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GLOBAL STABILIZATION OF THE NAVIER-STOKES-VOIGHT AND
THE DAMPED NONLINEAR WAVE EQUATIONS BY FINITE NUMBER
OF FEEDBACK CONTROLLERS

VARGA K. KALANTAROV AND EDRISS S. TITI

ABSTRACT. In this paper we introduce a finite-parameters feedback control algorithm for sta-
bilizing solutions of the Navier-Stokes-Voigt equations, the strongly damped nonlinear wave
equations and the nonlinear wave equation with nonlinear damping term, the Benjamin-Bona-
Mahony-Burgers equation and the KdV-Burgers equation. This algorithm capitalizes on the
fact that such infinite-dimensional dissipative dynamical systems posses finite-dimensional
long-time behavior which is represented by, for instance, the finitely many determining pa-
rameters of their long-time dynamics, such as determining Fourier modes, determining volume
elements, determining nodes , etc..The algorithm utilizes these finite parameters in the form
of feedback control to stabilize the relevant solutions. For the sake of clarity, and in order to
fix ideas, we focus in this work on the case of low Fourier modes feedback controller, however,
our results and tools are equally valid for using other feedback controllers employing other
spatial coarse mesh interpolants.

This work is dedicated to the memory of Professor Igor Chueshov.

1. INTRODUCTION

The stabilization problem of nonlinear parabolic equations, such as the Navier-Stokes equa-
tions and other related equations of hydrodynamics, the linear and nonlinear wave equations
have been intensively investigated by various authors (see, e.g., [4], [5],[9], [10], [16], [19], [25],
[29],138], [42], [44], [50] and references therein). Some of these works have been specifically
devoted to the problem of feedback stabilization by controllers depending only on finitely
many parameters for nonlinear parabolic equations and related systems, such as the reaction-
diffusion equations, the Navier-Stokes equations, the Ozeen equations, the phase-field equa-
tions, the Kuramoto-Sivashynsky equations, etc... (see, e.g., [1],[3],[6]-[8], [10] [12],[33],[41],
[43], [47] and references therein). This large body of work relies, whether explicitly or implic-
ity, on the fact that the asymptotic in time behavior of such infinite-dimensional dissipative
dynamical systems is governed by finitely many degrees of freedom. This fact was first es-
tablished for the two-dimensional Navier—Stokes equations in the pioneer works of C. Foias
and G. Prodi [22], and of O.A. Ladyzhenskaya [36]. Specifically, the authors proved that
the long-time behavior of solutions of 2D Navier-Stokes equations and the trajectories in the
global attractor of are determined by the dynamics of finitely many, but large enough num-
ber, of Fourier modes. This seminal work triggered a subsequent investigation concerning
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the finite-dimensional asymptotic in time behavior of solutions of disspative nonlinear PDE’s
(see, e.g., [2], [21]-[23], [27],[31], [37],[48] and references therein). Indeed, it was shown, for
instance, that the long-time behavior of solutions of 2D Navier-Stokes equations, reaction-
diffusion equations, complex Ginzburg-Landau equations, Kuramoto-Sivashinsky equation,
1D damped semilinear wave equations and a number of other disspative eqations can be de-
termined by finitely many nodes and volume elements, etc... (see, e.g., [17], [18], [24], [21],
[28], [31], [34] and references therein). The general concept of determining interpolant oper-
ators (determining functionals) was introduced in [I7],[I8] and which enabled the authors to
present a unified approach for investigating these determining parameters. A further exten-
sion of the applicability of this unified approach for studying the long-time behavior of various
nonlinear dissipative PDE’s was developed in, e.g., [18] , [13] - [L6] and refrences therein.

In this paper we study the problem of global stabilization of the solutions of the initial
boundary value problems for the 3D Navier-Stokes-Voigt (NSV) equations

O — vAv — ?Adw + (v- V) +Vp=h(z), V-v =0, v € Q,t € R, (1.1)

and the following damped nonlinear dispersive equations:
the strongly damped nonlinear wave equation

Ofu — Au — bAGu — A+ f(u) = h(z), z € Q,t >0, (1.2)
the nonlinear wave equation with a nonlinear damping term
O*u+ g(Ou) — Au+ f(u) = h(x), v € At >0, (1.3)
the Benjamin-Bona-Mahoni-Burgers (BBMB) equation,
O — 020w + f(v)0pv — O*v = h(z), = € (0,1),t>0 (1.4)
under the Dirichlet boundary condition and the Korteweg-de Vries-Burgers (KdVB) equation
O + v +vd,v — v = h(x), x € (0,1),t>0, (1.5)

under periodic boundary conditions. Here Q C R3 is a bounded domain with sufficiently
smooth boundary, o and b are given positive parameters, h € L? is a given function, f(-), g(-)
are given nonlinear terms satisfying natural growth conditions guaranteing the global exis-
tence of corresponding initial boundary value problems.

