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EQUIVARIANT SCHRODINGER MAPS IN TWO SPATIAL
DIMENSIONS: THE H?> TARGET

I. BEJENARU, A. IONESCU, C. KENIG, AND D. TATARU

ABSTRACT. We consider equivariant solutions for the Schrédinger map problem from R?+!
to H? with finite energy and show that they are global in time and scatter.

1. INTRODUCTION
The Schrodinger map equation in R*™ with values into S, C R? is given by
(1.1) u = u X, Au, u(0) = ug
where ;1 = £1, the connected Riemannian manifolds S),,
S1=8"={y = (yo,y1,42) €R® 1 yf +y5 +y5 = 1};
S =M ={y=(yo,y1,92) €R®: —yf — 5 +y5 =1, y3 > 0},

with the Riemannian structures induced by the Euclidean metric g, = dyg + dy? + dy3
on Si, respectively the Minkowski metric g 1 = —dy2 + dy? + dys on S_;. Thus S is
the 2-dimensional sphere S?, while S_; is the 2-dimensional hyperbolic space H?. With
n, = diag(1, 1, i), the cross product x, is defined by v x, w:=1n, - (v x w).

This equation admits a conserved energy,

1 2
E(u) = 5 /R2 |Vu|udx
and is invariant with respect to the dimensionless scaling
u(t, z) = u(\*, \r).

The energy is invariant with respect to the above scaling, therefore the Schrodinger map
equation in R?*! is energy critical.
The local theory for classical data was established in [25] and [21]. We recall

Theorem 1.1 (McGahagan). If Uy € H'' N H? then there exists a time T > 0, such that
(CI) has a unique solution in L°([0,T]: H' N H?).

(1.2)

The local and global in time of the Schrodinger map problem with small data has been
intensely studied for the case p = 1 corresponding to S? as target, see [3], [, [5], [6], [,
[15], [I6]. The state of the art result for the problem with small data was established by
the authors in [6] where they proved that classical solutions (and in fact rough solutions
too) with small energy are global in time. These results are expected to extend to the case
i = —1, corresponding to H? as a target.

1.B. was supported in part by NSF grant DMS-1001676. A. I. was partially supported by a Packard
Fellowship and NSF grant DMS-1065710. C.K. was supported in part by NSF grant DMS-0968742. D.T.
was supported in part by the Miller Foundation and by NSF grant DMS-0801261.
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To gain some intuition about the large data problem, one needs to describe the solitons for
(LT)). The solitons for this problem are the harmonic maps, which are solutions to uxAu = 0.
Since H? is negatively curved there are no finite energy nontrivial harmonic maps. In the
case of S? there are finite energy harmonic maps, but they cannot have arbitrary energy.
The trivial solitons are points, i.e. u = @ for some Q € S? and their energy is 0. The next
energy level admissible for solitons is 47; the corresponding soliton is, up to symmetries, the
stereographic projection. Based on this, it is natural to make the following

Conjecture 1.2. a) Global well-posedness and scattering for Schradinger maps from R? x R
into H? holds for all finite energy data.

b) Global well-posedness and scattering for Schrodinger maps from R? x R into S* holds
for all data with energy below 4.

In full generality this remains an open problem. Recently, some progress was made for
the problem with large data in the case of S%. Smith established in [24] a conditional result
for global existence of smooth Schrodinger maps with energy < 4.

In this article we confine ourselves to a class of equivariant Schrodinger maps. These are
indexed by an integer m called the equivariance class, and consist of maps of the form

(1.3) u(r, 0) = e™Ra(r)

Here R is the generator of horizontal rotations, which can be interpreted as a matrix or,
equivalently, as the operator below

%
, Ru =k

Xy U

- =
Here and thereafter we denote by i, j,
(

vectors with coordinate representation (1,
corresponds to radial symmetry.
The energy for equivariant maps takes the following form:

(1.4) Bl = [ (‘aﬂi(rﬂi )+ ag(m) rdr

If m # 0, then E(u) < oo implies better information about the behavior of u versus the
radial case m = 0, in particular it implies that w; and wus have limit zero as r — 0 and
T — OQ0.

The global regularity question in the case m = 0 and target S?, corresponding to radial
symmetry, has been considered recently by Gustafson and Koo, see [I4]. The global regularity
in the case m = 1 and target S* was considered by the authors in [§] where they have shown
that the l-equivariant solutions of (L)) with energy < 47 are globally well-posed.

In this paper we consider the case when the target manifold is H? and prove the following

":T‘\l/ o O O

the standard orthonormal basis in R3, i.e. the
,0),(0,1,0) respectively (0,0,1). The case m =0

=)

Theorem 1.3. i) Let p = —1, m # 0 and uy € H* N H® be an m-equivariant function.

Then (L) has a unique global in time solution u € L™(R : H* N H®). In addition Vu, in a

particular frame, scatters to the free solution of a particular linear Schréodinger equation.
i1) The above solution is Lipschitz continuous with respect to the initial data in H'. In

particular if ug € H' is a m-equivariant function, m # 0 then (1) has a global solution
2



u(t) € L°H' defined as the unique limit of smooth solutions in H' N H3. Scattering also
holds for this solution in a suitable frame.

The statement of the scattering cannot be made precise at this time. We need to introduce
a moving frame on H2, write the equation of the coordinates of Vu in that frame and identify
there the linear part of the Schrédinger equation. This will be carried out in Section 21

The result in Theorem is natural since the failure of the well-posedness of ([L.T) is
expected to be closely related to the existence of finite energy harmonic maps. In the case
of H? there are no harmonic maps, so no obstacles are present. In the case of S* (1 = 1)
the lowest energy nontrivial is 47 and it was shown in [23] that blow-up can occur for maps
with energy 4m+-.

1.1. Definitions and notations. While at fixed time our maps into the sphere or the
hyperbolic space are functions defined on R?, the equivariance condition allows us to reduce
our analysis to functions of a single variable |z| = r € [0, 00). One such instance is exhibited
in (L3) where to each equivariant map u we naturally associate its radial component .
Some other functions will turn out to be radial by definition, see, for instance, all the gauge
elements in Section 2l We agree to identify such radial functions with the corresponding one
dimensional functions of 7. Some of these functions are complex valued, and this convention
allows us to use the bar notation with the standard meaning, i.e. the complex conjugate.

Even though we work mainly with functions of a single spatial variable r, they originate in
two dimensions. Therefore, it is natural to make the convention that for the one dimensional
functions all the Lebesgue integrals and spaces are with respect to the rdr measure, unless
otherwise specified.

Since equivariant functions are easily reduced to their one-dimensional companions via
(C3), we introduce the one dimensional equivariant version of H,

(15) ||f||§{é = ||a7“f||%2(rdr) +m2||r_1f||%2(rdr)‘

%
This is natural since for functions u : R? — R? with u(r,0) = ¢™#u(r) (here Ru = k X u
or, as a matrix, it is the upper left 2 x 2 block of the original matrix R) we have
1
[ull g = (2m)2[|a]| g3

It is important to note that functions in ! enjoy the following properties: they are contin-
uous and have limit 0 both at » = 0 and r = oo, see [L1] for a proof.
We introduce H; ! as the dual space to H! with respect to the L? pairing, i.e.

[l = sup (f ¢)

1] 52 =1

The elements from H_! can be represented in the form f = 8, f; + 7' f, with fi, f, € L?.
Three operators which are often used on radial functions are [9,]7!, [r~™0,]~" and [rd,]™!
defined as

07 () = — / O AR / ' f(s)s™ds
P07 ) == [ Srs

r
3



A direct argument shows that
o)~ fllee Sp 1fllee, 1< p<oo,

(1.6) lr= " 0 fllee Sp I flleey, 1< p < o0,
1107 Fllee S £l

The equivariance properties of the functions involved in this paper requires that the two-
dimensional Fourier calculus is replaced by the Hankel calculus for one-dimensional functions
which we recall below.

For k > 0 integer, let J, be the Bessel function of the first kind,

1 ™
Jp(r) = —/ cos(nt — rsinT)dr
m™Jo
If H, = 0%+ %&, — ’j—;, then Jj, solves HyJ, = —J}.
We recall some formulas involving Bessel functions

1 J, Jirm
(17) 00t = Ui = ), (0" (2] = (o

rk+m )

where J_k = (—1)kjk
For each k > 0 integer one defines the Hankel transform Fj by

Ff© = [ R fyrar
The inversion formula holds true
1) = [ R8s

The Plancherel formula holds true, hence in particular, the Hankel transform is an isometry.
For a radial function f and for an integer k& we define its two-dimensional extension
(1.8) Ry(r,0) = ™ f(r)

If f € L? then Ry f € L?; if R, f has additional regularity, this is easily read in terms of F f.
Indeed for any s > 0 integer the following holds true

(1.9) Rif € H® & & F.f € L*

For even values of s this is a consequence of ARy f = RyHf, while for odd values of s it
follows by interpolation.
By direct computation, we also have that for k # 0,

(1.10) Rif e H' < feH, RyfeH'<d.fel’
We will use the following result

Lemma 1.4. i) If f € L? is such that Hyf € L?, with k # 1, then the following holds true

Oy
127l 4 1%L R e A
i) If f € L* is such that Hyf € L?, then the following holds true

ar; ’
T
4

17 fll 22 + 1l
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i) If f € L? is such that 0,Hyf € L?, then the following holds true
Rf  of

r r2

167 fllz2 + | 22 S NI0-Hofl| 2

w) If f € L? is such that Hyf € HY, then the following holds true
xRf of f
[z + ||

r 72 3

17 f 1l 22 + 1l Iz S 1 H 1 f ]l

v) If f € L? is such that Hyf € H!, then the following holds true

O 0, L 0f 2
P e e = P A7

vi) If f € L? is such that H,f € HY, with k > 3, then the following holds true

oz f o, f f
102 flle + ===l > + 1= llee + 15002 S N Hkf N
T T T

vit) If f,0,f € L?, then for any 2 < p < 400 the following holds true
1 lle Sp 10, fllz2 + (1 f]] 2
viii) If f, Hif € L*, with k > 0, then for any 2 < p < 400 the following holds true
10 fllze Sp [[Hief Iz + 11|22

Proof. Part i) for k € {0,2} are established in Lemma 1.3 in [§], and the general result for
all k£ > 3 follows along the same lines.
For part ii) we use the inversion formula for f and (7)) to compute

&fz/ha—&mwaﬁfj@ﬁ%

and the first part of the estimate follows. The estimate for the second term follows from the
form of H, f.
For part iii) we proceed as above, i.e. use the inversion formula for f and (L7) to write

&fz/ha—&mwaﬁﬁﬁ@ﬁ%

and conclude with the estimate for |03 f| 2, while the estimate for the second term follows
from the expression of 9, H.

