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ABSTRACT 

I . 

A statistical model is described which empirically relate~ ~e volume 

(chara~terized by, x.
1
) associated with each particle to Us mass (mi). The 

functional dependence used ie: m.c.>... =constant, where a. is some constant. 
1 1 

The· two. parameter~ )..11' and a.f in addition to the znasses m 1, determine all 

the other >.... The model is applied to antiproton-proton annihilation at low 
' 1 ' 

•' . 
and moderate energies.. The annihilation is assumed to proceed through all 

possible. intermediate states ~onsisting of all combinations of. the five mesons, 

w, K. (orR), K~(or K*), p, and· w. ,The exp~rimental multiplicitles and 

fraction of KRm"'T (m = 0, 1, 2, ••• ) states determine the two parameters )1. 
' ' • . . . . ' 'IT 

·and G to.be 4.0:t:Oo4 and 1.94±0.06, respectively. These vab.\es of"- a:1d a 
. ' . . 
predict the extent·to which the K*(or "K*), p and w ta.l~e part in t:he· annihila-

! • . 

.tion.. These prediction~ a.re found to be in z-ea.sonable agreement with recent 

· ~erimental data on the role of the t<*(or K*), P.• and win pp·a.nnihllation., 

The "meson'ie al~o considered. 
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A TWO .. _PARAMErl'ER STA'l,'ISTICAL MODE~ 

C-eorge R.... Kalbfleisch -· 

Lawrence Radiation Laboratory 
University of California 

· Berkeley, California ·· · 

January i9, 196z' 

:INTRODUCTION 

Statistical models associate a."volume with each particle in the final. 

state. :£:'revious models have ascribed different volumes to different types or 

sets of particles. l· Each volume has been varied independently in order to fit 

the experimental data.. The 1nodel described here empirically -relatea the vol• 

_ume associated with each particle to its mass. The large number ofpa.rticlea 

recently- recognized can be incorporated bi the statistical model by m.ea.ns o£ .only 

two parameters.-

THE Wu\SS--VOLUME RELATION 
. ' th ' 

We denote the mass of the i -type partiele as m. ·and its volume 0. as a. 
- 1 1 

multiple of. the volume no by meatv.s of the parameter Ai = ai/Oo; where no. 

= (4Tr/3) (1i/mwc)3• ··we need, then. a relation between mi a:nct ~i~o The 

f~ctional dependence used in this model is m.. 41 ~. = constant •. The tv:o para-
. ' I 1 . . · 

.meters, ~w. and a.,·. in addition t? the masses, m1, d~termine all the othe1:' ~i" 

This functio.nal"depe~dence was chosen for the following reaso.na. The sin.1.plest 

. ·~·version of the statistical model ascribes the same volume to all the pa.rti!cleSs 

i., e., >.1 = constant. In statistical models that use the,Lorentz-invariant phase 

space, the. volume is introduced in the combination ~i o1 = mi >..1o<r A simple 

version of such a 'model might require n1
1 

>..1 = conata.nto A third possibility 

· i:s that the vel~ is p.roportion.al tot Ul.e cabe cf tll.e p..arttcle!s Co.mpt~ 
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wavelength, o1 a: m .... 3 or m.. 3 "-i = con:stant. The obvious generalization is 
. 1 . 1 . 

·, 4l . . - . 

m1 >..i =constant •. No physical interpretati~n is given to ~e parameters 

)..i and o... - · <~!" ... 

APPLICATION OF. THE. MODEL TO ANTIPROTON-PROTON 
, . (pp) ANNIHILATION . 

Five mesons are currently recognized which will be used in this a.nal.ysia. 
. * . . 2 3 ' 4, 5 ·_ '. . . . 

They are the 1f, K(and R), I<: (and K*), p, •· and w -mesons. The masses 

and quantum numbers (known ;~or:. probable) and decay modes. used are given 

in Table X .. 

. Au anmhllation processes are considered: 

pp · - all intermediate states . 
invol vlng all co1nbina.tions 

. of the above mesons 

·- n1'!' (n = Zt 3, 4, ••• ) · · · · 
orKKmu (m ~ 0, 1, 2., ••• ). 

. . 
We ~ve calculated the_ transition rates using the Lorentz-invariant phase 

space, with the volume introduced after the manner of Desai~ 6 The transition 

rate R to· n intermediate-state particles is given as· 
. n n 3 n. . 

