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MUSE

GROTHENDIECK POLYNOMIALS AND QUIVER FORMULAS

By ANDERS S. BucH, ANDREW KRESCH,
HARrrY Tamvakis, and ALEXANDER YONG

Abstract. Fulton’s universal Schubert polynomials give cohomology formulas for a class of degener-
acy loci, which generalize Schubert varieties. The K-theoretic quiver formula of Buch expresses the
structure sheaves of these loci as integral linear combinations of products of stable Grothendieck
polynomials. We prove an explicit combinatorial formula for the coefficients, which shows that
they have alternating signs. Our result is applied to obtain new expansions for the Grothendieck
polynomials of Lascoux and Schiitzenberger.

1. Introduction and main results. Let X be a smooth complex algebraic
variety and let

(D Ey—-—E 1 —~E —~F,—>F,1— - —F

be a sequence of vector bundles and morphisms over X, such that rank (F;) =
rank (E;) =i for 1 <i < n. For any permutation w € S, there is a degeneracy
locus

(2) Qu(Es — Fo) = {x € X | rank (E4(x) — F,(x)) < rw(p,q), ¥V 1 < p,q < n},

where r,,(p, qg) is the number of i < p such that w(i) < g. We will assume that
the bundle maps are sufficiently general so that this degeneracy locus has the
expected codimension, equal to the length 4(w). In this situation, Fulton [12]
gave a formula for the cohomology class of Q, = Q,(E, — F,) in H*(X,7Z)
as a universal Schubert polynomial in the Chern classes of the vector bundles
involved.

While the cohomology class of Q,, gives useful global information, there is
even more data hidden in its structure sheaf Ogq,,. The main result of this paper
gives an explicit combinatorial formula for the class [Oq,, ] of this structure sheaf
in the Grothendieck ring K(X) of algebraic vector bundles on X. To state it, we
need the degenerate Hecke algebra, which is the associative Z-algebra generated
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by s; for i = 1,2, ... with relations

2 _

sisj = 85 for [i—j| >1

SiSi+18i = Si+18iSi+1-

We also require the stable Grothendieck polynomials G,(E — E’), where u is a
permutation and E, E’ are vector bundles over X (see Section 2 for the definition).

THEOREM 1. Forw € §,.1 we have
[0g, 1= (= DG, (B, — Ey) -+ Gy (Fy — Ep) -+ Guy_,(F1 — F)

in K(X), where the sum is over all factorizations w = uy - - - up,—1 in the degenerate
Hecke algebra such that u; € Smin (i2n—i+1 for each i.

The above formula corresponds to computing the alternating sum of a locally
free resolution of Oq,, in K(X), and thus includes a formula for the cohomology
class of Q,, as its leading term. Theorem 1 is therefore a generalization of [7,
Thm. 3].

The locus Q,,(E, — F,) is a special case of a quiver variety. In [3] a formula
for the class of the structure sheaf of a general quiver variety is proved, which
expresses this class as a linear combination of products of stable Grothendieck
polynomials for Grassmannian permutations. Furthermore, it is conjectured that
the quiver coefficients occurring in this formula have signs which alternate with
the codimension.

The quiver formula specializes to umniversal Grothendieck polynomials
Gyw(Fe; E,) in the exterior powers of the bundles (and the inverse of the top pow-
ers), which are K-theoretic analogues of universal Schubert polynomials. Given
any partition «, we let G, = G,,, denote the stable Grothendieck polynomial for
the Grassmannian permutation w, corresponding to a. Then the quiver formula
has the form

[0a,1= Gu(Fa;E) = ) Gyi(Br — Er) -+ G, (Fy — En) -+ Gyan-1(Fy — Fy)
A

where the sum is over finitely many sequences of partitions A = (A, ..., A"~ 1)
and the cif)/\ are quiver coefficients. The precise definition of G, (F,; Ee) will be
given in Section 3.

Theorem 1 combined with a result of Lascoux [17] proves that these coef-
ficients do in fact have alternating signs. Define integers a,, g such that G,, =
>_a,, 3Gg, the sum over all partitions 3. Lascoux has shown that a,, 5 is equal to
(— DIAI=E™ times the number of paths from w to wg in a graph of permutations.
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Given this result, Theorem 1 is equivalent to the following explicit combinatorial
formula for quiver coefficients:

(m _ Al—¢
Cor = ( - 1)' =4 Z | Ay ALy N2 77 Gy 2211 ‘
Uy Upp— =W

Our proof of Theorem 1 is based on a special case of this formula, proved
in [3], together with the following Cauchy identity, which provides a K-theoretic
generalization of [14, Cor. 2] (see also [12, Thm. 3.7]).

