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ORDINARY DIFFERENTIAL EQUATIONS

1. Introduction .~

Since most. of the differential equations we encounter in applications
canﬁot be solved in closed form we must consider the other methods available.
These methods include solution by infinite series, graphical solution, and

direct numerical integration of the differential equation. I shall discuss

: the_latter.énd give ‘a survey of the methods available for direct numerical -

integration. Actually in many cases the direct integration is the best

,method to solVe a differential equation. Although the analytic solution

gives the general behaviou¥;¢hroughbut its domain of definition the actual

numerical value of the solution at required'points'is'sometimes'quite

- difficult to‘éompute particularly if the solution is expressed as a trans-

cendental equation or as an infinite series, ' Series solutions may be. slowly

convergent and the labor involved in computing the ¢oefficients is sometimes

very;iarge. .The direct numerical solution then has the édvantage of giving

‘a table of values of the particular solution desired.

I shall.alsd discuss the applicability of computing'machines“to the'

~direct solution of differential equations..
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vIn solving a differential equation numefically there are two'problems
to beAconsidereda' (1) starting the solation with given initial.conditions
‘~aad (2) continuing the solution over an extended range ‘of the independent
variable.‘ Theymethods available for continuing the solution generally require
four or five successive values of the solution for equal intervals of the :
independent variable. Consequently, I shall first discuss methods of starting
the solution° These methods in theory can solve the equation over an extended
. range but the computations become so-cumbersome that they. are only practical
ﬁ'over a small neighborhood of the origin. The methods of starting a solution

. are the existence theorems of Picard and Cauchy, the method ofiRunge-Kutta,

ahd'the Euler method. The methods of continuingvthe.solution are the-forwandg

integration by finite differences and Milne's method. Most equations
encountered’ of second and higher order may be. reduced to a system of first

- order equations by the" substitutions

, , etc. B
. dx .

g
&J:;, .
gl

Likswise-systeﬁs of simultaneous equations of higher order may be reduced to-
a system of first.order equations. Consequently, the integration formulae
Introduced will be for a first order equation but can be applied to a system,

,' simnltaheously.

: 2. Picard!s Method of Successive Approximations.

Consider the first order equation

v s ey LW

~with the initial condition y(x,) = ¥, }:_We_may write (1) in the form

.-
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. X : ,
y(x) = .yo_-l-g'f,(x, ylax R (2)

Xo

A fivet ‘approximation to the; solution is
‘ | o
yy(x) = Y, + S C1(x, ¥ )ax
. : xéf R

and;'similarly, we get the following sequence of successive apppdximétions

. ) X
¥o(x) = 7, S £(x, yp)dx ©
J |

(o]
(o]
o ° o
® . ° .
e o’ °

X
IR AP A +S £x, y)ax
xO

| Consider now the series
y(x) = ¥+ (7 -y)+ (7, - TPt et Gpgy =75 eee ('3)_

',for-wﬁich we wish: to determineléonditions under which 1t will convéfge-énd
”rreﬁresent,the uniqﬁe éolutipn.of (1). The existence theorem of‘Picafd tells
@ © us the conditioﬁs.' L | | |
Theorem: ir £(x, ¥). satiéfiés
| .(a) /f(x, y); gontinuoué in some domain .. ,.
| <

R ., f(x, Y)
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then (3) is the unique solution of

y' :. f(x’ Y) .

This method is quite useful for starting the solution as the integfatibns
do not fequire too much labor over a limited‘range,'.Over'an extended range,

‘however, the integrations‘soon become quite cumbersome.
. ‘ ) .

3. _Cauchy's Existence Theorem (Taylor's Series)'

Consider the equation

yos oty o

with initial condition y(x ) = Yo -
' Theorem: If f(x,.y) 1is analytlc in a neighborhood of (x ¥o) then (1)

has a unique solution
7(x) = Vo 7 (x)(x - %)+ Y_z'o (x - x5) 4+ oo

The dérivatives evaluated at Xo are determined by‘

&y = £x,¥). 3 &y - f,fgy

@ - ax

3 2 2 2

iy = 9f 8t day, 8¢ g_x) afd
= 27 -y L5 +

d—j ax~  4x gy dx a8y’ <d" zﬁsr:i;:E

. and so on. It is obvious that'this method becomes impractical unlesé

- x alxol
is taken sufficiently small so- that the hlgher order terms can be neglected
Consequently,this method is used only for starting the numer1cal solutionn

Generally, numerlcal integratlon formulae require at least four successive .