Our main goal is to show that any arbitrary given solution of the initial boundary value
problem for each of equations ([LI]) -(LH) can be stabilized by using a feedback controller
depending only on finitely many large spatial-scale parameters, such as the low Fourier
modes or other finite rank spatial interpolant operators that are based on coarse mesh spatial
measurements. A common feature of these equations is that the semigroups generated by
initial boundary value problems are asymptotically compact semigroups which have finite-
dimensional global attractors in corresponding phase spaces (see e.g. [20], [27], [32]-[35], [46],
[48], [49] and references therein). In [1], [33] and [41] the authors introduced a feedback
control algorithm based on the above mentioned unified approach employing finitely many
parameters for the global stabilization of solutions for a number nonlinear nonlinear para-
bolic equations and to the damped nonlinear wave equations. In this work we develop further
this algorithm and extend/demonstrate its applicability to a larger class of dissipative PDEs.
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However, for the sake of clarity, and in order to fix ideas, we focus in this work on the case of
low Fourier modes feedback controller. Nonetheless, it is worth stressing that our results and
tools are equally valid when using other feedback controllers that are employing other spatial
coarse mesh interpolants and determining functionals. This will be the subject of forthcoming
publication.

Throughout this paper we will use the following notations
e (-,-) and || || will denote the inner product and the norm for both L2(2) and (L2(2))°.

3
For u = (uy,up, us),v = (v, v, v3) € (LA(Q))%, (u,v) := 37 ujvda.
Q j=1

e H will denote the closure of V := {u € (C2()?:V-u = 0} in (L*())°, and V is
the closure of V in (Hl(Q))3
o H* (0,1):= {¢e £ 0,1): [l (x)de =0,k =1,2,-

per
® Wi, Wo, Wy, - Will denote the eigenfunctions of the Stokes operator and the
Laplace operator —A( dd22) under the homogeneous Dirichlet boundary condition

and of the operator — d £ in ngr((), 1) corresponding to eigenvalues Aj, Ag, -+, Ay, - -

In what follows we are using the following inequalities:
e Young’s inequality For each a,b > 0 and € > 0

P 1 bq
ab < e 4 ——, (1.6)
D 6‘1/1) q
Wherep,q>0and%+%:1.
e Poincaré-Friedrichs inequality
[ull® < ATHIVul®, Vu € Hy(H),,,V) (1.7)
and the inequality
Sl w2 < AFL IVl Vo€ HA(EL,, V), (1.8)
k=N+1

where A; is the first and Ayyq is the (IV + 1)th eigenvalue of the operator —A (or

dd ) under the Dirichlet or periodic boundary conditions.
e The 1D Agmon inequality

* < collullll'll, Vu € Hy(0,1)(Hp, (0, 1)). (1.9)

max |u(z) per

z€[0,1]

e The 3D Ladyzhenskaya inequality

el 4y < bollull2|Vullz, VueV, (1.10)
where Q) C R3.
e The 1D Gagliardo-Nirenberg inequality
14 ooy < Bllul**u™*, Vu € H>(0,1) N H (0, 1), (Hj2,(0,1)). (1.11)

where p > 2, m =1, 2,

J
m

L < <1, az(%+j—%)m‘1.
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2. STABILIZATION EMPLOYING FINITELY MANY FOURIER MODES
FOR NAVIER-STOKES- VOIGHT EQUATIONS

2.1. 3D Navier-Stokes-Voigt equations. In this section we study the problem of global
stabilization of 3D Navier-Stokes-Voigt equations by finitely many Fourier modes. Suppose
that v is a given weak solution of the problem

O —vAv — a?Adw + (v-Vv+Vp=h, z € Q,t € RT,
V-v:(),xEQ,tE]RJF;an:O, t € RT, (2.1)
v(z,0) = wv(z), x € Q,

in a bounded domain © C R? with sufficiently smooth boundary 99, vy, € V is a given
initial data and h € L?*(f2) is a given source term. The equatin (2] was introduced by
A P.Oskolkov in [45] as a model of motion of linear viscoelastic non-Newtonian fluids. This
equations were also proposed in [II] as a regularisation , for small values of the parameter
a, of the 3D Navier-Stokes equations. Here v = wv(z,t) is the velocity vector field, p is the
pressure, v > 0 is the kinematic viscosity, and h is a given force field. The positive parameter
« is characterizing the elasticity of the fluid in the sense that %2 is a characteristic relaxation
time scale of the viscoelastic material. Our aim is to stabilize any strong solution v. That
is for any initial data ug we will show that the solution u of of the feedback control system
system converges to function v as ¢ — oo, provided N is large enough depending on physical
parameters of the equation (2.1IJ). That is we will show that each solution of the system, for
N large enough,

N
Ou — A(vu + @?0u) + (u-Vu+ Vp=—p > (u—v,wp)wy + h,z € Q,t > 0,
k=1

V-u=0, xEQ,tGRJF;an:O, t € RT,

(2.2)
u(z,0) = up(x), =€,

where uy € V is given, will tend to solution of the problem (Z1]) in V norm as ¢t — oo.
Existence and uniqueness of solution u € C(R™, V') can be shown exactly the same way as it
is done for the problem (2.II). It is well known that the problem (2.II) generates a continuous
bounded dissipative semigroup S(t) : V' — V with and absorbing ball By(rg) C V (see e.g.
132], [33].) In fact taking inner product of ([2.1)) in L*(Q) with v we get