THEOREM 2 (Cauchy formula). Let E;, F;, and H; fori=1,...,n be three col-
lections of vector bundles on X. Then for any w € S,,,1, we have

Gu(Fe:Ee) = Y (— D)™ G (Hy: Es) Go(Fo: Ha)

u-v=w

where the sum is over all permutations u, v such that the product of u and v is equal
to w in the degenerate Hecke algebra.

As a further consequence of our results, we obtain new formulas for the
double Grothendieck polynomials of Lascoux and Schiitzenberger [19], which
express these polynomials as linear combinations of stable Grothendieck polyno-
mials in disjoint intervals of variables. The coefficients in these expansions are
all quiver coefficients; in particular, this is true for the monomial coefficients of
Grothendieck polynomials.

After this paper was written, Buch [5] and Miller [21] independently proved
that general quiver coefficients have alternating signs, with approaches based on
Knutson, Miller, and Shimozono’s work [15]. We note that the results of [5]
also imply that general quiver coefficients can be realized as special cases of the
coefficients studied in the present paper (see [9]).

This paper is organized as follows. We review the facts about Grothendieck
polynomials that we require in Section 2. The quiver varieties and universal
Grothendieck polynomials are introduced in Section 3. We prove the Cauchy
formula in Section 4, while our main theorem is proved in the following section.
Finally in Section 6 we apply our results to obtain splitting formulas for double
Grothendieck polynomials.

Acknowledgments. The third author wishes to thank Marc Levine and the
Universitidt Essen for their hospitality and the Wolfgang Paul program of the
Humbolt Foundation for support during the later stages of work on this article.

2. Grothendieck polynomials. We begin by recalling the definition of
Lascoux and Schiitzenberger’s double Grothendieck polynomials [19]. Let X =
(x1,x2,...) and Y = (y1,y2,...) be two sequences of commuting independent
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variables and w € S,,. If w = wy is the longest permutation in S,, then we set

Gy (X:Y) = [ @i+y—xy.
i+j<n

If w # wp, we can find a simple transposition s; = (i,i + 1) € S, such that
L(ws;) = £(w) + 1. We then define

&, = 7ri(®ws,-)

where 7; is the isobaric divided difference operator given by

(1 _-xi+1)f(-x1’ e Xy Xty - e ’-xn) - (1 _-xi)]“(-xl’ e Xkl Xy - - e ’-xl’l)
mi(f) = .
Xi — Xi+1
Given permutations uy,...,U,, and w, we will write u; ---u, = w if the

product of the u; is equal to w in the degenerate Hecke algebra. With this notation,
the Grothendieck polynomials satisfy the following Cauchy identity, which is due
to Fomin and Kirillov (see [11, Thm. 8.1] and [10]):

3) G,(X;Y) = Y (— D 6,(0:Y) 6,(X;0).

u-v=w

Next we recall the definition of stable Grothendieck polynomials. Given a
permutation w € S,, and a nonnegative integer m, let 1” X w € §,,4,, denote the
shifted permutation which is the identity on {1,2,...,m} and which maps j to
w(j — m) +m for j > m. It is known [10, 11] that when m grows to infinity,
the coefficient of each fixed monomial in &m,, eventually becomes stable. The
double stable Grothendieck polynomial G,, € Z[[X;Y]] is the resulting power
series:

Gy =Gw(X;Y) = lim Gymy, (X3 Y).
m—o0
The power series G,,(X;Y) is symmetric in the X and Y variables separately, and
Gy(1—eX1-eNH=G,(1 —e ™, 1 —e™,...;1—e",1—e2,..)

is super-symmetric, that is, if one sets x; = y; in this expression, then the result
is independent of x; and y;.

In particular, we will need stable Grothendieck polynomials for Grassmannian
permutations. If o = (o > ap > a3 > ---) is a partition and p > {(«), i.e.,
apy1 = 0, the Grassmannian permutation for o with descent in position p is the
permutation w,, such that wo (i) =i+ aps1—; for 1 <i < p and we (i) < we(i+1)
for i # p. Now let G, = Gy, ; this is independent of the choice of p. According
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to [4, Thm. 6.6] there are integers djz. (with alternating signs) such that

4) Go(X;Y) =) _df, Gs(X;0)G(0;Y).

Let I' C Z[[X; Y]] be the linear span of all stable Grothendieck polynomials.
It is shown in [4] that T" is closed under multiplication and that the elements G,
form a Z-basis of I'. In fact I' is a commutative and cocommutative bialgebra
with the coproduct A: I' = I'® I given by AGo =323, dj, Gg ® G.

