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Abstract

Blasting off at the speed of light: Exploring relativistic quantum chemistry for core
spectroscopy and heavy elements

by

Leonardo dos Anjos Cunha

Doctor of Philosophy in Chemistry

University of California, Berkeley

Professor Martin Head-Gordon, Chair

Quantum mechanics is one of the most predictive theories that we have at our disposal
to explain natural phenomena with atomistic detail. Yet, applying it to complex system,
such as chemical reactions, is an extremely demanding task. Approximations justified by
physical principles are necessary to reduce the computational cost of these simulations. This
dissertation analyzes two classes of problems in molecular quantum mechanics, highlighting
the main ingredients necessary to qualitatively and quantitatively describe them. First, we
look at how the choice of orbitals influences the description of strong-field ionization processes
in simple systems, drawing an analogy to the well-known symmetry dilemma within quantum
chemistry. We show that, through a simple model and a mean-field treatment, allowing the
wavefunction to simply separate pairs of electrons is not enough to understand the ionization
process, requiring additional flexibility to allow for spin rotations.

The second class of problems discussed in this dissertation concerns the description of excited
states that arise when promoting one of the electrons in an inner-shell of a system. X-ray
spectroscopy is a vibrant field that has been explored in great detail over recent years due to
advances in light sources. From a theory perspective, these core-excited states also pose some
challenges to existing quantum chemical methods, especially due to lack of relaxation effects
after creating a hole in one of the core orbitals. We discuss different approaches to model
X-ray emission and absorption, as well as the role of scalar relativistic effects in accurately
modeling the core-excitation energies and the spectra of heavy elements. In doing so, we
have devised both state-specific and linear-response methods to model core-excited states,
expanding the toolbox available to quantum chemists to interpret new experiments in the
X-ray range of the electromagnetic spectrum.
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Chapter 1

Introduction

The underlying physical laws necessary for the mathematical theory of a large part of
physics and the whole of chemistry are thus completely known, and the difficulty is only that

the exact application of these laws leads to equations much too complicated to be soluble
P. A. M. Dirac “Quantum mechanics of many–electron systems” Proc. R. Soc. Lond. A,

123, 714–733, 1929.

At the turn of the twentieth century, most of the physical laws describing natural phe-
nomena were believed to have been already discovered. Isaac Newton had already laid
the foundations of what would be known as classical mechanics and universal gravitation,
whereas James Clerk Maxwell had unified the description of electromagnetism. The so-called
“ultraviolet catastrophe” [1] deeply changed this perspective and revolutionized science as a
whole. By assuming that the electromagnetic radiation can be emitted or absorbed only in
discrete, instead of continuous, packets of energy called quanta [2], Max Planck contributed
to the advent of a new theory capable of explaining the microscopical underpinnings of the
natural world.

This new subject, quantum mechanics (QM), is the foundation upon which most of
modern physics and chemistry is built on. QM describes the interplay between matter
and energy at the atomic level [3]. The very modern idea of the atom itself is, ultimately, a
quantum mechanical concept [4], showcasing how important such theory is to the description
of the most basic processes in chemistry. Despite its extraordinary ability to explain nature
around us, QM suffers from a computational complexity problem, as alluded to by Paul
Dirac in the quote that opens this chapter. Aside from a few small models that can be
solved analytically, such as the hydrogen atom [5, 6], computing the quantum mechanical
properties of complex molecular systems is undeniably an extremely demanding task. Exact
numerical solutions are usually unfeasible for most systems of chemical interest. The field of
quantum chemistry is therefore concerned in developing affordable approximations to extend
the applicability and predictive power of QM to larger systems. The quantum chemist’s
toolbox comprises not only of physical ideas rooted in nature’s reality, but also of an inherent

https://royalsocietypublishing.org/doi/10.1098/rspa.1929.0094
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ability to implement complex mathematical equations as efficient and scalable computer
programs.

