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ABSTRACT

The new form of the strip approximation,'dévised by Chew, is applied
to the problem of "bootstrapping" a p trajectory in thé) T-n system,
Even in the absence of oiher trajectories it is possible to obtain selfw
consistent p trajectory and residue functions, a(t) and y(t) , for
t < 0, with strip widths in the range 150 to 300 mﬂ2. A particular
example is given in detail. The absence of the force from other trajectoires,
and the peculiar behavior of a(t) and y(t) for t.>,0, mean‘ that our
results can not represent the real o trajectory,vbut at least they

confirm the viability of the methods used,



K

"

wle

I.. INTRODUCTION

Tﬁis peper is one of a! series devoted to_aépljingAthe new form of
the gtfip aPproxima.tionl to th%.calculation of the ‘m=T sgcattering
amplitude, T;é amplitude is réﬁresented by its dominant Regge poles, withl
singularities which satisfy the Mandelstam répresentation; and should be

correct in the resonance region, and in the region of Regge asymptotic

behavior. If the principles>of'maximal analyticity of the first and

second kinds are valid, it is hoped that with the physical Regge trajectories,

such an amplitude will be self-coﬁsistént in the sense that the "potential"
due to the crossed-channél singularities will genérate the direct-channel o
singularities. Chew and Jones2 have devised a set of equations which are -
suitable for investigating this possibility.

The problem has two parts, the calculation of the "potential,"
and the golution of the'N/ﬁ eéuations in.the presence”of the logarithmie
siﬂgularity which this potential exhibits; The singulariﬁy occurs at the
point where the resonance region is matched to the Regge asymptotic region,
the boundary of the strip. Some preliminary results of solviﬁg N/D equations

with such a boundary condition have already been repérted,3

but only for
a potential corresponding.to the exchange of a fixed-spin particle. In
this paper we report an attempt to "bootstrap" a complete trajectory. The

full 7=-7 amplitude has several trajectories, P , P', p, and probably

others, and a search for self-consistency with so many parameters presents

a formidable problem., Also the "potential" resulting from the exchange

of even-signature trajectories has some curious features which are currently

under investigétion, but the p trejectory generates a potential which

=



-2

is very simil;r ﬁg the form obtaiAedjfromva'fixed.spin parﬁicle; ahd séems
quite straightfdrwéfd; 'Th; gpproximatiqn of suppoéing that the p resonance g
alone dominates the m-m amplitude has often béen made_ﬁith fairly
satisfactofy results, and so, a%Aa prelimihary to é;mofe ambitious ‘ o te-
calculation, we have tried to.find an.amplitude iﬁ;;hich the force from

the »p trajectory.in the grossed channels geﬁeraées’éh identidal
trajectoryAin the dirgct channel, This is not é true bootstrap situation, .
of course, beééuse the potential also gives rise toan I =0 trajectory
which has not been included in the,input, but the fact that we have been
sﬁcessful in this more limited enterprise is somewhat éncguraging; _

In Section II we discuss the calculation of the botehtial‘folldwing’

the prescription of Chew and Jones, and in succeeding sections we write

down the N/D eqdations; and considér the parameterization of‘the residue

and trajectory functions. The results presented in Section. V shéw that

it is indeed possible to'obtain;selffconsistent o t#ajectéries, alt)

and residﬁes, v(t) -3 or at least they ar;‘self-gonsisteht for t ; O'.
The.output tfajectorieé dé not‘cdntinue to Re a = 1 , however, so the
rhésical p can not be Qbserved‘directly,_though there is a peak in the
cross éection. Also tﬁe input; p.  width is more than tﬁice the experimental
value, These fdcts, however, m;y:only be an indicatiqn of the difficulty of
continuing a{t) - and 7(t) intovthe‘region above threshold where they
become complex. | |

Finally we compare tﬁe.results of this calculation‘with a formula

used by Chew agd Teplitzh ih relaﬁing thé w-n"total cros$ section to - .-

o h

the slope offtﬁe Pomeranchuk traJectory and the width of the p .,

.......
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II., THE POTENTIAL FUNCTION

2
!