We will describe a formula of Lascoux for the expansion of a stable Grothen-
dieck polynomial G,, as a linear combination of these elements. Let r be the last
descent position of w, i.e. r is maximal such that w(r) > w(r + 1). Set w' = wry;
where k > r is maximal such that w(r) > w(k). We also set I(w) = {i < r |
(W'ry) = L)}

Define a relation > on the set of all permutations as follows. If I(w) = ) we
write w > v if and only if v =1 x w. Otherwise we write w I> v if and only if
there exist elements i} < --- <1, of I(w), p > 1, such that v = WTir. .. Tipr- The
following is an immediate consequence of [17, Thm. 4].

THEOREM 3 (Lascoux). For any permutation w we have

Gy =Y a,3Gp
3

where the sum is over all partitions 3, and a,, g is equal to ( — 1)‘/6 =) times
the number of sequences w = wi > wy > -+ > Wy, such that w,, = wg is a
Grassmannian permutation for 8 and w; is not Grassmannian for i < m.

Let w be any permutation and let F =L; ®... &Ly and E=M®---D®M, be
vector bundles on X which are both direct sums of line bundles. Buch [4] defines

GuF—E)=G,(1—L{',....1 =L 51 =My,...,1 = M,) € K(X).
Since G,, is symmetric, this definition extends to the case where E and F do not
split as direct sums. Alternatively, using the identity NFYY=(NTIF) /( N F),
we may write G,,(F — E) as a Laurent polynomial in the exterior powers of E
and F, where only the top power of F is inverted. As G, (1 — e %;1 — ¢e¥) is
super-symmetric we have G,,(F ¢ H — E & H) = G,,(F — E) for any third vector
bundle H on X. Finally, notice that

) Go(F —E)=) _d§, Ga(F — H)G,(H — E),
By

which follows from (4) together with the super-symmetry property.
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3. Universal Grothendieck polynomials. Consider a sequence
Be: Bl — By — --- — B,

of vector bundles and bundle maps over a nonsingular variety X. Given rank
conditions r = {r;j} for 1 <i < j < n there is a quiver variety given by

Q,(B,) = {x € X | rank (Bi(x) — Bj(x)) < ry; Vi < j}.

For convenience, we set r; = rank (B;) for all i, and we demand that the
rank conditions satisfy r; > max (ri—1j,rij+1) and rij + ri_1j41 > rio1j + Fijsl
for all i < j. In this case, the expected codimension of €,.(B,) is the number
d(r) = ZKj (rij—1 — rij))(riz1; — rij). The main result of [3] states that when the
quiver variety €,(B,) has this codimension, the class of its structure sheaf is
given by the formula

(6) [Oa,80] =D cx(r)Gyi(By — B)) -+ - Gyu-1(By — By1).
A

Here the sum is over finitely many sequences of partitions A = (A!,..., A"~ 1)
such that |[A| = 3" |\ is greater than or equal to d(r). The coefficients cy(r)
are integers called quiver coefficients; they can be computed by a combinatorial
algorithm which we will not reproduce here. These coefficients are uniquely
determined by the condition that (6) is true for all varieties X and sequences B,,
as well as the condition that cx(r) = cx(r'), where r' = {r};} is the set of rank
conditions given by r,’-j =rj+1 for all i < j. Buch has conjectured that the signs
of these coefficients alternate with codimension, that is, ( — 1)"\|*d(’)c,\(r) > 0.

We need the following property of the quiver formula (6). Suppose the index
p is such that all rank conditions rank (B;(x) — B,(x)) < r;, and rank (B,(x) —
Bj(x)) < rpj may be deduced from other rank conditions. As in [6, §4], we will
then say that the bundle B, is inessential. Omitting an inessential bundle B, from
B, produces a sequence

B,.: Bl—>..._>Bp71—>Bp+1_>..._>Bm

where the map from B, to B,y is the composition B, | — B, — Bjy. If
r’ denotes the restriction of the rank conditions to B, we have that Q. (B)) =
Q,(B,). We can use (5) to expand any factor Go(Bps+1 — B,—1) occurring in
the quiver formula for Q, (B,) into a linear combination of products of the
form Gg(B, — B,_1)G+(Bps1 — B)), and thus arrive at the quiver formula (6)
for Q,(B,).
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The loci Q,(E, — F,) of (2) are special cases of these quiver varieties.
Given w € S,; we define rank conditions ™ = {rgl)} for 1 <i<j<2nby

rw@n+1—j0) ifi<n<j
i if j<n
2n+1—j ifi>n+1.

