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Abstr11ct - Motivated by the need for new means 
for specification and determination of 3-D fields 
that are produced by electromagnetic lens 
elements Ia the region Interior to coil wladl~gs 
and seeking to · obtain techniques that will be 
coavealent for accurate conductor placement and 
dyaamlcal study or ·particle motion, we have 
generalized the representation or a 2-D magnetic 
field to 3-D. We have shown that · the 3-D 
magaetlc field components or a multlpole magnet 
ln the curl-fr~ divergence-free ~egl~n aear the 
axls r=O · can be derived from one dimensional 
functions An (z) and their derlntlves. 

L INTRODucnON 

The performance quality of beam-transport lines and of 
particle accelerators is basically dependent upon. the 
clwacteristics of ~e magnetic fields that normally are 

employed. to guide and focus die beam. We piopose llerC a 
form that expresses a .general 3-D magnetic fJCld and hope 
tbat the proposed form will prove to constitute an efficient 
means for transferring field information· and will prove 
c:Onveoicnt for future dynamical (X)DlJlU;tatioos. We shall also 
be coocemed in the present note with ~e object of giving 
adequate attention to the influence· of end-winding 
configurations. 
· In the region interior to coil windings of accelerator 

magnets die three spatial component$ of magnet fJClds can be 
expressed in tel:mS of "harmonic components• proportional to 

. functions sin(n9) or cos(n9) of the azimuthal angl~ The r. z 

dependence of any such component can then be expressed in . 
terms of powers of r times functions An(z) and their 
derivatives. For 2-D configurations Bz of rowse is identically 
zero. the derivatives of An(z) vanish. and the harmonic 
romponents of the transverse field then acquire a simple 
proportionality Br.n~rD-lsin(n9). Ba.noc:rD-lcos(n9) [for the 

non-skew configurations]. whereas in a 3-D configuratiOn the 
more complex nature of the field gives rise to additional so­
called "pseudo-multipole" components as judged by additional 
powers of r required in the development of the field. 

Manusaipt received September 20, .1993. This work was supported by the 
Director, Office of Euergy Research, Office of High Euergy aud· Nuclear 
Physics, High Energy Physics Divisiou, U.S. Departmeut·of Energy. under 
Cootract No. DE-AC03-76SF00098. . · 

Computation of the 3-D magnetic field ·arising at a 
seque~ce ·or field points, as a direct result of a specified 
current configuration or coil geometry, can be calculated 
explicitly through use of the Biot-Savart law and from such 
data the coefficients can then be derived for a general 
development of the type indicated above. We indicate. 
discuss. and illustrate two means by which this developmeot 
may be petfmmed. employing in the second of these methods 
computations based on the use of Differential Algebra (DA). 
In thiS report we apply both methods to the •end• ~on of a · 
40mm bore .sse quadiupole; calculating first the field 
harmonics and then reconsuucting the field comparing botb 

· results·with direct Biot-Sawrt·c:alcu1alioo [1]. [2]. 

. U. 3-I> FIElD REPRESENTATION · 

We noce· rhat in the cwi-free divergence-freereiion near the 
axis r=O the field romponents may be expressed as given by 
B =-VV where V is a scalar potential function for which 
v2v=O. The proposed general solution . for the scalar 
potential of the 3-D magnetic field including both "skew" and 
"non-skew" terms of all integer harmonic ~f order. n 
(including D=O) can be written in the form:· 

(-l)k+ln! 2k 
V=- I,r0 I, r 

n=O k=O 2ltk!(n + k)! 

[A ~k) (z)~n n~-A~2k) (z)cos n9] (1) 

(the negative sign in front of the •stew• renn complies with· 
the right band rule).· 

The ma~ field can be derived aoc:ordingly as: 

Br=-a; =~[8mrn-1 sinn9-g~r~1 oosna] . 

Be=-: V = ~[genrn-l cosn9+ g80rn-l sin no] . (2) 

Bz =-a;_= ~[gznr0 sinn9-gznr0 cosne] 

where the g's are general functions of rand z that include the 
appropriate "non-skew" and "skew" tenDS A.n(z) and An(z). 
In order that rpe series satisfy the differential equation we 

express the coefficienf:S·&m. &en. gzn as general functions of 
.rand z as shown below for the "non-skew .. series: 

·.· 



( ) ""'< l)k+l n!(n+2k) A(2k)( ) 2k g r,z = ,L, - z r 
m k=O 22~k!(n+k)! 0 

· . 

g (r.z)= 2, (-l)k+l n!n A (2k)(z)r2k {3) 
en k=O z2kk!(n+k)! n 

g (r,z)= L (-l)k+l n! A (2k+l)r2k 
m ~ ~kk~+~! n . 