2 dt
Employing Young’s inequality (L6]) and the Poincaré-Friedrichs inequality (L)) we obtain

WO + *[[Vo@)[7] + vIVo@)]* = (h, v(t)). (2.3)

d 2 2 2 2 1 2
- <
7 @12 + a2 Vo(®) 2] + VIV o) < - lhl

which implies that

d 2 2 2 2 2 1 2
7 oI + 2 [IVo@IP] + do [lo ) + [ Ve@)°] < LR
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where dy = § min{\;, 2} From this inequality we obtain that
_ 1
lo@)[* + [ Vo®)[? < e [lo]|* + al|Vool[*] + ——-IIAll*
V>\1d0

That is each solution u € C(RT; H}(2)) of the problem the norm ||Vu(t)|| is uniformly
bounded on RT, moreover there exists ty > 0 such that

ool + @I ToOIF < 2P, 2 o (2.4)
So the ball By(rg) C V' with the radius
2
2.
= sl (25)

is an absorbing ball for the problem (21).

By using standard Galerkin method it can be shown that system (2.2]) has also a global
strong solution. Moreover it has an absorbing ball in V. Really, multiplying (22)) by u in
L?(2) ve obtain

1d

5 77 @I + I Vu@ "] + v Vu@®)]® =

—H Z [Cult), wi) P+ Y (u(t), wi) (o(t), wi) + (hyu(t))

N
<K )2 H 2 VY 2 1 2
L < B Z _ )
<7 kz:: )y wi) |+ (Rl < Z @I + S1Vu@I” + 2u>\1HhH
Thanks to (2.4) we have
d
[lu@)[? + o®[[Vu@®)|1*] + do [[lu(t)]] + o®[[Vu(t)|?] <

dt
From this inequality we deduce that

1 2
SoN TO—FV—)\thH .

_ 1| p
O + AITuOI < e [Juol® + @A Tull] + - | v+ ]

Hence the ball By(rq) C V with radius r = dfaQ [2)\1 To + > ||h|| } is an absorbing ball for

problem (2.2)).

Theorem 2.1. Suppose that
i > Ci(v)rgby, v —A4AyL, Ci(v)rgby > 0, (2.6)

where Cy(v) = 1 (%)3, bo is a constant in the Ladyzhenskaya inequality (LIQ) and rq is the

radius of the absorbing ball of the problem ([2.1]).
Then there exists to > 0 such that the following inequality holds true
HVU(t) = Vo(t)]| < ke[ Vu(ty) = Volto)|l, ¢ > to, (2.7)

where kg = 1 + k= Ymin{\, a %}

a2)\1
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Proof. If v is a solution of the problem (2.1I)) and u is a solution of system (2.2]) , then the
function z = v — v is a solution of the system

N
Oz —vAz — a?Adiz+ (u-V)z+ (2 - Vv + Vi = —p Y (2, wp)wy, © € Q,t > 0,
k=1

Ver=0, s eQteRY 2| =0, t>0, (2.8)
2(z,0) = zo(x), x € Q,
where zp 1= ug — Vo, T :=p — p.
Inner product of [28)) in L?(2) with z gives
zdt [H O + ?[[V2)|IP] + v[IV2(@)* + ((2(t) - V)o(t = —MZ| (2.9)

Thanks to the Ladyzhenskaya inequality (LI0) and the Young mequahty (CH) we have
[((=(t) - V)o(t), (1) < [2(OI7a0y IV < bollz@) 12 V(D)2 V()]
v
< SIV2OI° + G )bl 1P Ve@lI,

where Cy(v) = § (1)3

Employing the fact that ||[Vu(t)||* < rZ for t > ty and (2.I0) we obtain from (2.9) the
inequality
N

Mt [II O + *[[V2(O)[1*] + %HVZ(t)II2 = =) |(=(), we) P + CL(w)rbgll= @)1, (2.11)

k=1
Since

), wi)[* + AN V()]

O = ZI wl + ) (=), w

k=N+1 -
we obtain from (|2:|I|) the inequality

C I + 0?1V + (4 - mlcmu)r%‘*) V()

= (—p+ CL(v)rihy) Z|

Taking into account conditions ([2.6), (2.12)) and the Pomcare—Frledrichs inequality (L) we
obtain from (ZI2) the inequality

|M2

N —

(2.12)

% =@ + oI V2O?] + 5 [z + [ V2()[7] <0, ¥t > t,

where £ = £ min{\;, a"?}. Integrating the last inequality over the interval (fo,t) we get
|Vu(t) — Vo(t)|| < kol|Vu(ty) — Vu(te)||e =) vt > t,.
Hence the inequality (27) holds true. O
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3. STABILIZATION EMPLOYING FINITELY MANY FOURIER MODES FOR DAMPED
NONLINEAR WAVE EQUATIONS.