In this chapter, we will briefly outline some of these tools, from the non-relativistic
quantum theory for molecular systems and the most common approximations used to solve
the time-independent Schrödinger equation, to an overview of how to reconcile the ideas
from Einstein’s theory of special relativity [7] and quantum mechanics. We will employ
atomic units, i.e. define the mass of the electron (me), and the elementary charge (e) to be
unity, along with the values for the reduced Planck’s constant (ℏ) and the quantity 4πε0,
throughout this work, unless noted otherwise.

1.1 Overview of Non-Relativistic Quantum Chemistry
In classical mechanics, Newton’s equation of motion (or its generalized version from La-
grange’s or Hamilton’s formalisms [8]) is the key ingredient to describe the dynamical prop-
erties of a system. In quantum mechanics, such a role is played by the time-dependent
Schrödinger equation (Eq. 1.1)

H |Ψ(t)⟩ = iℏ
∂

∂t
|Ψ(t)⟩ (1.1)

In Eq. 1.1, the dynamical variable, |Ψ(t)⟩, encodes all of the information about the QM
system and can be interpreted in a statistical sense. Once projected into real space (Eq. 1.2,
assuming a single particle for simplicity, but without loss of generality), the quantity |Ψ(x⃗, t)|2
represents the probability distribution of the location of a particle at a given time.

Ψ(x⃗, t) = ⟨x⃗|Ψ(t)⟩ (1.2)

The dynamics of |Ψ(t)⟩ is dictated by the Hamiltonian operator H. In the case where
this Hamiltonian does not depend explicitly on time, separation of variables lead to the more
common time-independent version of the Schrödinger equation (Eq. 1.3). This is usually the
starting point for modeling within quantum chemistry, and solving Eq. 1.3 yields a complete
basis of stationary states {|ψk⟩} and their respective energies {Ek}. The complexity problem
of QM is hidden in the structure of the Hamiltonian operator and what types of interactions
between particles it is able to describe.

H |ψk⟩ = Ek |ψk⟩ (1.3)

For chemical systems, composed of a set of nuclei and electrons, and in the absence of
external electromagnetic fields, the (non-relativistic) Hamiltonian operator is given by:

H = Te +Tn +Vne +Vnn +Vee (1.4)

Te and Tn are the kinetic energies of the electrons and nuclei respectively. Vne,Vnn and Vee

are purely electrostatic (Coulombic) terms that describe electron-nuclear attraction, nuclear-
nuclear repulsion and electron-electron repulsion respectively. Assuming that the system is
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composed of electrons labeled with indices {i, j . . .}, and nuclei labeled {A,B . . .}, we can
express each one of the terms in the Hamiltonian as follows:

Tn =
∑
A

− 1

2MA

∇2
A (1.5)

Te = −1

2

∑
i

∇2
i (1.6)

Vne = −
∑
i,A

ZA∣∣∣R⃗A − r⃗i

∣∣∣ (1.7)

Vee =
1

2

∑
i,j;i ̸=j

1

|r⃗i − r⃗j|
(1.8)

Vnn =
1

2

∑
A,B;A ̸=B

ZAZB∣∣∣R⃗A − R⃗B

∣∣∣ (1.9)

(1.10)

where {r⃗i} and {R⃗A} are the positions of the electrons and nuclei respectively, while {ZA}
and {MA} are the nuclear charge and mass.

1.1.1 The Born-Oppenheimer Approximation

The task of solving the time-independent Schrödinger equation for the Hamiltonian in Eq. 1.4
is quite daunting. The stationary states (which we will interchangeably refer to as wavefunc-
tions throughout this work) would not only depend on the positions of the many electrons of
the system, but also on the position of the nuclei, leading to a high dimensional and complex
problem. It is, however, worth noticing that nuclei are much heavier than electrons. Indeed,
the lightest nuclei, a single proton in the hydrogen atom, is about three orders of magnitude
more massive than a single electron. This leads to the first common approximation often
used in quantum chemistry. The Born-Oppenheimer (BO) approximation [6, 9, 10] is based
on the mismatch in the time scales of electronic and nuclear motions, which allows us to
decouple the degrees of freedom of these two sets of particles. Within BO, one can write an
electronic Hamiltonian He (Eq. 1.11) that describes the behavior of the electrons at a given
set of fixed nuclear coordinates {R⃗}. Note that Vnn is now simply a scalar quantity, and
does not affect the electronic wavefunction.

