified to be equivalent
to requiring:

N
> peRug > Al >0 (6.60)

k=1

then the information collected over the entire network is rich enough to learn the
unique w®. As long as (6.60) holds for one set of positive {py}, it will hold for all
other {pr}. A “network observability” condition similar to (6.60) was used in [75]
to characterize the sufficiency of information over the network in the context of

distributed estimation over linear models albeit with diminishing step-sizes. [

6.6.1.2 Optimizing the MSE Performance

Since the distributed strategies (6.1)—(6.3) converge to the minimizer w® of (6.57)
for any set of {px}, we can then consider selecting the {px} to optimize the MSE
performance. Consider the case where Hy = H and p; = p and assume the
gradient noises vy ;(w) are asymptotically uncorrelated across the agents so that

R, from (6.25) is block diagonal with entries denoted by:

RU = diag{val, c. ,R%N} (661)
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Then, we have 5, = 1, pr. = 0, and

H.=H=V2J,(w°) == V2 Jy(uw°) (6.62)

w

in which case expression (6.46) becomes

N
: ~ 2 _ Hmax 2 1 min(3/2,14+/2
Jim Bl |* = == - ’; 02Tr (H'R, ) + O (uminG/2140/2)) (6.63)
The optimal positive coefficients {#; } that minimize (6.63) subject to Sn_, 6 = 1

are given by

T —1
00 = H(H T Rop)] ,kzl,...,N (6.64)

N
Z TI" IRUZ

=1

and, substituting into (6.63), the optimal MSE is then given by

-1

N
o Hmax 1 min(3/2,14+x/2
MSE®' = =22 |y O (B (2) 6.65
2 ; Tr(H 'R, ,) * ( Fmex ) ( )
The optimal Perron-eigenvector §° = col{6{,...,0%} can be implemented by

selecting the combination policy A as the following Hasting’s rule [18,62, 146]:

( (09)!
. (e N\ {k
max (N ]-(0) L NGy LSRR
al, = (6.66)
L= > ady, =k
meN\{k}

\

where |N}| denotes the cardinality of the set . The above combination matrix

can be constructed in a decentralized manner, where each node only requires
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information from its own neighbors. In practice, the noise covariance matrices
{Ry,} need to be estimated from the local data and an adaptive estimation

scheme is proposed in [146] to address this issue.

6.6.1.3 Matching Performance across Topologies

Note that the steady-state mean-square error depends on the vector p, which
is determined by the Perron eigenvector 6 of the matrix A. The above result
implies that, as long as the network is strongly connected, i.e., Assumption 6.1
holds, a left-stochastic matrix A can always be constructed to have any desired
Perron eigenvector ¢ with positive entries according to (6.66). Now, starting
from any collection of N agents, there exists a finite number of topologies that
can link these agents together. For each possible topology, there are infinitely
many combination policies that can be used to train the network. One important
conclusion that follows from the above results is that regardless of the topology,
there always exists a choice for A such that the performance of all topologies
are identical to each other to first-order in piyn.. In other words, no matter
how the agents are connected to each other, there is always a way to select the
combination weights such that the performance of the network is invariant to the
topology. This also means that, for any connected topology, there is always a
way to select the combination weights such that the performance of the network

matches that of the centralized solution.

Example 6.6. We illustrate the result using the diffusion least-mean-square
estimation context discussed earlier in Examples 6.1-6.2. Consider a network of
30 agents (N = 30), where each agent has access to a stream of data samples
{u;, dy(i)} that are generated by the linear model (6.27). As assumed in Exam-

ple 6.1, the 1 x M regressors {uy;} are zero mean and independent over time and
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Figure 6.1: Comparing the performance of a 30-node diffusion LMS network
with that of the centralized strategy (6.51), where M = 10, u; = 0.0005 for all
agents, and Hasting’s rule (6.66) is used as the combination policy. The result
is obtained by averaging over 1000 Monte Carlo experiments. (a) A randomly
generated topology. (b) The noise profile across the network. (c¢) The learning
curves for different agents in the diffusion LMS network, the centralized strategy,
and the theoretical steady-state MSE. (d) The steady-state MSE of diffusion
LMS, centralized strategy, and the theoretical value.
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space with covariance matrix R, j, and the noise sequence {mn;(j)} is also zero

2

mean, white, with variance o,

and independent of the regressors {uy;} for all
l,k,i,7. In the simulation here, we consider the case where M =2, R, = Ip;. In
diffusion LMS estimation, each agent k uses (6.29) as its cost function Ji(w) and
(6.31) as the stochastic gradient vector §;(-). Therefore, each agent k adopts

the following recursion to adaptively estimate the model parameter w®, which is

the minimizer of the global cost function (6.28):

P = Wy + Q,Mkuz,i [dy (1) — wp jwy ;1] (6.67)
Wi, = Z i (6.68)
lGNk

We randomly generate a topology as shown in Fig. 6.1 (a) and noise variance
profile across agents as shown in Fig. 6.1 (b). We choose pu; = p = 0.0005
to be the step-size for all agents and Hasting’s rule (6.66) as the combination
policy. In the simulation, we assume the noise variances are known to the agents.
Alternatively, they can also be estimated in an adaptive manner using approaches
proposed in [146]. In Figs. 6.1 (c)—(d), we illustrate the learning curves and
steady-state MSE of all agents, respectively, and compare them to the theoretical

value and to the following centralized LMS strategy:

N
Weent,i — Weent,i—1 + 2;“ Zpk : uiz[dk(l) - uk,iwcent,i—l] (669)

k=1
where p, = 67 is given by (6.64). The results are obtained by averaging over
1000 Monte Carlo experiments. We observe from Fig. 6.1 (c¢) that the learning
curves of all agents are close to each other and to the centralized strategy. Fur-
thermore, Fig. 6.1 illustrates the equalization effect over the network; each agent

in the network achieves almost the same steady-state MSE that is close to the
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centralized strategy although the noise variances in the data are different across

the agents. O

6.6.2 Category II: Distributed Optimization

In this case, we include situations where the individual costs Ji(w) do not have
a common minimizer, i.e., W° = (). The optimization problem should then be

viewed as one of solving a multi-objective minimization problem
min {J;(w), ..., Jn(w)} (6.70)

where Ji(w) is an individual convex cost associated with each agent k. A vector
w? is said to be a Pareto optimal solution to (6.70) if there does not exist another
vector w that is able to improve (i.e., reduce) any individual cost without degrad-
ing (increasing) some of the other costs. Pareto optimal solutions are not unique.
The question we would like to address now is the following. Given individual costs
{Jx(w)} and a combination policy A, what is the limit point of the distributed
strategies (6.1)—(6.3)7 From Theorem 5.4 in Chapter 5, the distributed strategy
(6.1)—(6.3) converges to the limit point w® defined as the unique solution to (6.5).
Substituting s;(w) = V,,Ji(w) into (6.5), we obtain

N
> Vi) =0 (6.71)
k=1

In other words, w? is the minimizer of the following global cost function:

JEC(w) = ppJi(w) (6.72)
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It is shown in [20, pp.178-180] that the minimizer of (6.72) is a Pareto-optimal so-
lution for the multi-objective optimization problem (6.70). And different choices
for the vector p lead to different Pareto-optimal points on the tradeoff curve.
Therefore, in order to converge to a certain Pareto-optimal point corresponding
to a given set of positive coefficients {px}, we need to design a left-stochastic
matrix A so that its Perron eigenvector leads to the {px}. This can be achieved

by constructing A according to the following Hasting’s rule:

-1
Py
I e Ni\{k}
max N~_1,N- Sty
L= > =k
meN,\{k}

6.7 Conclusion

Along with Chapter 5, this chapter examined in some detail the mean-square per-
formance, convergence, and stability of distributed strategies for adaptation and
learning over graphs under constant step-size update rules. Keeping the step-size
fixed allows the network to track drifts in the underlying data models, their sta-
tistical distributions, and even drifts in the utility functions. Earlier work [147]
has shown that constant adaptation regimes endow networks with tracking abili-
ties and derived results that quantify how the performance of adaptive networks
is affected by the level of non-stationarity in the data. Similar conclusions ex-
tend to the general scenario studied in Chapter 5 and this chapter, which is the
reason why step-sizes have been set to a constant value throughout our treat-
ment. When this is done, the dynamics of the learning process is enriched in a
nontrivial manner. This is because the effect of gradient noise does not die out

anymore with time (in comparison, when diminishing step-sizes are used, gradi-
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ent noise is annihilated by the decaying step-sizes). And since agents are coupled
through their interactions over the network, it follows that their gradient noises
will continually influence the performance of their neighbors. As a result, the
network mean-square performance does not tend to zero anymore. Instead, it
approaches a steady-state level. One of the main objectives of this chapter has
been to quantify this level and to show explicitly how its value is affected by three
parameters: the network topology, the gradient noise, and the data characteris-
tics. As the analysis and the detailed derivations in the appendices of the current
manuscript show, this is a formidable task to pursue due to the coupling among
the agents. Nevertheless, under certain conditions that are generally weaker than
similar conditions used in related contexts in the literature, we were able to de-
rive accurate expressions for the network MSE performance and its convergence
rate. For example, the MSE expression we derived is accurate in the first order
term of pmac. Once an MSE expression has been derived, we were then able to
optimize it over the network topology (for the important case of uniform Hessian
matrices across the network, as is common for example in machine learning [129]
and mean-square-error estimation problems [116]). We were able to show that
arbitrary connected topologies for the same set of agents can always be made to
perform similarly. We were also able to show that arbitrary connected topolo-
gies for the same set of agents can be made to match the performance of a fully
connected network. These are useful insights and they follow from the analytical

results derived in this work.

6.A Proof of Theorem 6.1

The argument involves several steps, labeled steps 6.A.1 through 6.A.5, and relies

also on intermediate results that are proven in this appendix. We start with step
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6.A.1.

