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Abstract. We present a simulation study of population and coher-
ence relaxation dynamics in the third-order nonlinear responses of the
Fenna—Matthews—Olson (FMO) light-harvesting photosynthetic complex.
Three-exciton correlations have been incorporated and the relevant six-point re-
laxation superoperator is calculated to second order in coupling to a phonon bath.
The dynamics of three-exciton correlations induce new peaks that are absent or
much weaker when the three-exciton variables are factorized. Such features were
observed in a recent experiment (Engel G S et al 2007 Nature 446 782-6).
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1. Introduction

The extremely efficient solar—chemical energy conversion in photosynthetic systems [1]-[3] has
triggered intensive activity aimed at new energy solutions [4]-[19]. Exciton couplings ensure
the efficient transfer of energy from light-capturing antenna pigments to the reaction center
where charge separation occurs [1]-[3], [14]. The exciton coupling pattern in these systems is
critical to understanding the mechanism of solar to chemical energy conversion.

Third-order nonlinear optical techniques [6]—[8], [20] are most suitable for probing energy
transfer [13, 14]. However, although tremendous progress has been made in recent years, there
is still a long way to go in order to achieve a clear physical picture of the energy and coherence
transfers in the photosynthetic process. The nonlinear optical responses are usually modeled
either by analytical methods based on response functions or by numerically solving equations
of motion (also referred to as a quasi-particle approach) [26]. The response-function method is
more suitable for cases where coherent dynamics are dominant. For example, in the photon-
echo technique, there are three response functions in the coherent limit with rotating wave
approximation. The key advantage of the response-function-based approach is that it provides
an intuitive picture of the third-order nonlinear response in the coherent limit.

When incoherent dynamics, such as coherence and energy transfer, are included, the
nonlinear responses become more complicated and cannot be one-to-one mapped with the
three response functions. In this situation, employing response functions to understand these
responses is only qualitatively valid. The alternative type of quasi-particle approach is thus
more desirable to handle this complicated situation. This approach involves solving the equa-
tions of motion numerically [27]-[29] with finite pulses, or quasi-analytically in the impulsive
limit [26]. However, when solving the equations of motion, such as the nonlinear exciton
equations (NEE) [21], with this approach, people usually have to make approximations to keep
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calculations tractable. For example, in the NEE formalism, a local-basis three-exciton correla-
tion variable is explicitly factorized into lower-order correlations. In other cases, the variable is
formally included but the relevant relaxation operator is constructed from low-order relaxation
matrices. It can be shown that three-exciton correlations are equally missing when either
factorizing the three-exciton variable or using a simplified or constructed relaxation operator.

In this work, we employ a numerical approach to solving the NEE without factorizing the
three-exciton variable. Furthermore, we follow [21] and calculate the three-exciton relaxation
operators using Markovian second-order perturbation theory with respect to system—bath
coupling, instead of using simplified or constructed relaxation operators. Our simulations
show that the three-particle correlations play critical roles in the relaxation dynamics of
Fenna—Mathews—Olson (FMO) [22]-[25]. Some new peaks arise from the inclusion of the three-
exciton correlations and the relevant relaxations. These qualitatively reproduce some features
in recent experiments [14]. Because three-exciton correlations are always present in third-
order nonlinear response, we expect that the full incorporation of three-point correlations also
significantly modifies the nonlinear responses of other condensed matter systems, particularly
when system excitons are strongly coupled.

2. Hamiltonian and equations of motion

2.1. Hamiltonian

The Frenkel exciton Hamiltonian [21], which describes the third-order optical response of
aggregates, is given by the sum of the electronic part H., the phonon Hamiltonian H,, the
exciton/phonon coupling Hiy and the system—field interaction:

H=H,+ Hy, + Hy, — / drP(r) - E(r, 1), (1)
ﬁle = Z hmngj;,gn + Z Umn,kléllézékéla (2)
mn mnkl
2 2.2
> Po Mmyw,q,
H,, = + , 3
o Z ( et ) 3)
ﬁlint = Z ﬁmn,aélénqa + Z Umn,kl;aE,LE;BkEICIa- (4)
mno mnklo

Here, B, (f?; ) are exciton annihilation (creation) operators on site n, g, and p, are respectively
nuclear coordinates and momenta, 4,,, represents the one-exciton Hamiltonian, U,,, i; describes
the exciton—exciton scattering potential, m, and w, are respectively the reduced mass and
frequency of the o phonon mode, and i_zmn,a and l_]mn,kl;a denote exciton/phonon interactions
originating from the ¢g,-dependence of h,, and U,, «;, respectively. We shall represent the
optical electric field in equation (1) as
3
Er,0)= ) [Eu(r,0)+E}(r.1)]
a=1
3
= ) [en&i(t — 1) ® "D pe & (1 — ty)e” T (5)

a=1
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Here, & (£, = (&)%) is the envelope of the positive (negative)-frequency component of the
ath pulse (o =1, 2, 3, 4) centered at time instant #,, with carrier frequency w,, polarization unit
vector e, and wavevector k,,.

