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Abstract

Quantum symmetries in free probability
by
Stephen Robert Curran
Doctor of Philosophy in Mathematics
University of California, Berkeley

Professor Dan-Virgil Voiculescu, Chair

The framework of this thesis is Voiculescu’s free probability theory. The main theme is the appli-
cation of bialgebras, particularly Woronowicz-Kac C*-algebraic compact quantum groups, in free
probability. A large part of this thesis is concerned with the class of “easy” compact quantum
groups, introduced by Banica and Speicher. After a brief background section, we construct two
new series H,(f), HJLS] of easy quantum groups and establish some classification results. In Chapter
4, we present a unified approach to de Finetti type results for the class of easy quantum groups. In
this way we recover the classical results of de Finetti and Freedman on exchangeable and rotatable
sequences, and the recent free probability analogues of Kostler-Speicher and Curran for quantum
exchangeable and quantum rotatable sequences, within a common framework. In Chapter 5 we
introduce a notion of quantum spreadability, defined as invariance under certain objects A;(k,n)
which we call quantum increasing sequence spaces, and establish a free analogue of a famous the-
orem of Ryll-Nardzewski. We then consider some well-known results of Diaconis-Shahshahani on
the limiting distribution of Tr(U¥), where U is uniformly chosen from O,, or S,,, within the context
of easy quantum groups. We recover their results and establish some surprising free analogues.
In Chapter 7 we consider the limiting distribution of Uy AnUpy, and By, where Ay and By are
matrices with entries in an arbitrary C*-algebra B and Uy is a quantum Haar unitary random
matrix. We show that these are asymptotically free with amalgamation over B if Ay and By have
limiting distributions as IV goes to infinity, and that this may fail for classical Haar unitaries if B
is infinite-dimensional. In the final chapter we use (non-coassociative) infinitesimal bialgebras to
prove analytic subordination results in free probability.
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Chapter 1

Introduction

The framework of this thesis is free probability theory, which was developed by Voiculescu
in the 1980’s as a tool for studying free products of operator algebras. Remarkably, there are many
deep parallels between classical and free probability, evident for example in the free central limit
theorem in which the role of the Gaussian distribution is played by Wigner’s semicircle law. This
theory has important connections with random matrices, and has led to deep results about the
structure of the von Neumann algebras associated to free groups.

The theme of this thesis is the application of bialgebras in free probability. For the most
part, these will be Woronowic-Kac C*-algebras [63]. These objects generalize the algebras C(G),
where G is a compact group, and can thus be thought of as compact quantum groups. The key
examples which we consider in this thesis are the universal compact quantum groups S;", O;F, U, of
Wang [60, 61]. In many ways, these objects are the natural free probability analogues of the classical
groups Sy, 0, and U,. This is perhaps most apparent in the study of distributional symmetries,
beginning with the free de Finetti theorem of Kostler and Speicher [40] which characterizes freeness
in terms of invariance under S;". Part of this thesis is devoted to extending this result, to a
larger class of quantum groups in Chapter 4 and to a (seemingly) weaker invariance condition in
Chapter 5. Other applications of these objects will be considered in Chapters 6 and 7. In the final
chapter we will use infinitesimal bialgebras to establish some analytic subordination results in free
probability. These objects, which first appeared in work of Joni and Rota [35], are at the center of
the non-microstates approach to entropy in free probability [52] and of Voiculescu’s “free analysis”
[53, 57, 58].

The thesis is organized as follows. The next chapter contains preliminaries and notations,
here we will recall the basic concepts in free probability. We will also recall the “easiness” condition
of Banica and Speicher [10] for a compact orthogonal quantum group. The main examples are
Sh, Oy, and their free versions S;F, O;F. These will be the central objects of Chapters 3-6.

In Chapter 3 we present some classification results for easy quantum groups. In the
“non-hyperoctahedral” case we are able to give a complete classification. The hyperoctahedral
case appears to be quite difficult, and here we will introduce some new examples but leave the
classification problem open.

In Chapter 4 we present a unified approach to de Finetti theorems for easy quantum
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groups. In this way we recover the classical results of de Finetti and Freedman and the recent free
probability results from [40, 23, 24] within a common framework. We also develop a new notion
of half-independence, corresponding to the de Finetti theorems for the the half-liberated quantum
groups H, O .

In Chapter 5 we construct quantum increasing sequence spaces A;(k,n), which provide a
free analogue of the space of increasing sequences (1 < lj < -+ < Il < n). We define a notion
of quantum spreadability in terms of these objects, and establish a free analogue of a well-known
theorem of Ryll-Nardzewski [44].

We consider the joint distribution of (Tr(U¥))pen, where U is chosen uniformly from an
easy quantum group G, in Chapter 6. In this way we recover some well-known results of Diaconis
and Shahshahani [29], and establish some surprising free analogues.

In Chapter 7 we consider the joint distribution of UvAnUy and By, where Ay, By are
matrices with entries in a unital C*-algebra B and Uy is Haar distributed on the quantum unitary
group Uﬁ. We show that if Ay and By have limiting distributions as N — oo, then UyAnUy,
and By are asymptotically freely independent with amalgamation over B. We show that this may
fail for classical Haar unitary random matrices if the algebra B is infinite dimensional.

Chapters 3, 4 and 6 are based on a series of joint papers with Teodor Banica and Roland
Speicher. Chapter 3 is based on [7], to appear in the Pacific Journal of Mathematics. Chapter 4
is based on the preprint [8]. Chapter 5 is based on my preprint [25]. Chapter 6 is based on [9], to
appear in Probability Theory and Related Fields. Chapter 7 is based on the preprint [26], which
is joint work with Roland Speicher. Chapter 8 is based on my preprints [21, 22].



Chapter 2

Background and notations

2.1 Combinatorics of classical and free probability

We begin by recalling the basic notions of noncommutative probability spaces and distri-
butions of random variables. The reader is referred to the texts [59, 43] for further details.

Definition 2.1.1.

(1) A noncommutative probability space is a pair (A, ), where A is a unital *-algebra and ¢ :
A — C is a linear functional such that ¢(1) = 1. Elements of A are called random variables.

(2) A W*-probability space is a pair (M, ), where M is a von Neumann algebra and ¢ is a
faithful, normal state on M. We say that (M, ¢) is tracial if

p(zy) = p(yx), (z,y € M).

Example 2.1.2. Let (2, F,P) be a (classical) probability space.

(1) Let M = L*>(Q2) be the algebra of bounded, complex F-measurable functions on 2. Let
E : M — C be the expectation functional, then (M, E) is a tracial W*-probability space.

(2) Let A =[1,5; LP(2) be the algebra of complex F-measurable functions with finite moments
of all orders. Then (A, E) is a noncommutative probability space.

Given an index set I, we let C(t;,t!|i € I) denote the -algebra of polynomials in noncom-
muting indeterminants (t;);e;. Given random variables (z;);e;r in a noncommutative probability
space (A, p), there is a unique unital *-homomorphism ev, : C(t;,t7|i € I) — A sending t; — z;
for i € I. For p € C(t;,tf|i € I) we also denote ev,(p) by p(z).

Definition 2.1.3. Let (z;);c; be a family of random variables in the noncommutative probability
space (A, ). The joint distribution of (x;)ics is the linear functional ¢, : C(t;,tf|i € I) — C
defined by
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Note that the joint distribution of (x;);c; is determined by the collection of joint -
moments
P (til - t5h) = p(af) -2k,
for iy,...,ix € I and €y,..., €, € {1,*}.
Remark 2.1.4. These definitions have natural “operator-valued” extensions, given by replacing C
by a more general algebra of “scalars”. This is the right setting for the notion of freeness with
amalgamation, which plays a central role in this thesis.

Definition 2.1.5. An operator-valued probability space (A, E : A — B) consists of a unital algebra
A, a subalgebra 1 € B C A, and a conditional expectation FE : A — B, i.e. E is a linear map such
that E[1] =1 and

E[blabg] = blE[a]bg
for all by,b2 € B and a € A. Elements of A are called B-valued random wvariables, or just random
variables.

Example 2.1.6.

(1) Let (Q,F,u) be a probability space, and let G C ¥ be a o-subalgebra. Let A = L*(u),
and let B = L*®(u|g) be the subalgebra of bounded, G-measurable functions on €. Then
(A, E[-|G]) is an operator-valued probability space.

(2) Let (M, 7) be a tracial W*-probability space, and let 1 € B C M be a unital W*-subalgebra.
Then there is a unique conditional expectation E : M — B which preserves the state 7. Note
that it is essential here that 7 is assumed to be a trace.

To define the joint distribution of a family (x;);c; in an operator-valued probability space
(A E : A — B), we will use the %-algebra B(t;,t} : i € I) of noncommutative polynomials with
coefficients in B. This algebra is spanned by monomials of the form botfi e tf: by, for by, ..., by € B,
i1,...,9% € I and €1,...,€; € {1, *}. There is a unique homomorphism from B(t;,t : i € I) into A
which acts as the identity on B and sends t; to z;, which we denote by p — p(x).

Definition 2.1.7. Let (A, E : A — B) be an operator-valued probability space, and let (x;);c; be
a family in A. The B-valued joint distribution of the family (z;);cs is the linear map E, : B(t;, t] :
i € I) — B defined by

E.[p] = Elp(z)].

Observe that the joint distribution is determined by the B-valued joint x-moments
for by,...,br € B, i1,...,i € I and €1,...,¢x € {1,*}.

Definition 2.1.8. Let (A, E : A — B) be a B-valued probability space, and let (A;);c; be a family
of subalgebras of A, each containing B. The algebras (A;);c; are conditionally independent given
B if they commute with each other and we have

Elay---an| = Ela1] - - Elan)
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whenever a; € A;; for distinct indices i1, ...,7i,. When B = C we say simply that the algebras
(Ai)ie; are independent. If (x;);cr is a family of random variables in A, we say that they are
conditionally independent given B if the algebras A; generated by x; and B are conditionally
independent.

Example 2.1.9. Given B-valued probability spaces (A;, F; : A; — B) for i € I, we can form the

tensor product
A=) A,
el
where the tensor product is taken with respect to the natural B — B bimodule structure on the
algebras A;. Let E : A — B be the conditional expectation F = @) F;. Under the natural inclusions
A; — A, we have E| 4, = E; and the algebras (\A;);er are conditionally independent given 5.

Remark 2.1.10. The above example demonstrates the relationship between tensor products and
independence. In the noncommutative context, if (A;, E; : A; — B) is a family of B-valued
probability spaces, one can also construct the free product with amalgamation over B,

A= o Az
1€l
It was shown by Voiculescu that there is a natural conditional expectation F : A — B, E =
*icrF;. E is determined by the conditions E|4, = Ej;, and that the algebras (A;);cs are free with
amalgamation over B, in the sense of the following definition.

Definition 2.1.11 ([49]). Let (A, E) be a B-valued probability space, and let (A;);er be a family
of subalgebras, each containing B. The algebras (A;);cs are called freely independent with amalga-
mation over B, or free with respect to E, if

whenever Ela;] = 0 for j = 1,...,m and a; € A;, for indices i1,...,im € I such that iy # iy #
-+ # 4. When B = C we simply say that the algebras A; are freely independent.

Remark 2.1.12. Conditional independence and freeness with amalgamation also have rich combi-
natorial theories, which we now recall. In the free case this is due to Speicher [48], see also the text
[43].

Definition 2.1.13.

(1) A partition 7 of a set S is a collection of disjoint, non-empty sets Vi,...,V, such that V; U
UV =80 Vp, ..., V, are called the blocks of 7, and we set || = r. The collection of
partitions of S will be denoted P(S), or in the case that S = {1,...,k} by P(k).

(2) Given m,0 € P(S), we say that m < ¢ if each block of 7 is contained in a block of o. There
is a least element of P(S) which is larger than both m and ¢, which we denote by 7V o.
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(3) If S is ordered, we say that m € P(S) is noncrossing if whenever V, W are blocks of = and
51 < t1 < s9 < tg are such that s1,s9 € V and t1,to € W, then V = W. The set of noncrossing
partitions of S is denoted by NC(S), or by NC(k) in the case that S = {1,...,k}.

(4) The noncrossing partitions can also be defined recursively, a partition = € P(S) is noncrossing
if and only if it has a block V' which is an interval, such that 7\ V' is a noncrossing partition
of S\ V.

(5) Given i1, ..., in some index set I, we denote by keri the element of P(k) whose blocks are
the equivalence classes of the relation

s~tE& 1, = 1.

Note that if 7 € P(k), then m < keri is equivalent to the condition that whenever s and ¢ are
in the same block of 7, is must equal ;.

Definition 2.1.14. Let (A, E : A — B) be an operator-valued probability space.

(1) A B-functional is a n-linear map p : A*¥ — B such that
p(boalbl, agbg e ,anbn) = bop(al, b1a2, ey bn,lan)bn

for all bg,...,b, € B and ay,...,a,. Equivalently, p is a linear map from A®B" to B, where
the tensor product is taken with respect to the natural B — B-bimodule structure on A.

(2) Suppose that B is commutative. For k € N let p*) be a B-functional. Given w € P(n), we
define a B-functional p(™ : A" — B by the formula

p(ﬂ-)[ala s 7an] = H p(v)[a17 s 7an]7
Ver

where if V = (i1 < ... < ;) is a block of 7 then
p(V)lai,...,an] = ps(aiy, ..., a;,).

If B is noncommutative, there is no natural order in which to compute the product ap-
pearing in the above formula for p(”). However, the nesting property of noncrossing partitions
allows for a natural definition of p(™) for = € NC(n), which we now recall from [48].

Definition 2.1.15. Let (A, F : A — B) be an operator-valued probability space, and for k£ € N let
p¥) . A — B be a B-functional. Given 7 € NC(n), define a B-functional p(™ : A™ — B recursively
as follows:

(1) If # = 1,, is the partition containing only one block, define ™ = pn),
(2) Otherwise, let V.={l+1,...,l+ s} be an interval of 7 and define
p(ﬂ-)[a17 s 7an] = p(ﬂ-\V)[a/la ceeyap p(S)(al+17 e al+8)7 Alys415- -+ 7an]

for ai,...,a, € A.
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Example 2.1.16. Let
m=1{{1,8,9,10},{2,7},{3,4,5},{6}} € NC(10),

1 2 3 4 5 6 7 8 910

L]

then the corresponding p(™ is given by

p™ay, ... a10] = pM (a1 - pP(az - p (a3, as, a5), PV (ag) - az), as, ag, aro).

Definition 2.1.17. Let (A, E : A — B) be an operator-valued probability space, and let (x;);er
be a family of random variables in A.

(1) The operator-valued classical cumulants c%) : A¥ — B are the B-functionals defined by the
classical moment-cumulant formula

Elai---ay) = Z cg)[al,...,an].
TEP(n)

Note that the right hand side of the equation is equal to cgl) [a1,...,ay,] plus lower order
(n)

terms, and hence ¢y’ can be solved for recursively.

(2) The operator-valued free cumulants ng) : A¥ — B are the B-functionals defined by the free

moment-cumulant formula

TeNC(n)

As above, this equation can be solved recursively for ng).

While the definitions of conditional independence and freeness with amalgamation given
above appear at first to be quite different, they have very similar expressions in terms of cumulants.
In the free case, the following theorem is due to Speicher [48].

Theorem 2.1.18. Let (A, E : A — B) be an operator-valued probability space, and (x;)ier a family
of random variables in A.

(1) If the algebra generated by B and (x;);cr is commutative, then the variables are conditionally
independent given B if and only if

C(En) [bo:ﬂil bl, e ,l‘znbn] =0

whenever there are 1 < k,1 < n such that iy # ;.
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(2) The variables are free with amalgamation over B if and only if

Kg) [bol‘il bl, .. ,LUann] =0

whenever there are 1 < k,l < n such that iy # ;.

Note that the condition in (1) is equivalent to the statement that if 7 € P(n), then

C(E7.T) [bowil bl, .o ,J}z‘nbn} =0

unless m < keri, and likewise in (2) for 7 € NC(n). Stronger characterizations of the joint
distribution of (z;);c; can be given by specifying what types of partitions may contribute nonzero
cumulants:

Theorem 2.1.19. Let (A, E : A — B) be an operator-valued probability space, and let (x;)icr be a
family of random variables in A.

(1) Suppose that B and (z;);c1 generate a commutative algebra. The B-valued joint distribution of
(x;)ier has the property corresponding to D in the table below if and only if for any m € P(n)

(m)

CE [bo:ﬂilbl,...,l‘inbn] =0
unless m € D(n) and m < keri.
Partitions D Joint distribution
P: All partitions Independent

Py,: Partitions with even block sizes | Independent and even
PBy: Partitions with block size < 2 Independent Gaussian
Py: Pair partitions Independent centered Gaussian

(2) The B-valued joint distribution of (z;)icr has the property corresponding to D in the the table
below if and only if for any m € NC(n)

(m)

K“E [boxilbl,...,l‘inbn] =0
unless m € D(n) and m < keri.
Noncrossing partitions D Joint distribution
NC': Noncrossing partitions Freely independent

NCy: NC partitions with even block sizes | Freely independent and even
NCy: NC partitions with block size < 2 Freely independent semicircular
NCs: Noncrossing pair partitions Freely independent centered semicircular

Remark 2.1.20. It is clear from the definitions that the classical and free cumulants can be solved
for from the joint moments. In fact, a combinatorial formula for the cumulants in terms of the
moments can be given via Mdbius inversion. First we recall the definition of the Mobius function
on a partially ordered set.
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Definition 2.1.21. Let (P, <) be a finite partially ordered set. The Mdbius function up : Px P —
7 is defined by

0, P¥£4q
9 p:q
—1+ Y (D) {(pr, . op) € Plip<pi << <q)}, p<gq

—_

pp(p,q) =

Theorem 2.1.22. Let (A, E : A — B) be an operator-valued probability space, and let (x;);er be a
family of random variables. Define the B-valued moment functionals E™ by

EM[ay,... an] = Elay - - - ay).

(1) Suppose that B is commutative. Then for any o € P(n) and aq,...,a, € A we have

cg)[al,...,an]: Z ,up(n)(ﬂ',a)E(”)[al,...,an].

TEP(n)
<o

(2) For any o € NC(n) and ay,...,a, € A we have

(o)

Kp'lat, ... an) = Z uNc(n)(ﬂ,a)E(”)[al,...,an].
TeENC(n)

<o

2.2 Easy quantum groups

Consider a compact group G C O,,. By the Stone-Weierstrauss theorem, C(G) is gener-
ated by the n? coordinate functions ui; sending a matrix in G to its (i,j) entry. The structure
of G as a compact group is captured by the commutative Hopf C*-algebra C(G) together with
comultiplication, counit and antipode determined by

n
Aluij) = Z Uik @ Uk
k=1

e(uij) = 0y
S(u”) = u]'i.

Dropping the condition of commutativity we obtain the following definition, adapted from the
fundamental paper of Woronowicz [63].

Definition 2.2.1. An orthogonal Hopf algebra is a unital C*-algebra A generated by n? self-adjoint
elements u;;, such that the following conditions hold:

t

(1) The inverse of u = (u;j) € My(A) is the transpose u' = (uj;).

(2) A(uij) = Y p vik @ ug; determines a morphism A: A — A® A.
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(3) €(uij) = 0;; defines a morphism e : A — C.
(4) S(uij) = uj; defines a morphism S : A — A%.

It follows from the definitions that A, ¢, .S satisfy the usual Hopf algebra axioms. If A
is an orthogonal Hopf algebra, we use the heuristic formula “A = C(G)”, where G is an compact
orthogonal quantum group. Of course if A is noncommutative then G cannot exist as a concrete
object, and all statements about G must be interpreted in terms of the Hopf algebra A.

The following two examples, constructed by Wang in [60, 61], are fundamental to our
considerations.

Definition 2.2.2.

(1) Ao(n) is the universal C*-algebra generated by n? self-adjoint elements u;;, such that u =
(uij) € My,(A) is orthogonal.

(2) As(n) is the universal C*-algebra generated by n? projections wu;j, such that the sum along
any row or column of u = (u;;) € My(As(n)) is the identity.

As discussed above, we use the notations A,(n) = C(O;), As(n) = C(S,}), and call O;F
and S;F the free orthogonal group and free permutation group, respectively.

We now recall the “easiness” condition from [10] for a compact orthogonal quantum group
S, C G C Of. Let u,v be the fundamental representations of G, S, on C", respectively. By
functoriality, the space Hom(u®,u®!) of intertwining operators is contained in Hom(v®F,v®!)
for any k,[. But the Hom-spaces for v are well-known: they are spanned by operators T with 7
belonging to the set P(k, 1) of partitions between k upper and [ lower points. Explicitly, if e, ..., e,
denotes the standard basis of C”, then the formula for T is given by

Trley ® - ®e;) = Z 5ﬁ<1 k>€j1®...€jl,

. Jie
15501

Here the § symbol appearing on the right hand side is 1 when the indices “fit”, i.e. if each block of
7 contains equal indices, and 0 otherwise.

It follows from the above discussion that Hom(u®*, u®') consists of certain linear combi-
nations of the operators T, with = € P(k,l). We call G “easy” if these spaces are spanned by
partitions:

Definition 2.2.3. A compact orthogonal quantum group S,, C G C O;} is called easy if there exist
set D(k,1) C P(k,l) such that Hom(u®* u®") = span(Ty | € D(k,1)), for any k,I € N. If we have
D(k,l) C NC(k,!) for each k,l € N, we say that G is a free quantum group.

There are four natural examples of classical groups which are easy:

Group Partitions
Permutation group S, P: All partitions
Orthogonal group O, Ps: Pair partitions

Hyperoctahedral group H,, | P,: Partitions with even block sizes
Bistochastic group B, Py: Partitions with block size < 2
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There are also the 2 trivial modifications S), = S,, X Zy and B], = By, X Zy, and it was shown in
[10] that these 6 examples are the only ones.

There is a one to one correspondence between classical easy groups and free quantum
groups, which on a combinatorial level corresponds to restricting to noncrossing partitions:

Quantum group | Partitions

St NC': All noncrossing partitions

o NC(C5: Noncrossing pair partitions

HY NC}: NC partitions with even block sizes
B NCy: NC partitions with block size < 2

There are also free versions of S/, BY,.

In general the class of easy quantum groups appears to be quite rigid, as will be discussed
in Chapter 3. However, two more examples can be obtained as “half-liberations”. The idea is that
instead of removing the commutativity relations from the generators u;; of C'(G) for a classical easy
group G, which would produce C(G™), we instead require that the the generators “half-commute”,
i.e. abc = cba for a,b, c € {u;;}. More precisely, we define C'(G*) = C(G™)/I, where I is the ideal
generated by the relations abc = cba for a,b,c € {u;;}. For G = S,,S),, By, B}, we have G* = G,
however for O,,, H,, we obtain new quantum groups O}, H;. The corresponding partition categories
consist of all pair partitions, respectively all partitions, which are balanced in the sense that each

block contains as many odd as even legs.

Remark 2.2.4. Tt is a fundamental result of Woronowicz [63] that if G is a compact orthogonal
quantum group, then there is a unique state [ : C(G) — C, called the Haar state, which is left and
right invariant in the sense that

(J@id)A(f) = [(f) Lo = (Gde A,  (f € CG)).
If G C O, is a compact group, then the Haar state on C(G) is given by integrating against the
Haar measure on G.

One of the most useful aspects of the easiness condition for a compact orthogonal quantum
group is that it leads to a combinatorial Weingarten formula for computing the Haar state, which
we now recall.

Definition 2.2.5. Let D(k) C P(k) be a collection of partitions. For n € N, define the Gram
matriz (Gen(m,0))r sep) by the formula

|mVo|

Ggn(m,0) =n
Gy, is invertible for n sufficiently large, define the Weingarten matriz Wy, to be its inverse.

Theorem 2.2.6. Let G C O be an easy quantum group and let D(k) C P(0,k) be the correspond-
ing collection of partitions having no upper points. If Gy, is invertible, then

/ui1j1 T Wiy = Z Win(m, 7).

m,o€D(k)
w<keri
o<kerj
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Remark 2.2.7. The statement of the theorem above is from [10], but goes back to work of Weingarten
[62] and was developed in a series of papers [19, 20, 5, 6]. Note that this reduces the problem of
evaluating integrals over G to computing the entries of the Weingarten matrix. In Chapter 4 we
will give an estimate on the entries of this matrix, which will be fundamental to our results there
and in Chapter 6. We will improve this estimate for O, in Chapter 7.
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Chapter 3

Classification results for easy
quantum groups

3.1

Introduction

One of the strengths of the theory of compact Lie groups comes from the fact that these

objects can be classified. It is indeed extremely useful to know that the symmetry group of a classical
or a quantum mechanical system falls into an advanced classification machinery, and applications
of this method abound in mathematics and physics.

The quantum groups were introduced by Drinfel’d [30] and Jimbo [34], in order to deal

with quite complicated systems, basically coming from number theory or quantum mechanics, whose
symmetry group is not “classical”. There are now available several extensions and generalizations
of the Drinfel’d-Jimbo construction, all of them more or less motivated by the same philosophy.
A brief account of the whole story, focusing on constructions which are of interest for the present

considerations, is as follows:

(1)

Let G C Uy, be a compact group, and consider the algebra A = C'(G). The matrix coordinates
u;j; € A satisfy the commutation relations ab = ba. The original idea of Drinfel'd-Jimbo,
further processed by Woronowicz in [63], was that these commutation relations are in fact the
q = 1 particular case of the g-commutation relations ab = ¢ba, where ¢ > 0 is a parameter.
The algebra A itself appears then as the ¢ = 1 particular case of a certain algebra A,. While
A, is no longer commutative, we can formally write A = C(Gy), where G is a quantum

group.

An interesting modification of the above construction was proposed by Wang in [60, 61]. His
idea was to construct a new algebra AT, by somehow “removing” the commutation relations
ab = ba. Once again we can formally write AT = C(GT), where G is a so-called free
quantum group. This construction, while originally coming only with a vague motivation
from mathematical physics, was intensively studied in the last 15 years. Among the partial
conclusions that we have so far is the fact that the combinatorics of GT is definitely interesting,
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and should have something to do with physics. In other words, G, while being by definition
a quite abstract object, is probably the symmetry group of “something” very concrete.

(3) Several variations of Wang’s construction have appeared in recent years, notably in connection
with the construction and classification of intermediate quantum groups G C G* C G*. For
instance in the case G = O, it was shown in [10] that the commutation relations ab = ba
can be successfully replaced with the so-called half-commutation relations abc = cba, in order
to obtain a new quantum group, O;,. Some other commutation-type relations, for instance of
type (ab)® = (ba)®, will be described in this chapter.

(4) As a conclusion, the general idea that tends to emerge from the above considerations is that
a “very large class” of compact quantum groups should appear in the following way: (a)
start with a compact Lie group G C U,, (b) build a noncommutative version of C(G), by
replacing the commutation relations ab = ba by some weaker relations, (c) deform this latter
algebra, by using a positive parameter ¢ > 0, or more generally a whole family of such positive
parameters.

This was for the motivating story. In practice, now, while the construction (1) is now
basically understood, thanks to about 25 years of efforts of many mathematicians, (2) is just at
the very beginning of an axiomatization, (3) is still at the level of pioneering examples, and (4) is
just a dream. As for the possible applications to physics, basically nothing is known so far, but
the hope for such an application increases, as more and more interesting formulae emerge from the
study of compact quantum groups.

In this chapter we will advance on the classification work started in [10], and will present a
detailed study of the new quantum groups that we find. The objects of interest will be the compact
quantum groups S, C G C O;f which are “easy”, as defined in the previous chapter. There are
14 natural examples of easy quantum groups, which were introduced Chapter 2. In addition, there
are at least two infinite series, to be introduced in this chapter. The list is as follows:

(1) Groups: Oy, Sy, Hy, By, S, B),.

(2) Free versions: O;f, S}t H, B,F, SI*T BlF.
(3) Half-liberations: O}, H.

(4) Hyperoctahedral series: Hés),H,[f}.

This list doesn’t cover all the easy quantum groups, but we will present here some partial
classification results, with the conjectural conclusion that the full list should consist of (1,2,3), and
of a multi-parameter series unifying (4). We will also investigate the new quantum groups that we
find, by using various techniques from [2, 3, 10, 12, 11].

As already mentioned, we expect the above list to be a useful, fundamental “input”
for a number of representation theory and probability considerations. We will present two such
applications in the following chapters. We also expect that the new quantum groups that we find
can lead in this way to some other interesting applications.
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This chapter is organized as follows. In the next section we recall the notion of a “category
of partitions” from [10]. In Section 3.3 we construct a new series of easy quantum groups H,(f).

We construct another series Hr[f} in Section 3.4. In the last two sections we state and prove our
classification results, relying heavily on the “capping” method from [10, 11].

3.2 Categories of partitions

Recall from Chapter 2 that to each easy quantum group G there are associated collections
of partitions D(k,l) C P(k,l) for k,I € N. The collections of partitions which can appear here,
called “categories of partitions”, were axiomatized in [10]. In this section we will recall some basic
results about these objects.

Definition 3.2.1. The tensor product, composition, and involution of partitions are obtained by
horizontal and vertical concatenation and upside-down turning.

Definition 3.2.2. A category of partitions is a collection of subsets D(k,l) C P(k,l) for k,l € N
such that:

1) D is stable under tensor product.

2) D is stable under composition.

(1)

(2)

(3) D is stable under involution.

(4) D contains the “unit” partition |.
(5)

5) D contains the “duality” partition M.

It follows from the axioms that any category of partitions is also closed under rotations,
which will be used later in the chapter.

Theorem 3.2.3. Let D be a category of partitions, and let p € D(k,l). Let p € P(0,k + 1) be the
partition obtained by rotating the k upper legs of p counterclockwise. Then D € D(0,k +1). O

The key result, coming from the Tannaka-Krein duality results of Woronowicz [64], is that
there is a one-to-one correspondence betwen easy quantum groups and categories of partitions.
This allows us to translate the classification problem for easy quantum groups to the combinatorial
problem of classifying the categories of partitions.

Theorem 3.2.4 ([10]). If G is an easy quantum group with associated partitions D(k,l) C P(k,l),
then D is a category of partitions. Conversely, given a partition category D there is for eachn € N
a unique easy quantum S, C G C O;f whose associated partitions are precisely D(k,1).
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3.3 The hyperoctahedral series

In this section we introduce a new series of quantum groups, H,(f) with s € {2,3,...,00}.
These will “interpolate” between HT(LQ) = H,, and HT(LOO) =H;.

The quantum group Hq(f) is obtained from H;; by imposing the “s-commutation” condition
abab ... = baba ... (length s words) to the basic coordinates u;;. It is convenient to write down the

complete definition of Hﬁbs), which is as follows.

Definition 3.3.1. C(H,(Ls)) is the universal C*-algebra generated by n? self-adjoint variables Ujj,
subject to the following relations:

1) Orthogonality: uu' = u'u = 1, where u = (u;;) and u’ = (uj;).

(
2) Cubic relations: wu;ju;; = ujur; = 0, for any ¢ and any j # k.
J J
(3) Half-commutation: abc = cba, for any a,b, c € {u;;}.
(4) s-mixing relation: abab... = baba ... (length s words), for any a,b € {u;;}.

The fact that HT(ZS) is indeed a quantum group follows from the elementary fact that the
cubic relations are of “Hopf type”, i.e. that they allow the construction of the Hopf algebra maps
A, e,S5. This can be checked indeed by a routine computation.

Observe that at s = 2 the s-mixing is the usual commutation ab = ba. This relation
being stronger than the half-commutation abc = cba, we are led to the algebra generated by n?
commuting self-adjoint variables satisfying (1,2), which is C(H,).

As for the case s = 0o, the s-mixing relation disappears here by definition. Thus we are
led to the algebra defined by the relations (1,2,3), which is C(H}).

Summarizing, we have H,(LZ) = H, and H,;™” = H*, as previously claimed. In what follows

we present a detailed study of HT(LS), our first technical result being as follows.

Lemma 3.3.2. For a compact quantum group G C H, the following are equivalent:
(1) The basic coordinates u;j satisfy abab...=baba ... (length s words).
(2) We have T, € End(u®®), where p = (135...2'4'6’ ...)(246...1'3'5' . .).

Proof. According to the definition of T}, given in Section 2.2, the operator associated to the partition
in the statement is given by the following formula:

Tp(eq, @ ep, Deq, Dep, @...) =06(a)d(bley ReqQep Deg @ ...

Here we use the convention §(a) = 1 if all the indices a; are equal, and d(a) = 0 if not,
along with a similar convention for §(b). As for the indices a,b appearing on the right, these are
the common values of the a indices and b indices, respectively, in the case §(a) = §(b) = 1, and are
irrelevant quantities in the remaining cases.
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This gives the following formulae:

Tpu®s(€a1 ®€b1®6a2®...) = Zei@)ej@ei@...®uia1ujb1um2...
ij
U®8Tp(€a1 RKep Veqy, ®.. ) = (5(&)5([)) Z e, ® €5, ®ep,®...Q Uy pUjy aWigh - - -

ij
Here the upper sum is over all indices ¢, 7, and the lower sum is over all multi-indices

i=(i1,...,1s),5 = (J1,--.,Js). The identification of the right terms, after a suitable relabeling of
indices, gives the equivalence in the statement. O

We will now show that HTSS) is indeed an easy quantum group.

Theorem 3.3.3. Hy(f) is an easy quantum group, and its associated category K} is that of the
“s-balanced” partitions, i.e. partitions satisfying the following conditions:

(1) The total number of legs is even.
(2) In each block, the number of odd legs equals the number of even legs, modulo s.

Proof. As a first remark, at s = 2 the first condition implies the second one, so here we simply get
the partitions having an even number of legs, corresponding to H,. Observe also that at s = o
we get the partitions which are balanced, which correspond to the quantum group H;.

Our first claim is that E} is indeed a category. But this follows from the definitions, as it
is easy to see that the s-balancing condition is preserved under the categorical operations.

It remains to prove that this category corresponds indeed to HT(LS). But this follows from
the fact that the partition p appearing in Lemma 3.3.2 generates the category Ej}, as one can check
by routine computation. Indeed, we then have that the category of partitions associated to H,(f)
contains £ by Lemma 3.3.2. On the other hand, if G is the easy quantum group with partition
category E} given by Theorem 3.2.4, then we have G' C H,(f) by Lemma 3.3.2 and Definition 3.3.1.

But this implies that the category of partitions associated to Hff) is contained in E}(LS), which

completes the proof. O

3.4 The higher hyperoctahedral series

In this section we introduce a second one-parameter series of quantum groups, HT[LS] with
s €{2,3,...,00}, having as main particular case the group HE] = H,.

Definition 3.4.1. C(Hq[f]) is the universal C*-algebra generated by n? self-adjoint variables w;;,
subject to the following relations:

t

(1) Orthogonality: uu’ = u'u = 1, where u = (u;;) and u’ = (uj;).

(2) Ultracubic relations: acb = 0, for any a # b on the same row or column of w.
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(3) s-mixing relation: abab... = baba ... (length s words), for any a,b € {u;;}.

The fact that Hy[f] is indeed a quantum group follows from the elementary fact that the
ultracubic relations are of “Hopf type”, i.e. that they allow the construction of the Hopf algebra
maps A, e,S5. This can be checked indeed by a routine computation.

Our first task is to compare the defining relations for Hq[q,s] with those for H,(f). In order to
deal at the same time with the cubic and ultracubic relations, it is convenient to use a statement
regarding a certain unifying notion, of “k-cubic” relations.

