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ABSTRACT OF THE DISSERTATION

On Kéhler manifolds with certain curvature bounds
By
Yucheng Ji
Doctor of Philosophy in Mathematics
University of California, Irvine, 2019

Professor Zhiqin Lu, Chair

This dissertation discusses the Frankel conjecture and the Kéhler-Ricci flow approach to
it. Frankel conjecture (first proved by Mori and Siu-Yau independently) states that every
compact Kéahler manifold of positive bisectional curvature is biholomorphic to the complex
projective space. On the other hand, the Ricci flow introduced by Hamilton was used by
Bando and Mok to generalize Siu-Yau’s theorem to nonnegative bisectional curvature case.

It’s natural to ask if there is a primarily flow proof of the original Frankel conjecture.

The convergence of Kéhler-Ricci flow on compact manifolds with positive bisectional cur-
vature would imply such a proof, however not yet been completed. The advances closest
to this target might be a series of papers by Phong-Song-Sturm-Weinkove along with the
improvements by Cao-Zhu and Zhang. We are going to survey their works in this thesis, and

also cover some new result proved by the author.

This thesis is organized as follows. In chapter one, we first collect some fundamental facts
of Kahler geometry, and then go over the convergence theory of Kahler-Ricci flow on Fano
manifolds built on stability conditions. In chapter two, we review known results on bisec-
tional curvature, and then relate the curvature to the former stability conditions. Finally

we will state and prove our new result.



Introduction

Frankel conjecture, which states that every compact Kahler manifold of positive bisectional
curvature is biholomorphic to the complex projective space, was first made by T. Frankel [15]
in 1961. The dimension two case was settled by Andreotti-Frankel [15] and dimension three
case by T. Mabuchi [25]. In 1980, Siu-Yau [34] solved Frankel conjecture in full generality,
by using harmonic map from complex projective line into the manifold, and characterization
of the complex projective space obtained earlier by Kobayashi-Ochiai [24]. An independent
proof was given by S. Mori [27] in 1979, where he used algebraic method to prove the

Hartshorne conjecture, which includes Frankel conjecture as its special case.

On the other hand, in 1982, R. Hamilton [20] introduced the Ricci flow as a new powerful
tool in differential geometry. Its version on Kahler manifolds, the Kahler-Ricci flow was used
right afterwards by S. Bando [2] to generalize Siu-Yau’s theorem to nonnegative bisectional
curvature case, in dimension three. The n-dimensional classification was done by N. Mok
[26] combining flow method and Mori’s algebraic method. Later H. Gu [19] simplified Mok’s
arguments. Since all their proofs rely on Kéhler-Ricci flow, it’s natural to ask if there is a

primarily flow proof of the original Frankel conjecture.

The first attempt along this direction is the work of Chen-Tian [11][12]. With first assuming
the Frankel conjecture, they proved that the Kahler-Ricci flow starting from any initial metric

with positive bisectional curvature, would converge to the Fubini-Study metric. Later, G.



Perelman showed the convergence of the the flow with only assuming the existence of a
Kéhler-Einstein metric (detailed proof can be found in [5], chapter 6). In 2009, Chen-Sun-
Tian [10] obtained a proof of Frankel conjecture by using Kéhler-Ricci flow and soliton. They
used induction on dimension, part of Siu-Yau’s idea and some Morse theory. After a couple

of years, He-Sun [22] gave another independent proof through so-called Sasaki-Ricci flow.

However, up to now, the convergence of Kahler-Ricci flow on compact manifolds with positive
bisectional curvature, has not yet been completely proved, without a priori assuming the
Frankel conjecture. The advances closest to this target might be a series of papers by
Phong, Sturm, Song and Weinkove [31][29][30], along with the improvements by Cao-Zhu [8]

and Z. Zhang [36]. We are going to survey their works in this note.

This note is organized as follows. In chapter one, we first collect some fundamental facts
of Kéhler geometry, and then go over the convergence theory of Kahler-Ricci flow on Fano
manifolds built on stability conditions, due to [31][29] and [36]. In chapter two, we review
Mok’s result on bisectional curvature and the improvements by [10][8], and then relate the
curvature to the former stability conditions as in [30]. Some new result by the author is also
included. We try to make the note as self-contained as much, with assuming that the reader
is familiar with Kéhler-Ricci flow at the level of standard textbooks (such as [5], chapter 3
and 5).



Chapter 1

Kahler-Ricci Flow on Fano Manifolds

In this chapter, we first collect the basic definitions and results in Kahler geometry which
will be used later, and then cover the convergence theory of Kahler-Ricci flow developed by
Phong-Song-Sturm-Weinkove [29]. They reduced the convergence to some stability condi-
tions, but we will adapt Z. Zhang’s method [36] on some steps, since his approach seems

more simple and transparent.

.1 Preliminaries

.1.1 Kahler manifolds

Let (X™, g) be a compact complex manifold of complex dimension n with the Hermitian

metric ¢g. In local holomorphic coordinates (2%, - -, 2"), denote its Kéhler form by

V-1

W=

Z gijdzi AdZE > 0.

i,J



By definition, g is Kéhler means that its Kéhler form w is a closed real (1,1)-form, or

equivalently,

Okgi; = Oigr; and  Orgi; = 0,95
forall 4,7,k =1,---n.

The cohomology class [w] represented by w in H*(X,R) is called the Kihler class of metric
gi;;- By the Hodge theory, two Kéhler metrics g;; and g;; belong to the same Kahler class if

and only if g;; = g;; + 0;0;¢, or equivalently,

/o

1 -
Ww=w-+ Taago
for some real-valued smooth function ¢ on X.

The volume of (X, g) is written as

n VA
Vol(X,g):/ “’_‘:/ det(g) Ay (S—=d=* A\ dzh).
x X

Clearly, by Stokes’ theorem, Vol (X, g) = Vol (X, g) if g and g are in the same Kéhler class.

We will just use V' to denote Vol (X, g).

The Christoffel symbols of the metric g;; are given by
I} =g%0ig;; and T% = g"0g,
where (¢7') = (9:5)"". Given any T -tensor v;, its covariant derivatives are defined as

Vv = 0jv; — I*v.  and V;v; = O5v;.

ij



The covariant derivatives of T%!-tensor are just defined as the conjugate of the above.

The curvature tensor of the metric g;; is given by Rijk = =0 g’k, or by lowering j to the

7
second index:

Rii = 955 RS ;= =095 + 9" Ok 9ig079p; -

From the Kahler condition, it’s not hard to see
R = Rz and Ry = R, (1st Bianchi identity)

VpRﬁk[ = VkR* and quzﬁk[ = VZR

iipi (2nd Bianchi identity)

ijkq

The commutation rules of covariant differentiations are as follows:
[Vk, Vj]?]i = O, [V,;, V;]’Uz = 0,

Vi, Vilui = —Rigiv’, [V, Vi]wz = Ry’

We say that (X, g) has positive (holomorphic) bisectional curvature, or positive holomorphic

sectional curvature at a point x € X, if
i gk, R S S -
Ripv'v’ww” >0, or  Rgv'v'vo” >0

respectively, for all nonzero vectors v and w in the holomorphic tangent space T30 X .

The Ricci tensor of the metric g;; is obtained by taking the trace of R,z

Rij = QZkRim = —0,0;log det(g).



It is clear that the Ricei form
. V _1 3 _q
Ric = 5 Z Rdz" N\ dZ’
273

is real and closed. It is well known that the first Chern class ¢;(X) € H*(X,Z) of X is
represented by the Ricci form:

[Ric] = mey (X).

A compact Kéahler manifold is called Fano if its first Chern class is positive, i.e., contains a

positive representative.

Finally, the scalar curvature of the metric g;; is
R=¢"R;.
Hence, the total scalar curvature

wh . wnfl

depends only on the Kéhler class of w and the first Chern class ¢;(X).