He({R⃗}) = Te +Vne({R⃗}) +Vee + Vnn({R⃗}) (1.11)

While helpful in reducing the dimensionality of the problem at hand, employing the BO
approximation comes with its consequences, such as failing to properly describe the properties
of the system when the energy of two (or more) electronic states become near-degenerate at
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a common set of nuclear coordinates [6, 11–13]. These cases, however, will not be considered
in this work and we will assume BO is a valid approximation.

Is this first approximation enough to allow us to investigate complex chemical systems?
Unfortunately, even with the purely electronic Hamiltonian, we would still have to deal with
a high dimensional mathematical object (the electronic wavefunction) that depends on the
coordinates of many electrons. The origin of the issue lies in the electron-electron repulsion
term, Vee, in the Hamiltonian. Vee is a two-body (or two-particle) operator that couples
the motions of different electrons, hindering the separation of variables that would simplify
the solution of the time-independent electronic Schrödinger equation.

1.1.2 Hydrogen-like Atoms

It is instructive, nonetheless, to look at the structure of such solutions when the electron-
electron repulsion is not present in the Hamiltonian. One electron systems, such as the
hydrogen atom or highly charged cations of other elements, provide us with a physically
meaningful, yet simple and analytically solvable, example. These can potentially inspire
other approximations to solve the electronic Hamiltonian for more complex multi-electronic
systems. For these hydrogen-like atoms, the Hamiltonian reduces to

Te = −1

2
∇2;Vne = −Z

r
(1.12)

He = Te +Vne (1.13)

where the nucleus is placed at the origin, r⃗ is the position of the electron and Z is the nuclear
charge.

The exact expression of the hydrogenic wavefunctions (henceforth referred to as orbitals,
which will also be used to denote any one-electron wavefunction later on) are a bit convoluted
and can be easily found in introductory quantum mechanics textbooks [5, 6]. However, it is
worth noticing that, while the orbitals are characterized by a set of three quantum numbers
{n, l,m}, each representing a different aspect of quantization, such as spatial orientation
or number of radial and angular nodes of the orbitals, the energy levels themselves (Enlm)
reveal some degeneracies, as they only depend on the so-called principal quantum number
n (Eq. 1.14). This is an important fact that will be explored later on this chapter, when
relativistic effects are taken into account.

Enlm = − Z2

2n2
(1.14)

1.1.3 Hartree-Fock theory: a bridge between hydrogen-like
systems and multi-electronic molecules

1.1.3.1 The Slater Determinant as a Trial Wavefunction

One of the takeaways from the previous discussion is that, if the term in the Hamiltonian that
couples the electronic motion (Vee) was to be neglected, we would potentially be able to solve
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the electronic structure problem. In this case, even if we had a many-electron system, its
wavefunction could be written as a product of one-electron functions (orbitals). This neglects
the fact that electrons, as fermions, are indistinguishable from each other and have to obey
Fermi-Dirac statistics [14, 15]. As a practical consequence, exchanging the position of any
two electrons should result in an overall sign change in the total wavefunction, keeping all
of the observables unchanged. Alternatively, the total electronic wavefunction of the system
is said to be antisymmetric with respect to exchanging the coordinates of any two particles.
Mathematically, this is expressed as

Ψ(r⃗1, s1; r⃗2, s2; r⃗3, s3 . . .) = −Ψ(r⃗2, s2; r⃗1, s1; r⃗3, s3 . . .) (1.15)

where {r⃗i, si} represent the spatial and spin (or intrinsic angular momentum) coordinates of
each electron. Moreover, if two electron had the same spatial and spin coordinates, Eq. 1.15
shows us that the total wavefunction of the system would vanish. This is known as the
Pauli exclusion principle [16], and it is a consequence of requiring electrons to follow the
Fermi-Dirac statistics.