"- A(lk) th (2k) deri • .th . w&IQ~ 0 are e . vatives wt respect to z. 

For dle "'skew" terms replace A~lk) with A~lk). 

We have computed gro.· gen. gm from which we calculated 
An(z) and derivatives. In genernl the need fot high derivatiyes 
and their relative conttibution to the magnetic field should be 
considered only when field values are needed close to the 
winding. 

The form proposed above in which a 3-D field throughout 
an interi~ regio_n is ·expressed in ~ of the function An(z) 
and its derivatives may appear analogous in spirit to the 
simiJar desaiption of fields with J;Otational symmetry in 
terms of a z-directed fteld (solenoid) ~d its derivatives along 
the synmietry axis. . 

The represen~ Specifsed above for 3-D magnetic fields. · 
written in terms. of functions An(z) and An(z) and their · 
derivatives, will describe a field that formally is both 
divergenc:e free aod cud free pro,vided that the summations are· 
not ttnnc:aled.lf. however, we wish to truncare.these series. 
expressions. we at best can only do so in such a way fllat 
one. but Iiot both. of these conditions is satisfied. lbus. if 
we wish tl;) preserve the divergence condition v B::O (so that 
the consequent dynamical equations for charge4-particle 

. motion can be derived from a Hamiltonian function in whiCh 
~e magnetic field is desaibed by a vector potential), we 
should lake care that the sum over the index k (Equation 3) in 
the series for Bi should terminate at a value of k that is less 
by unity than the tennina,tion value for this index in the 
series for tbe uansvetse field components Brand Be. . 

We have developed two methods for computing the 
functions An(z) and their derivatives and used them to 
calculate the magnetic field anywhere inside the curl-free 
divergence-free region. 

A. A Finite-Difference Method 

The first method is using Biot-Sayart to compute the 
magnetic field from a set of "line current" segments that 
simulate the coil windings. Calculating the magnetic field 
components at several discrete angles on an arc (e.g. at a 50% 
radius of the inner bore) so chosen that a Fourier analysis can 

2 

conveniently be performed and the harmonic components 
evaluated and stored, for successive values. of z. Next these 
components are nwnerically differentiated with respect to z to 
provide A values and their derivatives up through the 6th 
order. · 

We estimate the function of A(Zo) through the use of 
values of gr(zo) and g9(zo) and the values of. gz(Zo±3h), 
gz(z.o±2h). gz(z.o±h) and gz(zo), and we presume ·that a 
Taylor-series development in thiS neighborhood can ignore 
derivatives of order 7 and greater. As shown [2), we can 
obtain values of the odd derivatives A',A"' and AV that 
permit one to evaluate the even derivatives at Zo with similar 
accuracy. Finally to obtain the function A(zo) itself we 
employ a Suitable average of the quantities gr(Zo) and f.e(Zo}. 

The numerical quality.of the As was proven to be of high 
. accuracy especially in the vicini~ of the radius at which the 

Fourier a~ysis was performed. This is not a surprise 
however, but it does restrict somewhat the region of 
intetpOlation. On th.e other hand this method provides the 
means for calculating fields closer to the windings by 

. choosing a proper ·radius. It should be noted that this method 
is independent of which method is use4 in calculating the 
magnetic field and therefore can~ applied to problems with 
irOn. If the iron is allowed to saturaie the As beCome a 
fimction of th~ cwrent and therefore more complicated. 

B. Differentilll Algebra Method . 

It aP~ possible in principle to proceed directly, throUgh 
use of the Differential· Algebra program developed by 

. M. Berz [3], from a formula representing a Biot-Savart 
evaluation of By (Be at 9=o) to evaluation of the functions 
An(k)(z) that may serve to desaibe'the field in the manner 

· shown by Equations (2K3). In particular one may by this 
. means (i) avoid the need to malce an initial preliminary 
Fourier an3lysis of the field components and (Ji) avoid the 
need to approximate various derivatives of functions An(z) 
through use of finite . difference forms applied to field 
components at some non-zero radius. It should be noted that 
when the magnetic field can be expressed in. terms ~f 

analytical functions of z lhe An(z)' s and their derivatives can · 
be computed directly as in the simple case where 
An(z)=oos (~)and the solution is separable and reduces to 
Bessel functions in r. 

