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1 | INTRODUCTION

Computational models have become indispensable tools for under-
standing the complex behavior of biological and biochemical systems

toward design and optimization of bioprocesses and integrated

Aaron J. Berliner'® | Fengzhe Shil? |
P. Arkin?® | Ali Mesbah'?

Abstract

Computational models are increasingly used to investigate and predict the complex
dynamics of biological and biochemical systems. Nevertheless, governing equations
of a biochemical system may not be (fully) known, which would necessitate learning
the system dynamics directly from, often limited and noisy, observed data. On the
other hand, when expensive models are available, systematic and -efficient
quantification of the effects of model uncertainties on quantities of interest can
be an arduous task. This paper leverages the notion of flow-map (de)compositions to
present a framework that can address both of these challenges via learning data-
driven models useful for capturing the dynamical behavior of biochemical systems.
Data-driven flow-map models seek to directly learn the integration operators of the
governing differential equations in a black-box manner, irrespective of structure of
the underlying equations. As such, they can serve as a flexible approach for deriving
fast-to-evaluate surrogates for expensive computational models of system dynam-
ics, or, alternatively, for reconstructing the long-term system dynamics via
experimental observations. We present a data-efficient approach to data-driven
flow-map modeling based on polynomial chaos Kriging. The approach is demon-
strated for discovery of the dynamics of various benchmark systems and a coculture
bioreactor subject to external forcing, as well as for uncertainty quantification of a
microbial electrosynthesis reactor. Such data-driven models and analyses of
dynamical systems can be paramount in the design and optimization of bioprocesses

and integrated biomanufacturing systems.

KEYWORDS

discovery of nonlinear dynamics, flow-map decomposition, polynomial chaos Kriging,
probabilistic surrogate modeling, uncertainty quantification

biomanufacturing systems (Banga et al., 2005). Recently, there has
been a growing interest in data-driven methods for modeling the
uncertain and nonlinear dynamics of biochemical systems, as these
models constitute the cornerstone of various model-based analyses

and decision-making tasks such as experiment design, hypothesis

Biotechnol Bioeng. 2023;120:803-818.
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testing and parameter inference (Franceschini & Macchietto, 2008;
Golightly & Wilkinson, 2011; looss & Lemaitre, 2015). Data-driven
modeling is especially useful when it is formidable to derive first-
principles descriptions for systems whose complex behavior can span
over multiple length- and time-scales. Data-driven models have
shown promise for inferring the dynamics of cellular systems and
metabolic networks (e.g., Daniels & Nemenman, 2015; Schmidt et al.,
2011). Hybrid models (aka gray-box models) that combine physics-
based models with data-driven descriptions of unknown or hard-to-
model phenomena have also proven useful for describing the
complex behavior of biochemical systems (De Azevedo et al., 1997;
Schubert et al., 1994; VonStosch et al., 2014; Zhang et al., 2019). In
this work, we focus on data-driven discovery of dynamical systems,
whereby the goal is to learn directly the governing equations from
system observations. A class of data-driven discovery methods for
unknown systems relies on basic assumptions about the structure of
the underlying equations (Bongard & Lipson, 2007). To this end, a
popular technique is based on sparse identification from dictionaries
of possible governing terms (Brunton et al., 2016; Champion et al.,
2019), which has been shown to be particularly useful when limited
system observations are available. On the other hand, non-
parametric modeling approaches relax the necessity of using a library
of candidate terms (Heinonen et al., 2018). Another class of methods
for data-driven reconstruction of dynamics is based on dynamic
mode decomposition (Kutz et al, 2016; Schmid, 2010), which
approximates the eigenvalues and eigenvectors of the Koopman
operator (Williams et al.,, 2015) that describes the dynamics of
nonlinear systems.

Although inception of the field of nonlinear system identification
dates back to few decades ago (Schoukens & Ljung, 2019), the advent
of machine learning, in particular deep learning, for characterizing
complex input-output relationships has reinvigorated the interest in
this area. Most notably, physics-informed neural networks (Raissi
et al., 2019) and dynamics reconstruction via neural networks under
noisy data (Rudy et al., 2019) have shown promise for data-driven
modeling of nonlinear dynamical systems. Recently, Qin et al. (2020,
2019) proposed a deep learning-based approach for data-driven
approximation of the integration operator of differential equations
from observations of state variables. The usefulness of this approach
for discovery of dynamics of biological systems has been demon-
strated on several benchmark problems in Su et al. (2021), mainly
since it removes the necessity of assumptions about the dynamic
model structure.

Data-driven discovery methods can also be used for model-
based uncertainty quantification (UQ) applications that rely on
expensive-to-evaluate computational models. Predictions of the
behavior of biochemical systems are generally subject to various
sources of uncertainty due to unknown model structure, parameters,
and/or initial and boundary conditions. Systematic and accurate
quantification of the effects of these uncertainties on predictions of
quantities of interest is crucial when using models for decision-
support tasks. This has spurred development of a plethora of set-
based (Streif et al., 2016) and probabilistic (Najm, 2009; Smith, 2013)

methods for forward and inverse UQ problems (e.g., Komorowski
et al, 2009; Mesbah & Streif, 2015; Paulson et al., 2019a;
Rumschinski et al., 2010; Vanlier et al., 2013). However, the most
commonly used UQ methods rely on Monte Carlo sampling (Caflisch,
1998), which can be intractable for expensive computational models
of biochemical systems, especially when models consist of a large
number of differential equations and/or have a large number of
uncertain inputs.

Surrogate modeling is increasingly used to facilitate complex UQ
analyses that would otherwise be computationally prohibitive. The
key notion in surrogate modeling is to construct a data-driven
mapping between inputs to a system and the quantities of interest in
a nonintrusive manner, in which the “data-generating process,” for
example, a high-fidelity model, is treated as a black-box to generate
as few training samples as possible (Sudret et al., 2017). Such a data-
driven representation can be used as a computationally efficient
surrogate for expensive computational models to predict the output
quantities as a function of inputs. A variety of surrogate modeling
techniques such a generalized and sparse polynomial chaos (Blatman
& Sudret, 2011; Xiu & Karniadakis, 2003), Kriging (Cressie, 1990), and
deep learning (Tripathy & Bilionis, 2018) have been successfully
applied to various biological and biochemical systems (e.g., delRio-
Chanona et al,, 2019; Paulson et al., 2019a; Pereira et al., 2021,
Schillings et al., 2015; Streif et al., 2014). Nonetheless, a critical
challenge in the majority of these techniques arises from capturing
the time-evolution of the states in an efficient manner. The most
common approach, known as time-frozen surrogate modeling
(Makrygiorgos et al., 2020; Pettit & Beran, 2006), for predicting the
time-evolution of states relies on constructing separate surrogate
models for all time points at which the states must be predicted. As
such, the “time-frozen” approach can be an inflexible and inefficient
way of surrogate modeling for dynamical systems, especially in
dynamic UQ and decision-making problems that hinge on making
predictions over an adaptive sequence of time instants.