Lemma 3.4.2. For a compact quantum group G C O,, the following are equivalent:

(1) The basic coordinates w;; satisfy the k-cubic relations acy ...cyb = 0, for any a # b on the
same row or column of w, and for any ci,...,ck.

(2) We have T, € End(u®**2), where p = (1, 1",k + 2,k +2)(2,2") ... (k+ 1,k +1').

Proof. According to the definition of T}, given in Section 2.2, the operator associated to the partition
in the statement is given by the following formula:

Tplea ®ee, @ ... ® ec, @ ep) = Igpeq @ €, ® ... R e, D eq

This gives the following formulae:

Tpu®k+2(ea Qe ®...Q0e€, Vep) = Z e Qej @ ... ®ej, Qe @ UigUjiey - - - Ujpep Yib
]
u®k+2Tp(ea Ree ®...0e, Dey) = g Z ei®ej ®...Rej @ e ® Uqljie - UjpepUla
ij
Here the sums are over all indices i,[, and over all multi-indices j = (ji,...,Jk). The
identification of the right terms gives the equivalence in the statement. O

)

We can now establish the precise relationship between H,[f land H,(f , and also show that

no further series can appear in this way.

Proposition 3.4.3. For k > 1 the k-cubic relations are all equivalent to the ultracubic relations,
and they imply the cubic relations.

Proof. This follows from the following two observations:

(a) The k-cubic relations imply the 2k-cubic relations. Indeed, one can connect two copies
of the partition p in Lemma 3.4.2, by gluing them with two semicircles in the middle, and the
resulting partition is the one implementing the 2k-cubic relations.

(b) The k-cubic relations imply the (k—1)-cubic relations. Indeed, by capping the partition
p in Lemma 3.4.2 with a semicircle at bottom right, we get a certain partition p’ € P(k + 2, k),
and by rotating the upper right leg of this partition we get the partition p” € P(k + 1,k + 1)
implementing the (k — 1)-cubic relations. O
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The above statement shows that replacing in Definition 3.4.1 the ultracubic condition by
any of the k-cubic conditions, with £ > 2, won’t change the resulting quantum group. The other
consequences of Proposition 3.4.3 are summarized as follows.

Proposition 3.4.4. The quantum groups HLS] have the following properties:
(1) We have aY c HY.
ts=2 we have H," = H,’ = H,,.
(2) At s =2 we have H? = HY = H,
(8) At s > 3 we have J28SL # o,

Proof. All the assertions basically follow from Lemma 3.4.2:

(1) For the first inclusion, we need to show that half-commutation + cubic implies ultra-
cubic, and this can be done by placing the half-commutation partition next to the cubic partition,
then using 2 semicircle cappings in the middle.

The second inclusion follows from Proposition 3.4.3, because the ultracubic relations (1-
cubic relations) imply the cubic relations (0-cubic relations).

(2) Observe first that at s = 2 the s-commutation is the usual commutation ab = ba.
Thus we are led here to the algebra generated by n? commuting self-adjoint variables satisfying the
cubic condition, which is C(H,,).

(3) Finally, Hff) % H}f] will be a consequence of Theorem 3.4.5 below, because at s > 3
the half-commutation partition p = (14)(25)(36) is s-balanced but not locally s-balanced. O

Theorem 3.4.5. H,[f] is an easy quantum group, and its associated category is that of the “locally
s-balanced” partitions, i.e. partitions having the property that each of their subpartitions (i.e.
partitions obtained by removing certain blocks) are s-balanced.

Proof. As a first remark, at s = 2 the locally s-balancing condition is automatic for a partition
having blocks of even size, so we get indeed the category corresponding to H,,.

In the general case now, our first claim is that the locally s-balanced partitions do indeed
form a category. But this follows from the observation that the local s-balancing condition is
preserved under the categorical operations.

It remains to prove that this category corresponds indeed to H,[f]. But as in the proof of
Theorem 3.3.3, this follows from Lemma 3.4.2 and from the fact that the partition generating the
category of locally balanced partitions, namely p = (1346)(25), is nothing but the one implementing
the ultracubic relations, as one can check by a routine computation. O

3.5 Classification: General strategy

In this section and in the next one we advance on the classification work started in [10]. We
will prove that the easy quantum groups constructed so far are the only ones, modulo a conjectured
multi-parameter “hyperoctahedral series”, unifying the series constructed in the previous sections,
and still waiting to be constructed.
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Let G be an easy quantum group, with category of partitions denoted P,. It follows from
definitions that P, N NC' is a category of noncrossing partitions, and by the results in Section
3.2, this latter category must come from a certain free quantum group K. Observe that since
NCy = P,N NC is included into Py, we have G C K.

Definition 3.5.1. Associated to an easy quantum group G is the easy group K given by the
equality of categories P, N NC = NCj,.

According now to the easy group classification from [10], discussed in Section 2.2, there
are 6 cases to be investigated. We will split the study into two parts: 5 cases will be investigated
in the next section, and the remaining case, K = H,, will be eventually left open.

The point with this splitting comes from the following question: do we have K C G? In
the reminder of this section we will try to answer this question.

We begin with the technical lemma, valid in the general case. Let Ay, Ay C N be the set
of the possible sizes of blocks of elements of Py, NCj..

Lemma 3.5.2. Let G, K be as above.
(1) A, C Ay C AU (A —1).
(2) 1€ Ay implies 1 € Ay,.
(3) If NCy, is even, so is Py.

Proof. We will heavily use the various abstract notions and results in [10].

(1) Here the first inclusion follows from NC} C P,. As for the second inclusion, this is
equivalent to the following statement: “If b is a block of a partition p € P,, then there exists a
certain block b’ of a certain partition p’ € P, N NC, having size #b or #b—1".

But this latter statement follows by using the “capping” method in [10]. Indeed, we can
cap p with semicircles, as for b to remain unchanged, and we end up with a certain partition p’
consisting of b and of some extra points, at most one point between any two legs of b, which might
be connected or not. Note that the semicircle capping being a categorical operation, this partition
p' remains in Py.

Now by further capping p’ with semicircles, as to get rid of the extra points, the size of
b can only increase, and we end up with a one-block partition having size at least that of b. This
one-block partition is obviously noncrossing, and by capping it again with semicircles we can reduce
the number of legs up to #b or #b — 1, and we are done.

(2) The condition 1 € Ay means that there exists p € P, having a singleton. By capping
p with semicircles outside this singleton, we can obtain a singleton, or a double singleton. Since
both these partitions are noncrossing, and have a singleton, we are done.

(3) Indeed, assume that P, is not even, and consider a partition p € P, having an odd
number of legs. By capping p with enough semicircles we can arrange for ending up with a singleton,
and since this singleton is by definition in P, N NC, we are done. ]

We are now in position of splitting the classification. We have the following key result.
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Proposition 3.5.3. Let G, K be as above.
(1) If K # H,, then K C G C K.
(2) If K = H,, then S, C G C H,I".

Proof. We recall that the inclusion G C K™ follows from definitions. For the other inclusion, we
have 6 cases, depending on the exact value of the easy group K:

(1.1) K = O,. Here A;, = {2}, so by Lemma 3.5.2 (1) we get {2} C A, C {1,2}. Moreover,
from Lemma 3.5.2 (2), we get Ay = {2}. Thus P, C P,, which gives O,, C G.

(1.2) K = S,,. Here there is nothing to prove, since S,, C G by definition.

(1.3) K = B,. Here A, = {1,2}, so by Lemma 3.5.2 (1) we get Ay, = {1,2}. Thus we
have P, C P,, which gives B,, C G.

(1.4) K = S},. Here we have P, C P, by definition, and by using Lemma 3.5.2 (3) we
deduce that we have P, C Py, which gives S, C G.

(1.5) K = B],. Here we have A = {1,2}, so by Lemma 3.5.2 (1) we get Ay = {1,2}. This
gives P; C Py, and by Lemma 3.5.2 (3) we get P, C Py, which gives B, C G.

(2) K = H,. Here we have P, C P, by definition, and by using Lemma 3.5.2 (3) we
deduce that we have P, C Py, which gives S, C G. Ol

With a little more care, one can prove that the easy group K in the above statement (1) is
nothing but the “classical version” of G, obtained as dual object to the commutative Hopf algebra
C(G)/I, where I C C(G) is the commutator ideal.

Observe also that the above statement (2) cannot be improved. The point is that for the

quantum group HT(LS) with s odd we have K = H,,, and K ¢ G.

3.6 The non-hyperoctahedral case

In this section we classify the easy quantum groups, under the non-hyperoctahedral as-
sumption K # H,. Here K is as usual the easy group from Definition 3.5.1.

We know from Proposition 3.5.3 that our easy quantum group G appears as an interme-
diate quantum group, K C G C K. In order to classify these intermediate quantum groups, we
use the method in [11], where the problem was solved in the case G = O,,. For uniformity reasons,
we will include as well the case G = O,, in our study.

We will need a number of technical ingredients.

Definition 3.6.1. Let p € P(k,l) be a partition, with the points counted modulo k + I, counter-
clockwise starting from bottom left.

(1) We call semicircle capping of p any partition obtained from p by connecting with a semicircle
a pair of consecutive neighbors.

(2) We call singleton capping of p any partition obtained from p by capping one of its legs with
a singleton.
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(3) We call doubleton capping of p any partition obtained from p by capping two of its legs with
singletons.

In other words, the semicircle, singleton and doubleton cappings are elementary operations
on partitions, which lower the total number of legs by 2, 1,2 respectively. Observe that there are
k + 1 possibilities for placing the semicircle or the singleton, and (k +1)(k+1—1)/2 possibilities for
placing the double singleton. Observe also that in the case of 2 particular “semicircle cappings”,
namely those at left or at right, the semicircle in question is rather a vertical bar; but we will still
call it semicircle.

The various cappings of p will be generically denoted p’.

Consider now the 545+ 1 = 11 categories of partitions P,, NC,, E,, with z = o0, s,b, s, 0/
described in sections 1 and 2. We have the following technical lemma.

Lemma 3.6.2. Let p be a partition, having j legs.
(1) If pe P, — E, and j > 4, there exists a semicircle capping p' € P, — E,.
(2) If pe E, — NC, and j > 6, there exists a semicircle capping p' € E, — NC,.
(8) If p € Ps — NCs and j > 4, there exists a singleton capping p' € Ps — NCs.
(4) If p € Py — NCy and j > 4, there exists a singleton capping p' € Py, — NCj.
(5) If p € Py — NCy and j > 4, there exists a doubleton capping p' € Py — NCy .
(6) If p € Py — NCy and j > 4, there exists a doubleton capping p' € Py — NCy .

Proof. We write p € P(k,1), so that the number of legs is j = k+1. In the cases where our partition
is a pairing, we use as well the number of strings, s = j/2.

Let us agree that all partitions are drawn as to have a minimal number of crossings.

We use the same idea for all the proofs, namely to “isolate” a block of p having a crossing,
or an odd number of crossings, then to “cap” p as in the statement, as for this block to remain
crossing, or with an odd number of crossings. Here we use of course the observation that the
“balancing” condition which defines the categories E,, F; can be interpreted as saying that each
block has an even number of crossings, when the picture of the partition is drawn such that this
number of crossings is minimal.

(1) The assumption p ¢ E, means that p has certain strings having an odd number of
crossings. We fix such an “odd” string, and we try to cap p, as for this string to remain odd in the
resulting partition p’. An examination of all possible pictures shows that this is possible, provided
that our partition has s > 2 strings, and we are done.

(2) The assumption p ¢ NC, means that p has certain crossing strings. We fix such a pair
of crossing strings, and we try to cap p, as for these strings to remain crossing in p’. Once again,
an examination of all possible pictures shows that this is possible, provided that our partition has
s > 3 strings, and we are done.

(3) Indeed, since p is crossing, we can choose two of its blocks which are intersecting. If
there are some other blocks left, we can cap one of their legs with a singleton, and we are done.
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If not, this means that our two blocks have a total of j/ > j > 4 legs, so at least one of them has
7" > 2 legs. One of these j” legs can always be capped with a singleton, as for the capped partition
to remain crossing, and we are done.

(4) Here we can simply cap with a singleton, as in (3).

(5,6) Here we can cap with a doubleton, by proceeding twice as in (3). O

For a collection of subsets X (k,1) C P(k,l) we denote by (X) C P the category of parti-
tions generated by X. In other words, the elements of (X) come from those of X via the categorical
operations for the categories of partitions, which are the vertical and horizontal concatenation and
the upside-down turning.

Lemma 3.6.3. Let p be a partition.
(1) If p € P, — E, then (p, NC,) = P,.
(2) If p e E, — NC, then (p, NC,) = E,.
(3) If p € Ps — NCs then (p, NCs) = Ps.
(4) If p € Py — NCy then (p, NCy) = P,.
(5) If pe Py — NCy then (p, NCs) = Py.
(6) If p € Py — NCy then (p, NCy) = Py.

Proof. We use Lemma 3.6.2, together with the observation that the “capping partition” appearing
there is always in the good category.

That is, we use the fact that the semicircle is in NC,, NCy, the singleton is in NCs, NCy,
and the doubleton is in NCj. This observation tells us that, in each of the cases under consideration,
the category to be computed can only decrease when replacing p by one of its cappings p’. Indeed,
for the singleton and doubleton cappings this is clear from definitions, and for the semicircle capping
this is clear as well from definitions, unless in the case where the “capping semicircle” is actually
a “bar” added at left or at right, where we can use a categorical rotation operation as in Theorem
3.2.3.

(1,2) These assertions can be proved by recurrence on the number of strings, s = (k+1)/2.
Indeed, by using Lemma 3.6.2 (1,2), for s > 3 we have a descent procedure s — s — 1, and this
leads to the situation s € {1, 2,3}, where the statement is clear.

(3) We can proceed by recurrence on the number of legs of p. If the number of legs is
j =4, then p is a basic crossing, and we have (p) = Ps. If the number of legs is j > 4 we can apply
Lemma 3.6.2 (3), and the result follows from (p) D (p') = Ps.

(4,5,6) This is similar to the proof of (1,3,2), by using Lemma 3.6.2 (4,5,6). O

Lemma 3.6.4. Let p be a partition.
(1) If p € P, then (p, NC,) € {P,, E;, NC,}.
(2) If p € Py then (p, NCs) € {Ps, NCs}.
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(8) If p € Py then (p, NCy) € {Py, NCy}.
(4) If p € Py then (p, NCy) € {Py, NCy}.
(5) If p € Py then (p, NCy) € {Py, NCy}.
Proof. This follows by rearranging the various technical results in Lemma 3.6.3. O

We are now in position of stating the main result in this paper. Let us call “non-
hyperoctahedral” any easy quantum group G such that K # H,.

Theorem 3.6.5. There are exactly 11 non-hyperoctahedral easy quantum groups, namely:
(1) Oy, 0%, O : the orthogonal quantum groups.
(2) Sy, S;t: the symmetric quantum groups.
(3) By, B : the bistochastic quantum groups.
(4) S!St : the modified symmetric quantum groups.
(5) Bl, BLt: the modified bistochastic quantum groups.

Proof. We know from Proposition 3.5.3 that what we have to do is to classify the easy quantum
groups satisfying K C G C K. More precisely, we have to prove that for K = S,,, B,,, S!,, B}, there
is no such partial liberation, and that for K = O,, there is only one partial liberation, namely the
above-mentioned quantum group K*. But this follows from Lemma 3.6.4, via Theorem 3.2.4. [

As for the classification in the hyperoctahedral case, this seems to be a quite difficult
problem, that we have to leave open.
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Chapter 4

De Finetti theorems for easy quantum
groups

4.1 Introduction

In the study of probabilistic symmetries, the classical groups S,, and O,, play central roles.
De Finetti’s fundamental theorem states that an infinite sequence of random variables whose joint
distribution is invariant under finite permutations must be conditionally independent and identically
distributed. In [32], Freedman considered sequences of real-valued random variables whose joint
distribution is invariant under orthogonal transformations, and proved that any infinite sequence
with this property must form a conditionally independent Gaussian family with mean zero and
common variance. Although these results fail for finite sequences, approximation results may still
be obtained (see [27, 28]). For a thorough treatment of the study of probabilistic symmetries, the
reader is referred to the recent text of Kallenberg [37].

In [40], Kostler and Speicher discovered that de Finetti’s theorem has a natural free ana-
logue: an infinite sequence of noncommutative random variables has a joint distribution which is
invariant under “quantum permutations” coming from S, if and only if the variables are freely
independent and identically distributed with amalgamation, i.e., with respect to a conditional ex-
pectation. This was further studied in [23], where this result was extended to more general sequences
and an approximation result was given for finite sequences. The free analogue of Freedman’s result
was obtained in [24], where it was shown that an infinite sequence of self-adjoint noncommutative
random variables has a joint distribution which is invariant under “quantum orthogonal transfor-
mations” if and only if the variables form an operator-valued free semicircular family with mean
zero and common variance.

In this chapter, we present a unified approach to de Finetti theorems for the class of easy
quantum groups. If G is an easy quantum group, there is a natural notion of G-invariance for a
sequence of noncommutative random variables, which agrees with the usual definition when G is
a classical group. Our main result is the following de Finetti type theorem, which characterizes
the joint distributions of infinite G-invariant sequences for the 10 natural easy quantum groups
introduced in Chapter 2:
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Theorem 4.1.1. Let (z;);en be a sequence of self-adjoint random variables in a W*-probability
space (M, @), and suppose that the sequence is G-invariant, where G is one of O, S, H, B, O*, H*,
OT,ST,HT,B". Then there is a W*-subalgebra 1 C B C M and a p-preserving conditional
expectation E : M — B such that the following hold:

(1) Free case:
(a) If G = ST, then (x;)ien are freely independent and identically distributed with amalga-
mation over B.

(b) If G = H", then (x;);en are freely independent, and have even and identical distribu-
tions, with amalgamation over B.

(c) If G = OT, then (x;)ien form a B-valued free semicircular family with mean zero and
common variance.

(d) If G = BT, then (x;)ien form a B-valued free semicircular family with common mean
and variance.
(2) Half-liberated case: Suppose that x;x;xy, = xpxjz; for anyi,j, k € N.
(a) If G = H*, then (x;)ien are conditionally half-independent and identically distributed
given B.
(b) If G = O, then (z;)ien are conditionally half-independent, and have symmetrized
Rayleigh distributions with common variance, given B.

(8) Classical case: Suppose that (x;)ien commute.

(a) If G =S, then (x;);en are conditionally independent and identically distributed given B.

(b) If G = H, then (x;);en are conditionally independent, and have even and identical
distributions, given B.

(c) If G = O, then (x;);en are conditionally independent, and have Gaussian distributions
with mean zero and common variance, given B.

(d) If G = B, then (z;)ien are conditionally independent, and have Gaussian distributions
with common mean and variance, given B.

The notion of half-independence, appearing in (2) above, will be introduced in the next
section. The basic example of a half-independent family of noncommutative random variables is

(xi)iela
_ (0 &

where (&;);cr are independent, complex-valued random variables and E[{?gm] = 0 unless n = m
(see Example 4.2.4). Note that in particular, if (§;);cn are independent and identically distributed
complex Gaussian random variables, then x; has a symmetrized Rayleigh distribution (51-5)1/ 2 and
we obtain the joint distribution in (2) corresponding to the half-liberated orthogonal group O}.
Since the complex Gaussian distribution is known to be characterized by unitary invariance, this
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appears to be closely related to the connection between U, and O} observed in [11, 7], see also
Section 6.8.

This chapter is organized as follows. In Section 4.2 we introduce half-independence and
develop its basic combinatorial theory. In Section 4.3 we give a new estimate on the entries of the
Weingarten matrices, which will be used throughout this thesis. In Section 4.4 we introduce the
notion of quantum invariance, prove a converse to Theorem 4.1.1, and give approximation results
for finite sequences. Section 4.5 contains the proof of Theorem 4.1.1.

4.2 Half independence

In this section we introduce a new kind of independence which appears in the de Finetti
theorems for the half-liberated quantum groups H* and O*. To define this notion, we require that
the variables have a certain degree of commutativity.

Definition 4.2.1. Let (x;);csr be a family of noncommutative random variables. We say that the
variables half-commute if
LT jlL = TETjL4

for all 4,5,k € 1.

Observe that if (z;);er half-commute, then in particular :czz commutes with z; for any
1,7 € 1.

Definition 4.2.2. Let (A, E : A — B) be an operator-valued probability space, and suppose that
B is contained in the center of A. Let (z;);er be a family of random variables in A which half-
commute. We say that (z;);er are conditionally half-independent given B, or half-independent with

respect to F, if the following conditions are satisfied:
(1) The variables (2);c; are conditionally independent given B.
(2) For any i1,...,i, € I, we have
Elz;, xlk] =0
unless for each ¢ € I the set of 1 < j < k such that i; = 7 contains as many odd as even
numbers, i.e., unless keri is balanced.

If B = C, then the variables are simply called half-independent.

Remark 4.2.3. As a first remark, we note that half-independence is defined only between random
variables and not at the level of algebras, in contrast with classical and free independence. In fact,
it is known from [47] there are no other good notions of independence between unital algebras other
than classical and free.

The conditions may appear at first to be somewhat artificial, but are motivated by the
following natural example.

Example 4.2.4. Let (Q,3, u) be a (classical) probability space, and let L(u) denote the algebra
of complex-valued random variables on 2 with moments of all orders.



CHAPTER 4. DE FINETTI THEOREMS FOR EASY QUANTUM GROUPS 28

(1) Let (&)ier be a family of independent random variables in L(u). Suppose that for each i € I,
the distribution of &; is such that

Elg'¢ =0

unless n = m. Define random variables

(0 &
xz—(gl 0).

A simple computation shows that the variables (z;);c; half-commute. Since
z} = |6’ s,

it is clear that (:BZQ)ZE 1 are independent with respect to [E o tr. Moreover, the assumption on
the distributions of the ; clearly implies that E[tr[x;, - - - 2;,]] = 0 unless k is even and keri
is balanced. So (z;);es are half-independent.

Observe also that the distribution of x; is equal to that of (&g)l/ 2 where the square root is
chosen such that the distribution is even. We call this the squeezed version of the complex
distribution &; (cf. [10]).

(2) Of particular interest is the case that the (&;);c; have complex Gaussian distributions. Here
the distribution of x; is the squeezed version of the complex Gaussian §;, which is a sym-
metrized Rayleigh distribution.

A fundamental property of free and classical independence is that the joint distribution
of a family of random variables (z;);c; which are freely or classically independent is determined by
the distributions of x; for i € I. We will now show that half-independence shares this property.
It is convenient to first introduce the following family of permutations which are related to the
half-commutation relation.

Definition 4.2.5. We say that a permutation w € S,, preserves parity if w(i) = ¢ (mod 2) for
1 <1< n.

The collection of parity preserving partitions in S, clearly form a subgroup, which is
simply S({1,3,...}) x S({2,4,...}). Moreover, this subgroup is generated by the transpositions
(1i42) for 1 <i<n—2. It follows that if (z;);es half-commute, then

Tiy Ty, = T

n

w(1) " Pigny
whenever w € S, preserves parity.

Lemma 4.2.6. Let (A, E : A — B) be an operator-valued probability space such that B is contained
in the center of A. Suppose that (x;);cr is a family of random variables in A which are conditionally
half-independent given B. Then the B-valued joint distribution of (z;)ier is uniquely determined by
the B-valued distributions of x; for i € I.
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Proof. Let i1,...,1; € I. We know that
E[xil xlk] =0

unless we have that for each i € I, the set of 1 < j < k such that 7; = ¢ has as many odd as
even elements. So suppose that this the case. By the remark above, we know that z;, ---x;, =
Tiyqy  Tigy whenever w € Sy is parity preserving. With an appropriate choose of w, it follows
that

2(k1) 2(km)

for some ji,...,jm € I and k1, ..., k,, € Nsuch that k = 2(k1+- - -+ky,). Since the joint distribution
of (z3)ies is clearly determined by the distributions of x; for i € I, the result follows. O

We will now develop a combinatorial theory for half-independence, based on the family F
of balanced partitions.

Definition 4.2.7. Let (A, E : A — B) be an operator-valued probability space, and suppose that
B is contained in the center of A. Let (z;);e; be a family of random-variables in A, and suppose
that

Elzi, - x,] =0

for any odd k and 4y,...,ix € I. Define the half-liberated cumulants ’ygL) by the half-liberated
moment-cumulant formula

E["L’“.le] = E 7(E7‘T)[$i17"’7xik]7
WeEh(k)
w<keri

where vg) [Zi,, ..., 2] is defined, as in the classical case, by the formula

7g)[$i17 <o 7xik] = H ’YE(V)[xila cee 7$ik]'
Ver

Observe that both sides of the moment-cumulant formula above are equal to zero for odd

values of k, and for even values the right hand side is equal to Vg) [@iy, ..., 2] plus products of

lower ordered terms and hence vg) may be solved for recursively. As in the free and classical cases,

we may apply the Mdbius inversion formula to obtain the following equation for ’yg), € Ey(k):

'ygr)(:zzil, ‘e ,xik) = Z /J,Eh(k)(O',TI')E(W)[IL’Z'l, ce ,J}z‘k].
UEEh(k)
o<m
Theorem 4.2.8. Let (A, E : A — B) be an operator-valued probability space, and suppose that B
is contained in the center of A. Suppose (x;)ien is a family of variables in A which half-commute.
Then the following conditions are equivalent:

(1) (z;)ien are half-independent with respect to E.
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(2) Elz;, ---x;,] =0 whenever k is odd, and

()

Vg @iy 2] =0
for any m € Ep(k) such that m £ keri.

Proof. First suppose that condition (2) holds. From the moment-cumulant formula, we have

E[$11xlk] = E Vgr)[l'llavl‘lk]
71'€Eh(k2)
w<keri

for any k € Nand iy,...,i; € I. Observe that if keri is not balanced then there is no m € Ej (k) such
that m < ker1i, so it follows that E[z;, - --z;,] = 0. It remains to show that (z7);c; are independent.
Choose ki, ..., kn € N, distinct 41, ...,4y, € I and let k = 2(k; + -+ + ky,). Let 7 € Ep(k) be the
partition with blocks {1,...,2k1},...,{2(k1 + -+ km—1) +1,...,2k}. Then
= Y ™)1y o , ,

Vi [ Tirs ooy @iy Ty ooy Ty ooy i)

ﬂEEh(k‘)
T

= H Z xlj,...,:cij]

1<j<mreE(2k;)

_ HE(%)

1<j<m

E[ (2k1) B 'x(ka)]

i1 im

so that (z2);e; are independent and hence (7;);c; are half-independent.

The implication (1)=-(2) actually follows from (2)=-(1). Indeed, suppose that (z;)icr
are half-independent. Consider the algebra A" = B(y; : i € I)/(yiyjyx = yry;yi) of polynomials
in half-commuting indeterminates (y;);c; and coefficients in 5. Define a conditional expectation
E': A — Bby

E'lyi, - vi,) = Z vgr)[a:il,...,:pik].

weEy (k)

w<keri
(It is easy to see that E’ is well-defined, i.e., compatible with the half-commutation relations).
Since the half-liberated cumulants are uniquely determined by the moment-cumulant formula, it
follows that
() _{’yg)[xil,...,xik], m < keri
YE [yn?"'ayik] - . .

0, otherwise

By the first part, it follows that (y;);c; are half-independent with respect to E’. Since y; has the
same B-valued distribution as x;, it follows from Lemma 4.2.6 that (y;);c; have the same joint
distribution as (x;);cs. It then follows from the moment-cumulant formula that these families have

()

the same half-liberated cumulants, and hence vy’ [;,,..., ;| = 0 unless 7 < keri. O
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Recall that (centered) Gaussian and semicircular distributions are characterized by the
property that their non-vanishing cumulants are those corresponding to pair and noncrossing pair
partitions, respectively. We will now show that for half-independence, it is the symmetrized
Rayleigh distribution which has this property. This follows from the considerations in [10], but
we include here a direct proof.

Proposition 4.2.9. Let x be a random variable in (A, p) which has an even distribution. Then x
has a symmetrized Rayleigh distribution if and only if

for any w € Ey(k) such that m ¢ E,(k).

Proof. Since the distribution of = is determined uniquely by its half-liberated cumulants, it suf-
fices to show that if the cumulants have the stated property then x has a symmetrized Rayleigh
distribution. Suppose that this is the case, then

pa) = > 1,4l
TEF(k)
= [z, 2)#{r € E,(k)}.

It is easy to see that the number of partitions in F,(k) is m! if k = 2m is even and is zero if k is odd.
Since these agree with the moments of a symmetrized Rayleigh distribution, the result follows. [

4.3 Weingarten estimate

Recall from Theorem 2.2.6 that integrals over easy quantum groups can be evaluated as
sums of the entries in the corresponding Weingarten matrix. In this section we will give an estimate
on the entries, which will be required in the next two sections.

Proposition 4.3.1. Let k € N and D(k) C P(k). For n sufficiently large, the Gram matriz G,
is invertible. Moreover, the entries of the Weingarten matriz Wy, = G,;T} satisfy the following:

(1) Wign(m,0) = O(nlmvel=lzl=laly,

(2) If < o, then
0™ Wi (7,0) = ppy (m,0) + O(n™1),

where pp s the Mobius function on the partially ordered set D(k) under the restriction of the
order on P(k).

Proof. We use a standard method from [19, 20], further developed in [5, 6, 23].
First note that
1/2 1/2
Gin = O (1+ Bia)O”,
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where

7l =0,

@kzn(ﬂ-a U) = {

0 T #£ 0o,
( ) 0 T =0,
Bin(m,0) = || o]
7 nI™vel="7 T # 0.

Note that the entries of By,, are O(nil/ 2), it follows that for n sufficiently large 1+ By, is invertible
and
(14 Bpn) ™' =1=Bpa+ Y (-1 B
I>1

Gy, is then invertible, and

nolml T=0

N .
_plnvel=lri=lel £ o

Win(m,0) = Y (~1)*1 (0, *Blte, /) (r,0) + {
>1

Now for [ > 1 we have

-1/2 pi+14—1/2 . TV |4 Vs |4y Vo | — vy | — - — |y | = | 7| — o
(O Bt 0y, N(mo) = BT K v [ T A e
V1,...,I/lED(k,‘)
rAin AUt

So to prove (1), it suffices to show that if v1,...,1; € D(k), then
[TV + | Viel+--+y Vol <|rVa|+|vi|+--+ |yl

We will use the fact that P(k) is a semi-modular lattice ([17, §1.8, Example 9]): if v, 7 €
P(k) then
v+ 7| < |lvVT|+ v ATl

We will now prove the claim by induction on [, for [ = 1 we may apply the formula above to find

[mVuv|+|lvVvel <|(rVv)V(Vo)+|(mrVr)A (Vo)
<|rVo|+|v|

Now let [ > 1, by induction we have
TV + Vel + -+ [y Vi < r Vil + v+ el

Also |y Vo| <|mVoa|+|y|— |7Vl and the result follows.
To prove (2), suppose 7, € D(k) and 7 < 0. The terms which contribute to order n~I!
in the expansion come from sequences vy, ..., € D(k) such that m # vy # -+ # v # o and

[TVl 4t Vol = o]+ v+ -+ ul
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Since |7 V1| < |vi|, |1 V| < |va,.... v Vo| < o, it follows that each of these must be an
equality, which implies 7 < 11 < --- < y; < o. Conversely, any v4,...,v; € D(k) such that
T <uv <--- <y <o clearly satisfy this equation. Therefore the coefficient of n~!7l in Win(m,0)
is

1, T=0
{—1 + 32 (D), oy eDk) iT<n <<y <o}, T<Oo
which is precisely pp(m, o). O

Remark 4.3.2. Recall that the classical, free and half-liberated cumulants are obtained from the
moments by using the Mébius functions on P(k), NC(k) and E}(k), respectively. To show that
this is compatible with the Proposition above, we will need the following result:

Proposition 4.3.3.

(1) If D = P,, P,, Py, Py, then
KD(k) (m,0) = Kp(k) (m,0)
for all m,0 € D(k).
(2) If D = E,, E},, then
BD(k) (75 0) = lp, k) (T, 0)
for all m,0 € D(k).

(3) If D= NC,, NCy, NCy, NCl,, then

1ok (T, 0) = inow) (T, o)
for all m,o € D(k).

Proof. Let Q = P, Ep,, NC according to cases (1), (2), (3). It is easy to see in each case that D(k)
is closed under taking intervals in Q(k), i.e., if m;,m € D(k), 0 € Q(k) and m; < 0 < w3 then
o € D(k). The result now follows immediately from the definition of the Mdbius function. O

4.4 Finite quantum invariant sequences

We begin this section by defining the notion of quantum invariance for a sequence of
noncommutative random variables under “transformations” coming from an orthogonal quantum
group G, C O

Let &, = C{t1,...,tn), and let o, : &), — P, @ C(G),) be the unique unital homomor-
phism such that

n
Oén(tj) = Zti & U
i=1
It is easily verified that v, is an action of G, i.e.,

(id ® A) o ay, = (a, @ 1d) 0 vy,
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and
(id®€)oa, =id.

Definition 4.4.1. Let (z1,...,x,) be a sequence of random variables in a noncommutative prob-
ability space (B,¢). We say that the joint distribution of this sequence is invariant under G, or
that the sequence is Gy -invariant, if the distribution functional ¢, : 4, — C is invariant under
the coaction a,, i.e.

(Sox & id)an(p) = ‘px(p)

for all p € &,,. More explicitly, the sequence (z1,...,z,) is Gy-invariant if

e - zj) oG, = Z (@i - @iy Uiy, * Uiy,

1<iy,. ik <n
as an equality in C'(G,,), for all k e Nand 1 < ji,...,jr < n.

Remark 4.4.2. Suppose that G,, C O,, is a compact group. By evaluating both sides of the above

equation at g € G, we see that a sequence (z1,...,x,) is Gy-invariant if and only if
() - xj,) = Z Girir " Gingn P(Tiy = Tiy,)
1<iy i <n

foreach k e N, 1 < j1,...,jr < nand g = (gij) € G, which coincides with the usual notion of
Gr-invariance for a sequence of classical random variables.

We will now prove a converse to Theorem 4.1.1, which holds also for finite sequences and
in a purely algebraic context. The proof is adapted from the method of [40, Proposition 3.1].

Proposition 4.4.3. Let (A, ) be a noncommutative probability space, 1 € B C A a unital subal-
gebra and E : A — B a conditional expectation which preserves . Let (x1,...,%,) be a sequence

in A.
(1) Free case:

(a) If x1,...,x, are freely independent and identically distributed with amalgamation over
B, then the sequence is S, -invariant.

(b) If x1,. ..,z are freely independent and identically distributed with amalgamation over
B, and have even distributions with respect to E, then the sequence is H,' -invariant.

(c) Ifx1,...,x, are freely independent and identically distributed with amalgamation over B,
and have semicircular distributions with respect to E, then the sequence is B, -invariant.

(d) If x1,...,x, are freely independent and identically distributed with amalgamation over
B, and have centered semicircular distributions with respect to E, then the sequence is
O;} -invariant.

(2) Half-liberated case: Suppose that (x1,...,x,) half-commute, and that B is central in A.

(a) If x1,...,xy, are half-independent and identically distributed given B, then the sequence
is H-invariant.
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(b) If x1,...,x, are half-independent and identically distributed given B, and have sym-

metrized Rayleigh distributions with respect to E, then the sequence is O -invariant.

(8) Suppose that B and w1, ...,x, generate a commutative algebra.

(a) If x1,..., 2, are conditionally independent and identically distributed given B, then the

sequence is Sy -invariant.

(b) If x1,...,xy, are conditionally independent and identically distributed given B, and have

even distributions with respect to E, then the sequence is H,-invariant.