3.1. Benjamin-Bona-Mahony-Burgers equation. Let v € C(R™; H}(0,1)) be a strong
solution of the generalized Benjamin-Bona-Mahony(BBMB) equation

O — 020w + f(v)0pv — O%v = h(z), x € (0,1),t> 0, (3.1)
satisfying the initiial conditiion
v(x,0) =vo(z), =€ (0,1) (3.2)
and the Dirichlet boundary conditions.
v(0,t) =v(1,t) =0, Vt>D0. (3.3)

Here h € L?(0,1) is a given source term and f(-) € C}(R) is a given function.
First energy equality for this problem is the equality

= [l @I + 1200 ] + 18:0(0)” = (b0 (1)).

Applying the Poincaré-Friedrichs inequality (ILT) after some manipulations we get

u eI + 1201 + Alle@IP + 19.0@)1* < 20l o ()]

dt
A 2 2 2
<2 —||A|%
< S @I + " Il
This inequlity implies the inequality
d 92 2
7 @01 + 1020 [17] + 51 [[lo@)]* + 1800)]] < A—lllhIIQ, (3.4)
where r; = min{2!, 1}.
Therefore there exists 5 > 0 such that
4
[ + 10:0@)|* < ~— =R, t>t (3.5)
)\1/‘{,1

We propose the following feedback system, to stabilize the solution v(z,t) of the problem

B.1)-B.3):

N
O — 020 + udpu — Pu = —p Y (u — v, wp)wg + h(x), x € (0,1),t> 0,
K

u(x,0) = up(z), x € (0,1), ) (3.6)

u(0,t) = u(l,t) =0, ¢>0.

Our aim is to show that for a given ug € H}(0,1) and properly choosen p and N the function
|0, u(t) — O,v(t)|| tends to zero as t — oo with an exponential rate.
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Multiplication of (3:23) by u in L? gives

N —

d N N
77 Ll + 110:”] + l|0zull” = ) | w) P+ ) (u, wi) (0, wy) + ()
k=1 k=1

<K al )\ 2
L2 2
a al RNTATS
<53l + S+
From this inequality taking into account (3.3), similar to (3.4, we obtain for A(t) := ||u(t)|*+
|0, u(t)||* the following inequality

d R 2
SAM) +aA(t) < B2 2 )2, v > .
dt A

2
The last inequality implies that there exists some ¢; > ¢y such that
[ + [|0:u®)|* < Rey ¢ >t (3.7)
where Ry = pRy + & ||h]*.

It is clear that the function z = u — v is a solution of the problem

Oz + 020,z + f(w)0pz + (f(u) — f(v)0pv — 0?2 = —p év: (z,wg)wy, z € (0,1),t>0,

k=1
2(x,0) = up(x) —vo(z), x € (0,1),
2(0,t) = 2(1,t) =0, t>0.
(3.8)
Multiplying ([B.8)) in L? by z we obtain

d
7 L2017 +110:21°] + 10221

|~

+ (f()Bez, 2) + [/(Bu+ (1= 0)0)2", 0,0) = =Y |(z,wi)’, 6 €(0,1).

Thanks to the the Sobolev inequality
120l 2 (0,1) < 11022 22(0,1) (3.10)
we have
(f(u)0pz, 2) + f(Ou+ (1 — 0)v)22, 0,v)

(3.11)
2 1 2 1 2 2
< Dillllzll10:2]| + D2l dzvllll=l” < 5110:2(1" + { 507 + Delldzvll | [I17,

where

Dy = max Dy = max "(5)].
(= max [F)] Dy= max (76
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Thanks to (B.11)), (3.5) and ([B.1) we obtain from (3.9) the inequality

1d 1
S el + 0,2l + §Wzﬂ2——u§j|zwk|+(zﬂ+¢h¢RQHﬂ%Vt2w.elm

Suppose that N and p are large enough such that
1 1
A (D% + 2D2\/R1) <5 and p> 2D} +Doy/Ry. (3.13)
Then (BI2) yields
d 1
77 LIZOIF +110:2(0)1°] + 5l12:2(0)]* < 0.
Applying Poincaré-Friedrichs inequality (L) we get
d
= =0 + 2.2 + 5 mln{l MO + 10:2)11°] <0, ¢ >t

Hence
20”4+ 1020 1P < e (|lz(t0) 1> + [1002(t1)]1?) , ¥t >, (3.14)

where ap = ; min{1, A;}. So we proved the following theorem

Theorem 3.1. Suppose [BI3) are satisfied, then there exists a number t; > 0 such that

|0,u(t) — Ov(t)||? < e~wlt=t) (||8 u(ty) — 8xv(t1)||2) , YVt >ty (3.15)
Remark 3.2. Statement of the Theorem .1 holds also for solutions of BBMB equation under
the periodic boundary conditions

1
u(z,t) =u(z+1,t), Ve e Rt >0, /u(x,t)d:vzo.
0

3.2. Korteweg-de Vries-Burgers equation. In this section we consider stabilization of
Korteveg-de Vries-Burgers equation. Let v € C(RT; H;ET(O, 1)) be a strong solution of the
equation

O + 020 +viw — 02w = h(x), z€R,t>0, (3.16)
satisfying the initial condition
v(x,0) =v(z), z€R (3.17)
and the periodic boundary conditions.
v(z,t) =v(x+1,t), YreR,t>0. (3.18)

Here vo e H!

per
fo dr = 0.
There have been many studies on the long-time behavior of solutions of the KAVB equation
(see e.g. [30], [40], [51]). Our goal here is to show that any solution of the initial boundary
value problem (B.10)-(3.I8) can be stabilised by using feedback controller employing finitely
many Fourier modes as observables and controllers.