6.A.1 Relating the weighted MSE to the steady-state error covariance

matrix I

LetI; £ E {’IIJﬂI)ZT} denote the error covariance matrix of the global error vector
’lIJi £ COl{’lI)l’Z', e ,’lI)N’i} (674)

where wy,; £ o — wy,;. Note that if we are able to evaluate II; as ¢ — oo,
i.e., I, then we can obtain the steaty-state weighted mean-square-error for any

individual agent via the following relation:

llm EHIDIQZH% = hm E{COl{'lIJLZ‘, e ,’lIJNJ‘}T
i—00 i—00

-diag{0,...,%,...,0}

. COl{’lI)l,i, Ce ,’II)NJ;}}

= limE {w (B ® Z)wl}

i—00

= hmIE(Tr{w, (B @ 2)})

1— 00

= lim Tr {E [w, } (Epr ® E)}

i—00

= TI“{HOO(Ekk & E)} (675)

where Fyy is an M x M matrix with (k, k)-entry equal to one and all other entries
equal to zero. We could proceed with the analysis by deriving a recursion of w;
from (6.1)-(6.3) and examining the corresponding error covariance matrix, II;.

However, we will take an alternative approach here by calling upon the following
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decomposition of the error quantity wy; from Chapter 5 (see Eq. (6.76) therein):
Wy = We; — We,; — (Upp @ Ipp)we, (6.76)

where W ; £ e — w,; denotes the error of the reference recursion (6.8) relative
to w?, the vectors w.; and w,.; are the two transformed quantities introduced
in Egs. (5.70) and (5.60) in Chapter 5, and wup is the kth row of the matrix
Ur, which is a sub-matrix of the transform matrix introduced in Eq. (5.54) in
Chapter 5. In particular, w,; represents the error of the centroid of the iterates
{wy;} relative to the reference recursion:

’lI)CJ‘ é We; — u_)ci (677)

gl gl

where the centroid w,; is defined as

N
we; £ Ohwy, (6.78)
k=1

and (urx ® I )w,; represents the error of the iterate wy; at agent k relative to
the centroid w,;. The details and derivation of the decomposition (6.76) appear
in Sec. 5.5.1 of Chapter 5. Relation (6.76) can also be written in the following

equivalent global form:
’lI)i =1 & ’UNJC’Z' -1 0% ’Lbc’l' — (UL X IM)wm (679)

The major motivation to use (6.79) in our steady-state analysis is that the con-
vergence results and non-asymptotic MSE bounds for each term in (6.79) will
reveal that some quantities will either disappear or become higher order terms

in steady-state for small step-sizes. In particular, we are going to show that the
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mean-square-error of w; is dominated by the mean-square-error of w, ;. There-
fore, it will suffice to examine the mean-square-error of w.;. We derived in

expression (5.97) from Chapter 5 the following relation for w.;:

wc,i = Tc(wc,ifl) - Tc<u_]c,ifl) — Mmax ° (pT ® [M) [Zi,1 + Ui] (680)
where
N
T.(2) 2 & — [imax Zpksk(x) (6.81)
k=1
v; = 8 (hi1)— s (Pi1) (6.82)
Zi—1 = S (d)i—l) —S(]l & 'lUcﬂ'_l) (683)

The two perturbation terms v;(¢;_1) and z;_; were further shown to satisfy the

following bounds in Appendix 5.H in Chapter 5.

Plzia] < 2% - ||PATUL)||Z 117 Plw, ] (6.84)
Pls(1@we1)] = 3G Plabe;1]- 1437 [ @eol” - 1+3g° (6.85)
E{P[v;]| Fi_1} < 4o - 1 - Plab, 1]

+ 4o - || PLATUL) |2, - 117 Plwe ;4]
+ e ([l + [[w?|*) +07] - 1 (6.86)

EP[v;) R 4a-1-EP[w, ;1]

+ 4o - | PIATUL)IE, - 11T EP[we; 1]

+ [4a - (Jdepl+||w’|*)+02] - 1 (6.87)

288



where Pl.; 1] = ||[w.i1]? and ¢g° = P[s(1 ® w°)]. We further showed in Egs.
(5.146) and (5.147) from Chapter 5 that

lim sup ]l'<3,||'d)m|]2 < O(fhmax) (6.88)
1—00
lim sup E [ 1? < O(22) (6.89)
1—>00

6.A.2 Approximation of I, by 117 @ Il o

In order to evaluate I, which is needed for (6.75), we first establish the following
observation using (6.79): in steady-state, the error covariance matrix of w; (i.e.,
II) is equal to the error covaraince matrix of the component 1 ® w,; to the
first order of pimax. Indeed, let l:[qi denote the covariance matrix of w.;, i.e.,

1., = E{w.;w],;}. By (6.79), we have

II; = E {w,w; }
= 11" ® [ @], + 117 @ 11,
+E{[(UL ® In)we|[(U, © In)we]"}
— (1 ®@ We,;) (1 @ Babe; + (U, @ IM)E'we,i)T
— (1@ Eabe; + (U, ® In)Buwe,) (1 @ ;)"
+E{(1®w,,)[(Us ® Ly)w,, |}

+E{[(Us ® L) we (1 ® we,)" } (6.90)
so that

I = 117 o | £ 117 & il |

c,i

+ {102 © hwe iU © w7}
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+ 2|1 @ Wl - |1 @ Eabe; + (Up @ Ing)Bawe|
+2[[E{(1 ® we;)[(Us @ Ing)we )" }|

2 (/017 © e + E (U © L]
+ 211 ® W] - |1 @ B + (U, @ Iny)Ewe |

+ 2B {(1 @) [(Us @ T )wei)" }| (6.91)

where step (a) uses triangular inequality, and step (b) applies Jensen’s inequality
|E[]|| < EJ - || to the convex function || - || and the inequality ||zy”| < ||z|| - ||y]|-

Taking lim sup of both sides as ¢ — 0o, we obtain

lim sup HHZ —117 ® ﬂc,i

1—00

< limsup E ||(U @ Iy)we]||”

1—00

+ 1i1£8021p {2 HE {(]l ® W) (U ® IM)’we,z‘]T} H} (6.92)

since w.; — 0 as © — oo according to Theorem 5.2 in Chapter 5. We now bound
the two terms on the right-hand side of (6.92) using (6.88)—(6.89) and show that
they are higher order terms of fiyay. By (6.89), the first term on the right-hand
side of (6.92) is O(u2,,,) because

limsupE |[(U; ® 1'1\4)106,1-]H2
1—00
<limsup [|UL @ Iy|* - Ellwe[|* < O(pa) (6.93)

1—00

Moreover, for any random variables  and y, we have |E{zy}|*> < E{x?} -E{y*}.

Applying this result to the last term in (6.92) we have

B (1 © ) [(Ur @ Tar)we,)"] |
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< \EIL @ w2 B(Ur @ Di)we|?
Using (6.88) and (6.89), we conclude that

lim sup [|E [(1 ® ) [(Ur ® In)we]"]|| < O(ud2)

1—00

Therefore, substituting (6.93) and (6.95) into (6.92), we conclude that

limsup ||II; — 117 @ I, || < O(ud/2)

1—+00
so that, as claimed earlier, in steady-state (i — 00):
oo = 117 @ I o0 + Oprm)

6.A.3 Approximation of IVL,OO by 11,

(6.94)

(6.95)

(6.96)

(6.97)

Now we evaluate the expression for Il... To do this, we rewrite expressions

(6.80)-(6.83) for w,.; as

N

wc,i = /uv)c,ifl — Hmax Zpk [5k<wc,i71) _sk’<wc,i71)j| — Mmax * (pT ® IM) [Zi,1 + Ui]

k=1

— [IM - ,U/mach] ’l-bc,i—l — HMmax ° (pT X IM)'vz — Mmax * (pT X IM)ZZ'—I

— Mmax (Sc(wc,i—l) - Sc(wc,i—l) - chc,i—l)

where

N
H. .2 ZkawTsk(w")
k=1
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N

Se(w) £ prsi(w) (6.100)

k=1

Next, we show that the mean-square-error between w,; generated by (6.98) and

the w, ; generated by the following auxiliary recursion is small for small step-sizes:
"—ba,i = [IM - Nmach] wa,i—l — Mmax ° (pT X ]M)’Uz (6101)

Indeed, subtracting (6.101) from (6.98) leads to

We; — 'lba,i - [[M - ,umach] (wc,i—l - ﬁ)a,i—l)
— Mmax (Sc(wc,i—l) - Sc(wc,i—l) - chc,i—1>

— fimax - (7 ® Inr)zia (6.102)

We recall the definition of the scalar factor 7. from Eq. (5.120) in Chapter 5:

1
Ve é 1- ,Umax)\L + Eu?naprH%/\QU (6103)

Now evaluating the squared Euclidean norm of both sides of (6.102), we get

||wc,i - 'lba,in

1
= H,YC : ’Y_ [[M - ﬂmach] (wc,i—l - ’Lba,i—l)

C

1— c —2 max _ .
+ 2 ! ) 1 il,yc ) (Sc(wc,ifl) - Sc(wc,ifl) _Hc'wc,i—l)
1 - Ve _2Mm X 2
Py, ekl
(a) 1 5 5 )
S Ye - H'Y_ [IM_,LLmach] (wc,ifl_wa,ifl)”
1— c —2 max _ .
2’7 H 1 f'Yc '(Sc(wcﬂ'—l)_Sc(wc,i—l)_Hc'wc,z’—l) H2
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1- Ve _Qﬂmax T 2
+ : (p" ®In)zia
| e H
1 § .
S LR R
2 I2n X _ - 2
+ 1#’_ ; ’ ||Sc<wc,i—1> - Sc(wc,i—l) - chc,i—IH
24 T 2 2
max . ]’ . i
i (0" @ In)||” - [|zi-1]]
p) 1 . .
L B [l i1 — i |
Ve
2Hmax _ o 2
+ ) Sc(wc,i—l)_Sc<wc,i—1)_chC,i—1
N Sl | ”
2fimax T 2 T
+ (0" @In) |7 17 Plzi] (6.104)
AL—%MmaX‘|p|‘%A2U
where in step (a) we used the convexity of the squared norm | - |2, and in step

(b) we introduced B, 2 Ip; — pimaxH.. We now proceed to bound the three terms

on the right-hand side of the above inequality. First note that

BZBC = (I - ,U/rnach>T(I - /flmach)

=1 — ptmax(He + HY) + pi, H H, (6.105)