R ex: QI) G(S) { . (2m~ n~/(Z1r) ) J /(n.!)] p , where G(S) is the number 
:n J " J J n . 

of spin states~· G(I) is the number of isotopic sp~n states, n. is the number 
. I J 

. o£ particles of the lthtype, 0. = >...00 is the volume associated with theJ.th 
. . ·. J J ' .· . 

,. 

_ particle, mj is its ~sa,' and Pn is the number of states: in the Lorentz-invariant . 

phase space... This p~ae space_ ha.sl)0en discussed by Srivastava and 

_· Sudar shan 7 and others. 8 

. .. The c~culations were performed £or antiprotons a.t rest and at 1.05, 
' .I • ' .. 

..1.61. and 1.99 Bev/c incident on protons. 9 The average multiplicity in all 
.• ..'' • • j" • 

' n1r final states (and in all KKmw-firial states) and the fraction of KKmw in 

the annihilation are the expedmenta.l quantities used to determine the t:wo 

_parameters >..'11' ·and G.e _In this analysis the ).t and e are assumed to be indepen ... 
. ' ~ . . . 

. _.dent of the total energy in the p-... p e.~ .. system. Cpntoura of the 
\:;-_. 

; . . .. . , 
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mUltiplicities and of the fraction of ~Kz:nv in the annihilati\on are plotted 

versus ~ and 4 for each of the £our energies (see Figs. 1 through 4). 
'!i . . . . . 

9 10 . ' 
The experimental data ~ - and the solutions(>.. and a:) for the £our 

. . . . 

energies are given in Table ll. The four sets o.f};: and ,4 are seen to be, 
. . • ' 'IT . I . . •. . * ' consistent., A weighted average of these four vall.1es gives )..11' = 4.0± 0~4 •.. 

and a.* = 1-.94~ 0.06~ The predictions of the m~l at each of the !our en~rgi~~ 
is also given in Table n for:this avin:age set of values. 

The predictions in Table U of course agree with tlle data. fr9m which they 

were ~erived., However, many additional predictions are :rnade based on this 

model which may be checl(ed against other experimental data~ Some detailed 

resulta are giv~n in Table III for 1~6l~Bev/c antiprotons .. ·Button et al·. 11 find 

-soo/op and Maglic et al~ 4 find (lO:t: Z}o/ow in pp- 21/+ zw- + w0 (pa;t of the 

pp - S'lf channel), in approximate agree~ent with the predictions of this model.12 

X 5 ( rtf_ • - + - 0 ( - . ) uong ~t al .. ·. find 33:!:: ,8) "' w 1n pp - 3Tl + 3v + 1r part of the pp- 7 w channel , 

also in-agree~nt with the predictions of this model·. 13 The unpublished 

results of Kalb£leisch14 on pj)- I<Kro1r indicate that a large fraction of these 
. . . * . * . 

reactions involve the K (a. crude lower limit of a.::25o/oK was found), as is 

·predicted by this·u1odel. 

' · One additio11al mes~n, the T! of Pevsner et al·., 15 should be included L"l the 

~ ~bove analysis".- However, only its ,mas~15 •16 and its (neutr~/cha.rged) 
' ~ . . 

branching ratio16 is established. By assuming some properties for this meson, . 
'· . . . 

. ·. 

we can make some predictions of the exteut.b which the '1 should enter the 

annihUation process~- , 

(~ · . · We will assume that the mass~£ the 'fl is 0~550 .Bev/cZ·:and that. its spin 

and isotopic spin are zero (i.e., simila.r tO Qell ... M.a.nn's predicted psuedo ... 

0 . 17' - . . *-* . 
scalar x meson ). Using the five-m~son solution(~ • -a. ) obtained above 

. . T . 

as a first a.pp:roximation, 'we .find the. reaction pp ~ ( '11 with 11',' p " wl . 
. . . ' ,_ • . -1 
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to be lZo/o of pp- n'll' and pp- (ti with K's) to be 3o/o o! pp..., K~mw at L61 Bev/c. 'f 
• . . I ~~ 

If,· in addition, we assume the Vi decays on the average m.al,.nly to two particles 
;. 

. . I 

(two pions), then a-~ vs a. graph can be constructed .for a 1six-meson solution. . j' w . ! . 