Parts iv)-vi) follow in a similar manner by using the Hankel transform and (LL7) to derive
the estimates. The details are left to the reader.

vii) and viii) are consequences of the standard Sobolev embeddings.

t

1.2. A few calculus rules. We recall that given u = 41 and two vectors v = *(vy, v9, v3)
and w = "(wy, wy, w3) in R3, their inner product is defined as

(1.11) v, w =g 1(v,w) =" 1, w=viw + vewy + Fvzws,
where 7, = diag(1, 1, ). We define also the cross product

(1.12) v X, w =1, (VX w),
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where v x w denotes the usual vector product of vectors in R?. Simple computations show
that, for 4 = +1 and v, w € R?

v, (v x,w)=w-, (vx,w)=0,
(1.13) (0 X w) (v X w) = (v ) (W w) = p(vy w)?
(@ b)pe=a-,(bx,c)
1.3. Energy estimates. In this section we derive properties of u from the finiteness of its

energy E(u) in (L4) in the case p = —1 (in the case p = 1 the corresponding estimates are
trivial as all terms come with + sign). We recall that

e’} 2
B = [ (10m0)P + D) ~ 0 + S @) + ) rar
0
Since u10,11 + u90, 1y = uz0,uz and u3 = 1+ u3 + 3 it follows that

E(u) = W/OOO (|8,,u1(7’)| + 10, ta(r)] + (az&ﬂl - 20 2+ T—z(ﬂ%(r) + ﬂ%(r))) rdr

We also have that
@) + () — (1) = a3(1) = [ 0y(at -+ adhas

S [ Gl + w0l + o.aalds

S [ (ol + )

S S T](Iﬂl(S)\ + |ua(s)]) E(u)

|| + [ta] |01 | + |0, s
— sds
S us

from which we conclude that sup, ¢ o) [u1(r)| + |ua(r)| S w1 (1) + @2(1) + E(u). Therefore
SUD,(0,00) [U3(7)] S m + @1(1) + ua(1) + E(u), hence from the last expression of E(u) we
obtain that @y, @, € H}. In particular it follows that @;(0) = @y(0) = 0 (in the sense that
the limits exists and equal 0), hence rewriting the above argument on (0, 7] instead gives
[Ty | oo + |Ua| Lo S E(u), |us|pe S m+ E(u). Recalling the last expression of E(u) we obtain

]l s + N2l g2 S Ew)2 (m + E(w))

In addition we obtain @ig — 1 € H! with

=

[z = Ul < E(uw)>(m + E(u))

2. THE COULOMB GAUGE REPRESENTATION OF THE EQUATION

In this section we rewrite the Schrédinger map equation for equivariant solutions in a gauge
form. This approach originates in the work of Chang, Shatah, Uhlenbeck [9]. However, our
analysis is closer to the one in [5] and [7]. The computations in subsections 2.1l and 2.2l follow
exactly the same lines as the one used in [§]. Then we fix © = —1 as the analysis becomes

more specific to this case.
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2.1. The Coulomb gauge. The computations below are at the formal level as we are not
yet concerned with the regularity of the terms involved in writing various identities and
equations. Implicitly we use only the information v € H*'. In subsection 2.4 we prove that
if u € H? then all the gauge elements, their compatibility relations and the equations they
obey are meaningful in the sense that they involve terms which are at least at the level of
L2

We let the differentiation operators 0y, 01, 05 stand for 0;, 0., 9y respectively. Our strategy
will be to replace the equation for the Schrodinger map u with equations for its derivatives
Oi1u, Oyu expressed in an orthonormal frame v,w € T,S,. We choose v € T,S, such that
v-, v =1 and define w = u x, v € T,S,; to summarize

(2.1) v, v =1, v, u=0, W=1U X,

From this, we obtain

(2.2) w-,v=0, we,w =1, U X, w = pu, WX, U=

Since u is m-equivariant it is natural to work with m-equivariant frames, i.e.
v = e y(r), w = ™ (r).

where v, w (as well as @ from (3)) are unit vectors in R3.

Given such a frame we introduce the differentiated fields v, and the connection coefficients
Ay by

(23) ¢k :aku -uv—i—iaku u W, Ak zﬁkv-w.

Due to the equivariance of (u, v, w) it follows that both 1, and Ay are spherically symmetric
(therefore subject to the conventions made in Section [[T]). Conversely, given v and Ay we
can return to the frame (u, v, w) via the ODE system:

8ku = (éR'{/Jk)'U + (S@bk)w
(2.4) OV = —pu(RYy)u + Arw
hw = — (S )u — Agv

If we introduce the covariant differentiation
Dy =0 + 1A, ke {O, 1,2}

it is a straightforward computation to check the compatibility conditions:

(2.5) Dy, = Dy, 1,k=0,1,2.
The curvature of this connection is given by
(26) Dle - Dle = z(@lAk - 8kAl) == Z,u%(@bﬂzk), l, k= O, 1, 2.

An important geometric feature is that 15, Ay are closely related to the original map. Pre-
cisely, for A; we have:

(2.7) Ar=m(E X, 0) pw=mF - (0 X w) =mEk - () = mus

and, in a similar manner,

(2.8) o = mu(wz — ivs)
7



Since the (u, v, w) frame is orthonormal, it follows that |1s|? = m?(u?+u3) and the following
important conservation law

(2.9) [al? + p A3 =

Now we turn our attention to the choice of the (v,w) frame at § = 0. Here we have
the freedom of an arbitrary rotation depending on ¢ and r. In this article we will use the
Coulomb gauge, which for general maps v has the form div A = 0. In polar coordinates this
is written as 0, A; + r~20,4, = 0. However, in the equivariant case A, is radial, so we are
left with a simpler formulation A; = 0, or equivalently

(2.10) 0, w=0
which can be rearranged into a convenient ODE as follows
(2.11) 0,0 = p(v -, u)0u — p(v-, 0.u)u

The first term on the right vanishes and could be omitted, but it is convenient to add it so
that the above linear ODE is solved not only by v and w, but also by @. Then we can write
an equation for the matrix O = (v, w, u):

(2.12) 0,0 = Mn,0O, M=0uNu:=0u®@u—1u®0u

with an antisymmetric matrix M.

An advantage of using the Coulomb gauge is that it makes the derivative terms in the
nonlinearity disappear. Unfortunately, this only happens in the equivariant case, which is
why in [6] we had to use a different gauge, namely the caloric gauge.

The ODE (2.I1]) needs to be initialized at some point. A change in the initialization leads
to a multiplication of all of the ¢, by a unit sized complex number. This is irrelevant at fixed
time, but as the time varies we need to be careful and choose this initialization uniformly
with respect to t, in order to avoid introducing a constant time dependent potential into the
equations via Ag. Since in our results we start with data which converges asymptotically to
kasr — oo, and the solutions continue to have this property, it is natural to fix the choice
of v and w at infinity,

(2.13) lim o(r,t) =1, lim @(r,t) = —pj
r—r00 r—00

The existence of a unique solution o € C((0,+00) : R3) of [2II) satisfying [2I3) is
standard, we skip the details. Moreover the solution is continuous with respect to u in the
following sense

(2.14) 19 = Bl S llu— @l o

2.2. Schrodinger maps in the Coulomb gauge. We are now prepared to write the
evolution equations for the differentiated fields ¢, and v, in (23] computed with respect to
the Coulomb gauge.

Writing the Laplacian in polar coordinates, a direct computation using the formulas (2.3))
shows that we can rewrite the Schrodinger Map equation (L) in the form

(2.15) o =1 <D1¢1 + %1% + %Dzwz)
8



Applying the operators D; and Dj to both sides of this equation and using the relation (2.0)
for [,k = 1,2 we obtain

Dy =1 (Dl(Dl + Wl + ! D2D1¢2) - %%(@51@2)%

(2.16) ' '

Doytpg =1 ((Dl + ;)D2¢1 + T—2D2D2¢2) — S (Yt )ty

Using now (2.3)) for (k,1) = (0, 1) respectively (k,l) = (0,2) on the left and for (k,1) = (1,2)
on the right we can derive the evolution equations for ¢,,, m =1, 2:

Doipy =1 (DI(DI + 1) + %D2D2) U1 — 7’%%(%@2)%
(2.17)
Dotpy =1 ((Dl + )Dl + D2D2) Uy — S (1ot )by

In our set-up all functions are radial and we are using the the Coulomb gauge A; = 0. Then
these equations take the simpler form

, , 1 1 2 _
01 + 1 Agpr =iAYy — Z—Agwl — Zﬁ% + ﬁAﬂPz - Tu—z%@ﬂﬂb)wz

Opthy + 1 Agy =1 Ay — Z Ag% 1S (Yorhr )t

The two variables 1; and 1y are not mdependent. Indeed, the relations (2.3) and (2.6]) for
(k,0) = (1,2) give
(2.18) O, Ag = uS (Y1), Orthy = 1Ax1y

which at the same time describe the relation between 1; and 1y and determine A,.
From the compatibility relations involving Ag, we obtain

(2.19) 0 Ay = =550, (| = 4o]?)
from which we derive
1 _ 1
(2:20) A= =5 (10l = ) = sra ™ (P = 1ol

This is where the initialization of the Coulomb gauge at infinity is important. It guarantees
that Ay € LP, provided that |1);|?> — r~21y|?> € LP for 1 < p < co. In particular, without
any additional regularity assumptions, we know that Ay € L'. A direct computation using
integration by parts gives that

(2.21) /Ao(r)rdr = 0.

