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ABSTRACT OF THE DISSERTATION

Stationary-Action Stochastic Control Representation of the Schrédinger Initial Value Problem

by

Ruobing Zhao

Doctor of Philosophy in Engineering Sciences (Mechanical Engineering)

University of California San Diego, 2019

Professor William M. McEneaney, Chair
Professor Ruth J. Williams, Co-Chair

Hamilton-Jacobi partial differential equations (HJ PDESs) arise in many scientific fields
and applications, especially in mechanics and optimal control. Solutions to second order
Hamilton-Jacobi partial differential equations (HJ PDEs) have controlled diffusion process
representations. Of particular interest is the diffusion representation of an action functional
associated with the solution of Schrodinger initial value problems (IVPs). In existing work that
connects stochastic control problems to Schrodinger IVPs, one searches for the minimum of
an action functional which is the payoff of the control problem. Issues arise, however, as the

action functional loses convexity over longer time durations. The time duration where such
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representation is valid is in fact infinitesimal when the system dimension is infinite. In this
dissertation, we present an approach inspired by the Principle of Stationary Action in physics that
removes this limitation, which leads to exceptional computational benefits. Instead of searching
for local minima of the action functional as in traditional optimal control problems, we look for
its stationary values instead.

We introduce the “‘staticization” operator and stationary-action control problems. A
stationary-action stochastic control representation for the dequantized Schrodinger IVP in a
non-inertial frame where the potential field is a polynomial is given. A solution approximation
as a series expansion in a small parameter is obtained through the use of complex-valued
diffusion-process representations.

Following this, the staticization operator is studied in detail. A new approach to solving
conservative dynamical systems (e.g. paths of objects in gravitational or Coulomb potential
field) using stationary-action control-theoretic methods with promising computational benefits
is introduced. Two examples of application, the N-body problem and the Schrédinger IVP, are
given.

Lastly, we demonstrate the existence of strong solutions of a class of degenerate stochastic
differential equations (SDEs) that arises in the stationary-action stochastic control representation
of Schrodinger IVPs with the Coulomb potential, which is non-smooth and has branch cuts in the
complex range. The SDEs we consider have drift terms that have discontinuities and singularities
along some manifolds, and diffusion coefficients that are degenerate, and there is no previously

existing results regarding the existence of strong solutions for such SDEs.
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Chapter 1

Introduction

Hamilton-Jacobi partial differential equations (HJ PDEs) arise in many scientific fields
and applications, especially in mechanics and optimal control. Solutions to second order
Hamilton-Jacobi partial differential equations (HJ PDEs) have controlled diffusion process
representations. Of particular interest is the diffusion representation of an action functional

associated with the solution of Schrodinger initial value problems (IVPs) of the following form:

0 = ihy;(s,x) + %Axl;/(s,x) —y(s,x)V(x), (s,x)€][0,1) xR",

v(0,x) = yp(x), xeR"

Namely, one defines the functional S from a logarithmic transform y = exp{%S }, where v is the
solution of the Schrodinger IVP, i is the imaginary unit, and 7 is the Planck’s constant. In existing
work that connects stochastic control problems to Schrodinger IVPs, cf. [1, 5, 4, 12, 9, 30, 29],
the action functional S defined above is the payoff function of the control problem, where one
seeks the minimum of the action functional. Issues arise, however, as the action functional
loses convexity over longer time durations. The time duration where such representation is
valid is in fact infinitesimal when the system dimension is infinite. In this dissertation, we
present an approach inspired by the Principle of Stationary Action in physics that removes
this limitation, which leads to exceptional computational benefits. Instead of searching for

local minima of the action functional as in traditional optimal control problems, we look for



its stationary values instead. We introduce the stat operator in analogy to min and max, and
define argstat in analogy to argmin and argmax. Let .% denote either the real or complex field.
Suppose % is a normed vector space (over .% ) with & C 7/, and suppose G : o7 — F. We say

i € argstat,. , G(u) = argstat{G(u) |u € o7} if i € o/ and either

imsap 1000 —G(@)

u—iuce/\{i} |u - ﬁ|

=0, (1.1)

or there exists 6 > 0 such that o7 N Bg(i1) = {1} (where Bg(it) denotes the ball of radius 0 around
i). We shall refer to the search for stationary values as ’staticization”. Unlike minimization
or maximization, staticization not only applies to functions taking values in R but also to
those taking values in Banach spaces. This allows us to obtain a stochastic representation
for the Schrodinger action functional using a diffusion process with complex-valued diffusion
coefficient. Moreover, we find that the gravitational potential and the Coulomb potential,
which both take the form —V(x) = u/|x|, where x € R"\{0} and p is a contant, may be
written as the stationary value of a polynomial in x and a new variable . That is, we have

—V(x)= (%)3/ 2 statgo[or — alx'Z ]. This leads to a new approach to studying dynamical systems

in a conservative field with promising computational benefits, where upon introducing a new
time-varying process «., the stationary value of the action functional has an iterated stat form.
In particular, for a Newtonian particle of mass m moving in a potential field V, we can define
the action functional J(¢,x,u) = [§ sm|u,|> — V(&.)dr, where & = x+ [§usds is the path of
the particle with velocity u. By the Principle of Stationary Action, the true trajectory of the
particle is one for which the action functional is stationary; in other words, one solves for the
stationary-action control problem, stat, J(¢,x,u). After introducing the process o., the problem
~ ~ 3 2
becomes stat, statq J(7,x, u, &), where J(t,x,u, &) = [§ sm|us|> + (3)/?[04 — %]di’. If one
is able to reorder the stat operators, the inner stat functional can be obtained from solutions

of a-indexed differential Riccati equations (DREs), which can be solved much like a linear

quadratic (LQ) control problem, but again, one searches for the stationary value rather than a



minimum or maximum.

In Chapter 2, a particular class of Schrodinger IVPs is considered, wherein a classical
point mass rotates around a charged nucleus in the central field under electrostatic forces. The
Schrodinger IVP is converted to an HJ PDE for the action functional S. We introduce a non-
inertial frame centered at the rotating point mass and approximate the potential field in the
vicinity of the point mass as a series expansion in a small parameter, £, similar to a quantum
harmonic oscillator. A numerical method for computing the solution of the wave equation
is developed, where a solution approximation as a series expansion in € is obtained, and the
approximate solutions have Feynman-Kac type representations in terms of a complex-valued
diffusion process. The approximate solutions (as a series expansion up to a finite order) can be
computed for arbitrarily long time duration using the finite moments of the diffusion process, and
the computation is purely analytical. Under a smoothness assumption, the series of approximate
solutions converges to the exact solution. The quantum harmonic oscillator is recovered from the
approximate solutions up to quadratic terms.

In Chapter 3, we take a detour, and study the staticization operator and its properties.
In particular, we are interested in the problem of iterated staticization. As mentioned earlier,
certain HJ PDEs that arise in conservative dynamical systems problems may be solved like
stationary-action LQ control problems by introcing a time-varying process ., and a key step in
that is to be able to reorder the stat operators. A general condition under which the stat operators
can be reordered is obtained. We also considered some specific cases including certain kinds
of semi-quadratic functionals and uniformly Morse functionals. Some possible applications of
these results in physics are given. One important application is the two-point boundary value
problem (TPBVP) associated with the N-body problem in astrodynamics. One may also employ
a similar technique to obtain fundamental solutions of the Schrodinger IVP associated with
Coulomb potential.

In Chapter 4, we discuss a class of stochastic differential equations (SDEs) with degen-

erate diffusion coefficients that arises in the stationary-action stochastic control representation



of Schrodinger IVPs with the Coulomb potential. Unlike the quadratic potential associated
with the quantum harmonic oscillator, the Coulomb potential poses significant difficulty. To
allow complex-valued state processes, the domain of the potential field —V (x) = u/|x]| is ex-
tended from R” to C". The extended domain potential field —V (x) = u/ VxTx, where x € C”,
has a branch cut in the complex range, which leads to discontinuity in the drift term of the
underlying diffusion process on a manifold of codimension 1. In addition, the drift term of the
diffusion process may have singularities along a manifold of codimension 2. In existing work
on the existence of strong solutions of SDEs where the drift term may have singularities (cf.
[26, 55]), the diffusion coefficient of diffusion processs is assumed to be non-degenerate. The
underlying diffusion process of our control representation of Schrodinger IVPs, however, is a
2m-dimensional state process with 2m x m degenerate diffusion coefficient. In this chapter, we
first demonstrate the existence of weak solutions of the SDE, which is obtained through passing
to the limit of a sequence of diffusion processes with C! drifts. After that, the existence of a

strong solution follows from pathwise uniqueness property of the process.



Chapter 2

Diffusion process representations for a
scalar-field Schrodinger equation solution
in rotating coordinates

2.1 Introduction

Diffusion representations have long been a useful tool in solution of second-order
Hamilton-Jacobi partial differential equations (HJ PDEs), cf. [13, 21] among many others.
The bulk of such results apply to real-valued HJ PDEs, that is, to HJ PDEs where the coeffi-
cients and solutions are real-valued. The Schrodinger equation is complex-valued, although
generally defined over a real-valued space domain, which presents difficulties for the develop-
ment of stochastic control representations. In [31, 32], a representation for the solution of a
Schrodinger-equation initial value problem over a scalar field was obtained as a stationary value
for a complex-valued diffusion process control problem. Although there is substantial existing
work on the relation of stochastic processes to the Schrédinger equation (cf. [16, 25, 45, 46, 56]),
the approach considered in [31, 32] is along a slightly different path, closer to [4, 5, 9, 12, 24, 30].
However, the representation in [31, 32] employs stationarity of the payoff [38] rather than
optimization of the payoff, where stationarity can be used to overcome the limited-duration
constraints of methods that use optimization of the payoff.

Here we discuss a particular problem class, and use diffusion representations as a tool



for approximate solution of the Schrodinger equation. We will consider a specific type of
weak field problem. Suppose we have a particle in a scalar field centered at the origin, but
in the special case where the particle is sufficiently far from the origin that the distribution
associated to the corresponding Schrodinger equation has negligible density near the origin.
More specifically, let the particle mass be denoted by m, and let /2 denote Planck’s constant. The
simplest scalar-field example, which can be instructive if only purely academic, is the quadratic-
field case, generating the quantum harmonic oscillator. Of somewhat more interest is the case
where one has the potential energy generated by the field interacting with the particle taking
the form V (x) = —¢/|x|. Let the solution of the Schrodinger equation at time, #, and position,
x, be denoted by /(z,x), and consider the associated distribution given by P(z,x) = [y*y](t,x).
Formally speaking, when 7i/m is sufficiently small, one expects that P(¢,-) can be approximated
in some sense by a Dirac-delta function centered at & (1), where mé (1) = —V,.V (€ (1)). We will
consider a non-inertial frame where the origin will be centered at & (¢) for all ¢. In particular, we
consider a case where & (¢) follows a circular orbit with constant angular velocity. That is, we
consider &(r) = & (cos(wr),sin(or)) where § € (0,00). (In the interests of space and reduction
of clutter, where it will not lead to confusion, we will often write (x1,x) in place of (x1,x;)7,
etc.) Although such motion can be generated by a two-dimensional harmonic oscillator, we will
focus mainly on the V (x) = —¢&/|x| class, in which case o = [¢/(m&3)]!/2. We suppose that & is
sufficiently large such that P(z,x) < 1 for |x| < 5 /2, and thus that one may approximate V in the
vicinity of &(¢) by a finite number of terms in a power series expansion centered at & (7). We will
use a set of complex-valued diffusion representations to obtain an approximation to the resulting
Schrodinger equation solution. If the solution is holomorphic in x and a small parameter, then
the approximate solution converges as the number of terms in the set of diffusion representations
approaches infinity.

The analysis will be carried out only in the case of a holomorphic field approximation.
As our motivation is the case where & is large relative to the associated position distribution, one

expects that the case of a —¢/|x| potential may be sufficiently well-modeled by a finite number



of terms in a power series expansion. However, an analysis of the errors induced by such an
approximation to a —¢/|x| potential is beyond the scope of this already long paper, and may
be addressed in a later effort; the focus here is restricted to the diffusion-representation based
method of solution approximation method given such an approximation to the potential. We
remark that in the case of a quadratic potential, we recover the quantum harmonic oscillator
solution. Also, in the case of V (x) = —/|x|, as & — oo, the solution approaches that of the free
particle case. The computations required for solution up to any finite polynomial-in-space order
may be performed analytically.

In Section 2.2, we review the Schrodinger initial value problem, and the dequantized
form of the problem. The solution to the dequantized form of the problem will be approximated
through the use of diffusion representations; the solution to the originating Schrodinger initial
value problem is recovered by a simple transformation. As it is used in Section 2.2, we briefly
recall the stat operator in Section 2.3.1. In Section 2.3.2, the dequantized form will be converted
into a form over a rotating and translating reference frame centered at the position of a classical
particle following a circular trajectory generated by the central field. Then, in Section 2.3.3,
we discuss equivalent forms over a complex space domain, and over a double-dimension real-
valued domain. Classical existence, uniqueness and smoothness results will be applied to the
problem in this last form. These will then be transferred to the original form as a complex-valued
solution over a real space domain. In Section 2.4, we indicate the expansion of the solution
in a small parameter related to the inverse of the distance to the origin of the field. A power
series representation will be used, where this will be over both space and the small parameter. In
particular, we will assume that at each time, the solution will be holomorphic over space and
the small parameter. The functions in the expansion are solutions to corresponding HJ PDEs,
where these are also indicated here. The HJ PDE for the first term, say k = 0, has a closed-form
solution, and this is given in Section 2.5. Then, in Section 2.6, it is shown that for £ > 1, given
the solutions to the preceding terms, the HJ PDE for the k’* term takes a linear parabolic form,

with a corresponding diffusion representation. It is shown that diffusion representation may be



used to obtain the solution of the k+ 1 HJ PDE given the solutions to the k-and-lower HJ PDE
solutions. The required computations may be performed analytically. In Section 2.7, this method
is applied to obtain the next term in the expansion in the case of a cubic approximation of the

classic 1/r type of potential, and additional terms may be obtained similarly.

2.2 Dequantization

We recall the Schrodinger initial value problem, given as

0= ihyi (s,%) + AW (s,%) — Y(s, )V (x),  (5,%) € 2, @.1)

v(0,x) = y(x), x€RY, (2.2)

where initial condition yj takes values in C, A, denotes the Laplacian with respect to the space
(second) variable, 2 = (0,7) x R", and subscript ¢ will denote the derivative with respect to
the time variable (the first argument of y here) regardless of the symbol being used for time
in the argument list. We also let Z = [0,¢) x R". We consider the Maslov dequantization of
the solution of the Schrodinger equation (cf. [29]), which similar to a standard log transform,
is §: 9 — C given by y(s,x) = exp{£S(s,x)}. Note that y; = £yS;, Y = £+ yS, and A,y =
LyAS — h]—z v|Sy|?> where fory € C, |y|? = Yo y?. (We remark that notation |- |? is not intended

to indicate a squared norm; the range is complex.) We find that (2.1)—(2.2) become

O:—St(S,X)+%AXS(S,X)—FHO(X,SX(S,X)), (S,X) G.@, (2.3)
S(0,x) =@ (x), xeR" (2.4)
where H : R" x C" — C is the Hamiltonian given by

H(x,p) = =[Pl + V()] = stat {v-p+FPc = V(x)}, (2.5)



and stat is defined in Section 2.3.1. We look for solutions in the space
S ={S: 9= C|SeC*(2)NC(D)}, (2.6)

where C 11,’2 denotes the space of functions which are continuously differentiable once in time and

twice in space, and which satisfy a polynomial-growth bound.

2.3 Preliminaries

In this section, we collect condensed discussions of relevant classical material as well as

some recently obtained results and definitions.

2.3.1 Stationarity definitions

Recall that classical systems obey the stationary action principle, where the path taken
by the system is that which is a stationary point of the action functional. For this and other
reasons, as in the definition of the Hamiltonian given in (2.5), we find it useful to develop
additional notation and nomenclature. Specifically, we will refer to the search for stationary
points more succinctly as staticization, and we make the following definitions. Suppose (%, |- |)
is a generic normed vector space over C with ¢ C %, and suppose F' : 4 — C. We say
y € argstat{F(y) |y € ¢} if y € ¢ and either limsupy_,5 o\ (53 [F (y) = F(§)|/ly =3 =0, or
there exists 6 > 0 such that ¢ N Bg(y) = {7} (where Bg(y) denotes the ball of radius é around

y). If argstat{ F(y)|y € ¥4} # 0, we define the possibly set-valued stat® operator by

S F(y) = st {F(y) [y € 4} = {F(9) |y € argstat{F(y)|[y € 4} }.

If argstat{F (y) |y € 4} = 0, stat]_, F(y) is undefined. We will also be interested in a single-
valued stat operation. In particular, if there exists a € C such that stat]_,, F(y) = {a}, then

statyeq F'(y) = a; otherwise, stat,cy F(y) is undefined. At times, we may abuse notation by



writing y = argstat{ F (y) |y € ¢} in the event that the argstat is the set {7}. For further discussion,

we refer the reader to [38]. The following is immediate from the above definitions.

Lemma 1. Suppose % is a Hilbert space, with open set Y C %, and that F : 4 — C is Fréchet
differentiable at y € & with Riesz representation F,(y) € % Then, y € argstat{F (y) |y € 4} if
and only if F\,(y) = 0.

2.3.2 The non-inertial frame

As noted in the introduction, we suppose a central scalar field such that a particular solu-
tion for the motion of a classical particle in the field takes the form & (1) = § (cos(wr), sin(wr))
where §,® € (0,0). In particular, we concentrate on the potential V (x) = —/|x|, in which
case = [¢/ (m33)] 1/2. We consider a two-dimensional space model and a non-inertial frame
centered at & (¢) for all # € (0,00), with the first basis axis in the positive radial direction and the
second basis vector in the direction of the velocity of the particle. Let positions in the non-inertial
frame be denoted by z € R?, where the transformation between frames at time ¢ € R is given by

21 5 cos(wt) sin(wr) | [ x

= = th_x — = - . (2.7)
2 0 —sin(ot) cos(wt) | \ x 0

We will denote this transformation as z = z*(x), with its inverse denoted similarly as x = x*(z),
where x*(2) = (Gor)" (z+ (8,0)7).