To this end we use the first energy equality

1d 9 9
5 SO + (@) = (b, o(t)

(0,1) is a given intial function, h € L2,.(0,1) is a given source term with

per(
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to infer that there exists ¢ty > 0 such that
2
lo(t)]]* < pllhll2 = p1, V>t (3.19)
1

Next we show that the problem (B.I6)-(B.I8) generates a continuous bounded dissipative
semigroup also in H},(0,1). Multiplication of [.I0) in L? by v? gives:

1d
3 dt

Using equation (3.16])

( ) - 2(U8xv> 89%”) - ('U2> 89%2]) = (h> 'U2)
—00,v = O + Oov — v — h
we get

d 1
- {Hava? — g(v?’, 1)] + 2[|0%0]|? = —(v?, 0*v) — (h,v?) — 2(h, 8?v).

This equality inplies that

1 3
7 (1001?55, 1] + S0l < 20 + S
Thanks to the Poincaré-Friedrichs inequality (7)) and Young inequality (L6 we have
d 1 1 1 A
o [l = 52,0 + 0 1.0 = S0, 1)] + Gl < 1)
L\ (3.20)
+ 2||[v||74 + 5]|R[]* < 3||v||a + 5|R|1* + <§1) + 1.
Next we us the Gagliardo-Nirenberg inequality (LI1l) with p =4
10T
lullzs < B[ 07wl [lul=.
and the Young inequality (L6]) we get
1 7 1 4/3
BlIvllze < 38%10zullzlloll? < SN0zl + 21/3 (36 ol"?)
Employing last four estimates we deduce from (3.20) the inequality
d 1 1
i [0l = 562, 0] + [l - 3020 < 1200 (3.21)

where A
1 7/4 4/3 )\1
P2 =5 (354 / ) +5(|n)? + (3) +1.
From (B.:21I)) we infer that there exists ¢; > t, such that
1
10,])* — (v 1) <2py Vt>t >t

Since

é
5
2

13 3 < 1 2 4 3
LG = ||(9 of| o] < 710:0]" + ( B
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and thanks to (3.19) we get

ot

8 161,

We propose the following feedback system, to stabilize the solution v(x,t) of the problem

B.16)-B.I3):
N
O+ Pu+ udpu — Pu=—p . (u— v, wp)wg + h(x), x € (0,1),t>0,

=1
u(z,0) =uo(z), =€ (0,1), (3.23)
u(w,t) =u(x+1,t), VYo eR,t>0.

Our aim is to show that for given v, € HI}ET(O, 1) and properly choosen p and N to be large
enough the function ||u(t) — v(¢)|| tends to zero as t — oo with an exponential rate.

First we obtain some uniform estimates for solutions of the problem ([B23)). The uniform
estimate of L? norm of solution we obtain from the first energy equality

N N
2dtllﬂllz F10pull® = =) 1w w) P+ ) (s wi) (0, wg) + (hy ),
k=1 k=1

Thanks to the Cauchy-Schwarz inequality and Poincaré-Friedrichs inequality (7)) we obtain
the inequality

N
d 2 2 M 2 2 M 1 2
g+ Ml = § 37 )l + AP < G+ P,

which implies, thanks to Gronwall’s inequality, that there exists t; > t;, depending on wuy,
such that

JuOIE < AT (s + AT BIE) =2 My, V>
To get the uniform estimate for ||0,u(t)|| we multiply (3.23) by —20%u in L? and obtain the
equality

d ! Y
EHﬁquz—l—/ (Opu)dz4-2||02u|)* = —QMZ Ak [(w, wi)? = (u, wi) (v, wi) | =2(R, B2u). (3.24)
0 k=1

Employing the 1D Gagliardo-Niranberg inequality (LIT]), and the Young inequality (LG) we
get the estimate

1
(@), 1)] < B llul < N|02ull < S 10%ull® + Buul /7, (3.25)
where 8, = 27 and
1 1
() (v, wi)| < () + 7 (v, 00)%, 20(h, )| < 5 19%ull” + 2] 1] (3.26)
By using (3.:28) and (8.26]) we obtain from (3.24))
d 1 al
0sul® +1122ul* < 5D Mo, wi) + Billul 7+ 2)|A), (3.27)

k=1
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Finally due to the Poincaré-Friedrichs inequality (I.7)), and since

N
> Mklv,w)® < B0 < Mo, u@)lP < My, Vit =t

k=1
we deduce from ([B.27) that there exists t3 > t5, depending on ug, such that

[0su(t)||? < My, Vt>t5 >t (3.28)
where My = puMy + ﬁlj\/flll/7 + 2||h2.