The system satisfied by v; and % (this being in fact the correct variable instead of 1) is
given by:

. > +1 2 A2 — A, +
(z@t + A — mr2 )wl + /:;fllﬁ —AOwl 4 w + 2127;“”1& _ ZM\Y(¢ w2)7ﬁ2

. 241 2 m2 A+ . B
(10 + A — mT>% - wm% —A0¢2 r2 % — 22— 2,umw1 - Zﬂg(%%)%

9



The problem with this system is that its linear part is not decoupled. This can be remedied
by a change of variables. Indeed consider

)2 o
Y =1 — l— YT =h + Z—
It turns out that ¢* satisfy a similar system (described below) whose linear part is decoupled.
The relevance of the variables ¢)* comes also from the following reinterpretation. If W* is
defined as the vector

WE =0,u+ 1u X Opu € T,,(S,)
T

then ¢ is the representation of W+ with respect to the frame (v, w). On the other hand, a
direct computation leads to

0o m2
E(u) = 7r/ (|8,1a|2 + —|u x Ra|2) rdr
0 r

= 7| W¥|IZ> F 2mm(is(c0) — 3(0))

where we recall that u(r, 0) = e™24(r) and @3(00) = lim, o Us(r), u3(0) = lim,_, ii3(r) are

well-defined since @y, 1y € H} and if f € H! then lim,_,o f(r) = lim,_o f(r) = 0, see [I1] or
[7]. From Section it follows that, in the case p = —1, uz(c0) = u3(0) = 1. In the case
p = 1 one needs the energy restriction F(u) < 4w to obtain that u3(co0) = u3(0) = 1, see [g].
In both cases we obtain the following identity

- E(u)
(2.22) [ (172 = [VF[[72 = pat
From (2.14) it follows that the following continuity property holds true
(2.23) 1™ = 5|22 S flw = all o
A direct computation yields the following system for @Di:
. o Ag+pum A% —
(i0; + Hy)¢~ = (AO 222 T2’”‘ e T2 %S(WM) W
. Ay +pum A2 — _
(i0, + H)y™ = (Ao +2-2 r2M + =2 St % (¢2¢1)) (g

where ) )
H%:A_M> H:ﬁzﬁ—u-
r r
Here and whenever A acts on radial functions, it is known that A = 9% + %&,. By replacing
Y = YT Fir )y and using pA2 + 15| = pm?, we obtain the key evolution system we work
with in this paper,

(2.24) { (10, + Hy v = (Ag — 292 — 2 (upy) )~
' (10, + H)yt = (A +2A2+“m B (1hotp™) )it

We will use this system in order to obtain estimates for ©/*. The old variables v, and % are
recovered from

e S A
(2.25) N



From the compatibility conditions (2I8]) we derive the formula for A,
r +12 _ -2
(2.26) Ay(r) + pm = —,u/ wsds
0

From (2.20) Ay is given by
(2.27) Ag = =EREE 0T 4+ plrd, ] RE 07
The compatibility condition (Z.I8]) reduces then to

(2.28) Or[r(™ —¥7)] = —Az (T +47)
Next assume that )= € L? are given such that they satisfy the compatibility conditions

(228). We reconstruct Ay, ¢, 1 using the ([227) and ([226). From (220) and (22]) it
follows that (ZI8) hold true. From (Z20) it follows that Ay € L* and it is continuous and
has limits both at 0 and co. From the definition of ¢, we have % € L* and from (2.28)
we derive 9,10, € L?, hence v, € H'. From this and (226) it follows that 8,4, € L2,
while by invoking (LG) we obtain #2t4™ € L2 therefore Ay + pm € H!. In particular
Ay(00) = lim, o Ag(r) = —pm which implies that ||| 2 = ||~ || 2.

In fact one can keep track of a single variable, 1)~ or 9™ since it contains all the information
about the map, provided that the choice of gauge ([2.13]) was made. To be more precise, (2.18)
gives the following

(229) 0y = S ) + B, Oy = iy — sty

We will show that given 1)~ € L2, this system has a unique solution Ay + pm, 1y € H.
From this we can reconstruct vr,1™", Ag. Finally, given 1=, Ay and 1)y, we can return to
the Schrodinger map u via the system (24) with the boundary condition at infinity given
by ([2I3)). Eventually we show that if ¢~ satisfies its corresponding equation from (227,
then the u obtained is a Schrodinger map. A similar procedure can completely reconstruct
u from ¢,

The reason to keep both variables ¢* (instead of just one) has to do with the nonlin-
ear analysis of the system (2.24]). The reason we want to understand how to recover all
information from only one variable, say ¥ ~, has to do with the elliptic part of the profile
decomposition in Proposition

2.3. Fix p = —1. The theory with p = 1 was developed in [§]. From this point on we
fix 4 = —1 as the theory becomes more specific to this case. When comparing the results
obtained here and those in [§] the reader may notice a few differences. First, one sees that 1
come with operators H,,+, and all the consequences associated, see for instance the regularity
below. This is a consequence of the way we chose the limits lim,_,ou3 = lim,_ ,, 3 =
—p. Second, the analytic theory of the system ([229]) with u = —1, see Proposition 23] is
somehow different then its counterpart for ;4 = 1. The Cauchy theory in Section [3] and the
Concentration compactness argument in Section [4] are very similar. Finally, the arguments
in Section [l are again specific to the case u = —1, as in particular no restriction on the size

of the energy/mass is needed to rule out the possibility of blow-up.
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2.4. Regularity of the gauge elements. In this section we clarify the regularity of the
gauge elements. Our main claim is the following

Proposition 2.1. If u € H? then Ry,.1¢* € H? and
(2.30) lull grings = (| R a2 + [[Rna®™ || 2

The proof of this result will be provided in the Appendix.

Therefore, in the context of u € H* N H3, we have that R,410* € H2 C L. The H?
regularity cannot be extended to (two-dimensional extensions of) ¢, and % since the )™ and
1~ require different phases for regularity. However, all the Sobolev embeddings are inherited
by 17 and %, in particular 1, % C L. Since Ay = uy it follows that Ay, € H' N H? and
0;Ay € H'. Finally by differentiating with respect to ¢ the system (ZII), one can show
that 0,0 € H', hence Ay € H! which in turn gives 0,4y € L?. With these in mind, all the
compatibility conditions in the previous two subsections are at least at the level of L?.

2.5. Recovering the map from ~. In this section we address the issue of re-constructing
the Schrodinger map u together with its gauge elements from only one of its reduced variable,
say ¥ ~. Reconstructing vy, As such that ¥y, Ay —m € H !'is a unique process; however, the
reconstruction of the actual map with its frame, i.e. of (u,v,w) is unique provided one
prescribes conditions at co. The map u satisfies u(oco) = lg, while the gauge is subjected to

the choice (2.13)).

The main result of this section is the following

Proposition 2.2. Given 1~ € L?, there is a unique map u : R?> — S% with the property
that 1~ is the representation of W~ relative to a Coulomb gauge satisfying (213)). This also
satisfies E(u) = 7||¢||32.

If ¢~ € L? and @ is the corresponding map as above, then the following holds true

(2.31) E(uw—a) S|lv™ =977

Here ¢* can be reconstructed from 1)~. Moreover the equations (229) which we use for
reconstruction force the compatibility condition (2228 between ¢*. The result remains true
if we start from " just that we would start the reconstruction (described below) from the
analogue of the (2.29) written in terms of ¢)*. The two problems are in effect equivalent via
an inversion. The uniqueness of the reconstruction guarantees that starting from either )™
or 1)~ (which are assumed to be compatible) gives the same u.

The proof consists of several steps. The first one deals with recovering the two gauge
elements 19, Ay from 1~ by using the system ([Z29]).

Lemma 2.3. Given ¢~ € L%, the system Z29) has a unique solution (Ag,bs) satisfying
e, Ay —m € H}. This solution satisfies

Ay

(2.32) [l gy + A2 — m]

_m _ _
i+ =Ny S 107 [z (m+ 1671122)

In addition we have the following properties:
i) given € > 0, and R such that ||V~ || 2@w\(r-1,5) < €, then the following holds true

(2.33) ||¢2||HQ(R\[R*1,E*1R}) + A2 — m”Hg(R\[Rfl,eflR]) S el[ |2
12



i) if (Ag, o) is another solution (as above) to Z29) with ¢, then

(2.34) |12 — @Zzngg + Ay = Aol gy Sl — ) 2

iii) if (As, o) satisfy Us, Ay —m € HY and solve

0. = iAo — Aty + B

(2.35) i S

O, Az =— (Y1) — ;(A% —m?) + E;

where [||E1| + |Es||| L1 (gry402 S € then

(2.36) 902 = ol s + [ A2 = Aol g S CUW Mz, 107 112) (197 =7 [l + €)
w) if v~ € LP with 1 < p < oo then T, %, MT_’” € L? and

(n Ay —m N N
(2.37) 14" ze + H72HLP+|| QT e S CUIY Nz2)lle7 ||
v) if Ryp_190~ € H® then R, Wt € H® for any s € {1,2,3}, and
(238) HRm—lw_HHS ~ HRm—i-lw—i—HHs

with implicit constants depending on ||~ || 2.

The reason for having the second type of statement in (236 is of technical nature and
will be apparent in Section @l The equation for A, in (235]) is more convenient in that form
when taking differences. For the original system (2.29) it does not matter how one writes
the equation for A, thanks to the conservation law A2 — |1;|*> = m?; however in the case
of (233)) this conservation law does not hold true, hence we write the system in the more
convenient form (2.35]).