For z € R?, define V(z) = V(x*(z)) and ¢(z) = ¢ (x*(z)). Then, ' : Z — C defined by
§7(s,z) = S/ (s,x*(z)) is a solution of the forward-time dequantized HJ PDE problem given by

0=—S,(5,2) + AL AS(5,2) — (Aoz +b0o) ' S2(5,2) — 5= |S:(5,2) [ =V (2), (s,2) € 2, (2.8)

2m

0 1 [0
S(0,z) = ¢(z), z€R? where Ag=0w and by = —wd , (2.9)
-1 0 1

10



if and only is §f is a solution of (2.3)—(2.4). (We remark that one may see [52] for further
discussion of non-inertial frames in the context of the Schrodinger equation.) In order to apply
the diffusion representations as an aid in solution, we will find it helpful to reverse the time
variable, and hence we look instead, and equivalently, at the Hamilton-Jacobi partial differential

equation (HJ PDE) problem given by

0= S,(5,2) + AL AS(5,x) — (Aoz+bo)  S:(5,2) — 2= [S:(5,2) 2=V (2), (5,2) €2, (2.10)

S(t,z) =¢(z), zeR" 2.11)

In this last form, we will fix # € (0,00), and allow s to vary in (0,7].

2.3.3 Extensions to the complex domain

Various details of extensions to the complex domain must be considered prior to the
development of the representation. This material is rather standard, but it is required for the
main development. Models (2.1)—(2.2), (2.3)—(2.4) and (2.10)—(2.11) are typically given as
HJ PDE problems over real space domains. However, as in Doss et al. [1, 4, 5], we will find
it convenient to change the domain to one where the space components lie over the complex
field. We also extend the domain of the potential to C2,i.e., V:C? — C, and we will abuse
notation by employing the same symbol for the extended-domain functions. Throughout, for
k€N, and z € C¥ or z € R, we let |z| denote the Euclidean norm. Let Z¢ = (0,¢) x C? and

D¢ = (0,t] x C?, and define

Fc={S: P¢c — C|S is continuous on Z¢, continuously differentiable in time on
9, and holomorphic on C? for all r € (0,] }, (2.12)
5”(’:3 ={S € S| S satisfies a polynomial growth condition in space,

uniformly on (0,7] }. (2.13)
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The extended-domain form of problem (2.10)—(2.11) is

0= S,(5,2) + 2L AS(5,2) — (Aoz +b0) " S:(5,2) — 5=-[S2(5,2) |2 =V (2), (5,2) € D, (2.14)

S(t,2) = ¢(z), zeC2 (2.15)

Remark 1. We remark that a holomorphic function on C? is uniquely defined by its values
on the real part of its domain. In particular, S : 9 — C uniquely defines its extension to a
time-indexed holomorphic function over complex space, say S: D¢ — C, if the latter exists.
Consequently, although (2.10)—(2.11) form an HJ PDE problem for a complex-valued solution
over real time and real space, (2.14)—(2.15) is an equivalent formulation, under the assumptions

that a holomorphic solution exists and one has uniqueness for both.

The following result by McEneaney (cf. [32]) provides a stochastic control verification

theorem for the Schrodinger IVP.

Theorem 1. The extended domain Schrodinger IVP is

0= 8;(t,x) + AL AS(t,x) + stat (TSt x) + 2|2 =V (x)} (t,x) € (0,1) x C"
veCn

S(t,x) =¢(x), xe C"

Let d§ = u,dt + %%d&. Then S(t,x) = stat, E{ [§ 2|u,|2 — V(& )dr+ ¢ (&)}

Throughout the remainder, we will assume the following.

V,¢ : C> — C are holomorphic on C2. (A.1)

Remark 2. The assumption on'V requires a remark. Recall that we are interested here in a class
of problems where 5 is large in the sense that the distribution associated to the solution of the
Schrodinger initial value problem has only very small probability mass outside a ball of radius
less than 6. IfV is of the &/|x| form, one would use only a finite number of terms in the power

series expansion around 7 = 0. The focus here is on a diffusion-representation based method for
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approximate solution of the Schrodinger initial value problem given a holomorphic potential.
The errors introduced by the use of a truncated power series for a ¢/|x|-type potential for large

0 are outside the scope of the discussion.

We will refer to a linear space over the complex [real] field as a complex [real] space.
Although (2.14)—(2.15) form an HJ PDE problem for a complex-valued solution over real time
and complex space, there is an equivalent formulation as a real-valued solution over real time and
a double-dimension real space. We will find such formulations to be helpful in the analysis to
follow. Further, although it is natural to work with complex-valued state processes in this problem
domain, in order to easily apply many of the existing results regarding existence, uniqueness
and moments, we will also find it handy to use a “vectorized” real-valued representation for the
complex-valued state processes. We begin from the standard mapping of the complex plane
into R?, denoted here by %y : C — R2, with #40(z) = (x,y)”, where x = Re(z) and y = Im(z).
This immediately yields the mapping %, : C*> — R?" given by #)(x +iy) = (xT,y7)T, where
component-wise, (x;,y j)T = 700(x;) for all j €]1,n[, where throughout, for integer a < b, we
define |a,b|= {a,a+1,...b}. Also in the interests of a reduction of cumbersome notation,
we will henceforth frequently abuse notation by writing (x,y) in place of (x”,y")T when the

meaning is clear. Lastly, we may decompose any function in ., say F € ./, as

(R(r,76(2)), T (r, %6(2)))" = Yoo (F (r,2)), (2.16)

where R, T : 95 = (0,t] x R*" — R, and we also let 2, = (0,¢) x R?". For later reference, it will
be helpful to recall some standard relations between derivative components, which are induced
by the Cauchy-Riemann equations. For all (r,z) = (r,x+4iy) € (0,#) x C? and all j,k,£ €]1,n],

and suppressing the arguments for reasons of space we have

Re[F, ;] = Ruj = =Ry, 3, = Ty = Ty, (2.17)

Im[FZka] = _ij7)’k = _R.Yjvxk = _Tijk = TXij' (2.18)
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2.4 An expansion

We now reduce our problem class to the two-dimensional space case (i.e., n = 2). We
will expand the desired solutions of our problems, and use these expansions as a means for
approximation of the solution. First, we consider holomorphic V in the form of a finite or infinite
power series. In the simple example case where V generates the quantum harmonic oscillator,

one may take V (x) = % [x2 4 x3], in which case

~q A A q
V(z) = %52+aqszl + %[z%ﬂ%].

The scalar field of most interest takes the form —V (x) = ¢/|x|, yielding —V (z) = &/|z+ (8,0)|.
In this case, recalling that this effort focuses on the case where 8 is large relative to the radius of
the “non-negligible” portion of the probability distribution associated to the solution, we consider
only a truncated power series, and let VX (z) denote the partial sum containing only terms up to
order K 42 < o« in z. We will be interested in the dependence of the potential and the resulting
solutions in the parameter & = 1/8. We also recall from Section 2.3.2 that @ = [¢/(m83)]!/2, or
¢=mw*83. We explicitly indicate the expansion up to the fourth-order term in z and the form

of higher-order terms. One finds,

2
— Y &V4(2), (2.19)
k=0
—V0(2) = mw’[6% — 621 + (s — 3/2)],
—V'(2) =mo? |-z +3223/2], —V*(2) =me*[z] — 371z +32/8],

and more generally, for k > 1, —Vk(z) = [Zk+2 J k—j

=0 Sk, 2122 } for proper choice of coeffi-
cients c,‘é I
Here, we find it helpful to explicitly consider the dependence of S and S (solutions of

(2.10)—(2.11) and (2.14)—(2.15), respectively) on &, where for convenience of exposition, we also
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allow & to take complex values. Abusing notation, welet S: 2 x C - Cand §: 9¢ x C — C,
and denote the dependence on their arguments as S(s,z, &) and S(s,z,&). Welet 7 = 2 x C, 9=
2 % C, 9@ = 9¢c x C and 9@ = 9P x C, where we recall that the physical-space components

are now restricted to the two-dimensional case. We also let

So= {S: é@ — C| S is continuous on é@, continuously differentiable in time on
e, and S(r,-,-) is holomorphic on C? x C for all r € (0,] }, (2.20)
5’7({:’ ={Se S | S satisfies a polynomial growth condition in space,

uniformly on (0,7] }. (2.21)

We will make the following assumption throughout the sequel.

There exists a unique solution, S € ., to (2.14)—(2.15).

(A.2)
We also let the power series expansion for ¢ be arranged as
o . o) . o) 5] l
0() =) &9z SEDNDIY bk+2 I szzz g (2.22)
k=0 k=1 1=0j=0

where ¢°(z) is quadratic in z. We consider the following terminal value problems. The zeroth-

order problem is

0=5+ A8~ (Agz+bo) 0= 5L[S92-V°,  (5,2) € Zc, (2.23)
St,2) =0%(2), zeC2 (2.24)
For k > 1, the k' terminal value problem is
0=SF+ A S — (Apz+bo+ LS9) sk — L Z (SOTSE*—VE (s,2) € Zc,  (2.25)
S (t.2) = ¢%(2), zeC2 (2.26)
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Note that for k > 1, given the S¥ for k < k, (2.25) 1s a linear, parabolic, second-order PDE, while
zeroth-order case (2.23) is a nonlinear, parabolic, second-order PDE. Also note that (2.23) is
(2.25) in the case of k = 0, but as its form is different, it is worth breaking it out separately. It is
also worth noting here that if the S are all polynomial in z of order up to k, then the right-hand

side of (2.25) is polynomial in z of order up to k, as is the right-hand side of (2.26).

Theorem 2. Assume there exists a unique solution, S0 in ,EZC to (2.23)—(2.24), and that for each

k > 1, there exists a unique solution, Sk in j@ to (2.25)—(2.26). Then, S = Yico gk sk,

Remark 3. It is worth noting here that if the S* are all polynomial in z of order up to k+2,
then for each k, the right-hand side of (2.25) is polynomial in z of order up to k+ 2, as is
the right-hand side of (2.26). That is, with the expansion in powers of € = 51, the resulting
constituent HJ PDE problems indexed by k are such that one might hope for polynomial-in-z

solutions of order k+ 2, and this hope will be realized further below.

Proof. Let N=NU{0}. By Assumption (A.2), § has a unique power series expansion on éc,

which we denote by

_ R oo . 5 . (o] . oo oo ~ . l_ .
S(s,z,8)=Y & (5,00 =Y &Y Y & (9)zlz 7,
k=0 k=0 I1=0j=0
where the & j(+) : (0,#] — C form a time-indexed set of coefficients, and obviously, the & (-, ) :
P¢ — C are given by &(s,z) = Yoo Ekvu(s)z{zl{j for all k € N. For all k € N, define
the notation ¢™(+,-) = L7414 g/~ (ktDai(. ). Also define V—* = g—(k+1) v — ZI;':O &/V/] and
o F=y7, & s =g~ (tU[p vk [2/¢J] for all k € N. Recall that § is the unique

solution in j@ of (2.14)—(2.15). By (2.15),

&(t,2) = 0 (z) and & *(t,2) = 9 *(z) VzeC2 (2.27)
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Separating the & and &~ components of S in (2.14) yields

0=0+ A — (Agz+bo) &2 — 5|02 - VO (2.28)

+é{c~;°+%Azc~—°—(A0z+bo+$c“2)Tc~;°—— & -v- }

Now, note that as S(s,,-) is holomorphic for all s € (0,t], we have S,(s,-,-) and A;S(s,-,-)
holomorphic for all s € (0,¢]. Further, by standard results on the composition of holomorphic
mappings, noting that g : C> — C given by g(z) = |z|> = z” z is holomorphic, we see that
1S2(s,+,-)|2 = g(8(s,-,-)) is holomorphic for all s € (0,7]. Combining these insights, we see that
with S = S all terms on the right-hand side of (2.14), with the exception of S; are holomorphic
n (z,€), which implies that S;(s,-,-) is holomorphic for all s € (0,¢]. Consequently, for any
s € (0,¢], the right-hand side of (2.14) with S = § has a unique power series expansion. This

implies that, as (2.28) is satisfied for all &€ € C, we must have

0= 4,)+ ’hA ¢ (Aoz+bo)T5g—ﬁ|5g\%—‘70» (2.29)

0=+ A0 (Ajz+bo+ L Ter0— £ |e702 - v, (2.30)

By (2.27), (2.29) and the assumptions, & = °.

Next, separating the &' and & ! components, (2.30) implies

0=¢ + LA — (Aoz+bo+ L&) el - V! (2.31)
+&{e "+ AT — (Aoz+bo+ ,,i1c~0> vl 2}
Similar to the k = O case, as (2.31) is satisfied for all € € C, we have
0=2¢ + LA — (Aoz+bo+ LTl -V, (2.32)
0
0=2¢"+ A"~ (Apz+bo+Le)e  —vi— L Z Koz @33)
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where the zero-valued penultimate term on the right-hand side of (2.33) is included because
analogous terms will appear with non-zero value in higher-order expansion equations. By (2.27),
(2.32) and the assumptions, el =81, Proceeding inductively, one finds &k = Sk for all k € N,

which yields the assertion. 0

2.4.1 An alternate assumption

It may be worth noting the following reformulation and assumption. Let g; : C? —
C? and g5 R — R be given by g5(z) = (1/0)z and gz(s) = 5/6%. Let §= g5(s) = 5/6?

and Z = g5(z) = (1/ 8)z. Note that under this change of variables, the angular rate becomes

A _ dO _ dOds
O="7%=dsds

— 82w, and where the units of 7 are such that the resulting scaling is the
identity. Let S(5,2) = 5(¢5'(5), 85" (2) = 5(85(5), 85 (2),) for all (s,2) € 7, where we
recall the abuse of notation regarding explicit inclusion of the third argument in S. Note that

- _ 0 ' (5)  an =
S5(5,2) = Ss(gg‘ (%), gg‘ (2)) g5dsfs) = 628,(s,7), with similar expressions for the space derivatives.

The HJ PDE problem for S , corresponding to (2.14)—(2.15) for §, is

~V(), (52 € (0,)xC? (2.34)

SEZ)=¢(3), zeC? A= . by=-— , (2.35)

F=1/8%.6(2) = (55" (2)) and £V(3) = V(&' () =V (2).
Note that in the case of a truncated expansion of a potential of form —V (x) = ¢/|x|, one

obtains -V (2) = - Y& | ‘Q/k(Z) —\70(2) =m®*[1 -2 + (%] —23/2)] and

k+2
k(= A =) k42—
—V&(Z) = md? Z c,‘€/+27jz'{z2 ! fork > 1.
J=0

In particular, one should note that the change of variables leads to a lack of X in the expansion
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of the potential. With this reformulation in hand, consider the following assumption, where we

note that .%¢ in (A.2) is replaced by .¢ in (A.2').
There exists a unique solution, S € Y to (2.34)—(2.35). (A2))

Corollary 1. Assume (A.2') in place of (A.2). Assume there exists a unique solution, $°, in ¢ to
(2.23)—(2.24), and that for each k > 1, there exists a unique solution, Sk in 5’?@ to (2.25)—(2.26).

Then, S=Y5_, gksk,

Proof. Let § satisfy (A.2). Fix an arbitrary § € (0,7), and let D > 0. Let & (D) denote the

polydisc in C? of multiradius D = (D, D). By standard results (cf.[51]), for all Z € Z2(D),

~ ° l J 70) . l— .
=LY '. a7,
which through apphcatlon of the Cauchy integral formula,
o | z, .
5(5,¢1, %) sl .
=) Crrarddfnz T V() €00 x P (236)
=0j=0 (2 2(0) &g,

where d 2 (D) = {{ € C?||{1| = D, |&| = D}. For each § € (0,7), we may express the Taylor
series representation for S as §(§, =Y Zi‘:o C1,j (5)2{212_j forall 7€ C2. Let0 < j < < oo.

Then, by (2.36) and the uniqueness of the Taylor expansion, we see that

c1,j(8) = 1'/3 Md@ld%

27i)? Jow €j+1 Cl JH

and the right-hand side is independent of D € (0,0). Further, letting &, = De'% for k € {1,2}
and § € 0. 22(D), this becomes

—§(§, De'® De'®)

2n 2¢;
. 46, d6,.
c1,;(8) (27ri)2/0 o Dlexp{i[(j+1)6;+(l—j+1)6]} e

Let {5, } C (0,7) be a sequence such that §, — § € (0,7). By the Bounded Converegence Theorem,
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forany 0 < j <[ < oo,

1 i 2m —S(s De'®1 De2)
| _ d6,do
Jim 6(5n) = oz H»/ o Dlexp{i[(j+1)6i+(—j+ 16} 7

2n 2w S( Dezel Dezez)
_(27Ti)2/0 o Dlexp{i[(j+1)01+(I—j+1)6]}

d6,d6, = (%),

and we see that each ¢; () is continuous.

Similarly, for 0 < j <[ < oo,

. j(§—|—h) —Czlj(S~> ) i r2m —1
lim — : =lim —/ —— -
h—0 h h—0 (2mi)2 Jo Jo Dlexp{i[(j+1)61+(l—j+1)6:]}
§(§+ h,Dei® | Del%) — §(s~7 De'®1 Dei®)

d0,d6;.
h 14062

Recalling that Sis continuously differentiable on (0,7), we find that the integrand is bounded,

and another application of the Bounded Convergence Theorem yields

lim
h—0

l,](s+h)—clj /2” m —S (5, De'® De’92)
27‘Cl 0

DL+ 16 +(1—j+1)8 ]deldez’

and we see that & ; € C'(0,7).

Now, let S(s,z) = §(§3(s),§3(z)) for all (s,z) € (0,7] x C2, and let & = 1/5. By
Theorem 2, it is sufficient to show that S satisfies Assumption (A.2). We have S(s,z) =
Yo 23:0 c:lJ(s)élz{zlz_j for all (s,z) € (0,7] x C2. Letting §'(s,z) = Zi-:o 517j(s)z{Z12_j forl €N,
the smoothness assertions of the corollary then follow directly from the above and the composi-
tion of analytic functions. The existence and uniqueness are also easily demonstrated, and the

steps are omitted. 0
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2.5 Periodic S° solutions

In order to begin computation of the terms in the expansion of Theorem 2, we must
obtain a solution of the complex-valued, second-order, nonlinear HJ PDE problem given by
(2.23)—(2.24). We note that we continue to work with the case of dimension n = 2 here. We will
choose the initial condition, ¢°, such that the resulting solution will be periodic with frequency
that is an integer multiple of @, where we include the case where the multiple is zero (i.e., the
steady-state case). We also note that we are seeking periodic solutions, S that are themselves
clearly physically meaningful.