It is clear that the function z = u — v is a solution of the problem

N
Oz + 22 + u0,z + 20,0 — 022 = —p Y (2, wp)wy, z € (0,1),¢ >0,

k=1
2(2,0) = wolx) — wlx), =€ (0,1), (3:29)
z(x,t) = z(x + 1,t), Yz eRt>0.
Multiplying ([3.29) in L? by z we obtain
liﬂz(t)ﬂz + (udpz, 2) + (22(1), 0v) + [|022()[|* = —Mi |(2(t), w)|? (3.30)
9 dt Ty s U T - y» Wk . .

By using the Gagliardo-Nirenberg inequality (II1]) and the Cauchy - Schwarz inequality and
the estimates (3.22) and (3.28) we get

1 1 1 3 1
[(u0yz, 2)| = 5\(Z273W)\ < §||3mU||||ZH%4 < §B2H8xu||||z!|2 10:2||2

1 1 4/3 (3.31)
sl + (Gaoud ) 1%, ve 2

Similarly we obtain
1 1
(2, 0,0)| < [[0ll7al10u0]] < B2|2112 (10021 < 5l19:21° + (19:0118%) " |2112, vt > t5. (3.32)

Thanks to (B3] and ([B3.32) we get from ([3.30) the inequality

d N
%HZ(t)H2 0227 < =21 ) (2(8), wi)® + Ms||2]*, ¥t > ts,
k=1

_3
where M := 23*\; * (Mg + +M3). Using the inequality (IL8) and the fact that

21 = (), we)* + Y (3(t),we)?, V> 1,

we get

d N
ZIEOIF +110:2(0)° < (=20 + My) > () wi)® + Mo lloc=(t)]?, V= ta.
k=1
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Hence, if N and p are large enough such that M3>\;,1+1 < % and M3 < 2u, we have

IO + 2= <0, ¥ > 1y

Thus
[2()]] < z(tz)e™ 1), Vit >t
So we proved the following theorem

Theorem 3.3. Suppose that v € H_ (0,1) is a given weak solution of problem (3106)-(3I8)

per
and the following conditions hold true:

1 1 1
2B\ ! <M2+4M2) <2u, and Ay, (25% ! <M2+4M2)) 5

where My, My are defined in (3.22) and [B.28). Then

|lu(t) —v(t)|| = 0 with an exponential rate, as t — oo,
where u(t) € H}

ver(0, 1) is an arbitrary solution of the feedback control system.

3.3. Strongly damped nonlinear wave equation. In this section we consider the initial
boundary value problem for 3D strongly damped nonlinear wave equation:

O2v — Av — bDAGw — Mv + f(v) =0, z € Q,t > 0,
v=0, €I, t>0, (3.33)
v(z,0) = vo(x), Ov(x,0) =v1(z), =€, t>0,
where b > 0 is a given number, 2 C R? is a bounded domain with a smooth boundary
oQ, f: CY(R — R) is a given function which satisfies the condition
—mg +als]P < f/(s) <mo(1+|s]P), VseR (3.34)
with some my > 0,a > 0,p > 2. The existence of a unique weak (energy) solution of the
problem (3.33)), i.e. a function
v € L®([0,T], Hy(Q) N LPTH(Q)) nWh([0, T, L*(Q2)) n WH2([0,T], H'(2)), Vt > 0,

which satisfies the equation in the sense of distributions, is established in [35]. Here we
consider the feedback control problem for stabilizing the solution v of the 3D strongly damped
nonlinear wave equation, based on finitely many Fourier modes, i.e. , we consider the feedback
system of the following form:

N
OPu — Au — bAu — Au+ f(u) = —p >, (2 + Oz, wp)wy, v € Q,t >0,

k=1
u=0, z €09, t>0, (3.35)

U(ZL’,O) = UO(LU), 8tu(x70) = ul(x)7 T e Qv t> 07
where z = u — v, p > 0 is a given numbers, wy, wsy, ..., W,, ... is the set of orthonormal

(in L*(Q)) eigenfunctions of the Laplace operator —A under the homogeneous Dirichlet’s
boundary condition, corresponding to eigenvalues

D<A < g <Ay < oo

In what follows we will use the following lemma:
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Lemma 3.4. (see for instance [50]) If the function f satisfies condition (3.34) then
[f (ur) = flua)]-(ur — ua) > =A[o|* + do(Jur[” + |uslP) 0], (3.36)
for some positive \,dy and p > 2.
Our main result in this section is the following theorem:

Theorem 3.5. Suppose that ;o and N are large enough such that

v > (2a+3b°/4)AyL,, and p>a+3b°/4. (3.37)
Then the following decay estimate holds true
18z(#) [ + V20 < Eoe™#", (3.38)
where
By = llunl? + 5 Vuo|?
b? 24 H -
+ (Z — = ||u0|| / lug(z)|Pdx + 5; U, wy,)? uo,ul)