Such a solution changes the value of X. from 4.0 its 0.4 .to ~.6:e 0.5 and the value . 1f ., . ' • 

of e from 1.94 :1c 0.06 to le90:: 0.06~ These values predic~ pp - ( Ti with pi<?ns) 
li 

to be 13o/oofpp - nv, and pp -('1 with ltaons) to be 4%of pp- KKm11 at 1.61 ·: " 

Bev/c.. These values are oniy slightly larger than obtained above. Thus the 

·"'participates in pp. annihilation to a. small elrtent •ecording to ~is mo<il.el. 

DISCUSSION 

. ! 

·It is expected that the model can be applied to KN (or RN) and wN ·interactions 

at sufficiently high energies (where the statistic:8l model ma.y have some reasonable 

success). In applying the model to KN or KN resonances and wN interactions, all .. 
. . I 

the wN and trY resonances with well .. defined quantum numbers and sufficiently 

_long lifetimes should be included.. Whether this two-parameter model can fit 

. the data reasonably (a.s it did in the application above) in these reactions remains 

· to· be seen. It also remains to be seen if the predictions agree with the experi ... 

mental data after more detailed results with better statistics a.re available .. 

Better fits to the data may be poe~ible if_ the parameters "-i and a. are allowed 

to_ have an energy dependence. 
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Table I. The five mesons used in the pp .annihilation analysis 

Particle ··Massa Spin Isotopic spin 

. ; 

"Ct. 0.138 0 1 
,, ., .. 

K(or R) 0.496 0 1/Z 
* ··- .· K (or K*) Oa883 1 1/2. 

·!_,. 

0.770 1 1 ·p 

c.) 0.790 1 0 

& . . . . . 
The masses are an average ov:er the various charge sta.tesci 

b .. . •. . . . 
Other possible decay modes a.re ignored. 

' . 

. ' . . , ... ·: 

. ::~ 

....... 

.. 
. . ( 

. ·· .. 

•i .. 
• ! 

,· 

. •. ·., 

· .. 

Decay mode 

.. 

... .... 
---

. * .. 
K -K+1r 

p 

(I) 

- Zw 

- 3ft'. 
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·" ! 
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- Tahiti. It. Experimental data and, the model's predictions: ·PP - ntr and KKmu. 

"piT . 
(Bev/c) 

rest 

1.05 

1. 61 

1.99 --

.. 
' 

' 

: 

E.... . 
pp, c. m. 
(~ev) 

·' 

1.88 

Z.lO 

z.z9 
' 

2.43 '-
'· 

~ .... 
aSee Figs. 1 through 4. 

data 

--
,_ 

4.65± .15 4:1:1 ----. 
4.95:~: .22 8±2 4.4:f: ~5 

--

5.2 :t.Z '·10~3::1: 1.1 1!. _;4.1:: ~ .r 
-- . ·. 

5.4± .35 13±3 4.6:~:>z . 

,.;.' i· 

.--

--
' 

; 

. ~ ' 

Two..:parameter 
so~utions a · 

A a. 
11' 

5.Z:t: 1.4 Z.Ox. 11 

4. 7~ 1.1 1. 9 O± .1:s 

3.8l± .·1L. 1.94± .06 

3.8±.9 1.88± .13 

:• 

B d . ~ f b * re 1ct1ons rom >.. 
- 1T 

and G.* 

(n~v o/oKKmtr . (m+Z~v 
.. 

4.46±.1 5.6:!: .6 3. 71±. 05 

4.8±.1 7.6:!:.8 4.14± .05 
' 

5.1 0:!: .1 9.5:1: 1. 0 4;47±.05 
''· 

5.29_~ .l "10.9±1:.1 4. 70±-.05 - -, 
! 

:-· 

. '• 

-" . ; 

<.bvalues o! A* anda.*a:re:4..0~.4 and 1:.9.4±.06, respectiyel; •. · 
. 11' . . . 

~ -; ... 

. . 

. -· . -:.· 
._;::._ 

,-
. . ; . { . ~ ,_~ . 

. ; 

-, .. 

'•· 

., 
-· \., 

~ 
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... ··. _ .·.·~ Table III. Additional predictions of the model at 1.61 Bev/c -. ___ , .· * . , . . .· * a 
£or "- = 4.0 ± .4 and o. =- 1.94 ::1: .06 

11' . 
. '· -· _____ ....._. _____________ __;;_.."tT"' _____ ~---------------------------

. - ~· -·. 

n 

3 . 