From now on, by abusing the notations, we will just write w™ to denote the volume form

w™/nl.

.1.2 Kahler-Einstein metric and Futaki invariant

A Kahler metric g,; is called Kéhler-Einstein if

Rz = Agij

6



for some real number A € R. A classical example is the complex projective space CP" with

Fubini-Study metric gpg:
g5 = 005 log (1+ ) _|z/?)

k=1

which satisfies

Rz = (n+1)g;.

Clearly, if X admits a Kéhler-Einstein metric g, then the first Chern class is necessarily
definite, as

mer (X)) = Awy).

When ¢;(X) = 0 it follows from S.-T. Yau’s solution [35] to the Calabi conjecture that, in
each Kéhler class there exists a unique Calabi-Yau metric (i.e. Ricci-flat metric). Moreover,
when ¢;(X) < 0, T. Aubin [1] and Yau [35] independently proved the existence of a unique

Kéhler-Einstein metric in the class —mey (X).

However, in the Fano case (i.e. ¢;(X) > 0) Kahler-Einstein metric does not always exist.
Among many other ones, in 1983 A. Futaki [16] introduced his famous obstruction, which

now is called Futaki invariant, defined as follows:

Choose any Kéhler metric g with [wy] = mei(X). Then its Kéhler form and its Ricci form
lie in the same cohomology class. Hence, by the Hodge theory, there exists a real-valued

smooth function wu, called the Ricci potential of metric g, such that

Let n(X) denote the space of holomorphic vector fields on X, and W be any element in
n(X). Then the functional F': n(X) — C defined by

F(W) = /X W ()" = /X (W V)"

7



is called the Futaki invariant.

In [16], Futaki proved that F'(W) depends only on the class wci (X ), but not the special choice
of metric g. Obviously, if a Fano manifold X admits a positive Kahler-Einstein metric, then
the Ricci potential v must be constant, and the Futaki invariant F' vanishes. F' has strong
relation to the notion called ‘geometric stability’, which plays a central role in the existence

problem of Kahler-Einstein metric on Fano manifolds, in the general case.

.1.3 (Normalized) Kéahler-Ricci flow

Now assume that we have a compact Fano Kéhler manifold (X™, go) such that [wy, | = m¢1 (X).

The normalized Kahler-Ricci flow is

0

¢ % = —Ri5+ g5, 9(0) = go (.1.1)

or equivalently

%w = —Ric(w) +w, w(0) = wo(= wy,).

From the second equation, the evolution of the Kahler class shows

So the normalized Kéhler-Ricci low preserves the Kahler class, and hence the total volume

of the manifold. H. Cao [6] proved that the solution to this flow exists for all ¢ > 0.

With the metric evolving along the time, the Ricci potential u defined by

R;; + 0;07u = g5 (.1.2)



also evolves along the time. If we normalize u by constraint

1
v/Xe_“w” =1, (.1.3)

then u is well-known to satisfy

0 1
Frae Au+u—a, where a:= v /X ue "w". (.1.4)

Since the solution w; to (.1.1) always lies in the same cohomology class as wy, there exists
smooth real-valued function ¢(¢) on X x [0, 400) such that w; = wy+ @85@5. The evolution

equation of ¢ is

n

0 wy B
§¢ = log w_g + o +u(0), ¢(0)= o (.1.5)

which is equivalent to (.1.1). Compare (.1.1) and (.1.2), we can tell that u and 0;¢ are

identical up to at most a time-dependent constant.

By straightforward computations, we can find that the evolutions of the volume form and

curvatures are as follows:

%w" = (n— R)w"; (.1.6)
0 5
SR = AR+ RGR' — R; (1.7)



0

5Bt = AR; + R R™ — Ry R*; (.1.8)
9 ba b oa ab
aRﬁkzZ =ARis + Rijre + Rijas B 1 + Ripat V3" — Riarg R ;7
1 _ _
) (Ri “Ryjer + R Riarg + By Rijar + RazRijka) . (.1.9)

Note here the Laplacian operator A is defined as %gﬁ(vivj + V;V,).

One of the deepest results in the theory of Kahler-Ricci flow is the following estimate proved
by G. Perelman for a solution of (.1.1) (see [32] or chapter 5 in [5] for a detailed exposition).
The first part is bound for the Ricci potential u = wu(t) defined by (.1.2) and (.1.3) and the

second part is a non-collapsing theorem:

(i) There exists a constant C' depending only on g;;(0) such that
[ullco + [ Vullco + || Rl[co < C. (.1.10)

Note that taking trace of (.1.2) would yield Au=n — R.

(ii) Let p > 0 be given. Then there exists ¢ > 0 depending only on g,;(0) and p such that

for all points x € X, all times ¢t > 0 and all » with 0 < r < p, we have

/ w" > cr?, (.1.11)
Br(x)

where B, (x) is the geodesic ball of radius r centered at x with respect to the metric

10



If the solution g;;(¢) of the normalized Kéhler-Ricci flow (.1.1) converges smoothly to a limit
metric g.,, then we must have lim;_, %(b = 0. Equation (.1.5) tells that the limit metric

satisfies

0= logw#:f+¢oo—l—u(0); (.1.12)
Wo

making 90 acts on both sides of (.1.12), we get

0 = —Ric (weo) + Ric (wp) + g@@%o + gaau(())

= —Ric (wao) + Ric (wp) + woo — wo + wo — Ric (wp)

= —Ric (Weo) + Woo,
which shows that the limit metric must be Kéahler-Einstein:

Ric (Wao) = Weo- (.1.13)

From now on, we will write NKRF as brief notation of normalized Kéhler-Ricci flow, and
K-E metric as brief notation of Kahler-Einstein metric. For convenience, we will also use

repeated indices to represent summations, as well as the upper-lower index summations.

11



.2 Convergence of the Flow

.2.1 The (C’-estimate

In order to get the convergence of NKRF on compact Kéhler manifold (X™, g(t)), the stan-
dard step is to derive the so-called C°-estimates, i.e. uniform C° bounds of the Kahler
potential ¢ and its time derivative 0,¢; then all higher order estimates can be obtained for

free and so is the C'*°-convergence of the flow ([35], [6], and [5], chapter 3 and chapter 6).

The boundness of ||0;¢||co is already included in Perelman’s result (.1.10), so we just need
to figure out ||¢||co. The following proposition, which observes that that the integrability of
|R — nl|co over t € [0,00) implies a uniform bound for ||¢||co, is due to Phong-Song-Sturm-

Weinkove [29]:

Proposition 1.1. Let (X™, g(t)) be a compact Fano Kihler manifold with g(t) as the solution

to NKRF. Assume that the scalar curvature R(t) along the flow satisfies

/OOO IR(t) — nl|codt < oo, (.2.1)

then ||@||co is uniformly bounded along the NKRF.

Proof of Proposition 1.1. Let’s recall the flow equation (.1.5)

0 W™

570 = loa S u(0), 0(0) = o (2.2)

remember that Perelman’s estimate for u implies ||0;¢||co < C.

12



Take derivative

d wi -
— (log =L) = ¢/'0,9;; = —(R — n),
dt wh i

thus for any ¢ € (0, 00),

/Ot(R—n) dt

On the other hand, (.2.2) can be rewritten as

wn
log —’;
Wo

g/ IR = nllodt < oo,
0

n

¢ = —log w_; + 0y — u(0),
Wo

then the uniform bound for ||¢||co follows from the uniform bound for |log (w}'/wy)| and

Perelman’s uniform estimate for ||0;¢||co. O

From Proposition 1.1, we easily see that the exponential decay of ||R(t) — n|/co to 0 would

give us the C%estimate, hence the convergence of the NKRF.