Under Assumption 6.5, conditions (6.20) and (6.21) hold in the ball |[dw|| < rg
around w°. Recall from (6.99) that H, is evaluated at w°. Therefore, from (6.21)

we have
H, 4+ HI >2)\; - Iy (6.106)

and by (6.20), we have

N

> pVrsk(w®)

k=1

IHell =
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<

WE

Pel| Ve sp(w?)|

el
Il

1

<

WE

pe - Au = |lpll - Av (6.107)

e
Il
—

Note further that ||H.||? = Amax(HL H..), where Apax(-) denotes the largest eigen-

value of the matrix argument. This implies that
0<HIH. <|pliA} - In (6.108)
Substituting (6.106) and (6.108) into (6.105), we obtain
BIB. < (1= 2ftmax AL + Hana [PIFAT) - 1 (6.109)
so that

IBell® < 1= 2tmax AL + Hanax IPIFAT

1 2
o R [ I (6.110)

where in the last inequality we used (1 — z) < (1 — z)2. Next, we bound the
second term on the right-hand side of (6.104). To do this, we need to bound it

in two separate cases:

1. Case 1: ||7IJC,,'_1” + ”wc,i—lu S Ty
This condition implies that, for any 0 < ¢ < 1, the vector w.;—1 + tW.;_1

is inside a ball that is centered at w® with radius ry since:

|(Weim1 4t 1) — W°|| = ||Weim1 + tWe i1 |

< e il + e
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< e iall + [[0eil

<ry (6.111)

By Assumption 6.5, the function sg(w) is differentiable at w.; 1 + tw.;—;

so that using the following mean-value theorem [105, p.6]:

1
Sk(Weim1) = Sk(We,i1) + (/ Vot 8k (We,i—1 + twc,i—l)dt) cWe i1
0

(6.112)

Then, we have

_ . 2
Hsc(wc,i—l) - Sc(wc,i—l) - chc,i—ln

N
= | Zpk[sk(’wc,iq) — 81(We,im1)] — chc,ile2
k=
N1 1 N )
= || Zpk/ VwTSk<wc,i—1+twc,i—1)dt'wc,i—l_Zpkvask(wo)'wc,i—IH
k=1 0 k=1

N 1 9
= H § Pk - / [V 85 (Wei—1 + tWei1) —VwTsk(wO)}dt-wc,i_lH
k=1 0

N 1 9
<{> /0 Vst i1+t 1) = Vogrsi(w?)||dt - Jabea |}

@ [ ! . ] 2
S e [ s+ i) — - e}
k=1 0
N 1 9
8 O Ol VY S T | R )
k=1 0
N 1 9
<o [ A s =l el
k=1 0
N 2
= {Zpk ‘A ([0 || + [Jei-1]]) - ||117¢,1~71H}

295



2
= (ol il + sl - 8501
= IIpll - A% - (1]l + ei-a]l)* - e l®
< 2plZ N2 (it |2+ i1 |2) - e ] (6.113)
where step (a) uses Assumption 6.5 and the last inequality uses (z +y)? <
202 + 212,
2. Case 2: Hu?c,i,lH + H’UVJC’Z;1H >Try

It holds that

_ . 2
Hsc(wc,i—l) - Sc(wc,i—l) - chc,i—l H

= | Zpk [sk(wei1) = sp(Wei1) — Virsp(w®) - We,i—1] H2
k=1

{ P sk(Wei1) — sx(Wei-1) — Vrsp(w®) - ’Uv)c,z'—IH}2
k=1

N
2
s{z (st (wei1) = sei )| + [ Fursu(@?)]] - febeiall) §
(a) ;V 2
< { Y m O el + A - e }

k=

=

= {2lpll - A - il

< AYpll - AG - el

() Weion || + et |\ .
R e R

) 2 4>\2 2 5 2
< 2pllt - —5 - (1@eimall” + llbeiaal]*) - llbeiall (6.114)
H

where in step (a) we used (6.17) and (6.20), in step (b) we used the fact
that ||We;—1|| + ||Wei—1|| > rg in the current case, and in step (c¢) we used

the relation ||z + y||* < 2||z||* + 2||y*.
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Based on (6.113) and (6.114) from both cases, we have

_ . 2
Hsc(wc,ifl) - Sc(wc,ifl) - chc,ile

< 2|} Ao ([Weia |+ | Weima||?) - [|tDei-1]? (6.115)
where
2 A 2 4/\2U
T

The third term on the right-hand side of (6.104) can be bounded by (6.84).
Therefore, substituting (6.110), (6.115) and (6.84) into (6.104) and applying the

expectation operator, we get

I

EH,‘Dc,i - waﬂ' S Ye * EH,‘DC,i—l - wa,i—1”2

Aptmax [P TN

1 21)2

)‘L - §MmaXHpH1)‘U
| 2N:umax||pT®]M”2
/\L_%lumaprH%)\QU

+

(Bl i1 ]|* + e

A I PATOS Elweia | (6.117)

where in the last term on the right-hand side of (6.117) we used 17 P[x] = ||z ||?
from property (5.111) in Chapter 5. Recall from Theorem 5.2 in Chapter 5 that
Wei—1 — 0, and from (6.88)—(6.89) that E|lw;—1||* < O(tmax) and E||w, ;1 ||* <
O(u2,,) in steady-state. Moreover, we also have the following result regarding

E||w.;_1]|* in steady-state.

Lemma 6.2 (Asymptotic bound on the 4th order moment). Using Assumptions

6.1-6.7, it holds that

lim sup El[ || < 04, (6.118)

1—00
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lim sup El[w, || < 01 (6.119)

1—00
Proof. See Appendix 6.B. O
Therefore, inequality recursion (6.117) becomes

El[the;—Wa;|* < Ve Bl e i1 —Waim1 [P+ O (1) (6.120)

As long as . < 1, which is guaranteed by the stability condition (5.145) from
Chapter 5, the above recursion (6.120) leads to

1
lim sup E|w.; — W) < - O(fa)
1—00 1- c
1
= ’ O(Milax)
Hmax — %MIQnaXHpH%)\QU
= Olta) (6.121)

Based on (6.121), we can now show that the steady-state covariance matrix of
w,; is equal to the covariance matrix of w,; plus a high order perturbation term.

First, we have

I = E[w.w/,]
= E[(Wq, + We;i — Wayi)(Wayi + Wei — Wayi)']
= Elg,ity ;] + E[,i(We,; — Wa,i)"]
+E[(w.; —waz)wfl} A E[(We—Wa ;) (We;—Wa;) ]
=Tl + E[thei(We; — Wai)"] + E[(We; — Wa,)w,,]

X

— E[(We; — Wa;)(We; — Way)' ] (6.122)
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The second to the fourth terms in (6.122) are asymptotically high order terms of

Hmax- Indeed, for the second term, we have as 1 — oo:

lim sup || E[t;(.; — wa,)" ||
1—00

<limsup E || (te; — Was)" ||
1—>00

<limsup E[[|[we| - [[t0e;i — Wa,ll]
71— 00

< timsup /B |? - Ebe; — .

1—00

< O(u3f2) (6.123)

Likewise, the third term in (6.122) is asymptotically O(ui{fx). For the fourth

term in (6.122), we have as i — oc:

lim sup HE[(IIJ“ — W) (Wei — Way)" | H

1—00
(a)
< limsupE H(zbcz — W) (We,; — wa,i)TH
1—00
() . . 2
< limsupE ||w.; — W,
1—00
I
< O(Himax) (6.124)
where step (a) applies Jensen’s inequality to the convex function || - ||, step (b)

uses the relation [|zy”|| < ||z| - |ly|l, and step (c) uses (6.121). Substituting
(6.123)—(6.124) into (6.122), we get,

lim sup |[Te; — Ta]| < O(pdl2) (6.125)

Hmax
1—00
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or equivalently, in steady-state,
M., = ,; + O(u32) (6.126)
Combining with (6.97) we therefore find that
M, =117 @1, + O(u32) (6.127)

6.A.4 Evaluation of f[a,oo

We now proceed to evaluate I1,; from recursion (6.101):

ﬁa,i = Bcﬂa,i—lBZ + :u12nax(pT X IM)ERU,2(¢Z—1)(p X IM)
= Bllai 1 B!+ (0" @ Ln)ER i (10w°) (p@ 1)

+ 1t (PT @ L) B[Ry i(im1) = Rui(1@w®)] (p@ Iny) (6.128)

We will verify that the last perturbation term in (6.128) is also a high-order term

in fimax. First note that

120 (P" @ Inn)E[Rui(i1) — Rui(1 @ w®)] (p @ Ins)||

< i 1P @ Tt B R i (@i-1) = R i(1 @ w) (6.129)

Next, we bound the rightmost term inside the expectation of (6.129). We also

need to bound it in two separate cases before arriving at a universal bound:

1. Case 1: |[¢i_1|| < rv

By (6.26) in Assumption 6.6, we have

1R ui(i1) = Ru(L @ )|
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<Nl — T @wl||" =\, - [ ||® (6.130)

2. Case 2: ||g51_1\| > ry

In this case, we have

H’Rfv,i((ﬁifl) —Rui(1® wO)H
S ||RU,Z(¢Z—1)|| + ||RU,Z(]1 & wO)H (6131)

To proceed, we first bound || R, ;(w)]| as follows, where w = col{wy, ..., wy}.

From the definition of R, ;(w) in (6.24), we have

[Rui(w)]| < Ta[Ros(w)]
= Tr[E{v;(w)v; (w)|Fi_1}]
— B{Ti(v:(w)o? (w)] 71}
— B os(aw) |71}

N

(b)

=D E{floni(wi)|*|Fies}
k=1

(0 X
< Z{a Nwg]|? + 07| Fica}

=
—_

{a [lwy, — w® +w|* + 07| Fia }

WE

i

1

{2a]|wi —w’||* +2a|w’||* + o3| Fi-1 }

] =

B
Il

1

20+ |lw—1 @ w’||*+2aN ||w’||*+ No? (6.132)

where in step (a) we used || X|| < Tr(X) for any symmetric positive semi-

definite matrix X, in step (b) we used the definition of v;(w) in (6.23), and
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in step (c) we used (6.16). Using (6.132) with w = ¢;—; and w = 1 @ w°,
respectively, for the two terms on the right-hand side of (6.131), we get

HRv,z'(d)z;l) —Ruyi(1® wO)H
<2a- | @i |? + 4aN|u’|® + 2No?