In this paper, we leverage the notion of flow-map (de)composi-
tion, as also investigated in Qin et al. (2020, 2019), for data-efficient
discovery of system dynamics from experimental observations or
high-fidelity simulation data. Conceptually, a flow-map is an analytical
operator that maps the current state and input of a system to a future
state based on exact integration of model equations over some
specified time step. Numerical integration schemes for ordinary
differential equations in fact seek to numerically approximate flow-
maps to compute the time-evolution of state variables as a function
of input variables. Here, we propose to approximate flow-maps in a
data-driven manner via nonintrusive surrogate modeling, such that
the resulting data-driven flow-map is a surrogate for integration
operators of the differential equations governing a dynamical system.
Hence, data-driven flow-map models are able to discover system
dynamics irrespective of the unknown structure of model equations.
In addition, data-driven flow-map models can address the above-
described challenge of “time-frozen” approaches to surrogate
modeling via circumventing the need for construction of separate

surrogate models at different time instants. This can be especially
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useful for fast UQ and optimization-based analyses of dynamical
systems that hinge on repeated runs of expensive computational
models over a sequence of time instants.

We demonstrate the usefulness of data-driven flow-maps for
discovery of system dynamics from data, as well as for fast UQ
applications based on expensive computational models. In this work,
sparse polynomial chaos Kriging (PCK; Schobi & Sudret, 2014) is used
for data-driven approximation of flow-maps owing to its data
efficiency, ability to approximate complex mappings and ability to
quantify the uncertainty of model predictions. The versatility of data-
driven flow-maps is first demonstrated via the discovery of the
transient behavior of benchmark problems and a coculture bioreactor
using noisy data. Subsequently, we show how data-driven flow-maps
can speed up forward and inverse UQ analyses of a dynamic
microbial electrosynthesis reactor, achieving up to a 100-fold gain in

computational speed.

2 | METHODS

In this section, we present the idea of flow-map (de)composition for
dynamical nonlinear systems. We first introduce the notion of flow-
map functions, which we seek to approximate in a data-driven
manner based on time-evolution of system states. This is followed by
a discussion on the data generation strategy and the PCK method
used in this work to approximate flow-map functions for the variables

of interest.

2.1 | Flow-map compositions

Consider a dynamical, time-invariant, nonlinear system described by

% = f(s,x), s(t =0) = so, (1)
where s € R is the vector of state variables with initial conditions sg,
x € R"™ is the vector of input variables, and f(s, x) : R x R = R" is
the vector of (possibly unknown) system equations; R denotes the
set of real numbers. Equation (1) describes the time-evolution of the
states s of a nonlinear system as a function of the inputs x. Notice
that in this work the inputs x can represent either model parameters,
or manipulated input variables to a biochemical system, as will be
discussed later.

A flow-map function is a mapping that predicts the transition of a
dynamical system from the current to future state (Qin et al., 2019).

We define a flow-map function @5 as

s(t + &; x) = Dsfst, x), (2)
t+6
s(t + 8; x) = s(t; x) + ]; f(s(t'; x), x)dt’, (3)

where § is a time-lag (i.e., integration time step). Equation (3)
describes the one-step transition between the states of a system in

R 1.
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some interval (t, t + &8). The integral term that appears in Equation (3)
can be considered as a flow-map residual since it represents the
discrepancy between the current and future states. Although
Equation (1) provides a continuous-time description of a dynamical
system, the notion of transitioning among states, as implied by
Equation (3), hinges on discretizing the time domain over which the
system evolves. Accordingly, the idea of flow-map compositions can
be applied to compose a sequence of one-step transitions to define
state trajectories over time (Qin et al., 2019). Once a sequence of
flow-maps {®s,, Ds,, ..., Dg,} is established, the flow-maps can be
used to predict the states s at any discrete time instant using the
K-fold composition

®p = Dy 0++-0 sy, (4)

where © denotes the function composition operator and A is the sum
of the time-lags over the K discrete time steps (i.e., A= 25116,-).
Equation (4) indicates that, starting from some initial states, the
K-fold flow-map function ®x governs the state transitions over the
time-lags 64, ..., 6k wherein at each discrete time step the states are a
function of the previous states as given by (ng. Note that, in general,
the time lags §; in Equation (4) need not be the same.

In practice, the set of differential equations in Equation (1)
describing the system dynamics may not be known, or, when known,
their numerical solution may be expensive. In this paper, we aim to
learn an approximate surrogate for the flow-map function @5 in
Equation (2) from high-fidelity simulation or experimental data. Data-
driven flow-map models can be established from simulation data to
provide an efficient surrogate for expensive computational models of
the form in Equation (1) that, for example, rely on numerical
integration of a large number of highly nonlinear and stiff differential
equations, as is commonly the case for complex biochemical systems.
Notice that in this case data-driven flow-map models essentially
approximate a numerical integrator of the differential equations in
Equation (1). Alternatively, in the absence of any knowledge about
the governing equations (i.e., functions f in Equation 1), flow-map
models can be directly learned from experimental observations to

discover the unknown system dynamics.

2.2 | Data generation

The data generation and model training strategy adopted in this work
is summarized in Figure 1. Consider that we have access to one or
more, in total Ny, trajectories of state variables sy over a discrete-time
horizonk =0, 1, ..., T - 1, where k is the discrete-time index and T is
the length of the time horizon of the training trajectories. Note that
k = O corresponds to tq (i.e., the initial time),k = 1 tot; = tg + 61,k = 2
to t, =to+ 6, + 6, and so forth. The state trajectories can be
generated either from simulations or experiments. For some time
interval indexed by k and corresponding time t, where the states
are known, we observe a transition in states s, — sx.1. Hence, given

the current states (at time ty), we obtain the future states (at time

85UB017 SUOLILLIOD BAIIERID 3ot (dde ay) Aq peuienob a1e sae O ‘85N J0 S|nu o A%Iq1T 8UI|UO 4|1 UO (SUOPUOD-pUe-SLLBIAED A3 1M Ale.q Ul |Uo//:SdNY) SUONIPUOD Pue Swie | 81 89S *[£202/50/0T] Uo Alelqiauljuo A8|IMm ‘de ] [UOIRN Ao pdieg sousive ILIo}IeD 10 AluN AQ §6282 110/200T OT/I0p/LI0Y A8 | imAReiq Ul juo//sdny Wwoly pepeojumoq '€ ‘€202 ‘0620260T



MAKRYGIORGOS ET AL.