.2.2 A smoothing lemma

The following smoothing lemma is due to Bando [3] and refined in [29], which shows that

the C%norm of u could control the C%-norms of Vu and Au at later time:

Lemma 1.2. There exist positive constants 0 and K depending only on n with the following

property. For any ¢ with 0 < e < 4§ and any tog > 0, if

[ulto)llco < e,

13



then

||VU(t0 + 2)”00 + HR(tQ + 2) — ano S Ke.
The proof consists of some delicate maximum-principle arguments.

Proof of Lemma 1.2. Without loss of generality, we can assume t; = 0 by making a transla-

tion in time. Recall the evolution equation (.1.4) of u:

0 1
au =Au+u—a, where a= V/Xue_“w”.

It is convenient to define a new constant ¢ = ¢(t) for t > 0 by ¢ = a + ¢, ¢(0) = 0; then set

u(t) = —u(t) — c(t). We have [|u(0)||co = ||u(0)]|co < e and @ evolves by

Following [3], we calculate

0

afff = AW? - 2|Val* + 202, (.2.3)
%) _

§|W|2 = A|Val]* — |[VVal]* — |[VVal]? + [Val?, (.2.4)
%) _

5700 = A(AG) + At + |VVa]% (.2.5)

From (.2.3) we have

0

5 (e2(a?)) < A (e7(a?)), (:2.6)

14



which gives ||4(t)||co < e%e for t € [0, 2].

From (.2.4) we have

% (e7?(a® + t|Val)) < A (e ®(@® + ¢|Val*)) whent > 1, (.2.7)

giving ||Vii||co(t) < e%e for t € [1,2].

We shall now prove a lower bound for Au. Set
H=e (Vi —en ™t (t — 1)AQ)

and compute using (.2.4) and (.2.5),

%H = AH — e D (an’lAﬁ +(1+en 't —1)|VVal]* + |vvfay?> .

For t € [1,2], using the inequality (Aa)? < n|VVil|? we obtain

%H < AH+ e~ Dp~ (CAQ) (e + Ad). (2.8)

We claim that H < 2¢%e? for ¢ € [1,2]. Otherwise, at the point (2/,¢) € X x (1,2] when this

inequality first fails we have —Ad > ee. But since (& — A)H > 0 at this point, we also

have € + A4 > 0, which gives a contradiction. Hence at t = 2 we have H < 2¢'e? and
Al > —2ne’e
on X.

15



By considering the quantity

K =e "DV +en 't — 1)A0),

we can similarly prove that Ad < 2ne’e at t = 2. Since Vu = -V, Au= —Att =n — R,

this completes the proof of the lemma. O

Remark 1.3. In the statement of the lemma, (tg + 2) could be replaced by (tg + ¢) for any

positive constant (, at the expense of allowing the constants 0 and K to depend on (.

By combining Lemma 1.2 and Proposition 1.1, we know the exponential decay of ||[u(t)||co

to 0 would be enough to make the NKRF converge.

.2.3 From C'-norm to L?-norm

To further refine the condition for NKRF to converge, the authors of [29] proved the following

proposition, by making use of Perelman’s non-collapsing theorem:

Proposition 1.4. The Ricci potential u(t) and its average a(t) satisfy the following inequal-

ities, where the constant C' depends only on g;5(0):

(i) 0 < —a <|lu—allco;

(ii) [lu— allgs" < C'llu—all:.

Proof of Proposition 1.4. First, as a consequence of Jensen’s inequality and the convexity of

16



exponential function,

1 1
a= V/Xue_“w" < log (V/Xe“e_“w") = 0. (.2.9)

On the other hand, from (.1.3) we know e™* has average 1 with respect to the measure w”,

and thus maxy(u) > 0. Hence —a < maxx(u — a), and (i) is proved.

Next, let A = |lu — aljco = |u — a|(zo). Then |u —a| > 4 on the ball B,(z) of radius

r = W centered at xy. If r < p, where p is some fixed uniform radius in Perelman’s
C

non-collapsing result (.1.11), then

A2 A2 A an
/(u —a)?W" 2/ —w" > c— (—) (.2.10)
X Bo(wo) & 4 \2[[Vullco
and thus
Ju—alZst < CillVullgollu —allz < Cllu—al 2. (:2.11)

On the other hand, if > p, then integrating over the ball B,(x() gives

A? A?
/ (u — a)*w™ > / —w" = — w" (.2.12)
X B 4

p(w0) 4 By (x0)

and hence ||u — al|co < Cy ||u — a|r2, which turns out to be a stronger estimate than (ii). O

With Proposition 1.4 in hand, for the convergence of NKRF to a K-E metric, we just need
to prove that ||u — al|r2 converges exponentially fast to 0 along the flow. The next step is
to relate this target with some ‘stability conditions’. [29] first raised an approach to achieve
this goal, but we adapt the more simplified one by Z. Zhang [36] here. First we shall do

some preparations. The following observation is made in [29] and N. Pali [28]:

17



Lemma 1.5. The time derivative of a(t) equals to

1 1
v/X |Vul?e W™ — v/X(u —a)’e "W (.2.13)

Proof of Lemma 1.5. Compute using (.1.4) and (.1.6):

d 1d .
—a ue W

at vVt )y

1 1
=v /X(Au +u—a)e "W — v /X ue "(Au+u — a)w"
1
+ v /X ue "Auw"
1 1
:V/XAue_“w” - V/Xu(u —a)e "w"

1 1
:v/X|VU|26_“w” - V/X(u —a)?e W,

where in the last line we used the equality

/(Au)e‘“w":/ |Vul2e W™,
X X

O

We also need the following Poincaré-type inequality on Fano manifolds (see for example,

[17], Theorem 2.4.3):

Lemma 1.6. Let u satisfy (.1.2). Then the following inequality

%/XfZG—uwnS%/X|Vf|2€—uwn+(%\/xfe—uwn)2 (214)
holds for all f € C*(X).

18



Proof of Lemma 1.6. The desired inequality is equivalent to the fact that the lowest positive

eigenvalue \ of the following operator
L(f) = —g"'ViVif + ¢"'Viu - Vif = M, (2.15)

with eigenfunction f satisfies A > 1. Note that this operator is self-adjoint with respect to

7 L0 e

and that its kernel consists of constants.

the inner product

Applying V; and using commutation rule for covariant derivatives in the first term gives

—g'ViVVif + R NVf + ¢"ViViu - Vif + ¢V Vi f - Viu = AV, f.

Now integrate with respect to g%V f e “w™ and integrate by parts. In view of the fact that

R,z + 0;0pu = gy,

we obtain
/ |VV f2e w" +/ IV f)?e “w" = )\/ IV f|Pe “w™, (.2.16)
X X X
from which the desired inequality A > 1 follows at once. OJ

We are ready to go over Zhang’s result in next subsection.

19



.2.4 ‘Strong’ Poincaré-type inequality

Z. Zhang [36] used a smart argument to get the convergence of NKRF. His first theorem is

as follows:

Theorem 1.7. Let u(t) and a(t) be defined as in (.1.2) and (.1.4). If along the NKRF,

/X Vul2e "™ > (14 0) /X (1 — @)~ (217)

holds for a uniform constant 6 > 0 independent of t, then ||u — a||z2 converges exponentially

fast to 0; i.e. NKRF converges in the C* sense to a K-E metric.

We need to divide the proof into a couple of lemmas.

For convenience, let’s introduce notations

1 1
— _ N\2,—u, .n 7 — 2 — \2\,—u, n
Y V/X(u a)’e “w", V/X(\Vu| (u—a)?)e "w

at each time ¢.

Lemma 1.8. Along the NKRF we have Z(t) — 0 as t — oc.

