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" SUMMARY
Thé ﬁfability vc':f an incomﬁre_ssible inviscid ﬁuid contained in. van. invérte&
rectangular channel is invesgiéated. with the éﬁe¢ts of surface tene'ion included, -
~The investigation cove?a tﬁe_ stability of thobs‘e'equilibrium-free surfaces for
which fhe curvature changes sign; the conditions for e_tabiiity of free surfaces
with curvature of constant sign were given previously b): the author. It is found
that all free surfacés wi,th.‘»curvaturea that change signva‘re unstable; thus
. sﬁrfa.ces with curvature of constant sign are the dnly possible ,-‘s'_ta;ble.o‘nes._ g,
A graph giving the critical condition for stability as a function of éontact angle
is reprinted, along with thé details of its derivation that were not given in the

preceding report.
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Lor.

Equilibrium interface

- Nondimensional Cartesian coqrdin&tés' |

* Curvature

Variational parameter

Perturbation to F e

- Contact a.ngm

Undetermined parameter

Angle between tangent to F and horizontal

(Superscript) Denotes differentiation with reépect to x
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© INTRODUCTION. .. .. .-~ .- ..

‘Ina preﬁoﬁs pa:fserll,' ! an investigatidn of the stébiiiﬁy'oi aﬁ i_ﬁcerﬁprc;:aeibllg |
| inv{sci'ﬁ fluid contained lin an inverted rectangﬂar cha.zinel wasg lp«anrfolzv-xfz'z:;taz.c'l'z':xu:r.*clrx\'e.. '
:‘mati.cally. with the effects of surface tension tékeh into é.c¢oun§.. The pufpése:
, \éam to deter#ﬁina the éife.c;t of contact angle.and Bond number on the étabiuty | -
of such a fluid configuratﬁon ‘_i»n a iow-grgvity eﬁviro'nm@nt; The iﬁvestigaﬁioh ‘ :

 was restricted to thoé'é ﬂm&-éaé ‘eﬁpﬁlibrium interiéces for-which fhe curvature
- does not change a_ign. The analysis is extended in tyhislreport to inqlude equilibriumi
v'-imen‘faéea for which the curvature does chaxige sign, Thgvomission of such int‘er-‘ |
faces in -t.he original analysis is shown to be juétiﬁed‘becauae t._ixe? arae all _
dynamically unstable. In é;ddition, the details omitted in Ref. 1 of the calculation
- of thé critical Bond numbe}r for equnibrium'interfgces for which the cu:vat_ﬁre

does not change sign. are also presented. .
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: FORWLA&*:O&V
The dxﬁerentza.l equation for an ethbnum free eurface y Fx) (see '

‘Fig. 1) is given by'Eq (3) of Ref.. 1 as

(14 E" + BF-XA=0 ~, -1<x<1 (1)
where B is t he Bond number. \isa parameter to be determined, and the

prime denotes differentmtion with respect to . x. The boundary .conditione are
'given by Eq. (4) of Ref. 1,and are ‘

F'(1)= - F'(-4)=cotd, . R £
where 0 is the contact angie between the fluid and the wall. Only values of 6
for which 0 <@ < n/2 (wetting fluid) will be conside:ed. since, as was shdwﬁ_
in Ref. 41, the problem for w/2 < 8 < © (nonwetting fluid) ;ca.n be for:nulatied in
terms of an equivalent problem for o < 6 < n/2. ‘ |

-Equation (1) can be solved in terms of the parameter

$=tan"tE, R ' - (2a)
the slope of the surface, to yield,

FZ ' .
: B—-z— -XFz’COB\g“‘C,

“where F is now a function_ of Y. The boundary conditions .'j Eq. (2), become
Y=%(n/2-0) at x =+ 1, respectively." The constant of integfation C ~may. '

be convemently evaluated by choosing the origin of coordinatee properly. The

- coordinates shown in Fig. 1 of Ref 1 were chosen so that the origin would he

on the fluid-vapor interface, ha.lfway between the walle. It is more convenient )
here to choose the x axis to intersect the interface when 4: 0 rather than 4

when x = 0. That xa, F= 0 when ¢ =0 and x = %o (xo . is not -necessanly 0,
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’ séeﬂFig.. 1). ’I‘t;e boundary c‘ondi’:ions i‘equire that ¢ = 0. at léaé'tvonce by.