Recall that the original, forward-time solution, S/, of (2.8)-(2.9) is a solution of the
dequantized version of the original Schrodinger equation. Let §/ (s,z) = exp {%S’f } for all
(s,z) € 2/ =[0,1) x R%. Recall also that for physically meaningful solutions, at each s €
[0,¢), P/(s,-) : R* = R given by P(s,-) = [y*y](s,-) represents an unnormalized density
associated to the particle at time s. Let R/, 7/ : 9/ — R be given by R/ (s,z) = Re[S/(s,z)] and
T/(s,z) =Im[§/(s,2)] for all (s,z) € Z/. Then, P/ (s,z) = exp{ 52T/ (s,2)} for all (s,z) € /.
This suggests that we should seek S/ such that exp {_TZTJI(S, )} represents an unnormalized
probability density for all s € [0,7).

Although the goal in this section is to generate a set of physically meaningful periodic
solutions to the zeroth-order term, we do not attempt a full catalog of all possible such solutions.
Let $%/(s,z) = $9(¢ —s,2) for all (s,z) € Z/. As we seek $°(¢ —s, -) that are quadratic, we let

the resulting time-dependent coefficients be defined by
§9S (5,2) = 127 Q(s)z+ AT (5)z+p(s). (2.37)

It should be noted here that the condition that exp {527/ (s,)} represent an unnormalized
density implies that the imaginary part of Q(s) should be nonnegative definite for all s € [0,7),

which is a significant restriction on the set of allowable solutions.
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As §0:f (s,-) is quadratic, its values over C? are fully defined by its values over R?, and
hence it is sufficient to solve the problem on the real domain. The forward-time version of

(2.23)—(2.24), with domain restricted to 2/ is

0=—S" + A SO — (Agz+bo)  SOF — LISOF2V0 (5,2) € (0,1) xR%,  (2.38)

§%7(0,2) = ¢°(z) Vze R (2.39)

Remark 4. It is worth noting that any solution of form (2.37) to (2.38)—(2.39) is the unique
solution in Y(g, and in particular, where this uniqueness is obtained through a controlled-

diffusion representation [31, 32].

Substituting form (2.37) into (2.38), and collecting terms, yields the system of ordinary

differential equations (ODEs) given as

T-0(s)=— (AT O(s) + 0(s)A0) — L0 (s) + mw? T, (2.40)

%A(s) = — (Al +LO(s)) A+ w6 Q(s)u? — mw?*Su’, (2.41)

%p(s) = 4 [Q(s)] + @ (u?) T Als) — 2 AT (5)A(s) + mw? &2, (2.42)
2 0 1 0

TV = . ut= . ut= , (2.43)
0 —1 0 1

where Q : [0,1) — C?>*2, A: [0,¢) — C? and p : [0,¢) — C. Throughout, we assume that Q(s) is
symmetric for all s € [0,7). Note that if Q(s) is nonsingular for all s € [0,¢), then (2.37) may also

be written as

T

$01(s5,2) = 3 (z4+ Q7 (5)A(s)) Q) (2 4+ Q7' (5)A(s)) +p(5) — AT ()0 (s)A(s),

where we see that —Q~!(s)A(s) may be interpreted as a mean of the associated distribution at

each time s. Consequently, we look for solutions with —Q~!(s)A(s) € R? for all s.
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One may use a Bernoulli-type substitution as a means for seeking solutions of (2.40).
That is, suppose Q(s) = W (s)U~!(s), where U (s) is nonsingular for all s € [0,¢). Then, without

loss of generality, we may take W (0) = Q(0), U(0) = #,». The resulting system of ODEs is

0 o 1/m 0
U U — 0 0 1/m
di - P : B = /
S\w w 2mw?* 0 0 o
0 -—-mow? —o 0

Employing the Jordan canonical form, one obtains the solution as

U )T, W(s)") =RPP IR (S902,0(0)) (2.44)
where
0 2 —i i 0 1/3 2/3 0
-3 0 2 2 | 1 0 0 1
P= N :
30 -1 -1 —i/2 1/2 1/2 —i
0 —1 i —i i2 12 1)2 i
1 ws 0 0 1 0 O 0
e 010 0 01 0 0
4 = s R:
0 0 exp{ios} 0 00 mvo O
0 0 0 exp{—iws} 00 0 mo

We remark that, as our goal here is the generation of periodic solutions that may be used as
a basis for the expansion to follow, and as this work is already of substantial length, we will
not discuss the question of stability of the above solutions, to perturbations within the class of

physically meaningful Q = U~'W.
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Note that we seek solutions that generate periodic densities P/ (s, -), and that the (1,2)
entry of ¢/® has secular behavior. Examining (2.44), we see that a sufficient condition for avoid-
ance of secular growth/decay of Q, is that entries in the second row of P~'R™ (#2,0(0))" be
zero. One easily sees that this corresponds to Q> 1(0) = —mm and Q> »(0) = 0, and considering

here only symmetric Q, we take Q; 2(0) = —m®. That is, we have

koimw —mo
0(0) = ; (2.45)
—mo 0

for some ky € C. Propagating the resulting solutions, we find that the imaginary part of k
being nonnegative is necessary and sufficient for satisfaction of the condition that Im[Q(s)]
be nonnegative-definite for all s. We also note that with such initial condition, Q12,021,022
remain constant for all s, while the real and imaginary parts of Q; ; are periodic. That is, Q(s)

takes the form

imop(s) —mo
0(s) = Vs [0,1), (2.46)
—ma 0

where p(s) = [k €@ +k; |/ [k ¥ —k; | with k[ =ko+ 1 and k| =k — 1.
One may seek steady-state solutions by substitution of form (2.45) into the right-hand
side of (2.40), and setting this to be zero. One easily finds that the unique steady state solution

(among those with Im[kg] > 0) is

0(s)=0" = Vs € [0,1). (2.47)

Next we consider the linear term in $%/, where this satisfies (2.41). We focus on the
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steady-state Q case of (2.47). Substituting (2.47) into (2.41) yields

A= e 20 A—2mw*u'.
0 0
This has a steady-state solution in the case that —iA;(0) 4+2A(0) = 2m$, or equivalently, the
one-parameter set of steady-state solutions given by A(s) = A? = (id, mwd —d /2) "ford e C.
This includes, in particular, the cases A° = (0,m®8)” (i.e.,d = 0) and A° = mwd(—2i,2)7 (ie.,
d = —2mw&), where this latter case is obtained if one requires (Q°)~!A? to be real valued. We
also remark that more generally, the solution is given for all s € [0,7) by
AGs) = | exptTiest 2dlexpliost =1} o expl s} e,
0 0
Lastly, we turn to the zeroth-order term. Note that the one may allow secular growth in
the real part of p(-) with no effect on the associated probability distribution, as is standard in
solutions of the quantum harmonic oscillator. Continuing to focus on the steady-state solution, but
allowing a real-valued secular zeroth-order term, we substitute the above steady-state quadratic
and linear coefficients into (2.42). This yields

p=—+mo° | —+ =¢1(d),

—hw ,[362 342
2 2 4(mw)?

and we see that this is purely real if and only if d € R, and we have
Als) =A% = (id,mod —d/2)",  p°(s) = p°(0)+&i(d)s Vse[0,1). (2.48)

We will restrict ourselves to the simple, steady-state case (modulo the real part of p°) given

by (2.47),(2.48) with kg = 1, d = 0, for our actual computations of succeeding terms in the
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expansion. However, the theory will be sufficiently general to encompass the periodic case as

well.

2.6 Diffusion representations for succeeding terms

As noted above, we will use diffusion representations to obtain the solutions to the HJ
PDEs (2.25)—(2.26) that define the succeeding terms in the expansion, i.e., to obtain the S* for
k € N. In order to achieve this goal, we need to define the complex-valued diffusion dynamics
and the expected payoffs that will yield the S¥. The representation result naturally employs
the 1t6 integral rule. As the dynamics are complex-valued, we need an extension of the 1t6
rule to that process domain. In a similar fashion to that of Section 2.3.3, we use the 1t6 rule
for the double-dimension real case to obtain the rule for the complex case. Once the It6 rule
is established, the proof of the representation is straightforward. However, additional effort is
require to generate the machinery by which the the actual solutions are computed, where the

machinery relies mainly on computation of moments for the diffusion process.

2.6.1 The underlying stochastic dynamics

We let (Q,.%, P) be a probability triple, where Q denotes a sample space, .# denotes a
o-algebra on Q, and P denotes a probability measure on (Q,.%). Let {.Z;|s € [0,¢]} denote a
filtration on (Q,.%, P), and let B. denote an .#.-adapted Brownian motion taking values in R”.
We will be interested in diffusion processes given by the linear stochastic differential equation

(SDE) in integral form

¢ =g z+/ — (Ao +b0+L8%(p. ) dpﬂf”’/dBp

_Z+/)Lp Cp) dp+\/7‘+’BA Vre [s,t], (2.49)
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where z € C2, s € [0,¢), B® = B, — B, for r € [s,1), and

A(p.z) = —[Aoz+bo+ L8%(p,2)] = —[Aoz+bo+ L 0(p)z+ LA(p)]

= —Ao(p)a—boolp). (2.50)

Let £ : [0,7] x C? — C?, and suppose there exists K < oo such that 1£(s,2") — f(s,2%)] <
K f-\zl —z?| for all (s,2'), (s,2%) € D¢. For (s,2) € P, consider the complex-valued diffusion,

£ e Zs, given by

ro_ r .
G=8" =2+ | flp.Gp)dp+ | Hoasy, 251)
S S \/i
where o € R™", and note that this is a slight generalization of (2.49). For s € (0,1], let

s ={&: [5,1] x @ — C?|{ is .Z.-adapted, right-continuous and such that

E sup |§|" <ooVme N}, (2.52)
re(s;]
We supply 25 with the norm ||{]] 2; = max,,e)y y( [Esup,efsq 6™ ™ 1t is important to note
here that complex-valued diffusions have been discussed elsewhere in the literature; see for
example, [54] and the references therein.
We also define the isometric isomorphism, ¥ : Z; — 2" by [ ()], = [V (E+iv)], =

(T, vI)T forall r € [s,¢] and @ € Q, where

rovr

2V ={(E, V) : [s,1] x Q@ — R>| (&, V) is .Z -adapted, right-continuous and (2.53)

such that E sup [|&|" +|V,|"] <o Vm e N},

re[s,f]
. m my11/m
1(€,V)]l2» = max_[E sup (|& " +]|v,|™)] ™.

me|LM[ " re[sg]

(2.54)
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Under transformation by 7, (2.51) becomes

ér X r,\ r
= +/ f(p,ép,vp)dp+/ %MBP Vr € [s,1], (2.55)
Vy y § §

A . = . = . T A
where £(p,&p. V) = (Re[f(p, &y +ivp)]). (IM[F(p.Ep+ivy)])") " and & = (1,1)7. Through-
out, concerning both real and complex stochastic differential equations, typically given in integral
form such as in (2.56), solution refers to a strong solution, unless specifically cited as a weak

solution. The following are easily obtained from existing results; see [32, 48].

Lemma 2. Let s € [0,t), z € C? and (x,y) = %(z). There exists a unique solution, (&,v) € 2.,

t0 (2.55).

Lemma 3. Let s € [0,1), z € C? and (x,y) = %(2). { € Z; is a solution of (2.51) if and only if
vV (8) € 2 is a solution of (2.55).

Lemma 4. Let s € [0,1) and z € C%. There exists a unique solution, { € 2, to (2.51).

We remark that one may apply Lemmas 2—4 to the specific case of (2.49) in order to
establish existence and uniqueness. In particular, for the dynamics of (2.49), the corresponding

process (§,v) = ¥/({) satisfies

& x r | [ALglp) —ALy(p) ) [ & blo(p
_ +/ B >0( ) >0( ) n >0( ) dp
Vr y s Al>()(p) AZy(p) Vi bl>()(p)
+ % In><n é
Lyxn
| "1 & h 7 pA
y y Vr

where AZ () = Re(4-0(p)), ALy (p) =Im(A=0(p)), ((Bo(P)T, (BLo(P)T)" = o(b>0(p))
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forall p € [0,1).
2.6.2 1Ito’s rule

The representation results will rely on a minor generalization of 1to’s rule to the specific
complex-diffusion dynamics of interest here. It might be worthwhile to note that the complex-
valued diffusions considered here belong to a very small subclass of complex-valued diffusions,
and this is somehow related to the specific nature of the complex aspect of the Schrodinger

equation. The following complex-case It6 rule is similar to existing results (cf., [54]).
Lemma 5. Let g € ¢ and (s,z) € De, and suppose diffusion process . is given by (2.51).

Then, for all r € [s,t],

80 8) =39+ [ 8(p.5)+ & (. L) (p. L) dp + [ el (p.p)odBy

+1 [ w[zz(p. ) (o0")] dp. .57

Proof. Let (g"(s,x,y),8'(s:%,)) = %0 (g(s, %' (x,))).
(f (s,2,9), f1(s,x,5)) = Yo (F(s, ”//O’I(x,y))) for all (s,x,y) € ,, and note that it is trivial to
show that g (r,z) = g/ (r,x,y) +igi(r,x,y), for all (x,y) = %(z), (r,z) € Zc. Also, using the

Cauchy-Riemann equations,

g: (n2)f(nz) = [(g0)" f"+ (&) fT(nxy) +il(g0)" 1"+ (&) f'] (rx.y),

for all (x,y) = % (z), (r,z) € . Defining the derivative notation

gh(s,x,y) = ((g0)7, (g§)T)T(rx y) and vector notation f(r,x,z) = ((f")T, (f)T) (rx,y) for all

(r,x,y) € P>, this becomes

gl (n2)f(rnz) = (ga(rxy) Frxy) +i(g(rx,y) f(r.x,y), (2.58)
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for all (x,y) = %(z), (,z) € Dc. Similarly, letting 6 = (o7, 67)",

g (n) o = L[ (e (nx) 6 +i(gh(nx.y) 6], (2.59)

for all (x,y) = %(2), (r,z) € Zc.

(r
Next, leta = (1%)2 T and (d’ L d; i) ="00(a;,) forall j,1 €]1,n[. Using (2.17),(2.18),

we find
§.00j1 = g;j’yla;’l —|—g;j’yla;71 +i[—g;j7yla;-7l +gij7yla;7l} Vj,l€]l,n|. (2.60)
Also, by the definition of @, we see that ¢ = 0 and ¢’ = o6’ . Applying these in (2.60) yields
801 =85, o0 +igy, 00" Vi L€l n]. (2.61)

Considering (2.58), (2.59) and (2.61), and letting (&,,v,) = ¥,(¢,) for all r € (0,7], a.e.
o € Q we see that (2.57) is equivalent to a pair of equations for the real and imaginary parts,

where the real-part equation is

gr(r’ ér»vr) :gr(s’x,y)+/rg;‘(p’5p7vp) +(g;Z)T(pvgf)?vP)f(pagP?VP) (262)

+3 Y &u(p.8p.vp)loo ]jldp+\f/ (852)"(p,&p,vp)6dBy,
J,l=1

with an analogous equation corresponding to the imaginary part.
On the other hand, applying Itd’s rule to real functions g and g’ separately, and then

applying (2.17), (2.18), we find
gr(r’ ér»vr) :gr(s,x,y) +/s g;(paél)?vp) + (g;Z)T(p7€p7vp>f(pa§P7VP)

n
+ % Z [g;j,xl +g;]7yl +g;j,xl +g;jyl] (p7 §p7 vp)[GGT]j,l dp
Ji=1
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+\/L§/S (8;2)T(Pa§pavp)6d3pa
=g’(sax7Y)+/ 8 (P &p,vp)+(82) (. &p,vp) f(p,Ep, Vp) (2.63)

+% Z gx,,yz (P, Sp,Vp)loo ]Jldp+\f/ 8) "(p, EpsVp)6dBy,
j,l=1

with a similar equation for the imaginary part. Comparing (2.63) with (2.62), and similarly for

the imaginary parts, one obtains the result. [
We apply this result to the particular case of interest here.

Lemma 6. Let S € ¢ and (s,z) € D¢, and suppose § satisfies (2.49). Then, for all r € (s,1),

8(n &) =8(s.2 +/St P.Go) = ST (p. 5p) [A0(P)Ep +b=0(p)] + £2AS(p, o) dp

n \/‘ 1+ / $T(p,L,)dB,. (2.64)

Proof. Dynamics (2.49) have form (2.51) with f(r,z) = A~o(r)z+b=o(r) and 6 = \/%fmn.
In this case, 3 tr [S.;(r,z)(06T)] = LA, S(r,z) for all (r,z) € S, which yields the result. [

Theorem 3. Let k € N. Let §¥ € SE satisfy (2.25)~(2.26) for all k €]1,k[. Let (s,z) € D¢, and
let § € Z satisfy (2.49). Then,

t k—1
5] [k ¥ S50 SN0 -G dr -6 )
s k=1
Proof. Taking expectations in (2.64), and using the martingale property (cf., [11, 15]), we have

$0.0 =B = [ 8.:8) - ST 0 [A0()G+ boo(r)] + 8800 )ar
+§k(t,ct)}.

Combining this with (2.25)—(2.26) yields the result. OJ
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2.6.3 Moments and Iteration

Note that Theorem 3 yields an expression for the k* term in our expansion for S, ¥,
from the previous terms, S for k < k. We now examine how this generates a computationally

tractable scheme. It is heuristically helpful to examine the first two iterates. For (s,z) € P, we

have
S0 =5 [0 @rar+o'c)]
—5{ ['mo( - (6} <3/2>[cr1[cr)dr+):zb3l,ct @i} e
S0 ={ [ 580800 -0 ar+ 90}
—5{ [ 8L 4 me? (1G-SR B + G/9IE ) ar
+ lio Jio o et (2.66)

Note that the right-hand side of (2.65) consists of an expectation of a polynomial in §; and an
integral of a polynomial in ., and further, that the dynamics of { are linear in the state variable.
Thus, we may anticipate that S' (s, -) may also be polynomial. Applying this anticipated form on
the right-hand side of (2.66) suggests that the polynomial form will be inherited in each $¥. This
will form the basis of our computational scheme.

The computation of the expectations that generate the S¥ for k > 1 will be obtained
through the moments of the underlying diffusion process. Thus, the first step is solution of
(2.49). We let the state transition matrices for deterministic linear systems y, = —A~o(r)y,
and y'£2) = —A>0(r)y£2) be denoted by ®(r,s) and ®3(r,s), respectively. More specifically,

(2)

with initial (or terminal) conditions, y; =y and y;~’ = )7(2), the solutions at time r are given by
yr = D(r,5)y and ygz) = ®?)(1,5)7?), respectively. The solutions of our SDEs are given by the

following.
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Lemma 7. Linear SDE (2.49) has solution given by {, = U, + A,, where

b= ®(rs)a+ [ @(p)(~boolp)) dp. A = \/E1H ["@(rp)aB,

for all r € [s,t]. Linear SDE (2.56) has solution given by Xr(z) = ,LLr(Z) + Agz), where

u? = @) ()5 4 [ @) (1p) (~ Boo(p) dp,
— /& [ @ (np).7 B,
for all r € [s,t], where x?) = (xT yT)T.