(c) If x1,...,x, are conditionally independent and identically distributed given B, and have
Gaussian distributions with respect to E, then the sequence is B, -invariant.

(d) If x1,...,x, are conditionally independent and identically distributed given B, and have

centered Gaussian distributions with respect to E, then the sequence is Op-invariant.

Proof. Suppose that the joint distribution of (x1,...,x,) satisfies one of the conditions specified in
the statement of the Proposition, and let D be the partition family associated to the corresponding
easy quantum group. By Propositions 2.1.19 and 4.2.8, and the moment-cumulant formulae, for

any k€ Nand 1 < jp,...,jr < n we have

Z P(@iy - xik)uhjl C Uiy = Z ‘P(E[le T xjk])uiljl C Wi g

1<ig,...ig<n 1<ig,...,ig<n

— Z Z o( ?[m,.--,xﬂ)wm

1<it,.yip <n weD(k)

mw<keri
= > P m) D g
reD(k) 1<i1, i <n

w<keri

DR ulk]k;

Cr Uiy

where £ denotes the classical, half or free cumulants in cases (1), (2) and (3) respectively. It follows

from the considerations in [10], or by direct computation, that if 7 € D(k) then

log,), m™<kerj
Z WUiygy * " Wiggy = 0

1<iq, . ip<n otherwise
mw<keri

Applying this above, we find

S @ mi g, g =Y (D e, 1)o@

1<i1,.i <N weD(k)
m<kerj

= (5, 25.) 1)

which completes the proof.
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Remark 4.4.4. To prove the approximation result for finite sequences, we will require more analytic
structure. Throughout the rest of the section, we will assume that G,, C O} is a compact quantum
group, (M, ) is a W*-probability space and (x1,...,z,) is a sequence of self-adjoint random
variables in M. We denote the von Neumann algebra generated by (x1,...,z,) by M,, and define
the G -invariant subalgebra by

B, =W*({p(z) : p € 25"}),
where &5 denotes the fixed point algebra of the action o, i.e.,

Par={p € P an(p) = p© Lo}

We now begin the technical preparations for our approximation result. First we will need
to extend the action a,, to the von Neumann algebra context. L*°(Gy,) will denote the von Neumann
algebra obtained by taking the weak closure of m,(C(Gy)), where 7, is the GNS representation
of C(G,,) on the GNS Hilbert space L?(G,,) for the Haar state. L>(G,,) is a Hopf von Neumann
algebra, with the natural structure induced from C(Gy). We note that if G,, C O, is a compact
group, then L>(G,,), L*(G,) agree with the usual definitions.

Proposition 4.4.5. Suppose that (z1,...,xy,) is Gp-invariant. Then there is a right coaction
ap : M, — M,, ® L*(G,,) determined by

an(p(z)) = (evy @ mn)an(p)
for p € &,. Moreover, the fixed point algebra of &, is precisely the G-invariant subalgebra B,,.

Proof. This follows from [23, Theorem 3.3], after identifying the GNS representation of 2, for the
state ¢, with the homomorphism ev, : &, — M, O

There is a natural conditional expectation E,, : M,, — B,, given by integrating the coaction
o, with respect to the Haar state, i.e.,

E,m] = (id ® [)an(m).

By using the Weingarten calculus, we can give a simple combinatorial formula for the moment
functionals with respect to E,, if GG, is one of the easy quantum groups under consideration. In the
half-liberated case, we must first show that B,, is central in M,,.

Lemma 4.4.6. Suppose that (z1,...,2,) half-commute. If H} C G,, then the Gy-invariant subal-
gebra B, is contained in the center of My,.

Proof. Since the G,-invariant subalgebra is clearly contained in the H-invariant subalgebra, it
suffices to prove the result for GG,, = H;;. Observe that the representation of G, on the subspace of
P, consisting of homogeneous noncommutative polynomials of degree &, given by the restriction of
i, is naturally identified with u®*, where u is the fundamental representation of G,,. As discussed
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in Section 2.2, Fix(u®*) is spanned by the operators Ty for m € Ej(k). It follows that the fixed
point algebra of «,, is spanned by

Pr = Z tiy iy

1<, ... ix <n
w<keri

for k € N and 7 € Ep(k). Therefore B, is generated by pr(z), for k € N and 7 € Ej(k). Recall
from Section 4.2 that if w € S}, is a parity preserving permutation, then x;, - - z;, = Tiyqy  Ligy g
for any 1 < dy,...,ix < n. It follows that pr(z) = pym)(x), where w(m) is given by the usual
action of permutations on set partitions. Now if w € Ej(k), it is easy to see that there is a parity
preserving permutation w € Si such that

w(’]T):{(1,...,2k1),...,(2(k‘1—i—-"—‘y-kl,l)—‘rl,...,Q(kl—I—...—i—k’l))}

is an interval partition. We then have

pe() = oy (&) = (Z ) <Z )

i1=1 =1

2

Since 7 is central in M,, for 1 <7 < n, the result follows. O

Proposition 4.4.7. Suppose that (z1,...,x,) is Gp-invariant, and that one of the following con-
ditions is satisfied:

(1) Gy is a free quantum group O, S;F HY or B;.
(2) Gy is a half-liberated quantum group O} or H} and (z1,...,x,) half-commute.
(3) Gy is an easy group Oy, Sp, H, or B, and (x1,...,x,) commute.

Then for any m in the partition category D(k) for the easy quantum group G, and any by, ..., by €
B,., we have

1
() - E : s
En [boxlbl, Ce ,xlbk] = nw bo.%l szkbk,

1<i1,.. g <n
mw<keri

which holds if n is sufficiently large that the Gram matriz Gy, is invertible.

Proof. We prove this by induction on the number of blocks of 7. First suppose that m = 1; is the
partition with only one block. Then

B boz1by, ..., w1be] = En[bows - - z1bg]

= g bOxil"‘fEikbk/Uill"'Uikla

1<t ik <n
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where we have used the fact that by, ..., by are fixed by the coaction a,. Applying the Weingarten
integration formula in Proposition 2.2.6, we have

Eplbowy - - x1bg] = E boi, -+ @, by, E Win (7, 0)
1<iy,..,ip<n o,meD(k)
n<keri
= E < E Wkn ™, 0 ) E bowz‘l e xzkbk
meD(k) “oeD(k) 1<i1,..,ix<n
w<keri

Observe that Gy, (o, 1) = nl?Vl = n for any o € D(k). It follows that for any = € D(k), we have
Z Wi (7, 0) Z Win (7, 0)Gin (0, 1k)
oeD(k oeD(k)

= 0r1,.-
Applying this above, we find

En[b[)wl .. -.’L‘lbk] = Z nil(sﬂlk Z boxil .. -wikbk

n€D(k) 1<i1,... i <n
w<keri

1 n
=— E box; - - - by,
n 4
i=1

as desired.
If condition (2) or (3) is satisfied, then the general case follows from the formula

E [box1by, ..., x1b] = by -+ by, H E.(V)[z1,... 1],
Ven

where in the half-liberated case we are applying the previous lemma. The one thing we must check
here is that if 7 € D(k) and V is a block of 7 with s elements, then 14 € D(s). This is easily
verified, in each case, for D = P,, Ps, P, Py, Ey,, E,.

Suppose now that condition (1) is satisfied. Let m € D(k). Since 7 is noncrossing, m
contains an interval V- ={l+1,...,l + s+ 1}. We then have

EM box1by, ..., z1b) = EF\ ) bowiby, ..., Enlwibigpr - 21bips)@, - . ., 1bg].

To apply induction, we must check that 7\ V € D(k — s) and 15 € D(s). Indeed, this is easily
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verified for NC,, NCs, NCj, and NCj. Applying induction, we have

1
Esr)[bol'lbl,...,l'lbk] = W Z boxil bl (En[xlbl+1"'xlbl+s]>xil+s xlkbk
" 1<t
g1yt <N
(m\V)<keri

1 1 n
= W Z boxi, - - 'bl<nzxibl+1 "‘xibl+s>$il+5 xzkbk’
=1

1< ity
Ud-s4+15--52k S?’L
(m\V)<keri

1
= — Z boxil l‘lkbk,

n|77‘
1<iy,.. i <n

mw<keri
which completes the proof. O
We are now prepared to prove the approximation result for finite sequences.

Theorem 4.4.8. Suppose that (x1,...,x,) is Gp-invariant, and that one of the following conditions
is satisfied:

(1) Gy, is a free quantum group O, S;F Ht or B;.
(2) Gy, is a half-liberated quantum group O} or H} and (z1,...,x,) half-commute.
(3) Gy, is an easy group Oy, Sp, H, or B, and (x1,...,x,) commute.

Let (y1,...,yn) be a sequence of By, -valued random variables with By, -valued joint distribution de-
termined as follows:

o G = O7": Free semicircular, centered with same variance as 1.

o G = ST Freely independent, y; has same distribution as 1.

G = H™: Freely independent, y; has same distribution as x1.

G = BT : Free semicircular, same mean and variance as 1.

G = O*: Half-liberated Gaussian, same variance as xi.

G = H*: Half-independent, y; has same distribution as x1.

G = O: Independent Gaussian, centered with same variance as xj.
e G =S Independent, y; has same distribution as x1.
o G = H: Independent, y; has same distribution as x1.

e (G = B: Independent Gaussian, same mean and variance as 1.
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If1 <ji,...,5 <mandbg,..., b € By, then

C()

| Enlbox;, - - - x5, 0] — Elboyj, - - - yj, b || < 21| * (Dol - - - [|x]l,

where Cy(G) is a universal constant which depends only on k and the easy quantum group G.

Proof. First we note that it suffices to prove the statement for n sufficiently large, in particular we
will assume throughout that n is sufficiently large for the Gram matrix Gy, to be invertible (see
Proposition 4.3.1).

Let 1 < j1,...,jr <nand by,...,b € B,. We have

Bulbowy bl = 3 oy [,
1<it i <n
= Z boxi, - - - 4, by Z Wi (7, 0)
1<i1,...,0<n W,UED(kJ)
m<keri
o<kerj
= Z Z Win (7, 0) Z box;, - - - x4, by
oceD(k) meD(k) 1<iy,...,ix<n
o<kerj w<keri
On the other hand, it follows from the assumptions on (yi,...,y,) and the various moment-

cumulant formulae that

E[boyjl --'yjkbk] = Z f b0$1b1,...,$1bk]
ceD(k
0‘<keI‘_]

= Z Z KDk (7T oVE bz by, . . ., z1by],

oeD(k) meD(k)

o<kerj w<o
where £ denotes the relevant free, classical or half-liberated cumulants and we have used Proposition
4.3.3 in the second line to replace the Mébius function on NC(k), Ex(k) or P(k) by up). Note
that for G = H, H*, H" we need to first check that z; has an even distribution with respect to F,
but this can be seen by computing

Elboz1by - - - 21bop11] = ) bowil"'xz’kb2k+1/uz‘1j1 "t Wiy a1
1<iy,.yigg+1<n

which is equal to zero since the coordinate functions w;; have an even joint distribution if G =

H,H* H*.
Applying Lemma 4.4.7, we have

Elboyjy - vibel = D D ko TN bow, @ b

oceD(k) meD(k) 1<it,eipg <n
o<kerj w<o m<keri



CHAPTER 4. DE FINETTI THEOREMS FOR EASY QUANTUM GROUPS 41

Comparing these two equations, we find that

FE, [bole Ty bk] - E[bOyjl A bk]

= Z Z (Win(m,0) — uD(k)(ﬂ,a)n*‘”l) Z bowi, - - - i, by

oceD(k) meD(k) 1<i1,..,4,<n
o<kerj mw<keri

Now since x1, ..., x, are identically distributed with respect to the faithful state ¢, it follows that
these variables have the same norm. Therefore

> bowi @by

1<iy,..nip<n
w<keri

< ™ Jlz1 [ llbo] - - [1bxl

for any m € D(k). Combining this with former equation, we have

| Enlbox;, - - - x5, be] — Elboyj, - - - yj, bl |

< D [Winm o)™ = pupg (o) [l *[1boll - - 1Bkl
oeD(k) meD(k)

o<kerj
Setting
Ck(G) =8sup 1 - Z ‘Wkn(ﬂ-v U)nlw‘ — UD(k) (777 J)|7
neN o,meD(k)
which is finite by Proposition 4.3.1, completes the proof. O

4.5 Infinite quantum invariant sequences

In this section we will prove Theorem 4.1.1. Throughout this section, we will assume
that G is one of the easy quantum groups O, S, H, B,O* H* O*,S* H' or BY. We will make
use of the inclusions G, — G,, for n < m, which correspond to the Hopf algebra morphisms
wnm : C(Gp) — C(G,,) determined by

i) = 3 4 tsbysn
' J dijlo(a,y, max{i,j} >n

The existence of wy, ,, may be verified in each case by using the universal relations of C(Gy,).
We begin by extending the notion of G,,-invariance to infinite sequences.

Definition 4.5.1. Let (z;);eny be a sequence in a noncommutative probability space (A, ). We
say that the joint distribution of (z;);en is invariant under G, or that the sequence is G-invariant,
if (z1,...,2y) is Gp-invariant for each n € N.



CHAPTER 4. DE FINETTI THEOREMS FOR EASY QUANTUM GROUPS 42

This means that the joint distribution functional of (z1,...,z,) is invariant under the
action ay, : Z,, — P, ® C(G,) for each n € N. It will be convenient to extend these actions to
P = C{t;|i € N), by defining ), : P — P @ C(Gy,) to be the unique unital homomorphism
such that

Bulty) = {Z?—l’”'@“”" R
ti®le@,y, J>n

It is clear that (3, is an action of GG, moreover we have the relations

(ld & wn,m) S 6771 = 571

and
(Ln & id) O Qn = ﬁn Oln,

where ¢, : &, — P~ is the natural inclusion.

Lemma 4.5.2. Let (z;)ien be a sequence of noncommutative random variables in (A, p). Then the
sequence is G-invariant if and only if the joint distribution functional ¢, : P — C is invariant
under the actions 3, for all n € N.

Proof. Let @gcn) : &, — C denote the joint distribution functional of (z1,...,z,), and note that
goé") = g 0 L,. First suppose that ¢, is invariant under 3, for all n € N. Fix n € N and p € &,

then

z ®1d) (1, @ id)a (p)

= (
= (02 ®id)Bn(tn(p))
=

()o@

(¢ @ id)an(p)

so that (z1,...,x,) is Gp-invariant.
Conversely, suppose that (x;);en is G-invariant, i.e., gag(cn) is invariant under a,, for all

n € N. Fix p € #, and n € N. Then p = ,,(q) for some m > n and q € &,,,. We then have

(¢z ®id)Bn(p) = (Y2 @ Wnm) Bm(tm(q))
= (¢ ® wnm)am(q)
= v:(P) 1@,
so that ¢, is invariant under 3,,. O
Throughout the rest of the section, (M, ¢) will be a W*-probability space and (z;)ien
a sequence of self-adjoint random variables in (M, ). For n € N, we let M, denote the von
Neumann algebra generated by the variables (x1,...,z,). We let My denote the von Neumann
algebra generated by the variables (z;);en, and set Yoo = |, - L?(Meso, ¢oo) Will denote the GNS

Hilbert space, with inner product (m1,ma) = ¢(mims). The strong topology on My, will be taken
with respect to the faithful representation on L?(Meo, 0o ). We set

B, = W*({p(z) : p € Z}),
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where @?g is the fixed point algebra of the action (,. Since

(ld & wn,n+1) o ﬁn+1 = Bn,

it follows that B,4+1 C B, for all n > 1. We then define the G-invariant subalgebra by

B=()B..

n>1

Remark 4.5.3. If (x;)ien is G-invariant, then as in Proposition 4.4.5, for each n € N there is a right
coaction [, : Moo — Moo ® L*°(G,,) determined by

Bn(p(x)) = (evm & Wn)ﬁn(p)

for p € #.,, and moreover the fixed point algebra of Bn is By,. For each n € N, there is then a
poo-preserving conditional expectation E, : My, — B, given by integrating the action f3,, i.e.

Ey[m] = (id @ [)Ba(m)

for m € My,. By taking the limit as n — oo, we may obtain a @..-preserving conditional expectation
onto the G-invariant subalgebra.

Proposition 4.5.4. Suppose that (x;)ien is G-invariant. Then:

(1) For any m € My, the sequence E,[m] converges in | |2 and the strong topology to a limit
E[m] in B. Moreover, E is a p-preserving conditional expectation of M, onto B.

(2) Fix me NC(k) and my,...,my € My, then
E(ﬂ')[ml R ® mk] = lim Eé”)[ml R Q mk],
n—oo
with convergence in the strong topology.

Proof. Let ¢, = ¢|p, and let L?(B,, ,) denote the GNS Hilbert space, which can be viewed as a
closed subspace of L2(M, ). Let P, € B(L*(M,)) be the orthogonal projection onto L?(By, ¢n).
Since E, : M — B, is a conditional expectation such that ¢, o E;,, = ¢, it follows that

E,|m] = P,mP,

for m € M. Since P, converges strongly as n — oo to P, where

P:/\Pn

n>1
is the orthogonal projection onto L?(B, ¢|p), it follows that

E,[m] — PmP
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in | |2 and the strong operator topology as n — oo. Set E[m| = PmP, then since E,[m| converges
strongly to E[m] it follows that E[m| € B, and it is then easy to see that E is a p-preserving
conditional expectation.

To prove (2), observe that if # € NC(k) and my,...,my € M, then B [m1 ® -+ @ my]
is a word in m1,...,m; and P,. For example, if

m={{1,10},{2,5,6},{3,4},{7,8,9}} € NC(10),

1 2 3 4 5 6 7 8 910

L]

then the corresponding expression is
E7(17T) [m1 ® - -+ @ mig] = PymiPmaPmamyP,msmeP,mymgmgP,mioP,.

Since multiplication is jointly continuous on bounded sets in the strong topology, this converges as n
goes to infinity to the expression obtained by replacing P, by P, which is exactly E(™[m;®- - -@my].
O

We are now prepared to prove our main theorem, which we first reformulate in terms of
cumulants as follows:

Theorem 4.5.5. Suppose that (z;)ien is G-invariant and that one of the following conditions is
satisfied:

(1) G is a free quantum group O*, ST Bt or H.
(2) G is a half-liberated quantum group O* or H* and the variables half-commute.
(3) G is a classical easy group O, S, B or H and the variables commute.

Then for any ji,...,5k € N and by, ..., by € B, we have

Elboxj, - wjbi] = > &7 bowibr, - .., by,
ceD(k)
o<kerj
where & denotes the relevant free, half-liberated or classical cumulants and D(k) is the partition
category corresponding to the easy quantum group G.
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Proof. Let ji,...,7r € Nand by, ...,b; € B. As in the proof of Theorem 4.4.8, we have

= lim Wkn 7T 0' bowi R ¥ bk
n—oo Z Z Z 1 k

ceD(k) reD(k) 1<y, i <n
o<kerj m<keri
= lim Z Z () (7, 0)n Il Z boxi, - - - x4, by
n—o0
oc€D(k) reD(k) 1<i1,..,i.<n
o<kerj w<o m<keri

By Proposition 4.4.7, and using the compatibility
(in ®id) 0 &y = By 0 T,
where ©,, : M,, — M is the obvious inclusion and «,, is as in the previous section, we have

Elbozj, - 2, bk —nhjolo Z Z ppk)y (T, o) E VES [boz1by, . . ., w1bg).

oceD(k) meD(k)
o<kerj w<o

By (2) of Proposition 4.5.4, we obtain

E[box]‘l tee xjkbk] = Z Z MD(I{) (71', O')E(ﬂ-) [bol‘lbl, ce ,l‘lbk],

ceD(k) meD(k)
o<kerj 7w<o

and the result now follows from the formulas for cumulants in terms of moments via Mobius
inversion, and Proposition 4.3.3. O

Theorem 4.1.1 follows easily:

Proof of Theorem 4.1.1. From Theorem 4.5.5 above, we have

E[bol‘jl- :Ujkbk Z éE bo&?lbl,...,xlbk]

c€D(k)
o<kerj

for any ji,...,Jr € Nand by, . .., br € B, where £ denotes the relevant free, classical or half-liberated
cumulants and D(k) is the partition category corresponding to the easy quantum group G. Since
these cumulants are uniquely determined by the relevant moment-cumulant formula, it follows that

(o {gg’)[boxlbl, ..., z1by], o € D(k) and o < kerj

0, otherwise

The theorem now follows from the characterizations of these joint distributions in terms of cumu-
lants from Propositions 2.1.19, 4.2.8 and 4.2.9. O
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Chapter 5

A characterization of freeness by
invariance under quantum spreading

5.1 Introduction

Consider a sequence ({1, &2, ...) of random variables. Such a sequence is called ezchange-
able if its distribution is invariant under finite permutations, and spreadable if it is invariant under
taking subsequences, i.e., if

(Eryees ) S (G, 8)

forall ke Nand l; < --- <. In the 1930’s, de Finetti gave his famous characterization of infinite
exchangeable sequences of random variables taking values in {0, 1} as conditionally i.i.d. This was
extended to variables taking values in a compact Hausdorff space by Hewitt and Savage [33]. It was
later discovered by Ryll-Nardzewski that de Finetti’s theorem in fact holds under the apparently
weaker condition of spreadability [44].

In the previous chapter we gave de Finetti type theorems for sequences of noncommutative
random variables whose joint distribution is invariant under the action of an easy quantum group.
The starting point for this work was the free de Finetti theorem of Késtler and Speicher [40], which
characterizes quantum exchangeable sequences as freely independent and identically distributed
with amalgalmation over the tail algebra.

In this chapter we will develop a notion of quantum spreadability for sequences of non-
commutative random variables. The first problem is to find a suitable quantum analogue of an
increasing sequence. The answer which we suggest here is similar to Wang’s notion of a quantum
permutation. For natural numbers & < n we construct certain universal C*-algebras A;(k,n), which
we call quantum increasing sequence spaces, whose spectrum is naturally identified with the space
of increasing sequences 1 <[y < --- <l < n. These objects form quantum families of maps, in the
sense of Soltan [46], from {1,...,k} into {1,...,n}. Quantum spreadability is naturally defined as
invariance under these familes of quantum transformations. This approach is justified by our main
result, which is a free analogue of the Ryll-Nardzewski theorem for quantum spreadable sequences
(see Sections 5.2 and 5.4 for definitions and motivating examples):
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Theorem 5.1.1. Let (p;)ien be an infinite sequence of unital *-homomorphisms from a unital
x-algebra C into a tracial W*-probability space (M, 7). Then the following are equivalent:

(1) (pi)ien is quantum exchangeable.
(2) (pi)ien is quantum spreadable.

(3) (pi)ien is freely independent and identically distributed with respect to the conditional expec-
tation E onto the tail algebra

B= ﬂ W*({pi(c) : c € C,i > n}).

n>1

In the case C = CJt], the equivalence of (1) and (3) is the main result of [40], and
was proved in the previous chapter in the context of easy quantum groups. For general C, the
equivalence of (1) and (3) was shown in [23]. The implication (3) = (1) for general C is proved
similarly to the case C' = C[t], which was presented in the previous chapter, the details are left to
the reader.

Observe that Theorem 5.1.1 holds only for infinite sequences. In the previous chapter we
gave an approximation to how far a finite quantum exchangeable sequence is from being free with
amalgamation. As in the classical case, finite quantum spreadable sequences are more difficult, and
we will not attempt an analysis here. For a treatment of classical finite spreadable sequences, see
[36].

This chapter is organized as follows. Section 5.2 contains notations and preliminaries.
In Section 5.3, we introduce the algebras A;(k,n) and prove some basic results. In particular we
show that A;(k,n) is a quotient of Ag(n). In Section 5.4, we introduce the notion of quantum
spreadability, and prove the implication (1) = (2) of Theorem 5.1.1. This implication holds in fact
for finite sequences, and in a purely algebraic context. We complete the proof of Theorem 5.1.1 in
Section 5.5, by showing the implication (2) = (3).

5.2 Background and notations

In the previous chapter we worked only with sequences of self-adjoint operators, which
correspond in the classical setting to real-valued random variables. In this chapter we will work
with more general sequences, which correspond in the classical setting to allowing our random
variables to take value in a more general state space.

5.2.1. Notations. Let C be a unital *-algebra. Given an index set I, we let
Cr= x O

el

denote the free product (with amalgamation over C), where for each i € I, CV) is an isomorphic
copy of C. For ¢ € C and i € I we denote the image of ¢ in C) as ¢(®). The universal property of
the free product is that given a unital x-algebra A and a family (p;);c; of unital x*-homomorphisms
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from C to A, there is a unique unital *-homomorphism from Cj to A, which we denote by p, such
that p(c)) = p;(c) for ¢ € C and i € I. We will mostly be interested in the case that I = {1,...,n},
in which case we denote C7 by C,, and I = N in which case we denote C; = C.

Definition 5.2.2. Let C' be a unital x-algebra, (A, ) a noncommutative probability space and
(pi)ier a family of unital *-homomorphisms from C to A. The joint distribution of the family
(pi)ier is the state ¢, on C defined by ¢, = ¢ o p. ¢, is determined by the moments

ple) <))

= p(pi (c1) -+ iy (ck)),
where c¢1,...,c; € C and 4y, ...,1; € 1.
5.2.3. Examples.

(1) Let (©,F,P) be a probability space, let (S,S) be a measure space and (§);e; a family of
S-valued random variables on Q. Let A = L*°(), and let ¢ : A — C be the expectation
functional

p(f) = E[f].

Let C be the algebra of bounded, complex-valued, S-measurable functions on S. For i € I,
define p; : C' — A by pi(f) = fo&. Then ¢, is determined by

0o (f o Y SRy (&) falE)]
for fl,...,kaCandil,...,ikEI.

(2) Let C = CJ[t], and let (z;);er be a family of self-adjoint random variables in A. Define p; : C' —
A to be the unique unital *-homomorphism such that p;(t) = z;. Then C; = C(t; : i € I), and
we recover the usual definitions of the joint distribution and moments of the family (x;);cr.

Definition 5.2.4. Let C be a unital x-algebra, (A, F) a B-valued probability space and (p;)icr a
family of unital *-homomorphisms from C into A.

(1) We let CB denote the free product over i € I, with amalgamation over B, of C@ % B, which
is naturally isomorphic to C7 * B. For each i € I, we extend p; to a unital x-homomorphism
pi : CxB — A by setting p; = p;*id. We then let p denote the induced unital *-homomorphism
from C’}B into A, which is naturally identified with p % id. Explicitly, we have

Alboct by - - ™Mby = bop, (e1)b1 - - - piy (cx)br
for by,...,bp € B, c1,...,¢c € C' and 4y, ...,0; € I.

(2) The B-valued joint distribution of the family (p;)icr is the linear map E, : Cr*B — B defined
by E, = Eop. E, is determined by the B-valued moments

Eylboc{™ - fP i) = Elbopi, (1) -+~ pi, (cx)bi]

for ¢1,...,cp € C, by,...,bp € Band i1,...,14; € I.
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(3) The family (p;)icr is called identically distributed with respect to E if E o p; = E o p; for all
1,5 € I. This is equivalent to the condition that

Elbopi(c1) - - - pi(cr)bi] = Elbopj(ci) - - - pj(cr)bi)
for any i,7 € I and ¢1,...,cx € C, by, ...,bp € B.

(4) The family (p;);er is called freely independent with respect to E, or free with amalgamation
over B, if

whenever iy # --- #ip €I, f1,...,0r € Cx B and E[p;,((;)] =0 for 1 <[ <k.
Recall from Section 2.1 that freeness with amalgamation can be characterized by the

vanishing of mixed cumulants. With the notations of this section, we can restate this result as
follows:

Theorem 5.2.5. ([48]) Let C' be a unital x-algebra, (A, E) be a B-valued probability space and
(pi)ier a family of unital x-homomorphisms from C into A. Then the family (p;)icr is free with
amalgamation over B if and only if

A P (1) @+ @ i (B)] = 0
whenever iy, ... iy €1, B1,...,0k € Cx B and m € NC(k) is such that m £ keri.
O

Corollary 5.2.6. Let C be a unital x-algebra, (A, E) a B-valued probability space and (p;)ien a
family of unital x-homomorphisms from C into A. Then (p;)ien is freely independent and identically
distributed with respect to E if and only if

Elpu (B0 5 (Bl = > w2 [1(8) ® - @ pu(By)]
TN

for every By,...,0. € Cx B and iy,...,ix € 1. 0

5.3 Quantum increasing sequences

In this section we introduce objects A;(k,n) which we call quantum increasing sequence
spaces. As with Wang’s quantum permutation group, the idea is to find a natural family of coor-
dinates on the space of increasing sequences 1 <1} < --- <l <n and “remove commutativity”.

Definition 5.3.1. For k,n € N with £ < n, we define the quantum increasing sequence space
A;(k,n) to be the universal unital C*-algebra generated by elements {u;; : 1 <i <n,1 <j <k}
such that
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L soction: 2. — .. — 0,2
(1) wij is an orthogonal projection: uj; = u;; = uj;.

(2) each column of the rectangular matrix u = (u;;) forms a partition of unity: for 1 < j <k we

have
n
E uij =1.
=1

(3) increasing sequence condition:
uijui/j/ = 0

if j <j andi>7.

Remark 5.3.2. We note that the algebra A;(k,n), together with the morphism a : C* — CF ®
A;(k,n) defined by

k
a(ei) = Zej & Uij,
j=1

gives a quantum family of maps from {1,...,k} to {1,...,n}, in the sense of Soltan [46].

The motivation for the above definition is as follows. Consider the space I}, ,, of increasing
sequences 1 = (1 <3 <---<lp<n). For 1 <i<n,1<j<k, define f;; : I.,, — C by

1 =
mo={y 27

The functions f;; generate C(I, ) by the Stone-Weierstrass theorem, and clearly satisfy the defining
relations among the u;; above. Moreover, it can be seen from the Gelfand theory that C(Ij ) is
the universal commutative C*-algebra generated by {f;; : 1 <1i < n,1 < j < k} satisfying these
relations. In other words, C(j ) is the abelianization of A;(k,n).

Remark 5.3.3. A first question is whether A;(k,n) can be larger than C(Ij ), i.e., “do quantum
increasing sequences exist”? Clearly A;(k,n) is commutative and hence equal to C(I} ) for k = 1.
Using Lemma 5.3.4 below, it is not hard to see that A;(k,n) is also commutative at & = n and
n — 1. In particular we have A;(k,n) = C(Ij,) whenever n < 3.

However, if p, q are arbitrary projections in any unital C*-algebra then the following gives
a representation of A4;(2,4):

P 0
1—p 0

0 q

0 1—gq

In particular, the free product C(Zs) * C(Zs2) is a quotient of A;(2,4) and hence A;(2,4) is infinite-
dimensional.

Observe that if (1 < 1; < --- < I < n) then we must have [;;—1; > j'—jfor1 < j <j' <k.
In terms of the coordinates f;; on C(Iy ), this means that fi; fir;; = 0if i —¢ < j'—j. This relation
also holds for the coordinates u;; on A;(k,n), which will be useful to our further analysis.
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Lemma 5.3.4. Fiz k,n € N with k < n, and let {u;; : 1 < i < n,1 < j <k} be the standard
generators of Aj(k,n). Then

(1) wijupy =0 if 1 <j<j <kandi —i<j —j.
(2) wij =0 unless j <i<n—k+j, or equivalently k +i—n < j <i.

Proof. (1) is trivial for j = j/, so fix 1 < j < j' <k and set m = j' — 5 — 1 > 0. Then we have

m n
Uiy jr = Uij (H § :uiz(jJrl))ui’j’ = E UijUiy (j41) " Wi (j+m) Ui (j+m+1) -

1=1i,=1 1<it,eoim<n

From the increasing sequence condition, each term in the sum is zero unless i < i; < -+ < i, < 7/,
which implies ¢/ —i >m +1=j" —j.

For (2), note that from (1) we have uju;; =0if i —1 < j—1, or equivalently [ > i—j+1.
So if ¢ < j then uju;; =0 for I =1,...,n and we then have

n

uij = <Z Ull) . ul-j =0.

=1

Likewise we have u;;u;, = 0if l <k +1¢—7,s0if ¢ > n —k + j then this holds for l =1,...,n and

n
Ujj = Uij - (Z Ulk) =0,

=1
which completes the proof. O

Now observe that any increasing sequence 1 < [ < --- < I < n can be extended to a
permutation in S, which sends j to /; for 1 < j < k. One way to create such an extension is to set
m(j) =1 for 1 < j <k, then inductively define 7(k+m), for m =1,...,n —k, by setting n(k+m)
to be the least element of {1,...,n}\{m(1),...,7(k+m—1)}. After a moment’s thought, one sees
that m < w(k+m) < m+k and that m(k +m) = m + p exactly when [, < m+p but [,41 >m+p
for 1 <m <n—Fkand 0 < p <k, where we set lg = —00, l+1 = 00.

This gives an inclusion of the space I, ,, of increasing sequences into S, which dualizes to
a unital *-homomorphism C(S,,) — C(Iy). Consider the natural coordinates {f;; : 1 <i,5 < n}
on S, and {g;; : 1 <i<n,1 <j <k} on I, Clearly this map sends f;; to g;; for 1 < i < n,
1 < j < k. From the remark at the end of the previous paragraph, it follows that f;.,) is sent to
0 unless i = m + p for some 0 < p < k, and that

m+p—1
f(m+p)(k+m) = Z Gip = 9(i+1)(p+1)>
i=0

where we set goo = 1 and gio = goi = gi(r4+1) = 0 for i > 1.
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For example, when k = 2 and n = 4 the matrix (f;;) is as follows:

gn 0 1-—ygn 0

921 922 gi1 — 922 1—911 — 921

g31 932 922 g11 + g21 — g22 — g32
0 g2 0 922 + 932

We can now use this formula to define a x-homomorphism from Ag(n) to A;(k,n), which
we might think of as “extending quantum increasing sequences to quantum permutations”.

Proposition 5.3.5. Fiz natural numbers k < n. Let {vy; : 1 < i < n,1 <j <k}, {u;:1<
i,7 < n} be the standard generators of Ai(k,n), As(n), respectively. Then there is a unique unital
x-homomorphism from As(n) to A;(k,n) determined by

® ujj — v for1 <i<n,1<j<k.
® Upym)— 0 forl<m<n—kandi<mori>m+k.
e Forl<m<n—kand0<p<Ek,

m+p—1

U(mp) (k+m) Z Vip = U(i+1)(p+1)>
=0

where we set voo = 1 and vy = vo; = Vip41) =0 fori > 1.

Proof. Let (v;;) be the standard generators of A;(k,n), and define {u;; : 1 <i,j < n} in A;(k,n)
by

o uj =v;for1<i<n, 1<j<Ek.
® Ujktm) =0for 1 <m<n-—kandi<mori>m+k.
e Forl<m<n—kand 0<p<k,

m+p—1
U(m4-p)(k+m) = E Vip = V(i+1)(p+1)>

where we set vgg = 1 and v;9 = vg; = Vik+1) =0 for i > 1.

We need to show that (u;j)1<; j<n satisfies the magic unitary condition, and the result will then
follow from the universal property of As(n).