">

'fé

4
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values to start the solution and since it is desirable to keep X = X4 f

4-8mall,_we should cbmpute y both to tpé right and left of the point xo‘;

h Method of Euler°

Another method often used for obtaining starting values is the method

ot Euler which merely replaces the equatlon y' (x,_y) by

-.é%i = 'f(x,'y)
so the first iﬁcrement in‘ y. is

Ay, = e, v )0
théngeeoﬁﬁiincrement is then

£(xy, y1) Dxy s

" where

o Y]_+'A4'Y2- _. o

' o

‘This method is not too accurate except for very small Z&x but is useful

for rough work over a narrow range°

" We also_have the modlfled Euler method.which.is sdmewhat more abcufaté;'
In this method we proceed as before but improve our value several times before

proceeding to thé‘next interval, To explain further letf

i

‘Ay]_lA :. f(x09 YO)_AX
Yil) = 3’0+ Ayll o

N
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A -second approximation is then L
A - L el 1)
-A“ylz - f(xo; yo)+ f(xla Y§_ )) AX &
o 5
and
L (2) .

¥y = Yo t+ Aylg:

A third approximation would then be -
) o (2)
SV 2 Yo g BXee Yo) + £(x1, 1) Ax
“and’'so v'on.. "The process is hepeated until no change is preduced in‘th_e value
of! yl to thé ‘humber of digits retained. The first approximation of y, -
18 'tHen |
(1) S

y2 = yl+ f(xl: ‘yl) Ax
and the averaging process is then applied to find better approximations for Yo
5. ‘Runge-Kutta Method.

Consider the equation

v ' '
¥y = fx, y)
with initial condition y(x,) = ¥, . Let h = Ax , then the increment .
A ¥ coi‘responding to A x 1is computed from the following set of formulae. &
A ]kl- = f(xo, yo)h', . (Euler)method) ‘

ky, = f(xg+ h, yo'+.521, h,

k3 = 10+ By m.gg LI
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=
k, = f(xo+ h, y5+ k3dh ,
then o
Ay, = 1 (ky 42k + 2 ks + k)

and

i = Vot Avy

xi X0+ h .

The next increment Ay2 . is computed in the same manner,

Tt wn

ky = f(xl;,g, %.,'yi.{. E]-_-)h

2
Ky = f(x;4 h , 7,4 X2 )n
3 l.+ 5. 1+ 5
k, = £(x;+ b, 14 k3)h

and

Ay, = -_%_'(kl-;-'z kpt 2 kgt k) .

If £ = f(x) the above formulae reduce to Simpson's rule. The inherent error
+is also of tﬁe same order as Sirripso'n's rule, Similar formulae for second
order equations and simultaneous equ»z{{,ions may be found in Scarborough,

- Numerical Mathematical Anaiy.sis. . The Runge-Kutta method is excellent for

starting the solution but becomes too laborious for many steps.

&. Forward Integration of First Order Eguations.
- The methods of forward integration are designed to continue the
solution over a wide range. They are derived from interpolating bqunomials

which are then used to extrapolate, ~ Consequently, several starting values
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must be obtained by one of the methods already described. If the integration
' ‘ . .
is required correct to a numbef bf significant figures, then two more figures
shonld be retained in the table.

Consider now the fallowing table, where qQ = dy = £f(x, y)
, ‘ I ,

‘_,xo Vo = %
Ay, - Aq
x 1 a A2q° ' A
) ¥2 a | Q) L A2q1 | . Ahqo
Ay, Aq, | "ABéll Asqo
X3 ¥ | a3 N, | | Bey |
bdy; B ) K, Asql
X, 7y, , A2q3 A Ahqz
b, | _»Aqh : A3q3
X5 Is a4 qu"“ »
| Avs Ay
X T %

The x,, *l’ Xy eeo are defined by the chosen 1ncr¢ment ofvthe indépendent
variable. The increment, Z&x - h , is a constant, ‘It is better to keep
the increment in x small and thus simplify the formulae of iﬁtegration.‘ If

the incrementAis too large the highér order differences in q become larger

©
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and more teérms .are needed for convergence. If this does happen it is best
to decrease the increment in x. When the increment . (Z&x - h) 'is halved
-during an-integration the intermediate values of q may be computed using

Bessel!s interpolation formula

g BV
n+l —23( A %n-1 + A'qr_x-Q)‘ *

UYonpl - z(q + qn+l) ~ l(Aq + Aq

The intermediate values of y may be coﬁnutqd from the same formula ér from

the . integration formula or both L ] |
In the table (1) the Vo coe) ys are glven by the startmg values

obtalﬁed by one of t,he prev1ous methods. The qo, ) q5 are calpulated

from the differential equation in sequence form
‘qi =( ;(xi"yi)

To continue the solution we next want ¥4 SO we must finc,il A ys“' sincé
Y6 :.'-,Y5 + AY5 .