Niall?
7'2

e

(a) ~
< 2a- ||| + (4aN|w’||* + 2No?)

= (2a

4aN ||w||* + 2No?
+ 2

Ty

) - lliaal? (6.133)
where in step (a) we used the fact that ||¢;_1|| > 7 in the current case.

In summary, from (6.130) and (6.133), we obtain the following bound that holds

in general:
| Rui(@iz1) = Rus(1 @ w?)]|
T 4aN||w?||?+2Nc? ~
< max A a1 (204 2N ) g o)
v

< Ave - max { @il 1o |

<vo - {1l + i} (6.134)
where

4aN ||w||* + 2No?
2

)\VU £ max {)\U, 200 +
Ty

} (6.135)

Substituting (6.134) into (6.129), we arrive at

lim sup Hﬂfnax(pT ® I)E[Ryi(¢io1) — Rui(1 @ w?)] (p @ In) H

1—00

<limsup 2, - |lp® Iu|* - Mo - [EHCB%JF + EH&AHH}

1—00
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a) . - - K
D limsup 2 - 0 ® Inll? - Ave - [EJ AT, | + B AT ;4 "]

1—>00

< limsup piy - P ® Dl - Ave - (AT 17 - Ellia|* + AT - Efl 1 ])"]

1—00

= i sup e llp © ol Aver [JATI? - Bl +AT I B {1 1)74)]
1— 00

® ) . i .

< limsup 2 1p @ D2 Mvus - (AT Ellbia |+ AT - (Bl )]
71— 00

()
< 2 (O (ttmax) + O (2]

= O(pd) + O(uEl2H?) (6.136)

:umax

where in step (a) we used the relation ¢;_; = ATw,_; from (5.81) in Chapter
5, in step (b) we applied Jensen’s inequality E(x"/*) < (Ex)*/* since /% is a
concave function when 0 < £ < 4, and in step (c) we used the fact that E||w;_1||?
is on the order of O(pmay) in steady-state and that E|w;_]|* is on the order of
O(p2,,) in steady-state. Using (6.136) in recursion (6.128) leads to the following

relation as i — oo:

,; = Bl ;1B + 42 (0" @ In)ER, ;(1@w°) (p@Lar)

+ O(fiae) + Ol ™) (6.137)
which is a perturbed version of the following recursion

I3, = BIIg,;_ BI + it (0" @ 1) ER, s(10w) (p@ Lny) (6.138)

a,i—1

We now show that the covariance matrices obtained from these two recursions

are close to each other in the sense that

limsup [y — 102 || < O(pmn>1+/2)) (6.139)

: max
1—00
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which also means that, in steady-state,

I, = 12, + O(pmin(14n/2)) (6.140)
Subtracting (6.138) from (6.137), we get
ﬁaJ - ﬁg,z‘ = Bc(ﬂa,i—l - ﬁg,i—l)BZ
+ OHja) + Ol ?) (6.141)
Taking the 2—induced norm of both sides, we get
Ly — 113,
< ||BC||2 ’ H]ja,i—l - ﬁg,ile + O(:U’?nax) + O(Nfrl/zfx+2)
(a) . .
< 702 : ||Ha7i*1 - Hg,z?l” + O(:u;r))nax) + O(/’Lzl/z?;z)
i—1
S P)/CQZ ’ Hﬂa,o - ﬁZ,OH + Z 702] X [O(H’fnax) + O(/’Lgl/a?x—i_Q)]
§=0
<A | Tap = T[] + ) 72 x [O() + O(uil2)]
j=0
(b 7 B 1O O(M?nax) + O( g'l/*fx+2>
=2 | Mao — T2, + 2
e - O(i8,) + Ol
< ,yzz . HHa,O _ HZ,OH + (:U’max)l - (:u )
Ve
: O(t0s) + Ot}
< 21 Ha o Hg + a
> H 0 OH ,umax)\L - %/’Liqaxup’ll)\%
O (1) + Oyt )
— A2t Ha o Hg i max
e H 0 OH /\L - %MmaXHle/\%J
( E;I;((Z,l—f—n/Q))
— g~ 1 + (0142

AL = ghmax [Pl A
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where in step (a) we are using (6.110) and in step (b) we are using the fact that
Y. < 1, which is already guaranteed by choosing p.x according to the stability
condition (5.145) in Chapter 5. Taking lim sup of both sides of (6.142), we arrive
at (6.139).

6.A.5 Final expression for Il

Therefore, by (6.126) and (6.140), we have

[lee = TG oo + O(HEL2) + O a1 +/%)

/’LmaX

— ]i[g,oo _|_ O(Mmin(3/271+ﬁ/2)> (6143)

max

Now we proceed to derive the expression for f[f;’oo. As i — o0, the unperturbed
recursion (6.138) converges to a unique solution f[gyoo that satisfies the following

discrete Lyapunov equation:

115 o = Bellg o BY + e (0" @ Ing) - Ry - (0@ Inr) (6.144)

a,00 "¢

where we used (6.25) from Assumption 6.6. Vectorizing both sides of the above

equation, we obtain

vee(I15 o) = fioax - (L2 = Be ® Be) 'vee {(p" @ In) - Ry - (p© Inr) }
= ftmax - (Ing @ HetHe @ Ing— fimax He © He) ™!
x vec{(p" @ Ins) Ry (p® Inr) }
@ e - (Inr © Hy + Ho @ Lnp) ™t
X [Tas2 = pna(Ho ) (I @ Het He@Tog) '] ™

xvec {(p" @ In) Ry (p® In)} (6.145)
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where step (a) uses the fact that (X + V)™ = X '(I + YX1)7! given X
is invertible. Note that the existence of the inverse of Iy, ® H, + H, ® I is
guaranteed by (6.21) for the following reason. First, condition (6.21) ensures
that all the eigenvalues of H, have positive real parts. To see this, let A\(H,)

and zy (7o # 0) denote an eigenvalue of H,. and the corresponding eigenvector!.

Then,

H.xg = ANH,) - xo = xiH.xo = N(H,) - ||$0||2 (6.146)
= (z5Hexo)* = N (H.) - [|zo|?
= o Hirg = N (H.) - ||zo|?

= xSH;‘Faco = \(H,) - onH2 (6.147)

where (-)* denotes the conjugate transpose operator, and the last step uses the

fact that H, is real so that H* = HI'. Summing (6.146) and (6.147) leads to

fS(Hc + HC)TJ70 = ZRe{/\(HC)} : ”‘TO”2

* Hc HC T
= Re{AH,)} = 7ol 2||Zo||2) 0> >0 (6.148)

where the last step uses (6.21). Furthermore, the M? eigenvalues of Iy ® H, +
H.® Iy are A, (H.) + A, (H.) for my,my =1,..., M, where \,,,(-) denotes the
mth eigenvalue of a matrix [82, p.143]. Therefore, the real parts of the eigenvalues
of Iy @ H. + H. ® Ip are Re{\,,,(H.)} + Re{\,,,(H.)} > 0 so that the matrix

Iy ® H.+ H.® I, is not singular and is invertible. Observing that for any matrix

I'Note that the matrix H,. need not be symmetric and hence its eigenvalues and eigenvectors
need not be real.
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X where the necessary inverse holds, we have

(I - UmaxX)ilu - ,UmaxX> =1
<$<I - MmaxX)_l - ,U/max(l - ,umaxX)_lX =1

S = pmaxX) ™ =T 4 frmax(I — pimax X)X (6.149)

and, hence,

[IMQ - Nmax(Hc & HC)(]M ® HC + HC ® IM)_I} B
= Iy + fmax [I_ﬂmaX(Hc(gHC)([M@HC_'_HC(XJM)A}_1
x (H,® H,)(Iny ® Ho+ H, @ Iy;) ™"

@ Tz + Oftama) (6.150)

where step (a) is because

. 1
lim
Pmax—0 ,umax

x {umax (1= pmax (Ho® Ho) (Iny @ Ho+ Ho® Iyg) ™
(H@H) (I @ Hot Hoo L)}
= T (7~ (e ® HO) (I © Ho+ Ho L) ']
X (H,® H,)(In; ® Ho+ H, @ In;) ™"
— (H, @ H)(Iny @ H, + H, @ )"

= constant (6.151)
Therefore, substituting (6.150) into (6.145) leads to

Vec(ﬂg,oo) = HMmax ° [(IM & Hc + Hc X IM)_l + O(/'Lmax)]
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X Vec{(pT ® [M)Rv(p®IM)}
= HMmax * ([M & Hc + Hc & [M>71

x vee { (p" @ In)Ro(p @ Tnr) } + O(piia) (6.152)

Combining (6.143) and (6.152), we get

Vec(ﬁc,oo) = Mmax * (IM & Hc + Hc ® IM)ilveC {(pT ® IM)Rv(p ® IM)}

+ O (pmin(3/2.1+n/2)) (6.153)
By (6.75) and (6.97), the weighted MSE, E|[wy ||, is given by

Jim Bl = Tr {(117 6 Moo} (B © D)} + O(r)

:U’max

= Tr {(117 Bip.) ® (eoX) } + O(u2)

:U’max

YT {117 By} - Tr {02} + O(122)

Mmax
=Tr {f[c,ooZ} + O(ufn/fx)
(b)

= Tr(zﬂc,oo) + O(/’L?r{a?x)

O Te(27TT, ) + O(l2)
(d)

= (vec(%))" vec(Ileno) + O(u3/2)

© Umax * (Vec {(pT ®Iy) Ry (p® IM)})T
X (Iny @ H' + H @ Iny)~'vec(X)
+ O(pla) + O (a2

= fmax - (vec {(p" ® Inr) - Ry (p® IM)})T
x (I @ H' +HF @ Iny) 'vec(X)

+ O (pmints/2.14x/2)) (6.154)
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where step (a) uses the property Tr(X®Y') = Tr(X)Tr(Y) for Kronecker products
(82, p.142], step (b) uses the property Tr(XY) = Tr(Y X), step (c) uses the fact
that ¥ is symmetric, step (d) uses the property Tr(XY') = (vec(XT))Tvec(Y),
and step (e) substitutes (6.143). Note that the term (I @ HI+H! @ I;) ' vec(X)
is in fact the vectorized version of the solution matrix X to the Lyapunov
equation (6.42) for any given positive semi-definite weighting matrix 3. Using
again the relation Tr(XY) = (VeC(XT))Tvec(Y) = ((Vec(XT))Tvec(Y)>T =
vec(Y)Tvec(XT), the weighted MSE expression (6.154) becomes (6.41). As a
final remark, since condition (6.21) ensures that all the eigenvalues of H, have
positive real parts, i.e., the matrix —H, is asymptotically stable, the following

Lyapunov equation, which is equivalent to (6.42),
(-HHX + X(-H,) = -% (6.155)

will have a unique solution given by (6.43) [82, pp.145-146] and is positive semi-
definite (strictly positive definite) if ¥ is symmetric and positive semi-definite

(strictly positive definite) ( see [105, p.39] and [73, p.769]).

