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SUMMARY 
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T4e sta)>ility of an incompressible inviscid lluid contained in an inverted 

rectangular channel is investigated, with the effects of surface tension included. 

The investigation covers the. stability of those· equilibrium free surfaces for 

which the curvature changes sign; the conditions for stability of free surfaces 

with curvature of constant sign were given previously by the author. It is found 
( 

that all free surfaces with curvatures that change sign are unstable; thus , '· 

surfaces with curvature of constant_ sign a!e the only possi?le .stable .ones.. .~. 

A graph giving the critical condition for stability as a function of contact angle 

is reprinted, along with the details of its derivation that were not given in the 

preceding report. 
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SYMBOLS 
''· 

x. y Nondimeneional Cartesian coordinates 

A :t: Curvature 

, 
8 

Variational parameter 

Perturbation to F 

. Contact angle 

). Undetermined parameter 

.. 

~ Angle between tangent to .F and horizontal 

(Superscript) Denot~IJ differentiation with regpect to x 
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INTRODUCTION. 

ln a previOWil ~per.; i an investigation of the stability of an incompr~aoible . 
inviecid fluid contained in an inverted rectangular channel was performed mathe­

matically, with the effects of aurface temlion taken into account. The purpose· 

was to determine the ~if'ect of contact angle and Bond number on the atabiUty 

of much a fluid configuration in a low-gravity environment. The investigation 

was restricted to those fluid-gas eqUilibrium interfaces for which the curvature 

does not change eign. The analysis ie extended in this report to include equilibrium' 

·interfaces for which the curvature does change ~ign. The omission of such inter­

faces in the original analysis io shown to be justified because they are all 
' ' 

dynamically unstable •. In addition, the· deta.ib omitted in Ref. 1 of the calculation 

. of the critical Bond number for equilibrium interfaces !or which the curvature 

does not change sign, are also presented. 
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FORl~ULA'l'ION · 

The differeu.tial equation for an equilibrium free eurfa.ce y = F(x) (see 

Fig. 1) is given by Eq. (3) of Ref •. 1 as 

BF- ~ = .0 -i <X < 1 (1) 

' .. " where B is the .Bond number, "- is a parameter to be determined, and the 

prime denotes differentiation with respect to x. The boundary conditione are. 

given by Eq. (4) of Ref. t_,and are 

F 1 (1) = - F' (- i) = cot 8 , (Z) 

where 9. is the contact angle between the fluid and the wall. Only values of 6 

for which 0 < e < w/Z (wetting fluid) will be considered, since, as was shown 

in Ref. 1, the problem for· w/2. < 6 <.'It (nonwetting fluid) .can be forrnulat.ed in 

terms of an eqUivalent problem for 0 < 6 < 'll/Z • 

Equation (1) can be solved in terms ofthe parameter 

-i 
IJI = tan F' , (Za) 

the dope of the surface, to yi~ld, 

where F is now a function of ~. The. boundary conditions,· Eq. (Z), become 

"' = :1: ( 'll/Z - 6) at x = :t: 1, x-espectively. The. conutan: of integration C may 

be conveniently evaluated by choosing the origin of coordinates properly. The 
. . 

coordinates shown in Fig. t of Ref. 1 were chosen so that the origin wo.uld lie 
on the fluid-vapor interface·, halfway bet.ween the walls. It is more .convenient 

here to choose the x ar..is to intersect the interfa·ce when ·"' = 0 rather than 

when x = 0. That is, F ·= 0 when "' = 0 and x = x o (xo . is not necessarily 0, 

' ' . ; 

l 
. I 
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oee Fig. 1). The boundary conditit),nS require that lfJ = 0 i?>t least once by 

·continuity, but IJI may equal zero .more tna.n once, in which case a.ny particular 

point where ~ = 0 and tha cur~ature is positive. (concave do~ward) may. be singled 

out to define where l" = 0. With this choice of coordinates, the coneta.nt of inte-

gra.tion C is one, so that 

B'""'z + - XF = cos ~ - i ·, 

or 
>, :::t a . 

ll'-.. - B 

where. 

ll =, :[p: ;~~:~~ ~~·~ t;z 

Substitution into Eq. (i) ahows that T ~ is the .curvature. 