) _
Fj~ =

Then Q,,(E, — F,) is identical to the quiver variety Q,m(Es — F,), and more-
over we have d(r) = /(w). We let cif))\ = ¢\(r™) denote the quiver coefficients
corresponding to this locus.

Given vector bundles E1,...,E, and Fi,...,F, on X we define

(D) G (FaiE) = > ™\ Gai(Ex — Ep) - Gon(Fy — Ey) -+ - Gyon1(Fy — F).
A

It follows that [Og,, ] = gsV")(F.;E.) when the bundles are part of a sequence (1)
and the codimension of €,, is equal to £(w).

By definition, G/ (F,; E,) is a Laurent polynomial in the exterior powers
of the bundles E; and F;, where only the top powers are inverted. We will call
these polynomials universal Grothendieck polynomials, in analogy with the term
‘universal Schubert polynomials’ which Fulton [12] used for his cohomology
formula for Q,,. The next lemma shows that the polynomial QV(V")(F.;E.) 1s in-
dependent of n. We will therefore drop this letter from the notation and write
simply G,(Fe; Ee) = GU(Fo; Eo) when w € S41.

LeEmMA 1. Letw € S,+1. The polynomial gg””(F.; E,) is independent of E, 1
and F,4| and agrees with QSf)(F.; E,).

Proof. Let X be a nonsingular variety with a bundle sequence
Ei— - —Ey — Fpyp — - — Fy

such that the degeneracy locus (,, determined by this sequence has the expected
codimension. Since the same degeneracy locus is obtained by using the sub-
sequence which skips the two middle bundles E,.; and F,.;, it follows that
gfj’*l)(F o;Ee) =[Q,] = va”)(F.;E.), so the polynomials agree when evaluated in
the Grothendieck ring K(X).

To obtain the identity of polynomials, we need to construct a variety X such
that all Laurent monomials in exterior powers which occur in either polyno-
mial are linearly independent in K(X). Here we can use that on a Grassmannian
Gr (m, N), all monomials of total degree at most N/m — 1 in the exterior powers
of the tautological subbundle are linearly independent. Therefore we can take a
product of Grassmannians

Z=Gr(I,N) x ---xGr(n+1,N) x Gr(n+1,N) x --- x Gr(1,N),
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and let X be the bundle Hom (E1, E>)®. . . ®Hom (E,1+1, Fis1)D. . .©Hom (F», F1),
where the bundles E; and F; are the tautological subbundles on Z. When N is
sufficiently large, this variety X fits our purpose. O

In the remainder of this paper we will use without comment that the universal
Grothendieck polynomial G,,(F,; E,) is determined by its values, as in the above
proof.

4. Proof of the Cauchy identity. In this section we prove the Cauchy
identity for universal Grothendieck polynomials (Theorem 2). We will assume
that X is a nonsingular variety equipped with vector bundles E; and F; for i > 1,
with rank E; = rank F; = i.

ProposITION 1. Let w: Y = FU(E,) — X be the bundle of flags in E,, with
tautological flag 0 C Uy C Uy C --- C U, = n*(E,), and set

Oz= 1] GuyUin/Ui—E) € KQ).

1<i<n—1

Then we have

Tx(Gw(Fo; Us) - Oz) = Gy(Fo; Es) € K(X).

Proof. Set X= Hom (E,E>)® ... ®Hom (E,, F,)®...® Hom (F,, F;) and
V=YxgX Itis enough to prove the proposition for the projection p : y— X
Notice that on 5) we have a universal bundle sequence E, — F,, as well as the
tautological flag U, C E,,.

Let 2,1 = Z(E,—1 — U,/U,_1) C 5) On this locus the map E,—1 — U,
factors through U,_;. We then set Z, , = Z(E,—2 — U,—1/U,—2) C 2,4
and inductively Z; = Z(E; — U /U;) for i = n—1,...,2,1. Notice that the
structure sheaf of Z = Z| is given by the expression of the proposition (see e.g.
[3, Thm. 2.3]). Now p maps the locus Q,,(Us — F¢) N Z C )7 birationally onto
Q,(Ee — Fo) C X. In fact, the open subset of Z where each map E; — U, is
an isomorphism maps isomorphically to the open subset of X where all maps
E;_| — E; are bundle inclusions, and furthermore these subsets meet the given
(irreducible) degeneracy loci in Z and X. This implies the desired result, because
all involved degeneracy loci are Cohen-Macaulay with rational singularities [16]
and have their expected codimensions. O