The commutation relations for the exciton operators are

[Bma BZ] = (Smn -2 Z Pmk,nléljél, (6)
kl

where P, 1s a tetradic matrix describing the deviation of the exciton commutation relations
from those of bosons (P, = 0). It follows from the Jacobi identity for the commutators that

Pmn,kl = an,kl == Pmn,lk- (7)
For two-level chromophores (hard-core bosons), we have
Pmn,kl = 8mk8kn8nl- (8)

Equation (6) then becomes

[Em, B,l] = 8mn -2 Z 8mk8kn8nlégél
kl

= Sun(1— B} B,). ©)
For bosons (e.g. vibrations)
Punt =0 (10)
and for Wannier excitons in semiconductors
Poun.pg = Smiq18 piny Oma prOnags + Omaga® pansOmy p1 Oy » (11)

where m = (m, m,), n = (ny, ny), p = (p1, p2) and g = (q1, g») denote electron—hole pairs.
Finally, the polarization that is directly related to the signal in nonlinear response is
given by

P=> s0c—r)ulB,+) uy Bl BB +hec., (12)
n mkl

where p{! is the transition dipole moment vector of the chromophore located at r, and ,uff,)d is

the transition dipole moment correction for the creation of two excitons. For hard-core bosons,
we usually accept ,uff;d = 0 and thus the second term in equation (12) is irrelevant.

2.2. The nonlinear exciton equations (NEE)

Using the Hamiltonian equation (1) and the Heisenberg equation of motion, we obtain the NEE
for the following exciton variables relevant to third-order optical response [21]:

A

B,=(B.). Y= (B.B.), (13)

where B, and Y,,, describe respectively single- and two-exciton dynamics, N,,, contains exciton
populations and Z,, ; describes three-exciton correlations. The equations of motion for these
variables are given by

.dB,, .
l_dr = Z Rn By + Z Vo Zit.n — Sr(nl) — Z Efn%),(lle — Z 8,513’)MY,<, +B,, (14)
n nkl kl
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dy, X
—mn_ @ _ M _ m _ @)
i = ;hmmklyk, B,E" — B,&E! Xk:gn i Bi+ Yo, (15)
AN D) px o) \
1 dr :;(himij_Nimhmj)_gi Bj +€j B,'+Nij, (16)
dZ,., i )
kl i k
(17)
where
hf,f;)l kl — 5mkhnl + hmk(snl + an kl s (18)
an kl = 2Umn kl — 2 Z Pmn pkhpl 2 Z Pmn ,Pq pq kl» (19)
Pq
gN=ph. ¢, (20)
grglz)kl =2 l(zk)m £-2 Z Pmk nl/“(/nl) &-12 Z Pmk rslu/l(zr)s ) (21)
gr(ri)kl = Uﬁf)kl €. (22)

B,Y,N and Z in equations (14)—(17) denote relaxation terms induced by coupling with
phonons. We assume that phonons induce simple time-local (Markovian) dephasing and
transport. We then have

By=—1) TpB, (23)
=—i) Ry, uYu. (24)
ki
= i Z RY i Nuun, (25)
mnj —1 Z R,’Znnjj m'n’,j» (26)
m'n’,j’

where T, RY RY,, and R " ij are the local-basis relaxation matrices for the NEE

mn,kl> ij,mn

variables B, Y,,, N,, and Z,, ;, respectively. Here the most complicated and lengthy

calculation arises from the relaxation matrices R:Zn ;- It contains 16 terms within our
approximation. A sample calculation for one of the 16 terms is given in appendix B. All other
relaxation matrices can be obtained in a similar way but with far fewer calculations. These can

be found in [26].
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3. Solving the NEE at different levels of approximation

3.1. Factorization schemes for NEE variables [20, 26]

Computing the Z-variable dynamics is the most expensive task in solving the NEE. By
factorizing the Z variable in different ways, we obtain different approximate NEE with different
numbers of NEE variables. A major motive for various factorization schemes is to simplify the
calculation at the price of losing some types of exciton correlations. We shall compare five levels
of approximations. In the lowest level, mean-field factorization (i), the three-point correlation
in equation (14) is factorized as

(BIB,B)) = (B))(B,)(B) 27)

and the Y and N variables are similarly factorized into products of single-exciton quantities. All
correlations among excitons are neglected in this level and the equations for the B variables,
equation (14), are now closed.

In the second, exciton coherent dynamics limit (ii), the three-point correlation is factorized
according to

(BIB,B) = (BY(B.B), (B Bn) = (B)(By), (28)

and thus only the B and Y variables are relevant. In this limit, the correlation among two excitons
is taken into account but population transport dynamics is missed.
The simplest factorization that incorporates population transport is (iii)

A

(B'B,B)) = (B'B,)(B), (BuBi)=(Bn)(B), (29)

where only B and N variables survive but two-exciton correlations, Y, are ignored. A
more general factorization that includes mean-field interaction, two-exciton correlation and
population dynamics is given by (iv)

A

(BB, B)) = (B B,)(B)) + (B B))(B,) + (B)(B,B))+ (B!)(B,)(B).  (30)

In this case, we retain only B, Y and N variables and eliminate only Z. The fifth-type NEE (v)
fully incorporates the Z variable without additional factorizations. We had also considered an
alternative approach that keeps the Z variable but uses a simplified relaxation matrix. However,
it can be shown (see appendix A) that using a simplified relaxation matrix is equivalent to
factorizing the Z variable. Thus exciton correlations are still neglected even if we retain the Z
variables in NEE.