Proof. 1t is clear that the function z = u — v satisfies

N
022 — Az — bAGz + f(u) — f(v) = —pu > (2 + Oz, w)wy, T € Q,t >0,

k=1
z=0, forz € 090, t >0, (3.39)

Z(QE,O) = ZO(x)7 atZ(LU,O) = Zl(x)7 LS Qv t> Ov
where vg = ug — vg, 21 = U — V1.
Let P = (—A)~! be the inverse of the Laplace operator under the homogeneous Dirichlet
boundary condition. First we multiply the equation (3.39) by P0,v and integrate over = € (2

N
1 —
1P2 021 + 12117 + 1 - A (2 wn)?
k=1

+20]|9pz[|* + 2(f (u) — f(v), POy2)

. (3.40)
+ 2/12 A Oz, wi)? = 0.
k=1
Multiplying ([8.39) by z and integrating over  we get
d 1 N
a4 [ V2P + (2 02) + & <z,wk>2] 18212 + [V
k=t (3.41)

= () = f),2) = 1Dz wn)

Now we multiply (3:41]) by a positive parameter € > 0 (to be chosen below) and add to (3:40)
to obtain:
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d N
() + (20 —e) 10:2]1* + 2(f (u) = f(v), POz) + 21> N (Duz, wy)?
k=1
N (3.42)
+e(f(u) = f(v),2) + el Vel +en Y (2 wp)* =0,
k=1
where
N € eb
E.(t) = [|P20,z(t)|” + 201> + 1> (A" + ) (=(1), wi)? + 5||VZ(75)H2
k=1
+ e(2(t), 0p2(t)).
It is easy to see that if 0 < e < g then
1 N € eb
E.(t) > §IIP§(9MII2 2P+ > (G + 3= wi)? + ZIIVZIIQ- (3.43)
k=1

Employing the interpolation inequality
|Po211° < collne|| P20
and the condition (3.34)) we can estimate the term 2(f(u) — f(v), PO.z) as follows
2(f(w) = f(v), PO2)| < exlful + D), 12])* +ellz]|* + &1l Oez | (3.44)
+ C(e1)||P20,2|%. '

Since
((Jul + [0, 2)* < C (/Q(|up| + |U|p)d93) (Clal + o )P, [2])
and the integral [, (|u(x,t)|” + |v(z, t)[?)dz is uniformly bounded we obtain from (3.44) that

2(f(w) = f(v), PO2)| < exC(Jul” + [v]"), |2[) + eullz]* + e1l|0p=]®

1 3.45
+C(en)|IP2 0%, (349)

where C(e1) = §.

1
By using the inequalities (8.45]) and (3.36) we deduce from (3.42)) the inequality:

d

B (0) + (20— & = 21)[|0:z]1* + (dog — &1 C) (Jul” + o), |2]°)

+ | Vz]]? = (e1 + e |27 (3.46)

N
+ Y ez w)? + 20 0z, wi)?] — C(e) | P20,z ])* < 0.
k=1
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By choosing e; = % and 0 < £ < min{2, C+d0} in (B.45) we get
d
ZE(0) +Vll0z]” + £ V2] = (21 + N2

+ MZ (2, wx)? + 201Dy, wi)?] — C(e1)||P2yz))? < 0.

Let us rewrite the last mequahty as follows

d 2 2 -
%Ea(t) +b]|0iz||” + €||Vz||* + (ue —e1 — eA) kz:; 2, W)
o) N
—(e1+¢€X) Z (z,wi)? + (2u — C(ey)) Z(atz, w)? At (3.47)
k=N+1 k=1
—Cler) Y (zwp)?A; ' <0,
k=N-+1

Finally by choosing u and Ay large enough we infer from (3:48) the following inequality

d

N
b 2, € 9, 1 2
%Ea(t)+§llf9t2|l +§||VZ|| +§u€;(z,wk) <0. (3.48)

Employing the last inequality and (3.43) we can show that there exists some ¢ > 0 depending
on ¢ such that

d

T (1) +0E.(t) < 0

The last inequality implies that
|P282(8)|? + || V(1)

tends to zero with an exponential rate, as t — oo.

4. WAVE EQUATION WITH NONLINEAR DAMPING TERM

In this section we consider the initial boundary value problem for a semilinear wave equation
with nonlinear damping;:
v+ g(Ou) — Au+ f(u) =0, z € Q,t >0,
v=0, x€d, t>0, (4.1)
U(ZL’,O) = UO(z)a 8tv(95,0) = ul(x)> x €, t>0,

where f € C(R — R) is a given function which satisfies the condition (8:34)), g € C(R — R)
is a given function which satisfies the conditions

9(0) =0, |g(ur) = glua)| < ao(1 + |ua|™ + [ua]™)|ur — uaf, Yur,us € R (4.2)

and
[g(ul) — g(UQ)](Ul — UQ> Z al\ul - UQ|2 + a2|u1 - UQ|m+2, Vul, U € R. (43)
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It is well known that, under the above conditions, the stationary problem

{—A¢+ﬂ@=m,ze@

4.4
¢ =0,z € 09, (44)

corresponding to (4.5]), has finitely many solutions.