Proof. The case of (2.56) is standard,cf., [23]. We sketch the proof in the minor variant case
of (2.49), where this uses the Ito-rule approach, but for the complex-valued diffusion case. For

0<s<r<tleto, =d(s,r){ =P (r,5). By Lemma 5,

Otr—/CP [—b>o(p dPJr\/»Hl/q) (p,s)dBy,

which implies §, = [ ®(r,p)[—b>0(p)]dp + [Hl (r,p)dBy. O
Lemma 8. Forall r € [s,t], X X% and & have normal distributions.
Proof. The case of Xr(z) is standard, cf. [22], and then one notes §, = %(Xr(z)). O

Lemma 9. For all r € [s,t], U, is the mean of {,, and A, is a zero-mean normal random variable
with covariance given by E[A,AT] = 2 [T (r, p) DT (r,p) dp, where further, E[({ — ) (& —
u)’] =E[AAT].

Proof. That A, has zero mean is immediate from its definition. Given Lemmas 7 and 8, it is

sufficient to obtain the expression for [E [ArArT] . By Lemma 7,

E[aAT] = 25 { [[70(:p)dBy] [[;B(rp) dBy] " }.
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where the term inside the expectation is purely real, and consequently by standard results (cf.,

[22]), one obtains the asserted representation. ]

As noted above, we will perform the computations mainly in the simpler, steady-state

case of kg = 1. In this case, we have

—1 0 4 —2i
—A>0 =0 y and - b>0 = m . (267)
2 0 1
In the case d = 0, we have —b-g = 0, while in the case d = —2ma)3, we have —b-g =

06(2i,—1)7.

Theorem 4. In the case ko = 1, for all r € [s,t], { is a normal random variable with mean and

covariance given by, with d = d /(m),

1% N e
U = and ¥, = ,  Wwhere

2 25

wl = e=100=9)7, 4 di(e=iot—s) _ 1),

2 =2i[e= U8 1lzy + 2 +d [2i((e U — 1) —30(r—5)/2],
$LI_ i%(l _e—2iw(r—s))’

$1.2 i%’l _ Li[z(e—ia)(r—s) . 1) . (e—Zia)(r—s) i 1)],

£22 = 1o 2005 1) —g(e~ U9 1) —3io(r—s)].

Proof. The expression for U, is immediate from Lemma 7. To obtain the expression for the
covariance, we evaluate the integral in Lemma 9. Letting ¥, =R [ArA,T] , component-wise, that

integral is

i},l _ @/r e’z"a’(r*p)dp, ii,z _ i%l _ %/r 2 [ef2ia)(r7p) _efico(rfp)} dp.,
N
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2372 _ % /r 4 [e—Zia)(r—p) _ e—iw(r—P)} 2 + ldp.
N

Evaluating these, one obtains the asserted expression for the covariance. 0

Theorem 5. For (s,z) € P¢, S'(s,2) = Y5 0):/ 0C ]( )Z{le_j, where the time-indexed coef-
ficients, 6117 ]() are obtained by the evaluation of linear combinations of moments of up to
third-order of the normal random variables {, and closed-form time-integrals. For k > 1 and
(5,2) € Dc, the S also take the similar forms, S¥(s,z) = Y42 Z, Oclj( )Z{le_j. Given the
coefficient functions é}f ; (s) for k < k, the time-indexed coefficients ¢ Cl., ; (s) are obtained by the

evaluation of linear combinations of moments of up to (k+2)""-order of the normal random

variables {, and closed-form time-integrals.

Proof. By Fubini’s Theorem and Theorem 3,

t k—1
Sk(s,2)= | == Y E e T ]Z‘*K rne, 6
$6.0= [ -3 LE{[S 060} .68

&y E 2] & Jrel—i
+mo ch+2/ {CV (95 pdr +Z Zbk+21,J (GGl '}
=0 j=0

In particular,

S“(u)=/Stmw2[E{—[@]?}+%E{[crh[cr }dr+22b3,,E{ GHIGI7) (2.69)

=0 j=0

We see that (2.69) immediately yields the assertions regarding S'. If for k < k, the S'K(s, 7) are
polynomials in z of order at most k + 2, then the products-of-derivatives, [S¥(r, §,)]7 S5 (r, &),

in (2.68) are of order at most k+ 2 in {,, and the asserted form follows. [

2.7 The S! term

In Section 2.5, steady-state and periodic solutions for the zeroth-order term in the

expansion were computed. Here, we proceed an additional step, computing S' = 80 4 %S‘ I We
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perform the actual computations for $' only in the steady-state case of ky = 1. For (s,2) € Dc,
we may obtain S (s,2) from (2.69), using the expressions for the mean and variance of normal
¢, given in Theorem 4. We see that we must evaluate integrals of the moments E{[{,]] } and
E{[{]1[¢/]3} as well as the general moments E{[C,]{[Q]l{]} for j €10,1[,1€]0,3[. There are

well-known expressions for all moments of normal random variables. In particular,

]E{ [CF]?} = [.ur]:iS + 3[,[1,]12}1,

]E{ [Cr] 1 [Cr]%} = [.ur] 1 [.ur]% + [.ur] 12%2 + Z[Hr]zii’z.

This implies that for the integral term in (2.69), we must evaluate the integrals of moments given
by ['[w3dr, [whEF dr, [ w)ddr, [ £ dr, and [ [u]25) % dr. We note that, as
our interest is in the solution of the original forward-time problem, it is sufficient to take s = 0.
Further, as our interest will be in periodic-plus-drift solutions, we take t = 7 = 27/ ®. With

assiduous effort, one eventually finds

B{ [ -01@)ar} = ["mo? [B{~ (L1} +3E{IGhIGE} | ar

— ma)z{ 33?[& +iz122 — 23] +c1(T)(1,2i) 7+ C2(‘L’)}, (2.70)

where
c1(7) = (3n/w)[d*(1 - 3in) /2 — h/(mw)],

c2(1) = 2 (18im —9/2) + 324 ((1/3) - 3im — 67%).

From (2.70), we see that the expected value, E [ —V!(,)dr has at most quadratic terms in z.
(In contrast, for typical ¢ # 7, this integral is cubic in z.) Consequently, it may be of interest
to take terminal cost, ¢! to be quadratic rather than the more general hypothesized cubic form.

Suppose we specifically take

¢'(z) =10z @.71)
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where Q! has components Q} - Noting that we are seeking a solution of form St =280+ %S’ I
we find it helpful to now allow general d € C with corresponding A° given by (2.48). Also, note

from Theorem 4 that
pe=z— (0,27 gl =gplo0,  £7==0mh (2.72)

Combining (2.69) and (2.70)—(2.72), we find

SH(z,2) =3 (@' + M)z +b 24+ p' (1), (2.73)
where
1 /2 N N 0
0% = 6md / ., b= [kl (0'+0%) + k2QA] : (2.74)
i/2 —1 1
pl(t) =k [4+ 21035+ Zdh(18im —9/2) + %((1/3) —3ir—67%), (2.75)
k=224 =14 4 (3n—i). (2.76)

Recalling that $°(7,z) = 127 0%+ (A%)Tz+ p°(7), we find

$'(r,2) =8%(r,2) +
T

Oq>|»—‘ °0|'—‘

0%)]z+ [A+Lb] " 2+ p°(z) + Lp'(7) (2.77)

va—‘

In the S! solution given by (2.77), the Q1 complex matrix coefficient, as well as complex
d coefficient are free. Other potentially free parameters include the ky parameter in $° and terms

that are not purely quadratic in the possible cubic ¢ .
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Chapter 3

Staticization and Iterated Staticization

3.1 Introduction

Staticization maps a function into its values at stationary points (i.e., critical points).
More specifically, the set-valued “stat” operator has as its range the set of such values, and if
there is a unique such value, then that value is the output of the (single-valued) stat operator.
This operator is obviously a generalization of the minimization and maximization operators
for appropriate classes of differentiable functionals, and is also valid for functions with range
other than the reals, including complex-valued functionals. The stat operator is at the heart of
a new approach to solution of two-point boundary value problems (TPBVPs) in conservative
dynamical systems [6, 7, 38, 40], as well as to solution of the Schrédinger equation [33, 35, 37].
A key component in this development is the theory that allows one to reorder stat operators under
certain conditions, and that theory is the focus of the effort here. In order to motivate the theory,
first let us indicate the application domain a bit further.

Recall that conservative dynamical systems propagate as stationary points of the action
functional over the possible paths of the system. This stationary-action formulation has recently
been found to be quite useful for generation of fundamental solutions to TPBVPs for conservative
dynamical systems, cf. [6, 7, 38, 40]. To obtain a sense of this application domain, consider a
finite-dimensional action-functional formulation of such a TPBVP. Let the path of the conserva-

tive system be denoted by &, for r € [0,7] with &y = &, in which case the action functional, with
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an appended terminal cost, may take the form

J(t,%,u) / T(uy)—V(E)dr+o(&), 3.1

where & = u, u € % = L,(0,t), T(-) denotes the kinetic energy associated to the momentum
(specifically taken to be T'(v) = sz,//[ v throughout, with .Z positive-definite and symmetric),
and V (-) denotes a potential energy field. If, for example, one takes ¢ (x) = —! .4 x, a stationary-
action path satisfies the TPBVP with &, = X and 5, = v; if one takes ¢ to be a min-plus delta
function centered at z, then a stationary-action path satisfies the TPBVP with {y = x and & = z,
cf. [7]. In the early work of Hamilton, it was formulated as the least-action principle [17], which
states that a conservative dynamical system follows the trajectory that minimizes the action
functional. However, this is typically only the case for relatively short-duration cases, cf. [14]
and the references therein. In such short-duration cases, optimization methods and semiconvex
duality are quite useful [6, 7, 40]. However, in order to extend to indefinitely long duration
problems, it becomes necessary to apply concepts of stationarity [38].

It is worth noting that if one defines stat,c 2~ ¢ (x) to be the critical value of ¢ (defined
rigorously in Section 3.2.1), then a gravitational potential given as V(x) = —u/|x| for x # 0
and constant 1 > 0, has the representation V (x) = —(5 3)3/2 y statgo{ o — ﬂ} where we note
that the argument of the stat operator is polynomial, [18, 40]. The Schrodinger equation in the
context of a Coulomb potential may be similarly addressed. In that case, it is particularly helpful
to consider an extension of the space variable to a vector space over the complex field, say
x € C" rather than x € R". More specifically, for x € C", this representation takes a general form

V(x)=—(5 3)3/2 i stat g yr{ot— o’x 2% where @7®={a = r[cos(0) +isin(0)] € C|r>0,0 €

(£, 5]} [33]. In the simple one-dimensional case, the resulting function on C has a branch cut
along the negative imaginary axis, and this generalizes to higher-dimensional cases in the natural
way.

Although stationarity-based representations for gravitational and Coulomb potentials are
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inside the integral in (3.1), they may be moved outside through the introduction of a-valued
processes, cf. [18, 40]. In particular, not only does one seek the stationary path for action J,
but the action functional itself can be given as a stationary value of an integral of a polynomial,
leading to an iterated-stat problem formulation for such TPBVPs. This may be exploited in the
solution of TPBVPs in such systems, cf. [18, 38, 40], which will be discussed further in Section
3.5.

It has also been demonstrated that this stationary-action approach may be applied to
TPBVPs for infinite-dimensional conservative systems described by classes of lossless wave
equations, see for example [6, 7]. There, stat is used in the construction of fundamental solution
groups for these wave equations by appealing to stationarity of action on longer horizons.

Lastly, it has recently been demonstrated that stationarity may be employed to obtain a
Feynman-Kac type of representation for solutions of the Schrodinger initial value problem (IVP)
for certain classes of initial conditions and potentials [37]. As with the conservative-system cases
above, these representations are valid for indefinitely long duration problems, whereas with only
the minimization operation, such representations are valid only on time intervals such that the
action remains convex, which is always a bounded duration and potentially zero.

In all of these examples, one obtains the stationary value of an action functional where
the action functional itself takes the form of a stationary value of a functional that is quadratic
in the momentum (the . in put in (3.1)) and cubic in the newly introduced potential energy
parameterization variable (a time-dependent form of the & parameter above). That is, the overall
stationary value is obtained from iterated staticization operations, where the outer stat is over
a variable in which the functional is quadratic. Thus, if one can invert the order of the of the
stat operations, then the inner stat operation results in a functional that is obtained as a solution
of a differential Riccati equation (DRE). (It should be noted that this DRE must typically be
propagated past escape times, where this propagation may be efficiently performed through the
use of what has been termed ‘“‘stat duality”, cf. [34].) Hence, after inversion of the order of

the iterated stat operations, the problem may be reduced to a single stat operation such that the
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argument takes the form of a linear functional operating on a set of DRE solutions. Consequently,
an issue of fundamental importance regards conditions under which one may invert the order of
stat operations in an iterated staticization.

In Section 3.2, the stat operator will be rigorously defined, and a general problem class
along with some corresponding notation will be indicated. Then, in Section 3.3, a somewhat
general condition will be indicated, and it will shown that one may invert the order of staticization
operations under that condition. This will be demonstrated by obtaining an equivalence between
iterated staticization and full staticization over both variables together. Section 3.4 will present
several classes of problems for which the general condition of Section 3.3 holds. Finally, in

Section 3.5, a stationary-action application in astrodynamics will be discussed.

3.2 Problem and Stationarity Definitions

Before the issue to be studied can be properly expressed, it is necessary to define

stationarity and the stat operator.

3.2.1 Stationarity definitions

As noted above, the motivation for this effort is the computation and propagation of
stationary points of payoff functionals, which is unusual in comparison to the standard classes
of problems in optimization (although one should note for example, [8]). In analogy with the
language for minimization and maximization, we will refer to the search for stationary points
as “staticization”, with these points being statica, in analogy with minima/maxima, and a single
such point being a staticum in analogy with minimum/maximum. One might note that here that
the term staticization is being derived from a Latin root, staticus (presumably originating from
the Greek, statikds), in analogy with the Latin root, maximus, of “maximization”. We note that
Ekeland [8] employed the term “extremization” for what is largely the same notion that is being
referred to here as staticization, but with a very different focus. We make the following definitions.

Let .# denote either the real or complex field. Suppose % is a normed vector space (over .# )
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with &7 C 7%, and suppose G : & — .%. We say i € argstat,. ., G(u) = argstat{ G(u) |u € </}
if it € &/ and either
G(u) — G(a)]

limsuyp ————— =0, (3.2)
u—iues/\{ay  |u—1l

or there exists 6 > 0 such that &/ NBg(it) = {ii} (where Bg(ii) denotes the ball of radius &

around i2). If argstat{ G(u) |u € o/} # 0, we define the possibly set-valued stat® operation by

stat® G(u) = stat’{G(u) |u € &/} = {G(i) | i € argstat{G(u) |u € &/} }. (3.3)

uco/

If argstat{G(u) |u € &/} = 0, then stat’ _ , G(u) is undefined. Where applicable, we are also
interested in a single-valued stat operation (note the absence of superscript s). In particular, if
there exists a € .7 such that stat’ _ , G(u) = {a}, then stat,c ., G(u) = a; otherwise, stat, ¢ ., G(u)
is undefined. At times, we may abuse notation by writing i = argstat{G(u«) |u € </} in the event
that the argstat is the single point {i}.

In the case where 7% is a Banach space and &/ C % is an open set, G : &/ — .7 is

Fréchet differentiable at iz € </ with continuous, linear DG (i) € £ (% ;. F) if

LG - 6@ - DG@w| o
w—0, i+wee\{ii} lw|

The following is immediate from the above definitions.

Lemma 10. Suppose % is a Banach space, with open set &/ C 7/, and that G is Fréchet

differentiable at i1 € 7. Then, i € argstat{G(y) |y € <} if and only if DG(i1) = 0.

3.2.2 Problem definition

Throughout, let %/, ¥ be Banach spaces with norm on %/ denoted by |-

9, and similarly
for . When % is also Hilbert, let the inner product be denoted by (-, ) , and similarly for ¥".
Let the resulting norms and inner products on %/ x ¥ be denoted by |- |4/« and (-,-)4 « . Let

&/ C % and # C ¥ be open. Throughout, we assume
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G€C2<@7X<@;g). (Al)

Then, for each u € <7, let g'* € C?(%;.%) be given by g'*(v) = G(u,v) for all v € . Similarly,

for each v € 4, let g*¥ € C?(a/;.7 ) be given by g%V (u) = G(u,v) for all u € o7. Further, let
A= {ue | sta}gl’”(v) exists } and %= {ve B stzt/gz’v(u) exists }. (3.5)
VEY UE.

Given u € </, let .4 (u) = argstat, » g'(v), and given v € B, let A% (v) = argstat,c ,, g>" (u).

Next, define G' : &7 — .% and G? : B — .F by

Gl (u) = Eg%gl’”(v) Vue o and G*(v) = usg}z;gz’v(u) Vv e %g.

Finally, let

ol = argstat G' (u) and B = argstat G>(v).

MEJZ{G VE@G

We will discuss conditions under which

stat G'(u) =  stat  G(u,v) = stat G*(v). 3.6
UEAG (I/l) (u,v)ed X RB (u V) vEABG (V) (3:6)

We will generally be concerned only with the left-hand equality in (3.6); obviously the right-hand
equality would be obtained analogously. We refer to the left-hand object in (3.6) as iterated stat
operations, while the center object will be referred to as a full stat operation. Although in some
results, the existence of both the iterated and full stat operations are obtained, many of the results
will assume the existence of one or both of these objects. We list the two potential assumptions
below. In each result to follow, we will indicate when one or both of these is utilized. The

full-stat assumption is as follows.

Assume stat(, e s x 2G(u, v) exists (and let (i1, V) € argstat(, e 7 x 2 G, ).

(A.2f)
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Note that under Assumption (A.2f),

i€, ve B, ve. #' (i), and e #*(P). (3.7)

The iterated-stat assumption is as follows.