3.2. Solving the NEE with three-exciton correlations

To retain the three-point correlation, we next calculate the three-point relaxation operator
Z microscopically. We calculate other relaxation operators B, Y, N in equations (23)—(26)
according to the method described in [21] and summarized in [26] [equations (355), (359) and
(362)]. For the three-point relaxation operator Z, we have [21]

y _ 72 (@) @ 7
Zmn,j - Z(hmn,kl;azkl,j o Zmn isa zj,a)- (31
klo
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(q)

The equation of motion for the phonon-assisted variables Z;;”;. , = (IAB; By f?lqa) is given by

dZ(S)
mn, j o 2) (s) (s)
Z(hmn,klzkl jia Zmn i ozhlj)

: I : A 1 1 )
= 1y ,(nnvi o +Z w(S)(hmn kl; O,Zkl,j - Zmn,ihij;(x) - l(sspz hkj;ozZmn k— 5( )N,S)a g( )N;i:] o

- Z gm,nkN(S) +5(1)Y(Y)

kj;o mn;o’

(32)

where s can be either bath coordinate ¢ or momentum p. Here, v =m !, v = —m,o?,

w? = 2m - coth(ﬂ‘”“) and w{ = —1, where m, and w, are the reduced masses and

frequencies of nuclear modes. B is defined as 1/(kgT). N, ¢ and YY) are respectively the

mjio mn;o
phonon-assist variables for other NEE variables N,,,, and Y,,,.

Z(”), .o 1IN equation (32) was calculated by employing a Green’s function technique
(see appendix B). Substituting z\P

mn,j;o
approximation, we recast equation (31) as

into equation (31) and employing the Markovian

16
Zonj (1) =—=i Y S R (8) Zyw j (1), (33)
m'n’,j" s=1

m'n',j

where the relaxation matrix R,,,

is a sum of 16 terms when Umn,kl;oz are neglected. The

m’n’,j’

detailed procedure for calculating R, is given in appendix B.

4. Simulations and comparison with experiment

4.1. Two-dimensional (2D) spectroscopy

In this section we demonstrate the signatures of three-point correlations in 2D spectroscopy [26].
It is a coherent four-pulse phase-locked time-domain approach, where two of the three time
delays #,, t, and ;3 between the three excitation pulses k;, k;, k3 and the detection heterodyne
pulse k4 are varied to give 2D signals. Two techniques, S; and Sy (detected respectively along
—k; +k; +k; and k; — k; + k3 directions), involve population dynamics and thus are suitable
for probing population transfers. We focus on the S; (rephasing) signal represented by three
Feynman diagrams, as shown in figure 1. These pathways are ground-state bleaching (GSB),
excited-state emission (ESE) and excited-state absorption (ESA), where ¢; and f; (i =L 11, ...)
represent respectively single- and two-exciton manifolds and g represents the ground state. The
vertical arrows indicate coherence transfer during #; or 73, and population/coherence transfer
or coupling during #,. These diagrams reduce to the coherent-limit diagrams (i.e. no vertical
arrows) when there is only free propagation during each time delay. We now examine the
relation between the three pathways of S; to the NEE formalism. For hard-core bosons, we
have ,u k, =0 and therefore, according to equation (12), the time-domain S; signals can be
written as

Sity, 1o, 1) = Z wi BY (11, 1, 13), (34)
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Figure 1. Coherent and incoherent pathways for photo-echo 2DCS signals.
Vertical arrows indicate coherence and population transfer. All pathways reduce
to conventional coherent pathways when the vertical arrows are removed.

where B(? is the B,, variable calculated to third order in the external field. The signal Sy(#;, f,, 23)
is dominated by the three-point correlation function Z. Equation (14) does not depend on the
two-exciton variable Y. We have numerically shown that the dependence on the N variable is
weak (it enters only via interaction with the field due to Pauli blocking). For soft-core bosons,
the signal only depends on the Z variable. The dependence of the signal on Y and N variables
is only through the Z variable, as in equation (17). The dynamics of the Z variable therefore
contain all three pathways.

We shall show in the next sections that the three-point correlations strongly affect the
relative weights of three pathways. Our simulations show that the conventional ESE-type
population transfer pathway is overestimated when the three-point correlations are factorized.
However, a new ESA-type population transfer pathway can be identified. Different treatments
of three-point correlations assign different weights to the three pathways. These pathways
interfere and completely or partially cancel each other. The absence of a certain type of
population/coherence transfer signal (e.g. the ESE signal below the diagonal line) does not
necessarily indicate their real absence. The physical processes are indeed there but the signals
might have been canceled by signals with opposite signs from other pathways (e.g. the ESA
pathway).

4.2. Comparison with experiment

We have calculated the 2D signals by solving the NEE perturbatively in the optical field.
Alternative numerical nonperturbative schemes are possible [27]-[29]. In this work, we
calculate the 2D signals by solving the equations of motion for four NEE variables and
by directly selecting the relevant spatial Fourier components [30]. The method employed is
applicable to any pulse sequence, whether well separated or overlapping, and includes the
pulse shapes. An approximate numerical orientational averaging scheme was employed to
significantly reduce the calculation effort. Inhomogeneous broadening is added by introducing
disorder to the diagonal elements of the Hamiltonian. The Hamiltonian parameters were taken
from previous publications [31, 32]. The Gaussian optical pulses are centered at 12362 cm™!
with a 16 fs FWHM.
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Figure 2. Comparison among experiment (top row), full theory (without
factorization of three-exciton correlation, 2nd row) and two different lower-
order theories (3rd and 4th rows). The spectra in the 3rd row are calculated by
factorizing the Z-variable Green’s function into single-exciton and two-exciton
Green’s functions [26]. The spectra in the 4th row are calculated according to the
factorization scheme in equation (30). Only the full theory (2nd row) reproduces
the strong ESA-type blue peaks appearing in the experiments.