First let us check that u;; is an orthogonal projection for 1 < 4,5 < n. The only non-trivial
case 1S Uy 1p)(k+m) for 1 <m <n —k and 0 < p < k. Here we just need to check that

m+p 1

Vi(p+1) E Vip
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for 1 <1 <m+p. The cases p = 0, k are trivial, so let 0 < p < k. We have

n -1
Vi(p4+1) = Vi(p+1) * E Vip = Vi(p+1) ° E Vip,
i=1 =1

where we have applied the increasing sequence condition v, 41yvip = 0 for ¢ > [. So we have

m+p—1

Ul(p+1) < Zvlp < Z Vip

as desired.
Now we need to check that the sum along any row or column of (u;;) gives the identity.
For the first k columns, this follows from the defining relations of v;;. For m = 1,...,n — k, the

sum along column k + m gives

n k
Z Ui(k+m) = Z U(m+p)(k+m)
=1 p=0

k m+p—1

_Z Z Vip — Y(i+1)(p+1)

Now since vip = v(i41)(p+1) = 0 if © < p, we continue with

k m+p—1 k m—1
S5 v = e szw V(ictp+1) (p+1)
p=0 i=p =0 =0

m—1 k

U(i+p)p — Y(i+p+1)(p+1)
0

33

|

- o
=
I

Vi0 = V(i+k+1)(k+1)

o

Il
=~

I

since the only nonzero term in the last sum is vgg = 1.
It now remains only to show that the sum along any row of (u;;) gives the identity. We
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have
ZUw = Z% + Z D Uierm)
m=1 O<p<k
m-+p=i

min{¢,n—k}

Z Wi(k+m)

m=max{i—k,1}

I
(]~

g

T

[
Il
—

min{i,n—k} -1

Z Z Vi(i—m) — V(I+1)(i—m+1)

m=max{i—k,1} =0

min{i,n—k} min{i,n—k}
< Z Vo(i—m) — Vi(i—m+1 > + Z Z Ul(i—m) — Vi(i—m+1)

m=max{i—k,1} =1 m=max{i—k,1}

Il
(]~
S

i

<.
Il
—

I
[~
S

L

[
Il
—

min{i,n—k}
vij + ( Z Vo(i—m) — Ui(ierl)) + Z Ul max{0,k+i—n} — Vimin{k+1,i}-
=1

m=max{i—k,1}

I
™) =

<.
I
—_

Now note that if 1 <1 < i—1 then vy yinr41,:4 = 0, indeed this is true by definition if min{k+1,i} =
k+1, and if min{k+ 1,47} = i then v;; = 0 since [ < i. Also we have v;; = 0 unless k+i—n < j <.
Plugging this in above and rearranging terms, we have

min{k,i} min{i,n—k} min{i,n—k} i—1
Z Vij — Z Vi(i—m+1) T Z Vo(i—m) t Z’Uz max{0,k+i—n}-
j=max{1l,k+i—n} m=max{i—k,1} m=max{i—k,1} =1

After reindexing the second sum and combining with the first, we obtain

max{1,k+i+1-n}—1 min{i,n—k} i—1
D Vit D Wiem D Vimax(oktion):
j=max{1l,k+i—n} m=max{i—k,1} =1

Now if ¢ < n — k, then the first and third sums are zero while the second is 1. If i > n — k then the
second sum is zero and the first and third combine as

i
Z Vl(k+i—n)-
=1

Now since vy(y1j—n)y = 0if I >n —k+ (k+i—n) =1, we have
7 n
Z Vi(kti—n) = Z Vi(k+i—n) = 1.

=1 =1

So (u;j) does indeed satisfy the magic unitary condition, which completes the proof. O
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5.4 Quantum invariant sequences of random variables

In this section we introduce the notions of quantum exchangeability and quantum spread-
ability for sequences of algebras, and prove the implications (1)= (2) of Theorem 5.1.1. First let
us extend the notion of quantum exchangeability from Chapter 4 to sequences of algebras.

Let C' be a unital x-algebra. For each n € N there is a unique unital *-homomorphism
ay, : Cp — Cp, ® Ag(n) determined by

n

o (c9)) = Z D@ Uij

=1

for c € C and 1 < j < n, indeed this follows from the relations in Ag(n) and the universal property
of the free product C,, = CO ... % ¢ Moreover a,, is a right coaction of As(n) in the sense
that

(ap, ®id) 0 vy = (Id ® ) 0 vy
(id®€)oa, =id,

see [23] for details. The coaction a,, may be regarded as “quantum permuting” the n copies of C'
inside C,,.

Definition 5.4.1. Let C be a unital %-algebra, and let (p1,p2,...,pn) be a sequence of unital
«-homomorphisms from C' into a noncommutative probability space (A, ¢). We say that the distri-
bution ¢, is invariant under quantum permutations, or that the sequence is quantum exchangeable,
if ¢, is invariant under the coaction ay,, i.e.,

(pp @id)an(c) = @p(c)lAs(n)

for any c € C),.
This is extended to infinite sequences (p;);en by requiring that (p1,...,ps) is quantum
exchangeable for each n € N.

5.4.2. Remarks.

(1) More explicitly, this amounts to the condition that

Z @(pir(cr) - piy ()i, -+ wir g, = (g (ea) -+ pji(ck)) - 1

1<iy,ip<n
for any ¢q,...,c, € Cand 1 < jy, ..., jr < n, where u;; are the standard generators of Ag(n).

(2) By the universal property of As(n), the sequence (p1, ..., pn) is quantum exchangeable if and
only if the equation in (1) holds for any family {u;; : 1 <4,j < n} of projections in a unital
Cr-algebra B such that (u;;) € M,(B) is a magic unitary matrix.
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(3) For 1 <1i,j <mn, define f;; € C(Sy) by fij(m) =46
and the equation in (1) becomes

ir(j)- The matrix (f;;) is a magic unitary,

o(pp () pi(e)lesy = Y, elpnler) - pi(en) fig -+ Finge-

1<iy, . ip<n

Evaluating both sides at © € S;,, we find

©(pji(c1) - pj,(ck)) = €y (1) - Priin) (Ck))s
so that quantum exchangeability implies invariance under classical permutations.

We will now introduce the quantum spreadability condition. Let C be a unital x-algebra,
then for any natural numbers k& < n there is a unique unital *-homomorphism oy, : Cp —

Cp ® A;(k,n) determined by

i=1
for ¢ € C and 1 < j < k, indeed this follows as above from the relations in A;(k,n) and the
universal property of Cy.

Definition 5.4.3. Let C' be a unital *-algebra, and let (p1,p2,...,pn) be a sequence of unital
s-homomorphisms from C' into a noncommutative probability space (A, ). We say that the dis-
tribution is invariant under quantum spreading, or that sequence is quantum spreadable, if for each
k =1,...,n the distribution ¢, is invariant under oy , in the sense that

((pp ® id)ak,n(c) = Wp(c)lAi(k,n)

for any ¢ € Ck.
An infinite sequence (p1, p2,...) is called quantum spreadable if (p1,...,pp) iS quantum
spreadable for each n.

Remark 5.4.4.

(1) Explicitly, the condition is that for each k = 1,...,n we have

p(pji(cr) - pinlem)) 1= Y @(piy (1) pipy (Cm)) - tiyjy * Wi

1<i1, . fim<n

forall 1 < ji,...,Jm < kand c1,...,cn € C, where (u;;) denote the standard generators of

(2) From the universal property of A;(k,n), the sequence (p1,...,pn) is quantum spreadable if
and only if for each 1 < k < n, equation (1) holds for any family {u;; : 1 <i<n,1<j <k}
of projections in a unital C*-algebra B which satisfy the definining relations of A4;(k,n).
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(3) Let (fi;j) denote the generators of C'(Ij, ;) introduced in Section 5.3. Plugging f;; into equation
(1) and applying both sides to 1= (1 <1y < --- <l < n), we have

elpi(cr) - pinlem)) = D @lpi(er) - pin(em) firi D)+ finngn )

1<iy, . im<n

= @(pi;, (1) - piy,, (€m))

for any 1 < ji,...,jm < k. So (p1,...,px) has the same distribution as (p;,,...,p,), and
hence quantum spreadability implies classical spreadability. In particular, quantum spread-
able sequences are identically distributed.

We can now prove the implication (1) = (2) of Theorem 5.1.1, this holds in fact for finite
sequences and in a purely algebraic context:

Proposition 5.4.5. Let C' be a unital x-algebra, and let (p1, p2,-..,pn) be a sequence of unital *-
homomorphisms from C into a noncommutative probability space (A, ). If the sequence (p1, ..., pn)
is quantum exchangeable, then it is quantum spreadable.

Proof. Fix 1 <k <mnandlet {v;; : 1 <i<n,1<j<k}and {u;; :1<14,j <n} be the standard
generators of A;(k,n) and As(n), respectively. Assume (p1,...,pp) is quantum exchangeable, and
fix 1 <ji,...,9m < kandcy,...,cm € C. We have

e(pn () pim(emlasmy = D, D(pir(c1) -+ Pin (Cm)) - Wiy - - i jo-

1<in,im<n
By Proposition 5.3.5, there is a unital *-homomorphism from Ag(n) to A;(k,n) which sends wu;; to

vy for 1 << n, 1 < j < k. Applying this map to both sides of the above equation, we obtain

e(pn () pim(emamy = D @(pu(c1) pin(Cm)) - Vi *** Vigyjons

1<t fim<n

so that (p1,...,pn) is quantum spreadable as desired. Ol

5.5 Quantum spreadability implies freeness with amalgamation

In this section we will complete the proof of Theorem 5.1.1. Throughout this section
we will assume that C is a unital *-algebra, and that (p;);cy is an infinite sequence of unital x-
homomorphisms from C' into a tracial W*-probability space (M, 7). B will denote the tail algebra:

B = ﬂ W*({pi(c) : c € C,i > n}).

n>1

L?(M) will denote the Hilbert space given by the GNS-representation for 7. Since 7 is a trace,
there is a unique conditional expectation £ : M — B given by E[m] = P(m), where P is the
orthogonal projection of L?(M) onto L?(B).
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We will assume without loss of generality that M is generated by poo(Cx), i.€.,
M =W*({pi(c) :i€I,ceC}).
Observe that if the sequence (p;);en is spreadable and hence stationary, the linear map determined
by
Upir(c1) -+ Pin, (¢m)) = pir+1(c1) - Pi+1(Cm)

for i1,...,im € N and c1,...,cn € C, is well-defined and extends to an isometry U : L?(M) —
L*(M).

Recall from Definition 5.2.4 that we set p; = p;*id : Cx B — M. We will begin by showing
that if (p;)ien is quantum spreadable, then the B-valued distribution of (p;)ien is also invariant
under quantum spreading. By this we mean that the joint distribution E, is invariant under the
*-homomorphisms ay,p, : Ci * B — (Cy, x B) ® A;(k,n) determined by

ak’,n(bocgjl)bl - C%m)bm) — Z bOCgil)bl - C%m)bm ® Wirjy ** Uiy jim
1<iy, . im<n
forall k<n,1<j1,...,0m <k, bg,...,b;y € Band ¢1,...,cp, € C.
Note that if 1 < j <k, by,...,b, € B and cy,...,c, € C then

&k,n(bOng) L. c%)bm) = Z bocgil) - C%m)bm @ Wiyj - Wiy

1<i1,.cstm<n
n .
i .
= E bocg) cee C%)bm X ’U,Z'j,
=1

from which it follows that if 3 € C * B then

A (BY) = 8Y @ .

i=1

Proposition 5.5.1. Suppose that the sequence (p;)ien is quantum spreadable. Then the joint
distribution of (p;)ien with respect to E is invariant under quantum spreading. Explicitly, for each
E<n,1<ji,....05m <k and 3,...,0n € C*x B we have

Bl (B0 Pi (Bm)] @ Layoy = D, Elpis (B1) -+ Py (Bm)] @ Wiy Ui

1<ip,.im<n
where the equality holds in B ® A;(k,n).

Proof. We need to show that 1 < ji,...,j5m <n, by,...,by, € B and c¢q,...,¢n € C then

Elbopj,(c1) -+ pj(en)bm] = D Elbopir (1) - i (Cm)bim] @ iy, -+ iy,

1<iy,.im<n



CHAPTER 5. QUANTUM SPREADABILITY 59

Since E preserves the faithful state 7, it suffices to show that

7(bopj (1) - i (em)bm) = D T(bopiy (€1) ++* Pi (Cm)bim) - Uiy * Ui

1<i1,efim<n

We will show that this in fact holds for by, ..., b, in W*({pi(c) : i > n,c € C}). By Kaplan-
sky’s density theorem, it suffices to consider the case that bg,...,b, are elements of the form
pi(di)...p,(dy) for n <ly,...,l, <N and dy,...,d, € C.

To show this, we extend (u;;) to a (k+ N) x (n+ N) matrix by setting

Vij =\ Oi—n)(j—k)> ©>1,] >k

0, otherwise

Observe if b = py,(d1) ... pi,.(dy) is as above, then
> piy(d1) -+ piy, (dr) @ Viyty -+ Vigt, = Ply+(n—k)(d1) - Pl (n—k) (dr) @ 14, (k)
1<i1,0eyip <n N
= U () @ 14,1,

Now it is clear that (v;;) satisfies the defining relations of A;(k+N,n+N), so applying the quantum
spreadability condition with (v;;), we have

7(bopjs (1) -+ P (Cm)bm)
= > T(U"P (o) (e1) i (o) U (b)) @ wiyy - iy

1<ityim<n
But since (p;)ien is spreadable, the right hand side is equal to
> T(bopir(€1) e Py (Cm)bm) ® iy -+ Uiy
1<t yonyim <m0

which completes the proof.
O

The key ingredient in our proof that an infinite quantum spreadable sequence is free with
amalgamation is a “measure” on the space of quantum increasing sequences, i.e., a state on A;(k, n).
Unlike in the classical case, there does not appear to be a good notion of “uniform” measure on this
quantum space. Instead, we will use the measures induced by a certain representation of A;(k, k-n).

Proposition 5.5.2. Fiz k,n € N. Then there is a state 1y, : Ai(k, k- n) — C such that:
(1)
Preon (Ut == U5, ) = 0

unless (jr — 1) - n<l, <jr-n forr=1,...,m.
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(2)

o (U(Gr-ymsinggs WG mdindin) = O D Hm(oymn
TeNC(m) ceNC(m)
w<kerj o<mwAkeri

forall1<j1,....0m <kand1<iy,...,in <n.
Proof. Let {p;; : 1 <i<n,1 < j <k} be projections in a C*-probability space (A, ¢) such that
(1) The families ({pi1 : 1 <i<n},...,{pix : 1 <i<n}) are freely independent.
(2) For j =1,...,k, we have
n
Zpij =1,
i=1
and p(p;;) =n~t for 1 <i <n.
Define {uy; : 1 <1 <kn,1 <j<k}byw;j=0unless (j—1)-n<l<j-n,and

U((j—1)n+i)j = Pij

for 1 <i < n, so that (u;;) is given by the following matrix:

P11 0 e 0
Pin 0 0
0 pan 0
0 DP2n 0
0 0 0

Clearly (uy;) satisfies the defining relations of A;(k,k - n) and so we obtain a unital *-
homorphism from A;(k, k- n) into A. Composing with ¢ gives a state 1y, : A;(k,k-n) — C, and
we need only show that (u;;) in (A, ¢) has the distribution appearing in the statement.

(1) is trivial, as w,j, - - - w,,j,, = 0 unless (j, — 1) -n <, < j.-nforr=1,...,m. For
(2), we need to show that

‘P(pm‘l o 'pimjm) = Z Z ,um(O', 7T)n7|‘7|.

TeNC(m) ceNC(m)
w<kerj o<mAkeri
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Now by freeness, we have

Pirjs Pimin) = D K [Pisjas- s Dinin]

TeNC(m)
w<kerj

- Z Z Hm(U,W)QO(U)[piljl,...

TENC(m) oceNC(m)
w<kerj o<m

Now since

( D
Dii D) = ‘ ’
PA\Pirg ‘md 0, otherwise

it follows that if o < ker j then

n7lol o < keri

I C ] = .
4 [p”]l’” "pZMJM] {07 g ﬁ ker i

Combining this with the previous equation yields the desired result.
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O]

Remark 5.5.3. Observe that the formula in (2) above has a very similar structure to the highest
order expansion of the Weingarten formula for evaluating integrals over the quantum permutation

group Ag(n) with respect to its Haar state, see Section 4.3.

The final tool which we require to complete the proof of Theorem 5.1.1 is von Neumann’s
mean ergodic theorem. This will allow us to give a formula for the expectation functionals E(%) as
certain weighted averages, compare with the reversed martingale arguments used in the previous
chapter. We note that the unpleasant indices which appear are chosen so to correspond to the

formula in Proposition 5.5.2.

Lemma 5.5.4. Suppose that the sequence (p;)ien s quantum spreadable. Then for any j € N and

B € C * B, we have
~ R
Elp ()] = lim Z; Pli—1yn+i(B).
1=
with convergence in | |2.
Proof. Since (p;)ien is spreadable, we have

T(mimg) = 7(m1U(mz2))

whenever m; € W*({p;(c) : 1 <i < n,c € C}) and my € W*({p;(c) :

that
7(mb) = 7(mU (b))

for m € M and b € B, hence b = U (b). It follows easily that

U(pi(B)) = pi+1(B)

i > mn,c e C}). It follows
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for any ¢ € N and § € C x B.
Since it is clear that any vector fixed by U must lie in L?(B), we have in fact the equality

L*(B) ={¢ € L*(M) : U¢ = &}

By von Neumann’s mean ergodic theorem, we have
1 n—1
. i
nan;O -~ Z U'=P,
i=0
where P is the orthogonal projection of L?(M) onto L?(B) and the limit holds in the strong operator
topology. Therefore for any m € M we have
n—1

Blm] = P(m) = lim ~ 3" 0'(m),
1=0

with the limit holding in | |2. Since U is contractive in | |2, we have also for any j € N that

n—1 n—1
lim 1§ gD () = lim U <1§ jUi(m)>
n
=0 i=0

n—00 1 4— n— o0
= lim UV=Y"P(m)
n—oo
= E[m]v
since U - P = P. Applying this to m = p1(3) gives the desired result. O

Proposition 5.5.5. Suppose that the sequence (p;)ien is quantum spreadable. Fizx ji,...,jm € N
and choose o € NC(m) such that o < kerj. Then for any (1,...,0n € C * B, we have

EDB1(81) @ @ p1(fm)] = Jim 1! Z Pli1—1)n+ir (BL) *** Pljm—1)mtin (Bm)s
1<y, im<n
o<keri

with convergence in | |o.

Proof. We will use induction on the number of blocks of o. If ¢ = 1,, has only one block, then
o < kerj implies j; = -+ = j,, and we have

n—oo

o ~ _ ol
lim 017 N B iy (B1) - Bl -1 (Bm) :nh_{gogzp(h—l)n—i-i(/@lﬁQ"'/Bm)'
1<i1,.im<n i=1

o<keri

By Lemma 5.5.4, this converges in | |2 to

Ep1(B1B2 Bm)] = B [p1(B1) ® -+ @ p1(Bm)].
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Now let 0 € NC(m) and let V.= {l 4+ 1,...,l+ s} be an interval of o, and let j be the
common value of jji1,...,ji+s. We have

n_|‘7| Z ﬁ(jl—l)'n-‘rh (61) T ﬁ(jm—l)'n-l—im (ﬂm)
1<yt <n
o<keri

= n_la\v‘ Z ,0(31 1)-n+iq (ﬁl ( Zp(] 1)-n+i ﬁl—‘rl ﬁl—‘y—s)) to ﬁ(jm—l).n—i-im (ﬁm)

o 1<,
Ugstlseerbm <N
o\V<keri

As above, the interior sum converges to E[p1(81+1 - - Bi+s)] in | |2 asn — co. Now for any 5 € C'x B,
since the variables p;(3) are identically *-distributed with respect to the faithful trace 7, it follows
that ||p;(8)] is independent of i. Therefore there is a constant D such that

10iy (B1) -+ 03, (B1) - € Piry g1 (Bigst1) -+ P, (Bm) |2 < DIEl2

for any ¢ € L?(M) and iy, .. .,4, € N. It follows that

lim n~ 17\ Z P(j1—1)n+ir (B1) - ( ij B ﬁl+s)> PG —1)ntim (Bm)

n—oo
1<l i,

Ugstlyertm <N
o\V<keri

= lim n VS B i (BD) - BB (Bt Birs)] -+ B 1)t (Bm).
1<y, 0,
Udstlyestm<n
o\V<keri

By induction, this converges in | |2 to

ECW5(8) @@ p(B) - Epr (Bt - - Bres)] @ - @ pilem)],

which is precisely E[51(81) ® - -- @ p1(8m)], as desired.

We can now complete the proof of Theorem 5.1.1.

Proof of (2)=(3). Fix B1,...,0m € C* B and 1 < ji,...,jm < k. By Proposition 5.5.1, for each
n € N we have

B (B1) -+ Bi (B © Lsieory = D BB (B1) -+ iy (Brn)] @ ity -+ Uty

1<y, .l <kn
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Applying (id ® 1 ,) to each side of the above equation, we obtain

Elpj, (B1) P (Bm)]
- Z [p(h 1) n+11(ﬂ1) ]m 1) n+zm 6m Z Z ,um g, 7T |U|

1<iq,eeyim<n TeNC(m) ceNC(m)
n<kerj o<mAkeri

= Z Z ,um g, 7T |: ~lel Z ﬁ(jlfl)-nJril (/61) T ﬁ(jmfl)-nJrim (ﬁm)] .

TeNC(m) ceNC(m) 1<, yim<n
w<ker j o<m o<keri

Letting n — oo and applying Proposition 5.5.5, we have

EGnB) - Bl = S S bl MEQ[(B) @ - @ 51 (Bm)]

TeNC(m) ceNC(m)
w<kerj o<m

= Y KPm0) e nBn)l,

TeNC(m)
m<kerj

and the result now follows from Corollary 5.2.6. O
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Chapter 6

Stochastic aspects of easy quantum
groups

6.1 Introduction

In Chapter 4, we showed that the class of easy quantum groups provides a good framework
for understanding de Finetti type results in classical and free probability. It was suggested in [10]
that another application of this formalism might come from the results of Diaconis and Shahshahani
[29], regarding the groups O, S,. We will show in this chapter that this is indeed the case:

(1) The problem makes sense for all easy quantum groups.
(2) There is a global approach to it, by using partitions and cumulants.
(3) The new computations lead to a number of interesting conclusions.

As a first example, consider the orthogonal group O,,, with fundamental representation
denoted u. The results in [29], that we will recover as well by using our formalism, state that the
asymptotic variables uy, = lim,, o, Tr(u*) are real Gaussian and independent, with variance k and
mean 0 or 1, depending on whether k is odd or even.

In the case of O;, however, the situation is quite different: the variables uy, are free, as
one could expect, but they are semicircular at k£ = 1,2, and circular at k£ > 3.

Summarizing, in the orthogonal case we have the following table:

| Variable | O, | Of
Uy real Gaussian | semicircular
U real Gaussian | semicircular
uy, (k> 3) | real Gaussian | circular

In the symmetric case the situation is even more surprising, with the Poisson variables
from the classical case replaced by several types of variables:
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| Variable IES IES ‘
U1 Poisson free Poisson
Uy — U7 Poisson semicircular
up —uy (k> 3) | sum of Poissons | circular

We will present as well similar computations for the groups H,, By, for their free ana-
logues H,, B;f, for the half-liberated quantum groups O, H}:, as well as for the series Hy(f). The
calculations in the latter case rely essentially on Diaconis-Shahshahani type results for the complex
reflection groups H; = Zs 1 S,,.

The challenging question, that will eventually be left open, is to find a formal “eigenvalue”
interpretation for all the quantum group results.

The chapter is organized as follows. In Section 6.2 we use the Weingarten formula to com-
pute the moments of traces of powers. In Section 6.3, this is refined to a formula for corresponding
cumulants, in the classical and the free cases. In the next three sections this will be used to study
the orthogonal, bistochastic, symmetric, and hyperoctahedral classical and quantum groups, re-
spectively. Section 6.8 deals with the half-liberated quantum groups O; and H;;. The results in
these cases will rely on the observation that these half-liberated quantum groups are in some sense
orthogonal versions of classical groups, U, for O} and H* for H;. The main calculations will take

place for these classical groups. The same ideas work actually for the half-liberated series H,(f),
by considering those as orthogonal versions of the complex reflection groups H; = Z41.S,. One of
the main results in Section 6.8 is a Diaconis-Shahshahani type result for those classical reflection
groups.

6.2 Moments of powers

In this section we discuss the computation of the asymptotic joint distribution of the
variables Tr(u”), generalizing the fundamental character y = Tr(u). In the classical case these
laws, computed by Diaconis and Shahshahani in [29], can be of course understood in terms of the
asymptotic behavior of the eigenvalues of the random matrices u € G.

As in [29], we will be actually interested in the more general problem consisting in com-
puting the joint asymptotic law of the variables Tr(u*), with k € N varying. In order to deal with
these joint laws, it is convenient to use the following notation.

Notation: For given ky,...,k, € N, k := > k;, we will denote by v € Si the permutation with
cycles (1,...,k1), (k1 +1,..., k1 + ko), ...,(k—ks+1,...,k). If we have, in addition, a partition
o € P, then ¢ will denote the canonical lift of o from P, to Py, associated to ~. Thus, o7 is that
partition which we get from o by replacing each j € {1,...,7} by the j-th cycle of 7, i.e., 07 >~
and the ¢-th and the j-th cycle of v are in the same block of ¢7 if and only if ¢ and j are in the
same block of o.

As an example, let v = (1)(2,3,4)(5,6). Consider now o = {(1,2),(3)} € Ps:

1 2 3

L]
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Then o7 is given by making the replacements 1 — 1, 2 — 2,3,4 and 3 — 5,6,

123456

.

thus 07 = {(1,2,3,4),(5,6)} € Ps.

We will also denote by v(q) the partition given by i ~g j iff (i) ~(q) 7(4)-

Our first general result concerns the joint moments of the variables Tr(u*), and is valid
for any easy quantum group.

Theorem 6.2.1. Let G be an easy quantum group. Consider s € N, ki,..., ks € N, k:=>"7_ ki,
and denote by v € Sy the trace permutation associated to k1, ..., ks. Then we have, for any n such
that Gy, is invertible,

[T ) du = o € Dilp = (0)} +O(1/m). (6.1)

If G is a classical easy group, then (6.1) is exact, without any lower order corrections in
n.

Proof. We denote by I the integral to be computed. According to the definition of v, we have the
following formula:

= r(uF) .. Tr(uf) du
I= [ T Tt a

= Z /G(uiﬂ'z . u’Lk’Ll) cee (uik—k5+1ik—ks+2 cee uikikfksqtl)

11...0k

= E / uili'y(l) ce uiki»y(k)
i1y UG
1...2%

We use now the Weingarten formula from Theorem 2.2.6. We get:

I = ) > Winlp,q)

11...0=1 p,q€EDy,
p<keri,g<kerioy

= ) > Winlp,a)

i1 0=1 P,qEDy,
p<keri,y(q)<keri

— Z nPVY DI, (p,q)
P,q€Dy,

_ Z nlPVY@lplpval=lpi=la (1 4 O(1/n))

p,q€ Dy,
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The leading order of nlPV(@+IpVal=Ip=lal js 0 which is achieved if and only if ¢ > p and p > ~(q),
or equivalently p = ¢ = v(q). This gives the formula (6.1).

In the classical case, instead of using the approximation for W,,x(p, q), we can write nlPV (@)l
as Grn(v(q),p). (Note that this only makes sense if we know that ~y(q) is also an element in Dy;
and this is only the case for the classical partition lattices.) Then one can continue as follows:

I= )" Gu(@))Wip.a) = Y 6((a),q) = #{a € Dila = 7(n)}.

p,q€ Dy, qEDy,
O

We discuss now the computation of the asymptotic joint *-distribution of the variables
Tr(u*). Observe that this is of relevance only in the non-classical context, where the variables
Tr(u*) are in general (for k > 3) not self-adjoint.

If c is a cycle we use the notation ¢! = ¢, and ¢*= cycle opposite to c.

Definition 6.2.2. Associated to any ki,...,ks € N and any ej,...,es € {1,*} is the trace
permutation v € S, with k& = Xk;, having as cycles (1,...,k1)°, (k1 + 1,...,k1 + k2)®2, ...,
(k—ks+1,...,k)c.

Observe that with e, ...,es = 1 we recover the permutation vy from the beginning of this
section. With this notation, we have the following slight generalization of Theorem 6.2.1.

Theorem 6.2.3. Let G be an easy quantum group. Consider s € N, ki,..., ks € N, eq,...,e5 €
{1,%}, k := Y7, ki, and denote by v € Sy the trace permutation associated to ki,..., ks and
e1,...,es. Then we have, for any n such that Gy, is invertible,

/GTr(ukl)61 L Tr(u)® du = #{p € Dplp =~(p)} + O(1/n).

If G is a classical easy group, then this formula is valid without any lower order corrections.

Proof. This is similar to the proof of Theorem 6.2.1. O

6.3 Cumulants of powers

The formula for the moments of the variables Tr(u*) contains in principle all information
about their distribution. However, in order to specify this more explicitly, in particular, to recognize
independence/freeness between those (or suitable modifications), it is more advantageous to look
at the cumulants of these variables. For this we will restrict to the classical and free cases in this
section. We will calculate the classical cumulants (denoted by ¢,) for the classical easy groups and
the free cumulants (denoted by k) for the free easy groups. Actually we will restrict to the cases

(1) Classical groups: Oy, Sy, H,, By,

(2) Free quantum groups: O;F, S;", H,I, B;f.
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The reason for this is that we need some kind of multiplicativity for the underlying par-
tition lattice in our calculations, as specified in the next proposition.

Proposition 6.3.1. Assume that G is one of the easy groups Oy, Sy, Hn, By or free quantum
groups OF St HT Bt and denote by Dy the corresponding category of partitions. Then we have
the following property: let p € Dy be a partition, and let ¢ € P, with | < k be a partition arising
from p by deleting some blocks. Then b € Dj.

Proof. This follows from the explicit description of the full categories of partitions for the various
easy quantum groups, given in Section 2.2. ]

Theorem 6.3.2.

(1) Let G be one of the easy classical groups Oy, Sy, Hy, By, with Dy, as corresponding category of
partitions. Consider r € N, ki,...,k € N, k:=>"" | k; and e1,...,e, € {1,x}, and denote
by v € S the trace permutation associated to ki,...,k, and eq,...,e.. Then we have, for
any n such that Gy, is invertible, the classical cumulants

e (Tr(u™), ... Tr(u")r) = #{p € Dlp Vv = 1i, p = 7(p)}.

(2) Let G be one of the easy free groups O, S HY Bl with Dy, as corresponding category of
non-crossing partitions. Considerr € N, ky,... k. € N, k:=>"7_ ki andei,... e, € {1,%},
and denote by v € Sy the trace permutation associated to ky,...,k, and ey,...,e,.. Then we
have, for any n such that Gy, is invertible, the free cumulants

rr (Tr(W) L Te(uP)) = #{p € Dilp vV y = L, p = ()} + O(1/n).
Proof. (1) Let us denote by ¢, the considered cumulant. We write
Dy :={p € Py | ply € Djy|Yv € 0}

for those partitions p in P such that the restriction of p to a block of o is an element in the
corresponding set Dy,|. Clearly, one has that a p € D, is in Dy and must satisfy p < ¢7. Our
exclusion of the primed classical groups guarantees, by Proposition 6.3.1, that this is actually a
characterization, i.e., we have

D,={peDy|p<a}. (6.2)

Then, by the definition of the classical cumulants via Mobius inversion of the moments,
we get from (6.1):

cr = Z (o 1) -#{p € Dy : p=~(p)}

c€P(r)

= Y ulo 1) #{peDi:p<ol,p=r(p)}
c€P(r)

= Z M(Jv 11“) Z 1
oc€eP(r) pEDy,

p<o7,p=~(p)
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In order to exchange the two summations, we first have to replace the summation over o € P(r)
by a summation over 7 := o7 € P(k). Note that the condition on the latter is exactly 7 > v and
that we have u(o,1,) = pu(o?,1;). Thus:

Cr = Z p(r, 1) Z 1= Z Z w(r, 1)

TeP(k) PEDy, pEDy TeP(k)
T>7 p<T,p="(p) p=7(p) pVy<T

The definition of the Mdbius function (see (10.11) in [43]) gives for the second summation

L, pvy=1;
> -]

herwi
rePk) otherwise
pVy<T

and the assertion follows.

(2) In the free case, the proof runs in the same way, by using free cumulants and the
corresponding Mébius function on non-crossing partitions. Note that we have the analogue of (6.2)
in this case only for non-crossing o. O

6.4 The orthogonal case

In this section we discuss what Theorem 6.3.2 implies for the asymptotic distribution of
traces in the case of the orthogonal quantum groups. For the classical orthogonal group we will in
this way recover the theorem of Diaconis and Shahshahani [29].

Theorem 6.4.1. The variables uy, = lim,,_~ Tr(uk) are as follows:

(1) For O, the uy are real Gaussian variables, with variance k and mean 0 or 1, depending on
whether k is odd or even. The ui’s are independent.

(2) For O, at k = 1,2 we get semicircular variables of variance 1 and mean 0 for u; and mean
1 for uo, and at k > 3 we get circular variables of mean 0 and covariance 1. The uy’s are

x-free.

Proof. (1) In this case Dy consists of all pairings of k elements. We have to count all pairings p
with the properties that p Vv = 1j and p = v(p).

Note that if p connects two different cycles of v, say ¢; and ¢;, then the property p = v(p)
implies that each element from ¢; must be paired with an element from c;; thus those cycles cannot
be connected to other cycles and they must contain the same number of elements. This means that
for s > 3 there are no p with the required properties. Thus all cumulants of order 3 and higher
vanish asymptotically and all traces are asymptotically Gaussian.

Since in the case s = 2 we only have permissible pairings if the two cycles have the same
number of elements, i.e., both powers of v are the same, we also see that the covariance between
traces of different powers vanishes and thus different powers are asymptotically independent. The
variance of uy, is given by the number of matchings between {1,...,k} and {k+1,...,2k} which are
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invariant under rotations. Since such a matching is determined by the partner of the first element
1, for which we have k possibilities, the variance of u is k. For the mean, if k is odd there is clearly
no pairing at all, and if ¥ = 2p is even then the only pairing of {1,...,2p} which is invariant under
rotations is (1,p+1),(2,p+ 2),...,(p,2p). Thus the mean of uy is zero if k is odd and 1 if k is
even.

(2) In the quantum case Dy, consists of non-crossing pairings. We can essentially repeat
the arguments from above but have to take care that only non-crossing pairings are counted. We
also have to realize that for k£ > 3, the u are not selfadjoint any longer, thus we have to consider
also u; in these cases. This means that in our arguments we have to allow cycles which are rotated
“backwards” under ~.

By the same reasoning as before we see that free cumulants of order three and higher
vanish. Thus we get a (semi)circular family. The pairing which gave mean 1 in the classical case is
only in the case k = 2 a non-crossing one, thus the mean of us is 1, all other means are zero. For
the variances, one has again that different powers allow no pairings at all and are asymptotically
«-free. For the matchings between {1,...,k} and {k+ 1,...,2k} one has to observe that there is
only one non-crossing possibility, namely (1,2k), (2,2k—1),..., (k,k+1) and this satisfies p = v(p)
only if 4 rotates both cycles in different directions.

For k = 1 and k = 2 there is no difference between both directions, but for k > 3 this
implies that we get only a non-vanishing covariance between uj, and uj, (with value 1). This shows
that u; and uo are semicircular, whereas the higher u; are circular. ]

6.5 The bistochastic case

In the bistochastic case we have the following version of Theorem 6.4.1.
Theorem 6.5.1. The variables uj, = lim,, .o, Tr(u*) are as follows:

(1) For By, the uy are real Gaussian variables, with variance k and mean 1 or 2, depending on
whether k 1s odd or even. The uy’s are independent.