Assume stat,c ,,G' (u) exists (and let @ € Ag). (A.2i)

Note that under Assumption (A.2i),

Ive.#' (@), and stat G'(u) = g"*(¥) = G(a,7). (3.8)

UEAG
We will first obtain (3.6) under some general assumptions. After that, we will demonstrate
that these assumptions are satisfied under certain other sets of assumptions, where the latter sets
describe more commonly noted classes of functions (specifically, quadratic, semi-quadratic and
Morse functions). Again, we mainly address only the left-hand equality of (3.6); the right-hand

equality is handled similarly.

3.3 The General Case

Given ¢ C ¥ and v € ¥, we let d(V,%4) = inf,c4 |v — V|, and use this distance notation

more generally throughout. In addition to (A.1), we assume the following throughout this section.
There exist § = 8(it,7) > 0 and K = K (i, ¥) < oo such that d (v, .4 (u)) <

K | — u| for all u € o N By (if). (A.3)
We note that (A.3) is trivially satisfied in the case that there exists 6 > 0 such that Bg(it) N.27g = 0.

It may be helpful to also note that (A.3) is satisfied under the possibly more heuristically

appealing, following assumption.
For every ii € </ and every v € . (ii), there exist § = §(ii,7) > 0

and K = K (ii,7) < oo such that d(¥,.#" (1)) < K |ii — u for all u € o/ N

By ().

(4.3
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Lemma 11. Assume (A.2f). Then, i € /g and G(ii,7) € staty, . G'(u).

Proof. Let (ii,7) be as in (A.2f). Let R =d((i,V),(«/ x %)°). By Assumption (A.3), there
exist 8 € (0,R/2) and K < oo such that for all u € @z N Bgs(i) and all € € (0, 1), there exists
v € 4" (u) such that

V=7 < (K+€)|u—i| < (K +¢)8. (3.9)

Leti e JZ/GﬁBg/(KJrl)( i). By 3.7),

1, 1,i =
stat statg " (v)| = |stat g " (v) — G(i1, V)|,
stat g7(v) — stat g7 (v)| = [stat g""(v) ~ G(7,7)|

and by (3.9), there exists v € Bg (V) such that this is

= |G(a,7) — G(i1, 7). (3.10)

Let f € C((—3/2,3/2); &/ x PB) be given by f(A) = (a+ A(id—i),v+ A (¥ — 7)) for
all 2 € (=3/2,3/2). Define WO(A) = [Go f](A) for all A € (—3/2,3/2), and note that by
Assumption (A.1) and standard results, W° € C*((—3/2,3/2);.%). Similarly, let W'(1) =
[(Gu,Gy) o fl(A) = (Gu(f(1)),Gy(f(A))). By Assumption (A.1) and standard results, W' €
C'((—3/2,3/2);% x V). Then, by the Mean Value Theorem (cf. [2, Th. 12.6]), there exists
Ao € (0,1) such that

|G(ii,7) — G(a,7)| = [W° (1) = w°(0)] <

o)) | |52 (ho)

—’( (uo,vo), (u(),V()))H(u—b_t,ﬁ—ﬁ)L

where (ug,v0) = f(Ao), and which by (3.9),

<’( (uo,vo0), Gy (uo,vo) M/ (K +1)2|i—al. (3.11)

Similarly, there exists A; € (0,4g) such that

| (Gul(uo,v0), Gy (uo,v0)) — (Gu(i, ), G\ (@, 7)) | = W' (Ao) — W' (0)]
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2 2
< |t | ] <] 0w —an o),
where (u1,v1) = f(A1), and this is
<|-EC |yt 02—l
~ld(u,v)? '

Recalling (i, V) € argstat(,, ,)c o/ 5 G(u,v), this implies

d*G
| (Gu(o,v0), G (10, v0)) | < ‘ 2(f(7tl))‘ 14+ (K+1)2]a— . (3.12)
d(u,v)
Combining (3.11) and (3.12) yields
. _ d*G Nie 2
G(@,7) ~ G(i,7)| < | = (f(A) |11+ (K + 1)) a— .
d(u,v)
Let K| = ‘d(%(v;)z(ﬁ,\?)}. By (A.1), there exists & € (0,8/(K + 1)) such that for all (u,v) €
Bs(a,v), d(d;—f)z(u,v)‘ < Kj + 1. Hence, there exists C < oo such that
G (i, 7) — G(a,7)| < Cli—al* Vie A6 B, 1) ()- (3.13)

Combining (3.10) and (3.13) one has |stat,c z g% (v) — stat,c 2 g (v)| < C|ii — i1|?, which upon

recalling that i € </ N B JK+1) (1) was arbitrary, yields the assertions. [l

Theorem 6. Assume (A.2f). Then
stat Gl(u) = G(i,7) = stat  G(u,v).

UEAG (u,v)edd x AB

Proof. The assertions follow directly from the assumption, (A.2f) and Lemma 11. [l

3.4 Some Specific Cases

We examine several classes of functionals that fit within the general class above.
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3.4.1 The Quadratic Case

Throughout this section, we take &/ = % and & = V', where %,V are Hilbert. Let

(W) + (3,V)y + 5 (Bru,u)gy + (Bav,u)ay + 5(Bav,v)y

(W) + (v, V) + 5 (Bru,u)gy + (Byu,v)y + 3(Bsv,v) v, (3.14)

forall u € % and ve ¥, where By € L(U;%), B, € L(V;%), Bs € L(V;V), we X,
y € ¥ and ¢ € Z, where .Z(-,-) generically denotes a space of bounded linear operators, and

By, B3 are self-adjoint and closed. We present results under both the cases of (A.2f) and (A.2i).
When the full staticization is known to exist

We suppose (A.2f). This subcase is fully covered in [34], and hence we will mainly
only indicate an additional approach. More specifically, in [34], it is directly shown that under

Assumption (A.2f), in the case of (3.14), we have the following.

Theorem 7. Assume (A.2f). Then, stat,c o, G' (u) exists, and

tat G'(u) =G, v) = stat G . 3.15
Sat (u) = G(@,7) W (u,v) (3.15)

Here however, we show that Assumption (A.3) is satisfied for G given by (3.14), and
hence that assertions (3.15) of Theorem 7 follow as a special case of Theorem 6. We begin by

noting the following, which follows directly from (3.14) and Lemma 10.

Lemma 12. Let ii € </. Then v € .4 () if and only if B5ii+ B39 +y = 0.

We now indicate the key result of this section.
Proposition 1. Assumption (A.3) is satisfied.

Proof. We suppose o7 # {ii}; otherwise the result is trivial. Let i € o/ \ {i#}. By Lemma

12, ¥ € .41 (4) if and only if B5ii+ B39 +y = 0. However, by (3.7), 7 € .# ' (i1), and hence by
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Lemma 12, B}ii+ B3v+y = 0. Combining these two inequalities, we see that ¥ € .# Y(q) if
and only if B, (4 — it) + B3(9 — ) = 0. We take ¥ = ¥ — BYB, (i — it), where the # superscript
indicates the Moore-Penrose pseudo-inverse, where existence follows by the closedness of B3,

cf. [3, 53]. Then, ¥ € .#' (&) and |v — | < |BY||B,| |4 — @

, where the induced norms on the

operators are employed, which yields the desired assertion. [

By Proposition 1, we may apply Theorem 6 to obtain the leftmost assertion of (3.15) in

Theorem 7, if stat,c o, G' () exists. The existence of stat,c ., G' (1) given (A.2f) is obtained in

[34], and the proof is not repeated here.
When the iterated staticization is known to exist

We suppose (A.2i). We will find that stat,, ,)c s x 2 G(u, ) exists, and obtain the equiva-
lence between full and iterated staticization. We begin with a lemma (which is similar to Lemma

10 of [34]).

Lemma 13. Given any ii € </, .#'(ii) is an affine subspace, and further, G(i,-) is constant on

M ().

Proof. Letii € o/g. By Lemma 12, v € . (i) if and only if B3v = —(Bhii +y), which yields

the first assertion. Suppose 7,9 € .# ! (ii). Then, using (3.8),

Theorem 8. Assume (A.2i), and let V be as given in (3.8). Then, stat(, ). <z G(u,v) exists,

and stat(, ey v G(u,v) = G(ii, V) = statyc o G'(u).
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Proof. Assume (A.2i), and let v be as given in (3.8). First, note that the assertion that G(i1, V) =
staty,c o, G'(u) will follow from the other assertions and (3.8). By Lemma 12, v € .#' (i) if and

only if B+ Bsv+y = 0. For u € o/, let

=9 —BY[Bhu+y— (Bhii+y)], (3.16)

<c
—~

<
S~—

I

and note that

W(it) = 7. (3.17)
Let 7 = —Bg [B,ii+ y], and note that as v and ¥ are both in .# (@), by Lemma 12,

0=B3[v— 7] = B3 [v+ B (Bhii +)). (3.18)
Then, using (3.16) and (3.18), we see that for u € o7,

B3¥(u) + Byu+y = B3 [v — B} (Byu — Byia)| + Bhu+y
= B3[— Bi(Bhu+y)] +Bhu+y,
which by definition of the pseudo-inverse and the fact that B}ii + y € Range(B3) for u € <7,

=0.
Hence, ¥(u) € .#'(u) Yu € o/, and consequently,
G'(u) = G(u,v(u)) Yue . (3.19)

Then, by (A.2i) and the choice of i,

dG'  _
= E(”),

which by (3.16), (3.19), (A.1) and the chain rule,

0
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= G, (i1,¥(i0)) + Gy (i1, ¥(it) )~ (1),

which by (3.17) and our choice of v,

dv
= GM(I/LV) + Gv(ﬁ,\j)a(ﬂ) - Gu<l/_t,\7)
From this and the choice of v, we see that
(a,v) € argstat G(u,v) and G(a,v) € stat® G(u,v). (3.20)
(u,v) €A X A (u,v)eA X AB

Now suppose there exists (i, V) € argstat, )c s x 2 G(u,v) \ { (@, 7) }. This implies
Gu(d,9) =0, and G,(d,?) =0, (3.21)

and consequently,

Let

¥ (u) =9 — B [Bou+y— (Bhit+y)] Vue o, (3.22)
and note that

V(@) = 9P. (3.23)
Let ¥ = —B%(B,ii+y), and note that 9,7 € .#' (). Similar to the above, we see that

0=B3(5—7) = B3 [+ Bi(Bhit +y)]. (3.24)

Then, again similar to the above, using (3.24) and the definition of the pseudo-inverse and
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Bli+y € Range(B3), we see that

Bsv'(u) + Byu+y = B3 [0 — B (Bhu+y— (Bhit+y))| +Bou+y
= B3 [V — BY(Bhu+y)] + Bou+y=0,
which implies that ¥/ (u) € .1 (u) for all u € <7;. Hence,

G'(u) = G(u, V' (u)) Yue . (3.25)

By (3.22), (3.25), (A.1) and the chain rule,

AN PRSY N Al ANV
() = Guli, V() + Go i, () (2),
which by (3.21) and (3.23),
dv’
=G, (a,9)+ Gv(ﬁ,ﬁ)E(ﬁ) =0,

which implies that i € «7;. Using this, (3.20) and (A.2i), we see that G(4,9) = G(i7,7). As

i,v) € argstat G(u,v it,v) } was arbitrary, we have the desired result. ]
(u,v)edd X AB

u,y

3.4.2 The Semi-Quadratic Case

Throughout this section, we take </ C % and £ = ¥, with ¥ being Hilbert. Let

G(u,v) = fi(u) + (fo(u),v)y + 3(B3(u)v,v) v, (3.26)

for all u € o7 and v € ¥, where f| € C?(o/;.F), f» € C*(o/;¥) and B3 € C*(ot; L (V, V),
and B (u) is self-adjoint and closed for all u € <7. For each u € 7, let BY(u) = [B3(u)]"* denote
the Moore-Penrose pseudo-inverse of B3(u). Assume that there exists a constant D > 0 such that
|B(u)] < D for all u € o/;. Similar to Lemma 12, the next lemma follows directly from (3.26)

and Lemma 10.
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Lemma 14. Let i € o7. Then v € .4 (it) if and only if f>(it) + B3()p = 0.
When the full staticization is known to exist

Lemma 15. Assume (A.2f). Then assumption (A.3) is satisfied.

Proof. The result is trivial for o7 = {i}. Suppose <z # {ii}. Choose any 6 > 0 such that
G0 (Bs(@)\{ii}) # 0. Let i € [N Bg(@)]\ {a}. Let ¥ =v— Bi(q)f2(d) — B4 (1) B3 ().

Therefore, ¥ € .4 (i) by Lemma 14. We have

|07 = | B§(a) f2(@) + BS(2)B5 ()7

)

and noting that by Lemma 14, B3(i1)v + f>(i1) = 0, this is

— |BY(a) [f2(2) — fo(@0) — B (@) 7+ Bs ()7

< |BS(@)||f2(2) — fo(@) + (Bs(a) — B(a))v],

and letting Ky = max; (o 1] }%(lﬁ—l— (1—A)ir)| and Kp = max; (o, !%(lﬁ%— (1—A)a)|, this
is
< D|[K¢|d— i+ Kg|v||d — ],

which yields (A.3). O
Theorem 9. Assume (A.2f). Then stat,c o, G! (u) exists, and

stat G'(u) = G(a,7) = stat  G(u,v).

UEAG (u) (I/t V> (u,v)eA X R ( )
Proof. This follows immediately from Lemma 15 and Theorem 6. 0
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When the iterated staticization is known to exist

The case where the iterated staticization is known to exist appears to require a substantial

additional assumption.
Theorem 10. Assume (A.2i). Also assume that f>(u) € Range[B3(u)] for all u € <. Then

stat(,,,) e x 2 G(u,v) exists, and

stat G'(u) = G(a,7) = stat  G(u,v).
ucd; (u) (M V) (u,v)edd x B (u V)

Proof. Note that by assumption and Lemma 14, o/ = o7. Let i1 € g, and let ¥ be as in (3.8),
which implies

G, (i,7) =0. (3.27)

Suppose G, (i1, v) # 0. Then there exists € > 0, sequence {u,} with elements u, € <7 \ {i} and

u, — i, and 71 =7i(€) € N such that
|G(ui,v) — G(a,v)| > €lu, —u| Yn>ii. (3.28)

Let

Vn =7 — B (u,)[fo(un) + B3(u,)7] VneN. (3.29)

Then, using Lemma 14,

[V — 91 < B (un)| | 2 (1tn) + B3 (a) ¥ — f2() — B3 ()7

which by assumption,

< D(|f2(un) = fo(@)] + |B3(un) — B3 (@)|[7]). (3.30)
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Now, by the Mean value Theorem (cf. [2]), for each n € N, there exist A,, jtn € [0, 1] such that

d
i)~ (@) < | 2 (gt + (1= 20)) [l — ],

Bs(u) ~ Bo(@)] < |72 G+ (1~ ) s — ],

and hence by the smoothness of f>, B3 and (3.30), there exist K < o and 7 € N such that
v —v| < DK(1+4|V|)|u, —ia| Vn>i. (3.31)
Also, using (3.29),

B3(”l1)vn + fZ(”n) = B3 (un) [‘7 - Bg(”ﬂ)ﬁ(”n) - Eg(”n)g3 (”n)ﬂ + fZ(Mn)a
which by assumption and the properties of the pseudo-inverse,

= B3 (upn)v — fo(un) — B3(un) v+ fo(un) =0, (3.32)

and hence, v, € .#)(u,) for all n € N. Hence, by (A.2i), there exists 77 = 71(€) such that for all

n>n,

(G (unyva) = G(@,7)| = |G (un) — G (@)| < 5 |u — i,
which implies

G lutn,v0) = G, )+ Glan, ) — G, )] < = a1,
and hence

|G (uy,v) — G(,v)| < g\un —i|+|G(up,vn) — G(up,v)| Vn>n. (3.33)
Now by (3.26),

G, 7) — G(ttn,vn) = (fo(n), ¥ — )y + 3 (B3 (un)¥,9) 5 — %(Eg(un)vn,vn)a//,
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which by (3.29),

= (f2(utn), B3 (tn) [f2.(un) + B3 (1) ¥]) 5 + 5 (B3(un)7,7) 5 — 5 (B3 (ttn) Vi, )

and by Lemma 14 and the self-adjointness of B3, this is,
= (B3 (ttn) v, B () B3 () (v = v)]) 3 + 5 (B3 (1) 0, 7) - — 5. (B3 (tn) Vs V)

= (B3(un) (T —vp),(V—vy)) v (3.34)

Applying (3.31) in (3.34), we see that there exists K; < oo such that |G (up, V) — G(up,vy)| <

Ki|u, — i|? for all n > #, and consequently, there exists 1; = /11 (€) € (72,0) such that

G ttn, 7) — Glttn, v)| < §|un—ﬂ| Vi > . (3.35)
By (3.33) and (3.35),

\G(up,v) —G(@,v)| < €lup, —ut| Vn>nAn;. (3.36)
However, (3.36) contradicts (3.28), and consequently,

G(i,7) = 0. (3.37)
By (3.27) and (3.37),
(@,v) € argstat G(u,v) and G(@,v) € stat’ G(u,v).
(u,v)Ef X B (uv) et x B

Now suppose there exists (i, V) € argstat, )c s« G(u,v) \ {(@,?)}. This implies

G,(#,9) =0,  G,(4,9)=0, vec.#'(4), and G'(2) = G(4,?). (3.38)
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Similar to (3.29), let

(1) =9 — B4 (u) fo(u) — B5(u)B3 ()9 Vue o,

and note that v(i1) = V. Also, similar to (3.32), we see that

B3 (u)v(u) + fo(u) = B3(u)? — fo(u) — B3(u)V+ fo(u) = 0,

which implies that ¥(u) € .# ' (u) for all u € .o7. Hence, G' (1) = G(u,V(u)) for all u € 7. Note

that

G (1) = G (@)] = |G (u, () — G(, )]
< |G(u, ¥(w) = G(w,9)| + |G, 9) = G(a,9)],

and note that by (3.38), given € > 0, there exists 8, = &; (&) > 0 such that for all |u — i| < &,

< —|lu—1i|+|G(u,¥(u)) — G(u,)|. (3.39)

| M

Also, similar to the estimate (3.35), we find that there exists &, = 32(8) > 0 such that
G, ¥(1)) — G(u, B)| < §|u—ﬁ| Viu—a| < &.
Using this in (3.39), we see that
G (u) — G (a)| < elu—a] Yu—a] <& Ab. (3.40)

Hence, %(ﬁ) = 0, which implies that 4 € /5. Using this and (A.2i), we see that G(&,?) =

G(a, 7). As (@,7) € argstat,, ) o« G(u,v) \ {(&,7)} was arbitrary, we have the desired result.