806 BIOTECHNOLOGY]
W”“EY BIOENGINEERIN

(a) (b)

| Given: Input distributions, & range of time-lag I

|

Step 0: Generate Validation Trajectories
= Set initial conditions: S0
= Sample inputs & time-lag: Tk, Ok

Step 1: Generate Training Data

= Sample initial states: Sg

= Sample inputs & time-lag: Tk, Ok

= Observe one/multi-step ahead states

Step 2: Model Training and Validation
= Train data-driven flow-map model

€ > €| = Validate the model
| &<
FIGURE 1

Sparse Polynomial
Chaos Expansion (PCE)

I| Input Distributions |

Gaussian Process

Step 1 Step 2
L Dataset £
(GP) Regression

e — — el el =

Kernel Function

I | Similarity between samples

Candidate Polynomial
Basis

Based on (p, Mean Function
Ll P | Embed optimal sparse
PCE as mean/trend of GP
Adaptively add
regressors and compute Sparse PCK
coefficients Calibrate the GP
hyperparameters
l Sparse Polynomial Chaos

Kriging (PCK|
Sparse PCE ging ( )
Cross-validate for

Fm—== ===
selecting (p,q) z Iy“l_)"_(v_VZI_IJ..UiZ_(u_’)I

I
I
I
!
I
Least-Angle Regression | l
I
I
I
I
I

ac ACNM

(a) Algorithm for data generation and training of data-driven flow-map models. Validation trajectories are first generated. Then,

one/multi-step ahead simulations or experiments are performed to observe successor states given the initial states, inputs, and time-lag.
Subsequently, the data-driven flow-map model is trained. Finally, the prediction accuracy of the trained model is assessed against the long-time
validation trajectories. If the prediction accuracy € is larger than some prespecified threshold &g, the model training and validation process must
be repeated. The training procedure for PCK is depicted in (b). Several parameters must be selected during the model training, including the
polynomial order, hyperbolic truncation parameter, covariance function, and the regression method used for estimating the expansion

coefficients.

ty + 6k), while the interval length represents the time lag 6.
Moreover, within each interval, inputs x;, such as manipulated inputs
to the system, may be varying and thus should be accounted for in
the data collection procedure. In summary, each time interval in a
trajectory contains the information for a one-step transition and,
therefore, yields a single sample for the data set.

Accordingly, at each time instant k, the current states sy, the
system input variables of interest xi, and the lag time &, constitute
the input variables in the data set, while the corresponding label is
the set of states that the system arrives at, that is, si+1. Thus, the data
set (or experimental design) takes the following form: the input data
are {(so, Xo, 60), (1, X1, 61), ..., (S7-1, X7-1, 67-1)} and the corresponding
outputs are {sy, sy, ..., s7}. Note that there is usually some degree of
freedom in choosing the lag time & in simulations, whereas the choice
of & is often limited by how fast measurements can be acquired in
experiments. For trajectory generation, it is crucial to vary the initial
conditions sg and inputs xx within some allowable range, as well as
the time lag 6 whenever applicable. The training data must cover a
wide range of state, input and time lag values, as relevant to the
application of the trained models. We note that an effective strategy
for generating simulation data is via one-step transitions, that is,
trajectories of length equal to 1. This implies that, instead of
generating an entire trajectory given some initial conditions sg, we
can randomly sample the state-space, along with the input parame-
ters and time lag, to compute the corresponding future states. The
sampling step (Step 1) is summarized in Figure 1a. We remark that,
although random sampling is used here to generate the training data,

probabilistic models such as PCK used in this work provide
confidence estimates on their predictions that can be used towards
active learning-based sampling (e.g., see Tsymbalov et al., 2018).

2.3 | Data-driven flow-maps using polynomial
chaos kriging

In this work, we use sparse PCK (Makrygiorgos et al., 2020; Schobi &
Sudret, 2014) to discover a data-driven flow-map model 5(wk) for the
dynamical system in Equation (1), i.e., Step 2 in Figure 1a. Note that
since the time-lag is part of the inputs, we drop the subscript 6 from
the flow-map function for notational convenience. The PCK training
is summarized in Figure 1b. Let us denote the vector of current
states, input variables, and lag time by wy = [ x{ &]" € RM, where
M = ns + ny + 1. Thus, we denote the data-driven approximation of
the flow-map in Equation (2) by 5(sk,xk, &) R x R x R = R,
The main benefits of using PCK for constructing data-driven flow-
map models include: (i) being more data efficient, especially as
compared to data intensive feedforward neural networks (Su et al.,
2021), when used for discovery of biological system dynamics from
system observations; (ii) offering significant improvements in the
computational efficiency of data generation for surrogate modeling
for dynamical systems as compared to time-frozen polynomial chaos
approaches (Mai & Sudret, 2017; Makrygiorgos et al., 2020); and
(iii) characterizing the uncertainty of model predictions. To this end,

PCK combines the global approximation capability of polynomial
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chaos expansions, extensively used for surrogate modeling of (bio)
chemical systems (e.g., Deman et al., 2016; Oladyshkin & Nowak,
2012; Paulson et al., 2019b), with the local interpolation scheme of
Kriging (i.e., Gaussian processes [GP], Williams & Rasmussen, 2006).
The polynomial structure of PCK makes its training data efficient,
whereas Kriging offers the ability to quantify the uncertainties of
model predictions.

In the context of PCK, wy is a realization of the multivariate
random variable W with a (known) joint probability distribution fiy,
that is, W ~ fy. The PCK approximation of the flow-map is defined as

Y=0w) = 3 yRW) + oZw), (5)
acAcCN

where Y € R™ denotes the predicted variables of interest at step
k + 1, which are typically a subset of the states s. The first term in
Equation (5) describes the trend (or mean) of the GP using a
polynomial chaos expansion (PCE), while the second term Z(w)
describes the variance of the predicted variable. P,(W) represents the
multivariate polynomial basis functions that are orthogonal with
respect to the probability distribution fiy over the support Dy of the
distribution, that is, the range over which random numbers are
defined and can be drawn from. Based on the distribution of the
inputs w, there is an optimal (or almost optimal) choice for the family
of polynomials that are used to guarantee the expansion conver-
gence, either for well-known (Cameron & Martin, 1947; Xiu &
Karniadakis, 2002) or for arbitrary (Paulson et al., 2017) distributions;
more details about this procedure can be found in the Supporting
Information. y, are the coefficients of the basis functions, with the
multi-index a being a vector in the set A, which is a subset of natural
numbers NM. The latter notation represents a vector consisting of M
elements that are all natural numbers. Therefore, the multi-index here
is essentially an extended index that represents the order of each
monomial that participates in each polynomial term in the PCE.