(2) For B;f, at k = 1,2 we get semicircular variables of variance 1 and mean 1 for u; and mean
2 for us, and at k > 3 we get circular variables of mean 1 and covariance 1. The u’s are

x-free.

Proof. When replacing O,, and O, by B, and B;", we also have to allow singletons in p. Note
however that the condition p = (p) implies that if p has a singleton, then the corresponding cycle
of ~v must consist only of singletons of p , which means in particular that this cycle cannot be
connected via p to other cycles. Thus singletons are not allowed for permissible p, unless we only
have one cycle of v, i.e., we are looking at the mean. In this case there is one additional p, consisting
just of singletons, which makes a contribution. So the results for B,, and B, are the same as those

for O,, and O;F, respectively, with the only exception that all means are shifted by 1. O
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6.6 The symmetric case

Let us now consider the case of the symmetric groups. In this case we have to consider all
partitions instead of just pairings and the arguments are getting a bit more involved. Nevertheless
one can treat these cases still in a quite straightforward way. For the classical permutation groups,
one recovers in this way the corresponding result of Diaconis and Shahshahani [29].

Proposition 6.6.1. The cumulants of uj, = lim,, .o, Tr(u¥) are as follows:

(1) For Sy, the classical cumulants are given by:

Cr(Uky sy U,) = Z gt

qlkiVi=1,...,r

(2) For S;, the free cumulants are given by:

7“21,]43122
7":2,]?1:]?2,61265
T:2,k1:k2:2

otherwise.

cr(ugl, .. up) =

NN DN

Proof. (1) Now Dy, consists of all partitions. We have to count partitions p which have the properties
that p Vv = 1 and p = v(p).

Consider a partition p which connects different cycles of . Consider the restriction of
p to one cycle. Let k£ be the number of elements in this cycle and ¢ be the number of the points
in the restriction. Then the orbit of those ¢ points under v must give a partition of that cycle;
this means that ¢ is a divisor of k and that the ¢ points are equally spaced. The same must be
true for all cycles of v which are connected via p, and the ratio between ¢ and k is the same for
all those cycles. This means that if one block of p connects some cycles then the orbit under v of
this block connects exactly those cycles and exhausts all points of those cycles. So if we want to
connect all cycles of v then this can only happen in the way that we have one (and thus all) block
of p intersecting each of the cycles of v. To be more precise, let us consider ¢, (ug,,...,ux.). We
have then to look for a common divisor ¢ of all kq, ..., k;; a contributing p is then one the blocks
of which are of the following form: k;/q points in the first cycle (equally spaced), ... k,/q points in
the last cycle (equally spaced). We can specify this by saying to which points in the other cycles
the first point in the first cycle is connected. There are ¢"~! possibilities for such choices. Thus:

Cr(Uky s ey UE,) = Z ¢!

qlkiVi=1,...,r

(2) In the quantum permutation case we have to consider non-crossing partitions instead
of all partitions. Most of the contributing partitions from the classical case are crossing, so do
not count for the quantum case. Actually, whenever a restriction of a block to one cycle has two
or more elements then the corresponding partition is crossing, unless the restriction exhausts the



CHAPTER 6. STOCHASTIC ASPECTS OF EASY QUANTUM GROUPS 73

whole group. This is the case ¢ = 1 from the considerations above (corresponding to the partition
which has only one block), giving a contribution 1 to each cumulant ¢, (ug,, ..., ux,.). For camulants
of order 3 or higher there are no other contributions. For cumulants of second order one might
also have contributions coming from pairings (where each restriction of a block to a cycle has one
element). This is the same problem as in the O; case; i.e., we only get an additional contribution
for the second order cumulants ca(ug, uy). For first order cumulants, singletons can also appear and
make an additional contribution. Taking this all together gives the formula in the statement. [

In contrast to the two previous cases, the different traces are now not independent /free
any more. Actually, one knows in the classical case that some more fundamental random variables,
counting the number of different cycles, are independent. We can recover this result, and its free
analogue, from Proposition 6.6.1 in a straightforward way.

Theorem 6.6.2. The variables uj, = lim,, .o, Tr(u*) are as follows:

(1) For S, we have a decomposition of type

U, :ZZCZ

1|k
with the variables Cy, being Poisson of parameter 1/k, and independent.
(2) For S;' we have a decomposition of the type
up = C1, u, = C1 4+ C. (k:ZZ)

where the variables Cy are x-free; C1 s free Poisson, whereas Co is semicircular and Cl, for
k > 3, are circular.

Let us first note that the first statement is the result of Diaconis and Shahshahani in
[29]. Indeed, the matrix coefficients for S, are given by u;; = x(o|o(j) = i), and it follows that
the variable C; defined by the decomposition of uj in the statement is nothing but the number of
l-cycles. For a direct proof for the fact that these variables C are indeed independent and Poisson
of parameter 1/k, see [29]. In what follows we present a global proof for (1) and (2), by using
Proposition 6.6.1.

Proof. (1) Let Cy be the number of cycles of length k. Instead of writing this in terms of traces
of powers of u, it is more clear to do it the other way round. We have u; = Z”le’l. We
are claiming now that the Cj are independent and each is a Poisson variable of parameter 1/k,
i.e., that ¢, (Cy,...,C},) is zero unless all the [;’s are the same, say = [, in which case it is 1/]
(independent of ). This is compatible with the cumulants for the ug, according to:

1
Cr(tpys o) = Y e lpen(Cryy . CL) = Y s
ikt Lelkr Uk;Vi

Since the C}’s are uniquely determined by the wuy’s, via some kind of Mobius inversion,
this shows that also the other way round the formula for the cumulants of the u’s implies the above
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stated formula for the cumulants of the C’s; i.e., we get the result that the C} are independent
and Cj is Poisson with parameter 1/k.
(2) This follows easily from Proposition 6.6.1. O

Remark 6.6.3. 1) In the classical case the random variable Cj can be defined by

1
Ci = 1 Z WiyigWigiz = * " Wigiy - (6.3)
VL yeees?]
distinct
Note that we divide by [ because each term appears actually [-times, in cyclically permuted versions
(which are all the same because our variables commute).
Note that, by using commutativity and the monomial condition, in general the expression

UiyinWigis * * - Wiri, has to be zero unless the indices (i1, . . ., i) are of the form (i1,...,4,91,...,4,...)
where [ divides k and i1, ...,1; are distinct. This yields then the relation
n
k k/l
Tr(u ) = E WiyigWigig " Ugyiy = E E (uilizui2i3 o 'uizi1) M= E 1Cy,
11,0 =1 Uk 1,9 Uk
distinct

which we used before to define the Cj. [Note that each w;,j, Uiy, - - - Uiy, i an idempotent, thus the
power k/l does not matter.]| This explicit form (6.3) of the C; in terms of the w;; can be used to
give a direct proof, by using the Weingarten formula, of the fact that the C; are independent and
Poisson. We will not present this calculation here, but will come back to this approach in the case
of the hyperoctahedral group in the next section.

2) In the free case we define the “cycle” Cj by requiring neighboring indices to be different,

C = > UiyigUigig e iy (6.4)
i1 Fla A F

Note that if two adjacent indices are the same in w;,,Uiyis - - - 44, then, because of the relation
ugjuir, = 0 for j # k, all must be the same or the term vanishes. For the case where all indices are

the same we have
E Ui« Ui = E ui; = Ch.
i i

This gives then the relation
Tr(u*) = O + C).

Again, the C; are uniquely determined by the Tr(u*) and thus our calculations also show that the
() defined by (6.4) are #-free and have the distributions as stated.

6.7 The hyperoctahedral case

The methods in the previous section apply, modulo a grain of salt, as well to the hyper-
octahedral case.
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Proposition 6.7.1. The cumulants of uj, = lim, .o, Tr(u*) are as follows:

(1) For H,, the classical cumulants are given by:

cr(Uky sy Ug,) = Z gt

qlk:Vi=1,...,r
2|(Zki/q)
(2) For H;", the free cumulants are given by:
cr(uzll,...,uZ:) =2, ifr=2ki=ko,er=e5o0rifr=2,k =ky=2

and otherwise by

. . 1, >, ki even
er(upl, . uy) = !
0, S,k odd

Proof. This follows similarly as the proof of Proposition 6.6.1, by taking into account that we have
to restrict attention to the partitions having even blocks only. O

Theorem 6.7.2. The variables uj, = lim,, .o, Tr(u¥) are as follows:

(1) For H,, we have a decomposition of type

up = Y UG+ (~D)¥'Cr]
Ik

with the variables Cl+ and C; being Poisson of parameter 1/2l, and all Cit, C; (1 €N) being
independent.

(2) For H,” we have a decomposition of type
w=Cf —C7  wup=Cf +(-D)C7 +Cp  (k>2)

where C, C7 and Cy, (k > 2) are *-free and Oy, C] are free Poisson elements of parameter
1/2, Cy is a semicircular element, and Cy (k > 3) are circular elements.

Proof. (1) This follows in the same way as in the proof of Theorem 6.6.2.
(2) This follows by direct computation. O

In the classical case the random variables C;r and C; should count the number of positive
cycles of length [ and the number of negative cycles of length [, respectively, and should be given
by C’l+ = Zl+ and C; = Z; with

L1
Z =7 > 1y Wiy gy - -~ i) (6.5)

i} ,.:.,il
distinct
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and

Zr =—7 D Ly Wi Ui - Wigiy)- (6.6)
11,000
distinct
Note that u;,iyUiyiy - - - w44, 1s either -1, 0, 1. Ly denotes the characteristic function on
1 and 1;_yy the characteristic function on —1. As in Remark 6.6.3 it follows that one has the
decomposition
Tr(u) =Y 12z} + (- Z)] (6.7)
1|k

Again one expects that the random variables defined by (6.5) and (6.6) are all independent
and are Poisson, but because now the ZlJr , Z, are not uniquely determined by the relations (6.7),
we cannot argue that the C’l+ and C}” showing up in the decomposition in Theorem 6.7.2 are the
same as Z;," and Z; defined by (6.5) and (6.6). In order to see that this is actually the case, we will
now, in the following, calculate the cumulants of the random variables defined by (6.5) and (6.6).
Note first that we can replace the characteristic functions in the following way:

1
+_ - e )2
2z = I E (UiyipWigig * * * Wiyiy )™+ WiyigWinis *** Wigiy (6.8)
0150008
distinct
and
_ 1 9
2Zl = 7 E (ui1i2ui2i3 T uizh) = WUiyip Winig ** * Uiy - (6'9)
(AT ]
distinct
Furthermore, we have
E U o Uigig = " Ugpiy = E Ujyig « * * Ugpiy
B1,0eesi] ker i=1;
distinct
and
oy L2 . o
(u1112u1213 e ulm) - Wiyig «* * Uigyin s
1] 4.eyl] ker i:lel
distinct

where 72 € P(21) is the pairing {(1,1+1), (2,1 +2),...,(,2])}.
So what we need are cumulants for general variables of the form

Z(o) = Z Wirig * ** Wiyiy s

keri=o

for arbitrary [ € N and o € P(l). Note that Z(o) can only be different from zero if o is of the form
o= le for k,l € N with [|k, where

F={ I+ 1,204 1, k—14+1),(2,1+2,20+2,....k—1+2),...,(1,2,...,k)}.

For k = [, we have Tll =1;.
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Theorem 6.7.3. For alls €N, ky,...,ks € N, 01 € P(k1),...,05 € P(ks) we have

CT[Z(01)7 .- '7Z(UT)] = #{q € Dy, |q = V(Q)aq Vo =1,
q restricted to the i-th cycle of v is o;(i=1,...,7)},

where k =Y, ki and ~y is the trace permutation associated to ki, ..., ky

Note that also the right hand side of the equation is, by the condition ¢ = ~(q), zero

unless all o are of the form le

Proof. Let us first calculate the corresponding moment. For this we note that one has

E Wiyiy =+ Wiy = E Z(o),
keri>m ceP(l)
o>

and thus, by Mébius inversion on P(1)

Z(o)= Y wlom) Y Uiy vy

weP(l) keri>m
>0

With this we can calculate

/ Z(Ul) tt Z(Ur)du == Z /1‘(0-17 7T1) e N(UT‘u ﬂ-?“) Z /I{ uili—y(l) Tt ulkl'y(k)

n T yeeesTp m0---omp<keri

= Z w(oy,m) - u(op, m) Z Z Win(p, )

T,y Tr 7y 0---omy <ker i q,pEDy,
p<keri,y(q)<keri

= Y plon,m) - pon ) D Gra(y(@) Vi o 0w p)Win(p, )

L yeees q,pEDy
= Y plonm) o plon ) Y d(y(q) Vo om,,q)
TLyeesTr qe Dy,

In the third line, it looks as if we might have a problem because 7 o --- o m,. is in Pk, but not
necessarily in Dg. However, our category Dy has the nice property that, for 7 € P, and o € Dy,
m > o implies that also w € Dy. Thus in particular, 7V o € Dy, for any m € P, and ¢ € Dy, and we
have in our case that always v(q) V7 0---om, € Di. Now note further that v(q) Vmio---om. =g¢
is actually equivalent to y(q) = ¢ and m o---om, < q. One direction is clear, for the other one has
to observe that v(q) < ¢ implies v(q) = q. With this, we get finally

/ Z(01) -+ Z(o)du

n

= #{q € Dy | ¢ =(q), q restricted to the i-th cycle of v is oy(i = 1,...,7)} (6.10)
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From this, we get for the cumulants

crlZ(o1), ..., Z(o))]
= Z ,U(ﬂ',lr)'#{QEDk |q:fy(q)7q\/,y§ﬂ_7’

weP(r)
q restricted to the i-th cycle of v is oy(i = 1,...,7)}.
The result follows then from Mobius inversion, as in the proof of Theorem 6.3.2. O
This shows in particular that ¢,[Z(01),. .., Z(0,)] vanishes unless all o1, ..., 0, have the

same number of blocks. This implies that the sets {Zl+ ,Z, } are independent for different /. For
fixed [, we have for all e1,...,e, € N:

'L if Y e is even

0, otherwise

cT[Z(Tfll), . .,Z(Tlerl)] = {
Thus we get in particular

a2 £ Z2(1,), - 2(70) £ Z(1,)]

~J)dpy, ifly =--- =1, =1 and all signs are either + or all are —
B 0, otherwise

where

e <t> —
t=0

t even

This shows that also Z;" and Z;  are independent, and each of them is Poisson of parameter 1/(21).

Corollary 6.7.4. In H,, the random variables Z,", Z; (I € N), defined by (6.5) and (6.6), are
independent Poisson variables of parameter 1/(21).

Remark 6.7.5. In the free case H,", the variables u; have also spectrum {—1,0,1} and we can
consider a positive/negative decomposition for C1, i.e.,

C = Lpy(ua)

and

Cr == Loy (ui);

the other Cy, [ > 2, are just as in the case of S;'. Similarly as for H,, one can show that these
variables are the ones showing up in the decomposition for H; in Theorem 6.7.2.
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6.8 The half-liberated cases

The half-liberated quantum groups O, and HT(LS) are neither classical nor free groups, so
both classical and free cumulants are inadequate tools for getting information on the distribution of
their traces. In Chapter 4, we introduced half-liberated cumulants to deal with half-independence,
but one has to realize that we do not get an analogue of Theorem 6.3.2 for them, because the
underlying “balanced” partition lattices do not share the multiplicativity property from Proposition
6.3.1. In order to investigate the distribution of traces in the half-liberated cases we will thus have
to proceed via another route. The key insight is here that the half-liberated situations are actually
“orthogonal” versions of classical unitary groups and that the main computations can be done over
these unitary groups instead.

6.8.1 The half-liberated orthogonal group

Let u = (uij);j—; be the fundamental representation of Oy, and let v = (v;;);_; be
the fundamental representation of the unitary group U,. Then we can “orthogonalize” U, by

considering
(0 vy
Wi 1= <vij 0 > . (6.11)

Then w = (wij)gtjzl is an orthogonal matrix and a simple calculation shows that the w;; half-
commute. It is also easy to see (by invoking the Weingarten formula for U, see below, Eq. (6.13)),
that under this map the Haar state on O}, goes to fUn ®tra . Since the Haar state on Oy, is faithful
[11] , the mapping u;; — wj; is actually an isomorphism.

So we have

v((vD)Fo
Tr(w**) = <Tr((170v)k17) o 0) )>
and
_(Tx((vo)k 0
Tr(u%) = ( ( 0 ) Tr((l—w)k)>

So what we need the understand is the distribution of the variables
Vog+1 = lim Tr((m_})kv), vgr = lim Tr((m‘})k). (6.12)
n—oo n—oo

Proposition 6.8.1. Let (vr)g>1 be as in (6.12), where v = (vi;)i';—; are the coordinates of the
classical unitary group Uy. Then we have: the variables (vi)g>1 are independent; for k even, vy, is
a real Gaussian with mean 0 or 1, depending on whether k/2 is odd or even, and variance equal to
k/2; for k odd, vy is a complex Gaussian with mean 0 and variance 1.

Proof. For € = (eq,...,ex) a string of 1’s and «’s, let us denote by P5(e) the pairings in Pj such
that each block joins a 1 and a *. Then the Weingarten formula for U, [19] says that with the

notation
e {Uij7 ife=1
U 1=

1, JR— .
J U, ife=x
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we have
/ ul?ll‘]j e Uf:]kdu = Z W(p) q)a (613)
" p.gEP2(e)
p<keri,g<keri
where e = (eg, ..., ex).

As in the proof of Theorem 6.2.1 this implies that
[ viz = #ip € Pae) | p =20} + 001 m) (6.14)

The condition p = ~(p) implies that the pairing p cannot join two cycles of different
lengths, which shows that such an expectation factorizes according to the cycle lengths, which
implies the independence of the vi. The statements on the distribution of vy follow also immediately
from (6.14).

O

Transferring these results from the vy to

0 wvopt1 va 0
= = ‘1
U2k 1 <U2k+1 R Uk, 0 (6.15)

and noting that the distribution of uggi1 is equal to that of \/|vory1]|? (Which is a symmetrized
Rayleigh distribution) yields then the following result. (Recall the notion of “half-independence”
from Chapter 4).

Theorem 6.8.2. For OF, the variables uy, = lim, .o, Tr(u*) are as follows. The sets {u : k | k odd}
and {uy, | k even} are independent; for k even, the uy are independent real Gaussian of mean 0 or 1,
depending on whether k/2 is even or odd, and variance k/2; for k odd, the uy are half-independent
symmetrized Rayleigh variables with variance 1. Ol

6.8.2 The hyperoctahedral series

The hyperoctahedral series H,ss) (for s = 2,3,...,00) is determined by the partition lattice
of all s-balanced partitions, see Theorem 3.3.3. This series includes the classical hyperoctrahedral
group for s = 2, HT(L2) = H,, and the half-liberated hyperoctahedral group for s = oo, HTSOO) =H}.
As for O}, these groups can be considered as orthogonal versions of classical unitary groups. Namely,
let HS = Z41S,, be the complex reflection group consisting of monomial matrices having the s-roots
of unity as nonzero entries. (Note that for s = 2, H,(LQ) = Hz) Then the relation between HT(LS)
and H; is the same as the one between O}, and U,, i.e., we can represent the coordinates u;; of

H,(Ls) by w;; according to (6.11), where v;; are the coordinates of H;. So again, we can realize the

asymptotic traces uy of H,(LS) in the form (6.15), where the vy, are now the asymptotic traces in H;

according to (6.12). So our main task will be the determination of the distribution of these vy.
Actually, we can treat more generally asymptotic traces with arbitrary pattern of the

conjugates. So let us consider for an arbitrary string e = (e,...,ex) of 1 and * the variable

v(e) := lim Tr(v .- v%).
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For e = (eq,...,ex) a string of 1’s and *’s, we denote by P*(e) the partitions in P such
that each block joins the same number, modulo s, of 1 and *. Then the Weingarten formula for
H? says that with the notation

vz‘ej = {Uij’ ife=1

Vi, ife=x

we have for the coordinate functions v = (v;;)';—; of H; that

el .« .. ek f—
/Hs Vgt U du = E Wen(m, o),

n m,o€P?(e)
w<keri
o<keri
where e = (ey1,...,ex) and We,, is the inverse of the Gram matrix Ge, = (nlp\/ql)p’qeps(e). The

leading order in n of the Weingarten function We,, is given by
Wen(p,q) = nlPVal—Ipl—ldl (1+0(1/n))

Theorem 6.8.3. Fiz s € {2,3,...,00} and consider H*. Consider r € N, ky,..., k. € N, and
denote by v € Sk the trace permutation associated to ky,. .., k.. Then, for any strings e1, ..., e, of
respective lengths k1, ..., k. we have the classical cumulants

cr(vler),...,v(er)) =#{p € Pler---e)lpVy=1x p=70)},
where the product of strings is just given by their concatenation.
Proof. As in the proof of Theorem 6.2.1 one gets for the moments
/ Tr(v(e1)) - Tr(v(e,))dv = #{p € P*(e1---e:)|p=7(p)} + O(1/n).
H

Note that v does not necessarily map P*(e; - - e,) into itself, and thus we only get the asymptotic
version with lower order corrections.

We can then repeat the proof of Theorem 6.3.2. Let us write e for e; - - - e,; then we only
have to note that P*(e|,) (for a block v € o) records the information about the original positions
of the 1 and * in e, and thus the multiplicativity issue which prevented us from extending Theorem
6.3.2 to all easy classical groups, is not a problem here. Indeed, we have the analogue of (6.2),

Pi(e)y:={p € Py | plo € P’(e|ly)Vve o} ={pe P(e)|p<o’}
O

Again, one can reduce the traces to more basic “cycle” variables. As before, we denote,
for |k, by le € Py the partition

={(,+1,204+1,... k—14+1),(2,04+2,20+2,....k—2+2),...,(1,2,...,k)}
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Then we have
e) =Y Z(i,e), (6.16)

1|k

where

Z(1f,e) : Z v, sk (6.17)

keri= Tl
for arbitrary [,k € N with [|k, and e = (e, ..., ex).
As in the proof of Theorem 6.7.3 we can show
o[Z(r) 1), ..., Z(1]" o)) (6.18)
=#{pePer--e)| p=7p)pVy=1k,
p restricted to the i-th cycle of v is Tl]ji (t=1,...,m)}.

Clearly, this is only different from zero if [y = --- =1,.
Let us define random variables C, (Tl , ) by specifying their distribution as

erCp(rt 1), -, Oyl )]
1/l, ifly=---=1,=1and p(lel,...,leT) € P(e;---e,)
- . (6.19)
0, otherwise
where p(Tlh, cees T, lk’”) is that partition in P whose i-th block consists of the union of the i-th blocks

of all the 7’s, i.e., it is equal to
lel OTl V{1, ki + L ki +ko+ 1, . k—ke+1),...,(Lki+ k1 + ka+ ... k— ke + 1)}

Then we can express our variables Z(7f,e) in terms of the C,(7F, e) by

l
7—l € ZCP 7€ (t)
t=1

where e is the t-fold cyclic shift of the string e, i.e.,

el) = (ers1, €40, ..., €1)

The definition (6.19), on the other hand, shows that the variables C,(7f, €) are compound
Poisson elements, which are independent for different [. Namely, we can associate to Cp(le, e) a
random variable

a(rf', ) = H w [ @ H w2 [ @ ® H wi | € C(T)®%
71 in first 19 in second 4; in [-th
block of le block of le block of le
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Then we have
e [Co(rf @), .., Co(r]7 &) = —(a(rf* e1) - -a(r)" &) (6.20)

where 1 is @, ¢®' on @, C(T)®, with ¢ denoting integration with respect to the Haar measure
on Zs (where the latter is being embedded into the unit circle T).

The equation (6.20) shows that the cumulants of the variables C), are given, up to some
factor, as the corresponding moments of some variables a; this is the characterizing property of
compound Poisson variables.

If we put now

er = (L%, 1,%,...),
k

then we have for our asymptotic traces the decomposition

!
v = Z Z(tF ep) = Z Z Cp(rlk,eg)). (6.21)

1|k Ik t=1

Thus we have written the v as a sum of compound Poisson variables. These are independent
for different [; however, for fixed [, the relation between the C), for various k is more complicated,
according to the e-strings. For k even this reduces again essentially to a sum of independent Poisson
variables, whereas for k£ odd the situation is getting more involved. As we do not see a nice more
explicit description, we refrain from working out the details in this case.
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Chapter 7

Asymptotic infinitesimal freeness for
Haar quantum unitary random
matrices

7.1 Introduction

One of the most important results in free probability theory is Voiculescu’s asymptotic
freeness for random matrices [50]. One simple form of this result is the following. Let Ay and
By be (deterministic) N x N matrices with complex entries, and suppose that Ay and By have
limiting distributions as N — oo with respect to the normalized trace on My (C). Let (Un)nen
be a sequence of N x N unitary random matrices, distributed according to Haar measure. Then
UnvANUy and By are asymptotically freely independent as N — oo. Moreover, freeness holds
“up to O(N~2)”, which can be interpreted as infinitesimal freeness in the sense of Belinschi-
Shlyakhtenko [14].

On the other hand, it is becoming increasingly apparent that in free probability, the roles
of the classical groups are played by the “free” quantum groups. This is seen most clearly in the
study of quantum distributional symmetries, as has been discussed in the previous chapters.

In this chapter we will consider the limiting distribution of Uy AnUjy and By, where Ay
and By are as above, but Uy is now a Haar distributed N x N quantum unitary random matrix,
in the sense of Wang [60]. We will show that asymptotic (infinitesimal) freeness now holds even if
the entries of Ay and By are allowed to take values in an arbitrary unital C*-algebra B:

Theorem 7.1.1. Let B be a unital C*-algebra and let Ay, By € My (B) for N € N. Assume that
there is a finite constant C' such that |An|| < C, ||By|| < C for all N € N. For each N € N, let
Un be a Haar distributed N x N quantum unitary random matriz, with entries independent from

B.
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(1) Suppose that there are linear maps pa, up : B{t) — B such that for any by, ..., by € B,

(try @ idg)[boAnby - - - ANb] — palbotby - - - thi]|| = 0
(try ® idg)[boBnbr - - - Bnbg] — pp[botby - - - thy]|| = 0,

lim ||
N—oo

lim ||
N—o0

where try denotes the normalized trace on My (C). Then UnAnU} and By are asymptoti-
cally free with amalgamation over B.

(2) Suppose that in addition, the limits

lim N{(trN ® idg) [boAnby - - Anbi] — puabothy - - tbk]}

N—oo
A N{(trN ®1dg)[boBnb1 - - - Bnbi] — pp[bothy - - -tbk]}
converge in norm for any bo,...,by € B. Then UNANUR and By are asymptotically in-

finitesimally free with amalgamation over B.

We will present more general asymptotic freeness results in Section 7.5, in particular
Theorem 7.1.1 will be a special case of Corollary 7.5.10.

For finite-dimensional B, we show in Proposition 7.5.11 that classical Haar unitary random
matrices are sufficient to obtain such a result. However, classical unitaries are in general insufficient
for asymptotic freeness with amalgamation, even within the class of approrimately finite dimen-
sional C*-algebras, and so it is indeed necessary to allow quantum unitary transformations. We
will discuss this further in the second part of Section 7.5, see in particular Example 7.5.13 and the
remarks which follow.

This chapter is organized as follows. The next section contains notations and preliminaries.
Here we collect the basic notions from infinitesimal free probability and introduce the quantum
unitary group A,(N). Section 7.3 contains some combinatorial results, related to the “fattening”
operation on noncrossing partitions, which will be required in the sequel. In Section 7.4 we recall the
Weingarten formula for computing integrals over A, (NN), and prove a new estimate on the entries
of the corresponding Weingarten matrix. Section 7.5 contains our main results, and a discussion of
their failure for classical Haar unitaries.

7.2 Preliminaries and notations

Infinitesimal free probability. We will now introduce the notions of operator-valued infinites-
imal probability spaces and infinitesimal freeness. This is a straightforward generalization of the
framework of [14], and we refer the reader to that paper for further discussion of infinitesimal free-
ness and its relation to the type B free independence of Biane, Nica and Goodman [16]. See [31]
for a more combinatorial treatment of infinitesimal freeness.

Definition 7.2.1.
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(1) If B is a unital algebra, a B-valued infinitesimal probability space is a triple (A, E, E') where
A is a unital algebra which contains B as a unital subalgebra and E, E’ are B-linear maps
from A to B such that E[1] =1 and E’[1] = 0.

(2) Let (A, E, E') be a B-valued infinitesimal probability space, and let (A;);cr be a collection of
subalgebras B C A; C A. The algebras are said to be infinitesimally free with amalgamation
over B, or infinitesimally free with respect to (E, E'), if

(a) (A;)icr are freely independent with respect to E.
(b) For any ay,...,a; so that a; € A;; for 1 < j <k with i; # ij,1, we have

k

E'|(a1 = Blar]) -+ (ar — Elag))| = Y B[ (a1 = Blaa)) -+ (E'lay)) -+ (o — Elax]) |

J=1

We say that subsets (£2;);er are infinitesimally free with amalgamation over B if the subalge-
bras A; generated by B and ; are infinitesimally free with respect to (E, E').

Remark 7.2.2. The motivating example is given by a family (A;(s))icr of B-valued random variables
for s > 0 which are free “up to o(s)” as s — 0. This is made precise in the next proposition. Note
that there we make the notion “free up to o(s)” precise by comparing the family (A4;(s));c; with a
family (a;(s))ier which is free for all s. Infinitesimal freeness will then occur at s = 0 (both for the
A; and the q;). Since 0 is not necessarily in K, we define the states £ and E’ on the free algebra
A = B(A;|i € I) generated by non-commuting indeterminates A;=A4;(0)=a;(0).

Proposition 7.2.3. Let B be a unital C*-algebra and K a subset of R for which 0 is an accumulation
point. Suppose that for each s € K we have a B-valued probability space (A(s), Es : A(s) — B)
where A(s) is a unital C*-algebra which contains B as a unital subalgebra and Eg is contractive.
Furthermore, suppose that, for each s € K, there are variables (A;(s))ier belonging to A(s) such
that the following hold:

(1) There are B-linear maps E, E' : B(A;|i € I) — B such that

E[p(A)] = lim B [p(A(s))]

s—0

E'[p(A)] = lim  B.[p(A(s))] - B}

s—0 s
for p € B(t;|i € I), where the limits hold in norm.

(2) For eachi € I,
limsup || 4;(s)|| < 0.

s—0

Let I = UjeJ I; be a partition of I. For s € K, let (ai(s))icr be a family in some B-valued
probability space (C,F : C — B) and suppose that
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(1) For any j € J, p € B(t;li € I;), and s € K,

(2) The sets ({ai(s)|s € K,i € I;})jes are free with respect to F.

(8) For any p € B(t;|i € I) we have
|Elp(As)] - Flp(a()]]| = o(s) (a5 5 —0).

Then the sets ({A;]i € I;})jes C B{Ai|i € I) are infinitesimally free with respect to (E, E').

Proof. Since E, E' only depend on the distribution of the variables A;(s) up to first order, it clearly
suffices to assume that the sets ({A;(s) : i € I;})jcs are freely independent with respect to Es for
all s € K. It is then clear that the sets ({A4; : i € I;})jes C B(A;|i € I) are free with respect to E,
so it suffices to show that E’ satisfies condition (2) of Definition 7.2.1. Let j; # -+ # ji in J and
p € B(t;|i € 1) for 1 <1 <k, and consider

B (p1(4) = Blps(A))) - (p1(4) ~ Elpe(A)]
= tim LB, (91 (AGs)) — Blpa () -+ (pr(A(s)) ~ Elpe(A)) |
— E[(m(4) - Elpi(A) - (u(4) - Elpu(4)])] |
= tim {2 (01 (A(5)) — Blpr (4))) -+ ((A(s)) — Elpi(4))| }

s—0 8

where we have used freeness with respect to £. Rewrite this expression as

tim LB, [((m(A(s) ~ Blpa(A(s)) + (Bulpa(A(s))] ~ Elpa(4))
(o A(s)) = Bulpr(A) + (Eslp(A(s))] ~ Elpe(A)) ]},

and consider the terms which appear in the expansion. First observe that || Es[p;(A(s))]— E[pi(A)]|l
is O(s) for 1 <[ < k. By the boundedness assumption on the norms of A;(s), and the contractivity
of Es, it follows that those terms involving more than one expression (FEs[p;(A(s))] — Elpi(A)])
vanish in the limit.

The term involving none of these expressions is

B, [(1(A(s)) = Bulpr (A)]) -+ (or(A(s) — Bulpr(A(s))]

which is zero by freeness.
So we are left to consider only the terms involving one such expression, which gives the
sum from [ =1 to k of

tim B, [ (51 (A(5)) — Bulm(A@)]) -+ (Bulp(As))] ~ Eln(A)]) -+ (pr(AG5) — Bxle(A))]

s—0
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which again by invoking the boundedness assumptions on A;(s) and contractivity of Es, converges

to
k

> E[(m1(A4) — Elpi(A) -+ E'[p ()] - (pe(A) = Elpi]) |

=1
as desired. O

Quantum unitary group. We now recall the definition of the quantum unitary group from [60],
which is a compact quantum group in the sense of Woronowicz [63].

Definition 7.2.4. A,(n) is the universal C*-algebra generated by {U;; : 1 < 4,5 < n} such that
the matrix U = (U;j) € My (Ay(n)) is unitary. A,(n) is a C*-Hopf algebra with comultiplication,
counit and antipode given by

A(Usj) = Z Ui, ® Uy
=1
€(Uij) = 6ij

The existence of these maps is given by the the universal property of A, (n).

Remark 7.2.5. Tt is often useful to consider the heuristic formula “A,(n) = C(U,5)”, where U, is
the free unitary group, as have done in the previous chapters for the easy quantum groups. However
we will stay with the Hopf algebra notation in this chapter, which is better suited for our purposes.

Remark 7.2.6. Recall that there is a unique Haar state v, : Ay(n) — C which is left and right
invariant in the sense that

(Y ®id)A(a) = Yn(a)la,@m) = (id @ Pn)A(a)

for a € Ay (n). We will discuss this further in Section 7.4.

Wang also introduced the free product operation on compact quantum groups in [60]. We
will use A, (n)**° to denote the free product of countably many copies of A,(n). The reader is
referred to [60] for details, the only properties that we will need are that

(1) Ay(n)*° is generated (as a C*-algebra) by elements {U(l);; : | € N,1 < 4,5 < n}, such that
U(l) € M, (Ay(n)*>®) is unitary.

(2) Thesets ({U(1)i; : 1 <14,j < n})en are freely independent with respect to the Haar state 17>
on Ay, (n)*°, and for each [ € N, (U(l);;) has the same joint distribution in (A, (n)*>,¢¥;>)

as (Ul]) in (Au(n),LZJn)
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7.3 The fattening operation on noncrossing partitions

In this section we introduce several operations on partitions and prove some basic results
which will be required throughout the remainder of the chapter.

Notation 7.3.1.

(1) Given m € NC(m), we define 7 € NC3(2m) as follows: for each block V' = (iy,...,is) of 7,
we add to 7 the pairings (21 — 1, 2is), (2i1,2i9 — 1), ..., (2i5-1,2is — 1).

(2) Given 7 € NC(m), we define @ € NC(2m) by partitioning the m-pairs (1,2),(3,4),..., (2m—
1,2m) according to .

(3) Given m,0 € P(m), we define w0 € P(2m) to be the partition obtained by partitioning the
odd numbers {1, 3,...,2m— 1} according to 7 and the even numbers {2,4,...,2m} according
to o.