In-the new form of the strip approximation the scattering amplitude
is represented by a sum of six items from different regions of the double

spectral fhnctiqns,s:

: t, Cow,
A(s,t) = j{: 0 l(s.t) +'£iRi'1(S.u)]
i ' : ] :

+ Z [R _.l(t,s) + £.R ul(t.u)] ‘ !

s : £, 1
+ Z [Rk l(u.s) + EkRk l(u‘.t)]", o : A1)
-k _ ’ _ ‘

j:

where the summation is over the various leading trgjectories and Ei 3 k
. : : 9J Y

is the signature factor (=:}) of the trajectory in question,

t (1, °°_Z:Ri(t'.,s)

R, “(s,t) = -~ 4t : - (2)
g% TS o |

. w | P - .y -
. ( )( //'2
17 (o) | Gl

where this intégral exists, For o > 0 we use the analytic continuation
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l . l . . "~ . . t . X .
Ri (sv’f") = 5 ) ri(s) bt sin ﬂraizss Pai(s) 1 ‘+ 2q 2 ) B
: . : ‘. ‘. ' . ' .Q_~
| ‘b -
) Yy Pa.(s) (—1 2942 o
() AR St S 5 R S €'
' -hqsz_ . ‘ t - t o B
Here.
: o o ' . - ai(s) o
‘.,#1(5) = ,[2qi(g) f_l]yi(s)ﬂ-qs ) o " - (5)

'We define the reduced partial-wave amplitude for complex & by -

S

‘é form‘first given by Wong.  It'hﬁs tﬁe.advdntage of_ohiylrequiring a’

Knowledge of !'\.(s,t)v for t <0 wr'xé're_a(t) an_d' ¥(t) are real. The

':,.corre5pond to even and.dad sigéatufés-reépeétively. , | |
The left-hand cut function for a given par#ial wvave in the s

channel is then, combining (V.h) and (V.5) of reference 2,

-

o ‘ . o . ' :_. | I: ) . o T
' (1, (at ~ t o '
| . BR(S) = -/-2-%] /q'fﬁraﬁiz:[m Q!, (l ??‘q:}ﬁg(s,t), | - (6)

' - =’ 9 B - o |

h )

»w
\
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0 . : '
P, \ _ 1 a [ SRR
B, “(s) = - Ei?f 5140 [Im Qz{l + 2) } :
: o 4 ; - 2q

S S

x (L

(2 .[ {ZE:RJ(S o)+ j{: R (s ,t)}
1

.Q..l-J du’ E[R(ut)-R(u't)]

- — 3
u = u ' '

Uy J

R - ,
tl u '-.u k | ) .

:].‘. v = ____,.___ ' []
8 B . (t su') f - EJRJ(t su')
l .v ) k . .
. " 8. .=t ) g _s' ’ el P wl .
b0t e (@ x5R, (8 >"£( 2 i
+ 5 J( 7 .[. ORI 2y
-0 8 -s i . A P
(7

In the m=-m problem we have the complication of isotopic spin, but also

symmetry in t énd_'u'. It is convenient to define

T'(e) = [2a(e) + 1n(e)(-q, 2% Pp_tr,ry, 8y

=)
f“@‘\
=i g
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| . | | . . L
where Bst(I;I'). is some element of the usual crossing matrix from:the

t to s channels:
/3 -1 5/3

st

/3 -1/2 1/6

‘Bsu differs by v(«l)I; so that only B£P+ exists for eVen'I;and only

|
Pe ' . .
B, for I =1, Combining (4) and (7),we obtain, after some

manipulation,

Pe, \ _ 1 1. £ \]
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(Continued)

B, = | /3 12 /el (9)
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for any input y and @ . To calculate both B