Proof of Lemma 1.8. From Perelman’s result (.1.10), u(t) is uniformly bounded for all ¢ > 0,
then so is its average a(t). By Lemma 1.5 and Lemma 1.6, Z(t) = da/dt > 0 for any ¢. Then

observe that

t—o00

/OO Z(t)dt = lim a(t) — a(0) < co.

To show Z(t) — 0, it suffices to prove that dZ/dt is uniformly bounded. Recall the evolution
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equations (.2.3) (.2.4):

%u = Au? — 2|Vu|* + 2u(u — a),

]Vu|2 AlVul? — [VVul|? — [VVul|? + |[Vul|*;

then by direct calculation:

4z = il (|Vul® — (u — a)?)e “w"

dt atV Jy
_ %/X [AIVul? = |VVul? — [VVul? + 3[Vul* — Au — a)?
—2(u—a)® = (|Vu* = (u — a)*)(u — a)] e "w"
_ %/X [ [VVu — [VVuP + 3Vl — 2(u — a)?

H(|Vulf® = (u = a)*)(=Au +|Vul|* —u + a)]e"w"

is uniformly bounded by Perelman’s estimate (.1.10). Note that in the second equality, we

used
0, _ _ -
a(e YW =(-Au—u+a+n—R)e W' = —(u—a)e "w".
U
Lemma 1.9. Assume as in Theorem 1.7, then Y (t) — 0 as t — oo.
Proof of Lemma 1.9. Lemma 1.5 and condition (.2.17) imply
a > _/ u— CL 2 e U™
then use Lemma 1.8. O

21



Again by Perelman’s estimate (.1.10), [[u—al|?. = [y (u—a)’w™ and Y = & [} (u—a)?e  w"
are uniformly equivalent. To get the exponential decay of ||u — al|z2, we just need to prove

the same thing for Y.

Lemma 1.10. Assume as in Theorem 1.7, then there exist positive constants v and B

depending only on g;5(0) and 6 such that

Y(t) < Be ™" Vte0,00).

Proof of Lemma 1.10. By Proposition 1.4 (ii) and Lemma 1.9, |ju — a||co — 0 as t — oc.

Thus,

%Y = %/X[Q(U—a)(Au+u—a_%)_(u_aﬂeuwn

= %/X [2<U — a)|vu|2 — 2|Vu|2 + Q(U _ a)2 . (u _ a)g} —

< 3 [ 2+ 2u—aloo)Val + 2+ = allen)(u = o))"
< ((=2+2[lu = alloo) (L +0) + (2 + [lu — alle0)) Y
< 5-Y

whenever ¢ is large enough. Note here we used the condition (.2.17) in the fourth line. This

suffices to complete the proof of the lemma, as well as Theorem 1.7. ([l

Our next job is to relate the convergence of NKRF with some stability conditions on

Fano manifolds. This idea was first explored by Phong-Sturm [31] and Phong-Song-Sturm-
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Weinkove [29], where they indeed got some nice theorems. Zhang basically recovered and
improved their results by using Theorem 1.7, which is more natural to be connected with

stability conditions. We will finish this part in next section.
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.3 Reduction to Stability Conditions

3.1 Stability conditions

Let’s first introduce the stability conditions we are going to use later. As before, we always

assume (X", ¢g(t)) evolves by NKRF.

One condition is the vanishing of the Futaki invariant, on the certain Kéhler class meq (X):

/W /(W Vu)w"™ =0 (:3.1)

for YW € n(X) and w € mey(X).

Others are lower bounds for some second-order differential operators. Recall the operator in

(.2.15) acting on smooth functions:
L(f) = —¢"'ViVif + ¢ Viu - Vi f; (3.2)

by Lemma 1.6, the lowest positive eigenvalue of L is 1. We will post condition on the second

positive eigenvalue of L, which we denote by v, as in Zhang [36]. Namely,

v(t) > 1+b for a uniform constant b > 0. (.3.3)

This condition is closely related to the lower bounds of second-order differential operators
on the space of smooth sections of T"°X. Introduce as in Phong-Song-Sturm-Weinkove [30]

two inner products on the space of smooth 7T -vector fields on X:

24



Define two operators on the same space:
—§7'ViV5, —¢"'V V5 + ¢7'Vu - V. (.3.4)

It’s clear that the first one is self-adjoint with respect to ( , )¢ and second one to { , ).
Obviously both operators have 0 as their smallest eigenvalue and n(X) as the corresponding
cigenspace. Let pu(t) and fi(t) be the lowest positive (second smallest) eigenvalue of —g/'V,;V;

and —gﬁvi% + ¢V - V; respectively, then we can post the conditions:
wu(t) > ¢ for a uniform constant ¢ > 0, (.3.5)
or

f(t) > ¢ for a uniform constant ¢ > 0. (.3.6)

Now we can summarize all stability conditions we need here:
(A) X has vanished Futaki invariant on me; (X);

(B) v(t) > 1+ b for a uniform constant b > 0;

(C) u(t) > ¢ for a uniform constant ¢ > 0;

(C”) a(t) > ¢ for a uniform constant ¢ > 0.
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.3.2 More on stability conditions

Here we provide four lemmas on these conditions. Denote by my and m, the orthogonal
projections of T -vector fields onto n(X) with respect to ( , )oand { , ),. Let Vu =
Viul, = ¢ 05u - be the complex gradient field of u. The first lemma is observed by
Phong-Sturm [31]:

Lemma 1.11. If condition (A) holds, then mo(Vu) = 0.

Proof of Lemma 1.11. From (.3.1), the vanishing of Futaki invariant means F'(W) = [, (W-
Vu)w™ = 0 for VIV € n(X). Choose W to be my(Vu), then

1
0= / (W V) = (mo(V), Vi = (o(V), 70(Vt) o,
X
which implies mo(Vu) = 0. O

The second lemma is proved by Zhang [36]:

Lemma 1.12. Let Vu = 7m,(Vu) + U be the orthogonal decomposition with respect to
( , Yu. Then

(mu(Vu), m (Vu))o < (U, U)o, (.3.7)

if condition (A) holds.

Proof of Lemma 1.12. Similarly, choosing W to be m,(Vu) yields

0 = (mu(Vu), Vu)o = (m,(Vu), m,(Vu))o + (mu(Vu), U)o,
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then the conclusion follows from the Cauchy-Schwarz inequality:

(T (V), T, (Vu))o = — (1 (Va), U)o < (0, (V) 1 (Va))o'> - (U, Uy

Now we turn to explore the properties of v,  and fi.

We know that 0, having n(X) as its eigenspace, is the smallest eigenvalue of operators
—gﬁvivj and —gﬁV@-V; + ¢'Vu - V;. Then p and ji as the second smallest eigenvalue(s),

can be determined as the largest numbers such that:

/ WS > / WPW™, YW, n(X))e = 0:
X X

/X VW > § /X WPe™ ", Y(W,n(X)), = 0.

We also define oscx(u) := maxy(u) — miny (u), which is bounded for all time ¢ > 0 due to

Perelman’s uniform estimate (.1.10).

The following lemma is due to Phong-Song-Sturm-Weinkove [30] and refined in Zhang [36]:

Lemma 1.13. The eigenvalues jv and i satisfy
e—oscx(u)lu < [L < COSCX(U),LL. (38)

Or in other words, p and ji are uniformly equivalent to each other.

Proof of Lemma 1.13. Let U be a smooth T'%-vector field such that (U,n(X)), = 0 and

27



decompose it with respect to ( , ) as U = W + & with & € n(X) and (W, €)g = 0. Then,
0=(U,&)u=(£&u+ (W&
vields (&, &)y = — (W, £),. Hence,
(U, U) = (U W)y = (W, W)y + (& W)y = (W, W)y = (€, u < (W, W),

Now, since & € n(X),

1 _
V/ |VU’2€—uwn — maxx (u /’VU‘QW —e —maxx (u /|vw|2 n
X
W

Zue maxx (u > >ue oscx (u <W

2 e —oscx (u <U U>
In particular, fi > pe™ X The other inequality follows similarly. 0

Our last lemma is observed also by Zhang [36]:

Lemma 1.14. The eigenvalues v and [i satisfy
v>1+[. (.3.9)

Combined with Lemma 1.13, we have v > 1+ e~ OSCX(“)M.