(3) 

(4) 

Notice that the 

value of C = i ·is not only compatible with jt = 0 at IJI = 0, but q.lso with 

F = Z "A./B at t.jl = 0, depending on whether one take£! the lower or upper sign 

for the square root. 

The corresponding solution !.or x pa.~sing through x = x 0 . when ~ = 0 

is obtained from Eqe. (la) and (3). It ie 

lli -j cos tV d~ 
X = XO i Z\ 

. 0 

(5) 

The value o£ xo <:an be determined from the boundary conditions, once a choice 

io 1'l:1a.de concerning the sign. 

In Re.f. 1 (as in the first reference of R.e£. ·1), only the solution taking the 

lower sign is considered, since it is the one passing through the required value 
> 

F = IJI = 0. The solution taking the upper sign is not c.onsidered~ on the grounds·· 

that it does not pass through F = ljJ :::: 0. The ensuing analysis in Ref. 1 then de­

termines that xo = 0, and. on thia basis. the critical Bond number is found. 
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Notice, however, that for values of. ·"' equal to * ~o where the curvature 

vanishes, 

, . 0 ~~Po < n , (6) 

it il!l possible ~o continuously join the two branches of the solution, one having 

the upper oign and ·the other the lower sign in Eq. (3). Since the curvature 

vanishes at these points, the derivatives up to the second would also join con-

tinuously. Equation (6) shows that joining can take place (for real values of 
~--- . 2 

"') only if a~ )\ /4 • In this paper, values of B ~ x_l· /4 are considered, and 

equilibrium solutions rnade up of joined branches are allowed. The purpose 

is to exarnine the stability o.f such joined solutions. 
' . 

STABILITY ANALYSIS ~-on, JOINED INTERFACES 

· The stability of.the equilibrium interfaces consisting of joined solutions 

can be investigated by considering the second variation in the same manner 

described in 'Ref. 1 for. unjoined solutions. The second variation !or tria.l .func-

tiona of the form 

y = F(x) 't E r)(x) 

where F(x) is the equilibrium solution, E is a parameter, and ~(x) is the 

perturbing function, is given by Eqs. (5) and (6) of Ref. 1. Equation (7) of Ref. 1 

iS the Jacobi equation, which must be satiaficd by 1)(X) to make· the second vari­

ation vanish. It can be written~ in the form 

G' /11+ F' z,3/Z} + a.,= o . (71 

In the present case, care mu11t be taken to use the appropriate signs in each · 

o£ the branches of F. 



.. 
UCRL-11515 

No matter which sign is·choaen for F and x, however, the re-

lations hip 

(8) 

a till holds, and Eq. (7) becomes 

.:X · (cos 3o~J ~} T B'l = 0 

upon substitution of Eq. (8). 

This equation, when rewritten in terms of derivatives with respect to 

(. ) z . 
(coa341 ~} d 3 d'l') dx 

diV cos q, dill ,?.~~l • 
+ B1J ~ 0 •. (9) 

(~r 
-

(~) 
.). 

Subetitution of Eq. (5) int.o Eq. (9) shows that Eq. (9) is independent q£ whether 

the upper or lower sign is used in the solution for x. Thus,. Jacobi's equation 

is unchanged when joined solutions, as well as nonjoined solutions,are conaidered •. 

Hence, the laaet eigenvalue, whi~h is the critical Bond number, is also unchanged. 

Therefore, the stability criterion for the critical Bond number is unaltered from 

that given in Ref •. 1. 

It is now shown that for Bond nw:nbera less than ·the critical one, only 

the simple unjoined interfacea"discusaed in Ref. t can be stable; the joined 

intcrfaceG are always unatable •. To do this, it i~ B\l!ficient to show that for 
. 

joined interfaces a conjugate point to one of the end points x = * 11Les within 

· the interval - i < x <. i: or, in other worda, i£ the general solution o£ Eq. {7) 

is. made to eatie!y nontriviaUy one o£ the boundary conditions, Fq.· (2) in Rei. 1-­

that d'11/d.x 1::: 0 at x = - i or x = + 1--then d11/dx will also vanish £orr some r~ 
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x in this interval. Such a propelt'ty makes it possible to choome a function 

· that makes the !lacond variation negative. 

