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A Quartic Spline Based on a Variational Approach
B. Hamann, Mississippi State, and T. A. Foley, Tempe

Abstract. The ©F continuous cubic spline can be viewed as the solution of & variational problem. The
spline derived in this paper is obtained by solving a slightly different variational probiem 1hat depends on
the input data. The goal is 1o obtain o spline that may have high second derivatives at the interpolated
points and low second derivatives between two consecutive interpolated peints. The solution is o o
continuous quartec spline.
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1. Introduction

Commeonly, the C* continuous cubic spline interpolating the univanate data in
{{x, F)li=0,...,n}), where x;,, > %, i=0,....(n—1) 18 derived using caleulus of
variation. The objective is to minimize an energy function, which has a piecewise
cubic spline as solution. When dealing with parametric curves, one must interpolate
the ordered points in {(x,¥,2)li=0,...,n} considering an associated knot se-
quence {1, < -+ < u,}. Often, the solution of the univariate case is directly applied to
the three coordinate functions of a parametnc spline curve.

In the umivariate case, the functional

J‘U "(x))* dx (1.1)

is minimized on [, x,]. In this paper, this functional is modified slightly, which
leads to a C? continuous quartic spline. The modification of the functional (1.1) is
motivated by the fact that the cubic spline tends to “overshoot” in regions where the
given data changes rapidly. In the context of shape preservation, one wanisio obtain
a spline without (or at least very small) “overshoots™. Thus, a different variational
problem must be solved. One objective is to create a spline, which differs very little
from the polvgon obtained by connecting consecutive original data points. Intu-
itively, a spline that satisfies this criterion has high second derivatives at the knots x,
and low second derivatives between two knots x; and x,. ,. Another objective is to
construct a spline curve that has a second derivative that closely approximates
a given function that may be dependent on the input data. It is shown in the
following section how these objectives can be achieved by adding a single term to the
functional (1.1}

It is not possible to list all references dealing with tension splines, monotone splines,
or other shape preserving splines. The derivation of the C* continuous quartic uses
a similar paradigm. Some of the related shape preserving curve and surface
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