Proof. Our strategy is to solve the ode system (2.29) from zero. Since 1y, Ay —m € H Lot
follows that lim,_,g 1o = 0,lim,_,g A> = m. These two conditions play the role of boundary
conditions at zero. Since 9,(A3 — [¢|*) = 0, it follows from the conditions at oo that
A2 — |1)5]? = m? holds on all of R,

To prove existence, we begin by solving the system in a neighborhood (0, R™!) of the
origin. By choosing R large enough we can assume without any restriction in generality that

(239) ||’Lp_||L2(O7R71) S €
and seek (1), Ag) with the property that
(2.40) ||¢2||HQ(O,R*1) Se

Since lim, ,o, Ay = m, A2 = m? + [1]|*> > 0 and A, is continuous, it follows that Ay =
m? + |19]2. We substitute this in the 1)y equation and discard the dependent A, equation.
We rewrite the 15 equation as
(A2 —m)iy
T

(0 + ) = imyp™ +i(Ay — m)y”

or equivalently
(A2 —m)ty

r

T’_maﬂ”mlpg = Zmlp_ -+ Z(AQ — m)¢_ —
13



and further
Yo = imr " [r™0, T T + T "9, T (i(Ay — m)T — (A2 = m)v, —Tm)wz)

We know from (L) that r~™~1[r=™9,]~ maps L? to L?, which easily implies that
0,7 L2 — HY

Hence in order to obtain 15 via the contraction principle it suffices to show that for ¢ as in

[239) and v, as in ([2.40) the map
¢2 — Z(AQ — m)iﬂ_ —

is Lipschitz from H! — L? with a small (O(e) in this case) Lipschitz constant. But this is
straightforward due to the embedding H!' C LC>O Thus the existence of ¥, in (0, R~!] follows,
and the corresponding A, is recovered via Az \/ m? + [1)9(r)]?. The same argument also
gives Lipschitz dependence of 15 on ¢~ (O R

The solution obtained above on (0, R ] can be extended locally via standard arguments
since L*(rdr) C L},.(dr). This extension is global provided we have an a-priori estimate
which guarantees that A, and 5 stay in a bounded set. Indeed, integrating the equation of
Ay gives

_ Uy
Ag(r) —m < |[[¢ ||L2(0,r}||7||L2(0,r] - ||

(A —m)ihy

r

LB
1720 = || ||L2(0r (™ ez, — || 2|2 00))

and since As(r) > m it follows that ||%||L2(0,,,) < ||’(/J_||L2(0ﬂ for any r > 0, in partlcular we
obtain ||%H 12 < ||[¢v7||r2. From above estimate we also obtain

(2.41) 1Azl <m0+ 97 [|7-

This in turn guarantees that the solution (As, ¥) extends globally up to r = co. Also, using

these estimates in (2Z29)) gives the (Z32).

For proving (233)) we use an energy type argument. Denoting

F=_
Ag +m
its derivative satisfies p )
m _
ipe e+ 2] sl
,

This further leads to J

dr

D[S el
Integrating from infinity we obtain

|E| S =m0, |
Returning to ¢, we get the pointwise bound

1y
Ay +m

Note that if |A —| < g~ then |A —| & |1)5]. The construction of the solution on (0, R™")

gives the correspondmg part of (IBBI) since (2.42)) holds on any such interval. Getting the
14
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(0,6 1R] part of (2.33)) is slightly more delicate. It suffices to get the L? bound for % From
([Z42) we have
o] S 7220 T (Lo, ]) + 72 0] T (Lo [907])

For the second term we use the smallness of ¢, in the hypothesis. For the first one we instead
produce a pointwise bound using Cauchy-Schwarz:
R

r O Lol S T‘2m/ ST ()]s S (T R[0T e, v >R
0

This implies the desired L? bound.

Next we turn our attention to (Z34) and (230). In fact, in the case of (234, in light of
the conservation law A3 — |¢,]? = m?, [Z34) follows from (Z36) with F; = E, = 0. Hence
we focus our attention on (Z3€). We denote

S =d =1, SAy=Ay— Ay, Sy =1~y
Without any restriction in generality we can make the assumption [|d?|;2 < 1 and the
bootstrap assumption
0thy 0A,
= M=+ 1==
Then we derive the equations for them modulo error terms. We have

1
(2.43) 160sllzoe + 16 A2 ] e + =2z + =2 e S €2 + (|92

- 1 1 -
87«(51/}2 - ZéAgw_ + ZAgélp - ;AQ(Si/JQ - ;(5A2¢2 + E1

- = 2 1
0,04z = — I(V70Y2) — I(Y¢n) — —A2042 — ;(5A2)2 + By

The following terms iA50, S(é@b@) can be directly included into the error terms Ei, E»,
while the quadratic term 1(§A4,)? can be included in the error term Ej based on (243). We
obtain the following linear system for (19,6 As):

L~ 1 1 ~
8,00y = — %&/}2 00 Ay — —(Ay = m)Sun — S 0Axt + By

2
(A2 — m)5A2 + E2

r

0,640 = — 54, + 347 57)

By considering the Rdv,, S0y separately, this is a system of the form
m 100
0, X =——LX + BX +F, L=1010
" 00 2

where the matrices B, I’ satisfy B € L? and F € L*> + L'(dr). This system needs to be
solved with zero Cauchy data at infinity. For this system we need to establish the bound

X
(2.44) [ Xz + ||7||L2 S I FN e24rran
If B =0 then
= [r=m0,] 7! 0 0
X = 0 r=mrmo,] ! 0 F
0 0 7,—2m [T—2m8T]—l



and the conclusion easily follows from argument of type (L). If B is small in either L?(rdr)
or in r~'L* then we can treat the BX term perturbatively. If B is large then some more
work is needed. We decompose B = By + B, where By € L'(dr) and |By| < 1. We

can construct the bounded matrix e/ B! as a solution of 9,e/ Bt = e/ B1 B, which also has a
bounded inverse. Then we can eliminate B; by conjugating with respect to ¢/ %, and then
treat the part with B, perturbatively.

iv) From (242, (m and (L6) we obtain
H e S A2 + mlloe 67 o S 187 (oo (m+ 107 ]172)

from which (237 follows since ¢ = inz +¢~ and Ay —m = = Jeal®
v) Throughout this argument, the use of Sobolev embeddlng refers to the two-dimensional
standard Sobolev embeddings which apply to R,,+1%T, which then can be read in terms of

P
If s =1 then we use ([2:28) to obtain

(2.45) (ror + (m+ D))" = (ro, — (m = )Y~ = (Ag = m)(¥" +¢7)
from which

=TT ((r0 — (m = 1)) = (Ae = m)(YT 4 7))
From the Sobolev embedding and (IEZ) we obtain

Ay — m) (b + 0~
0 e R o + e S Bt

which combined with (L) gives ||%HL2 < HRm_ﬂD—HHl. Plugging this back in (ZZ3]) gives
10,0 |22 < ||[Rim1% ™ ||z1 from which the statement follows for s = 1.
If s = 2 we differentiate (2:45]) to obtain

Hm+1¢+=(%@~ m+1
~ (0, - m; 5 [0~ (m — 1) — (A — m)(&" + 9]
B2 (Ro - T [y - )t 0]

From Lemma [ it follows that ||(—220, + 2m’ 220 |2 S ||Him—1¥ ™ || 22 From part vii)

of Lemma [l we have that ||~ ||zs < ||Rm_1w |2 and by (2Z31) ||¢;?|| o + ||Ut]lpe S
| Rp—1%7 || 1, hence we estimate

)(r0, + (m+1))y™

2
:nHw+e£%+

r2 r2

1
1=0- Ao (™ + 4722 S (197 ||L6+||—||L6)|| ol llzs + 14 2o) S N1 B9 [l

Ao —
12220 e S 2o o + 197 ) S 1 B 3

Using Lemma [[.4] we estimate

As —m _ Ay —m _ _
|=—0,¢|l12 < | a0 [Ips S 1Rm—100™ 132
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If s = 3 then from the above expression for H,, 19" we obtain

1 1 1 2 2m? — 2 1 1
. m1t = - m—1P" + ;(_Tmar + %)@V - (ﬁar — %) [(As —m)(Wt +¢7)]
32

If m = 1 then the linear part becomes (== — %)@D‘ € L? by Lemma [[4 If m = 2 then we
have %le_ € L?, and from Lemma [I4], it follows that 4(—% + T%)@D‘ € L% If m > 3, then
all the linear terms belong to L? in light of Lemma T4l As for the nonlinear terms, we have

1. 2 A2 1,
B )| = 30 |t e )

(T—ﬁr—ﬁ) (A =) (" +9¢7)] =
which can be easily shown to belong to L? by using vii) and viii) of Lemma [[.4]

Finally we apply 0, to the expression giving H,,. 9" and show that d,H,,. 9" € L? in a
similar manner. The details are left to the reader.

O

Proof of Proposition[2.2 With 15, Ay constructed above, we can reconstruct ¢, = 1~ +i%.
Then we solve the system (Iﬂl) at the level of (u,v,w). We would like to solve this system
%

with condition at oo, u = k ,0 = 1 ,w = j. But this cannot be done apriori. Indeed,
consider the coefficient matrix in (Iﬂl)

0 RNy Sy
M=%y 0 o0
Sy 0 0

Since M ¢ L'(dr), it is not meaningful to initialize the problem (24]) at co. However M has
another structure which is a consequence of ([2I8)) rewritten as ¢y = (As + 1)1y + i0,1s.
Therefore M = N + 0,K and, by (2.32), N, K satisfy

[N @ + 1K g S 197 22

This inequality localizes on intervals [r, co) due to (2:33). This allows us to construct solu-
tions with data at r = oo by using the iteration scheme

X = ZX Xo=X(o0),  Xi(r)= /OO M(s)X;_ds

We run the iteration scheme in the space C([r, 00]) of continuous functions on (r, c0) which
have limits at co. Under the assumption that X; ; € C([r,oc]) we obtain

X@»—/m<<>+aK<»&4w
/ N z 1d8 — / K 8 Xz 1( )d
and further that

10- Xl L2(fr,00)) + 1 Xill i) S 1Y M 22, 00)) (1 Xi=1 | oo (r00]) + 110r Xzt L2(r00)))

Therefore, inductively, we obtain

10 Xl 22100y + 1 Xilleirocl) S 197 122 (g0
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By choosing R large such that ||1[|12((g,)) is small, we can rely on an iteration scheme to
construct the solution X on [R, c0).