II L o '
_— L) [ 1wl - P (1 + S if%-l- =<1
| Lither + sin m,i.ts [.E'Pq(t) ( o 2%2 \ * a(t) | 2qt2 ) 2%2
- . cot"’"’.‘gt.); g=+1 . \
or + T (¢) [WP (t) (-1- 2) o \=29 14 (-1- > } 5
Lt 2% 1) oten -’-'-g-(—t—)-:;gé-.l 29 | )
if oy —L- > l,
( 2%2')
| |
' o het t ,
| : 1 (s 1 | N t!
-(1£¢) lj - ds! L(s') f at' P _,_, (-1- ——-—)P (-1-~--—- .
| R O T Rk WLt SPYCH) B
(10)

We obtain such a contribution from each trajectory, We have made use of

the fact that

P (-z) = eximPa(z) - %— sir{ me Q (z) o | (11)
and note that
Imvv[Qz(z)] =§g-/z> (z)  for l<z,<+1
At
= « gin 78 Qz(-z) | for | 'z < <1 . ‘ | | (12) '

i

i ' . P
A FORTRAN, program has been devised to calculate the function B,

%
P-

P""(s)_and B, (s) from

L




the exchange of a 51ngle trajectory, at a sufficient number of values of
8 to be able to solve the N/D equations [~20] , ﬁnd with a sufficient

number of values of 2 to be able to examine the!

output trajectories

[10] , requires about 6 minutes .on an IBM 709k, if all the terms of

Eq. (10) are included. | It is found that the third and fourth terms of

the right-ha.nd‘ side of Eq. (10),wmch involve -'r'(t) for t > s; » and
the.final term of Eq. (lO),which is the contribut}on of direct channel
‘poles to the left-hand cut, are all very'small for p exchange, and the
results are not appreciably altered by neglecting them, In the results
quoted in this paper these terms were neglected but had ‘they been included
the axves of Figures 1 to h would have been almost completely unchanged,

We also need‘to-know Im BQA(sl) )and from the first two terms of

(10) we find

o 3
P oox ot
Im B () = 7575 f at Imfzqz(l*""g”')’ .
' atq. AL iV 2q -
' ! A N

(13)

o
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III. THE N/D EQUATIONS
By representing the partial-wavé amplitudes as;

ate) = o Pt e, )

" where Nlt(s) has the left-hand, and th(s) the right-hand cuts of Az‘(s),

E

we obtain the integral equation"

' S BP(s) - 3,(s) :
N,(s) = B, (s) + -}f ds? et p (s )N (s"),  (15)
with
- 1 p,(s")N (s')
Dpls) =1 - %r'[ o’ .2 5 -Zs " (16).
. Sq '
where

172 e
8 « 4 \° s = U,

p,(s) -&—?—f) G—-—r‘) . - (2T7)
Howeveg,Eq.'(lS) is not of phé'Fredholm type, because sz(s) is
logarithmically divergent as s - s, due to the first term of Eq. (10).
In factf

P (1, P, L ‘ ‘

= o
B, (é) v;:: Pt Im B, (sl) log (sl ]s) . (18)

t

and
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) sin2;6;(sl) - .p2(§i>_lm Bzé(éi),' . - (19)

where 61‘ is the phase--shift,
A method of coping with this singularity by introducing a
resolvant kernel has been discussed by Chewas. He shows that the solution

of Eq. (15) can be written

- S . i .
1 0 |
Nz(s) v=’jﬂ. QL(S’S')Nz (s")as’, - . (20)

where Nzo(si) 'is the solution of

S

1) = 3.7) +‘f as'k, (5,800, 2(s) 7 (20)
. T |

-0
Expressions have been gi?enT for 0,(s,s') and K, '(s,s') in
- P, v .2 o
- terms of B, (s} , sin 62(31), and s, . |
Apart from this complication,. the determination of Nz(s) and
D,(s) from Egs.(15) and (16) is straightforvard, Details of a FORTRAN

program for solving the equations are ava.ila.ble.8

A pole in ihe amplitude is represented by a zero of the D function,"