6.B Proof of Lemma 6.2

The arguments in the previous appendix relied on results (6.118) and (6.119)
from Lemma 6.2. To establish these results, we first need to introduce a fourth-
order version of the energy operator we dealt with in Appendices 5.B and 5.C in

Chapter 5, and establish some of its properties.

Definition 6.1 (Fourth order moment operator). Let x = col{xy,...,zn} with

sub-vectors of size M x 1 each. We define P™W[z] to be an operator that maps
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from RMN to RN
PW[z] £ col{]|a||*, flaall, .. lzn ]|} (6.156)

]

By following the same line of reasoning as the one used for the energy operator
P[] in Appendices 5.B and 5.C in Chapter 5, we can establish the following
properties for PA[].

Lemma 6.3 (Properties of the 4th order moment operator). The operator P™¥]]

satisfies the following properties:

1. (Nonnegativity): P®[z] =0

2. (Scaling): PWlazr] = |a|*- PW[x]

K)

3. (Convexity): Suppose 2V, ... ) are N x 1 block vectors formed in

the same manner as x, and let ay,...,ax be non-negative real scalars that

add up to one. Then,

PW [all‘(l) 4ot (IKZE(K)} < a1P(4) [:E(l)} et CLKP(4) [(ﬂ(K)} (6.157)

4. (Super-additivity ):

POz +y] 8- PW[a] +8- POy (6.158)

5. (Linear transformation):

PW[Qaz] < ||P[Q]]%, - PIQ] PW[x] (6.159)
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< [|P[Q]II% - 117 - PW 2] (6.160)

6. (Update operation): The global update vector s(z) = col{si(x1),...,sn(zn)}

satisfies the following relation on PW[:

PW[s(x) = s(y)] 2 Ay - POz — ] (6.161)

7. (Centralizd operation):
PWIT(z) = T.(y)] < 7z - Y[z — ] (6.162)
with the same factor

1
Ve é 1— Mmax)\L + EugnaprH%)‘zU (6163)

8. (Stable Kronecker Jordan operator): Suppose D;, = Dy ® Iy, where
Dy, is the L x L Jordan matriz defined by (5.122)—(5.123) in Chapter 5.

Then, for any LM x 1 vectors x. and y., we have

8

P(4) [DLSCe + ye] = Fe,4'P(4) [l’e]—i-mp(zl) [ye] (6164)
where I'c 4 is the L x L matriz defined as
2] (1—|8d2\)3
I ' ' . (6.165)
o da)?
i ||
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]

To proceed, we recall the transformed recursions (5.97)—(5.98) from Chapter 5,

namely,

We,; = To(wei—1) — Te(Weio1) — fmax - (pT ® In) [2io1 + v (6.166)

W.; = Dy 1We; 1 —URAS M [s(1 @ we; 1) +2i1+v;] (6.167)

If we now apply the operator P®[] to recursions (6.166)(6.167), and follow
arguments similar to the those employed in Appendices 5.G and 5.H from Chapter
5, we arrive at the following result. The statement extends Lemma 5.6 in Chapter

5 to 4th order moments.

Lemma 6.4 (Recursion for the 4th order moments). The fourth order moments

satisfy the following inequality recursion

Wi = Fy Wéll,ifl + HW_y + s Dos (6.168)
where
Wé/l,i é COI{EP(4) [wc,i]a EP(4) [we,i}} (6169)
W, £ col{EPw,], EP[w.,]} (6.170)
i cc\Mmax ce max ) ° ]lT
2 fee(ttmax) — fee(ptmax) (6.171)
_fec(,umax) -1 Fee(,umax)
Dec(ftmas) e (timax) - 17
H (Fnax)  Trce(fimax) (6.172)
0 0
boa = col{bu, ¢, by 1} (6.173)
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where . is defined in (6.103), and I'. 4 is defined in (6.165), Moreover, the entries
in (6.171)—(6.172) are given by:

fcc(,umax) é Ye + :ufnax ’ 432054HpH411

H2 . AL+ %Hmax”pn%/\QU)
<AL — %MmaXHpH%AZU
=7+ O(:U’?nax) (6174)
— 4
lells - A - || PLATeA ||,
()\L — %Mmax”p”%)‘%)g
+ 432 lpll T - 1 PLATUL S

o p - 200p3 - (24 1PLATU)

A

fce(ﬂmax) = HUmax *

+ 200l - [ PLATULIIE

, (u 2pllf - NG - IPLATULE, | A+ %umaprH?A%)
>‘L - %Mmax”pH%)‘zU )‘L - %ﬂmax”pu%)‘%

= Optma) (6.175)

Peeltms) 2 1042+ (4allpll - 1ol + dallpl - e + 02 - 1p]})

=O0(1,,) (6.176)

:umax

10 D 4)‘2 ) ?nax D 2 ~ o
hec(pmes) 2 5 WA e oy 42,2 (2 e P+ 202
AL—§MmaX||p||1/\U <

=0 ,.) (6.177)

:umax
bose = 2llplly - (270 - (Jdeoll + w?]*) + o)

= constant (6.178)

216N - (A4 + 216014)

N 4 BT AT7/. 114 || P T4 T
Fee(lumax) - P€,4 +lumax (1 — |)\2<A>D3 ||P["41UL]||00 ||P[MR"42]||00 11

= 1—‘6,4 + O(uilax> (6179)

A u B832N - (AL + 8ay)

ec\Mmax) — Mmax ° PlU Ag io

=O0(ut ) (6.180)

:umax
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) a 206N | PURATIIL
T T DoAY

8l + - ] + 2}

2708 + a0) - o

= constant (6.181)

Proof. See Appendix 6.C. O]

Observe from (6.168) that the recursion of the fourth order moments are
coupled with the second order moments contained in W!_,. Therefore, we will
augment recursion (6.168) together with the following recursion for the second-

order moment developed in (6.182) of Chapter 5:
Wz/ j FWz{—l + lurznaxbv (6182)
to form the following joint recursion:

WZ/ = r 0 \ i/—l + M?nax ) bU

3 5 (6.183)
Wz’l,z’ Hy Fy Wz’l,i—l :u;lnax “bya

The stability of the above recursion is guaranteed by the stability of the matrices

I and Fy, ie.,
p(I) <1 and p(Fy) <1 (6.184)

The stability of I' has already been established in Appendix 5.1 of Chapter 5.
Now, we discuss the stability of Fy. Using (6.174)—(6.179) and the definition of
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Ve in (6.110), we can express Fy as

[ c+O ?nax O max ']lT
B | (Hmax) — OHmax) (6.185)

O(:ufnax) F€74 + O(:ufnax)

1_ max>\ O max
A T (6.186)

0 Fe,4

which has a similar structure to I' — see expressions (5.133)—(5.134) in Chapter
5, and where in the last step we absorb the factor 17 in the (1,2)-th block into
O(ftmax). Therefore, following the same line of argument from (5.278) to (5.295)
in Appendix 5.1 of Chapter 5, we can show that F} is also stable when the step-size

parameter fiy.y is sufficiently small. Tterating (6.183), we get

i J

Wi r of (W & (r o 2 b,
= IESY A (6.187)
Wéll,i Hy, Fy Wé/l,() Jj=0 Hy Fy /uilnax'bUA

When both I' and F} are stable, we have

~1

. Wz/ F O :ur2nax ' b’U
limsup | _ <|I- .

oo Wi,z Hy, F, :U’fnax ’ bv,4

l’[’r2nax' (I_F)ilbv
(I=Fy) " Hy i - (T =D) " oy + - (1 = F4) "' a
(6.188)

which implies that, for the fourth-order moment, we get
limsup Wi, < (I — Fy) "Hy - pioee - (I = 1) 70y + piay - (I = Fi) by s (6.189)

1—00

To evaluate the right-hand side of the above expression, we derive expressions for
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(I — Fy)~ and (I —T")7! using the following formula for inverting a 2 x 2 block
matrix [82, p.48], [116, p.16]:

-1
A B A'+ A"'BECA™' —A"'BE
= (6.190)
C D —BECA™ E

where E = (D — CA™'B)~!. By (6.186), we have the following expression for
(I — F4)_12

-1

1_Nmax)\L O(,umax)
(I-F)"'=|I- —O (i)

0 | )
- -1

,Umax)\L - O(u'?nax> _O(:u'max) _O(:ufnax)

L _O(H’?nax) I_FeA_O(,UIQnaX)
i -1
max/\ -0 1211ax @ max
o i) (fr) (6.191)
| Ok I =Teq— O(tiax)
Applying relation (6.190) to (6.191), we have
E,=(I-T1T.4— O(IUQ ) _ O(/’Lilax)o<,umax) -
' o e ,Umax)\L - O(ulznax)
= (I =Tea+0(2) (6.192)
I S __O0Q)E4
(-[ - F4)_1 = tmax AL =0 (Biiax) t O(,umax) AL=O(pmax) (6193)
_ E4'O(/14max) E
)\Lfo(//fmax) 4

Furthermore, recall from (5.133)—(5.134) of Chapter 5 for the expression of I':

c maxhc max) ° ]IT
ro | n (Fomax) 2117
0 I,
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1_ max)\ O max
] BT (6.194)

0 I,

Observing that I' and Fj have a similar structure, we can similarly get the ex-

pression for (I —T')~! as

I __OWEy
([ _ 1—\)71 — HmaxAL_O(/L?nax) + O(NmaX) )\L—O(Mmax) (6195)
_ E2~O(,umaX) E2

)\L _O(,U»max)

2 -1
By = |1 =T, = 012, — -2Umax) Olttm)

maxs Mmax}\L - O(:u?nax)
= (I=Te+0(2)) (6.196)
In addition, by substituting (6.176)—(6.177) into (6.172), we note that
O(p? O3
H4 — (:umax) (:umax) (6'197)

0 0

Substituting (6.193), (6.195) and (6.197) into the right-hand side of (6.189) and

using we obtain

N S __OQ)E, 2 3
hm sup Wé/l,z j Umax)\L—O(g%ﬂg() + )O(:umaX) AL_O(Mmax) % O(,Umax) O(I[,Lmax)
1—00 4° max
- = 3= O(yimas) Ey 0 0
ST 0(1) B,
s pi2 o | A Ol) HO0(Hmax) 500y | | ve
max __E20(pmax) E b 1
L )\Lfo(,umax) 2 v,e
1 O(1)-E.
+M4 . MmaxAL—O(u%jax) +O<'umax) B )\L—O(Urjax) bv4’c
max E. O( max)
i O Ey by e 1
O(Khax
_ | O (6.198)
O (Hmase)
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where the last step follows from basic matrix algebra. Recalling the definition of

W, in (6.169), we conclude (6.118)(6.119) from (6.198).