This proposition allows us to prove a special case of the Cauchy formula,
arguing as in [12, §3]. We let C* denote a sequence of trivial bundles. When
used in a polynomial, the exterior power A!C™ equals the binomial
coefficient (7).
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COROLLARY 1. We have

Gu(Fe;Ee) = Y (— D' G(C* E,) Gu(Fu; C*).

u-v=w

Proof. Let m: Y = Fl(E,) — X be the bundle of flags in E,, with tau-
tological flag U, as in Proposition 1. Assume at first that the bundles F, form
a (descending) complete flag. Then by [3, Thm. 2.1] (which generalizes [13,
Thm. 3]), we have

gw(Fo;Uo)=®w(l_Ll_l,'”al_Lyjl;l_Ml’---,l_Mn)

in K()), where L; = ker (F; — F;_1) and M; = U;/U;_;. The Cauchy identity for
double Grothendieck polynomials (3) therefore implies that

Gu(Fo;U) = > (= D™ G(C%; Us) - Gu(Fu; C*).

u-v=w

By multiplying this identity by the class Oz of Proposition 1, and pushing the
result down to X, we get the identity of the theorem.

Now assume that the bundles F; are arbitrary. By the case just proved we
have

Guw(Fo; Us) = G,,1(UJ3 FY)
= Y (= D“MG, (CHFY)-G,1(UY;C%)
= 3 (= DI G(C% UL) - Gu(Fa; C°)

in K()). After multiplying with Oz, this identity pushes forward to give the
corollary in full generality. O

For the general case of the Cauchy formula we need the following vanishing
theorem. We let H, denote a third collection of vector bundles on X, rank H; = i.

PROPOSITION 2. Choose m > 0 and substitute H; for Fj and E; in G,,(F.; E,)
forall j > m+ 1. We then have

Guw(F1se oo FopsHypsts oo 2y oy Engy Hopr1s -2 ) = {gW(F"E') v € S
otherwise.
Proof. If w € Sp41, then G,,(F,, E,) is independent of the bundles F; and
E; for j > m+1 by Lemma 1.
Assume that w € S,4; ~ S, where n > m. We claim G,,(F,, E,) vanishes
as soon as we set F, = E,. To see this, let X be a variety with bundles F; for
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1 <j<mnandE; for 1 <j<n—1 such that all monomials in the polynomial
Gw(Fe;El,...,Ey_1, Fy) are linearly independent.

If we set E, = F,, then we have a sequence of bundles £, — F, for which the
map E, — F), is the identity and all other maps are zero. Since r,,(n,n) =n — 1
it follows that the locus Q,,(E, — F,) is empty. Since G, (F,; E,) represents the
class of the structure sheaf of this locus, it must be equal to zero. O

For any commutative ring R, let R(S) denote the R-module of all functions
on S =, S» with values in R. For f, g € R(Ss) we define the product

(8) (fomw) =Y (= D f(ug(v)

u-v=w

where (as always) the sum is over factorizations of w in the degenerate Hecke
algebra. It is straightforward to check that this multiplication is associative and
that the identity element is the characteristic function 1 of the identity permutation.
We will need the following variation of [20, (6.6)].

LEMMA 2. Letf,g,h € R(Sxo). Assume that for any permutation w € S, the
Sum Y, e (— 1)5(“)f(u) is not a zero divisor in R.

(1) Iffg=ftheng=1
(ii) Iffh =1 then hf = 1.

Proof.  Since f(1)g(1) = fe(1) = f(1) and f(1) = Y\1cy (— DUOf(u) is a
nonzero divisor, it follows that g(1) = 1. Let w # 1 € S, be given and assume
inductively that g(v) = 0 for 0 < ¢(v) < ¢(w). Notice that if u - v = w in the
degenerate Hecke algebra then /(v) < £(w), and this inequality is sharp if v # w.
We therefore have f(w) = fe(w) = f(w) + (z - 1)f<“)f(u)) ¢(w), which
implies that g(w) = 0. This proves (i), and (ii) follows by setting g = Af. O

u-w=w (

THEOREM 2 (Cauchy formula). Let E;, F;, and H; for i = 1,...,n be three
collections of vector bundles on X. Then for any w € S,+1 we have

Gu(Fo:Ee) = > (— 1™ G,(Hy: Ey) Go(Fo: Ha).

u-v=w

Proof. Let G(F,; E,) denote the function from permutations to K(X) which
maps w to G,,(F,; E,e). Using the product (8) we have by Corollary 1 that

G(Fe; Ee) = G(C*; E)G(Fo; C*).