~ and the trajectory of such poles is the function a(s) such that

(s) = | - 22)
Dy(gyfs) = © o (22)
Above threshéiﬁ both D and a have imaginary parts, but if these are

small it remains approximately true for all s that

o

L



Be [DRe[a(s)](s)] = 0 . o | : ‘ (23)
AL

For a Regge pole of the form

l""/é—-ﬂ : : _ .
s o | (2k)

sin ma(s) >

F(S)Pa(s)

A(s,t) =

the ¢t discontinuity is

aglst) = (o) (1o, (e
e “(‘8')( /2q327 -
since ) ' ._ L | S &
I (B,(=)] = :B(-2) stnme for z>1 . (26)

Thus the partial-wave projection of Eq. (24) is :

T4 at

B, (s) =-r(s)J P '(-1--'-"’-.—)Q 1+ ) ,
) . a(s) 2952 L '2q52:_ 2(q82)z+1
t (21)
and combining Eq. (11) with? ‘
“‘\-'.,. vv . ' 1 '/ . )
f Pl2)(2) = ey e T (28)
- | |

and . i
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1 : . A
we find that if ?a(sé) = %,
B,(s) — _ R ' /
% ' : 2,a(sg)
(sosy ! (sp)lay = sll2ulsg) + 1](-g ) R

whiéh,from Eq. (5),

: |
Y(SR) ,fl'v o o
?//af(;R)[sR,- s '

-

Thus the residue of & pole of ‘Bz(s)- is

v, (s) Y(sR)
=20, (s) CHCY '
é=sR

With this expression we can obtain’ y(s) from the solution of the N/D
equations,:

(29)
' (30)

: (31).

(32)

AN
%;sl

;

[

./
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IV. REGCE POLE PARAMETERS
" ‘Unfortunately there 1s very liftle experimentalvknowledge of‘tﬁe
| Regge parameters to gulde us in our'ch§£ce of trial fuhcfions. Within.
“the framework of this célcuiatiqn we khbW»that «end 7 are real

analytic functions cut from threshdld to o0, and so we can writel

/'00 , pa(.t'),,/‘": o ,l fx2

oz(t) = GO + /é dt4m>) . (53)
o

: ® NCD P

R Y
N . . » “.l -

- Very little is known abbut»thé forms of P, énd( Py _é#cgpt ﬁhat-they
mist be small in the région where résonances occur. The strip apﬁrdximation
also.reépires that .pb,y(t) bé negligivle for ﬁ >'tl’ so‘thé main weight.
of thel'p's must liemin the regfon between the ﬁighest resonances and
_the strip boundary. Since we only require o .aﬁd 7y for t<0, it is '
pqssible to meke simple approximations £o the in%ggrals (33) and (34).
| For o we take a three-pérametér form, i

1

Q. . L _
alt) = 0. + ey ' (35)
0 _/l'"t/tB . ‘ ‘ , .

however, 1f we also require a(28) =1, corresponding to the o meéons,
we can reduce the. parameters to two,

We take
@ty by g | '
ot) = 1-—75~ a2 -,§g/)/(l -5 )s (36)

where (1 é‘&) is the intercept of the trajectory with t =0 . It was

=
e M|



' S
found that a similar pole approximation was not suitable for the residue

function, since the output would not reproduce such a behavior. Instead

1t was found conveniéht to make use of a formula  given by Chew and Teplitz,h

() » (z- oy (t)(t) o ‘_ N €10

Q\Q

The difference between our function BgP(t)j and the function obtained
from the exchange of an "elémentary" (fixed épin)  p is not great,and
‘we can approximate .

g . Q1+ m /éqte) |

B,(t) ~ const (1.+ : ‘,' (38)
-4 , 2 L+l .
, | 29, (q ) g
iand obtain
k o 56/ (
. ' %a t (1 +”¥ h7) S .