The uniqueness of this solution is guaranteed by the conservation law |ul, ||, |w| = constant
which follows from the particular form of M.

This also guarantees that the orthonormality conditions imposed at oo are preserved (recall

- 5 = _ = .

that oo, u = k,v= i ,w = j ). The solution constructed above can be extended to (0, c0)
by running a similar argument on intervals where [[1)~[|z2(;) is small, where the last interval
is of the form (0, r].

The above argument leads to an estimate of the form
1 X = Xolleqoeey + 10, X122 S 1907 ([ 2

where by C([0, 00]) we mean continuous functions on (0, co) which have limits at 0 and oc.
Additional information on u,v,w will be obtained in a different manner. Notice that wus
and ¢ = w3 — U3 solve the system

Opis = —(¢10), 0,C = izt

which is the same as the one satisfied by As, 1. Since the conditions at co are proportional
with a constant m, we conclude that mus = Ay, —m({ = 1)5. From this and the fact that
A2 — |1y]? = m? it follows also that m?(|u;|? + |ug|?) = |1ba|*

Next, we extend the system of vectors to u, v, w using the equivariant setup, i.e. by multi-
plying them with ™%, Using the identification just described above and the orthonormality
conditions, it follows that (2.4)) is satisfied for & = 2. Therefore we have just established
the existence of an equivariant map u whose vector field YW~ in the gauge (v, w) is ¢~ and
whose gauge elements are 11,15, As. Moreover, we have that

E(u) = 7llv~

Given two fields ¥, 1~ we reconstruct X and X as above. Since the construction is
iterative it also follows that

I1X = Xllcto.0 + 10: (X = X) 22 S 1 — &lz2

from which the derivative part in £ (u—mu) follows. Since u; = Vw3 —v3Ws, Uy = VW3 — V3o,
g = —m(ws — iv3) and Py = —m(w3 — 103) it follows that

uy — Py — P S _ e
. 1I|L25H%HBHXHLowHX—X||LooH72||L25Hw — U712

A similar argument shows that [[“1=%(;2 < [l¢~ — ¥ |22 which completes the proof of

2.31).

U

3. THE CAUCHY PROBLEM

In this section we are concerned with the nonlinear system of equations (2.24]) which we
recall here

T

(10 + Hypir )t = (Ag + 2425™ —
18

{ (i0; + Hpm1)™ = (Ag — 2825™ +
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where 1y, Ag, Ay are given by (2Z25)), ([220]), respectively (Z27). The problem comes with
an initial data 1*(ty) = ¥F and we would like to understand its well-posedness on intervals
I C R with tg € I.

We will be mainly interested in solutions of this system which come from Schrodinger
maps, i.e. they satisfy the compatibility conditions (2.28)).

For simplicity we denote the nonlinearities by

Ag—m

(3.1) NEWH) = (A0 £ 22221 5 Loty

We define the mass of a function f by M(f) := [/ f||3.. The system (224) formally
conserves the mass, i.e. M(¢~(t)) = M(p=(0)) and M(p"(t)) = M(x"(0)) for all ¢ in the
interval of existence. Moreover, as discussed in subsection 2.2, a compatible pair also satisfies

197 (0) |2 = [~ (0)]] 2

3.1. Strichartz estimates. We begin our analysis by understanding the linear equation

r2

(3.2) (i0y + H)u = f, u(0) = ug
where we recall Hj, = 0% + %& — ’:—2

Our first claim is that, for each k, u satisfies the standard Strichartz estimates

(3-3) VI Riullprg < VI Riuoll + [V R S|

=/ 5!
L

where |V|* = (—=A)3 (defined in the usual manner), (p,q), (p,§) are admissible pairs in two
dimensions (% +% = %, 2 < p<oo)and (p,q) is the dual pair of (p, ¢). Indeed, Rju satisfies
the following equation

(z’@t + A)Rku = ka, Rku(()) = Rkuo

Then the Strichartz estimates follow from the standard Strichartz in two dimensions. We
need to read the Strichartz estimates at the level of the radial functions. For even powers of
s we use the identity ARyv = Ry Hypv, hence

(3.4) [Hrollzprs = [[ARRv| 2p g

and this can be extended to higher regularity but we will not need it.
s—1

For odd values of s we use that |V|* = |V|(—A)= and that for & # 0
(3.5) 10rollzgs + 1= lepre S NIVIRwl g
while for £ =0
(3.6) 100l zrre S NIVIRev| LoLa

In the context of additional regularity, we need to make improved versions of the Strichartz
estimates. We recall the following result from [g].

Lemma 3.1. Assume that u satisfy B.2) with initial data ug and forcing f.
i) If ug € L? is such that Hyug € L*, for k > 2, then the following holds true

o,

r

u
07ul + 1==1 + [ Gl renzasarsne S || Hioll ez + || Hif |12
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ii) If ug € L? is such that Hyug € L? then the following holds true

1 1
102u|| oo r2naranrazs + ||;(5r - ;)U||L°°L2mL4L4mL3L6 S ([ Hyuol[zz + [|Hyf || zrz2

These are improved versions of Strichartz estimates from the following point of view. In i)
the inequality for (92410, — f—;)u = Hyu is the Strichartz estimate for Hyu which follows from
B3) and ([B4); our statement is stronger in saying that each term satisfies the Strichartz
estimate. A similar remark is in place for part i). Note the consistency with Lemma T4

3.2. Setup and Cauchy theory. In order to make estimates shorter, we make the following
notation convention || f=|| = || f*|| + ||f~|| for various f’s and || - || involved in the rest of the
paper.

Since our non-linear analysis relies mostly on the L, norm, we define the Strichartz norm
of f:IxR* = Cby Si(f) = | fllaum- I to € I then we define Sy <, f = |[1rn(—oo0)f |74
and Sy >4, = [L1n(to,00) f1| 74-

We say that a solution * : I x R — C blows up forward in time if Sy >* = 400,V € 1.
Similarly ¢* blows up backward in time if S;<;1)* = +o0,Vt € I.

A possibility that may occur is that for some interval I, S; >4, = +o0 while Sy >0~ <
00, or any other combination. However from (39) it follows that solutions satisfying the com-
patibility condition (2.28)) we have that S;(¢)") ~ S;(1)~) on any time interval J. Therefore
for such solutions (which we will be mainly interested in) the above scenario is ruled out.

Let wf € L?. We say that the solution ¥* : I x R — C scatters forward in time to wf iff
sup [ = 400 and limy_, o, M (1* (t) —e®Hm+14)7) = 0. We say that the solution 1)* : xR — C
scatters backward in time to ¢= iff inf I = —oco and lim,_, o, M (¢*(t) — emt1yp®) = 0.

Our first theorem provides the general Cauchy theory for (224]).

Theorem 3.2. Consider the problem [2.24)) (with 1, As, Ay given by [2.25)), (226), [2.217))

with 5 € L?. Then there exists a unique mazimal-lifespan solution pair (1, p~) : I x R?
with to € I and *(ty) = Y5 with the additional properties:

i) I is open.

i) (Forward scattering) If v* do not blow up forward in time, then I, = [0,00) and ¢*
scatters forward in time to e™m1)T for some i € L2

Conversely, if @bf € L?, then there ewists a unique mazimal-lifespan solution ¥* which
scatters forward in time to eithﬂ@bf

i11) (Backward scattering) A similar statement to ii) holds true for the backward in time
problem.

w) (Small data scattering) There exist € > 0 such that if M(5) < € then Sg(v*) <
M(wa—L)z. In particular, the solution does not blow up and we have global existence and
scattering in both directions.

v) (Uniformly continuous dependence) For every A > 0 and € > 0 there is 6 > 0 such that
if WE is a solution satisfying S;(V¥) < A and ty € J, and such that M(bF — F) < 68, then
there exists a solution such that S(p* — ¥) < e and M((t) — D(t)) < e,V € J.

vi) (Stability result) For every A > 0 and € > 0 there exists § > 0 such that if S;(*) < A,
»E, approzimate [Z24), in the sense

1(i0; + Hpner )9 — N=(97)]|
20
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to € J, U € L? and Sg(ei(t‘tO)Hi(@bi(to) —F)) < 6, then there exists a solution * on I to

@22) with ¢*(to) = g and S;(v* —*) <.
vii) (Additional reqularity) Assume that, in addition, R,z € H® for s € {1,2,3}. If
J is an interval such that S;(¢*) < A < 400, then the solution * satisfies

(3.7) R s1™ ()l S | Ry |

and it also has Lipschitz dependence with respect to the initial data.

s VteJ

The above results are concerned with general solutions of ([224]). However, our interest
lies in solutions which correspond to geometric maps. The next result completes the Cauchy
theory for solutions of (2.24]) which satisfy the compatibility condition ([2.28). The system
(224) does not directly involve the variable 1)y which is defined in this context by (2.15).

Theorem 3.3. i) If Y5 € L? satisfying the compatibility condition 228), then ¥*(t) sat-
isfies the compatibility condition [Z28) for each t € I. If, in addition, R, € H® then
23) and [2.0) are satisfied.

i) If the solution satisfies the compatibility condition ([Z28) and it does not blow up in
time then the two scattering states (described in ii)) are related by

(3.8) Orr(Y —¥y) = —m(P +17)

Conversely, if V5 € L? satisfy [B.8), then the unique mazimal-lifespan solution * which
scatters to €itHi1/J$ (constructed in part ii)) satisfy the compatibility condition [228). A
similar statement holds true for the backward in time scattering.

iii) If Y& satisfy the compatibility conditions, then for every interval J C I (I being the
mazximal-lifespan interval) the following holds true

(3.9) [ N zacry = 1 [[pac
where the constants involved in the use ~ are independent of the interval J.

As a consequence of these theorems we are able to prove the following result

Proposition 3.4. If v5 € L? satisfies the compatibility conditions E28), Rpyt1¢5 € H?
and E(t) is the solution of (Z24) on I then the map u(t) constructed in Proposition [2.2
(for each t) is a Schrédinger map.