Proof of Lemma 1.14. Recall the equation (.2.16):

/lﬁf|26_“w"+/ |V f2e ”:)\/ IV f|?e " w™,
X X X

we can see that the eigenfunctions of L with A = 1 are the ones whose complex gradient
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fields being holomorphic. Let ¢ be an eigenfunction of A = v, then (Vi) n(X)), = 0. We

immediately get

-1 [ VuPerr = [ [DivuPete 2 g [ [Tupetan
X X X

Lemma 1.13 and Lemma 1.14 basically tell us that, condition (C) and (C’) are equivalent,

and either of them implies condition (B).

.3.3 Stability and convergence

Now we can prove the following main theorem due to Zhang [36]:

Theorem 1.15. Suppose on (X, g(t)), conditions (A) and (B) hold. Then along the NKRF,

/X |Vul?e ™ w™ > (14 6) /X(u —a)?e wW" (.3.10)

holds for a uniform constant § > 0 depending only on the constant b in condition (B) and

the upper bound of oscx(u). By Theorem 1.7, we know NKRF converges in the C* sense to

a K-FE metric.

From Lemma 1.13 and Lemma 1.14, we immediately have the following corollary:

Corollary 1.16. Suppose on (X, g(t)), conditions (A) and (C) (or conditions (A) and (C’))
hold. Then NKRF converges in the C* sense to a K-FE metric.
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Remark 1.17. Some versions of Corollary 1.16, with slightly stronger assumptions, ap-

peared first in Phong-Song-Sturm-Weinkove [29] and [30].

Proof of Theorem 1.15. Denote by L?(X, e “w") the space of L? functions on X with respect

to the inner product

1 —Uu n
V/X( e, (3.11)

Let

M=0<M=1l<=v<Ay---

be the sequence of eigenvalues of the operator L = — gﬁvivj + ¢V, V; acting on function

space L?(X, e “w").

We know the eigenspace of A\g = 0 is just the kernel of L, which consists of constants. In
view of equation (.2.16), eigenfunctions of A\; = 1 are the ones whose complex gradient fields

being holomorphic. Let Ej denote the eigenspace of A\, then we can write
U= Uy +up + U+ -+

as the unique orthogonal decomposition with respect to the inner product (.3.11), where

uy, € Ej, for each k. Note that ug = a and Vu; € n(X).

For any k > 2 we have A\¢(t) > v(t) > 1 + b by condition (B). Thus, from integration by
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parts

/(u—a)ze_“w" = Z/ |uk|26_“w":Z)\,;1/ |Vug|*e w"
X k=1"%X k=1 X
=1
S /|VU1|2€_uwn+Zl—+b/ |Vuk|26_“w"
= [ (VP + U

here U is defined by Vu = 7,(Vu) + U, where
mu(Vu) =Vu; and U = ZVuk.
By Lemma 1.12, condition (A) implies

1
V/ |V [2e™"w™ < e ™Mnx (W (T, Vo
b

Sefmlnx <U U> < oscx (u /’U|2 —u n

Hence, by direct calculation,

J—apean < /<|Vu1|2+1+b|U|>-“ '

_ 2 —u n
- /(1+b’v“1| +1+b|w|>

b eOSCX() 2
v —U n
/X(1+bl+eoscx(u| o | uf)e

beOSCX( ) 4 eoscx _'_ 1 / ’V ’2
= u
A5+ e

then we can choose

b
0= beoscx (v) + eoscx (u) +1 >0
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and proof of the theorem is complete. 0

Up to now, we have finished the convergence theory of NKRF on Fano manifolds built on
stability conditions. We haven’t yet touched bisectional curvature or Frankel conjecture;

those would form the topics of next chapter.
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Chapter 2

The Role of Bisectional Curvature

In this chapter, we first prove that the Kahler-Ricci flow preserves the positivity of bisectional
curvature, due to S. Bando [2] and N. Mok [26] (this indeed provides a Kéhler-Ricci flow
approach to the Frankel conjecture, thanks to Goldberg-Kobayashi [18]); then go over the
improved curvature pinching estimates obtained by Chen-Sun-Tian [10] and Cao-Zhu [8].
Later, we shall confirm that the curvature condition indeed implies the stability condition,
as in Phong-Song-Sturm-Weinkove [30]. At last, we state and prove some new result due to

the author.

.1 Bisectional Curvature along the Flow

.1.1 Preserving positive bisectional curvature

Let’s start with the following version of Hamilton’s strong tensor maximum principle proved
by Bando ([2], Proposition 1):

Proposition 2.1. Let (X™,g) be an n-dimensional Kdihler manifold with the metric g pos-
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sibly changes with time t. Consider a tensor h which has the same type and symmetric

properties as the curvature tensor, satisfying the following equation:

0
—h=Ah+ H(h).
oy + H(h)

Suppose the smooth function H has the following property:

(%) If h > 0 and there exist two nonzero vectors v,w € Tl;L,OX such that hysws(z) = 0, then

H(h)yswa(x) > 0.

If h is nonnegative at t = 0, then it remains so. Moreover, if at t = 0, h is positive at one

point, then it’s positive everywhere for all t > 0.

We omit the proof of Proposition 2.1 since it’s a purely partial-differential-equation argument.

Based on Proposition 2.1, Bando [2] (in dimension 3) and Mok [26] (in all dimensions) proved

the theorem as follows:

Theorem 2.2. Let (X", ¢g(t)) be a compact Kdihler manifold with g(t) as the solution to
Kihler-Ricci flow (normalized or not normalized). Suppose g(0) has nonnegative bisectional
curvature, then so does g(t) for all t > 0; furthermore, if g(0) also has bisectional curvature
being positive at one point, then g(t) has positive bisectional curvature at Vx € X for all

t>0.

We follow the simplified proof by H. Cao ([5], chapter 5):

First recall the evolution equation of the curvature tensor (for convenience, we lower all the

indices here):

34



0
aRmz =ARjr + Rire + RigapRiarz + RizapRoar; — RiakpRajor
1

5 (RiaRujri + RojRiars + RiaRijar + RaiRijra)- (:1.1)

Note that the normalization of the flow only adds the second term R,z on right hand side

and doesn’t affect the argument here.

Let us denote by

H(Rm)iz =R + R Riars + Rizap Roar; — Riarp Rajor

1
- §(Rz’aRa3kz + RyjRiapi + RraRizar + RaiRijra), (.1.2)
so that
0
aRz‘jkz = AR + Hijpp (.1.3)

Then by Proposition 2.1, it suffices to show that the property (x) holds: for any TH?-vectors
V = (v') and W = (w'), we have

() A,

Z;,ggvl?ﬂwku/Z >0 whenever Rijkgv’vjwkwe =0,

or simply,

Hyvww = HV,V,W,W) >0 whenever Ry yyw = Rm(V,V,W,W) = 0.

We divide the proof into a couple of lemmas:
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Lemma 2.3. Assume as in Theorem 2.2. If Ryvyw = 0, then we have

RVZWW = RVVWZ =0

for any THC-vector Z.

Proof of Lemma 2.3. For real parameter s € R, consider
G(s)=Rm(V +sZ,V +sZ,W,W).

Since the bisectional curvature is nonnegative and Ry vy = 0, it follows that G'(0) = 0
which implies

Re (Ryzyw) = 0.