For A to be rea.lo ~ must Ue within the limitiJ -"' o ~"' < ~o • Thuao if 

F ifJ to be an equilibrium interface matisfying the boundary conditione, Eq~ (Z), 

than w/Z -8 ~~o • !£, in addition, there is an interior joining point;-

then \jl = :r: "'o for come point in -1 < x < t. Then continuity in '-II requires 

that ~ muet take on at leaet one. of t.he values - ( n/l. - 8) or ( w /2. .; 8) in the . 

interior. That im, in order for there to be a joining point, "' muot assume one 

·. of its boundary values at leaat once in the interior. However, this means that a 

. solution of Eq. (7), for which .d'l/dx vanishes· at a boundary point, abo has 

d:b/dx va.niah at an interior point, because, by uae ·Of d"'/dx alii calculated 
' ' 

from Eq. (S), it followo that 

d't1 - 6, d11 
dX = + cosqi Gili. ' 

a function of "' alone. Thus, joined interfaces cannot provide an extremal 
. ' 

solution, and hence they cannot be stable .• 

CONCLUSION 
. . ' 

The above analyeio shows that equilibrium inter!aceta possessing a 

curvature that changeo.eign are always unstable, and that the only poGsible 

stable interface~ are those with a curvature that does not change sign. Thus, 

. the stability criteria for the critical Bond number derived in Ref. i by con-

" aideration o£ only those interfaces possessing curvature of constant sign are 

valid in general. 

. ' 
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APPENDIX• 

. ·Calculation of the Critical Bond Number 
for the Stability of Equilibrium Interfaces 

UCR.L- i iSiS 

Tha critical Bond number can be calculated by first finding the general 

eolution of Eq. (9) for 11 as a function of q,. Substitution of d~/ dx, as calcu-

lated from Eq. (5), into Eq. (9) yieldo 

d t 3 d11) 
~ \OS q, Qiij. 

· - Z ( cosq,) d11 cosz"' _ 0 · 
+ sin"' cos 1J1 ~ 1 ~ B? . <liti. i· B11 tl.Z - • 

The general solution is ·. 

'l • C tan++ D [~+tan+ • II+~ 
where 

It io always· required that -q,o < q, < lj#o in order that· l::t. be real. The derivative 

of 11 with reapGct to q, is_ given by d.,jdq, = eeczq, l C _-t·, DI(q,)], so that the 

derivative with respect to x is 

- 3 . 
:: + .~::t. sec q, • l C + DI(q,)} 

Application of the boundary conditions at x :: :.t: 1 yields 

\. 

and 

where 

and A 1 ie the value o£ .0. when q, equals~:. Since. for 0 < q, t < tt/2. neither 
. 1 . 

3 
sec q, i nor I("' 1) ·can vanish, the equation~ can be satisfied only. i! t:t.

1
· = Oo. and. 

the product A
1 

I(q,
1

) may, in general, be nonzero, so that D must also be chosen 

zero. The requirement that .6. 1 . = 0 implies that 

>..
2 = 2B (1 • cos "'1) = ZB (1 - sin8) •. 
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When this relationship i~ u0ed in Eq. (5) and the boundary conditionm 

r that ljJ c ::11: ( n/2 - 0) ·at x = :& i, respectively, a.ra applied, itdoUows·ithat jcd=-)0;;: 

and? the ciritical Bond number relationship is 

{ f.w/2-0) . } 2 
i · cos~ d~ _ B 
Z . i/Z - ' 

o · ·(cos~ .. oin9) 

/ 

which is Eq. (19) of Ref. 1. Figure i of Ref •. 1 is reproduced here, which is 

a graph of th\1 above relationship giving the critical Bond nwnber·a9 a function 

o£ contact angle. 

. ' 

., . 
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FIGURE LEGENDS 

Fig. · 1. .. Geometric configuration. 

Fis. 2.. Critical Bond number am a. function o£ contact angle • 
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