ﬁherg e 1is éomé éonstant. This paraﬁeterization has the'aavantage of
relating.thev?drameters_of :7 .to”those of Q5 leaving oﬁly two further
ﬁafiableé, ¢ and_iQ ,'.LAlsoj'.yus is a " slowly varying function of
' bothv T and t . ‘Our'prégram,thus‘consistsbof.vafying the‘foun parameters
a, tg, c,and T until sélf—consistency is achiévéd;b From (31) the
width of the p will be . | | -
Am ). o ‘1132;7-28*. e oy
o 2y Tortat(28) :
a'(m ") m o ' .

However,this involves “the use of the functions above t = 0, vhere we can -

no longer rely on them.
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V. -RESULTS

" A search was made for a self-consistent set of parameters for

1l

the p with the various cholces of s, . We use Bl' =3 t= -1, and

1
solve the N/D equations for A~ . It was found that a flat input
trajectory gave a steep output trajectory and vice -versa, so it was

feirly easy to make a séarch, varylng a and 'tB until both input and

output trajectories had the same shape. The slope of the output trajectory

1s certainly not independent 6f the form of the input residue function,

but with our parameterization the main % dependence of (39) 1s in aq,

!

so that in choosing « we have approximately fixed ¥ 'except for the

" overall cbnstant ¢ . Other forms of residue function gave much less

‘good results.,

By adjusting c¢ one can alter the'height of the output trajectory

-until 1t coincides with the input. Finally % can be varied to try to.

makerthe input and output residues as similar as_poésible, though this .

requires a compensating adjustment of c .

There 'is 1o unique self-consistent solution. It is possible to
obtain near self-consistency with varilous combinations of 8, In the
range 150 to 300 mﬁe , & from 0.2 to 0.35 (i.e., intercept of 0.8 to 0.65),

and t from % Sy -to.i% 8 > taeking ¢ +to be the depéndent variable.

" In view of the large amount of computer time involved, and the lack of

correspondence to the real world through the neglect of the force from
other trajectories, we did not carry out an exhaustive search, and quote
here Just oﬁe of our better results, without claiming that more perféct

R , , ‘ »
self-consigtency, or a closer approximation to the physical o , can not -

P .
&
¥

be obtained.
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o With 5y - 200.m“.2 ) 1t was found that there is good self-consistency
12 &= 0.25, ty = 75, c= 107, and T = 60. -
Thus ;_ ‘ ,
Coft) = 0.3%0 + o.ueo/(-; - t/’(S) - (k1)
and~,. ~ S : ‘ _ |
o - 286 W™ g,

o '(60‘-?t)2 ‘(lh)a(t)+l |
Tn Fig. 1ve plot 'air;(t) and compare it with a 1-_'('1';). Tt will be seér; :
that they agrée very well'for t<0 ., But above t=0 “they begin to
diverge,and in‘fact Re[Da(s)] ceases to have zeroes for a > 0. 85 In
Fig. '2_ we show (/") in‘ and compare 1t with Na/Re Da ' output. Again
very good agreement ié found'excépt near t = 0, .where fhe,output diverges
considerably fronxour smooth input curve, Figure 3 giv&;the values of ‘
| 7iﬁ and 7 ut’ corresponding to Figs. 1 and 2. Since the potential dependsv
on y(t) and oft) only for t <0 5 we regard this as a self—consistent
‘solution, but it is clear that our results can not be continued into the
‘physical region. | |

| From (hd) the'inpﬁt width of the p '15,1.95 m#,,or about 2.5 times
the generally accepted éxperimental width. It 1s not really surprising
that we require avlarger width, because we have not included the forcos
from-other frojecpories, but the magnitude of the discrepahcy 1s a liotle
disturbing.' In Fig. hvwe blot the partiol—wave cfoss section for & = 1.
Despite the absence of & zero of Re[D (s)] there is a peak at

= 5. 8*m (m = 5,4 mﬁ), but its full width at half maximum is %5":m;1-.