Proof of Theorem[33. Parts i)-vi) are standard. Our particular setup is very similar to the
one in the Theorem 3.2 in [§], and the proof there can be easily adapted to our problem.
As discussed in [§], part vii) is usually standard, with the exception of one term in it. We
rewrite the nonlinear terms as follows
Ay —m o lv~|? B

1., - - L[
2 Lot - ORI ) & 5z [ (0 = s

Ag+2 5

Without the term [rd,| 'R(x "¢ 7), the analysis would be standard, see [§] for more com-
mentaries. We will provide a full analysis of the term

N = [ro,] 7" R($TY 7)o"

This analysis can be extended to the other two terms in N*(¢%).
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The analysis in the case m = 1 is similar to the one in [8]. We now proceed with the cases
m > 2. Since S;(¢*) < A, the standard theory gives also that

15 || s porxry Sa 'l

Therefore it makes sense to define

+ P+
B = |04 |srs + ||7||L3L6

2+ R (as 1 1.
C = [|0;¢" psrs + |- ([ pars + =5 lzsrs + | =(0r — =)¥ || Lare
r r r r
1
D = ||8TH:|:¢:EHL3L6 -+ ||;Hi1pi||L3L6
We will prove the following estimates

1
10, Ni || 2122 + H;N1iHL1L2 SaB
(3.10) | Hpat NiE || 12 Sa C + B2
1
H@HmﬂNliHLlw + H;HmileHLlH <a D+ BC

Similar estimates hold true for the other two terms in N*()*). Based on these estimates,
the Strichartz estimates and the result of Lemma B.]], a standard argument establishes
the conclusion in (B1).

We now turn to the proof of [BI0). We compute

O, N = 0, ([ro,] "' R(WTY7)) ¥ + [r0,] T R(YTY7)O0™

and estimate

-
10, N || 122 S ||¢+||L3L6||7||L3L6||¢i||L3L6 + [0 N s 6 [10r™ || oo

from which half of the first estimate in (B.I0) follows; the second half follows in a similar
manner.
We continue with

Hyat Nt =A ([ro,] 7" R 7)) 0F + 20, ([r0,] 7' R($T97)) O00*
+ ([ro,] "R Y7)) Hypratp*

The last term is estimated by <4 C, the second one is estimated by <, B?, while the first
one equals

fyFaly— . ofy— hHt . -

r r

w:l:
and its L' L? norm is estimated by

. v I

S ([0 ||L3L6||7||L3L6+ ||7||L3L6||8r¢ zszs) 9™ || are

from which the second estimate in ([B.10) follows.
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For the third estimate we start with
OrHyea Ny = 0, A ([rd,] "R 7)) 0 + A ([r0,] "R Y7)) Opp™
+ 28,2, ([r@r]_lé)?(@ﬂb_)) o pE + 20, ([7“8,,]_1%(@%_)) 0f¢i
+ 87" ([7187"]_1%(1;4_1#_)) Hmi1¢i + ([Tar]_lgR(qz—Fqb_)) 87*Hm:|:1w:t

The L'L? norm of the sixth terms above is bounded by <4 D. Using the previous arguments,
the L'L? norm of the second, fourth and fifth term is bounded by <4 BC. Since

02 (o R(u7) = DY) o, Ly

r

it follows that the L!'L? norm of the third term above is bounded by <4 BC.
The first terms is further expanded

A ([ro,) ' R(WTY7)) = 0, (%
_ RE@T A7) + 2RO 007)

r

@ - ¥7) + R(YT - 87«1#‘))

0, - Do)

and estimated by BC'. The estimate for %HmilNli is obtained along the same lines, though
the argument is much easier. The details are left to the reader. This finishes the argument

for (B.10). O

Proof of Theorem[3.3. i) The proof follows exactly the same steps as in [8], with the only
adjustments coming from the value of © = —1 and that we work with a general m.

It is useful to rephrase this in terms of 1, 15, which are recovered linearly from v*.
Reverting the algebraic computation from Sections 2.1l and 2.2] v, 15 solve the system
(2I7). Then we seek to show that the relation Dyiy = Dgty is preserved along the flow.
For this we will derive an equation for the quantity

F = Doy — D1y
Following the lines of the argument in [8] we derive the following equation for F

A3 1 - 1 _
2 91 (01 + ;))F + R(Fapr )y — ﬁﬁ(F%)%

It is more convenient to recast this as an equation for

F 1 1A
T o) ey
r r’or r
which is exactly the quantity in (2Z28). We obtain
. F A2 —m? F 1. F-

In view of the L* Strichartz bounds for v, and v» and the derived L? bounds for A, and
2_m2 . . . . .
‘427,—2, standard arguments show that this linear equation is well-posed in L2 Hence the

conclusion follows provided that g has sufficient regularity. Indeed, we have
F i 1+ A _ 1Ay _
— T -0y - )

G (e

T 2 ( vT

It is obvious that if R,,119* € H' then £ € L2,
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If R,+19* € H? then by using the results in Lemma [[.4 and Sobolev embeddings one
casily shows that £ € H!.
We will show in detall that if R,,119* € H3, then ng € L. Indeed,

m — A2

F 1+ A Ay —
~2iHy,— = (0, + A gt 2m 1) 3m¢++2 Aapt
87*_1 arA 814 —A
+ G0 ;;) St 42200t — (0, 2>Hm_1w—
—A —A 9, — )0, A 50 A
+20 Qarw—+2(m—1)mrg 2¢—+—( ;) 2 +2720,40"

The above expression is easily shown to belong to L? based on that R,,+9* € H 3, by using
that R,,+1 Hyue19* € HY, the Sobolev embeddings ¢+, 9,4* € L and (Z20).

Hence we can conclude that ng € L?. This allows us to run a standard energy argument
by pairing the equation, with £, to conclude that

F F
Al—lze S (lnllz= + 12 HLoo)H;Iliz

which by using the Gronwall inequality and the fact that F'(0) = 0 leads to F'(t) = 0 for all
tel
In order to run the energy argument it suffices to have € H ! and use the pairing of H !

and H L. This is useful in the proof of Proposition [3.4] Where we assume only R,,+19* € H?

In the general case when ¢)F € L? only we regularize them as follows. We produce
Rin-1t, o € H? so that |1 — 1y, o2 < +. By using Lemma (23), and particularly part v),
we obtain that the compatible pair R, 19, € H® and [[¢g — gl 2 < +. We also recast
the compatibility condition to

U —yT = —[ro ] (W =¥ + AT +97))

so that all terms involved belong to L2. Using the conservation of the compatibility condition
for £(t) under the flow (Z24) and part v) of the Theorem, we obtain the desired result.

ii) The key observation is that the equation for 15 in (2.29)) becomes linear in the following
sense:

(3.12) lim [|0,45s — it +m22||2 = 0
t—o00 r

under the hypothesis that lim; . |9~ (¢) — e®#m=19)7 || .2 = 0. This is easily shown to follow
from the following estimate

(3.13) lim sup |7’_m/ eHm=1f(5)s™ds| = 0
) 0

=30 1.c(0,00

which holds true for f € L?. The proof of ([313) is similar to the corresponding statement
in the Appendix of [§]. Based on this, it follows that lim; . [[1)2(t)|| L~ = 0, and that

. ) _ 1
lim ||i(Ay — m)y™ — —(Ay — m)s|2 =0
t—o0 T

which justifies (B12]).
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With the notation (essentially the linearized version of £ above)

3 . 6itH77L71’l7D_
f(t) — ar(ethm+1w_|—|: . 6thm,1w_|—_) ) + 7
r
the scattering relation (B.8)) can be rewritten as lim; . || f(¢)[[7-1 = 0. A direct computation
gives that f obeys the equation

(i0,+ Hp)f =0

Since lim; o || f(¢)||z-1 = 0 it follows from the conservation of the H: ' norm that f(0) =0
which is [B8]). Alternatively, one could carry out this argument as we did in viii).

Assume now that given ¢ satisfying ([3:8) we construct (as in ii)) solutions ¢*(¢) to
[224) on some [T, +00) which scatter forward to em+1¢)F  Following the argument in
part i) we construct F' which satisfies (3.11]). Assuming additional regularity on the states
VE, Ryt € H®, we have by part vii) of Theorem that R,,+19=(t) € H?, hence by
the argument in i) H,L € L? and the right-hand side of (BII) belongs to L?. Then the
Duhamel formula applies to (B11) and in turn the Strichartz estimate

F F
1= lsroersar S 19 Bl loaroome

where we have used that lim;_,, || @ |22 = 0 (this follows as above because of (B.13))). Next,
by taking 7" large enough, we obtain that F'(t) = 0 for ¢ > T and the conclusion follows by
invoking part i).

For general states wf € L? satisfying (3.8) we proceed as above. We approximate them
by sequences @bi 4 with Rmil'l?bi:’ . € H?; this can be done by regularizing R, 197 first and
then showing that the corresponding R,,.1¢] has the same regularity as we did in Lemma
part v) - in fact this argument involves only the linear part of the argument there. Then
we write (3.8) at the level of L?

Vi =i = =ra ] ((m+ DL + (m = DY),
use the above argument and a limiting argument.
iii) One side of ([B.9) follows from the fixed time bound (237)). The other side is similar,

and it consists and replicating the result of Lemma starting from ¢* instead.
O

Proof of Proposition 3.4 With the given wS—L we reconstruct ug € H' N H? as in Proposition
22 The additional regularity R,+11F € H? implies, by (230), that uy € H' N H®. For
the classical Schrodinger Map u(t) with data ug we construct its Coulomb gauge, its field
components and write the system (Z24)) whose initial data is ¢/;". Invoking the uniqueness
part of Theorem B.2 it follows that 1)*(¢) are the gauge representation of W=(t), hence the
reconstruction in Proposition gives the Schrodinger Map u(t) for each ¢.