Proposition 2 implies that G(C®; H,)G(H,, C®) = 1, and since G,,(C®; H,) lies in
the augmentation ideal of K(X) for w # 1, the function f = G(C®; H,) satisfies the
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requirement in Lemma 2. It follows that G(H,, C*)G(C®, H,) = 1. We conclude
that

G(Fe;E,) = g((c.; Eo)G(F; (C.) = Q((C'; Eo)G(Ha; C.)g(c.;Ho)g(Fo; C.),

and therefore G(F,; Eo) = G(He; Eo)G(Fo; H,), as required. O

For later use, we notice that for all integers r > 0 we have

gw(Fo;Eo)
= Z ( - I)Z(MUW)QM((Cla et 9(Cr’Fr+1aFr+2’ e 9EO)gU(F]’ et aFr;(C.)
u-v=w
9) = Y (= D“MG(C%E,. .. .ENGu(Fa:C',...,C  Ept, Era, . ).
u-v=w

The first equality is obtained by setting H, = (C!, ..., C", F41, Fr42, . ..) in Theo-
rem 2 and reducing the terms G, (F,; H,) using Proposition 2. The second equality
follows from a symmetric argument.

5. Proof of Theorem 1. In this section we derive Theorem 1 from the
Cauchy identity by using a K-theoretic version of the arguments found in [7].
In what follows, it will be convenient to work with the element P? € T®21~1
defined by

pgj) - chl))\ Gy ®...0GGyn-1.
A

With this notation, we can restate Theorem 1 as follows:

THEOREM 1’. For any permutation w € S,41 we have

Pgl) — Z ( _ 1)((M1~.~lenflw) Gul ® . ® Gu2n—l

Uuy-ap—1=w

inT®2=1 \uhere the sumis overall factorizationsw = u; - - - up,—1 inthe degenerate
Hecke algebra such that u; € Smin (i2n—i)+1 for each i.

Proof.  Since r(p,q) + m = rimy,(p + m,q + m) for m > 0, it follows that
the coefficients c&f& are uniquely defined by the condition that

(10)  Ginxw(Fa;Ee) = Y W) Gi(Ezum — Evam)
A

te G)\” (Fn+m - En+m) te G)\ZH*I(FHm - F2+m)
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for all m > 0 (see [2] and also the discussion after the proof of Theorem 4.1
in [3]).

Given any two integers p < g we let P™[p, q] denote the sum of the terms
of P™ for which A\ is empty when i < p or i > ¢:

PS})[P, ql = Z (n) VO @ ... ® Gy,
A:\i=() for iZ[p,q]

LemMA 3. Forany 1 <i < 2n— 1 we have

PO = 3" (= DfpL i — 11 PPl 20 - 1),

u-v=w

Proof.  We will do the case i < n; the other one is similar. For any element
f=206u®...0G w1 € ro2V=1" we set

f(FE) =) exG(Exy —ED) - Gyw(Fy — Ey) - - Gy (F1 — Fa).

Equation (10) implies that P? € T®2"~! is the unique element satisfying that
(19" @ P @ 19M)(Fy; Eq) = Gimy(Fe; Es) in K(X) for all m. This uniqueness
is preserved even if we make Ej,, trivial. The right-hand side of the identity of
the lemma satisfies this by equation (9) applied to 1™ x w. O

LemMa 4. For1 <i<2n—1we have

PO 1] {1®i—1 ® Gy @ 19277171 ifw € 801, m = min i, 2n — i),
0 otherwise.

Proof.  For simplicity we will assume that m = i. If w ¢ S, then it
follows from Proposition 2 or the algorithm for quiver coefficients of [3, §4] that
Pg’)[l,m] = 0, which proves the lemma. Assume now that w € §,,,;. It is proved
in [3, (5.2)] that P"[m,m] = 19" ! @ G,, ® 19!, Let &: [®>m-1 _, T&2n-1
be the linear map given by

DG Q... G m1) =G\ ®...0Gyn1 QAP (Grm) @ Gymi @ . . .® Gyom—1
where AZ'=2"; T' — [®21=2m+1 denotes the (2n — 2m)-fold coproduct, that is,