6.C Proof of Lemma 6.4

6.C.1 Perturbation Bounds

Before pursuing the proof of Lemma 6.4, we first state a result that bounds
the fourth-order moments of the perturbation terms that appear in (6.166), in a

manner similar to the bounds we already have for the second-order moments in

(6.84)(6.87).

Lemma 6.5 (Fourth-order bounds on the perturbation terms). Referring to

(6.166), the following bounds hold for any i > 0.

PO [z1] < M| PIATU || - 117 PO [aw, ;] (6.199)
PY[s(1 @ weiq)] = 27| Wi ||t 1427 |[dheo||*- 14275 (6.200)
E{P(4) [’Ui]l]:i—l} j 2160(4 -1 - P(4) [’lbc7i_1]
+ 2160 - || PLATUL)||S 117 PO aw, ;]

+ 270y (||We ol * 4 Jw?||*) - 1 +0y- 1 (6.201)

where g3 & P@[s(1 ® w°)].

Proof. See Appendix 6.D. m
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6.C.2 Recursion for the 4th order moment of w.;

To begin with, note that by evaluating the squared Euclidean norm of both sides

of (6.166) we obtain:

T 0" @ Iy

- 2Mmax : [Tc(wc,i—l) _Tc (wc,i—1> — Hmax* (pT®]M>zi—1]
(6.202)

By further squaring both sides of the above expression, we get

el = |[Te(@ei1) = Telieis) = piman (0" & L)z [
+ {,u?nax' | (pT®IM>'Ui ”2 —2fhmax [Tc(’wc,z’—l) —Te(We i)
— o (07 @ Tag)2ia | (0 @ Tar )i}
—4fimax HTc(wc,ifl)_Tc(wc,ifl)_ﬂmax'(pT®[M)zifl||2
: [Tc(wc,i—l) — T.(Wei-1) — Mmax - (pT & ]M)Zi—l}T : (pT ® Iy)v;

_ 2
+2:u1?nax' HTc(wC,i—l) _Tc(wc,i—l) — Mmax* (pT ® IM)Zi—l H : ||(pT®[M)U1||2
(6.203)

Taking the conditional expectation of both sides of the above expression given

Fi—1 and recalling that E[v;|F;_1] = 0 based on (6.15), we get

|1 1) = B{ | Te(@s-1) = Teei 1) — - (070 a2 1| | i}
I ({1220l (0 © T )01 2= 2t [ Te (i 1) = Tl -1)
_,U/max(pT®[M)zifl} (pT®IM)Ui}2|-Fifl)

2422 | T 1) = T s-1) — s (0" @ Lar) 21 ||
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-E[[l(p" © Ino)vil|*| Fii]
%) I Te(Wei-1) = Te(@ei—1) — timax - (07 @ Tnr)zia ||
+ 2t - B[ (07 @ Tn)wi*
+812 e[| Te(Weio1) = Te(i-1) — e (07 @ Ing)zi ||
-E[l(p" © In)wil|*| Fii]
4202 | Te(weior) = Tel(@ei1) = i (07 @ Ing) 21 ||
-E[[[(p" © In)vil|*| Fii]
= || Te(wei—1) = Te(Weiz1) = fimax - (p7 @ IM)Zile4
+ 2l - E[I(0" © Lng)wil|*| Fica]
1042 | Te(Wei1) = Tel@eim1) — fimae (07 @ Lar) 2o ||
E[| (07 @ Las)v; || Fi ] (6.204)

where step (a) uses the inequality (z +y)? < 222+ 2y?. To proceed, we call upon

the following bounds.

Lemma 6.6 (Useful bounds). The following bounds hold for arbitrary i:

HTC<wc,i—1) — To(Weyi1) = max - (p7 @ IM)zi—1||4

S Ye - ||wc,i—1||4

t o Ty WA AT, - 17 POwe] (6205
E[lle" ® Lujod[*|7e]
< 20600l - [l + 2160} - | PLATULI|IL 17 PO ]
+ 27aulpl - eoll* + 270 - pl - 7] + o - Il (6:206)

HTc(wc,i—1> - Tc(wc,i—l) — Mmax * (pT ® ]M)zi—1||2
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. Hmax 2 2 D T 2 T
< Ve ||Weim 2 + : A ||[PlATU -1 P e.i—
> “ ) 1” A — %MmaprH%)\%] ||p||1 U H [ 1 L]Hoo [w ) 1]

(6.207)
2
E[[|(0" ® Lu)vi]|” | Fia]
< da|plf; - Pltei—] + 4o - [| PLATUL] (1% - [Ipl1T - 1" Plawei]
Ha[deoll* Ipllf+4allply- w?*+o3- lp]} (6.208)
Proof. See Appendix 6.E. m

Substituting (6.205)—(6.208) into (6.204), we obtain

E“|wc,i||4|]:i—1] j Ve - ||wc,i—1”4

P Lok i
t ot D pTey 1Pl Xo - [PLAAL]
5 Mmax

1T p@ [we,i—l]

4
o)

o 2t {2160 [pll} - e |

4

o0

+216a4lp||} - || PLATUL) || - 17 - PP, ;]
+27au|pl - [[@eo||* +27cupl}- Hw°H4+a§4~HpH‘i}

+ 10:ui1ax ' {fyc : HUVJC,1¥1||2

R Dm0 IPLATA
A" Pl ) |
{dallpll3- Plub ]
| PLATU |- [plfE 17 Ploo. i)
+AalpI (el 1w?l?) + o2 lpll | (6.200)
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We further call upon the following inequality to bound the last term in (6.209):

(a-x+b-y)c-x+d-y+e)
=ac-2* +bd-y* + (ad + bc)ry + ae - x + be - y

1
< ac-x*4bd-y* + (ad + bc)§(x2 +y*) +ae-x+be-y

d+b d+b
= (ac+a ;— C) :v2+(bd—|—a ;— C) y?+ae-z+be-y (6.210)

Applying the above inequality to the last term in (6.209) with

@ ="

Hmax 2 2 || B[ AT
b= . A ||PlATU
Y %Nmax”pH%)\[Qj HpH1 U || [ 1 L]H

2
e

¢ = 4ollp]}

d = 4al|p|l? - || PIATU] |

2
o)

e =dalplly - [deoll® + dallplly - [[w]* + o5 - Iplly

T = [ ||
Y= 17 . p¥ [wei 1] = ||’UJe,z'—1||4
we get
. Hmax 2 2 D T 2 T
e+ [ei|* + lpll3 - A2 - || PLATU | - 1 p[weﬂ-_l]}
{ N Sl P20 AT

X{4aHPH?Eﬂﬂ%¢4J+4a-HPLAfL&HEOMPH?ﬂTfﬂuk¢4]
+4aHpHﬂH@qu4ﬂhUﬂP)+OfWHM?}

d+b d+b
< (ac+“ - C)-|]wc,¢1|\4+(bd+a N C)-Hwe,ilw

+ae - |[|[Wei1]|* + be - |wei 1]
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@ d+be\ d + be
< (e ) el + (s ) ol

+ e Jbeio1||* + be - |wei—|?
= (4allpli? + 2013 - 1 PLAT2) 1%
QOCHPH% * Hmax
AL — 5 tmax D[ T A,
( A p[| TN fmax
A= tmax || D] 3AF;
20‘”17“%)‘% * Umax
AL — Simax|[PI TN

Il X I PIATUL |2 ) i

| PLAT U2+ 20 p]13- [ PLATUL] IS,

NPLATUIE, ) - e
+ (40l ol -+ 4alpl w2402 [p]?) [ abei

+

IPliXG s T, |2, - (s ol +dec P+ 02 ) e
)\L—§#max||p||1)\U =

(6.211)

where inequality (a) is using a = . < 1, which is guaranteed for sufficiently small

step-sizes. Substituting (6.211) into (6.209), we get

E[||we]|*|Fii]

j Ye ||’(I7c,i—1||4

4
[e9)

fimax .
B Tl 1P A [PIALLA]
2 Mmax

1T p@) [we,i—l]

o 2Pl - {20600 - e

4

oo

+216054HP[-’4{Z/{L]H ']lTP(4)[’UJe7i_1]+27OZ4'||"LZ)C70||4
+ 27ay - ||Jw?||* + 034}
1042, - { (allplE+2aplF - | PLATU ] 1%

2O‘HpHle)‘ZU " MPmax
)‘L - %Mmax”pu%)‘QU

NPLATUIZ, ) -l
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IPLAT Ul

( 405HpH11l ) /\%] " Hmax
)‘L - %Mmax”pH%AQU

+20][pl} - [ PLATULIIZ

20{”]9”411/\%] " Hmax
AL = 3 bmax|[PIIFAF

NPLATUIE, ) - e

+ (4allpliF - ol + dallpll - [lw?]* + o2 - o)

e, |?