O

We can now identify the critical threshold for global well-posedness and scattering. For
any m > 0, we define A(m) by

A(m) = sup{Sr,,.. (") : M(¢~) < m where ¢* is a solution to ([Z24]) satisfying(Z28)}

where 1) is assumed to be a solution of (2.24]), satisfying the compatibility condition ([Z.28])

and I,,,, is its maximal interval of existence.
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Obviously A is a monotone increasing functions, it is bounded for small m by part iv)
and it is left-continuous by part v) of Theorem B2l Therefore there exists a critical mass
0 < my < 400 such that A(m) is finite for all m < mg and it is infinite m > mgy. Also any
solution ¢ with M (1)) < mg is globally defined and scatters.

Note that from ([B.9) and the fact that M (") = M(¢)™) (due to the compatibility rela-
tion), it follows that we could have used S;, . (¢"), M(¢)") in the definition of A(m) and
arrive to the same conclusion as above with the same critical mass my.

4. CONCENTRATION COMPACTNESS

The main goal of this section is to prove that if the above critical mass my is finite, then
there exists a critical element 1)* with mass m which blows up, see Theorem Il Moreover
we can be more precise about the behavior of "scale” of the critical element, see Theorem
4.2l The information provided by the two results aforementioned will be crucial in the next
section where we rule out the possibility that mg is finite.

We start by exhibiting the symmetries of the system ([224]). The system is invariant under
the time reversal transformation ¢*(r,t) — ¢=(r, —t). This allows us to focus our attention
on positive times, i.e. t > 0. Next, the system is invariant under two other transformations:
scaling, ¥ = A"Mp(A71r, A72t) with A € R, and phase multiplication, ¥(r,t) = e (r, )
with @ € R/27Z. The phase multiplication can be ignored as the group generated is compact.
This way we generate the first (non-compact) group G of transformations g, defined by

pf(r) =2 F(A )
From (2.27), (226) and ([227), the effect of the action gy on ¥* is translated in the action
of g} on s, Ay and g3 on Ay where
afr)=FfA7r), g f(r) =22 F(A )
The action of g is extended to space-time functions by
Ty frt) = A FA T A 728)

The equations in ([2:24]) are also time translation invariant and this suggests enlarging the
group G to G— as follows. Given A > 0 and t € R, we define

Gaaf = A7 e fI(A )

We denote by G’ the group generated by these transformations. Given two sequences g", §" €
G~,Vn € N, we say that they are asymptotically orthogonal iff

Ao A
4.1 fn | An
(4.1) Tt

We are now ready to state the two main results of this section.

+ [t A2 — £, 02 = o0

Theorem 4.1. Assume that the critical mass mg is finite. Then there exists a critical
element, i.e. a mazimal-lifespan solution ¥* to (Z24) and satisfying [Z28), with mass my
which blows up forward in time. In addition this solution has the following compactness
property: there exists a continuous function \(t) : Iy = [0,Ty) — Ry such that the sets

K* = {ﬁwi(ﬁ,t),t € I+}
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are precompact in L?.

Remark. As a consequence of the compactness property it follows that there exists a function
C : Rt — R" such that the above critical element satisfies

(4.2) / |E(t, r)Prdr <n, Vtel,.
r>CmAEL)1

One can construct critical elements whose function A(f) has more explicit behavior.

Theorem 4.2. Assume that the critical mass mgy is finite. Then we can construct a critical
element as in Theorem[{.]] such that one of the two scenarios holds true:

i) Ty =00 and A(t) > ¢ > 0,Vt > 0.

i) Ty < oo and lim_,p, A(t) = oo.

The proofs of the Theorems [4.1] and follow the same steps as their counterparts in [§],
which in turn were inspired by the seminal work of Kenig and Merle, see [17]. We will not
reproduce the proofs here due to their lengthy repetitive argument. Instead we state the
intermediate Propositions which then lead to the proof of Theorem 4.1

It is standard, see for instance [I7] and [26] that the result in Theorem FT] follows from
the following

Proposition 4.3. Assume my < +oo. Let = : I, = [0,T,,) xR — C,n € N be a
sequence of solutions to ([Z24)), satisfying Z28) and such that lim,, ., M(YE) = mgy and
limy, 00 S1,, (V;F) = o0o. Then there are group elements g, € G such that the sequence
gntbE(t,) has a subsequence which converges in L?.

One of the main ingredients in the proof of Proposition is the classical linear profile
decomposition result. These type of results originate in the work of Bahouri and Gerard [,
for the case of nonlinear wave equation and independently, in the work of Merle and Vega
[22], for the case of the nonlinear Schrédinger equation. For the case of nonlinear Schrédinger

equations see also [2], [I8], [26].

Proposition 4.4. Let ¥§,n € N be a bounded sequence in L*>. Then (after passing to a
subsequence if necessary) there exists a sequence ¢/,j € N of functions in L* and g™’ €
G7,n,j € N such that we have the decomposition

l
(4.3) U => gv¢ +uw™,  VIEN

j=1
where w™ satisfies
(4.4) lim lim S(e™ 1™ =0

|—00 Nn—00

Moreover g™ and g™ are asymptotically orthogonal for any j # §' and we have the following
orthogonality condition

(4.5) weak lim (g”’j)_lw”’l =0, ViI<j;<lI
n—oo
As a consequence the mass decoupling property holds
1
(4.6) lim (M (u") =Y M(¢) — M(w™)) =0
n— 00 =
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A similar statement holds true also for the operator H,, ;. We explained in [8] how this
result follows as an equivariant counterpart of the result in Theorem 7.3 in [26].

Based on Proposition [£4] and the results in the previous sections, one proves Proposition
by following the same steps as in [§]. The details are left as an exercise.

5. MOMENTUM AND LOCALIZED MOMENTUM.

In this section we rule out the possible scenarios exhibited in Theorem With the
language used in Section [, we claim the following

Theorem 5.1. Critical elements do not exist.

This will be based on virial type identities. Virial identities for the Schrodinger Map
problem originate in the work of Grillakis and Stefanopoulos via a Lagrangian approach,
see [10]. In their work the formulation of these identities is at the level of the conformal
coordinate, obtained by using the stereographic projection. Our approach is different in the
sense that we derive the virial identities at the level of the gauge components. However our
results can be derived from [10].

5.1. Virial type identities. This section is concerned with identities involving solutions of
(224) which satisfy the compatibility condition (Z28)).

Given a : Ry — R a smooth function, i.e. |(r0,)%a| S, 1, and which decays at infinity we
claim that

d

(5.1) =

a(r)(Ay —m)rdr = /r@ra(r)%(wl%)rdr

By using part i) of Theorem B3] the proof of (B.]) goes as follows

% a(r)(Ay — m)rdr = /a(r)@tAgrdr = —/a(r)%(wo¢2)rdr
= _/a(r)%(i(ﬁﬂﬁl =+ %wl + %%)@2)””
= - /a(r) (%(iar(mbl%)) - S(irwlé‘r%)) dr
= /&a(r)%(iiﬁlwg)rdr = /r@ra(r)%(wl%)rdr

This computation is valid in a classical sense provided that R,,. 1% € H?. For general
functions ¥* this is done by using a regularization argument as we did in the proof of part
i) of Theorem 3.2 Note that the quantities involved on both sides of (5.I]) are meaningful
in light of the fact that ¢y € H, " and ay, € H}.

We now introduce the two momenta, the radial and the temporal one, as follows

a2 R R

_Ag—i‘m’ _A2+m
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Using the covariant calculus, the time momentum can be further written as follows
(Ag +m)My = R(ot)2)

_§R< (Dyihy + ¢1+ Dmm)

—_

—S(8rth11ha) — =S(¢11hy) — T—22|¢2|2

.
_ _ A
= 0,3 (Wr) — S0, ) + 10, Ay — 2
|¢2| )

1
= 0?Ay + ;&Ag Ag(|t | +

which leads to

9,4 \* \¢2|
5.2 My = Aln(A — 24
(5:2) = Al m)+ (22 ) =R )
The following identity plays a fundamental role in our analysis
(5.3) oMy — 0. My = —0, Ag

This is established by using the covariant rules of calculus,

R( Do) " R(11 Do) _ R(4192) 501 As

atMl - Ag +m Ag +m (AQ + )
R(Diot2) ~ R(iDathy) — R(rths) ., -
N A2 +m * A2 +m (A2 + )2J(w0¢2)
B R(Vo0rtha) | R(tote) R(1Datbg) | R(Wt) o, -
- aTMO B A2 +m * (Ag -+ m)28TA2 + A2 +m + (AQ -+ m)26(¢0¢2)
B AsS(hothr)  R(ors) o, - AsS(hiho)  R(nibe) o, -
= 0, My — 4tm (At mp? S(1ye) + A, +m + o m)Q\s(wo%)
B AoS(thotn) | [¥al*S(shothn)
_aTMO_2 A2+m * (A2+m)2
= aTMO - %(¢OQZ1)
= 0,My — 0,Aq

The above computation is meaningful provided that R,,. 9% € H3.

Next we derive a localized version of (5.3) which has also the advantage that it makes
sense for ¥* € L? only. We take a : R, — R to be a smooth function which decays at
infinity and satisfies also |19,a| < 1 and [0%a| S 1. As a consequence we have that if f € H!
then 1 f0,a € H}.

We multiply (B3] by a and integrate by parts as follows

(5.4) / a(r) My (r)dr [T + /0 : / Ora(r) Modr — /0 ' / Bra(r) Agdr

This identity is now meaningful for ¢»* € L?. Indeed each term is well-defined for the

following reasons:
29



- the first since a is bounded and %Ml c L?,

- the second since 1y € H;' and 10,a - ¢y € H},

- the third since %&na is bounded and A, € L'.

The justification of (54]) for general ¥* € L? is done by regularizing * as above.
It will be useful to rewrite the second term on the left-hand side as follows

/8ra(r)M0dr:/%8ra(r) (Aln(A2+m)+( O s )2— A (Jabr)? + WQP)) rdr

Ag +m AQ +m
- / 8,(%8,@(7’))& In( Ay + m)rdr — / %&a(r)G(r)dr

where

|¢2|

60) =~ () 4 g +

Using (2.29) one can easily see that G is positive definite,

(55) GZ ‘w1‘2( A2 |¢2|2 A2 W2|2

- ) Ly
Ay+m  (Ay+m)? As+m 1?2 _m+m

where m 4 myq is an upper bound for A,, obtained from (2.20).