]
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3.4.3 The Uniformly Locally Morse Case

Throughout this section, we will assume that G is uniformly locally Morse in v in the
following sense. We assume that for all (4,7) € & x % such that G,(&,7) = 0, there exist
& =&(0,9) > 0 and K = K(4,9) < e such that G, (u,v) is invertible with |[G,(u,v)]'| <K
for all (u,v) € Bg(i1, 7). We also assume that Gy, (u,v) is bounded on bounded sets. Under these
assumptions and (A.1), we will find that Assumption (A.3") holds (and consequently, (A.3)).

Hence, one may apply Theorem 6. We present results under both the cases of (A.2f) and (A.2i).

When the full staticization is known to exist

We suppose (A.2f). We will find that stat,c ., G' (1) exists, and obtain the equivalence

between full and iterated staticization.

Lemma 16. Assume (A.2f). There exist €,8 > 0 and ¥ € C'(B¢(i1); % N Bs(V)) such that

-1

B¢ (1) C o, v(ia) =V, G,(u,v(u)) = 0 and %(u) =— [GVV(”7V)|(u,v(u))] GMV(”’V)‘(u,v(u))for

all u € Be(i).

Proof. The first two assertions are simply the implicit mapping theorem, cf. [28]. The final

assertion then follows from an application of the chain rule, that is, noting that G, (u, V(u)) =0

on B (i),
dG,(u,v(u)) dv _
0= i = Guv(u,v)|(u7ﬁ(u)) + Gw(u,v)‘(u v(u))E@‘) Vu € Be(id).
]
By Lemma 16 and the definition of .27,
G'(u) = stat g (v) = G(u,¥(u)) Vu € Be(id) C . (3.41)

veR
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Then, by (3.41), the chain rule, (A.1) and Lemma 16,

G'(-) e C'(Be(1); 7). (3.42)

Lemma 17. Assume (A.2f). Then, there exists K < oo and 6 € (0, €) such that |v(u) — v(i1)| =

|V(u) —v| < K|u— il for all u € Bg(ia) C .

Proof. By Lemma 16, j—Z(-) is continuous on B¢ (it) C ;. Further, by the final assertion of
Lemma 16, the uniformly locally Morse assumption and the boundedness assumption of the

lemma,
dv

—1
T ]G (u,v)

()] = [Gunl,v)|

| <KK,
(15(0))

(u,(u))

where K is a bound on |Gy (i, ¥(1))

(7 ))| over Bg(i1). Hence, by an application of the mean
u,v(u

value theorem, we obtain the asserted bound. O]

Note that Lemma 17 implies that Assumption (A.3) is satisfied, and hence one may
apply Theorem 6, which implies that the equivalence of stat and iterated stat holds under the

assumption of existence of the latter.

Lemma 18. Assume (A.2f). Then, stat,c o, G' (u) exists.

Proof. Note first that by (3.41), (3.42) and the chain rule,

d - d y o oAV
@6 )], = L), = Gula. ) + Gl 5(@) 2 (),
which by (A.2f) and Lemma 16,
=0.
Consequently,
i € argstat Gl (u) and G'() € stat® G!(u). (3.43)

UEG ued;
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Suppose i # i is such that

i € argstat G (u). (3.44)
ued;

Then, by (A.2f), there exists ¥ € .#'(i1). Recalling that G is uniformly locally Morse in
v, and applying the implicit mapping theorem again, we find that there exists &€ > 0 and

V' € C!(Bg (it); #) such that B/ (it) C /g and
V(i) =9 and G,(u,%'(u)) =0 VYuc Bu(it) C . (3.45)
Then, by (3.44), another application of the chain rule and (3.45),
0=—G! (u)| = G,(2,V' (4)) + G,(@,V' (7)) — (2) = G, (@, 7). (3.46)
By (3.45) and (3.46), (4,7) € argstat,, ) o G(u,v), and hence by (A.2f),
G(i,9) = G(i,v). (3.47)

Recalling from (3.7) that ¥ € argstat, ., g"#(v), and using (3.47), we have

As 1 € argstat, ¢ ;. G'(u)\ {it} was arbitrary, we have the desired result. O
Theorem 11. Assume (A.2f). Then, stat,ec ., G' (u) exists, and

stat G'(u) = G(a,7) = stat  G(u,v).
UEA; (M) (I/t V> (uyv)eu xv (M V)

Proof. The assertion of the existence of stat,c o, G'(u) is simply Lemma 18. Then, noting that

Lemma 17 implies that Assumption (A.3) is satisfied, one may apply Theorem 6 to obtain the
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second assertion of the theorem. ]
When the iterated staticization is known to exist

We suppose (A.2i). We will find that stat,, ,)c s«  G(u, ) exists, and obtain the equiva-

lence between full and iterated staticization.
Lemma 19. Assume (A.2i). Then, stat(, ,)c ..z« G(u,v) exists.

Proof. By (A.2i), (3.8), the uniform Morse property and the implicit mapping theorem, there

exists § > 0 and v € C!(Bg(i1); %) such that Bs C o7,
V(i) =v and G,(u,v(u)) =0 VYuec Bs(i). (3.48)

By the differentiability of ¥, (A.1) and the chain rule,
d_(_}l dv _dv

(1) = G, (@) + G, (#,9(@) (1) = Gl 7) + G (,9) . ().

Using (A.2i) and (3.8), this implies 0 = G, (i, ), and hence (&, V) € argstat,, ,,)c o/ .2 G(u,v).

Now suppose there exists (i, V) € argstat, ,)c o« G(u,v) \ {(@,?) }, which implies
Gu(i,9) =0 and G,(a,9) = 0. (3.49)

By (3.49), (A.1), the uniform Morse property and the implicit mapping theorem, there exists

8’ >0and V' € C'(Bg (1); %) such that By (it) C o7,
V(@) =7 and G,(u,%'(u))=0 Vu€c Bg(a). (3.50)
Further, combining the definition of .27; and (3.50), we see that

Gl (u) = stat g () = G(u,V' (u)) VuBg (i) (3.51)
VEZ
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Then, by (3.50), (3.51), (A.1) and the chain rule,

which by (3.49) and the definition of ' (u),

=0.

That is, i € argstat, ,,. G' (u), and using (A.2i), this implies G' (@) = G'(it). Combining this

with (3.50) and (3.51), we see that

As (4,7) € argstat(, ,)c 7 Was arbitrary,

G(4,9) = G(a,v) for all (4,V) € argstat G(u,v).
(u,v)eod x B

By Lemma 19 and Theorem 11 we have the following.

Theorem 12. Assume (A.2i). Then, argstat, ,)c 7 5 G(u,v) exists, and

stat  G(u,v) = G(i1,7) = stat G'(u).
(uyv)ewu xv (l/l V) (M V) UEAG (I/t)
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3.5 Application to Astrodynamics

As noted in the introduction, there are two classes of problems in dynamical systems that
have motivated the above development. The first class consists of TPBVPs in Astrodynamics,
and we discuss that here. Specifically, one may obtain fundamental solutions to TPBVPs in
astrodynamics through a stationary-action based approach [18, 19, 38, 40]. We briefly recall
the case of the n-body problem. In this case, the action functional with an appended terminal
cost (cf. [40]) takes the form indicated in (3.1), where now x = ((x")7, (x*)7,... (x")T) " where
each x/ € R3 denotes a generic position of body j for j € A" = {1,2,...n},and &, u. of (3.1)
are similarly constructed. The kinetic-energy term is 7 (u,) = %27:1 m j\uﬂz, where m; is the
mass of the j'* body.

Suppose x’ # x/ for all i # j. Then, the additive inverse of the potential is given by

I X —x/|?
—V(x)= Z lm,mj max (%)3/2Fm,m] 0 j | |
(i.j)e oA ¥ —xI| - aety.. (i.j)esA 2
= max |[—V(xa)]=-V(x,a), (3.52)

where I is the universal gravitational constant, %2 = {(i, j) € A4 |j > i}, A 0y denotes the set
of arrays indexed by (i, j) € .#2 with elements in (0,0), and @&; ; = @ j(x) = [2/(3]xi —x/|?)] 12
for all (i, j) € .#2; see [40]. Recalling the discussion in Section 3.1, we note that solutions of
stationary-action problems with these kinetic and potential energy functions will yield solutions
of TPBVPs for the n-body dynamics. Letting %, = L»((0,7);R*"), one finds that the problem

becomes that of finding the stationary-action value function given by

W (t,x) = stat J°(t,x,u), (3.53)

uch

where

txu /Tur ér dl”—{-(P ét /Tur + max [—V(x,a)}dr—l—d)(é),

OCGL%/(O,OO)
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BCAuc Uy, V(i,j)e I forae. re(0,),|E &/ #0}. (3.54)

Remark 5. Throughout the discussion to follow, we assume that W (t,x) given by (3.53)
exists. In particular, we assume that % is open, and that there exists i € 9B such that
argstat, 5 JO(t,x,u) = {ii}. In the case where the problem corresponds to a TPBVP, this amounts

to an assumption that if there are multiple solutions to the TPBVP, then the solutions are isolated,

cf. [18, 19, 40].

Let 427(07,) = C((O,t);e///(07oo)) and ;zf(lg = C((0,1);.4x), where . denotes the set of
arrays indexed by (i, j) € .#* with elements in R, and where we note that the former is a subset

of the latter, which is a Banach space.

Lemma 20. Letx € R ¢ ¢ (0,00) and 5B C % . Then,

W(t,x) = stat stat J(t,x,u,@),
MG%QG{QZ(OJ)

where

J(t,x,u,&)i/o[T(ur) V(&) dr+ 0 (&), (3.55)

Further, if of C $27~(0J) is open and such that & € «f where &y’ = 0; (&) for all (i,j) €
I8 and a.e. r € (0,t), where & = x+ [ updp, then W (t,x) = stat,c g statge oy J (t,x,u, &) =

stat,c 2 J (¢, %,u, Q).

Proof. Letx € R, 1 € (0,00), u € B C %, and o = ). By [40, Theorem 4.7], we find
JO(t,x,u) = maxge o J(t,x,u, &), where J(t,x,u, &) is given by (3.55). Noting that J(z,x,u,-) is
differentiable and strictly convex then yields JO(¢,x,u) = statgc s J(t,x,u, &). Combining this
with (3.53) yields the first assertion. The second assertion then follows by noting the argmax of

(3.52). [l

If one is able to reorder the stat operations, then the stat representation of Lemma 20 may
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be decomposed as

W (t,x) = stat W(t,x, &), (3.56)
aco
W (t,x, @) = stat { tT(ur) ~V(&,a)dr+ ¢(§,)}. (3.57)
ucHh 0

Further, suppose ¢ is a quadratic form, say

O(x) = d(x;2) = 3 (x—2) Py (x—2) + 0, (3.58)

where z € R3 and Py is symmetric, positive-definite. Then, the argument of stat in (3.57) will be

quadratic in u, and we will have
W(t,x, &) = ST PEx+x" Q%2+ 72" Q¥x + ' R*z+9%), (3.59)

where P%, Q,a‘,R,ﬁ‘ may be obtained from solution of &-indexed DREs, and }/f‘ is obtained from
an integral [34, 40]. It will now be demonstrated that in the case of quadratic ¢, we may reorder

the stat operators.

Remark 6. We remark that different forms of ¢ may be used such that payoffs (3.55) (which will
be shown to be equivalent to (3.56)) correspond to different TPBVPs for the n-body problem;
see Section 3.1 and [40]. The means by which this may be utilized for efficient generation of

fundamental solutions is indicated in [18, 19, 40].

Remark 7. It can be shown that for sufficiently short time intervals, J°(t,x,-) is convex and
coercive, and one then has W (t,x) = min,c g maxge o7 J (¢, x,u, &) for appropriate <f | . In that
case, one also finds that W (t,x) = maxge oz minge 2 J (t,x,u, &), and one proceeds similarly to
the case here. That is, one again has (3.59), where the coefficients satisfy DREs. See [40] for the
details. Here, we will employ the reordering of iterated stat operations to obtain W (t,x) in a

similar form, i.e., in the form (3.56).
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Lemma 21. Let x € R¥, t € (0,00) and & € 'Q;(OJ)' Suppose ¢ has the form (3.58). Then,

J(t,x,u, &) = fi(&)+ (fz(ﬁt),u>q/07l + %<B3(5‘)”a”>%,t Yue %y,,

where fi (@) €ER, fo(@) € U, and B3 (&) € L (U 1s %oy)-

Proof. Using (3.52) and (3.55), we see that

~i7j3 i ]2
J(t,x,u, ) / Zm]]u1\2+ Y G Fm, m;| o) — (&) ’gr | dr+¢(&).

(i,j)es A
(3.60)
Note that for the kinetic-energy term, we have the Riesz representation
t n 9
/0 % ij|l/t}],| dr = %<Q1M,M>%O_’t, (3.61)
j=1

where the operator Oy € 2 (% ;%) is given by [Qiul, = Qyu, for all r > 0, and Q; is the
3n x 3n block-diagonal matrix with blocks m I3, my 13, ... myl5.
Let["= (%) 32 I'. Similarly, we have find that the potential term in J may be decomposed

as

i £J2
r | ) mimj/ot [&ﬁ’j— (di’jf—'érl 2§r|

r j rog T rr j
F Yy —mimj/ [(N,J)gw updp [ +| [ updp > —2( Jg updp) fouédr] o
0

2

./z (ai,j)32<x —x)HT (f dp) +2(x/ —x)T ( Oupdp)

+I Z —m;m; > dr
(i,j)esA
) T a2 2 — 2 ()T

+F ¥ mimj/ {&;ﬂ-(&;ﬂf b I |2 () x } dr (3.62)
(ijess 70

= %(QQ(&)IJ, u)%o,; + <R2(&)vu>%0,, —|—S2((~X) Vue %0717
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where we will obtain explicit expressions for Q» (&) € L(%1; %), R2 (@) € % and S» (&) € R.
Considering a single generic component inside the first summation on the right-hand side of

(3.62), note that

t i3 r ; T r j t t t i3 iNT j
/0( ) (/0 updp> /Oufdrdr:/o /0 /0 0. (P)I0,(7)(057) (up) " urdp dedr,

where generically, %, denotes the indicator function on set %', and that this is
t oot gt s
= [ A1) ) arapa,

W ACRVAVCARIE T

Combining all these generic terms and rearranging our choice of dummy variables, we find that

=l

for all u € %, [Qa2(@)ul, = [§[02(&)](r, T)ucdt, where [Q2(&)](r, ) is given as follows. For
i,j €]1,n[ such that i # j, let

0@ D)y = mm; [ (&) do,

T™Vr

and for i €]1,n], let

[G2(D))(rD)]ii=~ ), [02@)](n7)]i.

JELn, j#i
Then, [02(&)](r,7) = [02(&)](r, )] ® 5, where ® denotes the Konecker product here.

Proceeding similarly, we find that R, (&) € %, has the Riesz representation
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For the zeroth order in the expansion of the integral of the potential term, we have

y 12 34 |12 — ()T xd
Sa)= Y lemj/ i — ()] ar K \2 2()" 0

(i,j)es

Now, we turn to the terminal cost. Recalling (3.58), we have

0(&) = %(()jupdp> TPO (gupdp> + (x—z)TPO <0jupdp> +3x=2)"R(x—2)+n

%<Q3u7u>%ov, + <R3’ u)‘%O,t +S3’

where Q3 € L (Y% %y;), R3 € %, and S3 € R. In particular, we have [Qzu], = Py fé updp
and [R3], = Py(x—z) for all r € (0,), and S3 = 1 (x — )T Py(x — z) + 3. Combining the terms,

we have the asserted form for J (¢, x,u, &), where

fi(@) =852(&) +S3,  fo(@) =Ra(&) +R3, and B3(&) = Q1+ Q2(&) + Q3.
That Bs(&) € L (% ; %) and f>(&) € %, is easily seen from the above expressions. O

Theorem 13. Let t € (0,00) and x € R3. Suppose W (¢,x) given by (3.53) exists. Let &'/ € sz(()’,)

be as in Lemma 20, and D > |B%(&)|. Let o/ = {OCE,QZO, ||B%(&)| < D}. Then,

W (t,x) = stat stat J(¢,x,u,&) =  stat  J(t,x,u,0) = stat statJ(z,x,u, o).
ucH acad (u,00)eBx o oco uch

Proof. Fix t € (0,0) and x € R*. Note that by the conditions of Remark 5, % is open.
By Lemma 21, B3(&) € L (%,.;%,) for all & € ,Qf(o 1)» Where this implies that all such
B3(&) are closed operators, and hence [BY(&)] € L (% ;%) exists for all & € Q/N(O’t). Let
g: L (U U,) — L (% %,) be given by g(B) = B* for all B € £ (%.;%;)- Let
D be as given and D € (D,). Let the open ball of radius D be denoted by Zp = {B €

L (Uos; %) ||B| < D}, and similarly for D. Let Qp = g~ '(Zp) and Qp = g~ '(Z}), and note
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that g is continuous on Qp [20, 50]. Hence, Qp is open, and as B3(+) is continuous, we find that
o/ = (B3)~'(Qp) is open. The first asserted equality then follows from Lemma 20. Further, this
implies that Assumption (A.2i) is satisfied by the expression on the right-hand side of the first
equality. Hence, if the conditions of Section 3.4.3 are met, then Theorem 12 will yield the second
equality. In this case here, the Morse condition of Section 3.4.3 is that for all (&,u) € o7 X A,
DZJ(t,x,u,&) € & (sz(g’ ot 427(1& z)) is invertible with locally bounded inverse. From Lemma 27,

the differential D%‘J (t,x,u,@)yforye ﬁ}f(g’t) has representation with components given by
[VaJ(t,x,u,&)Y)% = —30mm;al |E — EJ )2y Y (i, j) € 72, ae. r € (0,1).

As a7 |EF—E!| > 0 for all (i, j) € .#2 and r € (0,1), one finds that operator D%J(t,x,u, &)
is indeed invertible with locally bounded inverse for all (&,u) € o/ x Z. Lastly, noting the
representation given in Lemma 28, one may easily show that Di &/ (t,x,u, &) is bounded on
bounded sets. Hence, the conditions of Section 3.4.3 are met, and one may apply Theorem 12 to
obtain the second equality.