IPIAT - fmax 51 47
+ \[PA; U]
AL =5 fimax DA et

(30 o 2+ |2+ 02 ) - e 17}

2
00

—

a) .
= Ve P(4) [wc,i—l]

Famas Lok v
B tmlipog P10 - | PLATEA]
5 Mmax

4
1T p@) [’we,iq]

+ 2ol - {21600 - PO ]

4

[e.9]

+ 2160y - || PLATUL)||L - 17 PDw, ;4]

270y - o + 270 - [lu?]l* + oty }

+ 1002 { (4IP3 20llpll - | PLATU) 1%

2a[plliAG - pumax
AL = 3 tmax| DI
( 4OKHPH% ) )‘2U " Hmax
AL — %NmaXHpH%)PU

NPLATU|Z) - PO e o]

IPLATUL) S

+ 20|l - [ PLATULIIS

2O‘HpHle)‘QU " Hmax
)‘L - %:U’maprH%)‘QU

.17 p@®) [we’iil]

IPLATUL|2,)

+ (4allpllF - ol + 4allpl - [lw?]* + o2 - o))
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: P[wc,i—l}

||p||zll)\2U " Mmax = AT
+ | PlATU
)‘L_%NmaprH%)‘QU ” [ ! L]H

(10 o P+ |2+02 ) 17 Pl 1] |

2
oo

= {re+ bl
+ 1002 - (dllpl3+20llpl - | PLATU] %

20[||p||4)\2 * Umax = .
T NPT p Pl
2 max
= 4
. { el A8 - I PLATUL
" (AL = e IPI3A)?

+ 4320 ccuallpl| - | PLATUL] IS

) <40‘Hp||111 ) )‘?] * Hmax
AL — 3 hmax||P 3N

+20plly - | PLAT U1

QO‘HPH%)‘QU " Mmax ST 2
)\L _ %Mmax”pn%)\% H [ 1 L]Hoo

1T . p@) [we,i—l]

+ 104 IPLAT UL

1082, - (Aallpll3- Do |2+ el o?]2+ 02 o1

- P [wc,ifl}

10[Ipl[TAY - Mo
)‘L_ %Mmax”p”%)\QU

(40 ol +da- [u?2+02- ) - 17 Plwii]

[ PLATAL|

2
00

ot ol (2Tan - (Il + ) + o)
_ {% - 432!

+ piax - 200 p||7
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5 )‘L + lﬂ“maX”pH%)‘%J
(24 IPATU I - T )
( ! >‘L - %MmaXHpH%)‘QU

. p@ ['d’c,i—l]
— 4
e L2 TR
- ()‘L - %:umaxHpH%)‘QU):3

+ 432 maxca|[pll7 - | PLATUL] S

+ 20piallpll - [IPLATUL 1%
(o 201828 PLAT,
)‘L - %umaprH%)‘%

)\L_‘_%:umaprH%)‘%f) } . ]lT . P(4) [we z’—l]
)‘L_%:umaprH%)‘% 7

+ 10450y (4allpllf Nleol* + dalpllt - [lw|?

+ 02 |Iplf) - Plaes]

10[Ip[ITAE - 15 ax
)‘L_ %Mmax”pH%/\%

(10 oo P+ w202 ) 17+ Pl ]

(| PLATL|

2
00

+ 2t DI (27008 (e 0|+ [[0° ][ ) +0704) (6.212)
where step (a) is using the following relations:

Hwe,i71”4 =17 P(4) [we,ifl]

[ i1 |[* = P[]

e |” = Pl ]

Using the notation defined in (6.174)—(6.178) and taking expectations of both
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sides of (6.212) with respect to F;_1, we obtain

EP(4) [wc,i] j fcc(,umax) ' EP(4) [wc,ifl]
+ fee(fimax) - 1" - EP® ['we,i—l]
+ hcc(:umax) : Ep[wc,i—l]

+ hce(,“/max) : ]lT : EP[we,i—l]

+ anax . b’U47C (6217)

6.C.3 Recursion for the 4th order moment of w,;

We now derive an inequality recursion for E||w, ;||*.

ator to both sides of (6.167), we get

P@W [we’i]

= pW [DNflwe,ifl —~Up A M (5(1®we,i71)+zi71 +Ui)]

(a) 8

< Tea- P®W [we 1] + 3 .p¥ [URAgM (S(]l®wc,i—1)+zi_1+’vi)]

(1-A2(A)])
(b)
j Fe,4'P(4) [we,ifl]
8 _ 4
+——— | PUrATM]||” 11T - PO [s(1 @ wes1)+2i1+v;
(1_|/\2(A)’)3 H [ R/12 ]Hoo [ ( : 1) 1 }
(¢)
j Fe,4'P(4) [we,ifl]
8 _ 4
+ fnax-—- PlUp AT 117 . pW s 1Q®wei_1)+zi—1+v;
2 (1—|/\2(A)|)3 || [ R 2]Hoo [( , 1) 1 }
= Fe,4 : P(4) [we,i—l]
8ut o || PURAT]|[! 1 1 1
max 00 ]l]lT . P(4) [_' 1 i - . - Zi|
(1= DalA))? 333( ® w,, 1)—1—3 3z 1+3 3v

(d)
j I_\6,4 : P(4) [we,ifl]
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4

8t . |PURAL
Hmax ‘ [ RA2]||oo . ]l]lT X {% ' P(4) [35<]l (%) wc,i—l)} —+ % . P(4) [321_1}

(1 —[A2(4)])?
1 4
g P )[3vi]}

(é) Fe,4 . PW [we,ifl]

8 - 4
ST p—— =] 778 & [ N
K (1—[Xa(A)])? H [Ur Z]HOO
x {27 PY[s(1 @ we;-1)] + 27 PW[z;_1] +27- PW[v;]} (6.218)

where step (a) uses (6.164), step (b) uses (6.160), step (c) uses the sub-multiplicative
property (5.106) from Chapter 5 and the sub-multiplicative property of matrix

norms:

PlUrA; M| = PlUg] - P[A;] - P[M]
= [|PUrA MY < ([Pl - || PEA ]| o[ PIMI||

o0

o PRRATMI|| < s || P | PLATT] (6.219)

step (d) uses the convex property (6.157), and step (e) uses the scaling property
in Lemma 6.3. Applying the expectation operator to both sides of the above

inequality conditioned on F;_1, we obtain

E[PW[w, ]| Fi—1] = Tes PYwe; 1]

8timas || PURAT]||
(1= |A2(A)])?
+27-PW 2] +27-E{PY [vi]m,l}} (6.220)

4
e -]l]lT-{27-P(4>[s(]l®wcvi_1)]

In the above expression, we are using the fact that w.;_; and z;_; are determined

by the history up to time ¢ — 1. Therefore, given F;_1, these two quantities are
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deterministic and known so that

E{PW[s(1@we;1)]|Fi-1} = PY[s(1@we;_1)] (6.221)

E{P(‘l)[zi_l”]-}_l} = P(4)[Zi_1] (6222)

Substituting (6.199)—(6.201) into the right-hand side of the above inequality, we

get

E[PW[w. ]| Fi-1]
=Ty pW [we,i—1]

4 8 D 14 T
————— - ||P[URA 11
+lumax (1_|)\2(A)|>3 H [ R Q]HOO

: {27. [27/\‘5-H’LZ)C,Z-_l||4~]l+27/\§||u~)c,0||4-]l+27~gﬂ

4

497 [XlU || PLATU || - 11T P [we,ifl]}

27 (2160, - PDfabe ] + 2160, - || PLATUy || L 117 P, o]

270y - (el + w’]|*) - 1+ oty - 1] }
. 216N - (M + 2160y)
= [Tt - (1 Da(A)))?
| PURAS] [ - 117 | - POfuo ]
y (5832N - (A{+8au)
T (1o (A)])?
i G PURATII
(T g(A)])?
+17 g5+ au-N|uw’||*] +o?, - N} 1
216N - (A} + 216a)
= (A3
N PRURAS) [ - 117 | - POfuw 1]

[IPLAT Ul

IPUrAZ % P weia] 1

{27[0 +aw)- ol N

IPLATUL] IS

= F6,4 + /L?nax
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4 B832N - (A +8au)
Hmax " I D (A)])P
o 26N | Pl AT

mas T T (I (A)])?

195 oot w?ll'] + oty } -1 (6.223)

IPUrAZ]IS - P awea] - 1

'{27[()\411 + o) [ *

where the last step uses 17¢$ < [17¢g5] < N||g9||s. Using the notation defined
in (6.179)-(6.180) and applying the expectation operator to both sides of (6.223)

with respect to F;_1, we arrive at

]EP(4) [we,i] j Fee(,umax) : EP(4) [we,i—l] + fec(ﬂmax) : ]l : ]E'P(4) [wc,i—l]

b1 (6.224)

6.D Proof of Lemma 6.5

First, we establish the bound for P[z;_1] in (6.199). To begin with, recall the
following two relations from (5.81) and (5.62) in Chapter 5:

b = ATw, (6.225)

w; = 1 (] ’lUC”i + (UL (29 [M)'ww- (6226)
By the definition of z; 1 in (6.83), we get:

POz 1] = PY[s(pi—1) — s(1 @ wei-1)]
@ PO [s(ATw,_) — s(1 @ wei )]
® PW [s (]l ® 'wc,z-,l—l-(AlTUL ® IM)weJ,l) —s5(1® wm,l)]

(c)
<Ay - PW [(AlTUL @ Ing)We,i1]
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(;2 PES ||P[A1TuL]Hio-1111T.P(4> [wWei 1] (6.227)

where step (a) substitutes (6.225), step (b) substitutes (6.226), step (c) uses the
variance relation (6.161), and step (d) uses property (6.160).