The simplest way to enforce this antisymmetry requirement into the electronic wavefunc-
tion is to write it as a Slater determinant [17] whose rows and columns are composed of the
single-particle orbitals {χi, χj . . . χN} and the electronic (spatial and spin) coordinates:

Φ(r⃗1, s1; r⃗2, s2; r⃗3, s3 . . .) =
1√
N !

∣∣∣∣∣∣∣
χi(r⃗1, s1) χi(r⃗2, s2) χi(r⃗3, s3) . . . χi(r⃗N , sN)
χj(r⃗1, s1) χj(r⃗2, s2) χj(r⃗3, s3) . . . χj(r⃗N , sN)

...
... . . . ...

∣∣∣∣∣∣∣ (1.16)

where N is the total number of electrons in the system.
Instead of a single product of one-particle orbitals, we now have an antisymmetric lin-

ear combination of such products, enforcing the Fermi-Dirac statistics constraint into the
electronic wavefunction. As we will discuss later on, using the Slater determinant as a
trial wavefunction to solve the electronic structure problem has the physical consequence of
simplifying the electron-electron repulsion term in the Hamiltonian. However, it is instruc-
tive to briefly discuss the properties of the single-particle orbitals that compose the Slater
determinant.

1.1.3.2 On the Choice of Orbitals

So far, nothing has been said or assumed about the single-particle orbitals {χi, χj . . . χN},
aside from their dependence on the spatial and spin coordinates of a given electron. The
eigenstates of the spin operator in any direction form a complete basis that can be used to
provide us with more information about the spin component of these single-particle orbitals.
The eigenstates {|α⟩ , |β⟩} of the z component of the spin operator S⃗ for an electron, a
fermion with spin s = 1

2
, are given by [6]:

Sz |α⟩ =
1

2
|α⟩ and Sz |β⟩ = −1

2
|β⟩ (1.17)
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The most general expression for a single-particle wavefunction is simply a linear combination
of the z component eigenstates of the spin operator (more generally, any component could
be used). The weights or coefficients of each eigenstate are given by the spatial components
{ϕα

i (r⃗), ϕ
β
i (r⃗)} of the orbital. This is expressed as follows:

χi(r⃗, s) = ϕα
i (r⃗)α(s) + ϕβ

i (r⃗)β(s) (1.18)

This given rise to the generalized (G) class of orbitals. The spatial components
{ϕα

i (r⃗), ϕ
β
i (r⃗)} can be allowed to be complex if necessary, thus being named complex

generalized (cG) orbitals. How should we go about reconciling this with our usual general
chemistry knowledge, where orbitals are either α or β, but not a weird and complex combi-
nation of both? The answer lies in imposing constraints on the spatial and spin components
of single-particle orbitals.

For instance, we can impose that we should have two separate sets, each with a given
spin, either α or β, of orbitals composed of only real, but distinct, spatial parts (Eq. 1.19).
This choice is usually referred to as unrestricted (U) orbitals. If one imposes the additional
constraint that the spatial components of the α and β orbitals should be the same, this
would lead to what is known as restricted (R) orbitals (Eq. 1.20), the most common choice
for systems that do not have any unpaired electrons.