Note that originally the multi-index represents any combination
of polynomials of any arbitrary order if A = NM. Nevertheless, to
keep the expansion of the trend term in Equation (5) finite and
tractable, it must be truncated up to a finite order p. Furthermore,
sparsity in the expansion can be introduced by employing the
hyperbolic truncation scheme (Blatman & Sudret, 2011), also known
as the g-norm scheme, which removes terms from the expansion that
involve the interaction of high order monomials based on some
parameter q. Therefore, the allowed values of the multi-index are
determined by the tuple (p,q); more details are given in the
Supporting Information. In addition, for the GP-related term, Z(w) is
a standard normal random distribution with variance o2.

As described, the multivariate random variable W consists of the
states s, input variables x, and time lag 6. When x corresponds to
uncertainties of a computational model (e.g., uncertainties in model
parameters and/or boundary conditions), their probability distribution
is typically available a priori from parameter inference. As such, their
respective polynomial basis functions can be chosen according to the
Wiener-Askey scheme (e.g., Hermite basis for Gaussian distributions,
Legendre for uniform distributions). On the other hand, when x

R 1.
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corresponds to manipulated variables of a system, as is the case in
the discovery of system dynamics, the input variables can typically be
modeled as uniform distributions within a known range. The time lag
6 can also be modeled as a uniform distribution within some range of
interest for the application at hand. However, the distribution of
states s¢ is dependent on the realized state trajectories when the
training data are generated and, thus, cannot be established a priori.
Here, we assume states follow a multivariate Gaussian distribution
with a mean and covariance computed from the training samples.

The coefficients y, of the polynomial chaos expansion can be
determined in a nonintrusive manner via solving a least-squares
problem (Bishop, 2006). Here, we induce further sparsity by
modifying the coefficient estimation problem to a Lj-regularized
regression problem (Hastie et al., 2015). The regularized coefficient
estimation problem can be efficiently solved using the least-angle-
regression (LAR) algorithm (Efron et al., 2004), which estimates the
coefficients of the most relevant terms of the expansion, setting the
rest of the coefficients to zero. Moreover, Z(w) in Equation (5) is
defined in terms of a kernel function R(lw — w'l, 8), that is, a function
that provides some measure of similarity between different realiza-
tions of the random variable W. Here, we use the Matérn kernel
function (Williams & Rasmussen, 2006). Overall, the parameters of
the PCK that must be determined using the training data include
the coefficients y, of the trend, the variance term o2, and
the hyperparameters 6 of the kernel function. The variance and the
hyperparameters can be efficiently estimated via maximum-likelihood
estimation (Schobi & Sudret, 2014).

In this work, the following procedure is used for deriving the PCK
flow-maps using the data generation scheme of Section 2.2. We use
the sequential PCK approach proposed in Schébi and Sudret (2014),
where a PCE is first trained based on the available data and is then
embedded as the trend of PCK. This procedure is shown in Figure 1b.
For training the PCE, we allow the PCE's maximum order to vary from
1 to 5; higher order polynomials are avoided to retain a smaller
expansion (i.e., less degrees of freedom) and mitigate overfitting. The
truncation factor g is varied from 0.7 to 0.85 since the resulting
maximum order of the polynomials will ensure that we do not have
highly nonlinear interaction terms while allowing for elimination of
few of interaction terms. The optimal value of g is chosen based on
cross-validation. The hyperparameters of PCK are selected using a
data-driven optimization algorithm, namely the covariance matrix
adaptation-evolution strategy (Hansen & Ostermeier, 2001). Finally,
it should be noted that using PCK as the surrogate model places some
limitation on the number of input variables w that can be handled.
Typically, GP-based models are utilized for lower dimensional spaces
due to the “curse-of-dimensionality” (Tripathy et al., 2016).> On the
other hand, sparse PCEs can effectively deal with high input
dimensions thanks not only to the truncation schemes that are
employed, but also the sparse regression schemes, for example, LAR,
that include only the most informative terms in the expansion, thus
minimizing the number of unknown coefficients. To quantify the
quality of the PCK predictions during the training, we use the leave-
one-out cross-validation (LOOCV) error that is estimated from the
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training data (during LAR in Figure 1). When one-step ahead test
samples are available, validation errors can readily be evaluated and
are used for cross-validation.

Above, we described the flow-map modeling procedure by
utilizing one-step transition data, which implies that the PCK model is
able to predict one step ahead states. Nevertheless, we are interested
in long-term integration of the dynamical system. To this end,
Figure 2 shows how a data-driven flow-map model can be used
sequentially to predict the time-evolution of the states of a dynamical
system. As stated, at each time instant k, the PCK flow-map model
essentially “integrates” the states forward in time by 6 until the final
time is reached. As such, we can also assess the ability of the data-
driven flow-map models in approximating the integration operator
and, hence, their predictive accuracy over a multistep integration
horizon. Giveni = 1, ..., Ny validation state trajectories, each of which
of length T;, we define the normalized, time-averaged prediction error
of the state variables, €;, as

T y . ytrye
i1 H kii kii >
€ = kgo nyT’ (6a)
k,i b
1Y
€=-2 € 6b
€ (6b)

wherell - I, is the 2-norm of a vector; Y {'V® and Yy ; are, respectively,
the vector of state variables in the validation data set and those
predicted by the data-driven flow-map models at time instant k for
each validation run i. In the remainder, we refer to €; as the mean

trajectory error (MTE), whereas € is the average MTE over all

validation trajectories.

3 | DATA-DRIVEN DISCOVERY OF
DYNAMICAL SYSTEMS

In this section, we apply the PCK-based flow-map modeling
approach to learn the dynamics of several benchmark systems
using limited data. The first case study, based on the Morris-Lecar
system, compares the performance of the PCK model with neural
network modeling results of Su et al. (2021). The second case
study, based on the Lorenz system, focuses on reconstructing the
dynamics of a chaotic system in which variations in parameters
significantly change the solution landscape. Lastly, we show how

the flow-map modeling approach can be used for discovering the

Data-driven
Flow Map

Data-driven
Flow Map

dynamics of a coculture bioreactor under noisy observations and
how the variance term of PCK provides a measure of uncertainty

of model predictions.