(4) Given m € P(m), let T denote the partition obtained by shifting k to k — 1 for 1 < k < m
and sending 1 to m, i.e.,

s~ t = (s+1) ~r (t+1),

where we count modulo m on the right hand side. Likewise we let 7 denote the partition
obtained by shifting k£ to k+ 1 for 1 < k < m and sending m to 1.

Remark 7.3.2. The map 7 — 7 is easily seen to be a bijection, and corresponds to the well-known
“fattening” operation. The following example shows this for 7 = {{1,4,5},{2,3},{6}}.

1 2 3 4 5 6 11 22 33 44 55 66

—

There is a simple description of the inverse, it sends o € NC5(2m) to the partition
7 € NC(m) such that o VvV 0,, = 7, where 0,, = {{1,2},...,{2m — 1,2m}}. Thus we have for
m e NC(m)

3
Il

7 =7V 0.
Note also that 0,, = 6m and that im = lom.

Definition 7.3.3. Let 7 € NC(m). The Kreweras complement K (7) is the largest partition in
NC(m) such that 7! K(w) € NC(2m).

Example 7.3.4. If 7 = {{1,5},{2,3,4},{6,8},{7}} then K(m) = {{1,4},{2},{3},{5,8},{6,7}},
which can be seen follows:
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U]

The following lemma provides the relationship between the Kreweras complement on
NC(m) and the map w +— 7.

Lemma 7.3.5. If 1 € NC(m), then

TN <
K(r)=7.
Proof. We will prove this by induction on the number of blocks of 7. If 7 = 1,,, has one block, the
result is trivial from the definitions.
Suppose now that V- = {i+1,...,l+s} is a block of 7, I > 1. First note that 7 is obtained
by taking 7 \ V then adding the pairs (21+1,2(l+s)), (20 +2,2[+3),...,(2(I+s) —2,2(I+s) —1).
Observe that K (7) is obtained by taking K (7\ V'), adding singletons {I+1},...,{l+s—1},
then placing [+ s in the block containing [. It follows that K (7) is the partition obtained by taking

«—
K (7w \ V), which by induction is 7 \ V, then moving the leg connected to 2 to 2(I + s) and adding
the pairs (21,2(I+s)—1), (21+1,214+2),...,(2(I+s) —3,2(l+s) —2). The result now follows. [

We will also need the following relationship between 7 — 7 and the Kreweras complement
on NC(2m). This is a generalization of the relation

K(#) =K0,V7) =0,K(r) (7€ NC(m)),
which is obvious from the definition of 7.
Lemma 7.3.6. If m,0 € NC(m) and o <, then o V7 € NC(2m) and
K(ovr)=0lK(m).

Proof. We will prove this by induction on the number of blocks of 7. First suppose that = = 1,,,
then we have

— < —~— —

cVi=oV7®=K(o)V0,=K(o)

is noncrossing. Moreover,

—

K(EVF) = K([?(?)) = 0 K2(0),

where for the last equality we used the equation for K(7) mentioned before the Lemma 7.3.6 and
the fact that the Kreweras complement commutes with shifting. But, by [43, Exercise 9.23], we
have that K2(c) = & and thus we finally get

—

KGVT)=0,17 =010,
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Now suppose that V' = {l+1,...,l4+s}, [ > 1 is an interval of 7. Observe that o V7 is the
partition obtained by partitioning {1,...,2[} U{2(l+s)+1,...,2m} according to o \ oy V7 \ V,
and {21 +1,...,2(l + s)} according to o|y V 1y. It follows that ¢ V 7 is noncrossing and that
K(c v ) is the partition obtained by partitioning {1,...,2l} U {2(l + s) + 1,...,2m} according
to K(o\ oy Va\V)and {20 +1,...,2(l + s)} according to K (o|y V 1y), then joining the blocks
containing 2/ and 2(l + s). On the other hand, K (7) is equal to the partition obtained by taking

K(m\ V) then adding {l + 1},...,{l +s — 1} and joining [ + s to [, and the result now follows by
induction. ]

We will need to compare the number of blocks in the join of two partitions before and
after fattening. For this purpose we will use the following linearization lemma of Kodiyalam-Sunder
[38]. Note that the notation S +— S used in their paper corresponds to the inverse of the fattening
procedure 7 — 7 used here.

Theorem 7.3.7 ([40]). Let m,0 € NC(m). Then
[TVE|=m+2nVo|—|n|—|o]
In particular, if o < w then
[TV =m+ x| —|o].
O
Remark 7.3.8. This is closely related to a “twisting” result relating the “projective version” of the

quantum orthogonal group A,(n) with the quantum permutation group A(n?). This leads to an
interesting relationship between free hypergeometric and hyperspherical laws, see [4].

We now introduce some special classes of noncrossing partitions and prove some basic
results. These are related to integration on the quantum unitary group via the Weingarten formula
to be discussed in the next section.

Notation 7.3.9. Let €y, ..., €, € {1, %}.

(1) NCj(2m) denote the set of partitions m € NC(2m) such that each block V' of m has an even
number of elements, and €|y is alternating, i.e., ely = 1% 1%+ Ik or 1% 1---x 1.

(2) NC5(2m) will denote the collection of m € NC5(2m) such that each pair in 7 connects a 1
with a *, i.e.,
S gt = €5 F €.

(3) NC(m) will denote the collection of m € NC(m) such that 7 € NC§(m).

Lemma 7.3.10. Letey,..., e, € {1,%}. Ifo,m € NC°(m) and 0 < 7, then V7 is in NC;(2m).
Conversely, if T € NC}(2m) then there are unique o, € NC(m) such that o <7 and T =0 V7.
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Proof. First suppose that 7 € NCj (2m). Since each block of 7 has an even number of elements, we
have K (1) = 0 K(7) for some o, 7 € NC(m) such that ¢ < 7. By Lemma 7.3.6 we have 1 = o VT,
and this clearly determines o and 7 uniquely. If V' is a block of 7, then €|y is alternating and hence
Tlv,oly € NC§(V). It follows that m,0 € NC(m).

Conversely, let o,m € NC¢(m) with o < 7. Let € = (e1,€1,€2,€9,..., €, €2,). Observe
that if 7 € NC(2m), then 7 € NC§(2m) if and only if 7 € NC§(4m).

So let T =& V 7, we need to show 7 € NC§(4m). Now

where we have applied Lemmas 7.3.5 and 7.3.6. In other words, ? is the partition given by
partitioning {1,2,5,6,...,4m — 3,4m — 2} according to o and {3,4,7,8,...,4m — 1,4m} ac-
cording to f% — %. Now since o,m € NC(m), it follows that 7 e NC’;(ZIm), where
? = (€1,€2,€2,...,€m, €2m, €1), and hence T € NC§(4m). O

Lemma 7.3.11. NC¢(m) is closed under taking intervals in NC(m), i.e., if o,m € NC(m) and
7 € NC(m) is such that o < T <7, then 7 € NC(m).

Proof. Let o,m € NC*(m), and 7 € NC(m) such that 0 < 7 < 7. From the inductive definition of
7, to show that 7 € NC¢(m) it suffices to consider 7 = 1,,,. Now by the previous lemma, we have
oV 1y € NCj(2m). By Lemma 7.3.5,

Since o < 7, we have 0, < I?(?) < I?(?). Let 6 = (e2,...,€m,€1), and suppose that I?(?) ¢
NC?(2m). Let V be a block of K(7), and note that V' is of the form (2i; — 1, 21, . .., 2is — 1, 2is) for
some i1 < --- < ig. Since 0, € NC,‘E(Qm), it follows that there is a 1 <1 < s with do;, = d2;,,, 1.

— —

Now since 0,, < I?(?) < K(0), it follows that the block W of K(o) which contains V' must have
an even number of elements between 2i; and 24,1 — 1. But then §|; cannot be alternating, which

contradicts I?(;) € NC?(2m).
So we have shown that K () € NC9(2m), and since

J— —~—— —

K(r)=K(7) \/Om =TV 1y,
we have 7V 1, € NCj(2m). But then by the previous lemma, there is a v € NC(m) with
YV 1, =7V 1y, and by Lemma 7.3.6 this implies 7 = 7 is in NC¢(m) as claimed. O
7.4 Integration on the quantum unitary group

We begin by recalling the Weingarten formula from [5] for computing integrals with
respect to the Haar state on A,(n).
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Let €1,...,€eam € {1, %} and define, for n € N, the Gram matriz
Gen(m,0) = nl™7! (m,0 € NC5(2m)).
It is shown in [5] that G, is invertible for n > 2, let W, denote its inverse.

Theorem 7.4.1 ([5]). The Haar state on A,(n) is given by

€1 €2m —
w"(Uilﬁ T Ui2mj2m) - Z W€”(7T7 U)
m,o€NCS(2m)

n<keri

o<kerj
€1 rream41 _

wn(Uiljl Ui2m+1j2m+1) O’
fOT 1 < ’il,jl, . ,i2m+1,j2m+1 <n and €l,...,€62m11 € {1, *} O]

Remark 7.4.2. Note that the Weingarten formula above is effective for computing integrals of
products of the entries in U and its conjugate U, the matrix with (i,j)-entry U;;. We will also
need to compute integrals of products of entries from U and its adjoint U*, whose (i, j)-entry we
denote (U*);; to distinguish from the conjugate U. To do this we will use the following proposition,
which allows us to reduce to the former case. Note that such a formula clearly fails for the classical
unitary group.

Proposition 7.4.3. Let 1 < iy, i9,...,04m <n and €y,..., €y, € {1,x}. Then
wn((Uﬂ)z‘lig(UQ)ism - (Uezm)i4m71i4m) =y, (UielliQ Uiefig, .. Ui?sumq)'

Proof. We will use the fact from [1] that the joint x-distribution of (Uj;)i<; j<n With respect to
)y is the same as that of (20;;)1<; j<n, Where z and (O;;) are random variables in a *-probability
space (M, 7) such that:

(1) zis *-freely independent from {O;; : 1 <i,j < n}.
(2) z has a Haar unitary distribution.

(3) (Oyj) are self-adjoint, and have the same joint distribution as the generators of the quantum
orthogonal group A,(n).

The joint distribution of (O;;) can also be computed via a Weingarten formula, see [5] for
details. The only fact that we will use is that the joint distribution is invariant under transposition,
i.e., the families (O;j)1<i j<n and (Oj;)i<i j<n have the same joint distribution.

Now let €1,..., €2, € {1,%}. Let A= {j:jis even and ¢; = *}U{j : j is odd and ¢; = 1},
and B={1,...,2m} \ A. Let 1 <iy,71,...,%2m, Jom < n. For 1 <k < 2m, define

g _ i keA = e ked
* " Uk keB’ Vi, keB
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We claim that
¢n (Uiiljl - Ug ) = wn (Ulsllji o U.E,2m.

12mJ2m lQmJém

);

from which the formula in the statement follows immediately.
As discussed above, we have

Un (Uiilﬁ e Ui?,:jzm) = T((ZOiljl)el T (Zoizmjém)ezm)'

Note that the expression (20;,;,)" - (204,,,ja )™ can be written as a product of terms of the
form 20, j, or O;,j,z*, depending if € is 1 or *. After rewriting the expression in this form, let C
be the subset of {1,...,4m} consisting of those indices corresponding to z or z*, and let D be its
complement. Explicitly, if ex = 1 then 2k — 1 is in C and 2k is in D, and if € = * then 2k is in C
and 2k — 1 is in D. Given partitions «, 5 € NC(2m), let ©(«, 3) € P(4m) be given by partitioning
C according to a and D according to 5. By freeness, we have

T((Zoi1j1)€1 T (Zoizmjzm)ezm) = Z Kalz. .., ZQm]ﬁﬁ [Oi1j17 s 7Oi2mj2m]'
a,BENC(2m)
O(a,B)ENC(4m)
Now since Haar unitaries are R-diagonal, we have in particular that kq[z,...,2%?m] =0

unless each block of o contains an even number of elements. So assume that « has this property,
we claim that if 3 is such that ©(«, ) is noncrossing, then 5 does not join any element of A with
an element of B. Indeed, suppose that 3 joins k1 < ks and that one of k1, ks is in A and the other
is in B. If k1, k2 have the same parity, then it follows that one of €, , €k, is a 1 while the other is a
*. Suppose that €;, = 1, €, = *, the other case is similar. Then we have 2k; connected to 2ky — 1
in O(a, 3). Since O(«, 3) is noncrossing, « cannot join any element of {k; + 1,..., ks — 1} to an
element outside of this set. But since this set contains an odd number of elements, we obtain a
contradiction to the choice of a.

If k1, k2 have different parity, then it follows that €, = €x,. Suppose that €5, = €, =1,
the other case is similar. Then 2k; is connected to 2ky in O(«, 3). It follows that o cannot connect
any element of {k1 + 1,...,k2} to an element outside of this set, and again this set has an odd
number of elements which contradicts the choice of «.

So the only nonzero terms appearing in the expression above come from § € NC(2m)
which split into noncrossing partitions m of A and o of B. In this case, if A = (a1 < -+ < as) and
B = (by <---<b), we have

18[O0irj1s -+ s Oigmjom| = 672Oiayjay s+ -+ Oiagjag 0[Oy gy s+ -+ Ot i, |
= Kﬂ'[Oialjal geey Oiasjas]ﬁU[Ojblibl geey Ojbribr]
= ”6[02"1]‘1, cee Oigmjgm],

where we have used the invariance of the distribution of (O;;) under transposition.
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Putting this all together, we have
’I’Z)n (UZ'€11j1 e UEQQ:ij) = T((inljl)EI e (ZOiijQ'm)ezm)

= Z /{a[zel,...,ZEQm]/ig[Oiljl,...,Oi2mj2m]
a,BENC(2m)
O(a,B)eNC(4m)

_ Z Iia[zelgc--,ZE27'L]HQ[Oi,1ji7"‘7Oi/2mjém]
a,BENC(2m)
@(a,ﬁ)GNC(4m)

= 7((2044)" -+ (204, 3y ")

7’2m]2m
b (U e
Ua (Ui Uiy )

as desired.

We can now extend this result to the free product A, (n)*>.

Corollary 7.4.4. Let ly,...,lo;m € N, €1,... €0 € {1,%} and 1 < i1,J1,...,09m,jom < n. In
Ay (n)*>°, we have

(U ) D)igin (U (12)2)igig - (Ul2m) ™ Viggnriam) = O (U )5, U12)5%, - Ullam)§2m, ).
Proof. First we claim that in A, (n), we have

H(Qm) [(Uq)iliw (ng)isiw SO (U62m)i4mfli4m] = '%(Qm) [U'el U;: v

11227 744837 7" ) Z4mi4m—1]'

(Note that any cumulant of odd length is zero by Theorem 7.4.1).
Indeed, we have

”(Qm)[(Uq)iliz’ (UQ)i:sizu R (UQ’”)um_mm]
= Z MQm(O-’ 12m) H ¢H(V)[(U€1)i1izv (U€2)13i47 AR (U62m)i4m—1i4m]'

ceNC(2m) Veo

Now it is clear from Theorem 7.4.1 that

wn(v)[(Usl)iNé? (U62)’i3i47 trty (Uezm)i47n71i47n] = 0

unless V' has an even number of elements. So the nonzero terms in the expression above come
from those o € NC(2m) for which every block has as even number of elements. For such a o, the
noncrossing condition implies that each block V' = (I3 < --- < l5) must be alternating in parity.
By Proposition 7.4.3 we have

@Z}n(v)[(Uq)iﬂlQa (U62)i3i47 R (UEQm)i4m71i4m] = dj”((Uql )izllflléll (UQQ )i21271i212 e (UEZS )izls—lims)
(U Uyt )
2l1711211 Z2l2’L2l271 12141215 —1
(U, Uyt )
N\ gy t21 —1 7 G219 —1%214 i215—1%215/
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where the last equation follows from the invariance of the joint *-distribution of (U;;) under trans-
position. It follows that

ﬁ(2m)[(Uq)i1i2’ (UE2)i3i47 R (Uezm)i4m—1i4m]
= Z p2m (0, 12m) H Yn(V)[(U M )iins (UEQ)isiu B (UEQm)i4m—1i4m]

oceNC(2m) Veo
o €1 €2 €2m
— Z H2m (07 12m) H lpn( Uzlzg’ Uz4237 o Uz4m24m 1]
ocENC(2m) Veo
(2m) €1 €2 €2m
[Ulllg’ U7,4137 te Ul4ml4m 1]

as claimed.
Now by free independence, in A, (n)*> we have

P2 (U 1) )iy (U (12) 2 igis - - (U(l2m)€2m)z‘4m 1z‘4m)
S | %) )Miviar (UL2))igias - - -5 (Ullom) ™ )iggn—rism]-

ceNC(2m) Veo
o<kerl

Since k(V') is zero unless V has an even number of elements, the only terms which contribute to the
sum above come again from o € NC(2m) for which each block has an even number of elements.
From the previous claim, we have

EWMIU () )ivias (U2)?)igias - - - s (Ul2m)®™ Viggn_1iam]

= KJ(V) [U(ll)zllg’ U(l2)l4l37 Tt U(l2m)§j7’,:l4mfl]

for each block V' € o, and the result follows immediately.
O

Remark 7.4.5. We will now give an estimate on the asymptotic behavior of the entries of W, as
n — oo. This improves the estimate given in [5]. Note that by taking € = 1 - -- 1%, this estimate
also applies to the quantum orthogonal group, see [5].

Theorem 7.4.6. Let €1,..., €9, € {1,%}. Let m,0 € NC(m). Then
W€n(%7af) _ O(n2|7r\/a\f\7r|f|0'|fm).
Moreover,
"W, (7,5) = (o, m) + O(n72),
where fuy, is the Mobius function on NC(m).

Proof. We use the method from Theorem 4.3.1.
First observe that
Gen = ©/*(1 + Ben)OY?

€n
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where

n'" T=0

0, 4o’

0, T=0

Ben(m, o) = {n|7f\/0—m T#o

97

Note that the entries of B, are O(n™!), in particular for n large we have the geometric series

expansion
(14 Beqp) ™' =1= B + > _(-1)!"'BL.
I>1
Hence
-m
Wen(7,5) = Z(_l)(l+1)(@;zl/zBiIl@e_nl/Q)(%,5) n {n
1>1

_plFva|-2m

Now for [ > 1, we have

(OB e (e = Y, alfvmmvRlesnvEl-2m,

Vl,..,VJENC(m)
TEVIFFUFT

Now we claim that

TV 4+ vel < |FVa|+ |+ + |7

<|tva|l+1l-m,

from which the first statement follows from the above equation and Theorem 7.3.7.

Indeed, the case [ = 1 follows from the semi-modular condition:

[TV +lmvel <|[(mvo) V(o Vo) +|(m Vo)A (v Vo)l

<|Tve|+ |7
=T Vao|+m.

The general case follows easily from induction on [.
For the second part, apply Theorem 7.3.7 to find that

‘%V;1|+"’+|§IV&|:2(’V1\/V2‘+"’+|Vl\/0"—‘V1|—~-—|Vl|)

+2lr Vv —|r| = o]+ (I +1)m
< || =lo|+ (I + Dm,

where equality holds if ¢ < v < .-+ < v; < 7 and otherwise the difference is at least 2. It then

follows from the equation above that n™*lI=I7l\W,, (7, 5) is equal to

0,

-1+ Zfil(—l)l“H(yl,...,m) € (NCe(m))l o<y << <7l
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up to O(n=2). Since NC¢(m) is closed under taking intervals in NC(m), this is equal to p, (o, 7).
O

As a corollary, we can give an estimate on the free cumulants of the generators U;; of
Ay (n). (Note that the cumulants of odd length are all zero since the generators have an even joint
distribution).

Corollary 7.4.7. Let €1,... € € {1,%} and i1, j1,...,02m,jom € N. For w € NC(2m), we have
for the moment functions

dj( )[U:11J17 o UZ&ZQTT]QNL] = Z nlﬁ‘_IO"_m(/’Lm(U? ﬂ-) + O(n_Q))’
o,meNC*(m)
w<keriAw
o<ker jAw

and for the cumulant functions

RO e Uy, )= D0 7 G (,0) + O (™)),
LoENCE
71-07r<ker1(m)
J<ker_]
TVneo=w

Proof. First note that y, ) [Uils-- Ui, ] = 0 unless w € NCp(2m), i.e., unless each block of
w has an even number of elements. So suppose this is the case, then by Lemma 7.3.10 we have

w=aV B for some o, f € NC(m) with o < 3. By the Weingarten formula, we have

w( )[Ulﬁlljl’ ce Ul'?:jzm] = Z H €|V” ’V’ 5“/)

m,o0eENC(m) Vew
w<keriAw
o<ker jAw
Let V= (I3 < --- <ls) be a block of w. In order to apply Theorem 7.4.6 we have to write
7|y and oly as my and oy, respectively, for some 7y, 0y € NC(|V[/2). Since py2(ov,mv) =
wyv|(av,Tv), it suffices to recover the doubled versions oy, 7y from 7|y and &|y. But this can be
achieved as follows.
7?‘\/ = 7/{_\‘; \ 0|V|/2 = %’V \ {(lh l?); R (ls—la ZS)}

So it remains to write {(l1,l2), ..., (ls—1,ls)} intrinsically in terms of w.

Recall from Lemma 7.3.6 that we have K (w) = al K (/). It follows that for 1 <r < s such
l+1
2

that [, is odd, « has a block whose least element is and greatest element is T“ . Therefore I,
is joined to l,41 in . So if I} is odd, then aly is equal to {(l1,[2), (I3,14),. .. (5 1,0ls)}. In this
case, from Theorem 7.4.6 we have

[Fivvaiv [ fvval vz g Gl v aly wly valy) + ome).

On the other hand, if I; is even then a|y = {(l1,1s), (I2,13), ..., (Is—2,ls—1) }. In this case we have

We\vn(%h/v 5|V) =n

~ = ~ = JEEEEEN RN
Wogyn @y, 3lv) = nloh V@V = Fvav Vi, o G v @, 5l v aly) + 0m2)

5~ =~ «— —
— plovvalv [ =[Fvvaly |-vie g, G v aly Sl valy) + o)),
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where here the arrows act on the legs of V. Since this corresponds, by Lemma 7.3.5, to the Kreweras
complement on NC|y|/, we have

Slv valy| = [VI/2+1 - |&lv valy|

and — N o N
uv (v Valy,oly Valy) = py(@lv Valy, 7y Valy).

So it follows that, as in previous case, we have

Wiy n(@ly,3lv) = nlFVav = loivvale Vi, Gy Gl 7y valy) + ome2)).

Therefore,
Q’b7(lW) [Uielljl’ T Ui?rzljzm]

= > LAl Nz Gy Gl vl iy vl + o)
o,meNC(m) VeEw
7<keriAw
o<ker jAw

= > amveEEvelEm G va Fva) +0on?),
o,mrENCe(m)
w<ker iAw
o<ker jAw

where we have used the multiplicativity of the Mobius function on NC(2m).

Now since 0 = o Vo < aV E, taking the Kreweras complement and applying Lemma
7.3.6 gives a ! K(f) < 0! K(0). So we have a < ¢ < (3. By Theorem 7.3.7, we then have
|oVal =|o|+m—|a|. Also, we have

= pam(a L K (m), L K(0))
= pm(K(7), K(0))
= lm (0, T).
Plugging this into the equation above, we have
P [Uiliys-- U, 1= Z pIm=lol=m (o, 7) + O(n72)).
o,mrENCe(m)

7<keriAw
o<ker jAw
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For the cumulant function this gives

w7 [Uiﬁlljl’ T Uiﬁ;:jzm] - Z pam (@, T)¢7(ZW) [Uielljl’ T Ui?:jzm]

weNC(2m)

w<T
= Y memwr) Y AT (0,m) + 0(n7?))
weNC(2m) o,meNC*(m)

w<T 7<ker iAw

o<ker jAw

= > Ao +om™) Y pam(w,T).
o,meNC*(m) weNC(2m)

w<keri TVneo<w<T

o<kerj

Since
1, TVpeo=7
Z /’L2m (w? T) = 0 th . )
weNC(am) , otherwise
TVneo<w<T

the result follows.
O

As a corollary, we can give an estimate on the Haar state on the free product A, (n)*>.

Corollary 7.4.8. Letly,...,lo;m € N, €1,...,eam € {1,%} and iy, j1,...,92m, Jjom € N. In A, (n)*>®,
we have

e (U(h)f’b’l ' "U(l2m>z€'§ngm> = > (o, + 0(n7?)).
m,0€NCe(m)
w<kerinkerl
o<ker jAkerl

Proof. Since the families ({U(1);;})ien are freely independent, we have by the vanishing of mixed
cumulants

TIZ)ZOO (U(ll)glljl T U(l2m)§§:j2m> - Z K(T) [U(ll)ijl’ Tt U(lzm)le';;:jzm]'
TeENC(2m
eTSkérl )

Since the families ({U(1)i;})ien are identically distributed, we have
AU W, Ulam) i, ) = 6O U, ]

for any 7 € NC(2m) such that 7 < kerl. Applying the previous corollary, we have
(U, UE,,) = Y Y A G (e.m) + 0 )

TeENC(2m) m,0€ NC¢(m)
T<kerl w<keri
o<kerj
TN neo=T

= Y a0, m) + O(n?)).
m,0€ENC(m)

w<ker iAkerl
o<ker jAker1
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7.5 Asymptotic freeness results

Remark 7.5.1. Throughout the first part of this section, the framework will be as follows: B will be a
fixed unital C*-algebra, and (Dy(i));er will be a family of matrices in My (B) for N € N, which is a
B-valued probability space with conditional expectation Ex = try ®idg. Consider the free product
A, (N)**>°, generated by the entries in the matrices (Un(1))ieny € Mn(Au(N)**°). By a family of
freely independent Haar quantum unitary random matrices, independent from B, we will mean the
family (Un(l) ® 1B)1en in My (Ay(N)*** @ B) = My(C) ® Ay (N)**>° ® B, which we will still denote
by (Un(1))ien. We also identify Dy (i) = Dy (i) @14, (= for i € I. We will consider the B-valued
joint distribution of the family of sets ({Un(1),Un(1)*},{Un(2),Un(2)*},...,{Dn(?)]i € I}) with
respect to the conditional expectation

¥ ® EN =try @ Y§° ®idg.
We can now state our main result.

Theorem 7.5.2. Let B be a unital C*-algebra, and let (Dy(i))ier be a family of matrices in My (B)
for N € N. Suppose that there is a finite constant C such that |Dy(i)|| < C for all i € I and
N € N. Let (Un(l))ien be a family of freely independent N x N Haar quantum unitary random
matrices, independent from B. Let (u(l),u(l)*)ien and (dn(7))icr,Nen be random variables in a
B-valued probability space (A, E : A — B) such that

(1) (u(l),u(l)*)ien is free from (dn(i))icr with respect to E for each N € N..

(2) ({u(l),u(l)*})ien is a free family with respect to E, and u(l) is a Haar unitary, independent
from B for each l € N.

(3) (dn(i))icr has the same B-valued joint distribution with respect to E as (Dn(i))ier has with
respect to E.

Then for any polynomials p1,...,pam € B{t()|i € I, l1,...,lom € N and €1, ..., €y € {1, *},

| (3° @ En)[Un (1) pr(Dx) - - - U (l2m) ™ pam (D )] — Elu(l) pi(dn) - - - u(lam) " pam (dn)]||
is O(N72) as N — oc.

Observe that Theorem 7.5.2 makes no assumption on the existence of a limiting distribu-
tion for (Dn(i))ier. If one assumes also the existence of a limiting (infinitesimal) B-valued joint
distribution, then asymptotic (infinitesimal) freeness follows easily. We will state this as Theorem
7.5.4 below, let us first recall the relevant notions.

Definition 7.5.3. Let B be a unital C*-algebra, and for each N € N let (Dy(i));es be a family of
noncommutative random variables in a B-valued probability space (A(N), En : A(N) — B).



CHAPTER 7. HAAR QUANTUM UNITARY RANDOM MATRICES 102

(1) We say that the joint distribution of (Dx(4))icr converges weakly in norm if there is a B-linear
map E : B(D(i)|i € I) — B such that
Jim ([ Ex[boDn(in) - - D (ir)bs] = E[boD(in) -+ D(ig )by || = 0
for any 41,...,4x € I and by, ...,bx € B. If B is a von Neumann algebra with faithful, normal

trace state 7, we say the the joint distribution of (Dy(i))ie; converges weakly in L? if the
equation above holds with respect to | |o.

(2) I I = Ujes1; is a partition of I, we say that the sequence of sets of random variables
({Dn(i)|i € I;})jes are asymptotically free with amalgamation over B if the sets ({D(i)|i €
I;})jes are freely independent with respect to E.

(3) We say that the joint distribution of (Dy(7));er converges infinitesimally in norm if there is
a B-linear map F’ : B(D(i)|i € I) — B such that

lim N{EN[bODN(il) -+ Dy (ig)br] — ElboD(i1) - "D(ik)bk]} = E'[boD(i1) - - D(ix)b]

N—oo

with convergence in norm, for any bg,...,bx € B and i1,...,i, € I. If B is a von Neumann
algebra with faithful, normal trace state 7, we say the the joint distribution of (Dn(%))ier
converges infinitesimally in L? if the equation above holds with respect to | |s.

4) If I = |J..,;1; is a partition of I, we say that the sequence of sets of random variables
jeJ *J
({Dn(i)|i € I;})jes are asymptotically infinitesimally free with amalgamation over B if the
sets ({D(i)|i € I;});jes are infinitesimally freely independent with respect to (E, E’).

Theorem 7.5.4. Let B be a unital C*-algebra, and let (Dn(i))ier be a family of matrices in My (B)
for N € N. Suppose that there is a finite constant C such that |Dn(3)|| < C for all i € I and
N € N. For each N € N, let (Un(l))ien be a family of freely independent N x N Haar quantum
unitary random matrices, independent from B.

(1) If the joint distribution of (Dy(i))ic; converges weakly (in morm or in L? with respect to a
faithful trace), then the sets

{UN (1), Un (1)} {Un (@), Un(2)}, .. {D (Dl € T})
are asymptotically free with amalgamation over B as N — oo.

(2) If the joint distribution of (Dn(i))ier converges infinitesimally (in norm or in L* with respect
to a faithful trace), then the sets

({Un (1), Un (1)} {UN(2), Un(2)*, ... . {DN (i)l € T})
are asymptotically infinitesimally free with amalgamation over B as N — oo.

Remark 7.5.5. Theorem 7.5.4 follows immediately from Theorem 7.5.2 and Proposition 7.2.3. The
proof of Theorem 7.5.2 will require some preparation, we begin by computing the limiting distri-
bution appearing in the statement.
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Proposition 7.5.6. Let (u(l),u(l)*)ien and (dn(i))icr,Nen be random wvariables in a B-valued
probability space (A, E : A — B) such that

(1) (u(l),u(l)*)en is free from (dn(i))ier with respect to E for each N € N..

(2) ({u(l),u(l)*})ien is a free family with respect to E, and u(l) is a Haar unitary, independent
from B for each | € N.

Let a(1),...,a(2m) be in the algebra generated by B and {d(i)|i € I}, and let l1,...,lam € N and
€1,...,€2m € {1,%}. Then

Elu()@a(1) - ullon)?"a@m)] = S p(o.m)ECE D a(1), ..., a(2m)]

m,oeENCe(m)
o<m
TVo<kerl

Note that elements of the form appearing in the statement of the proposition span the
algebra generated by (u(l),u(l)*);en and (d(7));er, and so this indeed determines the joint distri-
bution.

Proof. We have

Elu(l)a(1) - - - u(lom)?ma(2m)] = Z Kelu(ly)?, a(l),. .. a(2m)].
a€NC(4m)

By freeness, the only non-vanishing cumulants appearing above are those of the form 71, where
7,7 € NC(2m), 7 < kerl and v < K(7). So we have

Elu(l))%a(1) - ullzm) 2 a(2m)] = S R a(1), . a(2m)].
TENC(2m) veNC(2m)
7<kerl y<K(1)

Since the expectation of any polynomial in (u(l), u(1)*);en with complex coefficients is scalar-valued,
it follows that

Elu(ly)a(1) - - - u(lam) ™ a(2m))
= Y kP ule)®] Y wPa(1),. . a(2m)]

TENC(2m) YENC(2m)
T<kerl y<K(T)
= > &), ulem) | EE O a(1), .. a(2m).
TENC(2m)
T<kerl

Since Haar unitaries are R-diagonal ([43, Example 15.4]), we have

R (). u(lam)™m] =0



CHAPTER 7. HAAR QUANTUM UNITARY RANDOM MATRICES

104
unless 7 € NCj(2m). By Lemmas 7.3.10 and 7.3.6, we have

Elu(l)a(1) - - - u(lom)?™a(2m))

= Y &), ullen) 2 ECE D (1),
m,0eNCe(m)

o<m
oVvr<kerl

So it remains only to show that if 0,7 € NC(m) and o < 7 then

= kD), ... ulam) ™).

fim (0, )
Since the M&bius function is multiplicative on NC'(m), we have

pm(o,m) = [T ww(elw, 1w),

Wen
and so it suffices to consider the case m = 1,,.

By [43, Proposition 15.1],

R (), u(lam) @] = H (V2710
Vesvi,

where C), is the n-th Catalan number. Since
— «— - —
oVly=0Vly,=K(o)V0,=K(o),

we have N
(oVlm)

kg

[u(ll)el, RN U(ZQm)EQm] = H (—1)|W|_1C‘W‘_1.

WeK (o)
On the other hand, we have

pn (05 1m) = pim (Om, K (0))

= I wwiOw,1iw)
WeK (o)

= I 0" 'Cw,

WeK (o)

where we have used the formula for i, (0s,, 1) from [43, Proposition 10.15]. O
Proposition 7.5.7. Let B be a unital algebra, A(1),...,A(2m) € My (B) and m,0c € NC(m). Let
Eny =try®idg. If o <, then

NIHE@IEEE 1401, A(2m)]

= Z Z A(l)jljzA(z)illé :

1<g1,,J2m SN 1<01 . yi2m <N

-+ A(2m)
og<kerj

12m—112m *
K(m)<keri
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Proof. First observe that the sum above can be rewritten as

Z A(]‘)'LI’L2 e A(2m)i4m71i4m'

1<iy,.. tam <N
oK (m)<keri

So this will follow from the formula

ST AWy A(m)ig, i, = NPIEAQL), .. A(m)]
1<iy,.i2m <N
7<keri

for any o € NC(m).
We will prove this by induction on the number of blocks of m. If ¢ = 1,, has only one
block, then we have

> AWy AM)iny iz = Y Ay AQ2)igiy - A(M)ii
1<, yiom <N 1<iy,ytm <N
o<keri

= N Ex(A(1)--- A(m)).

Suppose now that V' = {l+1,...,l+ s} is an interval of o. Then

Z A(L)iyig - A(m)i2mfli2m
1<iy,.yiom <N
o<keri

- Z A()iyig - ( Z Al +1)j,5, - - AL+ 3)jsj1> ANy yigm

1<y, ior—2, 1<71,-0Js<N

©2(145) 415 i2m <N
o\V<keri

= Z A(l)i1i2 T (N ’ EN(A(l + 1) e A(l + 8))) e A(m)iQm—liQWN
1<t 212,80 (14-6) 4 15 s i2m SN
;_\\vgkeri

which by induction is equal to
NVIECWI ALY, ..., A EN(A@+1)--- Al + 5)),..., A(m)] = NIED[A(1), ..., A(m)].
O

Remark 7.5.8. We will also need to control the sum appearing in the proposition above for o, €
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NC(m) with o £ . If B is commutative this poses no difficulty, as then

E E A(l)j1j2‘4(2)i1i2 o 'A(Qm)hmfﬂém
1<g1,0,2m SN 1<ia,.iom <N
o<ker] K (m)<keri

=< > A<1>j1j2---A<2m—1>j2m_1jzm)( > A<2>m-"A<2m>izm—mm)

1<, fom <N 1<i1, . iam <N
o<kerj K (m)<keri

= NlHE®@IED A1), ..., A2m — 1) EE™[A@2),..., A2m)].