χi(r⃗, s) = ϕα
i (r⃗)α(s) or ϕβ

i (r⃗)β(s) (1.19)
χi(r⃗, s) = ϕi(r⃗)α(s) or ϕi(r⃗)β(s) (1.20)

Choosing a given class of orbitals (generalized, unrestricted, restricted) has its conse-
quences. This is usually reflected on the symmetries obeyed by the electronic wavefunc-
tion. The electronic Hamiltonian in Eq. 1.11 commutes with several operators, such as the
time-reversal Θ, complex conjugation K, the total spin S⃗ and S2 [18, 19]. The electronic
wavefunction should, therefore, also be an eigenstate of all of these operators. For trial
wavefunction composed of a single Slater determinant, this is only true when the choice the
orbitals are real and restricted. For instance, if we allow the spatial parts of α and β orbitals
to be different from one another, such as in the unrestricted case, the wavefunction is no
longer an eigenfunction of S2 and Θ. Lifting all constraints and choosing cG orbitals leads
to a Slater determinant that does not necessarily obey any of the symmetries of the Hamil-
tonian. A summary of the symmetries respected by each choice of orbitals is presented in
Figure 1.1. These considerations will be further explored in the later chapters of this work.
For now, we have the tools to discuss yet another approximation towards the solution of the
electronic structure problem.

1.1.3.3 Variational Principle and the Hartree-Fock Method

So far, we have established the Slater determinant as our trial solution of the electronic
Schrödinger equation, and that we have certain flexibility on the choice of the orbitals. We
still need the tools, however, to obtain these orbitals, and finally calculate the electronic
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Figure 1.1: Different classes of orbitals, with structure of their respective coefficient matrix
in a basis and the preserved symmetries of the exact Hamiltonian.

energy. We shall make use of the variational principle [5, 6], which states that the energy of
any trial wavefunction is bounded by the true, exact ground-state energy of the system:

Eexact ≤
⟨Ψ |Hel|Ψ⟩

⟨Ψ|Ψ⟩
(1.21)

Therefore, the best trial wavefunction, and orbitals, are the ones that minimize this ex-
pectation value. This is the Hartree-Fock (HF) method [20–23]: by using the variational
principle, one can obtain the best set of single-particle orbitals that composes a Slater deter-
minant and minimizes the expectation value of the electronic Hamiltonian. While the details
of the full derivation can be found elsewhere [24, 25], here we emphasize a few important
aspects. In evaluating the expectation value of the electronic Hamiltonian with respect to a
Slater determinant we encounter the following terms:

E0 = ⟨Φ|He |Φ⟩ = ⟨Φ|Te |Φ⟩+ ⟨Φ|Vne |Φ⟩+ ⟨Φ|Vee |Φ⟩+ Vnn (1.22)

Vnn =
1

2

∑
A,B;A ̸=B

ZAZB∣∣∣R⃗A − R⃗B

∣∣∣ (1.23)

⟨Φ|Te |Φ⟩ = −1

2

∑
i

∫
χ∗
i (r⃗, s)∇2χi(r⃗, s)dr⃗ds (1.24)
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⟨Φ|Vne |Φ⟩ = −
∑
i

∫
χ∗
i (r⃗, s)

∑
A

ZA∣∣∣R⃗A − r⃗
∣∣∣χi(r⃗, s)dr⃗ds (1.25)

⟨Φ|Vee |Φ⟩ =
1

2

∑
i,j;i ̸=j

(Jij −Kij) (1.26)

Jij =

∫
χ∗
i (r⃗1, s1)χ

∗
j(r⃗2, s2)

1

|r⃗1 − r⃗2|
χi(r⃗1, s1)χj(r⃗2, s2)dr⃗1ds1dr⃗2ds2 (1.27)

Kij =

∫
χ∗
i (r⃗1, s1)χ

∗
j(r⃗2, s2)

1

|r⃗1 − r⃗2|
χj(r⃗1, s1)χi(r⃗2, s2)dr⃗1ds1dr⃗2ds2 (1.28)

⟨Φ|Te |Φ⟩ and ⟨Φ|Vne |Φ⟩ are sums over the expectation value of these one-electron operators
for each occupied orbital.