3.1 | Morris-Lecar system

The first benchmark problem is the Morris-Lecar system proposed
by Morris and Lecar (1981), which describes neuronal excitability. This
system was used in Su et al. (2021) to examine neural network-based
flow-map models for the discovery of nonlinear dynamics. In particular,
a residual neural network was used to represent the data-driven flow-
map model, in which only the flow-map residual is learned by skipping
the input connection to the neural network and adding it to the output
of the latter. Here, we aim to recreate the results of the aforementioned
work, demonstrating the data efficiency of the proposed PCK approach
for data-driven reconstruction of dynamics. The dynamics of the

Morris-Lecar system are described by

dv

Crgy = ~8V = V) = 8ealV = VealMeo = 8V = ViIN + Ly

(7a)
Z—’;’ = AN(N. = N), (7b)
where V (mV) is the voltage difference between the sides of the
membrane and N represents the probability for the potassium channel
being open. The parameters M.,, N, and Ay depend on the voltage, as
defined in the Supporting Information. We focus on the so-called Type |
model with parameters taken from Su et al. (2021) and given in the
Supporting Information. Here, it is assumed that the model parameters
are fixed since we aim to reconstruct the system dynamics as a function
of injected current xx = Ly that can vary within the range [0, 300] A.
Specifically, we aim to predict the long-term system dynamics, starting
from given initial conditions, under a fixed l,5,. To compare our results
with those in Su et al. (2021), §x was chosen to be 0.2 ms; we did not
consider the time-lag as part of the PCK model. In other words, the
input data consisted of samples in the form (Vk, Ni, xx) = (Vicr1, Ni+1),
where Xy is constant for every k € [0, T] for a given trajectory. This
system exhibits a saddle node bifurcation, which leads to an oscillatory
behavior depending on the value of input Lpp. Thus, the data-driven
flow-map model must capture the oscillatory behavior of the
Morris-Lecar system for different values of I,,p.
To train the PCK-based flow-map model, we generated one-step

ahead samples of the states Vi, and Ny by randomly drawing the initial

FIGURE 2 Data-driven flow-map models for
predicting the state variables of a dynamical

Pie system over time. The flow-map model 6 takes

the current states sy, inputs xi, and lag time 6y at a
discrete-time instant k as inputs to predict the
states sy+1 at the subsequent time instant k + 1.
By sequentially repeating this procedure, the
time-evolution of the states in relation to the
inputs can be established.
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FIGURE 3 The average mean trajectory error, €, of the
PCK-based flow-map model for the Morris-Lecar system in
relation to the number of training samples, N;. The error is
estimated based on three validation trajectories generated for the
input L5, values {0, 60, 150}. The vertical bars represent the
standard deviation of the error estimated based on five repeats of
the training.
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states from [-75, 75] x [0, 1]. Here, we first examine the conver-
gence error of the flow-map model to characterize how many
samples of states would be necessary for data-driven reconstruction
of the system dynamics. We quantify the convergence error in terms
of the average MTE in Equation (6a) based on three validation
trajectories generated for I, = {0, 60, 150}. Figure 3 shows the
average MTE estimated over 1000 time steps in relation to the
number of training samples, where the vertical bar around each error
represents one standard deviation based on five repetitions of the
analysis. It is evident that the error converges after about 160
samples, suggesting that a limited number of training samples is
needed.

Figure 4 shows the reconstructed dynamics by the PCK-based
flow-map model trained using 240 samples in comparison with the
true dynamics. As can be seen, there is no visible discrepancy
between the true time-evolution of the system and the reconstructed
dynamics. The system exhibits a bifurcation behavior, as evident from

Iapp =0 (b) Iapp =0 (C) Iapp =0
0.07 0.07
O True 0.06
000 — PCK '
0.05 0.05
o 004 e (L02
0.03 0.03
0.02 0.02
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t(ms) t(ms) V(mV)
(d) Topp = 60 (e) (f) Iupp = 60
0.4 0.4 o
0.3 0.3
“ 02 202
0.1 0.1
0.0 0
0 25 50 75 100 125 150 175 200 0 25 50 75 100 125 150 175 200 —10 —30 =20 —10 0 10 20 30
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40
30 A~ >
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FIGURE 4 Reconstructed dynamics of the Morris-Lecar system by the PCK-based flow-map model in comparison with the true system
dynamics for the input Ly, values {0, 60, 150}. The PCK-based flow-map model is trained using 240 samples. The left column shows the

time-evolution of voltage difference, V; the middle column shows the ti
column shows the corresponding phase plots.

ime-evolution of the channel opening probability, N; and the right
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the phase plots shown in Figure 4c,f,i. Yet, the PCK-based flow-map
model is able to capture this complex behavior and accurately predict
the system dynamics over a long-time horizon. We note that a
500-fold saving in the number of training samples is observed as
compared to Su et al. (2021) in which a residual neural network
representation was used for the flow-map model. This is while the

PCK model also yields slightly more accurate predictions.

3.2 | Lorenz system

We now consider a chaotic dynamical system based on the well-
known Lorenz benchmark problem presented in Sparrow (2012). The
Lorenz system has been widely used in the data-driven modeling
literature (e.g., Dubois et al., 2020; Raissi et al., 2018). The Lorenz
system is described by the following set of nonlinear ordinary
differential equations

da
pri a(b - a), (8a)
db
E =alp-c)-b, (8b)
dc
’ =ab - fc, (8c)

where s = [a, b, c]" are the system states and x = [0, p, B]" are the
uncertain model parameters. Chaotic behaviors can be encountered
in various chemical and biological systems, including in the growth of
biological populations with nonoverlapping generations (May, 1974)

(a) (b)

and the peroxidase-oxidase oscillator (Olsen & Lunding, 2021). Here,
we consider a constant time-lag 6 = 0.01 that captures the intrinsic
time-scale of the system (Brunton & Kutz, 2019).

The Lorenz system exhibits a chaotic behavior based on the initial
conditions sp, while its long-term behavior is highly affected by the
uncertain parameters x. The nominal initial conditions and parameters
of the system are, respectively, so = [1.9427, -1.4045, 0.9684]" and
Xo = [10, 28, 8/3]", for which the system oscillates around two
attractors. Here, the training data consisted of 500 random samples
of the states s within the range [-10, 10] x [-10, 10] x [-10, 10] and
the parameters x within the range [8, 12] x [10, 30] x [1, 5.5]. We
used two validation trajectories to compare the true system
dynamics with those reconstructed by the PCK-based flow-map
model: one trajectory based on the nominal initial conditions
and parameters and the other based on x =[10, 15,8/3]" and
so = [1.6655,-0.1178,0.1748]".

Figure 5 shows phase plots of the reconstructed oscillatory
dynamics of the Lorenz system in comparison with the true system
dynamics over a simulation horizon of 5000 time steps. We observe
that the qualitative behavior of the Lorenz system is different when
the parameter p is varied, while the PCK-based flow-map model is
able to reconstruct the dynamics in both cases. The MTE is 0.522 for
the nominal validation trajectory and 0.0013 for the second
validation trajectory. Although the error for the nominal validation
trajectory seems relatively high, the main characteristics of the true
dynamics are adequately captured, as evident from Figure 5a-c. That
is, the limit cycles, the amplitude of oscillation and period are
adequately captured. These predictions are consistent with those
reported in Raissi et al. (2018). However, we note that reconstruction

(c)
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FIGURE 5 Phase plots of the reconstructed dynamics of the Lorenz system by the PCK-based flow-map model in comparison with the true
system dynamics for different values of model parameters. Subplots (a)-(c) correspond to the model parameters ¢ = 10, B = 8/3, and p = 28.
Subplots (d)-(f) correspond to the model parameters ¢ = 10, B = 8/3, and p = 15.
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of the Lorenz dynamics using neural networks typically requires on
the order of a few thousands of training samples (Brunton & Kutz,
2019; Rudy et al., 2019), whereas the PCK model here was trained
using 500 samples.