Suppose Ryzyw # 0, and let Ryyw = |RVZWW|GHQ' Then, replacing Z by e V=197 in
the above yields
0=TRe (V" Ryzyw) = [Ryzwwl,

a contradiction. Thus, we must have

RVZWW =0.

Similarly, we also have Ry, = 0.

By Lemma 2.3, we see that if R,y = 0 then

Hyvww = RyvvzRzyww + | Bviwyzl” — |Rvowzl™
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Therefore, property () follows immediately from the next lemma:

Lemma 2.4. Assume as in Theorem 2.2. Then, for any T -vectors Y and Z,

RyvyvzRzvww = |Rvwyzl’ + | Ryvwzl”

Proof of Lemma 2.4. Consider

I(s) =Rm(V + sY,V +sY, W + sZ W + sZ)

=s” (RVVZf + Ryyww + Byywz + Byvaw + Byyaw + RYVW?)

+ O(s%).

Here we have used Lemma 2.3.

Since I(s) > 0 and I(0) = 0, we have I”(0) > 0. Hence, by taking Y = (*e; and Z = n'e,
with respect to any basis {ej,---e,}, we obtain a real, semi-positive definite bilinear form

QY, 2):

QY. Z) =Ryv 7 + Ryvww + Ryywz + Byvzw + Byyvaw + Byvwz
:Rka;Zf’]kTIZ + Ry o€ "'+ RypwiCn’ + Ry 't

+ RVMWCkTIE + RkVWZCkUZ > 0.

Next, we need a useful linear algebra fact :

Proposition 2.5. Let M and N be two m xm real symmetric semi-positive definite matrices,
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and let K be a real m X m matrix such that the 2m x 2m real symmetric matriz

M K
P1:
KT N

is semi-positive definite. Then, we have

Tr(MN) > Tr(KTK) = | K2

Proof of Proposition 2.5. Consider the associated matrix

it is clear that P, is also symmetric and semi-positive definite. Thus, we get
TI(Plpg) Z 0.

However,

MN—-KKT KM-MK
PP = ;
K'N-NKT NM-KTK

therefore,

1
Tr(MN) — |K|* = §Tr(P1P2) > 0.
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As a special case, by taking

ReA ImA Re(B+ D) Im(B— D)
P = —ImA ReA —Im(B+ D) Re(B-— D) |
Re(B+ D) —Im(B+ D) ReC ImC
Im(B— D) Re(B— D)" —ImC ReC

we immediately obtain the following :

Corollary 2.6. Let A, B,C, D be complex matrices with A and C being Hermitian. Suppose

that the (real) quadratic form
A’ + CiaC* ¢+ 2Re( By (") + 2Re(Dyen ("), m,C € C,

15 semi-positive definite. If we write everthing out in real coordinates and use Proposition

2.5, we would have
Tr(AC) > |B|* +|DJ?,
1.€.

ZAIJOEE > Z | Bl + | Diel.
kol ket

Now, by applying Corollary 2.6 to the above real semi-positive definite bilinear form @), we

get

RyvyzRzvww = |Rvwyzl + | Ruywzl’
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We have thus proved property (x), which concludes the proof of Theorem 2.2. U

By Theorem 2.2, if the NKRF starting from any Kahler metric with positive bisectional cur-
vature CONVERGES, then the limit metric would be a K-E metric with positive bisectional
curvature. From a classical result of Goldberg-Kobayashi ([18], Theorem 5), such metric
must be globally isometric to the Fubini-Study metric. Thus, the underlying manifold is
biholomorphic to complex projective space. In other words, the convergence of NKRF with

positive bisectional curvature implies the Frankel conjecture.

To prove the convergence, we wish to show that the conditions (A) and (C) (in Chapter 1)
hold under positive bisectional curvature, due to Corollary 1.16. Before trying to do that,

we first strengthen our curvature condition, as in the following two subsections.

.1.2 On the lower bound of bisectional curvature

In the last subsection we already know the positivity of bisectional curvature is preserved
under NKRF. It will be interesting to study how the lower bound of bisectional curvature
behaves along NKRF, if the initial metric has bisectional curvature bounded below from 0.

The following theorem is due to Chen-Sun-Tian [10]:

Theorem 2.7. Let (X™,g(t)) be a compact Kdihler manifold with g(t) as the solution to
NKRF. Suppose that along the flow g(t) has positive bisectional curvature, and the Ricci
curvature of g(t) satisfies Ric(g(t)) > Cg(t) for a uniform constant C > 0. Then the

bisectional curvature of g(t) has a uniform positive lower bound.

Remark 2.8. To study the lower bound of bisectional curvature under NKRF, it’s natural
to think of computing the evolution equation of tensor R — c(t)(9:i79xs + 9ie9x;); in fact,

this idea was carried out by X. Chen [9], where he obtained some pinching estimates for
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holomorphic sectional and bisectional curvatures. In our case, Chen-Sun-Tian considered a

different tensor to deal with and got the above result.

Proof of Theorem 2.7. First recall the NKRF equation and evolutions of curvatures:

0

7% =~ + 9

%R = AR + |Ric|* — R;

%Ric = ARic + Ric- Rm — Ric%;

0
53733& =ARj5 + Rigre + Rizap Roare + Rizab Rvar; — Riakp Raojor

1
- §(RiaRajkz + Ry Rigki + RiaRijar + RoiRijia)-

Here we define
(Ric- Rm);; = RyaR 305,
and

(Ric®);; = RipRy;. (.1.5)
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Now we put S := Rm — ¢(g * Ric), where ¢ is a function of ¢, and
(9 * Ric) iz = 9i7Bi + greRij + 9ieBij + g Rz (-1.6)

We shall compute the evolution of tensor S;3;,7 and use maximum principle.

Taking trace on tensor S yields
Ske = (1= (n+2)c)Ryg — cR - gur,
if we denote by Sic,; = gﬁSijg, then we can write the above equation as

Sic=(1—(n+2)c)Ric—cR - g. (.1.7)

Therefore, by a straightforward calculation, we obtain

0
aRz‘ij =ASie + H(S) i1z
+ c(g * ARic) s + c(g * Ric)jg
+ c[(g * (Ric - S)) ke + (Ric* Sic)5,0 + 1

— ¢[(Ric * Ric)j.7 + (Ric® * 9) i34, (.1.8)
where H(S);5;7 is defined as (.1.2) with R;3;; replaced by S.;:
H(S) 51z =Sijke + SijabSvart + SitabSvar; — SiakbSajor

1
- §<Rit_l‘sa5kl7 + Rajsidké + ch‘usﬁaz + RaZSijk(i)?
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and

I= 02[(9 * Ric)ijaz(g * Ric)yarr + (9 % Ric)zap(g * Ri@)bakj

— (9% Ric)iai(g * Ric)qzl- (.1.9)

We also calculate:

0 _ , 4 dg _ ORic
&(_C(g * RZC)ijk?) =—C(gx* ch)iij - C(E * RZC)iM —c(g * W)im

= — (g * Ric)guz — c(g * Ric)giz + c(Ric * Ric)z
—c(g * (ARic))iﬁkZ — ¢(g * (Ric - Rm))ijk[

+ (g * (Ric?)) iz (.1.10)
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It follows from (.1.8)~(.1.10) that

9
ot

Siint =ASinz + H(S)5x7 + c(g * ARic) g7 + c(g * Ric)giz
+ c[(g * (Ric - S)) gz + (Ric * Sic)z] + 1
— c[(Ric * Ric)ijk[ + (RiCQ * g)z‘jke’]
— (g * Ric)z — (g * Ric)z7 + c(Ric x Ric) 7
—c(g * (ARiC))iij — (g * (Ric - Rm))ﬁk@ + c(g * (Ricz))ijké
=ASg+ H(S) gz + (g * (Ric - (g * Ric)) g
+ c(Ric * Sic) g + 1 — (g * Ric)z
=ASg+ H(S) g + (g * (Ric - (g * Ric))) g
+ ¢(Ric * Ric),; — (Ric* (n+ 2)Ric+ R+ g))iire

+ 1 — (g * Ric)jzr.