For comparison, the 2D signals [14] (S;+ Sy;) measured in recent experiments are shown
in panels (a)—(d) of figure 2. The calculated 2D spectra are shown in panels (e)—(h). Each
panel is first normalized to the strongest peak and displayed from —1 (blue) to 1 (red), and
then is shown in an arcsinh scale [14]. We are most interested in the cross peaks in each 2D
spectrum. One set of cross peaks is above the diagonal line (mainly negative) and the other set
is below the diagonal line (mainly positive). The striking feature is the appearance of strong
negative cross peaks (A)—(C) in panels (e)—(h), which qualitatively agree with the experiments
in panels (a)—(d). These negative peaks are actually the dominant cross peaks in almost all the
experimental results presented. The strong inhomogeneous feature in the experiments is not
reproduced. We attribute this to the simple model of diagonal disorder used here.

These strong negative peaks only appear when the three-exciton correlation is fully
included in the simulations and vanish or become much weaker otherwise. Panels (i)—(1)
are calculated by employing the nonequilibrium Green’s function where the Z-variable
Green’s function is factorized into single-exciton and two-exciton Green’s functions [26].
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Figure 3. S; (top row), Sy (2nd row) and S;+ Sy (3rd row) calculations with
the full theory. S; and Sy provide complementary information to each other.
While S clearly resolves the ESA-type peaks, Sy is more sensitive to population
transfer peaks below the diagonal line. S;+ Sy provides the simulations to the
experiments.

Peak (A) is significantly underestimated and peaks (B) and (C) almost vanish. Similar results
can be seen in panels (m)—(p), where we employed another lower-order theory where the
three-exciton correlation is factorized according to equation (30). Calculations with other
factorization schemes give similar results (not shown), where top negative blue peaks are either
underestimated or vanish.

In figure 3, we compare the simulated Sy, Sy signals and their sum, S;+ Sy;. Compared
to the total signals shown in panels (a)-(d), the S; signals shown in panels (e)—(h) still have
dominant ESA peaks arising from the three-exciton correlation. Some negative ESA peaks are
even stronger than those in the total Sy + Sy signals. For Sy; signals shown in panels (1)—(1), we
find that, in Sy signals, the positive cross peaks below the diagonal line are stronger than their
counterparts in Sy signals and thus can clearly show the energy transfer.

To summarize, we showed that the three-point correlations result in strong negative
cross peaks. The positive peaks (ESE pathway) below the diagonal line are commonly used
to reveal the relaxation dynamics of FMO. The negative ESA peaks can provide further
complementary information to the positive ESE peaks. They are related to population transfer
and population/coherence coupling during #,, and to coherence transfer during #;.

4.3. Signatures of three-point correlations

To reveal the origin of the negative cross peaks, we now calculate S; signals by incorporating

different types of elements of the exciton-basis relaxation matrices, Rév and R&¢»¢1,
4e3,e2€] €6€5,64
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Figure 4. To demonstrate how different types of matrix elements affect the
coherence and population dynamics, calculated S; signals are compared with
and without a certain type of matrix element in the relaxation matrices for N
and Z. (a) Full RY, ,, and R¢¢. (b) Only population transfer elements

in full RY, ., are eliminated. (c) Coherence transfer elements in R3¢ are
eliminated. (d) Population transfer elements within the secular approximation
for RY are eliminated. (e) Coherence transfer elements within the secular

eqe3,e0€]
approximation for RZ es.00e, 1€ eliminated. (f) Secular approximation RZ ererer”

respectively, for the NEE variables N and Z. Figure 4 shows the calculated 2D signals at
the same delay time 7, = 600 fs. Panel (a) shows the spectrum with full RY, ., and RZ¢:¢!.
Panel (b) shows the spectrum where we eliminate only the population transfer elements in
RQ’ es.000,- COMparing panels (a) and (b), we find that the strengths of both peaks (B) and (A) are
considerably changed. This indicates that the ESA peaks are related to the population transfer
during #,. This feature can be understood from the Feynman diagrams in figure 1. Only the ESE-
type peaks, such as peak (D) in all panels, were previously investigated for population transfer.
The origin of this type of positive peak can be understood by the population transfer during 2,
in the ESE diagram in figure 1. However, the same population transfer also occurs during #,

in the ESA diagram of figure 1. There is no particular mechanism to block the appearance of
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Figure 5. Calculated 2DCS signals for a dimer at #, = 0 fs (left column) and #, =
300 fs (right column). Panels (a)—(d) are calculated with full theory. (a), (b) and
(c), (d) are respectively calculated with U,,, ;; = 100cm™! and U,,,, ;; = 0cm™'.
While the ESE-type peak (C) and ESA-type peak (D) are well resolved in panels
(a) and (b) due to the artificial introduction of a big U, x;, the corresponding
peaks (C) and (D) in panels (c) and (d) largely cancel each other due to a zero
Unn x1- Therefore, the strong negative ESA peaks may cancel the positive ESE-
type population transfer peaks, which leads to an underestimation of population
transfer. Panels (e)—(h) repeat the calculations in (a)-(d) except with a lower-
order theory, where the Z-variable Green’s function is factorized into the product
of single- and two-exciton correlations [26]. Here we do not observe the same
cancelation as described for panels (a)—(d).