3.3 | Transient coculture system

In this case study, we demonstrate the ability of PCK-based flow-map
models to learn the transient behavior of a coculture system with
variable inputs. In particular, we focus on the startup dynamics of a
continuous bioreactor driven by the competition of several auxo-
trophs (Pande et al., 2014). To emulate data collection from a real
system, we use a nonlinear dynamic model of the bioreactor (Treloar
et al., 2020) to generate observations of the system states, which are
then corrupted with independent and identically distributed state-
dependent measurement noise e; ~ N(0, 2.5 x 10‘25,‘<), with i being an
index for the measured states and k the time index. The five state
variables s, of the bioreactor include: the population of the two
species Nj (Cells/L) and N, (Cells/L), the auxotrophic nutrients
concentrations C; (g/L) and C, (g/L), and the common shared carbon
source concentration Co (g/L). The bioreactor has three process
inputs x, that can be varied in time. The process inputs are the
dilution rate D (1) that varies within the range [0.75, 1.5] (1), as well

as the feed substrate concentration of auxotrophs Cy i, (g/1) and Cy i,

(a) (b)
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both varying in the range [1.5, 2] (g/). To generate data for training
the PCK-based flow map models, short simulation “experiments” with
a fixed length of T =30 steps with & € [0.15,0.25]h1 were
performed. At each time step k during the multistep experiments,
inputs x, were varied over the time interval 6, and noisy observations
of the states were collected.

Figure 6 shows the state trajectories for a validation set versus
those predicted by the PCK-based flow map models. The validation
trajectories were generated by some random initial conditions at
k =0 and applying an input xo over the interval §y. The model
predicts the mean of the states at k = 1, as well as their variance. The
integration proceeds by taking a next step based on the mean value
of the states at k = 1, predicting the states at k = 2, and so forth.
Using only the mean value to compute trajectories is the simplest
way when Gaussian process regression models are utilized, however,
there are more sophisticated ways for the trajectory generation
(Hewing et al., 2020), which are beyond the scope of the paper. Note
that the predicted uncertainty information can also be incorporated
into multistep ahead predictions, as discussed in Girard et al., 2003
and Polymenakos et al., 2017. Here, it suffices to use a deterministic
function, for example, the mean value of the data-driven flow-map
model, to integrate in time since this way we avoid the major issue of
using noisy inputs into the PCK model. In Figure 6, the validation
trajectories have a length of Ny = 40 steps, extending slightly beyond

the training range. Moreover, we can characterize the confidence in

2.0

1.51 &%*
(o]

1.1 —

NZ?(g/L

FIGURE 6 Predictions of the state variables of the transient coculture system via the PCK-based flow-map models in comparison with the
observed state trajectories. The colored lines/points correspond to the predicted trajectories by the mean of the PCK models, starting from
some initial states at t = O hr. Black symbols represent the observed trajectories at specific snapshots during a validation run. Vertical error bars
represent the uncertainty in the predictions of the PCK models, estimated as plus/minus three standard deviations from the mean value. The
shaded areas correspond to a time interval that was not accounted for when training the PCK models.
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the predictions of the dynamics. To this end, at each step k, we plot
the plus/minus three standard deviation error bars around the
predicted mean of each state variable. As can be seen, the true state
trajectories are within the confidence intervals of the PCK
predictions.

4 | UNCERTAINTY QUANTIFICATION OF
EXPENSIVE COMPUTATIONAL MODELS

In this section, we demonstrate the utility of data-driven flow-maps
for the UQ of a microbial electrosynthesis (MES) bioreactor using a
high-fidelity computational model that is subject to uncertainty in
model parameters and initial conditions. In particular, we show how
flow-maps can be used as surrogate models for efficient sample-
based approximation of distribution of state variables, global
sensitivity analysis, and Bayesian parameter inference when the
original model is prohibitively expensive for a sample-based analysis.

We consider the batch MES bioreactor shown in Figure 7 for
CO, fixation (Abel & Clark, 2021), with potential applications in space
biomanufacturing (Berliner et al., 2021). The bioreactor consists of a
well-mixed liquid bulk phase that contains dissolved CO,, that is,
substrate. A microbial community forming a biofilm grows on the
cathode of the bioreactor. The dissolved substrate diffuses into the
biofilm through a linear boundary layer and is then consumed by
bacteria toward the growth of the biofilm. This leads to spatial
distribution of the substrate concentration within the biofilm. Voltage
is applied to the cathode while the biofilm acts as a conductive matrix
through which electron transport takes place. Both the substrate CO,
in the biofilm and the local overpotential due to the current flux
contribute to the biofilm growth kinetics described by the dual
Monod-Nerst model (Torres et al., 2008).

Biofilm BL
= (@
o €2

@ co, D

Bulk Phase

Q,
I Well-mixed

FIGURE 7 Schematic of the microbial electrosynthesis
bioreactor. The bioreactor consists of three regions: the bulk phase,
the biofilm, and a boundary layer (BL) in between. The black line
represents a typical concentration profile of some species as
predicted by the computational model used in this work. The
concentration is assumed to be constant in the bulk phase, changing
linearly across the boundary layer, and exhibiting a more complicated
shape in the biofilm.
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A computational model of the dynamics of the MES bioreactor is
adopted from Kazemi et al. (2015) and Marcus et al. (2007), with
some modifications. Within the biofilm, the cell growth leads to the
production of acetate as a metabolic product. A primary modeling
approach in the aforementioned papers assumes the total biomass
has a constant concentration and exists in two forms, active and
inactive, each of which occupies some volume fraction. We assume
that biomass exists only in active form, thus the equations describing
the volume-fraction change within the film effectively become a
single equation for the rate of change of film thickness, L¢, which is a
differential state in our system. Moreover, the film growth is affected
by a constant detachment rate. It is also assumed that the reaction
occurs only within the biofilm, so the only source of acetate in the
bulk phase comes from exchange with the biofilm through the
boundary layer. We further assume the transport-reaction phe-
nomena in the biofilm are much faster than the transport that occurs
across the boundary layer and in the bulk phase. Accordingly, the
conservation laws inside the biofilm are considered to be in pseudo
steady-state (Kazemi et al., 2015). Hence, the computational model
consists of a set of nonlinear second-order ordinary differential
equations that describe the spatial distribution of substrate, acetate
and overpotential within the biofilm, coupled with a set of first-order
ordinary differential equations that describe the concentration of
COs in the bulk phase S, the acetate concentration in the bulk phase
Py, and the biofilm thickness L;. As such, the three state variables of