However, when B is noncommutative it is not clear how to express this sum in terms of expectation
functionals. Instead, we will use the following bound on the norm:

Proposition 7.5.9. Let B be a unital C*-algebra, and let A(1),...,A(2m) € Mn(B). If o,m €
NC(m) then

< NI A - [ A2m)]

E § A(l)j1j2A(2)ili2 e A(2m)i2mfli2m
1<g1,-J2m SN 1<ia,...,iam <N
g<kerj K(m)<keri

Proof. For this proof, we extend the definition of 7 to all partitions 7 € P(m) in the obvious
manner. We can rewrite expression above as

E A(l)iliQ e A(2m)i4m—1i4mv
1<it, e ytam <N
oK (m)<keri

and so the result will follow from

Y AW AlM)ig yian || < NAQ)] - [[A(m)|
1<in, e yiom <N
o<keri

for any partition o € P(m).
The idea now is to realize this expression as the trace of a larger matrix. For each V' € o,
let MY, be a copy of My(C). Consider the algebra

Q) My ~ My0/(C),
Veo

with the natural unital inclusions ¢y of M}(; for Veo. For1 <[ <m, let

X() = (La(l) ® idB)A(l) € <® M}G) ®@ B~ My.(B),

Veo
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where we have used the notation o(l) for the block of ¢ which contains I.
In other words, X (I) is the matrix indexed by maps i : 0 — [N] = {1,..., N} such that

X(D)ij = AWiwanieow) L1 diviony:
|t

Consider now the trace

(Tryiol ®1idg)(X(1) - -+ X (m))
= Z X(l)iliz e X(m)imil

P
= Y AW eise) A omiemy L1 1T 8w
01 yeensbm 1<l<mVeo
i1:0—[N] 1¢v

where 7 € Sy, is the cyclic permutation (123 ---m). The nonzero terms in this sum are obtained as
follows: for each block V' = (I1 < --- < ;) of o, choose 1 <y, (V'),iyq,)(V), ...y, (V) iy, (V) <
N with the restrictions i, (V) = i, (V), ..., iyq,_ (V) =4, (V) and iy (V) =i, (V). Compar-
ing with the definition of &, it follows that

(Tryior @1dg)(X (1) - X(m) = Y Aiyiy -+ A(M)iny_yinn
1<y, yizm <N
F<keri

is the expression to be bounded. However, (tryj.| ® idg) = N719(Try .| ® idg) is a contractive
conditional expectation onto B and so

I(Tr 1o @ idg) (X (1) - X (m)) || < NX D)) --- [ X (m)]].

Since (v ®idp) is a contractive *-homomorphism, we have || X (1)|| = [|(¢o) @ids) (AD))| < [[AD)]|
and the result follows. O

We are now prepared to prove the main theorem.

Proof of Theorem 7.5.2. Fix p1,...,pam € B(t(i)|i € I), and set An(k) = pr(Dy) for 1 < k < 2m.
For notational simplicity, we will suppress the subscript N in our computations.
Let l1,...,lom €N, €1,..., €2, € {1,*} and consider

(VN° @ EN)U(L)TAMU(l2)? - Ullam) ™ A(2m)]
=W idg)NT Y (U0 A )igis (U (l2)?)igiy - - A2 gy

1<i1eiam <N

= 3 N OW) N i (U 2m) ™ Yigriam ]| AL iy - ARy,

1<y, iam <N
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By Corollary 7.4.4, this is equal to

> NTWRUM)E, U3, - Ullam)2™, JAW)iis -+ A(2m)iy,,, -

1<iy e iam <N

After reindexing, this becomes

Z Z Nﬁlw}k\foo [U(ll)%mle(ZQ)gij T U(l2m)§22::71j2mj| A<1)j1j2 o A(2M)ig gy -

1<in,i2m SN 1<71,..,Jj2m <N

Applying Corollary 7.4.8, we have

Z Z Z N—lK(W)l—lffl(Hm(g, ) + O(N_z))A(l)jlj2 - A(2M)iy, iom

1<i1,eizm SN 1571, j2m <N 1,0 € NC(m)
—

7<ker iAker1
o<ker jAkerl
. -2 —|K(m)|—|o . . :
= § (tm(o,m) + O(N™7))N K (m)I=e] § § A(l)ﬂjz o A(2M)ig, g -
m,0ENCE(m) 1<j1,502m SN 1<y, . i2m <N
7<kerl o<kerj I?Z;r/)gkeri

o<kerl

By Propositions 7.5.7 and 7.5.9, this is equal to

Al K (m
S (o mEYT A, Am)],
m,0€NCE(m)
o<m
7V&<kerl
up to O(N~2) with respect to the norm on B. Set a(k) = pi(dy) for 1 < k < 2m, then by
Proposition 7.5.6 we have

Elu(l)%a(1) - ullan)® a@m)] = Y pm(o,m) ECEa(1), .. a(2m))]
m,0€ENC¢(m)
o<m
wVo<kerl

= Y e mESE ™ A1), Am)),

m,0€NC¢(m)
o<m
wVo<kerl

and the result now follows immediately. O

Randomly quantum rotated matrices. It follows easily from Theorem 7.5.4 and the definition
of asymptotic freeness that under the hypotheses of the theorem, the sets

({Dn (i) :i € I} {Un()DN()Un(1)* i € I}{Un(2)Dn()UN(2)" 10 € 1}, ...)

are asymptotically (infinitesimally) free with amalgamation over B as N — oo. The condition on
existence of a limiting joint distribution can be weakened slightly as follows:
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Corollary 7.5.10. Let B be a unital C*-algebra, and let (Dy(3))icr and (Dy(j))jers be two families
of matrices in Mn(B) for N € N. Suppose that there is a finite constant C such that | Dn(3)|| < C
and |[Dy(j)|| < C for N eN,iel andj € J. For each N € N, let Uy be a N x N Haar quantum

unitary random matriz, independent from B.
(1) If the joint distributions of (Dn(3))icr and (D'\(j))jes both converge weakly (in norm or in

L? with respect to a faithful trace), then (UnDn(i)U )ier and (Dy(4));es are asymptotically
free with amalgamation over B as N — oo.

(2) If the joint distribution of (Dn(i))icr and (D' (j))jcs both converge infinitesimally (in norm
or in L? with respect to a faithful trace), then (UnDn(i)Ux)ier and (D'(4))jes are asymp-
totically infinitesimally free with amalgamation over B.

Proof. The only condition of Theorem 7.5.4 which is not satisfied is that {Dy (i) : i € I} U{D/y(j) :
j € J} should have a limiting (infinitesimal) joint distribution as N — oco. We can see that this

is not an issue as follows. Let p1,...,pm € B{(t(i)|i € I) and ¢1,...,qm € B{t(j)|j € J) and set
An(k) = pr(Dn), By (k) = qi(DYy) for 1 <k < m. From the proof of Theorem 7.5.2, we have

(YN @ EN)[UA)U*B(1) ---UA(m)U*B(m)]

= Y (o, mEYE™AL), BQ),..., A(m), B(m)],

m,oeNC(m)
o<m

up to O(N~2). But the right hand side depends only on the distributions of (D(i));e; and
(D'(j))jes, and so the result follows from Theorem 7.5.4. O

Classical Haar unitary random matrices. In the remainder of this section, we will discuss
the failure of these results for classical Haar unitaries. First we show that if B is finite dimensional,
then classical Haar unitaries are sufficient.

Proposition 7.5.11. Let B be a finite dimensional C*-algebra, and let (Dn(1))ier be a family of
matrices in M (B) for each N € N. Assume that there is a finite constant C' such that || Dy (7)|| < C
for all N € N andi € I. For each N € N, let (Un(l))ien be a family of independent N x N Haar

unitary random matrices, independent from B. Let (u(l),u(l)*)ien and (dn(7))icr,Nen be Tandom
variables in a B-valued probability space (A, E : A — B) such that

(1) (u(l),u(l)*)en is free from (dn(i))ier with respect to E for each N € N.

(2) ({u(l),u(l)*})ien is a free family with respect to E, and u(l) is a Haar unitary, independent
from B for each | € N.

(3) (dn(i))icr has the same B-valued joint distribution with respect to E as (Dy(i))icr has with
respect to En.

Then for any polynomials p1,...,pam € B{t(i) i € I), l1,...,lom € N and €1,. .., €2, € {1, %},
|(Wx° @ En)[Un (1) p1(Dn) - - - Un (lm) ™ pam (Dn)] — Elu(ly) p1(dn) - - - u(lam) ™ pom (dn )|
is O(N~2) as N — oc.



CHAPTER 7. HAAR QUANTUM UNITARY RANDOM MATRICES 110

Proof. Let eq,...,eq be a basis for B with |le,|| =1 for 1 <r < gq. Let p1,...,pom € B(t(3)|i € I),
let Ax(k) = pr(Dy) and let An(k,r) € My(C) be the matrix of coefficients of the entries of Ay (k)
one, for 1 <k <2mand 1l <r <gq. Letan(k,r)and (u(l),u(l)*);en be random variables in a
noncommutative probability space (A, ¢) such that

(1) {an(k,7r): 1 <k <2m,1 <r <gq} and (u(l),u(l)*);en are free with respect to ¢.
(2) (an(k,7))1<k<2m,1<r<q has the same joint distribution as (An(k,7))1<k<2m,1<r<q-

(3) (u(l),u(l)*)en are freely independent with respect to ¢ and u(l) has a Haar unitary distri-
bution.

For 1 <k <2m and N € N, let ay(k) = > an(k,7) ® e, € A® B, and note that the family
(an(k))1<k<om has the same joint distribution with respect to £ = ¢ ® idg as does (An(k))i1<k<om
with respect to Ey. Identifying u(l) = u(l) ® 1 in A® B, it is also easy to see that (u(l),u(1)*) and
(an(k))i1<k<2m are freely independent with respect to E.

Now let €y, ..., €y, € {1, %} and consider

(trN RE® idB)[U(ll)qA(l) cee A(Qm)U(lgm)Qm]
= Z (try @ E)U ()AL, r1) -+ - A(2my, rom) U (lam )™ er, -+ - €ry,, -

1<ri,..r2m<q

Since |le,|| = 1, it follows that

[(try @ E®idp)[U (1) A(L) -+ Ulam) ™ A(2m)] = Elu(l)a(1) - - u(lom) 2™ a(2m)]]|
< ) (N @B)UG)TADL 1) - Ullam) ™ A(2m, rop,)]

1<ry,...,ram <q
—olu(l)a(l,r1) - - - u(lam) ™ a(2m, rgm)H.

From standard asymptotic freeness results (see e.g. [19]), this expression is O(N~2) as N — oo. [

Remark 7.5.12. We will now give an example to show that Theorem 7.5.2 may fail for classical
Haar unitaries if the algebra B is infinite dimensional. First we recall the Weingarten formula for
computing the expectation of a word in the entries of a N x N Haar unitary random matrix and
its conjugate:
]E[Uiil]d o Ui6227:znj2m] = Z W“:CN (71', U)’
m,0€PS5(2m)

w<keri

o<kerj
where P§(2m) is the set of pair partitions for which each pairing connects a 1 with a * in the string
€1,...,€m, and WS is the corresponding Weingarten matrix, see [19, 10].

Example 7.5.13. Let B be a unital C*-algebra, and for each N € N let {E;;(N,l) : 1 < i,j <
N,l=1,2} be two commuting systems of matrix units in 5, i.e.,

(1) Ei1j1 (Nv 1)Ei2j2(N’ 2) = Ei2j2 (Nv Q)Eiljl (N7 1) for 1 < i1, J1,12,J2 < N.
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(2) Eij(N,)* = Ej;(N,I) for 1 <i,j <N.
(3) Eikl(N,l)Eij(N, l) = 5k21k2Eij(N7 l) for 1 < i,j, ]{31,]{2 S N.

(4) E;(N,1) is a projection for 1 <i < N, and

N
> Eu(N,1)=1
i=1

For N € N, define Ay, By € My(B) by
(An)ij = Eji(N, 1), (Bn)ij = Eji(N,2).

Note that Ay, By are self-adjoint and A?\,, BJQV are the identity matrix, indeed

N
(A2 2] = ZEkz N 1) gk = 51] ZEkk = 51] ;
k=1

and likewise for By. It follows that |An|| = ||Bn|| =1 for N € N.
For each N € N, let Uy be a N x N Haar unitary random matrix, independent from B.
Since

1
(try ®idg)[AN] = ZE“ = N -1

converges to zero as N — oo, and likewise for By, for asymptotic freeness we should have

lim (try © E ©id)[(UvANUR By)°] = 0.

However, we will show that this limit is in fact equal to 1.
Indeed, suppressing the subindex N we have

. . 1 _ _
(tr RE® ldB)[(UAU B)g] = N Z E[Uiliz Ui4i3 e Ui12i11}A’izisBi4i5 e Bi12’i1

1<iy,.i12<N
= ) E[UisjyUirjs = Uisjel Ajiyja Ajsga Ajis jo Bivia Bigia Bisie -
1<41,51,000586,06 <IN

Applying the Weingarten formula, we obtain

Z N™'Wen(n o) ( Z A1132A3314A35J6>< Z 311123131431526)-
1<iy

m,o€PS(6 1<j1,.-,J6 SN <ii,e.,16 SN
o<kerj T <keri

Note that P5(6) consists of the 5 noncrossing pair partitions and 7 = {(1,4),(2,5),(3,6)}. The
noncrossing pair partitions can be expressed as o for some o € NC(3), in which case we have

Z A3112AJ3J4AJ5J6 - N‘U‘E](\f) [A7 A, A]-

1<71,-..06 SN
o<kerj
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Using En[A] = En[A%] = N~ and Ey[A?] = 1, one easily sees that this expression is O(N) for
the 5 noncrossing pair partitions. For 7, we have

Y A A =D Aji o Ajsji Ajajs
1<j1,-,J6 <N 1<j1,42,73<N
T<ker j

= Z Ej2j1 (N? 1)Ej1j3 (N’ 1)Ej3j2 (N’ 1)
1<51,92,J3<N

= Y Epp(V1)
1<51,42,73<N
=N?-1,

and likewise for By. Also we have N3W¢(m,0) = 6z + O(N™1). Putting these statements
together, we find that the only term remaining in the limit comes from 7 = ¢ = 7, which gives 1.

Remark 7.5.14.

(1)

(2)

Note that My2(C) = My (C) ® My (C) has a natural pair of commuting systems of matrix
units, so this example demonstrates that Theorem 7.5.2 fails for any unital C*-algebra B which
contains M N? (C) as a unital subalgebra for some increasing sequence of natural numbers (Ny).

It is a natural question whether the matrices Ay, By in the above example have limiting
B-valued distributions, which would demonstrate that Theorem 7.1.1 also fails for classical
Haar unitaries. First observe that

lim (try ® idB)[A?V] =

N—oo

1, kiseven
0, kisodd’

which follows from the case k = 1 and the fact that A?V is the identity matrix. However, it is
not clear that moments of the form by Ay - - - Axbr will converge for arbitrary by, ..., br € B.

Let us point out a special case in which the limiting distribution does exist. Suppose that
there is a dense x-subalgebra F C B such that each element of F commutes with the matrix
units F;;(V,1) for N sufficiently large. Then for any by, ..., b; € B we have

boby - - - b, kis even
0, kis odd ’

lim
N—o0

(try ®@idp)[boAn - Anby] = {

and likewise for By, indeed this holds for bg,...,br, € F by hypothesis and for general
bo, - . ., bx by density.

In particular, we may take B to be the C*-algebraic infinite tensor product
B = (X) Mn(C)
NeN

with the obvious systems of matrix units E(N,1);; € My2 = Mn(C) ® My(C) C B, and
F C B to be the image of the purely algebraic tensor product. Note that B is uniformly
hyperfinite, in particular approzimately finitely dimensional in the C*-sense.
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(3) Note that if B is a von Neumann algebra with a non-zero continuous projection p, then pBp
contains My (C) as a unital subalgebra for all N € N and hence (1) applies to pBp. It follows
that Theorem 7.5.2 fails also for B. To obtain a contradiction to Theorem 7.1.1 for classical
Haar unitaries in the setting of a von Neumann algebra with faithful, normal trace, we may
modify the example in (2) by taking (B, 7) to be the infinite tensor product

(B,7) = (X) (Mn(C), try)

NeN

taken with respect to the trace states try on My (C), which is the hyperfinite 111 factor.
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Chapter 8

Analytic subordination results in free
probability

8.1 Introduction

A derivation-comultiplication on a unital algebra A over C is a linear map
A:A—->ARQRA,

which satisfies the product rule A(ab) = (a ® 1)A(b) + A(a)(1 ® b). Derivation-comultiplications
play a prominent role in free probability theory, most notably in Voiculescu’s “microstates-free”
approaches to free entropy, free Fisher information and free mutual information ([52, 53]). Of
particular interest is the free difference quotient, introduced to study free Fisher information and
free entropy, and at the center of the “free analysis” of Voiculescu ([56, 57, 58]).

The free difference quotient dx.p is the derivation-comultiplication on B(X) determined
by

Ixp(X)=1®1,
6X:B(b):O7 (bGB),

where B is a unital algebra over C and X is algebraically free from B. Ox.p has the additional
property of coassociativity, i.e.

(id ® Ox:B) 0 Ox:B = (Ox:.p ®id) o Ox.B.

In considering the corepresentations of this coalgebra, Voiculescu found a natural explanation for
the phenomenon of analytic subordination, a powerful tool in free harmonic analysis.

In [51], Voiculescu proved (under some easily removed genericity assumptions) that if X
and Y are self-adjoint and freely independent random variables, then the Cauchy transforms of
Gx+y and Gx satisfy an analytic subordination relation in the upper half-plane. He used this
result to prove certain inequalities on p-norms of densities, free entropies and Riesz energies. It was
later discovered by Biane that the subordination extends to the operator-valued resolvents, and
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that a similar result holds for free multiplicative convolution [15]. He used these results to prove
certain Markov-transitions properties for processes with free increments.

In [42], Nica and Speicher showed that for any Borel probability measure p on R, there
is a partially defined continuous free additive convolution semigroup starting at pu, i.e. a family
{pe : t > 1} such that p = p1, pstt = s B py. It was shown by Belinschi and Bercovici in [13]
that the analytic subordination for MBH” extends to p¢. This can be used to prove certain regularity
results for the free additive convolution semigroup.

Though technically useful, the proofs of these results did little to explain why analytic
subordination appears in the context of free convolutions. What Voiculescu observed in [54] is
that, roughly speaking, the invertible corepresentations of dx.p are the B-resolvents (b— X)~! (and
their matricial generalizations). Moreover, if X and Y are B-freely independent, then a certain
conditional expectation is a coalgebra morphism from the coalgebra of 0xyy.p to the coalgebra of
Ox.p. Since coalgebra morphisms preserve corepresentations, one should expect that B-resolvents
of X +Y are mapped to B-resolvents of X by this conditional expectation. This approach led to
the generalization of the earlier results for free additive convolution to the B-valued context.

In [55], Voiculescu found that he could extend this result by simple operator-valued an-
alytic continuation arguments. Here he found a general subordination result for freely Markovian
triples, and gave a B-valued extension of Biane’s result for multiplicative convolution of unitaries.

In this chapter we extend the approach of [54] to give a B-valued generalization of the
subordination result for free compressions from [13], and to recover the results of Voiculescu from
[55] for freely Markovian triples and B-valued multiplicative convolution of unitaries. To recover the
results from [55], we will use certain comultiplication-derivations appearing in free probability which
are not coassociative. Because of the failure of coassociativity, we cannot expect to find interesting
corepresentations for these comultiplications. However, we will see that the resolvents which we are
interested in are still characterized by certain relations involving these comultiplications. Moreover,
these relations are preserved by certain conditional expectations which are coalgebra morphisms.
We should expect then that these resolvents are preserved by these conditional expectations. The
technical difficulties that arise are in working with the closures of these unbounded derivations.

This chapter is organized as follows. The next section is purely algebraic. We look at the
relationship between derivations and certain resolvents in a general setting. In Section 8.3 we show
that certain conditional expectations are coalgebra morphisms for 0, § and d. In Section 8.4 we prove
the analytic subordination results for free compressions. In Section 8.5 we extend some technical
results from [53] to the operator-valued case, which will be needed in the next section. Section
8.6 contains the proof of the analytic subordination result for freely Markovian triples. Section 8.7
covers the analytic subordination result for multiplication of B-freely independent unitaries.

8.2 Derivations and resolvents

Here we discuss the relationship between derivations and certain resolvents in a general
algebraic framework.
Let A, B be unital algebras over C, and let 1,2 : A — B be unital homomorphisms. A
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linear map D : A — B is a derivation with respect to the A-bimodule structure defined by 1, g if
D(araz) = ¢1(a1)D(az) + D(a1)p2(az).
It is easy to see that this implies D(1) = 0, and if a € A is invertible then
D(a™ ") =—¢1 (@) D(a)ps (at).
Proposition 8.2.1. Let A, B, p1, 2, D be as above and let N = Ker D.

(1) Fix X € A such that D(X) = 1. If a € A is invertible and satisfies D(a) = ¢1(a)pa(a), then
a=(n—X)"! for somen € Ker N. Conversely, if n € N is such that (n — X) is invertible,
then a = (n — X)~! satisfies D(a) = o1(a)p2(a).

(2) Fiza € A. If a € A is invertible, and D(a) = —1(a)D(a)pa(a), then a = (a +n)~t for
somen € N. Conversely, if n € N is such that a + n is invertible, then

D((a+n)™) =—¢1 ((@a+n)") D(a)ps ((a+n)"").

(8) Suppose U € A is invertible, and D(U) = po(U). If @ € A is such that 1 + « is invertible
and D(a) = p1(a + 1)pa(a), then a = Un(1 — Un)~! for some n € N such that 1 — Un is
invertible. Conversely, if n € N is such that 1 — Un is invertible, then

D (Un(1—Un)"") =1 (Un(l=Un)"" +1) s (Un(l = Un)™").
Proof.
(1) Suppose D(a) = ¢1(a)ys(a), then
D(a ") = —pi(a™")D(a)p2(a™!) = -1,
so that a=! + X € N. Conversely,
D((n—X)") = —pi((n - X)"H)D(n = X)pa(n = X)~' = p1((n — X)pa((n — X)71).
(2) Fix a € A and suppose « € A satisfies the hypotheses, then
D(a™) = —pi(a”")D()p2(a”) = D(a).

I _ 4 € Ker D which proves one direction, the converse is trivial.

So o~
(3) Suppose U € A is invertible, and « € A satisfies the hypotheses, then
DU M a+1)™)=—-p1 (U ) e1 ((@+1)7") D@+ 1ps ((a+1)71)
— o1 (UT) D02 (U™) @2 ((a+1)71)
= —p1 (U1 [p2(a) + 1] 2 ((a +1)7)
=D((U™).

Son=U"1-U"Ya+1)"! € KerD, and hence o = (1 —Un)"! —1=Un(1 — Un)~!. The
converse is a simple computation.
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Ol
Remark 8.2.2. In the sequel, we will apply Proposition 8.2.1 to certain completions of 9,4 and d.

(1) Note that B C Kerdx.p, so b € B is such that b — X is invertible in the completion of B(X),
then o = (b — X)~! satisfies the hypotheses of (1) above. Note that in this case, the relation
in (1) becomes the corepresentation relation dx.p(a) = a ® a.

(2) Likewise, B C Kerdy.p, so if a € A, b € B are such that a + b is invertible in the completion
of AV B, then a = (a + b)~! satisfies the hypotheses of (2) above.

(3) Likewise, B C Kerdy.p, so if b € B is such that (1 — Ub) is invertible in the completion of
B(U,U*), then a = Ub(1 — Ub)~! satisfies the conditions of (3) above.

8.3 Coalgebra morphisms in free probability

In this section we prove that certain conditional expectations arising in the contexts of free compres-
sion, free Markovianity, and B-free multiplicative convolution of unitaries, are coalgebra morphisms
for the comultiplications 0,9 and d, respectively. Because we will need these results in the next
section, we will work with operator-valued generalizations of § and d.

Remark 8.3.1. In the remainder of the paper, (M, 1) will denote a tracial W*-probability space. If

A,B C M, AV B will denote the algebra generated (algebraically) by AUB. If 1 € A C M is a

x-subalgebra, EI(L‘M), or just E 4, will denote the canonical trace preserving conditional expectation

of M onto W*(A).

Definition 8.3.2. Suppose that 1 € B C M is a W*-subalgebra, and that 1 € A;,A C M
are subalgebras containing B which are algebraically free with amalgamation over B. Letting
A = AV As denote the algebra generated by A; and As, define

0A,:40B: A— A®B A
to be the derivation into the A-bimodule A ® g A, which is determined by

5 _Ja®l-1®a, ifae A,
ArdzB = A if a € As.

The B-valued liberation gradient j = j(A; : Ag; B) is then defined by the requirements that
j € L?(A), and

Ep(ja) = (Ep ® Ep)(0a,:45:8(a)),  (a € A).
Except in Section 3, we will be interested only in the case B = C, in which case we recover the
definitions of Voiculescu in [53] of §(A; : Aa) and of the liberation gradient j(A; : Az). This B-
valued generalization was introduce by Nica, Shlyakhtenko and Speicher in [41] as a method for
studying B-freeness of the algebras A; and As.
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Definition 8.3.3. Suppose 1 € B C M is a W*-subalgebra, A C M is a subalgebra containing B
and U € M is a unitary such that B(U,U*) is algebraically free with amalgamation over B from
A. Define

dU:A;B : A<U, U*> — A<U, U*> Xp A<U, U*>

to be the derivation determined by

dU:A;B(U) =1®U,
dU:A;B(U*) =-U" 02y 17
dU;A;B(a) =0, (a S A).

The conjugate of U relative to A with respect to B, denoted £ = &(U : A; B), is then defined by the
requirements that & € L2(A(U, U*)) and

B (€m) = (Ep ® EB) (dy.a,p(m)), me AU, U).

We will mostly be interested in the case B = C, in which case we recover the definition of dy.p
from [53]. This B-valued generalization was considered by Shlyakhtenko in [45].

Remark 8.3.4. The following lemma is an operator-valued generalization of a result in [54]. The
proof is an easy adaptation of the argument found there, we include it here for the convenience of
the reader.

Lemma 8.3.5. Let 1 € By, B C M be W*-subalgebras in (M, 7) such that By C B. Let1 € A,C C
M be x-subalgebras which are B-free in (M, Ep). Let D : AVBVC — (AVBVC)®p, (AVBVC)
be a derivation such that D(BV C) =0 and D(AV B) C (AV B)®p, (AV B). Then

(Eavs ®p, Eavp) o D = Do Eavglavpve:
Proof. First note that B-freeness implies
Eavp(AVBVC)CAVB.

Let F1 = (AV B)NKerEp, F» = (BV C)NKer Eg. Since AV B and BV C are B-free,
we have
(AVBVC)©(AVB)=F,o@ @ FoFa - Fo,
k>2 o #-Fog
o;€{1,2}
where the orthogonal difference and direct sums are with respect to the Bj-valued inner product
defined by Ep,. Now DFy =0, and DF} C (F1 + B) ® (F1 + B) by hypothesis. If a; # - -+ # oy,
a; € {1,2}, k > 2, then

D(F ZFCH" %1(F1+B)®Bl(F1+B)Fai+1"'F0ék'

1<i<k
=1
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If £ > 2, either ¢ > 1 or ¢ < k so that either

EA\/B(FOQ'”Fai—l (F1+B)) =0

or
EA\/B ((Fl + B) Fai+1 .. 'Fak) = 0.
Since also DF; = 0, we have shown that
(Eavp ®B, Eavp) (D(AVBVC& AV B))=0.
Since
(Eav ®B, Eavp) o D o Eavplavve = D o EavplavBve
by hypothesis, the result follows. O

Remark 8.3.6. We will now apply this lemma to 9, and d in the contexts of free compression,
free Markovianity and free multiplicative convolution. We begin with the case of free compression,
which requires another lemma.

Lemma 8.3.7. Suppose that 1 € B C M is a x-subalgebra, X = X* € M and that p € M is
a projection such that p commutes with B and X is algebraically free from Blp]. Let o denote

7(p), and put X, = a 'pXp, which we consider as a Bp-valued random variable in pMp. Define
¥ pMp — M by ¢(pmp) = o~ 'pmp. Then ¢(Bp(X,)) C B{p, X) and

(¥ ® ) 0 Ox,:Bp = Ox:B[p] © V| Bp(x,)
i.e., w\Bp<Xp> is a coalgebra morphism for the comultiplications Ox,.pp and Ix.B[p] -

Proof. Clearly ¢(Bp(X,)) C B(p,X), we must show that v is comultiplicative. Both sides of
the above equation are derivations from Bp(X)) into M ® M with respect to the natural Bp(X,)
bimodule structure on M ® M. It is clear that Bp is in the kernel of both derivations, we need
only compare them on X,;,. We have

Ox.np) © V(Xp) = a20x.pp(pXp) =apRp= (Y @ V) (p®p) = (¥ @) 0 Ox,.8p(Xp)
]

Proposition 8.3.8. Suppose that 1 € B C M is a W*-subalgebra, X = X* € M and that p € M
s a projection such that p is B-free with X, p commutes with B and X is algebraically free from

Blp]. Let a denote 7(p), and put X, = o 'pXp. Define ¥ : pMp — M by ¥ = E(B]\{))Q o). Then

<\I/ &® \I/) o aXp:Bp =0x.Bo ‘;[j’BP<Xp>
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M

Proof. Since X and p are B-free in M, E](3 ) B[X,p] C B(X) so that

(X)
¥(Bp[X,]) € B{X)
By the Lemma 8.3.5 applied to A = C[X], B = B, B = C,C = Cl[p], D = 0x.p|, we have

(M)

<E(B]\</[)i'> ® EB(X)) ° 8X:B[p] =0x.Bo E(M)

B B(x.p)
The result then follows from composing both sides with 1| g, x,) and applying Lemma 8.3.7. [

Remark 8.3.9. To attach probabilistic meaning to the map W, it should be unital and preserve trace
and expectation onto B. These properties require the additional assumption that p is independent
from B with respect to 7.

Proposition 8.3.10. Let M, B, X,p, ¥V as above and suppose, in addition to the previous hypothe-
ses, that p is independent from B with respect to T. Then V(bp) = b for b € B, in particular ¥ is
unital. Furthermore, U preserves trace and expectation onto B, i.e.

ToV =1,

voEP = BV 0w

Proof. First remark that independence implies EJ(BM) (p) = . Since X and p are B-free,

EB<X>(p) =FEp (p) =«

Therefore, for b € B we have

_ M _ M
W(bp) = o EG (bp) = aTDEG R, (0) = b
Next observe that
™ (W(pmp)) = a1 (EGS, (o))
= o 'r(pmp)
= Tp(pmp)

so that W preserves trace. Next we claim that

EPM (pmp) = oL ER" (pmp)p

First observe that the right hand side is a conditional expectation from pMp onto W*(Bp). Since
Egzw P) is the unique such conditional expectation which preserves 7, it remains only to show that

this map is trace preserving. We have

T (OZ_IEEM) (pmp)p) =a’7 (E(BM) (pmp)p) = a”'7(pmp) = 7p(pmp)
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which proves the claim. We then have

(wo ER™) (omp) = ¥ (a7 B (pmp)p)
= a2EG (" (omp)p)

— EJ(BM) <a_1E(BA</[))(> (pmp))

- (E](SM) ) ‘Il) (pmp)

So that ¥ preserves expectation onto B.
O

Remark 8.3.11. If X = X* € M is algebraically free from a W*-subalgebra 1 € B C M, the
conjugate variable # (X : B) is defined by the relations # (X : B) € L?(B(X)) and

T(F (X : B)m) = (1 ® 7)(0x:B(M)), (m € B(X)).

If X =X*"Y =Y*¢ec M are B-free, where 1 € B C M is a W*-subalgebra, then it was
shown by Voiculescu [52] that if # (X : B) exists so does # (X + Y : B) and is obtained from a
conditional expectation. This is also true for a free compression:

Corollary 8.3.12. Suppose that 1 € B C M is a W*-subalgebra, X = X* € M and thatp € M
is a projection such that p commutes with B and X is algebraically free from Blp|. Let a denote
7(p), and put X, = a"'pXp. Assume that p and B are independent, and that X and p are B-freely
independent. If ¢ (X : B) exists, then # (X, : Bp) exists and is given by

M
ER (0.7 (X : B)p)
Proof. Let ¥ be as above, then for pmp € Bp(X,) we have

(7p ® 7p)(0x,:Bp(pmp)) = (T @ 7)(Ox.5Y (pmp))
—a 7 (/(X : B)Eg\é)(> (pmp)>
= o '7(Z(X : B)pmp)
= 1((p 7 (X : B)p)pmp)

=Tp (Eg);\{)I;Z)(P/(X : B)F)P”W)
O

Corollary 8.3.13. Let 1 € By, B C M be W*-subalgebras such that By C B, andlet1 € A,C C M
be x-subalgebras which are B-free in (M, Eg) and such that A is algebraically free from BV C with
amalgamation over By. Then

(EavB ®B, EAvB) ® da:Bve:B, = 04:B:B, © EavBlavBve-
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Corollary 8.3.14. Suppose that j(A : B; By) exists, then so does j(A: BV C; By) and
J(A: BV C;Bi) =j(A: B; By).
Proof. For m € AV BV C, we have
Ep, (j(A: B;Bi)m) = Ep, (j(A: B; B1)Eayp(m))

= (Ep, ® Ep,)0a:B:B, (Eavp(m))
= (Ep, ® Ep,)0a:Bvc;B, (M).

O]

Corollary 8.3.15. Let 1 € By, B C M be W*-subalgebras such that By C B. Let U,V € M be
unitaries which are B-freely independent, and such that U is algebraically free from B(V,V*) with
amalgamation over By. Then Egwy vy« v+ C B{UU"), and

(Epwu+ ®B, Epw,u+) © duv.;s, = dv.s;s, © Epw,u-|suv,v-us)-

Proof. Apply Lemma 8.3.5 to find that Eg,y+«)B(U,V,U*, V*) C B(U,U*), and

(Epw,u+ ®8, Epw,u+) © du.pivvey.p = dv:;8, © Epwus| Buvos ve.-
Since dy.p(v,v+);B, | Buv,v+=u+) = duv.B;B,, the result follows by restricting to B{UV, V*U™). O
Corollary 8.3.16. Suppose that (U : B; By) exists, then so does E(UV : B; By), and

§(UV : B; B1) = Egv,y-u~ (U : B; By)).

Proof. The proof is similar to Corollary 8.3.14. O

8.4 Analytic subordination for free compression

In this section we prove the analytic subordination result for a free compression.

8.4.1. Let 1 € B C M be a W*-subalgebra, and let B(t) denote the algebra of noncommutative
polynomials with coefficients in B. Given any m € M, there is a unique homomorphism from B(t)
into M which is the identity on B and sends t to m, which we will denote by f — f(m).