such ESA-type peaks (negative) representing the population transfer. Therefore, even from a
simple diagrammatic analysis, we expect that these peaks above the diagonal lines are relevant
to population transfers. However, the neglect of three-point correlations significantly reduces

their strength.
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Panel (c) is obtained by neglecting the coherence transfer elements in Rg*¢2¢1. The spectrum
is again strongly modified as compared to the full calculation in panel (a). This suggests that
the coherence transfer in three-point correlation relaxation also plays an important role in the
dominant negative peaks above the diagonal line. Comparing with the effect of coherence
transfer during #;, we further find that the largest modification to the full calculation in panel
(a) comes from the secular approximation in RZ escre;» Where peak (B) becomes significantly
stronger, as shown in panel (f).This suggests that the population—coherence couplings neglected
in secular approximation also play an important role in determining the strength of ESA peaks.

Within the secular approximation, if we further eliminate the coherence transfer elements
in RZ es.cre;» WE ODtain panel (e), where the strong negative peaks do not change a lot but the
ESE-type population transfer peaks (D)-(F) become clearly resolved. This implies that the
coherence transfer during #,, as included in panel (f), plays a role in reducing the ESE population
transfer peaks. If we only eliminate the population transfer within the secular approximation for

Z escrep» then we obtain panel (d), where the conventional population transfer peaks, such as
peak (D), are almost gone. This is different from panel (b), where we still have a weak peak
(D) due to the inclusion of population and coherence couplings beyond secular approximation.
However, in both panels (b) and (d), the negative ESA peaks exist even when we neglect the
population transfer in R, , .. This indicates that the dominant ESA peaks depend not only
on population transfer during f,, but also on other factors, such as coherences during #, and
coherence transfers during #;. Therefore, like the conventional ESE-type peaks where population
transfer and coherence are always coupled during #,, ESA peaks also have this property. The
dependence of ESA peaks on coherence during #, can also be understood intuitively from the
three Feynman diagrams in figure 1. From the diagrams, we know that the third pulse generates
ge; (GSB and ESE) and f;e; (ESA) coherences. The generation of these coherences will rely
on initial conditions, i.e. the coherence among different states and the population distribution
at the end of #,. From this perspective, the f,-dependence of the ESA cross peaks can also be
understood, although these cross peaks are mainly introduced by the three-exciton correlation
that is finite only when #; > 0.

Here we have studied the dependence of ESA negative peaks on the various mechanisms
given by the relaxation matrices of NEE variables N and Z. The strength of these peaks strongly
depends on the population/coherence transfers and population—coherence couplings during 7,,
and on the coherence transfer during #;. We emphasize that the underlying reason for the
existence of these dominant ESA cross peaks is the three-exciton correlation. If we employ
a simplified relaxation matrix for the Z variable, we can still have coherence transfer during
;. But we will lose the dominant ESA peaks even with R, , , untouched. In our simulations,

we also find that, with simplified R%¢>¢!, the 2D signals will not be so sensitive to the different

eqes,e4”
N
treatments of Re463,€2€1'

5. Discussion

We have shown that different approximations to the three-exciton correlations can affect the
relative weights of three pathways of the SI technique. In FMO, the three-point correlations give
the dominant ESA-type cross peaks. However, the fact that one type of cross peak can dominate
has more profound consequences. For coherent dynamics, the ESE and ESA pathways introduce
respectively positive and negative cross peaks both above and below the diagonal lines. These
cross peaks with different signs can thus cancel. Therefore, weak cross peaks do not necessarily
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indicate weak coherence in the system. For incoherent dynamics, the population transfer from
the ESE pathway introduces positive cross peaks only below the diagonal line due to the general
transfer direction from higher excitonic states to the lower ones. The population transfer from
the ESA pathway mainly introduces negative peaks above the diagonal line. However, it is also
possible that ESA population transfer peaks occur below the diagonal line due to the many
two-exciton states available.

From Redfield theory we know that the ESE coherence is coupled with the ESE population
transfer, making it more complicated to probe population transfer in photosynthetic systems.
However, when the negative ESA-type (both coherence and population transfer) peaks become
dominant, the positive population transfer signals from ESE would also be canceled or partially
canceled by the ESA peaks. This will further complicate the probing of energy transfer. This also
indicates that the absence of population transfer peaks for small #, does not necessarily mean the
absence of population transfer. Thus, if the coherence time is long, then the population transfer
peaks below the diagonal line are more likely to be weak. We shall demonstrate this with a
simple dimer model.