'-continuity. but N A.aay equal zaro more than om.e. in which case any particular
point where ¢ = 0 and the curvature is po@itive {concave downward) may be singled
cut to defiae where F = 0, With this choice of coordinates, the constant cf inte-

gration C is one, so that ' ' . —

gl - v _
B aal AP = cos\b-i.

or " |

wherei' | | |

. : ZA e oammn ‘i/z o '
A= l[:h + 2B (con - ig . o (4)
! ; _

Substitutioa in{:o Eq. (i) shows that ¥ A is th_e‘Cuz.'vatur'e. - Notice that the
vaiue of C=1 'vis not enly compatible with F =0 at ¥ =0, Bﬁ; va;lsof with
F=2 A/B at‘ ¢ = 0, depending on whether one takes the lower or upper sign
for the aquare root. ' , |

The ccrresponding solu ion for x mﬂéing through x = xo¢. when $=0

is obtained from Eqe. (2a) and (3). It is

i

xzxa;j _C_g_g_%gk_& )
)y , , A _ | |

The value of xo can be determined from the boundary conditions, once a choice

>

is made concermng the szgn. | v .
In Ref, { (as in the ﬁrst reference of Ref, 1). only the solution takmg the

- lower sign is conexdered, since it is the one passing thx:ough the req_uired value

F=g= 0; The solution taking the upper sign is not considered, on the grounds o

that it does not pass thmﬁgh F=gs= 0. vThe ensuing analysis_ in Ref. 1 then de-

termines that x¢ = O, and, on this 4basis. the criiical Bond number is found.
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~ Notice, however, that for values oi ¢ equalto = \yo where the curvature

~vanishes,

-1( xz) T
Yo = cos -7z ) - 054‘o<‘". o (8)
it is poesible i:o continﬁously join the two brancﬁes of the solution. o-x;; havmgv
’the upper sign and the other the lower sign in Eq. (3) Since the ;urvature
vanishes at these 2mxnts. the derivatives up to the second would also join con-"
tinuously. ‘Equation (6) shows that Jommg can take place (for real values of
-~¢) only xf B2>A /4 In this paper, values of B >\ /4 .are consxdered and

equilibrium solutions rade up of joined branches are allowed. The purpose

is to examine the stabilitir of such joined fs_oiutlons.»‘ :

'STABILITY ANALYSIS FOR JOINiD INTERFACES
" The stabihty of the equihbrmm interfaces consisting of jomed solutxons
can be investig&ted by coqmdmrmg the second variation i‘n the same manner
described in Ref, 1 for unjoined solutions. The secpnd variation for trial func- "
éions of the form | |
y = F(x) + enfx) , |
| where F(x) is the equilibrium soluti?m, ¢ is a parameter, and q(.xj _is the
permrbmg function, is given by Fqs. (5) a.nd {6) of Ref, 1, Equation (’f) of Ref, 1
is the Jacobi _equa.txon, which must be satmued by n{x) to make'tha second vari-
ation vanish{ It can be written‘in the form | o . ‘
[ /(1 23/2] ¢ Bn=0. L m
In the presex}t'case, care must be taken to use the a:.'ppropriat.e éigns in each

. of the branches of F.
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" No mattér_@hiéh sign is"'ghbseix‘bfoi--: F and x, however, the re~

Iatiops hip

ol
g1

still holds, and Eq. (7) becomes. . o
- (c_oa3¢ %g) +Bn=0,
upon substi‘tuti-on of Eq. (8).
' This‘equatio_n. when rewritten in ten;ms of derivatives _with réspect to
: Y, yields
' » d = 3, 4 L -
4 ( 3 an ) o (cog \p ) o » o
+ |\ co8 ¢ — Z av ) o .
2 EL ~ sBn=0.

N

(9)

Substitution of Eq. (5) inf.o.qu. (9) shows that Eq. (9) is independent of whefher '
the upper or lower sign is used in the solution for x. ‘Thus, Jacobi's equation

is unchanged when joined solutioné. as well as nonjoined solutions,

are vconmidgred. _
Hence, ihé least eigenvalue, whicﬁ is the critical Bond number, is also uncharigéd.
' Therefore, the stability criterion for the c'r'itic‘a} Bond number is unaltered from
that given in Ref. 1. | ‘

It is now shown that ’for Bond numbers less than the critical one,' bnly
the si_méle unjoined interfacea“discusaged in Ref. 1 can be st;ble; the joined
- interfaces are alwaye ﬁnafabie._ To do this, it is aufﬁci.ent to show that _for
jéined interfaces a ;;onjugate point to one of the en;l poi;xta x = * -'1. nes'witl;it; -
~the interval -4 <x </i;b or, in.other .words.,‘ if the gene.ralvsolutio;n of'l'-.‘?q. (7)
is made to sgtisfy nontrivially dx_;e of the boundary conditions ,A FEq. (2)in Ref. 1-- o

that d'n/dx = 0 at x = - 4 or x =4 i-~then dn/dx will also vdniéh fors‘s“omeﬁ o
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% in thie interval. | Such a property makes it possible to choose a imétion'