Our interge?t o(0) = 0.75 is rather higher than experiment indicates

(% 0.6), #'ut we have not been able to prodqcé self-consistent

o

L

»

]
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trajectories with sufficient slope to pass from 0.6 et t =0 to 1.0 at
t= 28, This is possible with more rapidly varying residue. functions,

but such residues: are not reproduced.
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VI.{ THE I O CHANNEL

Though we have not included the Pomeranchon force, we do of course

obtain a trajectory in_the‘ I = 0 channel (A+) , the'principai difference
from III= 1 being'that-crossing matrix element 'BII' is now 1 instead

of 1/2 , 1In fact, with the neglect of the terms mentioned.as being small
at the end of Section'II,.this is the only difference, Figure9'1e3 also
include the resultsAfor this i = 0 output. It will be seen that a(0)

is slightly greater thaﬁ 1, tﬁe unitarity'iimitﬁ'but this is not surpfising
" in view of the large o width we have used, There is no sign of a
secondary, P!, trajectorf;" |

The P - trajectory is almost exactly parallel to the e ‘;
ap(t) = o (t) +0.320 . . - 4 ) (43)

Using this expression for a5 ; we have compared in Figs. 2 and 3, the
output values of Y/a' "and '’ ‘with the prediction of (39). Remembering

the crossing matrix element we have

: 56 /.
o - _ Qap(t)(l.’:{'_h)/ o |
Yp = 2 (t)(t - t)/ . (44)

It will be seen that the prediction is ﬁell satisfied except for 't 20 .

Re agt) has its maximum at % % 20 m 2 ,‘though'we have not

traced the fall of Re a(t) in Fig, l, since it is not correct to-identify

the second z“ o of Re D with the returing trajectory. From (33) we can
see that if 0y (t) has 1ts main welght in the upper part of the strlp

one would not expect this maximum to occur.for t < sl/z, OQur present

i

QL
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calculatlion appears to emphasize the region of the doubie'spectral function
jusf above threshola, 50 ﬁh&f ouf results céase té be correct as we enter
tﬁe resonance region. _ '

" We conclude thatlit may be possibleitp "bo&tsfrap"
trajectories with some hope‘of obtaining the "co%fect" parameters{ for
| t <0, vhen all the,trajectoiies are includéd, éut there 1s no sign that
we shali be able to obtain the correct particlé masses and widths. Tt
Aié likely that the presenc; of competing channels 1s important for higher

angular momenta, and this possibility is being examined.ll

I
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Fig.

Fig.

Fig.

1.

£lw-
FIGURE CAPTIONS

The input and output trajectories
: sy ' .
a. = 0.330 + 0.420/(1 - t/75) .
pin
7/a' for the p and P trajectories. The prediction for P
is based on Egs. (43) and (L4k4). |

The residue function, ¥ , for the p and P trajectories.

.The I = 1; P-wave cross section in millibarns.
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This report was prepared as an account of Government '
sponsored work. Neither the United States, nor the Com-

mission, nor any person acting on behalf of the Commission:

A. Makes any warranty or representation, expressed or
implied, with respect to the accuracy, completeness,
or usefulness of the information contained in this
report, or that the use of any information, appa-
ratus, method, or process disclosed in this report
may not infringe privately owned rights; or

B. Assumes any liabilities with respect to the use of,
or for damages resulting from the use of any infor-
mation, apparatus, method, or process disclosed in
this report.

As used in the above, "person acting on behalf of the
Commission" includes any employee or contractor of the Com-
mission, or employee of such contractor, to the extent that
such employee or contractor of the Commission, or employee
of such contractor prepares, disseminates, or provides access
to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.