Most simulations of FMO usually only consider the J-coupling (4,,,) and neglect the
exciton—exciton coupling U, x;- In the following dimer model, we introduce a finite U, i
in order to separate the ESE and ESA pathways. Panels (a) and (b) in figure 5 are calculated
with Uy, = 100cm™! respectively at t, = 0fs and t, = 300fs. The U, «; renormalizes the
two-exciton state and thus the ESA contribution to cross peaks is shifted down, as given by
peaks (A) and (C). ESE contributions are still at the regular cross peak positions (B) and
(D) with positive signs (note that the GSB contribution overlaps with the ESE contribution
but GSB peaks are not #, dependent). By setting U, ,; = 0, we obtain panels (c) and (d). In
(c), peaks (C) and (D) partially cancel. We expect this cancelation to become more evident if
inhomogeneous broadening is added. However, after the cancelation, the resulting weak cross
peak does not indicate the weak coherence in the system. The coherence is strong but the
coherence signals from two pathways partially cancel each other and thus look weak. At finite
t, population transfer already occurs, as in panel (d). However, the similar cancelation will
let us underestimate the population transfer. We repeat the above calculations with lower-order
theory, as shown in panels (e)—(h). We find that in the lower-order calculation the ESA pathway
is no longer dominant, and the cancelation effect is not obvious. If the dominant ESA peaks
are more realistic in accounting for the dimer dynamics, then the lower-order calculation will
overestimate the population transfer.

In summary, we demonstrated that three-point correlation effects can affect the relative
strength of individual pathways of nonlinear responses of the photosynthetic FMO complex.
Our simulations demonstrate general excitonic properties as long as exciton correlations
are important. The importance of three-exciton correlation also arises from the type of
experiments considered (third-order, weak-field limit), where three-exciton correlation is the
highest correlation involved, and is the only correlation that is directly related to the signal. Our
simulations show that the probing of relaxation dynamics is actually more complicated. More
advanced techniques, such as those based on manipulating polarization configuration and pulse-
shaping techniques, may resolve these issues. We further showed that the negative peaks above
the diagonal line contain more information regarding coherence, energy/coherence transfer, than
the positive peaks below the diagonal line. This is because the latter energy transfer peaks may
have been partially canceled by the ESA peaks.
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Appendix A. Simplified relaxation operators for the three-exciton variables

In this appendix, we show that, when using simplified relaxation operators for the Z variable,
the three-point correlation is lost, even if it is formally included in the equations of motion. To
demonstrate this, we consider a typical factorization Z,,, ; ~ B J Y,.,. The equation of motion

B;Ymn can be derived as (in the derivation, we neglect the effect of external field on the
relaxation)

_,L T
ABY,)  AB] Y,

— mn T1D;
dr dt I dr

<— > Blh—i) B,*r,j) Yo+ B] (Z o Y —i Y RY Yk,>
1 1 ki

kl

12

= th B Y — ZhljB Youn IZFIJB Yun =1 Ry, 4B Yy (A.1)
kl

We now examine the equation of motion for the Z variable, equation (17), which is
derived without factorization. If we use a simplified relaxation matrix Z,,,; constructed from
the relaxation matrices of lower-order NEE variables B and Y, i.e.

an —1 Z FZ] mn.t =1 Z Rmn wZk, i (A.2)

then equation (17) becomes

mnj thnklzklj Zhlj mn,l — IZFU mn,l — IZRmnk,Zu], (A.3)

where we again neglect the effect of external field on the relaxation.

Comparing equations (A.1) and (A.3), we see that Z,, ; and BJT- Y., satisfy the same
equation of motion. Thus, in this case, the use of a simplified relaxation matrix for the Z variable
is equivalent to the factorization of the Z variables. Three-point correlations are therefore lost,
even if we formally retain them in the equation. The simplified relaxation given in equation
(A.2) was used in [21] to replace the full relaxation matrix in equation (26).

Appendix B. Relaxation operator for the Z variables

The relaxation matrix for the Z variables is given by

mn o Z(h’(jf)hkl;azlg,)j T Zr(ri]rs iso _lj,a)' (Bl)
In equation (B.1), hfj,)l i-o 18 defined by
hl(ani ko = 5mkl:lnl,oz + Ijlmk,aanl + ‘_/mn,kl;ou (BZ)
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where

‘_/mn,kl;a = 2[_]mn,kl;a -2 Z Pmn,pk}_lpl,a -2 Z Pmn,pq qu,kl;ot- (BS)

p pq

The equation of motion for the phonon-assist variables Z ,E?)] .

4z ,553,
—Tmn, jia @ (s) (s) : (=9)
Z(hmn klel Jioe Zmn i ahlj) - lUOlZmn JJia

= Z w(S) (hmn kl; oszl,j - Zmn,i}_liﬁa) - i(SSP Z }_lkj;azmn,k

g(l)N(S) 5(1)N(S) Z Sm,nkN(S) S(I)Y(s)

nj;a mj;o kja mn;o’

(B.4)

where s can be either g or p, and we have used the notation (—p) = (¢), (—¢g) = (p) and

0@ =m P = g, (B.5)
@ Pwa
Wy = Trglgagupo(@] = 7 ——coth { —= ) . (B.6)
») = — !
w, = Trq[paQapO(q)] - _E' (B7)
By defining Z, (q) = AW, equation (B.4) can be written out in a unified way:
(@)
idg_aq — hA((xq) A(p) W(q)(t)
‘ Ma (B.8)
dA®
i— —hAP +im,w2 AY = WP (1),

dr

where W is the rhs of the corresponding equation and & are linear operators representing the
free evolution of the Z variable in the absence of relaxation. We further introduce the set of the
Green functions of the Z operator, which satisfy the equations

dg

i— —hG =1i8(7). (B.9)
dr

The solution of equation (B.8) can be represented in the form

AD (1) = —i f T [cos(wat)g(t)Wog‘”(r —1)+ sin(wet)G (WP (x — z)] :
0

oo

(B.10)