the system are described by

L g -t (92)
at q ~ hiLf, a
ds, Af,
= s
dt v (9b)
dP, _ As.
ar VrJP' (9¢)
mgX \ . . . . . ~ [ mmolS
where Y( mmoIS) is the biomass yield coefficient, § (mngays) represents

an average substrate consumption specific rate within the biofilm,
rq (fys) is a detachment rate, A (cm?) is the cross-sectional area of
the biofilm, and V, (cm3) is the bioreactor volume. The mass balances
for the substrate and product are a function of the flux of each

species across the linear boundary layer as described by

. D
Jm = L—:(mf(z =Ll)-my), m=S,P, (10)

where m denotes the species (i.e., substrate and product), D, (%yzs) is
the diffusivity coefficient in the boundary layer and L, (cm) is the
thickness of the boundary layer. The subscript f denotes the species
concentration in the film at position z = L¢. The equations that describe
the diffusion phenomena within the film are given in the Supporting
Information. To determine the concentrations at L¢, a boundary value

problem (diffusion within the film) must be solved at each time step, as
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the concentrations in the biofilm are a function of the bulk
concentrations. The computational model is fairly expensive for UQ
analyses that rely on Monte Carlo sampling; each model run takes on
average 4 min. The model is also subject to time-invariant uncertainty in
its parameters and initial conditions. Specifically, the model uncertainty
comprises of the conductivity of the biofilm ky;,, the maximum growth
rate Umax Of the Nerst-Monod model, the yield Y, the Monod
affinity constant K, as well as the acetate production-related
parameters a and B. These six uncertain parameters are assumed to
follow a uniform probability distribution. Their nominal values are
[Kbio» Mmax» Y, Ks, @, BT = [1 x 1073,4.5,0.25,3.0,0.1,2 x 107°]",  while
they vary uniformly £10% about their nominal values.

In this case study, we construct data-driven flow-map models of
the PCK form in Equation (5) for the output variables Y = [L; S, P,]T,
such that the six sources of uncertainty constitute the vector of input
variables x in Equation (5). The three flow-map models, one for each
state variable, were trained using simulation data generated via the
computational model for lag times in the range of § = [0.05, 0.1] days
to allow us to adequately capture the bioreactor dynamics. Notice
that clearly the lag time 6 must always be larger than the integration
time step of the computational model.

The training data set consists of full state trajectories, as well as
one-step ahead samples of the states. We initially generate Ny = 30
trajectories, with fixed uncertain parameters in time, over a process
time span from O to 3.5 days that corresponds to approximately
T = 50 samples per trajectory. Then, using the states s, correspond-
ing to each sample wy, we randomize the uncertain parameters and
perform one-step ahead simulations. In this way, approximately 1400
training samples were generated, while 800 samples are used for
training the PCK models. The rationale behind not randomizing the
states is that the validation trajectories (Step O of Figure 1a) indicate
that there is a high correlation among state values. For instance, as L¢
grows in time (under insignificant detachment), S, decreases due to
consumption. Thus, for a given set of uncertain parameters and initial
states, a few full state trajectories will help generate more
informative training samples. Figure 8 shows the predicted
trajectories using the data-driven flow-map PCK model for a
given realization of uncertainty and initial conditions, while the true

trajectory is juxtaposed. The trajectories correspond to a
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time-march of 50 steps ahead. We observe a perfect agreement
between the predicted and validation trajectories, with the average
MTE for the three states being approximately & = 2.5 x 107,

An important remark should be made here regarding the benefits of
the presented flow-map approach to surrogate modeling of dynamical
systems in comparison with the so-called time-frozen approaches
discussed in Section 1. First, the flow-map models provide the flexibility
to approximate the distribution of states at any time instant of interest
without the need for constructing a separate surrogate model for each
time instant, as in time-frozen surrogate modeling. For example, if we
were to use a time-frozen approach, 50 separate PCK models would
need to be constructed to predict the time-evolution of the distribution
of the state variables over the 50 time instants considered in this
problem. Thus, not only a flow-map modeling approach significantly
reduces the number of surrogate models that must be constructed to
only one model for each state variable, it also provides flexibility via
alleviating the need to build the models at prespecified time points.
Furthermore, the flow-map modeling approach enables more efficient
data generation. To clarify this point, let us assume that N, realizations
of uncertainties are sufficient for generating a rich training data set that
yields surrogate models with low approximation error. In the case of the
time-frozen approach, we would require to generate N, full state
trajectories since the states must be observed at all time instants for all
uncertainty realizations. This approach to data generation can become
prohibitively expensive, in particular when data generation relies on
expensive simulations. On the other hand, training the flow-map models
in principle requires simulation of a limited number of full state
trajectories (in this study, 25 trajectories), whereas N, training samples
can be straightforwardly generated via one-step ahead integration of
the computational model. In the following, the use of PCK-based flow-

map models is demonstrated for expensive UQ analyses.

41 | Forward uncertainty propagation and global
sensitivity analysis

Here, we use the data-driven flow-map models for efficient

uncertainty propagation via sample-based approximation of the

distribution of the three state variables. Figure 9a-c shows the
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FIGURE 8 Predicted state trajectories of the the microbial electrosynthesis bioreactor: (a) biofilm thickness, L¢, (b) CO, concentration in the
bulk phase, S, and (c) acetate concentration in the bulk phase, P,. Hollow points represent the validation trajectories, while the solid lines
represent the trajectories predicted by the PCK-based flow-map models.
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FIGURE 9 Fast uncertainty propagation and global sensitivity analysis of the the microbial electrosynthesis bioreactor using data-driven
flow-map models of quantities of interest. Subplots (a)-(c) show the kernel density estimates of the distribution of the biofilm thickness (L;),
concentration of CO, in the bulk phase (Sp), and acetate concentration in the bulk phase (P,) predicted by the PCK models at time t = 3.5 days.
The distributions of L¢, Sp, and P, are approximated via Monte Carlo sampling using 20,000 realizations of uncertain model parameters, where a
100-fold computational speedup in sample-based approximation of the distributions is attained. Subplots (d)-(f) show the Borgonovo indices,
denoted by S, that quantify the global sensitivity of L¢, S, and P, at t = 3.5 days with respect to the six uncertain model parameters. The
Borgonovo indices are approximated based on 20,000 uncertainty realizations.

distribution of the states at t = 3.5 days. To approximate their
distribution, the flow-map models were evaluated using 20,000
realizations of the model uncertainty x. Each run of the data-driven
flow-map model takes on average less than 3s,? as opposed to the
average run time of 4 min of the computational model. This implies
that the flow-map models significantly accelerate the uncertainty
propagation, enabling an approximately 100-fold increase in the
computational speed. This is especially beneficial when the distribu-
tions are skewed (or bi-modal), as in Figure 9a-c. In this case, a large
number of samples, on the order of 10%-10° samples, would be
typically required for accurate sampled-based approximation of the
distribution, or statistical moments of the quantities of interest.
Although not shown here, we can efficiently approximate the
distribution of states at any time instant using trajectories generated
by the surrogate models.