The incremeﬁt,. AyS is.tvhen obtained. ffom. the fo-rwa:cf& integi‘a-t_ién -formula,
= h( LAg o+ 5 A2 4+ 3 ABq + 251 .Ahq + )
n qn—l+ “2‘ n-2 13 qn--B ‘é‘ n""Lk 75-0- : n_s eee/ 0

We then calculate q = f(x(), yé) ahd proceed to difference q, i.e., obtain
| 2 3 L .
ACIS s Aqhs Aqu qu .

Before proceeding to calculate A.yé we should check our value for Ay5

by the checking formula

Av. = h -1 -1 -1 cie

-~

which makes use of our new values.
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The first error term is 'h Aqn—é which shbuld be kept small enowg%
3

&0 as not to affect the accura,cy requlred

' This method of integrating forward using ‘&i’i‘i‘eréﬁ*ce% i3 ecalled the

~ Adams-Bashforth method. There are of course sévéral otifer integration for
using differences which are déscribéd in the references, but this i3 the

ozily one which we shall study in detail,

7. Milne's Mothod . ) f

Anot.her method for contimung the solution ‘o¥er an extended

is due to M:.lne It does not require a difference ‘ba.-’ole_., but uses_}t-wo_'

%ﬁmura formilas, “one for integrating ahead by é)’r't.:ra.-poiaft.-ioh and the othér =

% ‘thecking the Wéw ‘va.lue . The formulae are derivea T'rc)m ‘Newtb‘ﬁr‘%

, inféfpolation forfila., Milne's method requires at least four starfi ‘ﬁ%&%&su

Let y,, Y1 ¥o» ¥3 be the four starting valu‘és ‘The derivatives
qo, q1»> 9p» 93 can be calculated from q4 = ( _I f(xi, yi’) Denote
the increment in "x by h. The next value, Yy oo is calculated *b‘y us‘ing

" the integration formula

'(t)

. o ‘
¥V, = yn-h_"fét h [2 Q3 -~ qn_z"'z qn-B] .
e errof in this value is at most %h A q _; + The new value y \ is now
‘&hecked with the formula - g
yn L= Yn_2+% h [qn-27’—l‘ qn,__1+ a A‘ - (2)

- where

e £(x, , yil)

n. .

)

#

[ B4
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The error in this corrected value is at most’ 1l h A Qg This process

90

should be repeated until two values of y agree to the desired number of

Afigures. "The 1ntegration\should then be continued. ‘Formula (2 ) is actually.

"Simpson's rule for integration. Milne's.methodvis fast and reasonably

accurate. If, however, substitution of x and y ‘into the differential
equation to'obtain .q .is a complicated computation then_the repeated
corrections to y and subsequent calculation of | q can become tedious.

Generally speaking though it is much faster than the difference methods.

8, Equations of Second and Higher Order and~Simultaneous:EquationsL

The methods_whichfhave been discussed for first order equations can

all be applied to equations of higher order and simultaneous equations.,. A

 differential equation of higher order can be reduced to a system of first

order equations'by introducing new variables. Consider

ill = £(x, Y y ’ y » o000 Y(n-l)) ' | . (')
ax" |

with initial conditions

' o 1 C ' (n=1), (n-1
y(x,) =Y ACNESS AT vy (x) = Yo )
The equation.( | ) may be reduced to the system
1 o
dy, . ‘
y = _J1 . ' o Py
y3 - SX_% . _ ’ . -
dx
. = dyn-2 d
In-1 L 3 Wnay

dx Tl £, %5 ¥y Too vee 5 ¥ q)

3
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Let us Eonsider a difference table for the equation ' - \Y

.d2 = f(x, y,\y') B Do (3)

I

\ 5

with initial conditions y(xd) =¥, y' (xo) = y(') . ‘The system we shall

solve is
dy = p ' S ! ,
& : | ()
Qa = dp = f(x, ¥, p)
with initial conditions y(x,) -y, ,  p(x,) = ¥, =P . The difference
' table in accordance with the method of Section 6 is then | o "
' xo. yo .' _po » qO i . -
A Y )
Br by K By, e

ij : AP3 , | '4A3I’2 ‘ T AQ3 ‘ qu2
T S
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~ So for integrating ahead we have with A,x =h

(e .t 1A 2 L4 p b
‘ Apn _'Vh(gn—l.'— %Aqn-2+ li2A qn-3 +% A qn-h+ %A:qn—B + cer )

1 ) -
Avq = nlpy .yt 1A1on 2t 2 Apn3+ 3A pn_l;i' %Apn_5‘+...>.