AP (1) = —i / ar [cos(@aH)GOWP (T — 1) — muwg sin(w, GO WD (T —1)] .
0
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Using the general formal solution equation (B.10), we have

o
Z0 (1) =—i / dt Y Gl i (O [cos(wat)w,f;f; a(T=1)
0

m'n’ ]/

+

m'n,j'a

sin(w, )W, . (1 — z)] . (B.11)

My @y

We also know, by definition, that

(q) YA 7 : 7
qun /a(T - t) = Z ws)(hmnykl;azkl,j - Zmn,ihij;a) - 18Sp Z hkj;ozZmn,k

g(l)N(S) (l)N(S) Z Enm, nkN(S) g(l)Y(S)

nj;o mjio k]oz mn;o

~ Z w(q)(l’lmn Kl O,Zkl,j - Zmn,ihij;ot) - igqp Z hkj;othn,k

- _
= Z hl(nli,kl;oszLj - Z Zmn,ihij;a wéq)
kl i

and

. _ ) _
Wl’l(’lll)’L)]Ot(T -1~ Z wép) (hinr)l,kl;azklsj — Zn,ihijia) —18pp Z hij:aZmn.k

= Zw(p)hmn kloz Zw(p)zmnl ijo —1 Zhlj othnt
i _ -
= Z B i Zit.j 3 Z Zyn,ihija —1 Xl: hijia Zn,i
i
i - i -
— 2
- E Z hmn’kl;azkl,j - E Z Zmn,ihz o
kl i
i - _
— @)
- E Z hmn’k];azkl,j + Z Zmn,ihij;a
kl i

Equation (B.11) thus becomes

Zy ja(©)
= —i/ dt Y Gh o (O [cos(wat)w,;q}, (T =D+ - sin(wa ) Wy, o (T —t)i|
m'n’,j’
o0
=—i / de > gm0 R aZi o Cr i / dt Y Gt ()Y Zuw.ihijraCa,
m'n’,j' kl 0 m'n’,j' i
(B.12)
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where

Lo com () i)
C, = cos(wgyt) coth —isin(wyt?) |,

2Mm Wy 2
1 Bws\ . .
C, = — cos(wyt) coth —isin(wyt?)
2m W, 2
1 o ..
= — [cos(a)o,t) coth (,Bw ) +1sm(a)at)]
2mywy 2
= —Cy.

We use the following simplified version for equations (B.2) and (B.3) for hard-core bosons:
o e = kPt + Mkt — 28w Sl = Sutn SuriSut At + Dot oSS
= Sm/k}_ln’l,a + }_lm’k,aan’l - 28m’n’8n’kﬁm’l,a-
Substituting this into equation (B.12) gives
z0 (1) =200 (1) + 20 (0), (B.13)

where

00
(@)(1) _ : m'n',j’ 7.(2)
Zmn ]a(r) - _l[) dt Z gmn,j (I)th’n/,kl;azklaj/cl
kl

m’n’,j’

= — 1/ dt Z gn”:nrf;] (t) Z n'l, a m'l,j' +hm’l,aZln’,j’ - 28m/n/hm’l,azn/l,j/) C],

m'n’,j’

z5w =i [ a ¥ G 0% Zuwiaca

m'n’,j'

Substituting equation (B.13) into (B.1) gives

()] AU @ AN
mn j— Z hmn,kl a7kl jo ('C) + Z hmn,kl okl ja (T)

; zz,ﬁz:<,';<r>ﬁi,-,a)+( 3 292 )i

i i

= Zon L (=2 V(=2 ), (B.14)

mn, j mn, j mn, j mn, j
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where
Zr(nlr)lj (T) =—i Z f dtCl Zhnla : [ ,:];ll] hl’n a+gml] hl/m o —26 m'l g,l,&nj] l’n(x]

m'n’ j' al,l’

Lon NG (t—t)—1 Z / dtC, thla : [glnjjhl’n’a"'gln J]hl/m o —26 ’l’gllnm]] hl’na]

m/n/J/ al,l
II /l/’ 2 - l/ /’ 2) -
X Zyw j (T—1) =1 ) f dtCy Y (=28l ) - [QZ,J- T hna+ G i
m'n’j’ al 1"
U'm',j'
=28, Gy T Wy | Zuwwy (= 1), (B.15)
(@) A Ng
Zmnj = Z f dtC Z( hnl ag,’:;[n] ( ) mlag[n,tz ( )
m'n’ j’ i
11 mn J
+28mnhm1a nl,j (t))h i'l o mn’,j/,
3 A l
—Z0 =i Z/ Cldchlm[_ G (Vi — G () R
m/n/]/ 1

+ 28l’m mnl (t)h[’n a:l Zmn ]’hlj o

4 r - _
—Zg =iy / Crde Y G Ohijah o Zuw i

m'n’j’ 1w

Equation (B.14) contains 16 terms and we present a sample calculation for the first three
terms:

. (1
Zm”sj = Zmr)z ]
! /7 -
= —l Z / dtCI Z 28mnhm1 o[) . [gnl j hl’n o +gnlnj] hl’m/,a
ni/n/‘]/ al l///

I'm',j 711
- 28m’l/gnl’J hl/n/a Zm’n’,j’ (t - t)

oo da) ha) . . m'l. i 7 "n. i

T
0 Lv

ml,j

— 28,06 (1M, (a))] +

:_12/ AR (1) Zo (2 —1) (B.16)

m/n/J/

where

" 1
Crunit (@) = 3 nthmhklaw(w w,) — 8w +w,)].