A2n72m(G)\m) — Z d_’r\lm G»rl ®...Q GT2n72m+1

~~~~~ T2n—2m+1
T1s--sT2n—2m+1

(see [4, Corollary 6.10]). In the definition of the locus Q,,(Eeq — F,), the bundles
F; and E; for i > m+ 1 are inessential in the sense of Section 3, which implies
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that ®(P/™) = P, Now the result follows from the identity P [m,2n — m] =
(I)(Pi",")[m, m]) — 1®m—1 ® AZn—Zm(GW) ® 1®m—1.

Theorem 1’ follows immediately from Lemma 3 and Lemma 4. O

COROLLARY 2. Letw € Spyy and let X = AL, N2, ..., Y be a sequence of
partitions. Then we have

(m _ Al—¢
Cyx = (_1)| =€) Z |au1,/\1 Ay N2 auz,lfl,)\2”*1|

Uuypsiop—1=w

where |\| = 37 |\, a,, i is the coefficient of Gyi in Gy, € T, and the sum is over
all factorizations of w in the degenerate Hecke algebra such that u; € Smin (i2n—i)+1
for each i.

Since Lascoux’s formula (Theorem 3) implies that a,, \i=(— X |y, il

Corollary 2 follows immediately from Theorem 1. This verifies the alternation of
signs for the quiver coefficients cif’)/\, which was conjectured in [3]. In addition,
by combining the above corollary with Lascoux’s formula we obtain an explicit
combinatorial formula for these coefficients.

We note that [7, Thm. 1] gives a different combinatorial formula, in terms
of sequences of semistandard Young tableaux, for the coefficients cg’))\ for which

|A| = ¢(w). A K-theory analogue of this formula will be discussed in [8].

6. Splitting Grothendieck polynomials. In this section we specialize uni-
versal Grothendieck polynomials to the double Grothendieck polynomials of Las-
coux and Schiitzenberger. This leads to new expressions for double Grothendieck
polynomials in terms of quiver coefficients, which are analogous to the formulas
for Schubert polynomials obtained in [7]. Recall that a permutation w has a de-
scent at position 7 if w(i) > w(i+1). We say that a sequence {ax} : a1 < --- < a,
of integers is compatible with w if all descent positions of w are contained
in {a}.

THEOREM 4. Letw € Spppandletl < ay < --- < a, <nand 1 < by <
-+ < by < n be two sequences compatible with w and wl respectively, and set
Xi={xq;_ 415> Xg, y and Y; = {yp; 41 .., Yp;}. Then we have

(1) XY= CupGu(Xpi0) - G (X13 Y1)+ Goprg—1(0; Yy),
M

where the sum is over sequences of partitions u = (u!, ..., WP*4=Y), and Cyppy 18

the quiver coefficient ™

Wow— o\’ where wy € Sy41 is the longest permutation and
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A=Y, N s given by

Mk ifi=ag —1
)\i _ Hp lfl =n
T PR ifi=2n — by + 1
0 otherwise.

Proof. Let V be a vector bundle of rank n + 1 and let
EfCE,C---CE,CV—»F,—»---—»F) »F|

be a complete flag followed by a dual complete flag of V. By [3, Thm. 2.1], the
class of the structure sheaf of Q,(E, — F,) is given by &,,(X; Y), where we set
x;i=1—[ker(F; — F;_1)]" " and y; = 1 — [E;/E;_1] in K(X).

Set E/ = V/E; and F} = ker (V — F;). This yields the sequence

FlC---CF{CV—»E - —E,

n

and it is easy to check that Q,,(Ee — Fo) = Q,, ,—1,,

of X, where wy is the longest permutation in S,4].
Define a third bundle sequence E’. — F . as follows. For a;_; < i < a; we

set F! = F, @ C%~" and for by_; < i < by we set E! = Egk @ CPx—i. The maps

of the sequence E: —F . can be chosen arbitrarily so that the subsequence

(F, — E.) as subschemes

' ' Frd ok
Fap_)..._>Fa] —>Eb| _>..._)qu

agrees with the corresponding subsequence of F), — E,, the map F,, — F! is an
inclusion of vector bundles for i ¢ {a;}, and E, — E,, is surjective for i & {b;}.
Now [7, Lemma 3] implies that Q, -1, (Fy — E}) = Q (F, — E,).
These identities of schemes show that

wow ™ wg

G0(X;Y) = Gty (Eni FL).

Equation (11) now follows from equation (7). In fact, G,(F/ — F,,) is nonzero
only if « is empty or i = aq; for some k, and when i = a; we have Ga(i?l{ —Ffﬂ) =
Go(Xy41). Similarly, Goé(]:'?l’,rl - Ef) is zero unless « is empty or i = by for some
k, and for i = by we have Go(El,; — E!) = G4(0; Yi4y). Finally Go(E,, — F)) =