Note that I = O(c?). Since Ric(g(t)) > Cg(t) for t > 0, if ¢(t) = ¢ > 0 is sufficiently small,

we have

0

&Sﬁkz > ASiz + H(S) 51 (.1.11)

Now apply the same proof of Theorem 2.2 with R,;;; replaced by S;zs, we see H(S);;; >

0
whenever Sj;;; = 0. Then by Proposition 2.1, S;3;; > Oforallt > 0,i.e. Rj;; > c(g*Ric);; >

ijj jJ 1] j

O

c-C(g * 9)iijj-
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.1.3 On the lower bound of Ricci curvature

Theorem 2.7 tells us that a positive lower bound of bisectional curvature is preserved under
NKRF, provided that the Ricci curvature is uniformly bounded below from 0. Of course we

wish to remove this extra condition. It was done by Cao-Zhu [8]:

Theorem 2.9. Let (X", ¢g(t)) be a compact Kdihler manifold with g(t) as the solution to
NKRF'. Suppose that along the flow g(t) has positive bisectional curvature. Then the Ricci

curvature of g(t) satisfies Ric(g(t)) > Cg(t) for a uniform constant C' > 0.

Putting Theorem 2.2, Theorem 2.7 and Theorem 2.9 together, we get a satisfactory curvature

pinching estimate:

Corollary 2.10. Let (X", g(t)) be a compact Kihler manifold with g(t) as the solution to
NKRF. Suppose that g(0) has positive bisectional curvature. Then the bisectional curvature

of g(t) has a uniform positive lower bound along the flow.

To prove Theorem 2.9, we need first invoke the so-called ‘Hamilton’s compactness theorem’

([21], Main Theorem 1.2):

Theorem 2.11. Let {Xy} = {(Xy, gr, 71, E¥)} be a sequence of evolving complete marked
Riemannian manifolds which are solutions to the Ricci flow. Here X is the underlying
manifold, g is the Riemannian metric, x is a marked point on X and E is an orthonormal

frame at x at t = 0 with respect to g(0).

Suppose that:

(i) The Riemann curvature tensors of Xy are uniformly bounded by a constant A for all

k and allt > 0;

(i1) The injectivity radii of Xy at the xy at time t = 0 are uniformly bounded below by a

constant 6 > 0 for all k.
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Then there exists a subsequence which converges to an evolving complete marked Rieman-
nian manifold X = (X,9,7, E) which is also a solution of the Ricci flow, with its Riemann
curvature tensors bounded above by A and its injectivity radius at x at time t = 0 bounded

below by 0.

Proof of Theorem 2.9. We argue by contradiction. Suppose the conclusion is not true. Then
we can find a sequence of positive numbers €, — 0, and a sequence of points {(zx, tx)}72; in
space-time with z, € X and t, — oo as k — oo, such that

min  R;(zp, tr) < €.
1<i,j<n

Now we can choose a unitary frame E¥ = {e¥ ...  eF} at the point x; and the time #; so

rn

that

Ryi(xg, ty) = min Rg(wg, tr).

1<i<n

By Perelman’s result (or by Cao-Chen-Zhu [7], see also chapter 5 in [5]), the scalar curvature
of g(t) is uniformly bounded. Since g(¢) has positive bisectional curvature, its bisectional
curvatures are also uniformly bounded, and then so are all its curvature tensors. The condi-
tion (i) in Theorem 2.11 is satisfied. As for condition (ii), the injectivity radii are uniformly

bounded by Perelman’s non-collapsing theorem.

Thus we can apply Theorem 2.11, with adding the complex structure J into the data of
X. Namely, for a sequence of compact marked solutions {(X, J, g(tx +1), zx, E¥)} to NKRF
with positive bisectional curvature, there exists a subsequence converges to a compact marked

solution X = (X, J, §(t), %, E) to NKRF with nonnegative bisectional curvature R;; > 0

iijj
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and

Ri1(7,0) = lim Ryi(z,ty) = 0. (.1.12)

k—o0

Here E is a unitary frame at the marked point Z at ¢ = 0, and J is a complex structure on

X, possibly different from J.

Now we use the following result of H. Gu ([19], Theorem 1.2):

Proposition 2.12. Given any Kdhler metric h;; with nonnegative bisectional curvature on
a compact, irreducible, simply connected Kdhler manifold M™. Then, under the NKRF,
either the bisectional curvature becomes positive everywhere after a short time, or (M™, h) is

1sometrically biholomorphic to a Hermitian symmetric space of rank > 2.

We know that any compact Fano Kahler manifold is simply connected, by Yau’s solution to
Calabi conjecture [35] and a result of Kobayashi [23]. Also, by a theorem of Bishop-Goldberg

[4] (see also [18], Theorem 4), the second betti number of X is 1. Hence, X is irreducible.

On the other hand, since (X, §) has nonnegative bisectional curvature, (.1.12) tells us that
for Vt € [0, 00), the bisectional curvature ﬁfﬁﬁ(t) vanishes along some direction at some point
on X at t. Therefore, Proposition 2.12 implies that (X, J, g) is isometrically biholomorphic

to a Hermitian symmetric space of rank > 2.

This would lead to a contradiction, because ¢ is Kahler-Einstein, i.e., Rﬁ = g;j, In turn
implies that

[R5 — 9i5]]co(tx) — 0,

contradicting (.1.12). This finishes the proof of Theorem 2.9. O
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Now, remember that we already have Corollary 1.16 and Corollary 2.10 in hand. Therefore,
in order to prove Frankel conjecture by Kéahler-Ricci flow, we just need to show that a positive

lower bound of bisectional curvature implies:
(A) The vanishing of Futaki invariant on mc; (X);
and

(C) A positive lower bound of the lowest positive eigenvalue p of operator —gﬁviv; on

smooth T19-vector fields.

We will prove the (C) part in next section, following Phong-Song-Sturm-Weinkove [30];
however, the (A) part is still open up to today. It remains the only missing step of this

incomplete proof.
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.2 Curvature and Stability Conditions

.2.1 The lower bound of u

We follow Phong-Song-Sturm-Weinkove [30] here. To connect bisectional curvature and the
lower bound of u, we need two steps: the first is to derive the curvature condition which
implies a lower bound of 1, by some standard Bochner-type technique; the second is to relate

the bisectional curvature with that curvature condition.

We introduce some notions of positivity. A tensor T};;; is called Griffiths nonnegative if

T.

?

Ekgvivjwsz >0 (.2.1)

for all T"°-vectors v,w. For brevity we write Tjj,; >, 0. It’s obvious that R >gr 0

means the condition of nonnegative bisectional curvature.

We say that a tensor Ti3;; is Nakano nonnegative if
Tsth™h7t > 0 (2.2)

for any TH0®@T'0-tensor h, and we write Ti5k8 > nNa 0 for short. Clearly Nakano nonnegativity

is stronger than Griffiths nonnegativity.

Next lemma describes the curvature condition which guarantees a positive lower bound for

75

Lemma 2.13. Suppose that a Kdhler metric g satisfies

Rijie + Rijgri — € 93917 2Na 0 (.2.3)
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for some constant ¢ > 0. Then > c.