Next, we prove the bound for P®[s(1 ® w,;_1)]. It holds that

PD[s(1 @ we;1)]
1
— P(4) |:§3(3(]l X wq’i—l)_s(]]‘ (%9 wqi—l))

- 3( (I ®Wei1)—s(1® wo>)+1'3'3(]1 ® wD)]

3 3
(a)
= % pPW [3(8(]1 @wei—1) —s(1® wc,i—l))]
+ % PYB(s(I@Wem1) — s(L@w’))] + % - PW[3- s(1®@uw’)]

(i) 33 . P(4) [S(]l ® ’qu‘—l)_s(]l ® wc7i—1):|

+3%. pW [s(1 ® Wei—1)—s(1 @w’)] +3° - P®W [s(1 ® w’)]
(<) 270 - PY[1 ® (et — Wei1)]
+270 PO ® (01 —w°)]+27 - PW[s(1 @ w)]
@D o7 . e a||* - 1+ 27X - |1 — wO||* - 1 + 27 - PY[s(1 @ w°)]

(e)
=< 2T - [ | D27 e |1 4+27 - PP [s(1 @ w®)] (6.228)

where step (a) uses the convexity property (6.157), step (b) uses the scaling
property in Lemma 6.3, step (c) uses the variance relation (6.161), step (d) uses
the definition of the operator P™[], and step (e) uses the bound || |?> <
Y2 D p]|? from (5.129) of Chapter 5 and the fact that . < 1.

Finally, we establish the bound on P®[w,] in (6.201). Introduce the M N x 1
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vector @ according to (6.225)—(6.226):
€r = 1 X Wei—1 + A{ULwe’i,1 = A?wz;l = Qbifl (6229)

We partition @ into block form as & = col{x, ..., xx}, where each @) is M x 1.

Then, by the definition of v; from (6.82), we have

E{PY[v]|F_1}
=E{PYW[3(z) - s(z)] | Fio1}
= col{E[[|81:(z1) — si(z0)|[*|Fica], - EfllSna(en) — sw(@n) [ Fia] }

- [l ]|* + oy

ay - |len||* 4 oy

=ay-PYx]+0?, -1 (6.230)
where step (a) uses (6.38). Now we bound EP®[z] to complete the proof:

PW [x] = p® []1 @ we i1+ »A{Z/{Lwe,ifl}
%-3(]1 Wei1 AT ULWe ;1 — L& We;—1)
+%-3(1®wc,i1—1®w0)+%~3-1®w0}
(%) 27 . pW [1®@we; + AU w, ;4 —1®We,—1)
+27- PY[1 @ we;1—1 @ w°] +27- PY[1 @ w’]
©o7. p@ (1@ + A{uLwe,ifl}

+27- PU1 ® 1., q] +27- PY[1 ® v’

(c)

<27 (8- PY [1®;-1]+8 PY [ATULw. ;1))
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+27- PY 1@, 1] +27-PY [1@w’]

D 216+ sy | ' 1+216- PO [ATULw, ;]
+ 27 [ e ||t 1427 PY1 @ 0]

< 216. i || 1 +216-|| P[ATUL] || 107 PD e, ;]
+27 || ||* 1427- PY [1@w’]

(é) 216+ w1 | ' 1 +216- || P[ATe4, ] || - 117 PDfaw, ;]
27 - ||ieo|*- 1+27- PO [1 @]

= 216+ |1 |1 +216- | P[ATU ) |2 117 PO, ;]

+27 - ([[eo|*+[lwl|*) - 1 (6.231)

where step (a) uses the convexity property (6.157) and the scaling property in
Lemma 6.3, step (b) uses the variance relation (6.161), step (c) uses the convexity
property (6.157), step (d) uses the definition of the operator P™][-], step (e) uses
the variance relation (6.159), and step (f) uses the bound |[w.;[|* < 72" - ||[Weo0l?
from (5.129) of Chapter 5 and 7. < 1. Substituting (6.231) into (6.230), we
obtain (6.201).

6.E Proof of Lemma 6.6

First, we prove (6.205). It holds that

HTc(wc,zel) — To(Weyi—1) = pmax - (p7 @ IM>zi71H4

= pW [To(wei1) = To(Weiz1) = fmax - (07 @ Ing)zio1]

1 — Mmax
= P(4) |:’70 : W_(Tc(wc,i—l) - Tc(wc,i—l)) + (1 - 70> ) 1 /i 5 ’ (pT ® IM)Zi—l
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’Yc 1_ c
(0) 1 p(4)[(T( ) T ))}
= Ye- ? . c wc,z—l) c(wc 1—1
C
+ (1 ) Hmax P(4) [( T ® I )Z ]
’YC (1 _ 70)4 p M 7—1
) (4 Mo (4)
j Ye P [wcz—l wcz—l] + —_ 3 P [( ®IM)zz 1}
(1 %)
4
d -~ max
(:) Ye o P(4) [wc 2—1] ,u kzk i—1
1 - P)/c
4
_ (4) 1,7, lumax
=7 P [wc,i—l] (Z pz) —~N  ~ki-1
(1 =%)° =1 k=1 Zz 101
(37 PO, ] + lu’max (Zpl> .Z_sz )*
7 (1 =7)? =1 k=1 Zl 1P
~ :umax
= Y- PW[abei 1]+ =~ 5Pl ZPkHzlm I
f) @~ umaprHl T p(4)
= IYCP [wc,i—1]+ . . [zi—l]
(AL_%/JJmaX‘|p’|%>\2U)3
(9)
j Ye o P(4) [wc,i—l]
Mmapr”? 4 T T p(4)
—+ p )\ PA Z/{L ]1 P wel
0= Dm0 IPLATAI 1172 Vs
~ Mmax)\4 HPH4 PATZ/{L] .
= e - |Jbeiq||* + |21 ” AT PD[w, ;4] (6.232)

()‘L Qumax||p||%)\2U)

where step (a) uses property (6.157), step (b) uses the scaling property in Lemma
6.3, step (c) uses property (6.162), step (d) introduces zj ;1 as the kth M x 1
sub-vector of z;_1 = col{z1,-1,...,2n,-1}, step (e) applies Jensen’s inequality
to the convex function || - ||, step (f) uses the definition of the operator P[],

and step (g) uses bound (6.199).

Second, we prove (6.206). Let vy,; denote the kth M x 1 sub-vector of v; =
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col{vy;,...,vn;}. Then,

E[l6" ® I)wi|" | 7i-1]

5[] 3poe]
(%) -+l -
(sz) 'Zzl — ([l 17ic]

=1 k=1

i

pk
l 1pl

INE

—
o
=

= lplf - p" - E{PD[vi]| Fis }
=l -9 {21604 - 1 POfab, ]
+ 2160, - || PLATUL)||S - 117 PDaw, ]
+ 270y ([l + [0?]]4) - 1+ 0%y 1
= 2160u]lp]|} - (|- [|*
+ 216 |pll? - || PIATUL) || - 17 - POfw, ;1]

+ 270 [l - [eoll* + 27aa - [lplly - w?ll* + o - [Ipllt (6.233)

where step (a) applies Jensen’s inequality to the convex function || - ||, step (b)

uses the definition of the operator P[], and step (c) substitutes (6.201).

Third, we prove (6.207):

HTc(wc,i—l) — To(Weyi-1) = fmax - (PT & IM)ZZ‘—1H2

1 — Mmax 2
— e+ = (Tewes1) = Tel@ei 1)) + (1= 7) - T2 (07 @ L)z
Ye I Ve
(a) 1 _ 2 ,umax 2
S Ve ,Y_(Tc(wc,i—l) - Tc<wc,i—1>) + (1 - ’YC) 1— ~ ( ® ]M)zz 1
e A o) = D@ )P+ (1= 70) - (7 @ Iy |
,yc (1 - 70)
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Hrmax T 2
=Y —5 P Tc Wei—1 T Wei—1)| + 1 P)/c) Y ®[M)zi71
=5 P [Tuwes0) = Tonioa)] + (1= 70 2 H
() — Hrmax T
= Ve Plwei1 — Weia] + 1 | (p ®]M)zi—1||
= Yo et |* + P || 07 ® L)z |
Ar — slIpIEAG
B N
=Y [Weinall” + 15 PrZki-1
AL = 5llplIEAG ,;
2
- 2 Hmax
= e abesalf + L (Sn) | R
TR ; ; Yo
(©) Hmax Pk 2
< e il L () (B
o A= 5llplIEAG lzl ; S p
< 2 Hmax T
=Ye  |Weiaall” + 5575 - Il - P - Plzicd]
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where steps (a) and (c) apply Jensen’s inequality to the convex function || - |2,

step (b) uses property P[T.(z) — T.(y)] < 2

. Pl —

5, and step (d) substitutes the bound in (6.84).

Finally, we prove (6.208).

defined previously, we have
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where step (a) applies Jensen’s inequality to the convex function || - ||, and step

(b) substituting (6.86).
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CHAPTER 7

Future Issues

In this dissertation, we addressed several important aspects of adaptation and
learning over large-scale multi-agent systems. Based on the “data-distributed”
and “model-distributed” nature of multi-agent systems, we formulated two forms
of global cost functions: “sum-of-costs” and “cost-of-sum”. Both diffusion and
consensus strategies can be used to solve these problems. We addressed a crit-
ical question in multi-agent adaptation: whether the distributed strategies can
approach the performance of a centralized strategy? The answer to the question
was in the affirmative in the small step-size regime. That is, when the step-size
is small enough, the learning behavior of each agent approaches that of the cen-
tralized strategy. This is an important conclusion, especially in the design and
application of multi-agent system to big data problems, where “data-distributed”
and “model-distributed” features are prevalent. In the following, we list three po-

tential topics for future exploration:

e We have not investigated the information flow over the network when dif-
fusive learning approaches are performed. That is, how much information
should be shared in order to guarantee a certain performance level? It is
useful to understand what kind of information is important and should be
shared with neighbors. Viewing such problems from an information theo-

retic perspective might be a promising direction to gain deeper insights.
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e One of the important motivations for distributed processing is that it allows
the agents to maintain their private data and sub-models while sharing only
the necessary information. Studying the the multi-agent system from the
perspective of information security and analyzing the tradeoff between data

privacy /security and learning performance are important future directions.

e We discussed the application of “cost-of-sum” to large-scale dictionary
learning problems. Applying it to other machine learning and distributed
decision making problems can be a useful direction. Besides, it is also
interesting to explore other forms of global cost functions other than “sum-

of-costs” and “cost-of-sum” in multi-agent adaptation and learning.
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