- and for checking

) 2 3

h(p ~1Ap, -1 Ao ;-2 Ap ,-19 AP =)
ntl T T el gpE -2 5555 o3

“Milne's method and all the starting techniques can be applied to

sYsﬁem (4 ) also in the obvious way. Simultanecus-equations are solved in

this_manner.also.

9. A Methodvfor Integrating Equations of the Type d y/dx2‘- f(x, y) Where

the Value of dy/dx Is Not Reouired,

A special method which applies to.equations where. the first derivatives
does not appear explicitly is available. This method is particularly useful for

calculating equations of motion of a charged partlcle moving under the force of

an electric fleld. 'The,equatlon

‘M:)E = eEx(x, t)

is of the form we are discuSsingﬁ Also_equatiohs'of the form

_z + p(Jc) 4— q(X)y : r(x)
Caxt S
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can be transformed by

x ' i
oz yew (| sGoar) o
X, ‘
to thAe,equation‘ -
i g_igi =~ B{x)z + cfx)
, dxz ‘
and this equaii@n' cﬁn be soIved" by'}th:e method bto be described. The advantages
of this method are that it is fast and requires only three starting values.
o . Consider ihje’dilffe.rence* table for q =y = f(x, y) with initial g
éorxditidnq y.(x.o) = yoA R ‘y'\(xo) =.y;' . | | N
- xb’ C ¥ 8 ' ' Q- o
Ayo . v S Aqd
Cxy yl. , E ,Az-yo. ' q ’ . Azqu
o | _Ayli ) Aql" ,
X2 ¥2 Azyl‘, L) - Aqu
o Ay, L A,
B T
| Ay, o | Aas
| X, W . q, . ¥
We may integraté ahead with the equat‘ibﬁ (1 ), with. :AJ'(“-:' h v

o o - A2 - 2| ’-Az . ' o
Ing1 =2Vt ¥y F A Yp1 T B qn+--]:l§ -2 - (’)

_‘and check the value we obtain with
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. ) _ 2 - 2 2 (2)
- = " ' 1 . : :

Fagr T 2Vt g ANy, , = [qn td A qn_l] | _
Tne flrst error term in equatlon (1 )is = 1. Zx q, whereas for equation ( 2)
12 .

it' is A q - The 1ntegrat10n can be speeded un then if equatlon (2 )

2h0

is used for 1ntegrat1ng ahead as well as checklng This means a value'for

[& a, -1 must be estlmated but this can usually be done w1th practlce and

it is a better approxn_mation than A QU.» which is the value suggested by

equation ( ).

10.. Application of Computing Machines to the Solutionrof Ordinary'Differential

1

Eguationsu _ . .
A1l of the methods discussed'are greatlyifacilitated by the use of a

desk calculator to perform the reguired arithmetic operations,"These methods

are, also the ones used in solving differential equations with a high-speed

digital computer. These modern high speed machlnes perform only the ordinary

arithmetic,operatlons° Consequently, the problem must be put in numerical

' analysis form° The advantage of these machines is that the operations are

performen with great speeds automatically. That is the numbers can be stored

-

in a memory unit along with- coded commands which tell the arithmetic unit

that operations to perform on the numberso The solutions of large:systems'

of equations for many Sets of initial conditions over a wide range are made

possible with the use of these machines.

11, The Differential Analyzer.

.The differential analyzer is an instrument for evaluating the solutions
of systems of ordinary differential eaquations, Tt con5ists of a number of

integrators which can be connected topether so as to solve an ordinary
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- differential equatioﬁ directly for given'boundary:conditionsq It comes under
the’clasé of analép computers in that the differential eduation to be solved
is used to descrlbe a mwrhanical or electr;cal sy em whlch is then constructed
on the dlfferentlal analy'zero The U C.R. L dlfferential analyzer is a

.mechanicdl machine. That 15, the fanctlon) are renresented by rotations and

. the integratpfs are continucusly varlab;e gears; The connection system is

an electrOWmechanical one'ﬁsing s&nchré hotors“- For aAmore complete A

des crlptwon of this machine’ see reference (3) and (4).
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