5.2. Proof of Theorem [5.1. The argument is in the spirit of the corresponding one in [I7].
Based on a localized version of (Bl and (54]) we rule out the possibilities exhibited in
parts i) and ii) of Theorem 2
By using (Z258) and (233]), the concentration property (L2) implies that all of the differ-
entiated variables 11, 1o and A, are concentrated in a compact set,

(5.6) />C( ) 1(|¢1(7‘)‘2 |¢27E )|2 (A2(Ti2— m>2)7‘d7‘ 5 0. vt c [+.

We start by ruling out the existence of a critical element from part i) of Theorem [£2] i.e.
the global element with A(f) > ¢ > 0,¥t > 0. In [G4), we take a(r) = r*¢(%) where ¢ is
smooth and equals 1 for » < 1 and 0 for » < 2, and obtain

/ (r)Mu(r)d //5 ~0ra(r))0: In(Ay + m)rdrdt — // ~0,a(r)G(r)rdrdt
—l—/o /0ra(7’)A0d7’dt

In this identity there are two main terms which we compare against each other: the one the
left-hand side and the second on the right-hand side. All the other terms are controlled by
one of the two main terms just mentioned.

We choose 7 < 1 small enough (the exact choice is derived from the inequalities on the
error terms below) and R = C(n)c™'n~t > ¢ !; we estimate the main terms in the above

expression by
' / a(r)Mdr

(5.7)

¥ ¥
S [l 2rdr S Rl 222 S Romo
30



which is valid both at ¢ = 0 and ¢t = T, and, by (5.0) and (5.0)

T
/ /%&,a(r)G(r)rdrdt =T
0

By choosing T' > R?m we obtain a contradiction, provided that we establish that all the
other terms involved in (5.7)) are of error type.
The first term on the left-hand side of (5.7)) is bounded as follows

T T
/Q/@@@qm@mmymmMMtgfl/ 0, Aoldrdt < T < T
0 r 0 Jr=R

For the third term on the right-hand side of (5.7) we use (Z21]) and write
T T
1
/ /&,a(r)Aodrdt / /(—2 + —0ra(r))Aprdrdt
0 0 r

which is then bounded by

T
¥
S [ 1Willino et S o < 7
0

We have just shown that the other two terms in (5.7) are of error type and this finishes the
contradiction argument. With this we conclude ruling out the possibility exhibited in part
i) of Theorem (L2l

Next we rule out the critical element of type exhibited in part ii). In this case the assump-
tion is that we have a critical element with 7% < oo, limy_,z, A(t) = 400,

For fixed R we claim that

(5.8) M{/d%m%—mVW:O

t—>T+

Indeed, for given e > 0, pick n such that 72 R? < e. Using [233)) we obtain
() (A2 = m)]s
1 g9y A2—m As —m
SCAE )= -

| z20.cma1 n-11 + Bl
_ _ 1 1
S(Cn~ ' A@)~)?me + 02 R?

| L2cmar-1 (1,7

1
By choosing t close enough to T, we obtain (C'(n)n~'A(t)"1)?m¢ < ¢, and this establishes

E3).

Next we choose a(r) = ¢(%), fix n > 0, integrate (5.1]) on [t, 7)) and use (5.8)) to obtain

Pa(t)

r

[ 6 8) = myrdr S (T2 = O ) 2|

provided that R = C'(n)n~'A(¢)~!. By fixing ¢ and taking  — 0 (which also forces R — o0),
it follows that

z2(zier) S (T — )

/(A2(r, t) —m)rdr =0
which implies A5(t) = m hence, by (2.9) and then by (ZI8) it follows that 1»(t) = 0 and
¥1(t) = 0. Finally this implies by (Z28) that ¢*(t) = 0 which contradicts the blow-up

hypothesis at time 7', (since the solution is globally in time = 0).
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6. PROOF OF THE MAIN RESULT

This section is dedicated to the proof of Theorem [[33 Given an initial data uy € H* N H?,
by using Theorem [[LT] it follows that it has a unique local solution on [0, 7] for some 7" > 0.
On this interval we use sections 2.1l and to construct the associated compatible fields )*
obeying the system (2.24). By using Theorem [5.] (and the previous reduction from Section
[ it follows that the solution ¢* is globally defined on [0, +00) and with |[¢*|| s, xr.) <
+00. By part vii) of Theorem the H? regularity of R,,.115 is propagated at all times
t > 0. Invoking Proposition 21 this implies that u(t) € H* N H? with bounds depending on
1Y% o, ko) | R || 2 and t. Using again Theorem [[J] this means that the solution
u(t) can be continued past time 7" and in fact for all times ¢ > 0 with u(t) € L(Ry :
H' N H?). The scattering statement refers to the scattering for 1= (t), which follows from
the Cauchy theory for the system (224]), see Theorem B2

Part ii) of the Theorem [[.3]is standard (see [§] for details) and it follows from (2:23)), the
Cauchy theory for the system ([2.24]) and (2.31]).

7. APPENDIX

Proof of Proposition[21l. We write the arguments below in a qualitative fashion in order
to have a concise argument. However one easily sees that the argument below provides
quantitative bounds which lead to (2:30).

We first read the information u € H2. Using the equivariance property of u, we obtain
(71) Hmul, H,us € L2, Hyus € L.
Since u3 = 1 + uf 4 u3 it follows that

w10,u1 + U0, us0, U
1Urtq 27’2:3r3€L2

T T

and by invoking (0, — 2)(u1,us) € L?, we obtain # e L2
Since D, (v +iw) = 0 it follows that

o™ =0, W - (v+iw)) = (W) - (v + iw)
where we recall that
WE = 9,u + %u x Ogu € T, (S?)
From this we compute

ug — Dug (ug — 1)ug _u% + u3

Loy 1 m m (
W= = (0, F 2, (9 F )z, By ) £ m )

) )

r2 r2 r2

From (1)), Lemma [[4] and the fact that # € L?, it follows that WTi € L?if m > 2 and

WT+ € L? if m = 1. This implies the corresponding result for @
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A direct computation gives

OWE = Pu + ma, (o
.

Oyus - U+ us - Oy k —us-u
Fm

=0PuFm
r r 7"2

—1 k
= (83:F@8riﬂ2)u$mu37&nu¥m—2+fiu
T r r r

where 5 )
fﬂ: —Tm rUu3 j;mu3 ;
T r
We then continue with
v (M m 5 M m 5 m ,
0% = (02 F 0, + =5)un, (02 F -0, & ~5)ua, (92 F =0, )us) - (v + i)
us — 1 uz —1
Fm———y i 52
T T
et = L = DY o D
r 2

where F'* € L? from (T). From the expression of W* and the Sobolev embeddings it

2 2
follows that [|¢%(|za < [|ull singe. hence || 22|10 < [|ul| gipgz. Therefore Y=L = ) At

u31+1 %22': € L*, which implies that =1 (m—1)w+42r(m+1)w* € L? and we conclude with 0,9* €
L2

Hence we have just established that R,,+19* € H'. The procedure can be easily reversed,
i.e. if Ryp10™ € H' then u € H?, the details are left to the reader.

Next we transfer third derivatives of u to second derivatives for ©)* and vice-versa. From

Au € H', using the equivariance properties of u, it follows
(7.2) Huy, Hypug € HY, 0, Hyus € L*
Using the above computation for 9,1, we have
3—1(m—1)04" + (m+1)0,4~ - Or Ay (m — 1)+ + (m + 1)y~

1 U
Hmi1¢i - (8r + ;)Fi +

+1)?
_(m2 )w:l:

r

T 2 T 2m

The derivative in 9,F*, can fall on either term in the expression of F*. From (7.2) and
Lemma [[4lit follows that in all cases 9, (92F 20, £ % )uy, 0, (2 F 20, £ 5 )us, 0, (2 F 20, Jus €
L?. Using Lemma [[4] it follows that if m # 1, then d,uy, 0,us, O,us € Hé C L*, hence by
(211) implies that 0,v € L™, and similarly 0,w € L. If m = 1 then by the same Lemma
LA (97 720, + 5 )us, (82 F 20, £ B)us, (07 F 20, )us € H! C L* and since d,u € L?, then
by @II) 0,v,0,w € L?. Hence we have completed the proof of the fact that 9, F* € L.
Next, if m = 1, then from (7.2]) and Lemma [L.4]it follows that %F + ¢ L?. The other linear

term left is 4% (in the expression of Hytpt), which is estimated from

+
vo_1 ((@ - %)uh (0, — %)U%@Us) (v +iw) —

72 o r2
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Indeed, from Lemma [[4 it follows that (0, — ™)uy, (0, — ™)ug, Qyus € L?, and from
|mf(u3_l)(vg + iws)| < W%‘g and the Sobolev embedding 2 € LS it follows that all

r ~Y

the linear terms in H,,9* € L%

If m = 2, then F* € L? on behalf of Lemma [[4 and f—; € L? is shown as above. On the
other hand,

4 1

11 _ 1 1 4 1 :
—F~ — =y~ = . <(0f + -0, — ﬁ)ul, (92 + ;& - /r_2)u2, (07 — ;Or)ug) (v +iw)

r r2 r
belongs to L? on behalf of Lemma 4
If m > 3, then it is a simple exercise to show that all the linear terms belong to L2
Moving on to the nonlinear terms in the expression of H,,.19*, we notice that = € L*NLS
i . . . Ay (M=)t +(m+1)1p—
by using the Sobolev embeddings. Using (ZI8]), it then follows that =2 5 €
L? by using the L° estimate for all terms involved.

For the last term we claim that d,¢* € L3, from which “s= (m_l)arwg(mﬂ)a"w € L?

follows by using the L5 estimate for % The claim follows from the formula above for 9,17,
the LS estimate for ¢»* and the Sobolev embedding (92 F 20, & % )uy, (07 T 20, + B )us, (07 F
0, Jus € L? (which can be derived using the Hankel calculus along the lines of the arguments
in Lemma [T.4]).

U
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