Mg Wy
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We next employ a simplified bath model where a single-exciton eigenstate is coupled to its
own statistically independent bath with a continuous spectral density. Fluctuations of different
chromophores are uncorrelated and they all have the same spectral density so that

C;;nkl (a)) = 8mn8nk5kl C//(a))’ (B17)

where C"(w) =7 Za om.al0(@ — wy) — 8(w+ w,)] is now independent of the system indices.

The spectral density has the symmetry C”(w) = —C”(—w). Specific models for the spectral
density (e.g. Ohmic, white noise, Lorentzian, etc) are often used for calculating the nonlinear
responses of molecular systems. We assume that the bath has several collective modes « and
recast the spectral density in the form

C"(w) = Z Ao Co (@), (B.18)

where C,(w) is a dimensionless spectral density of mode « and A, is the coupling strength
between. We define the auxiliary functions

_ *d
MP () = / z—wca (w)[coth(Bhw/2) cos(wt) Fisin(wt)]. (B.19)
oo 2T
By performing a one-sided Fourier transform, we have
M® (w) = f dt exp(iwt) M (1). (B.20)
0

Using these definitions for a simplified bath model, we now consider the first term of
equation (B.16):

h
mn](t)——l Z / dt/ <cosa)t coth'BTw—lsma)t)

m'n’ '

X Gl T (1) Cl o (@) Zigr (1 = 1)

h
= —1i Z f / (cosa)t COth'BTw—ISIHG)Z>

m'n’ j'1I

Y G G @G ) Za 1)

m n//j//

: (1)
= —i Z Rmn”j" I Zw (D),
m/n/j/

where

/Y h
r(nlr)z”;n Y= Z/ dt’ / (coswt COthﬁTw—lmna)t)

mw

G WC (@) Gt (1)

m//n//J//

h
= ZA / dr’ / C (@) (cos a)t/coth'BTw —isinwt’)
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m'n,j" sm'n
x> GG ()
am//‘]//

oo
= Soh [ amy ¥ o @G o
o 0 (xm//j//

Next we employ a factorization scheme for the Green’s function corresponding to the Z variable
and obtain

r(nl,:n;n i Z)“ / dt/M+(l/) Z grann]J (t/)G:;mnan (l)

"in

am” j
o0
= / dt'M* (') Y Guw GunGlyp (G Guw G 1)
a 0 am” j”

o
= / dt'M* (1) Y G GunG iy Gy GG s
o 0

ozm”]”

In order to calculate this relaxation matrix, we need first to transform it into the exciton basis,

RDeserer Rm/"',j'
eges.es mn, j wmeS wﬂes Wje4 Wm’e3 wn%z wj/el

mn,j;m'n’, j’

=ZA > / dt' M*(t)

mn,j;m'n’,j’;

: Z Gmm”Gnn Gj i G;kn”m G: Jj" ’wme(, wnes lﬁm wm ‘ez wn "ey W, e

Olm”j”

= Z )"a Z / dl’le (t/)M+(l/)ei(Eez_Ee/2)t/ Z (wnez Wnes wneQ Wnez) ezeq e4e1

/
)

= Z )\a Z M+(Cl)g2e’2) Z wnez wnes wne’2 1/’ne;5e3e63e4e1 .

/
€

This is the first term in the relaxation matrix. The other 15 terms are calculated in a similar way.
The total relaxation matrix for Z is finally given by

Ré3exel — Z (3)6362,61
8665 eqs €6€5,€4
= Z )\'(x Z MY (wqe’z) Z wnez wn65 Wne’z w’ne’2 86366 86461
o e’2 n
+ D haM* @eres) Y Vnes Vnes Ve Vineseser
o n
-2 Z )‘-a Z M+(wege/ + wezeb) Z wne5 Wneﬁ wne’ Wne/wn@, Wneg 86164
o e n
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D M @eres) D Vnes Vo Wines VnesSeres

Db ) M @ee) ) e ne Ve VeBeesber

=2 b ) M @eset@0e) ) Ve Ve Ve Vs Ve Vines e
~2Y s Z M (@ese) D (Vo Vines Vnes Ve Ve Vi) Beres

~2 Z b Z M* (@) Z VneoWnes Ve Ve Vnes YnesSeaey

+4 Z )\ Z M* (a)€3€ + a)eze’z) Z wne(, wnes wne’] Khne/1 l,”ne/2 Kﬁne/2 wneg wnez 3e4el

682

=D M (@eie) Y Vnes Viner Ve Vi B

=DM (@eie) Y Vnes Vines Ynes Vi D

+2) M @eier) Y VinegVnes Viney Ynes Viney Ve

=D M @eses + @eres) Y Ve Vnes Vnes WinesBeces
=D kM @eree) D VnesWneg Ve VinesBese

2 M @eres + Oere) D VrneeVineg Vnes Ves Wines Ve,

+ Z Ao Z M (w.e,) Z Vnes Une' Une' Wne, Oeges Seser -

In the numerical calculations, we transformed the above matrix from the exciton to the local
basis.
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