Moreover, we use the data-driven flow-map models to perform a
global sensitivity analysis to asses the importance of the six uncertain
model parameters, x, on the state variables Y. This is done via
evaluation of the Borgonovo indices (Borgonovo, 2007), denoted by
S, which are based on the full distribution of the state variables, as
opposed to their statistical moments. The results of global sensitivity
analysis for the states att = 3.5 days are shown in Figure 9d-f, where
each bar corresponds to a different uncertain model parameter. The
Borgonovo indices are approximated using the same 20,000 samples
used in the forward UQ analysis. We observe that the probabilistic
uncertainty of yield Y and maximum growth rate pmax have the most

dominant effects on the variability of the three states, while the
product concentration P, is also significantly affected by the
uncertainty in the parameter a, which is the metabolism-related

productivity constant.

4.2 | Bayesian inference of unknown model
parameters

We now use the data-driven flow-map models to solve a Bayesian
inference problem to infer the uncertain model parameters x.
Bayesian inference relies on Bayes theorem to estimate the posterior
probability distribution of the unknown model parameters from
available data. Here, noisy observations of L¢, Sp, and P, at time
instants {0.5, 1.0, 1.5, 2.0, 2.5, 3.0, 3.5} days constitute the data set
D used for parameter inference; measurement noise is modeled as a
Gaussian distribution with zero mean and state-dependent variance.
Once a vector of system measurements d at a time instant is
observed, the change in our knowledge about the unknown
parameters is described by Bayes' rule (Kennedy & O'hagan, 2001)

fox(dX)fx(x)

fxlD(de) = fz)(d) ,

(12)
where fyp denotes the posterior distribution of the uncertain
parameters after observing the data; fpx is the likelihood function
that describes the probability of observing data given the parameter
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FIGURE 10 Bayesian inference of unknown parameters of the computational model of the microbial electrosynthesis bioreactor. The
parameters are estimated via sequential Monte Carlo using 20,000 particles. Red and blue distributions represent the prior and posterior
distributions of the unknown model parameters at time 3.5 days, respectively. The red vertical lines correspond to the true parameters, while the

blue vertical lines are the estimated posterior mean value of parameters.

estimates; fy is the prior distribution of parameters; and fy is the so-
called evidence or marginal likelihood that ensures the posterior
distribution integrates to 1.

As Equation (11) implies, Bayesian inference provides an explicit
representation of the uncertainty in the parameter estimates via
characterizing the full posterior distribution of unknown parameters
X. The prior distribution of parameters and the likelihood function
must be specified to solve Equation (11). Here, we used the same
uniform distributions as those used to construct the PCK surrogate
models to represent the prior distributions, although these can be
different. The likelihood function is specified by the observation
noise model, which is assumed to be zero-mean Gaussian with state-
dependent variance in this work. We use a particle filtering method,
namely sequential Monte Carlo (SMC) (Liu & Chen, 1998), to
approximately solve the Bayesian inference problem by iteratively
updating the posterior fyp at every time instant that system
observations become available; see Makrygiorgos et al. (2020) for
further details. Notice that parameter estimation via Bayesian
inference methods such as SMC relies on accurate construction of
the probability distributions in Equation (11). As described in
Section 4.1, the data-driven flow-map models enable efficient
sample-based approximation of the distributions using a very large
number of samples, which otherwise could be impractical using an
expensive computational model.

Figure 10 shows the posterior distribution of the parameters x at
t = 3.5 days estimated via SMC using the data set D, as specified
above. The posterior distributions are approximated using 20,000
particles. Note that ranges of the posterior distributions are larger
than the prior distributions in some cases, which is an artifact of the

kernel density estimation (i.e., the selection of the bandwidth
parameter; Davis et al, 2011). Figure 10 suggests that only the
posterior distributions of parameters Y and pn.x have changed
significantly with respect to their priors. It is also evident that the
mean of the posterior distributions (blue vertical lines) for parameters
Y and Umax provides a fairly accurate estimate for the true, but
unknown, parameter values (red vertical lines). In particular, the true
value and the posterior mean are indistinguishable, while the
posteriors are much more narrow compared to priors as stated
before. Nonetheless, the posterior distributions for the other
parameters remain similar to their priors with little to no change,
suggesting these parameters cannot be estimated using the available
data set D. This can be attributed to the lack of information content
of system observations D for inferring the unknown parameters; a
deficiency that can be addressed via optimal experiment design
(Paulson et al., 2019b; Rodrigues et al., 2020). We again note the
flexibility of the flow-map models that would allow us to seamlessly
add new observation points, should that become necessary for better
parameter inference, without the need to construct new surrogate

models for the states observed at new time points.

5 | CONCLUSIONS

This paper presented a flow-map modeling approach based on
polynomial chaos Kriging for the discovery of system dynamics from
data. Data-driven flow-map models directly approximate the integra-
tion operator of differential equations that describe the state
transitions of a dynamical system as a function of system state and
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input variables. We illustrated the usefulness of the proposed
approach for learning mathematical descriptions of nonlinear
dynamical systems and deriving dynamic surrogate models for fast
uncertainty quantification applications. Our analyses reveal that
polynomial chaos Kriging-based flow-maps offer significant benefits
in terms of data efficiency, as well as computational efficiency of data
generation, for the discovery of nonlinear system dynamics and

surrogate modeling.
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ENDNOTES

1 Not only the concept of Euclidian distance (which is the main feature of
kernels) becomes less meaningful in higher dimensions, but also higher-
dimensional input spaces require more data to be efficiently dis-
covered, hence rendering the inference part of GP-based models
harder. This challenge can be mitigated via sparse Gaussian process
regression (Snelson & Ghahramani, 2007; Titsias, 2009).

N

Notice that the evaluation time of a PCK model depends on a multitude
of factors, such as the degree of the polynomial basis functions, kernel
type, and, mainly, the amount of data used to train the model.
Additionally, a kernel-based model such as PCK is more expensive to
evaluate than a polynomial chaos expansion.
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