4 

5 

6 

7 

. ·- S_ 

all-

"'ca... 

pp- - nw 

_ _ Percent of all 
- - ntr anmhilation 

' 

0.3 

5 

;zz. 
39 

Z6::.' 

8 

c 
: i 

-· " 

Percent w's or p 's 
per channel 

' _: .· 
·, 

: .. 

.. 

--. 
.0~6 

5 

.17 

,• '4'0 

---
. 10 

6 

18 
.:~.· 

30 

31 

Z3 

- ~ 26 

-. ·. 

m + Z · Percent 'or all 
KK1nv annihi

lation 

z ' 0.4 

3 9 

4 4Z 

5 41 

6 8 

< -

7 c 

-· 

all 

-
.7 

36 

56 

55 

-

43 

. . * 
Percent K 'a· 
per channel 

•• K K*. 

.... 

-" 

z 
7 

.. 
·6 

-
.. .. 

Percent w's or p 's 
per channel 

w p 

-- . -.. 

3 

z 4 

9 1 

- .. 

.. ,_ 
' - -

- ·. . . . . . . .. . . * 
a •. The errors on all the entries in the table due to the error in ). . 

- . . • - 1f 

* ' .. 
and o. are approxirruft'f§iy ±-lOo/4 · 

'{._. .. . -

b. This is 9.5 ± 1.0% of .the annihilation. 
.· ... 

c •. Not calculated. 

; . ' 

. ',; .-_; :_ -- ~--· ~:--~-- _· ____ ;.., __ ··--- ..... _ .. ,_,_:--~.,.·~--··-·-··. 
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·.·Figure Captions 

Fig. 1 •. Contours of the pio~ and KKln'IT m~tipllciti·es and"o£ the percentage 

o£ KKm'IT ve~aus· .·~~ and 0. ·for a.ntipr~tona 'at re·st ( 1. 88 Bev c. m. j 

energy) •. The shaded area. represents the region. de.fined by the experimental 
\ 

da.ta.; . Solid lines are !or /n \ ; . dashed. line% are for /m + z) . ·, dot-dash 
. .. \ j /'av · ; ~· a.v 

· lines indicate percent Kl"<mw• 
., . 

Fig. 2. · Contours of the. pion and KR~w ·multiplicities. a.nd of th~ percentage 

· of KKm1r versus ~ ·and a. £or ~tiprotons at ·1.05 Bev/c (2~10 Bev c. m. 
' 'IT . . . 

. . ·energy}a' The' shaded area represents the region defined by the experimental 

data. Solid lin~s ~re for (zi)av; dashed lin~s are for <m·+. z>a~; dot-dash 

lines indicate percent KRm'IT. 

· Fig. 3. Contours of the pion and KKmw rllultiplicities and of the percentage 
' ' . . 

of'KRmu versus X and a. £or antiprotons a.t 1.61 Bev/c (2~29 Bev c. m. 
. v . . . ; 

energy). The shaded area represents the region defined by the experi• 

, ·. · mental data •. Solid lines are for In\ ; dashed, lines are for /:m + z.\' ; 
. \ /av . · \ '/a.v. 
·. · ·dot-dash lines indicate percent KKmw. 

Fig. 4. Contours o£ the pion and t<Km'iY multiplicities and of the percentage 
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of KKnur versus ll.'lf and a. for ,antiprotons at 1..99 Bev/c (2.43 Bev c. m. 

energy) •. The sha.ded area represents the region define.d bY, the experi• 

· ' .. · me~tal·c:iat~. S'.'lidline:s ar~ for(n)av;. da.shedlines are. ~or~+ z) av• 

dot~dash l~e·s indicate percent KRmtt. ·.· : .· ... ~ : .. ·' 
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This report was prepared as an account of Government 
sponsored work. Neither the United States, nor the Com
mission, nor any person acting on behalf of the Commission: 

A. Makes any warranty or representation, expressed or 
implied, with respect to the accuracy, completeness, 

or usefulness of the information contained in this 
report, or that the use of any information, appa

ratus, method, or process disclosed in this report 
may not infringe privately owned rights; or 

B. Assumes any liabilities with respect to the use of, 
or for damages resultin~ from the use of any infor

mation, apparatus, method, or process disclosed in 
this report. 

As used in the above, "person acting on behalf of the 
Commission" includes any employee or contractor of the Com

mission, or employee of such contractor, to the extent that 
such employee or contractor of the Commission, or employee 

of such contractor prepares, disseminates, or provides access 
to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractor. 