Proof of Lemma 2.13. Recall the commutation rules:

(ViVi— ViVOVF = ¢ Rign V'™,

(ViVi = ViVi)w; = g7 Ryj5wg.
Let V be an eigenvector of the operator —gﬁViVE with eigenvalue p; then

—gﬁV¢V3Vk = pV*, (.2.4)
Applying V; and using the commutation rules yield

@'V ViViVE + ¢ g™ R V3V™ + g7 g% Ry Vg VE = uV V-, (.2.5)

Multiply by g% gxsV,V* to obtain

— 4" ks VL VIV VVVE 4 g g7 Ry VL VIV

+ 9" grsg™ RtV VIVVE = g gV, VIV VR, (2.6)
By (.2.3), after integrating by parts:
u/ |V VF 2w > c/ |Vng|2w”—l—/ IV V5 VF P, (.2.7)
s b's X
and hence 1 > c. O

We have a version for the lowest positive eigenvalue ji of operator —gﬁViV3 + ¢'"Vu - V;

on smooth TH0-vector fields as well (though we won’t use it later):
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Lemma 2.14. Suppose that a Kahler metric g satisfies
Rz + (1 =€) 955917 >Na 0 (.2.8)

for some constant ¢ > 0. Then i > c.

Proof of Lemma 2.14. Recall that u is the Ricci potential. Let V be an eigenvector of

—¢'V;V; + ¢/'Vu - V; with eigenvalue ji. Then

Applying V; as before, using the commutation rules and the definition of u we have

—g'ViViViVE 4+ ¢ Ry ViV ™ + ¢ g7 Rigy5 VgV

gV VIV + Vi VE — g RV VE = v vE (.2.10)
Multiply by gg’” grsV,V* to obtain

—gzrgkggﬁvrmvfngVij + (Rijkg + gﬁgkz)vjwvivk

9" s’ 'V, VIV VIV 0 = i g" sV, VIV VR, (.2.11)

Using (.2.8) and integrating with respect to e~“w™ yield
,&/ IV VEPe W™ > 6/ |V VE[Pe ™ + / ViV VFPe W™, (.2.12)
X X X
and hence i > ¢. O
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We also need the following proposition:

Proposition 2.15. Let (X", g) be a compact Kdihler manifold. Suppose that the curvature

of metric g satisfies
Ri5ke — ¢ 9i59k¢ Zar O (.2.13)
for some constant ¢ > 0. Then

Ri5ke + Rij9xz — 1 € 9559k = Na 0. (.2.14)

Proposition 2.15 along with Lemma 2.13 would fulfill our purpose:

Theorem 2.16. Let (X", g) be a compact Kdhler manifold. Suppose that the bisectional

curvature of metric g has a positive lower bound:
Riij5 = ¢ 9ii955
for some constant ¢ > 0. Then p has a positive lower bound:

w=>nec.

Proposition 2.15 is the analogy of a result by Demailly-Skoda [14] (see also [13], Proposition

10.14). It requires the following lemma ([13], Lemma 10.15):

Lemma 2.17. Let ¢ > 3 be an integer and let *,y* for 1 < X\ < n be complex numbers.

Let U} be the set of n-tuples of qth roots of unity and define complex numbers
T(p) = ZI/\U_M Yio) = ZyAU_A, for each o = (01,...,0,) € U,
A=1 A=1
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Then for every pair (o, f) with 1 < «, 5 < n, the following holds:

oTh : .

Y _ zyP, if a # B;
D DR Rk NN (2.15)

oelp Yoo Y, ifa=p.

Proof of Lemma 2.17. We only require the following elementary claim: the coefficient of 27y0
in the left hand side of (.2.15) is ¢ Zerg 0403 0,05, and this is equal to 1 if {a, 0} = {5, 7}
and 0 otherwise. Indeed, for the second alternative, assume without loss of generality that
a ¢ {B,7v} and then observe that

e2mila w O0a0g 0,05, QF0;
S oumrmos = © et %7 (210

= Y vy 0aT5 0405, =0,

To get (.2.16), replace o by the element of U} obtained by multiplying the a component of

o by e?7i/a, 0

Proof of Proposition 2.15. For convenience, assume that we are calculating at a point where

95 = 0;j. Fix a T @ T"C-tensor h, we want to show
(Rijiz + Rijger — ng‘jgk?>hikhj£ > 0. (:2.17)

Define vectors

n
with components V(Zg) = Z h*5y € C;
A=1

Vioy =V 54

0
Wiy =Wy as

52k with components W(’f,) =0, € C.

53



Then, by assumption (.2.13),

0< Z (Rigrz — ¢ 9i5910)0 " Z V(Za)v(f;)Wk

i,5,k,¢ oeun
- Z Z Rigreq™" Z V(i;)%aka_z
5, k#L oceUp
- Z Z ikt — C9i79k0)d Z V(g J)UkUe
1,5 k={ oceun
=N Rgh™h 4+ (R — negg) bR,
g k#L i3,k

where we have made use of Lemma 2.17 on the second equality. Hence

(Rigri + Rijgnz — ¢ gigua) ™ h*

- Z Z Rijgh™h* +3 N " Ryjgh™h' +> " (Rij — negg)h*h* > 0,

i, k#L (N

since the first term on right hand side is nonnegative by the assumption of nonnegative

bisectional curvature. O

.2.2 The vanishing of Futaki invariant

Unfortunately, up to now we still don’t know how to directly prove that the positivity of

bisectional curvature implies the vanishing of Futaki invariant.

Putting Corollary 1.16, Corollary 2.10 and Theorem 2.16 together gives us the following

conclusion (Phong-Song-Sturm-Weinkove [30], Cao-Zhu [8]):

Theorem 2.18. Let (X", g) be a compact Kdhler manifold with positive bisectional curvature
and vanished Futaki invariant on wey(X). If we run the NKRF on X, it converges to the

Fubini-Study metric. Thus X is biholomorphic to CP".
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.3 An Alternative Attempt

It’s hard to find the direct relation of bisectional curvature and holomorphic invariant. So
we want to try something different. The following result is proved by the author, as the first

step of an alternative attempt to a Kahler-Ricci flow proof of Frankel conjecture:

Proposition 2.19. Let (X", ¢(t)) be a compact Fano Kdhler manifold with g(t) as the so-
lution to NKRF with positive bisectional curvature. Assume that ||R(t) — n||z2 converges

exponentially fast to 0 along the flow. Then the NKRF converges to the Fubini-Study metric.

Proof of Proposition 2.19. From Proposition 1.1, the exponential decay of ||R(t) —n||co to 0
implies the convergence of NKRF. Then we just need to show that || R(t) —nl|co is controlled

by ||R(t) — n||zz. The argument resembles the proof of Proposition 1.4 (ii).

We can take A = ||R — nl|co = |R — n|(z1). Then |R —n| > 4 on the ball B,(z) of radius

r = centered at z;. If r < p, where p is some fixed uniform radius in Perelman’s

__ A
2|IVR]| -0

non-collapsing theorem, then

A? A2 A n
R —n)*w" 2/ —w" > c— <—) 3.1
L S 1 \ 2V (33)
and thus
IR —n|fs' < Cil|[VR|Eol|R — nl| 2. (:3.2)

By Cao-Chen-Zhu [7], all curvature tensors are uniformly bounded along NKRF with non-
negative bisectional curvature. Due to W. Shi’s estimate ([33], Theorem 1.1), the derivatives

of curvature tensors are also uniformly bounded. Hence

IR —nligs’ < CUVRIZIR—nlr2 < CIR—nze. (:3.3)

%)



On the other hand, if > p, then integrating over the ball B,(x;) gives

A? A?
/ (R —n)*w" > / —w" = — w" (.3.4)
X By(er) 4 4 Iy

and hence [|[R —n|lco < Cy||R — n|z.

In either way, the exponential decay of || R(¢) —n/| 2 implies the exponential decay of ||R(t) —

n[co.

Remark 2.20. In the above proposition, we actually only used the uniform boundness, but
not the positivity of bisectional curvature. More work needs to be done on connecting the

condition in Proposition 2.19 and the positivity of bisectional curvature.
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