Note that the second equality also implies that the expression on the right-hand side of
that equality satisfies Assumption (A.2f). If the conditions of Theorem 9 are satisfied, we will
have the final equality. It is sufficient to show that, as a function of (&,u) € & x A, J(t,x,u, &)
satisfies the conditions of Section 3.4.2. That is, suppressing the dependence on (z,x), we must

have

J(t,,u,0) = f1(&) + (f2(0), 1) 95, + 5 (B3(0)u, )4,

with f1, f>, B3 satisfying the conditions indicated there. From Lemma 21, we see that f|, f>, B3
are C2, and B’g(d) exists and is uniformly bounded over <7 The result follows from Theorem

9. ]

Remark 8. It should be noted that the assertions of Theorem 13 allow the staticization problem

of (3.53) to be reduced to staticization over the set of DRE solutions and integrals, &7 =
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{(P%, Q% R, y*)| & € </}, as noted in (3.59). In cases where the terminal cost, ¢, (indexed
by z) has been constructed so that the staticization problems correspond to TPBVPs, the set &
provides a fundamental solution object for a set of TPBVPs. One may see [18, 19, 40] for more

detailed discussions regarding the calculations.

3.6 Schrodinger IVPs

We indicate that application to Schrodinger IVPs. The general outline is similar to that
of the previous subsection, but where the dynamics are now stochastic and complex-valued. In
order to simplify matters, in this case we consider only the problem of a single particle in a

central Coulomb field. The Schrodinger IVP is

0 = i (s,y) + L2 Aw(s,y) — w(s, )V (y), (5,5) € Z,

‘V(()»)’):‘VO()’)a yERna

where m € (0,00) denotes particle mass, 7 denotes the Planck constant, initial condition yp
takes values in C, V denotes the Coulomb potential function, A denotes the Laplacian with
respect to the space (second) variable, 2 = (0,7) x R", and subscript 7 will denote the derivative
with respect to the time variable (the first argument of y here) regardless of the symbol being
used for time in the argument list. We consider what is sometimes referred to as the Maslov
dequantization of the solution of the Schrodinger equation (cf. [29]), whichis S : 2 — C given
by W(s,y) = exp{£5(s,y)}. We also extend the space from R" to C", and reverse the time

variable. The resulting transformed problem is given by [33, 35, 37]

0 = S (s5,x) + AL AS(s,x) + H (x, Sx(s5,%)), (5,%) € e = (0,¢) x C", (3.63)
S(t,x)=¢(x), xeC" (3.64)

where H : C"* x C" — C is the Hamiltonian given by
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H(x.p) = =[glple+ V()] = st {()"p+ 51’ =V(x)},

where for x € C", |x|? = 3 (We remark that notation |- |2 is not intended to indicate a

=
squared norm; the range is complex.) We fix t € (0,00), and allow s to vary in (0,¢].

Under certain conditions, the solution of this dequantized form of the Schrédinger IVP
has a representation in the form of the value function of staticization controlled diffusion equation
[37]. In particular, we suppose the solution satisfies |Sy| < C(1 4 |x|??) for some g € N. We let
(Q,.7,P) be a probability triple, where Q denotes a sample space, .# denotes a c-algebra on
Q, and P denotes a probability measure on (Q,.%). Let {Z;|s € [0,¢]} denote a filtration on

(Q,.7,P), and let B. denote an .%.-adapted Brownian motion taking values in R". For s € [0,7],

let

Us ={u: [s,t] x Q@ — C"|uis Z.-adapted, right-continuous and such that

E [ uy|"dr < oo ¥Vm € N},

We supply %; with the norm |[u(|7, = max,,c ¢ [E [} |ur|"dr] l/m, where M > 8q. We will

be interested in diffusion processes given by

ér—ﬁr” —)H—/ updp_f_\/71+z/ dBy

where x € C", s € [0,], u € %, and B> = B, — B for r € [s,t]. For s € (0,¢) and % € (0, 1], we

define payoff J(s,-,-) : C" x % — C and stationary value, S : Zc — C by

o) =B [ Bl V&) ar+ o)},

S(s,x) = stat J(s,x,u) VY(s,x) € Zc.

UEUs

71



The Coulomb potential generated by a point charge in the central field takes the form of

V(x)=—0/|x|, Vxe&R" where [l is a constant. This may be extended to the complex domain

as (abusing notation)
- ( 2 = o |x|2 n
V() = —fi//Ixg = —¢ stat {o—=5c} VxeC

where ¢ = (3)%/?1 and 7" ={& = rlcos(6) +isin(6)] € C|r >0, 6 € (F,5]}.
Lemma 22. Let o/ = L*(Q;L?([s,t];/X)). Then

a3 &2

! 0|62 ' -
m 2 = _r c — m 2 = o
s [l cla— a0} —B{ [ 4 e s o - 2 s 0@}

The problem of solving for S(s,x) then becomes that of finding the stationary-action
value function given by

t 3 2
S(s,x) = stat statE{/ ’;’|ur|g+5[ar—ar’2§2‘0]dr—|—¢(<§z)} V(s,x) € Zc.

UEU; acdf

which may be decomposed as

S(t,x) = stat S(t,x, @),

S(t,x,0t) = stat ]E{/: Dl |2 =V (&, o) dr+ ¢(§;)}

ucUs

~ 3 2
where V (&, a,) = —¢la, — %ﬁﬂc] Again, the problem becomes that of interchanging the order
of the staticization operators, where we note that the functional is semi-quadratic in u and
uniformly Morse in &. Once that is achieved, one has

S(t,x) = gglztfg(t,x, o),

S(t,x, ) = stat ]E{/st %|ur\g—‘7(§r7ar)dr+ ¢(§z)}

UEUs
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~ 3 2 ~
where V (&, a,) = —¢[oy — %ﬁﬂc] As the S value function is that of a linear-quadratic problem
for each ¢, it may be solved through solution of a set of associated DREs. We specifically require

the following.

3 2
Theorem 14. The functional given by E {ft 2w, |> +¢lot, %] dr+¢ (ﬁt)} is twice Fréchet

differentiable in «.

For x and u taking values in R3, we have the following results.

Theorem 15. E {fst %]urlzdFl- IN dr+ (])(if,)} is differentiable with respect to u every-

ﬂﬁ

where.
This theorem follows from the following lemmas.

Lemma 23. There exists a probability measure Q such that Q and P are mutually absolutely

continuous, and d&; = 1}’st, where B. is a O—Brownian motion.
Proof. This follows from the Girsanov Theorem. O

Theorem 16. Let X be an open subset of C, and Q be a measure space. Let f : X x Q satisfy
(1) f(x,w) is Lebesgue integrable in @ for each x € X.
(2) Fora.e. @, fi(x,) exists for a.e. x.
(3) There exists 0 : Q — C s.t. |fi(x,0)| < 0(w) Vx € X, a.e. .

Then 4L [, f(x,0)do = [q fx(x,0)do.

Lemma 24. The function

X ( x2+y22+z2)
/; 2
/ / / (2m) |G| ’ dxdydz
2 +y2+22

is differentiable with respect to X.
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Proof. After changing to a spherical coordinates centered at X, the result follows from an

application of the Leibniz rule for Lebesgue integrals. [
Lemma 25. For each r € [s,t], f(r,u) = ]E{ \/%} is differentiable with respect to u.

Proof. Without loss of generality, we consider x = (x,0,0) € R>. After a change of measure as
in lemma 23, we have f(r,u) =E2{1/4/|x+ \f”’B 2}. Let X = —x. By lemma 24, the chain
rule, and noting that x+ [ updp is an affine functional of u, we have f(r,u) is differentiable in

u. O]

Note that so far we’ve only proved that E {f; 2lu,|2+cla, — %] dr+ ¢(§t)} is C!
in u. Further work is needed in order to apply the results that follow from (A.1), where the
functional is C? in both variables.

The authors thank Profs. Marianne Akian and Stephane Gaubert for helpful discussions

regarding Morse functions.

3.7 Appendix: Calculation of Derivatives

We begin by indicating some notation, and recalling standard results, cf. [2]. Let
[ U, x szf(lg o — Resatisfy f(u,-) € C2(~af(lg )iR), f(-, &) € CH (% R) for all u € Uy, & €
;zi(gj). Let Dy f : %, x ,Qf(ﬁt) — L (%, R) and D f Uy ¥ ,Qi(ﬁt) — f(;zf(g’t);R) denote the
Fréchet derivatives with respect to u and &, respectively. Note that we have [D, f(u, @)]d, €
R, [Dgf(u,@)]0s € R, V6, € %, 86 € yaf(g - By the Riesz representation theorem, for
each il € %, and & € sz(gt), there exists unique V,f (i, &) € %, such that D, f (i1, &)§,
(80, Vuf (8,0)),, V84 € Yoy

For L € L,((0,1);.#R) and y € ,@7(15_‘ 1)+ define the continuous, bilinear functional (L,y)2» =
— 42%

(V,.L)2 =X jesn I Ly dr. Note that Vaf(t,&): %, x 42%( 01)° is a representation

0,1)
of Dy f(it, &)85 everywhere in ;s < ,Qf( 0) 1 if (Vaf(i,&),84)2 = Dof(ii,&)8 for all 8§ €

%g,t)’ (ﬁ, &) € %OJ X %O7t).
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Let DL f : %, x ,Qi(ﬁ[) —Z (sz(lg’t),g (JZ;(ISJ),R)) denote the second Fréchet derivative
with respect to &. Note that for each 8y € szzg” and pair (&, &), we have D% f(i,&)84 €
Z (LQ%(B ;R). Further, D% f (i, &) is the second Fréchet derivative with respect to & at (i, &) if

1)
D% f(i,&) = Dg[Dgf](it, &). Analogous definitions hold for second derivatives with respect to

We now proceed to obtain certain derivatives and Riesz representations employed in
the proof of Theorem 13. Let J : (0,7) x R3" x Uy ¥ ,Qf((m be given by (3.55) with quadratic

terminal cost (3.58).

Lemma 26. For anyt € (0,0), x € R¥ and u € %y,, J(t,x,u,-) is Fréchet differentiable over
,Qf(g 0y and the Fréchet derivative has Riesz representation V gJ (t,x,u, &), where Vg J (t,x,u, &)

acting on 'y € eng(gn is given by (VgJ(t,x,u,&),7)s, and

3(ar) 16— &P
2

Vod (£, 1, )] = lem][l } V(i) e I re(0,0).  (3.65)

Proof. Letye Qf(g 0 and let L denote object indicated by the right-hand side of (3.65). With a

small amount of algebra, one finds

|J(t,x,u, & +7y) —J(t,x,u,é&) — (L,7)s]

L[ e () + () )i - P ar

(.J) EJA
<t xS eaa) g s 1
(i.j)es™ 0 re(0,4)

which for appropriate choice of Ky(f,x,u, &) < oo and |y| < 1,

S Ko(t7‘x7 u? &)”}/|27

which implies that the Fréchet derivative DgJ(f,x,u, &) exists, and has the indicated Riesz

representation. 0
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Lemma 27. For any t € (0,), x € R3 and u € ., the second order Fréchet derivative
D%‘J (t,x,u, &) exists for all & € <y ), and the differential has representation Vé] (t,x,u, @)y,

which for all y € tszfzg’t), is given by
V2 (15,0, @)Y = —30mm 61| EL— EIPYT (i, j) € 72, ae. r € (0,1).

Proof. Recalling the above discussion, we obtain the second-derivative representation by exam-
ining the Fréchet derivative of VgJ(,x,u, @). Let ¢,x,u be as specified, and take & € A0, Let
y € dl’g - and let [Ty = —3Fm,mjar’]|§‘ E/12y17 for all i, j €]1,n[ and r € (0,), where

& =x'+ [y updp. Note that

\VaJ (t,x,u,00+7y) —Val(t,x,u,o)— [TV
I ' . - N T e
—| L[| Vel oty [Vad (o )i 3Pmm, e g - £ P dr] ,
i jyesa 0
which by (3.65),
1/2
- rz [ S g+ (2 &1+ 38 - &7 ]
(i,j)esA
=[P X 2w [l -8 \dr]
L (i,j)esA
<t ¥ uind( [ lg-gar) sup P < kil
(i, )
for appropriate choice of K} = K (¢,x,u) < oo, and this yields the result. 0

The following is obtained in a similar manner to Lemma 26, and the proof is not included.

Lemma 28. Foranyt € (0,0) and x € R, J(t,x,-,-) : U, X ,527(07,) — R has a mixed second par-
tial Fréchet derivative, and this derivative, evaluated at (u,0) € %y ¥ 427;07,), DidJ(t,x,u, a),

has a representation comprised of the Riesz representations of the derivatives of [V J (t,x,u, &)]"’
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with respect to u for (i, j) € F2. More specifically, for 8, € %, and 8 € JZi(OJ),

t
[DbztaJ(t,x,u,ﬁc)5a]5u:<V5aJ(t,x,u,&)5a,5u> = Z / [ViaJ(t,x,u,&)Sa}k[5M]/;)dp,
’ ’ K = P

where

t .. ..
[V2ad (2 u,0)8]) = Y / [Vaul (13,0, @)]E] ) [8ali dr - Vke N, p e (0.0),
(i,j)ess 0
(

—30mim (@’ )2 (EI— &) S0 (p)  ifk=i
[Voad (0,50, 00710 = $ 3Fmam (632 (&0 — &) I00 () ifk =],

0 otherwise

\

forall r,p € (0,1), k € A and (i, j) € I, and we recall that H0,7)(+) denotes the indicator

function on set (0,r).
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Chapter 4

Strong Solutions for a Class of Degenerate
SDEs

4.1 Introduction

Diffusion processes have long been a useful tool in the study of Hamilton-Jacobi partial
differential equations (HJ PDEs). Recently, the use of stationary-action controlled diffusion
process representation has been proved useful in solving the Schroédinger initial value problems
(IVPs), cf. [32, 35, 43]. In this paper, we will prove the existence of strong solutions for a class of
degenerate stochastic differential equations (SDEs) that arises in the staticization based diffusion
representation for the solution of Schrodinger IVP associated with the Coulomb potential. In
existing work on the existence of strong solutions of SDEs, the drift term may have singularities,
but the diffusion coefficient of diffusion processs is assumed to be non-degenerate (cf. [26, 55]).
The SDEs we consider in this paper have 2m x m degenerate diffusion coefficients and may
have discontinuities in the drift term on a manifold of codimension 1 and singularities along a
manifold of codimension 2. We first demonstrate the existence of weak solutions of the SDE,
which is obtained through passing to the limit of a sequence of diffusion processes with C! drifts.
After that, the existence of a unique strong solution follows from pathwise uniqueness property

of the process. The class of SDEs we will consider are of the form

dn[ = F(n[, C[)df"’dBt, (41)
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dCI = G(n17Cl)dt7 re [OvTL

no=yY> eR" L="€R", | =2m.

4.2)

4.3)

where F, G are continuous functions outside a bounded region in R/ but have discontinuities

inside the region. More specifically, for 6 > 0, let ¥5 C R’ be such that ggl - %;2 for all

0 <61 < &, and limg (Y5 = %. Let ho, h; € C(R™;R), and

M= {(v,2) € R |ho(y) — 1 (z) = 0}

We assume the following.

F,G e CY([% U 5] ).
For each § > 0, F and G are bounded on %g .

For each 6 >0, V(, ) F and V, G are bounded on [¥5 U 74| .

If for sample point @ € €, each component, say [1.] (@) for 1 < j <m,
of sample path 7.(®) has infinite total variation on [a,b] C [0,T], then

ho(n.(w)) has infinite total variation on [a, b].

(A1)

(A2)

4.4)

Let .#Z denote the space of nonsingular m X m matrices, and let [, € % denote the identity

matrix.
Let .# =[0,1], and let p € C'(#O;R™")NC(F;R™). Let & € R™\ {0}.

Let J € C2(R™\ {0};.%) be given by J(z) = (1/|z])T'(z) where I'(z) is
orthonormal for all z € R™\ {0}, and such that J(z)z = e for all z €
R™\ {0}, [J(&)]™' = Luxm, and Z—g is bounded on R™\ Bs(0) for all
8 > 0. Finally, suppose % = {(,z) € R |y € %(z) } where for all z € R™,
o) ={yeR"[IN e S st y=[()] 'p(A)}.
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An additional assumption will appear in Section 4.3, after some additional definitions,

and it will be the final assumption.

Remark 9. The above structure for 4y, which may at first seem unusual, was chosen for the
case where the singular set is defined in terms of 1, relative to {;. A motivational example
where these assumptions are satisfied is given in Section 4.2. In that case, m = 3, 7 = {(y,z) €
R | [y|* — |z|*> = 0} and % = {(y,2) € R!||y|* — |z2]*> = 0, and yT'z=0}. In that case, one
may take € to be (1,0,0)" and p(-) to be a parameterization of the unit circle in the plane

perpendicular to é.

Remark 10. The assumptions may be weakened to allow for a finite number of both discontinuity
and singularity manifolds, with no fundamental change in the proofs. For clarity of exposition,

we do not include the details.

4.2 Motivation from the Schrodinger Initial Value Problem

We briefly discuss how the SDEs of (4.1)- (4.3) are related to the Schrodinger IVP. Recall

that the Schrodinger IVP has the form

h2
0= ifyi(s,) + oAy (s,y) = W(s:9)V (), (5,y) € 7. (4.5)

v(0,y) =w(y), y e R", (4.6)

where i is the imaginary unit, 7 is the Planck’s constant, m > 0 denotes mass, 2% = (0,1) x
(R™\{0}), v, yp take values in C, the subscript 7 denotes derivative with respect to the time
(first) variable regardless of what letter is used for the variable, and A denotes the Laplacian
of  in space (second) variables. We also let 2% = (0,7] x (R”\{0}). Employing the Maslov

dequantization y(s,y) = exp{£S(s,y)} and reversing the time variable,we find that the equations
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(4.5), (4.6) become the equivalent HJ PDE backward dynamic programming problem:

0= S;(r,x) + AL AS(r,x) + stat [Se(n0) v+ 22—V (x)] (rx) € Z® (4.7)
veCn

S(t,x) =¢(x), xeR™, (4.8)

where the stat operator denotes the search for stationary values. Namely, Let .% denote either
the real or complex field, and suppose % is a normed vector space (over %) with &7 C %,
G: o — F.Wesay i € argstat,, ., G(u) = argstat{G(u) |u € o/} if ii € o/ and either

|G(u) — G(a)]

limsup ————— =0, 4.9)
u—i,uce/\{i} |u - I/t|

or there exists 6 > 0 such that &7 N Bg(it) = {i} (where Bg(it) denotes the ball of radius &
around ). Since S(s,y) takes value in C, to allow complex-valued state processes, we find it
convenient to extend the domain of the problem from R™ to C™. Consider the case when m = 3.
The Coulomb potential generated by a charge at the origin has the form —V (y) = C/|y|, for

y € R3\{0}, where C is a constant. Let

61 ={xe C3|E|r € (0,0), 0 € (—7, 7], s.t. Mg - rzeZiW}
A1={o e C|Irg € (0,0),0, € (—m,7], 5.1. & = ree'%},
where [x|2 = ¥, 2% for x € C™. We have (cf. [39]) for x € ¢},
: o |x[2

~V(y)=C stat [a—

4.10
acd1 2 ]7 ( )

where € = (%)(3/ 2)C. Extending the domain to C”, the equations (4.7), (4.8) become

0 =S8, (r,x) + AL AS(r,x) + sta [Se(rnx)Tv+ 22 -V(x)] (nx) €2 (4.11)
veCn
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S(tx) =0(x), xe@, (4.12)
where 2 = {(0,¢) x C3}. One may check that the function 5° : [0, ) x C3 — C given by
2
S0(t,x) = 2—1t +iciVxTx,
m

is a solution of (4.11), (4.12), where v/x = exp{3 log(x)}, log(x) = Log(r) +i0 for r € (0,0),
6 € (—m,x]. We remark that S° is derived from the solution of the Schrodinger IVP for the
lowest energy shell ([10]).