8.4.2. Fix a self-adjoint element X € M which is algebraically free from B. Define 8%)3 : B(X) —
B(X)®(p+1) recursively by 8&?:)3 —id and

o8 = (0x.5 ©1d%7) 0 0Py

We will work with a certain “smooth” completion of B(t). Define a norm || || x on B(t) by

1150 = D05 (X)) G B

p=>0

where || Hé\s ) denotes the projective tensor product norm on M ®s



CHAPTER 8. ANALYTIC SUBORDINATION RESULTS IN FREE PROBABILITY 123

Lemma 8.4.3. | ||; x is a finite norm on B(t), and if f,g € B(t) then

1f9llrx < IflIzx /gl

Proof. 1t is clear that || | x is a finite norm, since the sum appearing in the definition is finite for
f € B(t). Since Ox.p is a derivation, if f,g € B(t) then we have

0P (F(X)g(X)) = S (0%, (F(X)) ® 120-) (1%F 95 %) (9(X))),

k=0
so that
/97 x —Zﬂa(p) X))HE;H)R”
p>0
= ZZH&%B H(k+1 RkHa)?Bk)( (X))H(Apka)Rp_k
p>0 k=0

= [z x N9l -
O

8.4.4. Let By (t) denote the completion of B(t) under || [|% y, which is a Banach algebra by the
previous lemma. It is clear that the evaluation map f — f(X) extends to a contractive unital
homomorphism on Bf y(t), which we will still denote by f — f(X).

The main analytic tool that we will use to control the kernel of Ox.p is a Taylor series
type expansion of f(X +Y) for Y = Y* € M with ||Y|| small. First we introduce some notation.

Given my,...,mgs € M, let 65]mq, ..., ms] denote the linear map from M®6HD) into M determined
by
Oplma,...,mg(mh ®...mL ) =mimiml---mem’, .
Note that
10p[m1, ..., msJ ()N < [lmall - [Ims €]y

where || [[(,) denotes the projective tensor product norm on M B(s+1)
Pr0p051t10n 8.4.5. If X, Y € M are self-adjoint operators with X algebraically free from B, and
f € B(t), then

FX+Y) =36,y YI(0Ps(£(X)).

p>0

In particular, if ||[Y| < R then f — f(X +Y) extends to a contractive homomorphism on Bf; x(t).
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Proof. Let ¢(f) denote the right hand side, it is clear that ¢ is the identity on B and ¢(t) = X +Y,
so it suffices to show that ¢ is a homomorphism. We have

o(f9) =3 0,[Y..... Y1005 (f(X)g(X)))

p=20
p
k — —k
=3 0,0V, Y] (08 (£(X) @ 1507R) (158 0 9307 (g(X)))
p>0 k=0
P
k — —k
=330y Y)(OE R (F(X)) @ 12079, Ty, Y190 @ 035 (g(X)))
p>0 k=0
= ¢(f)e(9)-
The second statement then follows from the remark above and the definition of || | - O

Remark 8.4.6. Voiculescu showed in [52] that the existence of the conjugate variable # (X : B)
in L?(B(X)) is a sufficient condition for closability of dx.p, viewed as an unbounded operator
L*(B(X)) — L*(B(X)) ® L*(B(X)). In particular, dx.p is then closable in the uniform norm,
we denote the closure by dx.p. We will need the following standard result on closable derivations
([18, 54)).

Proposition 8.4.7. Let K, L be unital C*-algebras, let 1, po : K — L be unital x-homomorphisms,
let 1 € A C K be a unital x-subalgebra, and let D : A — L be a closable derivation with respect
to the A-bimodule structure on L defined by 1, p2. The closure D is then a derivation, and the
domain of definition ® (D) is a subalgebra. Moreover, if a € A is invertible in K, then a=* € ®(D)
and

D (a™') = =1 (a7) D(a)ps (a_l) .
O
Proposition 8.4.8. Let 1 € B C M be a W*-subalgebra, and X € M a self-adjoint operator which

is algebraically free with B. Suppose that | # (X : B)|2 < oco. If R > [|X|, then f(X) € D(0x.B)
for any f € By x(t). Furthermore, if f € B (t) and Ox.p(f(X)) =0, then f(X) € B.

Proof. The first part is clear from the definition of || || . Suppose then that f € By x(t) and
Ox.8(f(X)) =0. Let f, € B(X) such that f, — f in || % x- Then
Jim Ox.p(fn(X)) = Ox:8(f(X)) =0,

the limit holding in the projective tensor product norm || H&)' Since (Ox.p ® id) is closable, it
follows that

) (2) A
Jim (0% (fn (X)) = 0.
Tterating, we have
Jim 19Xy = 0
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forallp > 1. Let Y = Y* € M with ||[Y]| < R. Since f, — fin || |3 x, it follows that || f, |7 x < C
for some constant C'. Given € > 0, find P such that

(vl

—(IYI/R) =€

Then find N such that n > N implies

Z 10L )5 (Fa Oy IV [P < c.

p_

We then have for n > N,

120X +Y) = FulX) | = [ 2010 YI(0L (1 (X)) |

p>1

pP-1
< S IV IPIOL S (Fa Dy + D [V IIPCRP

p=1 p>P
< 2e.

It follows that
FX4+Y) = f(X) = I fo(X +Y) — f(X) =0,

Applying this to Y = —X we have f(X) = f(0), and since clearly f(0) € B this completes the
proof. O

8.4.9. We recall the following from [54]. If A is a unital C*-algebra, the upper half-plane of A is
defined as Hy (A) = {T'€ A:Im T > el for some € > 0}. Similarly, the lower half-plane of A is
defined as H_(A) = {T'€ A:Im A < —el for some ¢ > 0}. If T € H(A), then T is invertible and

1T < e Im(T~Y) < — (e 4+ € Y|TY?)
in particular T-! € H_(A).

Proposition 8.4.10. Let 1 € B C M be a W*-subalgebra, and suppose that X = X* € M and that
p € M is a projection which is B-free with X and such that p is independent from B with respect
to 7. Let a denote 7(p) and put X, = a~'pXp. Assume that || #(X : B)||2 < co. Then there is
an analytic function F : Hy(B) — H4(B) such that

a ' Epxy(bp — Xp) T = (F(b) — X) 7!
for b e Hy(B).

Proof. Since | # (X : B)|2 < 00, also |_# (X}, : Bp)|2 < oo by Corollary 8.3.12. So dx.p and 9x,.5p
are both closable in the uniform norm. We have ¥(D(9x,:5p)) C D(dx:5) and

(¥ ® W) odx,:Bp = Ix:50 V|gyx
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For b € Hy(B), we have (bp — X,,) ™' € D(0x,:8p) by Proposition 8.4.7, and
5Xp:Bp(bp - Xp)il = (bp - Xp)il X (bp - Xp)il
by Proposition 8.2.1. Let v = ¥((bp — X,)~!), then v € D(dx.p5) and

Ox.p(7) =7®7.

Moreover, since ¥ is positive we have v € H_ (M) and so v is invertible. It follows from Proposition
8.2.1 that v = (n — X)~! for some n € ker dx.p. Since v € H_(M) we have n € H, (M).

It is clear that n depends analytically on b, it remains to show that n € B. By analytic
continuation, it suffices to show this for b in an open subset of Hy (B).

Choose R > (1+ || X||) and p > 4R, and put

Q={be Bllip—b| <1} C H,(B).

If b € Q, then
(bp — Xp) ™" = (ip(p —T)) Sy

m>0

where I' = (ip) ~L(ipp — bp + X,).
Since dxp:p(I) = (ip) " 'p @ p, it follows that

Rt = > ()T eI e eI
MY, Mg
m1+-~~1+ms+1+:1m—s

Since ||T'|| < 1/4 we have
(s) —sg—(m—s) (T
o585, ey < 7o ()

if m > s, while if m < s then aﬁz:Bme =0.
Choose P, € B(t) with P, (X) = ¥(I'). Then

O (Pn) = WD) T,

SO
o8 Pl < 7070 ()

if m > s and is zero if m < s. Therefore
= m
Pl < (/a0 () = (4 (R <2
s=0
It follows that 3 -, P, converges in BE x(t) to a limit with norm less than 1. Let

P=t+ (ip)<1 +3 Pm>_1 € By x (1),

m2>1
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then we have
n=X+(¥((bp— X)) = P(X).

Since dx.5(n) = 0, by Proposition 8.4.8 we have n € B, which completes the proof. ]

Remark 8.4.11. We can remove the condition on the conjugate variable ¢ (X : B) using the same
method as [54]. We leave the details to the reader, but will give proofs of similar results for freely
Markovian triples and free multiplicative convolutions later in the chapter. We also note that our
argument works equally well for matricial resolvents, for details see [21].

Theorem 8.4.12. Let 1 € B C M be a W*-subalgebra, and suppose that X = X* € M and that
p € M is a projection which is B-free with X and such that p is independent from B with respect to T.
Let o denote T(p) and put X, = o~ 'pXp. Then there is an analytic function F : Hy(B) — H,(B)
such that

a 'Epxy(bp — Xp) 7' = (F(b) — X)™!

for b e Hy(B). O

8.5 Regularization via unitary conjugation

Our aim in this section is to show that if 1 € A, B C M are x-subalgebras, then we can can find
a unitary U arbitrarily close to the identity such that W*(UAU* v B) N W*(A V B) = B, which
will be needed in the next section. In the case B = C, this follows easily from the considerations
in [53]. Here we extend the necessary results from that paper to the B-valued case by using the
B-valued liberation gradient introduced in the previous section.

Remark 8.5.1. The L?norm of the B-valued liberation gradient gives a measure of how far the
algebras A; and Ag are from being B-free. In particular, it is shown in [41] that A; and Ay are
B-free if and only if j(A; : A2; B) = 0. In the case B = C, Voiculescu gave some estimates on the
“distance” between the algebras A; and Az when the liberation gradient j(A; : Ag) is bounded
[53]. We begin by observing that his estimates extend directly to the B-valued case.

Lemma 8.5.2. Let1 € B C M be a W*-subalgebra, and let 1 € A1, Ay C M be x-subalgebras which
contain B, and such that Ay is algebraically free from Ao with amalgamation over B. Suppose that
J(Ay : Ag; B) exists. If m € A; NKer Eg, m' € As NKer Eg then

EB(](Al : AQ;B)mm/) = —EB(j(Al : AQ;B)m'm) = —EB(mm’)

and
Ep(j(Ay : Ag; B)[m,m']) = —2Eg(mm’).

In particular,
7(5(Ay : Ag; B)[m,m']) = —27(mm’).
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Proposition 8.5.3. Suppose that ||j(A; : A2; B)|| < oco. If m € A1 NKer Eg, m' € Ay NKer Ep

then A A B
()] < — A A BN,
(L4 [3(Ar = A2: B)[[2)
Equivalently,
”(EA1 _ EB)(EA2 _ EB)” < H](Al : A2;B)H2 73
(1+15(A1 = A2; B)[]?)
Proof. Identical to [53, Proposition 7.2]. O

Remark 8.5.4. We now turn to the existence of the B-valued liberation gradient j(A; : Ag; B)
after conjugating by a unitary in M which commutes with B. As observed in the scalar case by
Voiculescu, the key is the relation between § and d.

Proposition 8.5.5. Let 1 € B C M be a W*-subalgebra, and 1 € A C M a *-subalgebra which
contains B. If U is a unitary in M which commutes with B and is algebraically free from A with
amalgamation over B, then

du:a:Blavuau = —0UAU*:A;B-

Proof. We have

dU:A;B (CLlUClQU* tee a2k_1UCL2kU*) = Z (aangU* T A2p—1 X Uang* e azk_angkU*
1<p<k

— a1 UaU*--- agp_anng* K a2p+1 - azkfangkU*)
= —dpav=a;B (a1UaU" - - agp_1Uag,U™) .

Corollary 8.5.6. If (U : A; B) exists, then so does j(UAU* : A; B) and
JWUAU* : A;B) = —Eavuav-(E(U : A; B)).
O

Proposition 8.5.7. Let 1 € B C M be a W*-subalgebra, and suppose that U € M is a unitary
such that C[U, U*] is independent from B. Then if £(U : C;C) ewists, so does £&(U : B; B) and

&WU : B;B)=¢(U : C;C).
Proof. Since U commutes with B, we just need to check that

Ep({(U:C,C)U") = (Ep ®p Ep)(dy.p,5(U"))
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for all n € Z. If n > 0, then by independence we have

Ep(§(U C;C)U”) €U :GCun)

7 &c 7) (dvce(U"))
1

I
\]

—~

3
|

T(Uk)T(Un_k)

I
(]

i
- o

ZEB Un k)
k=
(E ®p Ep) (du.B,5(U")).

The case n < 0 is similar.
O

Proposition 8.5.8. Let 1 € B C M be a W*-algebra, 1 € A C M a *-subalgebra containing B,
and U € M a unitary such that A is B-free from B(U,U*) in (M,Eg). If {(U : B; B) exists, then
so does £E(U : A; B) and

EU:A;B)=¢U: B;B).

Proof. Apply Lemma 8.3.5 with D, A, By, B, C replaced by dy.a.5, B(U,U*), B, B, A to find
(Ep ®p EB) odu.p;B © Epwu+|awu+ = (Ep ®p EB) o du.a;B-
Now for m € A(U,U*), we have
B (&(U : B; B)ym) = Ep (§(U : B; B)Eg,uy+)(m))

= (Ep @B Ep) dy.p: (Epw,u+(m))
= (EB ®B EB) dU:A;B(m)'

O]

Proposition 8.5.9. Let S be a (0,1)-semicircular random variable in (M, 7). Fiz 0 < e < 1, and
let Ue = exp(mieS). Then (U : C;C) exists, and

€2—¢
I€(U, : C;C) —i(2n%e) 18| < iz

In particular, £(Ue : C;C) € W*(U,).

Proof. The distribution of U, with respect to 7 has density

- 4
p (610> = X[*ﬂﬁ,ﬂ'é]@ \% e — 92/7T2
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with respect to the normalized Lebesgue measure on T. By [53, Proposition 8.7], £(Ue : C; C) exists,
and is given by i(Hp)(U), where Hp is the circular Hilbert transform of p, i.e. Hp is the a.e. limit
of Hsp as § — 0, where

(Hsp) (ewl) = —% 6<‘0‘<7rp (ei(61_9)> cot (g) dé.

For x # 0, we have the expansion ([65])

1 x [ 1 1
—cot (=) == -
2CO <2> x+zlx+27m 2mn

It follows that for 0 < |0] < 27e, we have
1 0 1 6]
Zeot[ 2 ) = 2| < N bl B
‘260 <2) 9‘ _;\9+2n7r|2n7r

1 1 1 1
<@2re) | ———— ¢+ — .
< (2me) 27(1 — €)2m + 2 7;2 2r(n—1) 2mn

_ €(2—¢)
27r(1 —€)’

Hence if |01| < e, then

p (01=9)

- 1 €(2—¢)
H, i1 — —df| < —
|< 6p) (6 ) + s ~/5<|9§7r 0 - 271'(]_ — 6)’

since p(exp(i(61 — 60))) = 0 if |#| > 2mwe. But

1 i(01-0)
1 / p ()
T Jo<|o|<n 0

converges as § — 0 to the Hilbert transform of the semicircular law of radius me evaluated at 6.
By the results in [52, Section 3], this is equal to 01 /(273€2). So for 0| < e, we have

' 0 €(2—¢)
191 _ 1 <
‘(Hp) (e ) 2m3e2| ~ 2m(1 —€)’
It follows that (20
o 2 \—1 e—¢
: G — < .
€. : €: ) —i(er*) 'Sl < 5o
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Corollary 8.5.10. Let 1 € B C M be a W*-subalgebra, 1 € A C M a *-subalgebra containing B,
and S a (0, 1)-semicircular element in (M, T) which is independent from B and B-freely independent
from A. Then for 0 < e <1, we have

W*(AV B) N W*(U.AU* V B) = B,
where U, = exp(mieS).
Proof. By Propositions 8.5.7 and 8.5.8, £(U. : A; B) exists and
§(Ue = A;B) = §(Ue = B; B) = £(Ue : C; C).
Applying Corollary 8.5.6, we see that j(U, AU : A; B) exists and
JUAU} : A; B) = —Eavu.avr [§(Ue : C;C)].

By Proposition 8.5.9, £(U. : C;C) is bounded and so j(U.AU? : A; B) is as well. The result then
follows from Proposition 8.5.3. O

8.6 Analytic subordination for freely Markovian triples

In this section we use the derivation d4.p to prove the analytic subordination result for a freely
Markovian triple (A, B, ). The main difficulty is in showing that certain “smooth” elements in
the kernel of the closure of § 4.5 actually lie in B.

8.6.1. Let 1 € A, B C M be x-subalgebras which are algebraically free. Let A x B denote the
x-algebra free product of A and B (with amalgamation over C). Given an invertible S € M, there
is a unique *-homomorphism pg : A * B — M determined by

ps(a) = Sas™", (a € A),
ps(b)=b,  (beB).

We will denote by p the isomorphism of A * B onto AV B.
8.6.2. For p > 0, define (51(5)3 : AV B — (AV B)®?®tD recursively by 554)]5; =id4yp and

sPtY = (648 ©1d®P) 0 60y,

Given 0 < R < 1, define || |3 on A * B by

1£1% = S 16501 er) B

p>0
where || HE\S ) denotes the norm on the projective tensor product M s

Lemma 8.6.3. || || is a finite norm on Ax B, and if f,g € Ax B then

Ifallz < I fzlgl%
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Proof. The proof of || fg||z < ||f||zllgll% is the same as Lemma 8.4.3. Since || || is easily seen to
be finite when restricted to A and to B, it follows that || ||% is a finite norm on A * B. O

Let A g B denote the Banach algebra obtained by completing A * B under || ||%. It is
clear that p extends to a contractive homomorphism p: A xg B — C*(AV B), note however that
p need not be injective.

The main analytic tool we have for studying d4.p is its relation to p1_n), m € M,
Imll < 1.

Proposition 8.6.4. If f € Ax B and m € M, |m|| <1, then
pa-my(F) = D Oplm....m] (50((£)))
p>0

where the series converges absolutely in the uniform norm on M. In particular, p(1_y) extends to
a contractive homomorphism p(_p) : A *r B— M.

Proof. First we will check that the series converges absolutely. Indeed, we have
S U6l ] (58000 1< S Il 10D (oD 1) = 1o
p>0 p>0

which is finite by 8.6.2.

Now let ¢(f) denote the right hand side, it suffices to show that ¢ is a homomorphism
from A x B into M which agrees with p(;_,,) when restricted to A or B. The proof that ¢ is a
homomorphism is the same as Proposition 8.4.5. Clearly ¢(b) = b = p(1_y,)(b). For a € A, we have

Ze <a®1®p—1®a®1®(p 1))
>0

= Z(amp — mampfl)

p>0

- m)aZmp

p>0
=(1-m)a(l—m)!
= P(1—m)(@).
Now if ||m|| < R < 1, then we have
1o —m) (DI < Ny < WS 1R

so that p(;_,,) extends by continuity to a contractive homomorphism p_, : A *r B — M. O

8.6.5. Voiculescu has shown [53] that the existence of j(A : B) in L2 (W*(A V B)) is a sufficient
condition for the closability of § 4.5, viewed as an unbounded operator

6a.p: L*(W*(AV B)) — L*(W*(AV B) @ W*(AV B)).

In particular, |j(A : B)|2 < oo implies that 4.5 is closable in the uniform norm, we will denote
this closure by d4.5.
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Proposition 8.6.6. Let 1 € B C M be a W*-subalgebra, and 1 € A C M a *-subalgebra such
that A and B are algebraically free. Suppose also thatf|j(A : B)lag < 00. If 0 < R < 1, then
p(A%r B) C ©(0a:.p). Furthermore, if f € A%r B and 04.5(p(f)) =0, then p(f) € B.

Proof. Tt is clear from the definition of the norm || || that p maps A %g B into D(d.5). Suppose
then that f € A % B, and d4.5(p(f)) = 0. Let f, € A% B s.t. f, — f in A %g B. Combining
Proposition 8.6.4 with the argument given in Proposition 8.4.8, we have

p-m) () = p(f) = Tm p_m)(fn) = p(fn)
= lim Y Oplm,...,m] (5T p(p(fa)

p>1
= 07

for any m € M with ||m| < R.

Now let S be a (0, 1)-semicircular element in M which is independent from B and B-freely
independent from A. Take ¢ > 0 sufficiently small so that ||U. — 1|| < R, where Ue = exp(imeS5).
Then py. (f) = p(f), in particular p(f) € C*(AV B) N C*(U.AU? v B). By Corollary 8.5.10, we
have p(f) € B. O

Proposition 8.6.7. Let 1 € B C M be a W*-subalgebra, and let 1 € A,C C M be x-subalgebras.
Assume A and C are B-free in (M, EpR). Suppose also that |j(A : B)la < co. Then there is a
holomorphic function F : Hy(A) x Hy(C) — B such that

Eavpla+¢)™' = (a+ F(a,c)™

fora e Hy(A), c € Hy(C).

Proof. Let a € H, (A), c € H,(C), and let a = (a +¢)~'. By Proposition 8.3.14, [j(A : BV O)[2 <
00, 80 04.p and d 4.pyvc are closable in norm. By Proposition 8.4.7, « € ®(d4.pvc). By Proposition
8.2.1,

dapla)=—ala®1—-1®a)a.

It follows from Proposition 8.3.13 that v = Eg(a) € ®(d4.5) and
da(7) =—v(@®1-1®a)y.

Since o € H_(M), it follows that also v € H_ (M), in particular v is invertible. By Proposition
8.2.1, v = (a+n)~! for some n € Kerd 4.5.

Setting F'(a,c) = n, it is clear that F'(a,c) depends analytically on (a,c), it remains only
to show that F(a,c) € B. Fix a € H;(A) and denote F,(c) = F(a,c) for ¢ € H(C). Since
F, : Hi(C) — M is holomorphic, it suffices to show that F,(c) € B for ¢ in some open subset of
H(C).

Fix 0 < R < 1 and choose x sufficiently large so that 2||al/(1 — R)"'2=! < 1/2. Let

Q= {c e H(O):[le — izl <lall}.
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Given ¢ € (), we have

(a+e)”t = ((ix)(1-T) " = (ix)~' Y _T",

k>0
where I' = (iz) 1 (ix — a — ¢). Note that ||T'|| < 2|ja||z~!. For p > 1 we have
5E£)Bvc(r) = (iz)~! (1 Ra® 12D _ 4 1®p> )

so that
16D e (D151 < 2lallz™.

Letting P € A x B such that p(P) =T, it follows that f € Axg (B V C) and
1Pl avp(vey < 2llallz™ (1 = R~ < 1/2.
Since A xg (B V C) is a Banach algebra, we have
IP¥)| A (Bvey < 27F
for k > 1. Let f;, € A * B be such that p(fx) = E4vp(I'*), by Proposition 8.3.13 we have
Ifill7 <27

for k > 1. Tt follows that ) ;- fx converges in A *p B to a limit f with [[f||3 < 1. Let
g=(iz)"'(1+ f)"' —a € A%g B, then

Fa(c) = ﬁ(f)7
so that 64.5(p(f)) = d4.5(Fu(c)) = 0. By Proposition 8.6.6, F,(c) € B.

We may now remove the condition on the liberation gradient.

Theorem 8.6.8. Let 1 € B C M be a W*-subalgebra, and let 1 € A,C C M be x-subalgebras.
Assume A and C are B-free in (M,Eg). Then there is a holomorphic function F : Hi(A) x
Hy(C) — B such that

Eavpla+c¢)™t = (a+ F(a,c))!

fora e Hy(A), c€ Hy(C).
Proof. Let a € Hy(A),c € Hy(C), and set
F(a,0) = (Ean(a+0)") " ~a,

we must show that F'(a,c) € B. Clearly F(a,c) depends analytically on (a,c), hence it suffices to
show that F'(a,c) € B for (a,c) in some open subset of Hy (A) x H(C). Let

Q= {(a,¢) € Hy(A) x H (C) : la — ]| < 1/2, [le - Ki]| < 1/2},
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where K > 0.

Now let S be a (0, 1)-semicircular element in M which is freely independent from AV BVC.
For 0 < € < 1 let Ue = exp(imeS). By Proposition 8.5.9, |£(Ue : C)|2 < co. Hence by Proposition
8.5.6, |j(ULAU? : B)|a < oc.

So fix (a,c) € €2, by the proposition there are b, € B for 0 < € < 1 such that

EUeAUE*VB(UeaUe* + C)_l = (a + be)_l.

Now since (a,c) € 2, we have

|UcaU? +¢|| < K +2 Im(UeaU? +¢) > K.
It follows from 8.4.9 that
|(UeaU? +¢)7Y| < K1 Im(U.aUF +C) ' < —(K + (K +2)%/K)~ L.
Therefore
|(UeaUF + b)Y < K1 Im(UcaUF + b))t < —(K + (K +2)?/K)~L.

Applying 8.4.9 once more, we see

K+2)2
K2 (K+2)%°
St w2

-1

Im(UeaU; +be) > ((K + (K +2)%/K)™ + (K + (K +2)?/K)K?)

For K sufficiently large, this is greater than 2, from which it follows that Im(b.) > 1/2 for 0 < e < 1.
In this case, it follows from 8.4.9 that

[(a+b0)~ M| < C,
for some finite constant C' which does not depend on €. Hence

lim [|(Ueal¢ +be) ™" = (a+be) | =0,

and therefore
lim || (a + ) ™! = Eavs(Uealy +b) 7' = 0.

An application of [53, Lemma 3.3] shows that AV B, C and S are B-free, and another
application shows that AV B, U AU} vV B, U, AU V B Vv C is a freely Markovian triple. By [53,
Lemma 3.7], we have

EavpEy avsvBEUu AvsvBve = EavEu. AusvBvC-
We therefore have
Eavpla+c)™' = lim By p(Ueale + o)~
= lim Eavp Ev, avzvp(Ueal; + )™
= lim By p(UealU¢ + be)~t

= lim(a + b.) L.
e—0
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It follows that b, converges as € — 0 to
F(a,c) = (Eavpla+ c)*l)f1 —a,

hence F'(a,c) € B which completes the proof. O

8.7 Analytic subordination for free multiplicative convolution

In this section we use the derivation dy.p to prove the analytic subordination result for multipli-
cation of B-freely independent unitaries, where B is a general W*-algebra of constants.

8.7.1. Fix a unitary U € M which is algebraically free from B. Define d(Up:)B . B(U,U*) —
(B(U,U*))®®+1) recursively by dg):)B =id,

AP = (dy.p ©1d®P) o dP).

Define a norm || || ;; on B(t) by

wo =Y NP FON0)

p=>0

/1

where || Hf\s ) denotes the projective tensor product norm on M ®s

Lemma 8.7.2. || || is a finite norm on B(t), and if f,g € B(t) then

If9llze < IR ullgllzo-

The proof is the same as the argument for dx.p.

8.7.3. Let Bf;{t} denote the completion of B(t) under || |- The map sending f € B(t) to
f(U) extends to a contractive homomorphism from Bf;; into M, which we will still denote by

f= ).
Remark 8.7.4. Similarly to 0,0, dy.p is related to the homomorphism f +— f((1+m)U), f € B(t),
where m € M is fixed.

Proposition 8.7.5. Fix m € M, then for f € B(t) we have

F(@+mU) =3 0lm, ....m] (4P (F©)))

p=>0

In particular, if |m|| < R then f — f((1+ m)U) extends to a contractive homomorphism from
Bruy{t} into M, which we will also denote by f — f((1+m)U).
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Proof. First observe that the right hand side has only finitely many nonzero terms, so convergence
is not an issue. Let ¢(f) denote the right hand side. Repeating the argument from Proposition
8.4.5, we see that ¢ is a homomorphism from B(t) into M. Since ¢(b) = b for b € B, and

p(t) = (1 +m)U,

it follows that ¢(f) = f((1 +m)U) as claimed. For f € B(t) and ||m| < R, we then have

LA+ m)0) | < D16l o] (A F(0)) |
p>0
< mlP I s £ O]y
p=20
< [1f 10
So f— f((1+m)U) extends to a contractive homomorphism on Bf ;;{t} as claimed. O

8.7.6. Recall that £(U : B) is determined by &£(U : B) € LY(W*(B(U,U*))) and
7(&WU :B)m) = (r®@7) (dy.p(m)) me B(U,U").

Voiculescu has proved that the existence of (U : B) € L*(B(U,U*)) is a sufficient condition for
the closability of di.p when viewed as an unbounded operator

dy.p : LX(W*(B(U,U*))) — LA(W*(B(U,U*)) @ W*(B(U,U*))).

In particular, [£(U : B)|2 < oo implies that dy.p is closable in the uniform norm, we will denote
this closure by dy.p.

Proposition 8.7.7. Suppose that |£(U : B)|a < oco. If f € Bru{t}, then f(U) € D(dy.p).
Furthermore, if R > 2 and if dy.g(f(U)) =1® f(U), then f(U) = Ub for some b € B.

Proof. The first statement is clear, so let f € Bf ;(t) and take f, € B(t) with f, — fin || |3 ;-
Combining Proposition 8.7.5 with the argument in Proposition 8.4.8, we have

F(+m)U) = (1 +m)f(U) = Tim fu((1+m)U) = (1+m) fu(0)
= lim Y Oym,...,m) (@5 (£a(0)))

p>2

for any m € M with ||m| < R.
If R > 2, we can apply this to m = U* — 1 to find

f(1) =U"f(U).

Since f(1) € B, the result follows. O
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We will also use the following technical lemma from [55]:

Lemma 8.7.8. If x € A, where A is a unital C*-algebra, the following are equivalent:

(i) [l=] < 1.
(ii) 1 — x is invertible and 2Re(1 — x)~1 > (1 4+ €) for some € > 0.

Proposition 8.7.9. Let 1 € B C M be a W*-subalgebra, and let U,V € M be unitaries such that
B(U,U*) is B-freely independent from B(V,V*) in (M, Eg). Suppose also that |{(U : B)|2 < oc.
Then there is a holomorphic map F : D(B) — D(B) such that

EpuusUVb(1—=UVb) ™' =UF(b)(1 - UF(b))"
and ||[F(D)]| < b for b € D(B).

Proof. Since [{(U : B)l2 < oo, also [{(UV : B)|z < oo by 8.3.16. So dy.p and dyy.p are both
closable in the uniform norm. Let b € D(B), and set « = UVb(1 — UVb)~!. Then a € D(dyv.B)
by Proposition 8.4.7, and by Proposition 8.2.1 we have

dyvpla) =(a+1)®a

It follows from Corollary 8.3.15 that v = Epu+(a) € D(dy.p), and

dus(y)=(v+1)®7.

Now
Y + 1= EB<U,U*>(]' — UVb)il,

so to show that v+ 1 is invertible, it suffices to show that 0 is not in the convex hull of the spectrum
of (1 -UVb)~L Let z € C, then

(1-UVb) ™ —2=(1—2+20Vb)(1 -UVb)!

is invertible if |z|||b|| < |1 —z|, in particular if Re(z) < 1/2. So y+1 is invertible, and by Proposition
8.2.1 we have v = Un(1 — Un)~! for some n € Ker dy.p such that 1 — Un is invertible.
It is clear that n depends analytically on b, it remains to show that n € D(B), and that
In|] < ||b]]. First we claim that ||n|| < 1. Since U is unitary, it suffices to show that |Un|| < 1. By
Lemma 8.7.8, it suffices to show that 1 — Un is invertible, and 2Re(1 — Un)~! > (1 + €) for some
€ > 0. But we have
(1-Un)'=y+1=Epgyy~(1-UVb),

and since ||[UVb|| < 1, applying Lemma 8.7.8 again shows that 2Re(1 — UVb)~! > (1 +¢) for some
e > 0. So ||b]] < 1, and it then follows from analyticity that in fact ||[F(b)|| < ||b]|. Indeed, let
b € D(B), and let ¢ a bounded linear functional on M, then z — (F(z(b/]|b]|))) is an analytic
function D(C) — D(C). By Schwarz’s lemma, [1)(F'(2(b/]|b]])))| < |z| for z € D(C). Taking z = |||,
we have |¢(F(b))| < ||b||, since ® is arbitrary we have || F'(b)|| < ||b].
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Finally we claim that F'(b) € B for b € D(B). By analytic continuation, it suffices to show
this for ||b|| sufficiently small. Let R > 2, 0 < e < 1/2 and let b € B, ||b||(1 + R) < e. We have

UVb(1—UVb) ™ =) (UVDb)"

n>1
Now
Uvb p=0
dP UV = 10UVh p=1.
0 p>2
In particular, setting f = tb € B(t) we have
170y <€

It follows that
1" R0y <€

Now since U and V are B-free, it follows that
EB(U,U*) (UVb)n S B<U>,

so let P, € B(t) be such that
Pn(U) = EB(U,U*) (UVb)n

By Corollary 8.3.15,
AP Pu(U) = (Epu)* P 0dd), 5 (UVD)".

In particular,

1Pllzo < 1" Ry <€
So >_,>1 Pn converges in By ;{t} to some limit & with [|A[| < 1. It follows that 1+ h is invertible
in By ;{t}, and
UF(b) = g(U),
where g = 1 — (1+h)~L. But g € By y{t} and dy.(g(U)) = 1® g(U), so by Proposition 8.7.7,
g(U) = Ub for some b € B. Since U is invertible, we have F'(B) = b € B, which completes the

proof.
O

We may now remove the condition on the conjugate £(U : B).

Theorem 8.7.10. Let 1 € B C M be a W*-subalgebra, and let U,V € M be unitaries such that
B(U,U*) is B-freely independent from B(V,V*) in (M,Epg). Then there is a holomorphic map
F :D(B) — D(B) such that

Epwu-UVb(1—UVb) ™' =UF(b)(1 - UF(b))™"

and ||F(b)|| < b for b e D(B).



CHAPTER 8. ANALYTIC SUBORDINATION RESULTS IN FREE PROBABILITY 140

Proof. Let S be a (0, 1)-semicircular element in (M, 7) which is freely independent from the al-
gebra B(U,V,U*,V*). Applying [53, Lemma 3.3] twice, we see that B(U,U*), B(U.U,U*U}),
B(UUV,V*U*U,) is a freely Markovian triple, where U, = exp(mieS). By [53, Lemma 3.4], we
have

EpwuEpwuvunEpuauvy-uus = Epuuy Epwuvvu-us)-

Now B(U.U,U*U¥) and B(V,V*) are B-free, and |{(UU : B)|2 < oo by Corollary 8.5.9. So given
b € D, we may apply the proposition to find n. € B, 0 < € < 1, such that ||n.|| < || and

Epw.vu-vsUUVH(1 = UUVD) ™ = UlUnc(1 - UUnc)~".
It follows that
EpwusUUVb(1 —UUV) ™" = EgryUUne(l — UUne) ™"
Now since U.UVb tends to UVb as € — 0, and (1 — UVb)~! is invertible, it follows that
lim UUVb(1 — UUVh) ! = lim (1 - UUvVh) -1

=(1-UVb)™t -1
=UVb(1-UVD),

with convergence in norm. Since ||n¢|| < ||b|| < 1 for 0 < e < 1, it follows that

lim [|{UUne(1 = UeUne) ™ = Une(1 = Ung) ™| = 0.

Hence,
Epuu-UVb(1—UVb) ™! = Jim Ep - UUVH(L — UUVb)~!
= lim EpUcdlne(l - UUne) ™!
= lim Unc(1—Uno) L.

n—oo

By the argument in the previous proposition, £ B<U’U*>(1 — UVb)~! is invertible, so that

lim 1 — Un, = (Ep-)(1—UVb) ™).

e—0

From this it follows that n. converges to a limit n € B, such that ||n|| < ||b]| and
EpuusUVb(1—UVb) ™' =Un(1—Un)"".

Since the analytic dependence is clear, this completes the proof.
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