Go(X1; Y1).

This proves (11) in the Grothendieck ring K(X), in which there are relations
between the variables x; and y; (including e.g., the relations ej(xy,...,X;41) =
ej(y1,...,yne1) for 1 < j < n+1). We claim, however, that (11) holds as an
identity of polynomials in independent variables. For this, one checks that the

definition of ¢,,, is independent of n, i.e., the coefficient ¢ IR does not
5 wow “wo,
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change when n is replaced with n + 1 and wy with the longest element in S,;.
If we choose n sufficiently large, we can construct a variety X on which (11)
is true, and where all relevant monomials in the variables x; and y; are linearly
independent. This establishes the claim. O

It follows from Theorem 4 that the monomial coefficients of Grothendieck
polynomials are special cases of the K-theoretic quiver coefficients cE:'))\ Explicit
formulas for the monomial coefficients in terms of resolved braid configurations
(which are equivalent to ‘non-reduced RC-graphs’) are one of the many conse-
quences of Fomin and Kirillov’s work [10, 11] (see in particular the introduction
of [10] and Figure 10 in [11].) We will finish this paper by proving a different

formula which generalizes [1, Thm. 1.1] and [7, Cor. 4].

LEMMA 5. Let w be a permutation and p > 0 an integer. Then the coefficient
ay (p) of Theorem 3 is given by

4 _J U ifw=si s, forintegers iy > -+ > ip,
WP TN 0 otherwise.

Proof. Let x be a variable and consider the degenerate Hecke algebra ten-
sored with Z[x]. It follows from [10, Thm. 2.3] that the Grothendieck polynomial
B,(x) = B,(x,0,...;0,0,...) is equal to the coefficient of w in the expansion of
the product

(I +xs,)(1+x8,_1)--- (1 +x87)

in this algebra. In other words, &,,(x) is nonzero exactly when w has a decreasing
reduced word, in which case we have &,,(x) = x!™). The same is therefore true
for the stable polynomial G,,(x). The lemma follows from this because G(x) =0
for any partition 3 of length at least two, while G(,)(x) = x”. O

Using Fomin’s identity G,,(X;Y) = Gyuw,(Y;X) (see [4, Lemma 3.4]) we
similarly obtain that a,, (1r) = Gwgwwo,(p) 1 €qual to one if w has an increasing
reduced word of length p, and a,, 1r) = 0 otherwise.

COROLLARY 3. Letw € 8, let x"y" = X -xZ":ll ATEERE ys”:ll be a monomial,
and set g; = Zzz_nl_i Ue fi = @n—1 + Y jey Uk, and 1 = f— = |u| + |v|. Then the

coefficient of x"y" in the double Grothendieck polynomial &,,(X;Y) is equal to
(= D™ times the number of factorizations w = S,, - - - S, In the degenerate
Hecke algebra such thatn —i < eg; 41 < --- < eg andes 1 > -+ > e > ifor
alll <i<n-1.

Proof. 'We apply Theorem 4 to 0 =1 xw with p=¢g=n and a; = b; = i,
and use that &,,(X;Y) = &,(0,x1,...,%,—-150,¥1,...,y4,—1). The coefficient of

Sy in B,(X3Y) s equal t0 Gy \ = Cpup-ty,n Where A =
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((Up—1)s ..., (), 0, (1%),. .., (1%-1)), By Corollary 2 and Lemma 5 this coeffi-
cient is equal to &= the number of factorizations Woo YWo=T1 - The 1 Tnsl - - - Ton—1
such that each 7; is in Smin¢2:—i+1 and has a decreasing reduced word of
length u; for i < n and an increasing reduced word of length ¢»,_; for i > n.
The sequences (ey,...,e,) of the corollary are the corresponding factorizations
of w. O

Example 1. The double Grothendieck polynomials for the elements s; of
length one in §,, are given by the formula

_ - bn— n Oon—
By, (X;Y) = > (= DTy = 37 (= DFIFL oyt
6 6

where the sum is over the 4"~! — 1 strings § = (1,...,62,_2) with §; € {0,1}
for each i and |6| = 3" é; > 0. For instance, &;,(X;Y) =x; +y; — x;y; and

G, (X3Y) = X1 +x2+ Y1 +y2 — X1X2 — X1Y1 — X1Y2 — X2Y1 — X2Y2 — YIV2
+ X1X2y1 + X1X2y2 + X1Y1Y2 + X2Y1Y2 — X1X2Y1)2.

This follows from Corollary 3 since the factorizations of s; in the degenerate
Hecke algebra are exactly the nonzero powers of s;.
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