The best part of using DA is that higher derivatives can be 
calculated to any desired order (limited by ttuncation errors) 
and a degree of simplification introduced in the fact that a 
Fourier analysis is not needed. The. major drawback is the 
computation time which is dominated by the DA package and 
is slow for the problem .size used here .. In add~tion we had to 

· make several modification to the Biot-Savart formula to 



reduce errors. Nonnalizing each line current to its length was 
proven very effective especially when long segments are 
present ( e.g. a long straight section). 

C. Magnetic Field in the SSC Quad End. 

We have applied the methods previously described to the 
. end region of the 40mm bore sse quadrupole and generated 

the f'ust four allowed harmonic function A2.6.1 0.14 with 
their oorresponding pseudo harmonics. As many as 6 pseudo 
barmonic functions were calculaled using the finite difference 
methOd and as many as 16 such functions were calculaled 
with the DA method with no obvious loss. of numerical 
stability. lbe end region schematically shown in Fig. 1 was 
used in calaJJating ~e A•s; however during computation each 
tum was replaced with a 3 dimensional multistrand cable 
configuration. The result of the A•s are shown in Fig~ 2 for 
the quadrupole, dodecapole and 1.0 pole. The iron contribution 
was ignored in this part in order to make a direct comparison 
between both methods. 

With the A•s computed we have reconstructed the. 3-D field 
components along z at a given r ana 9=45 .us~g Equation 2.. 
Tbe tr.msverse field compOnent Br (Be=0) and Bz are ploued · 
in Fig. 3 for r-::1.0 an. We have also computed the field 
along the same path using the Biot..Savart formula directly 
and compared it with both methods. lbe corresponding 
difference between both methods and Biot-5avart.are plotted 
in Fig. 4. lbe process was repeated at r = 25%. 50%. 75%. 
85% and 95% of the physical bore and the maximum 
difference plotted as a function of the reduced Iadius in Fig. 5. 

~-Iron· 

Fig. I. The two layer coil and iron c:onfi~n in the end region of the 
sse quadrupole magnet. 

3 

2S 30 ·JS 
%(<111) 

~ r_,....----;::;:::;::;;::;:;::~ 

' 4 

2 

·~~--~~~~~ 
~ 

"' "' .. 
-~._-+----~--~ 

•M 

.U20!:---2S~-~,.:---~ 
3S 

ZCcal) 

o.J..---....--........ ----. 

0.1 

41 

' o.J 

0.1 

. ..o.s 

. 4S .__ _ __,_ __ _._ _ ____, 

20 l3 ]0 3S 
Z(cm) 

7]0 

.sao 
2SO 

0 

.uo 

400 

lOCO 

.soo 

0 

400 

•lOCO 

·30 

20 

10 

0 

·10 

..zo 

100 
10 
fO 
40 
20 
0 

.-20 
-40 
-40 ... 

.... 20 

u 

LO 

o.J 

0.0 

4S 

·LO 

s.o 
4.0 
s.o 
u 
t.O 
0.0 

·LO 
.u 
·:S.O 
-4.0 
·S.O 

20 

2S 
Z(CIII) 

30 

, .... 
10 

lO 

Fig. 2.· Harmonics and the firSt three pseudo harmonics associated with 
· Az, A(,. and AlQ. 

JS 

3S 



• 
' ,. 

\ 

·-

... 

uooo 

10000 

-B-S 
-DA 

·1000 

·UOO 

· Ill CONCLUSION 

We have demonstrated a meth<Xl of reducing magnetic field 
calculation of accelerator magnets to a finite set of harmonic 
functions which can subsequently be used to reconstruct the 
field anywhere within the physical bore. The method was 
demonstrated on the end region of~ quadrupole magnet and 
the results compared with direct computation. The quality of 
the results suggests that a truncated series of harmonic 
functions is sufficient to acCurately predict the magnetic field 
components inside the physical bore. We also point out that 
the advantage of the finite difference method is its speed and 

. ability to include iron contributions. TheDA method on the 
•.t:::==,:o;::::::=:::;:.=:=:J,. 4000•':---""":,~-""":»'!::-~-!, : other hand although slower_ seems to give a more accw:ate 

z(ali) Z(aa) prediction of field. 

--· NIIII1Cdc 

Fig. 3. R.adW ud wal field aloog the eod regi<?D (r=l.O c:in. 9=45). 
usiag be two me&hods aDd Biot-Savart. 
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