 ' that makes the second va.rimion neg&tive. | _ | ‘ ke : |
| Fm- A to be real, 9 must lie within the limits -ip 0S¥ & Yo Thué; T
F is to be an equﬁibmum inmrface sati@fymg the bomndary conditions, Eq. (Z). o |
then w/z 9 <o . If, in addxtmn, there is an interior joining poﬁm,

then 4) = % q;o for som@ point in -i <% <4. Then continuity in ¢ re.quire's
that \51 must take on at ieaat one of the vmmea -('n/z 8) or ( n/2 - 8) in the‘.

interior, That is, in order for there to be a joining point, ¢ must assume one

- - of its boundary va.lues at Reamt once in the intex'ior. However, this means that a -

,.@olutuon of Eq. (7), for which dn/dx vanishes at a boundary pomt. aleo has -
d#/dx vanizh at an interior pmnt, ‘because, by use of dy/dx as calcula.ted
from Eq, {5}, it £ollowa that

dﬂa-_;- vv A dn
ax cosy &b °

a function of ¢ alone. Thus, joined iﬁtgrf&cee cannot provide an extremal

I'ssolusiop, and hence they cannot be stable.

CONCLUSION

The above analyeie shows that equihbrmm interfaces posaeaaing a

o _curvature that changes gign are always tmeta.ble, a.nd that the only poasible

'~ setable interfaces are those with a curvature that does not change sign, Thus,

» the stébiuty criteria for the critical Bond xiumber derived in Ref. 4 by con-
sideration of only those interfaces poesessing curvature of constant sign are

valid in general,
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APPENDIX ' o

Calculation of the Critical Bond Number
for the Sta.biliﬁy of I:quilibrium Interfaces :

The crxtxca.l Bond number can be c&lcula.ted by first ﬁnding the general
solution of Eq. (9) for n as a function of U. Substitution of d\b/dx as calcu-~
1ated from Eq. (5), into Eq. (9) yieldo |
-4 3 dn’. N 2 . cosy dn : cos 4; |
- go— lcosTV + siny cos Y (1 '-'B"—'Z') 4Bn -—-z—--O

The general aolution ie .

n= Ctan\v-f D {m-i'tamb' IN/)],
. where U 3 o
_ _ o o, -
" \" cosd d¥-
IN‘)} = - —:3——"- .
| . S
It is always "required that -yo< ¢'< spo in order that A be real, The derivative
of n with respect to ¢ is given by dn/dy = sec ~p [C +.DI¥)]. so that the

~derivative with respect to x is v
SR TN
| %§ 7 %“‘. T Asec™y . [C4 DIW)] .
Application of the boundary cohditions at x= %1 yi'elds

A, sec™y, [C - DIW,)) = 0 .
and

WP S A sec3411 [C+ DI(‘i‘i)] =

where S e, m Rgd a0
1 = 'rr/2 - 0 9 .
vy BT f Cun 1{3,‘ = u;,

and Ai is the value of A when ¥ equals 4;. Since for 0<¢i v 1:/2 neither

 sec \311 nor Iwi) can vanish, the equations can be aa.tisﬁad only. if A = 0, and

1
the product A IN‘ i) may, in general, be nonzero. 8o that D must also be chosen'

zero. The requirement that A =0 impuea that

2 =28 (4 - coet!iﬁ) = 2B (1 - 8ind) .
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: Whem this rela.tiomhip is used in Eq. {5) and the boundary conditmnes o
that y = = (n/z 6) at =k 1. reapectively, are applied. ity follows ‘that xo-,o o
-andT the critxcal Bond number relationship is '
‘”/2"6) - . . . 2 . : e o
_ = B, - _ s

Z : 1/2
o - (cosy - sina)

which is Eq. (19) of Ref., 1. Figure 2 of Ref. 1 is reproduced here, which is
a graph of the above relationship giving the critical Bond xmmberfas a function

~ of contact angle.

o e R T AT e
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_ North Hollywood, Calif.) Vol. 14, pp. 21-37, 1963,
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° FIGURE LEGENDS

o  Fig. 1. . Geometrié configuration.

Fig.. 2. Critical Bond number as a function of contact angle,
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