Next we will show that the system (4.3]) can be globally stabilized to a given stationary state
¢ also by using a feedback controller involving finitely many Fourier modes. More precisely
we will show that all solutions of the following feedback control problem

N
OFu + g(Opu) — Au+ f(u) = —p - (u— d,wr)wy, x € At >0

k=1
u=0, 209, t>0, (4.5)

u(z,0) = up(x), dwu(z,0) =u(x), z€Q, t>0,

tend in the energy norm to the stationary state ¢, as t — o0o. For global existence and long
time behavior of solutions of (A1) see e.g. [29], [39],]42], [46].

It is clear that the function z = u — ¢ satisfies

224 g(0z) — Az + f(u) — f(¢) = —u %(z,wk)wk, re,t>0,
k

=1
2=0, 2€0Q, t>0, (4.6)
2(z,0 = zo(x), Opz(2,0) = z(z), z€Q, t>0,

where z = u — ¢, 290 = ug — ¢, 21 = uy, m is a given number such that m > 0 if n = 1,2 and
m < 4 ifn > 3.
Our aim is to show that under some restrictions on p, N the function z tends to zero as
t — 0.

First we multiply (46l by d;z and integrate over €

L [H@%H2 V2P + 1) (zwe)?| + (F(u) = f(9):02) + (9(D2), pr2) = 0.

2dt e
Since p
(f(u) = f(9), 0z) = 2 |(F(u),1) = (f(¢), 2)]
and .
(F.1) = [ #6+52)+ (Pl

we have

dla21v2“N 24 F B) =0 AT

i §|| 2| +§| 2|l +§;(2,wk) + F(2)| + (9(0:2), pez) = 0, (4.7)
where

Fz) = / (f(6+52) — [(8), 2)ds.
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Due to the condition (3.34)

Fe) 2 el + = [ [Pt
Therefore if
> mg and Ayi1 > 2umyg (4.8)

then

1 1 al

E(t) = 5110wz l” + S I1V2I” + Z z,wp)? + F(2)
2 2
2o (4.9)

d
> 10,2 + = || V2|2 —0/ P2
_2|| 2| +4|| 2| +p+2 GIZI z

We will need also the following inequality which we obtain by integration of (4.7)) over the
interval (0, ) and using the condition (4.3)

1 t O-z(T)||*dr 9 t O, z(x, 7)™ drdr < . )
t>+a/0u )l ”/O/G‘ (2, 7)™ dedr < E(0) (4.10)
Next we multiply (B:34]) by =:
d N
9 (2.02) = 10l ~ 190l = (F( 4 6) = F(6),2) — (0(02),2) — D (5w, (A1)
k=1

Employing the equality

=2

1 2 3 2 M 2
—§||VZ|| :§||5t2|| +§Z(2,wk) + F(2) — E(1)

k=1

we get from ([LIT]):

®(5.02) = 210l = SV + [F(2) = (F(= + 6) = £(6), )] = (9(012), 2)

it
- gi(z,wm —B(t). (4.12)
Thanks to condition (B34) we have -
F:) = (f+0) = f(0).2) = | (F(0 4 52) — F(6+ 2),2)ds
-/ (F(6+2) = £(6+ 52, 2)ds < 2o - P+

Utilizing the last inequality and conditions (4.8 we obtain from (4.I3]) that

i(z, @z) <

2.0 < 5101 — (9(012),2) — E).
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Integrating lthe ast inequality and employing condition (4.2) we get

/OE(T)dTS(z(O),ﬁtz(O)) (w(#), By(t) /Haz JI|2dr

t (4.13)
+a0/0 ]|8Tz(7')||||z(7')||d7'+a0/0 /G\&z(m,T)|m+1|z(:c,7')\dxd7'.
Thanks to (£9) and (4.I0) we have
(2(0),0;2(0)) — (2(¢), 0y 2(t) / 10-2(7)||2dr| < C). (4.14)

On the other hand, employing the Cauchy - Schwarz inequality and (£I0) we get

/0 l6-2(7)|ll2(7) dr < Cat, (4.15)

Thanks to (£I0), the Holder inequality and the continuous embedding of H}(G) into L™ (G)
we estimate the last term on the right-hand side of (£.13):

t
/ 10,2 (2, 7)™ |2z, 7)|dwdr

m+2 m%FZ
(/ / |02 (x, T \m+2dxd7') (/ / |2(x, T |m+2dxd7') (4.16)
m—+ 2 W 1
<C (/ / |0, 2(x T)‘m+2dl’d7') (/ |V z(T ||m+2d7') < Cstmrz,

Hence due to ({.14))-([4.16) we obtain from (AI3) the inequality
/t E(7)dr < Cy 4 Cot? + Cytmer. (4.17)
0
Estimates (A7) and (£9) imply that F(t) is nondecreasing function and therefore
LE(t) < / "B(r)dr, >0,
0

From the last inequality and (£I7) we finally obtain the desired decay estimate

E@t) < Ct_%, provided t > 0 is large enough.
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