The dynamics of the diffusion process generating the solution as the associated stationary

value function are given by [39] d&, = (—1/m)S%(r, &) dr + \/h/m% dB, with &y = x. One
may separate the three-dimensional complex state, &, into its real and imaginary parts as
£, =, +il,. Similarly, letting S°(r,x) = RO(r, $,2) +iT°(r, $,2) with x = $+ i, and employing

the Cauchy-Riemann equations, the SDE system becomes

dfl, = (=1/m)R(r, Ay, &) dr + 1/ = dB.,  fo =3,
d&. = (1/m)R (A, &) dr+ 1/ L dB,, =2

Performing the change of coordinates 1, = (1/v2)[fi, + &, & = (1/v2)[—1, + &] yields

dn, = (1/v/2im)[~R) + RO (r, iy Mrklry g 4 \/% dB,,

dg, = (1/V2m)[R)+RY)(r, bl Wil gy,

with o =% = (1/v2)[§+2] and & = z° = (1/+v/2)[—$ + 2. Using the specific form of S in

this example, this reduces to

dn,=F(n,, & )dr+ocdB, (4.13)
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- sin( —CoSs Aldr—+ dB,,
= bin(d (85 ]dr++/2

dgr = G(nh Cr) dr (4.14)

m\/_[cos )N, +sin(6,)¢,] dr

where R, = R(1,.8) = [(—2n7 §)2 + (I — [6:7)%]'7%, cos(26,) = =% and sin(26,) =
16 P 'Cr' with 8, € (—7/2,7/2).

In this case, .74 corresponds to the branch cut induced by v/x7 x, which is at [§|* —|2|? < 0,
972 =0, or equivalently, at y" z > 0, |y|*> — |z|> = 0. Thatis, 5% = {(v,z) €R'||y| = |z|, y'z>0}.
In particular, one may take ho(y) = |y| and hi(z) = |z|. From this, one may easily verify

Assumption (A.2). Also, we see that the singularities occur on

G ={(02) eER'|R(y,2) =0} ={(y2) €eR'|y'2=0 and [y| = [}

If %5 is defined to be the set of points in R! whose distance from % is at most §, one easily finds
that Assumption (A.1) is satisfied. Lastly, to see that Assumption (A.3) is satisfied, note that
one may take %(z) = {y € R”|y'z=0 and |y| = |z|}. Note that if z = (1,0,0)7, then %(z)
is the unit circle in the (z2,z3)—plane. Hence, one may take p(A) = (0,cos(27wA),sin(27wA)) and

¢=(1,0,0)7. Then, for z € R™\ {0}, one may then let

ul
I'(z) = [y | whereu= ﬁ, ey denotes the k' standard basis vector in R?,
z
wT
2 v uXxXvy
ﬁzZuXek, v=— and w=—.
= i lu x v|

One may then easily verify Assumption (A.3).
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We remark that another example, again associated to a classical energy shell, is given by

2
—C11

S'(t,x) = t+icy 1 VxTx—ihlog(xy),

2m

where ¢y = ’g—g In this case there are additional discontinuity and singularity manifolds.

In particular, in addition to %) and % from the S°, we also have % | = {(y,z) € R!|z; =

0 and y; <0} and %, = {(y,2) R |y1 =21 =0}.
4.3 The 6 > 0 Prelimit

We smooth the dynamics as follows. For 8 > 0, let g5, g5/ 49 ¢ C*(R) be given by

l—exp{s+ 5} iflpl€[0,8],
(o) = L (4.15)

1 if |p| > 6,

0 if |p| €[0,06/4],
g/ (p) = (4.16)

g (p|—8/4) if[p|>5/4.
Defining R(y,z) = d((y,z),%), we let
F2(y,2) = g®(R(3,2))F (v,2), and G°(y,2) = 2°/**(|2))g° (R(,2))G(,2) (4.17)
for all (y,z) € R'. Note that
F®=F and G° =G on % (4.18)

Our final assumption is that for each 6 > 0,
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F9.G% eC' (), FO and G° are bounded on R/,

5 5 (A4)
and V(,  F° and V(, yG® are bounded on .

Note that (A.4) holds for the examples given in Section 4.2, and that it will hold more generally
when the dynamics are bounded by the the multiplicative inverse of appropriate polynomial
forms.

Suppose (y°,z°) ¢ 4. Consider the system with modified dynamics given in integral

form as

t
n? =y0+/0 FS(nd.c8)dr+B, (4.19)

t
=2+ [ GOl dr (4.20)
0

for t € [0,T]. We demonstrate existence and uniqueness of a strong solution via application
of the Girsanov transform approach to first obtain existence of a weak solution, followed by a

demonstration of pathwise uniqueness to then obtain the strong-solution assertion.

Lemma 29. Suppose 776 is a brownian motion on probability space (Q,.7 ,P) where Q,
and P denote a sample space, 6-algebra and probability measure, and with filtration denoted
by Z.. Let {® be continuous and of bounded variation on [0,T). Then, for a.e. ® € Q,

u({t€0,7]|(n2,L%) € #4}) =0, where . denotes Lebesgue measure.

Proof. Let n5, 4 % be as given. Let n5(a)) denote a sample path of the brownian motion. By
Assumption (A.2), for @ € QO with P(Q°) = 1, the total [linear] variation of /1p(1®(®)) on any
interval [r),1,] € [0,T] with 1 > 11 is T(n%(@):11,1) = eo. Let o (@) = {r € (0,T) | ho(n?) —
h1(£%) = 0}, which implies that &7¢(@) = {r € (0,T)|ho(n?) —h1(£2) € [(—o0,0) U (0,0)]}
is open. Then, .27“(w) is a countable collection of open intervals, say (cj,d;) for j€ #. One

then easily finds that [0, 7]\ «7“(®) is a countable collection of closed intervals. Suppose there
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exists one such closed interval, say [dg,¢;] such that di < ¢;. Then, T (ho(n®(®);di,c;)) =

T (h1(&%(®));dy,c;) < oo, which is a contradiction. Hence, dj = ¢; for all closed intervals in

0, T]\ (). O

Lemma 30. For a.e. ® € Q, There exists absolutely continuous, unique (% () satisfying (4.20).

Proof. The proof follows the standard successive approximations approach. We indicate the
main steps. By Assumption (A.4), there exists L < oo such that [V, G5 (v,z)| < L for all
(v,2) € HF. Let 0=ty <t < ...ty =T where tj;1 —t; € (0,1/(2L)) for all j. Fix @ € QF,
where QU is defined in the proof of Lemma 29. Suppose we have a unique, absolutely continuous
solution, % (®), up to ¢; (where j may be zero), and let z/ = ¢, 5( o). We extend the solution to
[tj,tj+1]. Let & £3.0 be absolutely continuous (and hence of bounded variation) on [t i»tj+1], with

g3kt =iy [ GO (md (@), 8%y dr Vi € [1,1;41].

lj

Noting Assumption (A.4), we find that 5 Ok js absolutely continuous for all k£ > 0. Letting

M) = {t € [tj,tj11]] (77;6(60) *) € A4}, we see by Lemma 29 that (7% (w)) = 0 for all
k. Then, ||fOk+1 — g3k Lu(tjtjsr) S % Application of the Banach Fixed Point Theorem then

yields a unique, absolutely continuous extension of the solution, C_6 (@), to [0,241]. [l

Lemma 31. Let 6 > 0. There exists a weak solution to (4.19)—(4.20).

Proof. Let 175 be a brownian motion as in Lemma 29, and let { % be the corresponding solution
of (4.20) given by Lemma 30. Let v? (@) = F9(n2,£?) for all ® € QO (indicated in the proof of
Lemma 29) and all 7 € [0, T]. By Assumption (A.4), there exists D; < oo such that |v® ()| < D;
for all @ € Q¥ and 7 € [0,T]. Let B® = nd — [JvSdr for all @ € Q¥ and ¢ € [0,T]. We note
that the Novikov condition is satisfied, and letting P(¢) = E| P{ﬂchT(v‘s)} for ¢ € Fr, with

Z(v®) =1+ 23:1 15 Z-(v®)[v9];d[v?];, B® is a brownian motion on (,.%, P), with filtration
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#.. Then (né, g 5) forms a solution to (4.19)—(4.20) with brownian motion B% and probability

space (Q,.%,P). O

Theorem 17. Let 6 > 0. There exists a unique strong solution to (4.19)—(4.20).

Proof. The strong solution will follow from a demonstration of pathwise uniqueness (cf. [22, Cor.
. T 5T ) 0 -
53.23). Lety? = (n? , &3 )T forallt € [0,T], H® = ([FO]T,[G°]")T and ¥° = ()°]7, [2°))7,

in which case,

t 7
}/,5:}70+/Hr5dr+ " B Vi o,T]. 4.21)
0
0

Letting ¥° and 72 be two solution of (4.21), one sees from Assumption (A.4) that there exists

L < oo such that

P -PI<L [ 1¥-7lar viepT]

Hence, by the Gronwall inequality, }/5 = )75 , and we have pathwise uniqueness. 0

4.4 Taking 6 | 0

We obtain the limit result in the case where the dimension satisfies m > 3. This restriction
is related to the form of %), which takes the form of a curve in R™. It is expected that in the case
where % is a point, the result would follow for m > 2.

Fix a probability space, say (Q,.%,P), and brownian motion, B., with filtration ..
generated by B.. Again, let (y°,2°) & %, and note that there exists & > 0 such that (y0,20) & ¥
for all § € [0,8]. Let 8, | 0 with 8; € (0,8). Let the corresponding strong solutions of (4.19)—
(4.20) be denoted by (1", {"). Note that G (y,z) = 0 for all z € Bs, /4(0), and hence

I§'| > 6,/4 Vte|0,T],weQ,neN. (4.22)
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Forn € N, let
dy={weQ| Zel0.T) st (&) €D UR xBs u(0)]}.  (423)

Recalling that F® = F on ¢5 and G%=Gon 95N Bs4(0)°, we see that

(™, ¢"=n"¢") Voed, andm>n>1. (4.24)

Lastly, let
i’ =J(&Hn (4.25)
& =1 =e¢, (4.26)

forallr € [0,7T].

Lemma 32. (n/,¢") € % if and only if (i, §") € % if and only if i € Go() if and only if

there exists A/'(®) € & such that 7i' = p(A)).

Proof. Recalling Assumption (A.3) and (4.26), note that (i, ") € %, if and only if i’ € (")
if and only if there exists A" (@) € .# such that 7 = [J(E")] ' p(A") = [J(&)] ' p(A") = p(AD).
Noting (4.25), we see that this is equivalent to J(£")n/" = p(A/"), or 0/ = [J(£")]~ ! p(A]), which

by definition, is true if and only if n/* € % (). O

Lemma 33. For each n € N, there exists a probability measure, P,, mutually absolutely continu-

ous with respect to P, such that N is a brownian motion with respect to P,.

Proof. By the boundedness of F % and (4.19), one finds that the Novikov condition is satisfied,

and hence the assertion follows from the Girsanov theorem, cf. [22]. O
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Let

dy={weQ| A e0,T] st either 7 € G(e) or §" € Bs, 4(0) }, (4.27)

dy={weQ| At ecl0,T]st A €%(e)}. (4.28)
Using Lemma 32 and (4.22), we see that

Ly = Ay = . (4.29)

Lemma 34. There exists a probability measure, P,, mutually absolutely continuous with respect

to P, such that

dn;' =J(&")dny,
where fil* is a brownian motion under P,

Proof. Applying It6’s rule to 77", and noting that d([{"]¢,[{"];); = O for all k, j €]1,m[, one

sees that
di = P, &) de+ (& dmy' = J(§) |G T P (A7, g+ dny |, 430)
where, component-wise,
_ LRSS
(', &) = Zl (121 [a—zjj(ét”)}h,[ﬁf]z) (GO (I ar &) (4.31)
SNE

for all k €]1,m[. We examine F". By Assumption (A.4), there exists M} < oo such that
GG A G <My V1€0.T] 0 €Q. (432)
Also, by (4.22) and Assumption (A.3), there exists M2 < oo such that

aJ
E 5@ <My Viellml,1€0.T), 0 €Q. (433)
J
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Lastly, by (4.20), (4.32) and Assumption (A.3) one sees that
TN =18 <) +MT =M} < Vie[0,T], w Q. (4.34)
By (4.31)—(4.34), we see that there exists M,, < o such that
((F(G) (A G < Mu|| Ve [0,T], 0 € Q. (4.35)
For integers 0 < k < K < oo, let Ax = T /K and t; = kAg. By (4.35),
Efexp [{"f NG G g ] )

{exp 1MZAK‘ sup n,} —|—2M2A| inf nt‘ }}

1€tk tes] 1€ [t i1

B[ —

1
E{exp[M,%AK( inf \ﬁmz)}}z

1€ [ty te1]

<u{ew e s 7))

1€ [te tir1]

for all 0 < k < K <« and n € N. However, recalling that " is a brownian motion on measure P,,
by the reflection principle, this is finite for sufficiently large K. Hence, a weak Novikov condition
is satisfied, cf. [22, Cor. 3.5.14], and we may apply a Girsanov transformation, yielding measure

P,, mutually absolutely continuous with respect to P, given by dP, = fiydP,, where

~no nm\T n lT n2
fir =exp | —[(V]) dnt_i(f;’vt‘ dr|,

o—n

with v = (J(&") ' F"(R, &), and such that under P,, the process 1) = [jVIdr+nl is a

brownian motion. Recalling (4.30), we have df);' = J({") dn). O

Lemma 35. There exists a random-time process, @', and 0 < o < & < oo such that o', , — o' €

[ar, ar] for all 0 < t,r < o, and such that ' = ﬁ’g‘tn is a P, brownian motion, with filtration
T = Py,
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Proof. Note that J(£")JT (&) = | £ "2 Luxm| for all £ € [0,T], @ € Q. Define processes ¢! =
&7 72, B = [ cdr and off = inf{r € [0,00) | B > t}. The asserted bounds on & then follow
from Assumption (A.3), (4.22) and (4.34). The second assertion is a direct application of

well-known result [47, Th. 8.15]. U]
Lemma 36. Let m > 3. P,(<¢) =0 foralln € N.

Proof. For T €[0,0), let /! ={w e Q| A €0,T] s.. Mgy € “y(€) }. Noting that Moy = "
is a P, brownian motion, by classical results (see Appendix 4.5) p((@Z,T)C) =0forall T € [0,00).
As this is true for all such T, by (4.28), one finds that P((@f:l)c) = 0. Noting Lemmas 33 and 34,

this yields P((%)C) = 0. Combining this with (4.29), one has the asserted result. ]

Let & = (,en “y. By Lemma 36 we immediately obtain the following.

Lemma 37. P(</) = 1.

For any n € N, consider (4.1)—(4.2) with (yo,20) & % up to the stopping time 75 =
inf{t > 0; (1, &) € s, U[R™ X Bs, 14(0)]}. Clearly, there exists a strong solution, (1z; , Cz; ),
up to the stopping time 75, . On the other hand, for all @ € &/°, there exists 7 = /i(®) € N such

that @ ¢ .o7;. For @ € o7°, let

However, by (4.18), (17, ") () satisfies (4.1)—(4.2) for all ® € <7, and hence (7], {) satisfies
(4.1)—(4.2) on o; for all n > 71, which implies (1, é_’ ) satisfies (4.1)—(4.2) on </ . We have

(Tlr(;n ) C‘an) i (ﬁﬂ 51)
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Let 19 = inf{r > 0;(n;,§;) € %}. Noting Lemma 37, we have

Following this, we have the next result.

Theorem 18. Let m > 3. There exists a strong solution to (4.1)—(4.2) fort € [0,T], (yo,20) ¢ “.

4.5 Appendix: Results from Potential Theory

In this section we briefly summarize some standard results from classical potential theory.

We refer to [27] and [49] for more details.

4.5.1 Hitting Distribution

Let B. be a Brownian motion in R" and P* be the unique probability distribution cor-
responding to the Brownian motion starting at x € R”. We denote by . the collection of F
sets in R". Note that every closed set is in .. For § € .7, let 75 be the hitting time of S by the
Brownian motion, that is g = inf{tr > 0: B; € S}, and set g = oo if B; ¢ S for all # > 0. We make
the following definition of polar sets. A set S € . is said to be polar if P*(1g < o) =0 for all
xeR".

Let S € .. By Blumenthal’s zero-one law for each x € R", P*(1g = 0) equals zero or
one. The point x is called regular if P*(tg = 0) = 1 and irregular if P*(1g = 0) = 0. The set of

points which are regular for S is denoted by S”. If § is polar, the set " is clearly empty.
4.5.2 Newtonian Potential, Equilibrium Measure, and Polar Sets

The Newtonian potential kernel g on R", n > 3, is defined by

L T(n/2—1)

72—
o) = =S
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Let g(x,y) = g(y —x) for x,y € R". The Newtonian potential of a measure U is defined by

gu(x) = [ glry)n(dy), forx R,

Let S € . be bounded. There is at most one measure on R” that is concentrated on S”, the set of
regular points for S, and has newtonian potential 1 on S”. If such a measure exists, it is called the

equilibrium measure of S and is denoted by ug. The capacity of S is defined by
C(S) = us(R"),

and the Newtonian potential glig is called the equilibrium potential.
The following lemma (cf. [49]) connects Newtonian capacity to polar sets of Brownian

motion in R”?, n > 3.
Lemma 38. Let S € .7 be bounded. Then S is polar if and only if C(S) = 0.

Lemma 39. Any curve in R of bounded variation has zero capacity and hence is polar for

3-dimensional Brownian motion.
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