The most interesting term is, as discussed earlier, the expectation value of ⟨Φ|Vee |Φ⟩, as
it involves a two-particle operator. Using a Slater determinant as a trial wavefunction allows
us to rewrite ⟨Φ|Vee |Φ⟩ as a sum of two components: Jij and Kij. The former represents the
classical Coulomb repulsion between the probability distributions/densities of each orbital.
The latter is a consequence of imposing Fermi-Dirac statistics in the wavefunction, thus being
a purely quantum mechanical effect and being denoted as the exchange term/contribution.
It is worth noticing that the exchange term only acts between pairs of orbitals that have the
same spin (or components of the orbitals in the cG case).

By minimizing the energy expectation value (Eq. 1.22) with respect to the single-particle
orbitals, we obtain the so called HF equations (Eq. 1.29), an eigenvalue problem that, once
solved, yields the best orbitals that compose a single Slater determinant wavefunction.

f |χi⟩ = εi |χi⟩ (1.29)

f = h+
∑
j

Jj −Kj (1.30)

h = −1

2
∇2 −

∑
A

ZA∣∣∣R⃗A − r⃗
∣∣∣ (1.31)

Jjχi(r⃗, s) =

(∫
|χj(r⃗2, s2)|2

|r⃗ − r⃗2|
dr⃗2ds2

)
χi(r⃗, s) (1.32)

Kjχi(r⃗, s) =

(∫
χ∗
j(r⃗2, s2)χi(r⃗2, s2)

|r⃗ − r⃗2|
dr⃗2ds2

)
χj(r⃗, s) (1.33)

where εi is a Lagrange multiplier resulting from requiring the HF orbitals to remain or-
thonormal. It is possible to attach physical meaning to these quantities through the so-
called Koopman’s theorem, which states that the negative of εi correspond the ionization
energy of an electron occupying χi, assuming no relaxation upon the removal of the electron
[26]. An interesting feature of the HF equation is that, in order to obtain the set of orbitals
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{χi, χj . . .} by solving Eq. 1.29, we first need to guess what this set looks like, as they are key
ingredients to compute the Coulomb (Eq. 1.32) and exchange (Eq. 1.33) contributions to the
Fock operator. This is then accomplished through an iterative protocol, or self-consistent
field scheme, that is discussed in greater detail in Ref. 24.

1.1.3.4 Mean-Field Hamiltonian and Correlation Energy

Finally, Eqs. 1.29, 1.32 and 1.33 remind us of our initial goal: find an approximation that
would allow us to treat the electronic Hamiltonian as a sum of non-interacting single-particle
terms. Consequently, we would then be able to write the wavefunction of the system as an
antisymmetric combination of products of one-electron functions. The HF method finally
allows us to accomplish this goal: by using a single Slater determinant as our total wave-
function, we can write an effective one-electron equation that gives us the single-particle
orbitals. Moreover, it is worth pointing out the physical content hidden in Eqs. 1.32 and
1.33. They indicate that, in the HF method, each electron experiences effectively an average
field generated by the other electrons. This is of paramount importance to understand the
limitations of HF theory and to improve upon it. We can define a many-body operator F
that is composed by the sum of single-particle Fock operators f (Eq. 1.29):

F =
∑
i

f(r⃗i, si) (1.34)

Due to the mean-field nature of the electron-electron interaction in HF, its approximate
energy is not equal to the exact value that one would obtain from solving the full electronic
Hamiltonian (Eq. 1.11). This allows us to define the correlation energy [27] as follows:

Ecorr = Eexact − EHF (1.35)

Correlation effects can then be recovered by including certain contributions of the so-called
fluctuation potential in post HF methods, as we will discuss in the following section.

V = He − F (1.36)

1.1.4 Climbing up the Wavefunction Mountain of Correlated
Methods

HF is the simplest electronic structure method, as it builds upon the concept of trying
to approximate the full electronic Hamiltonian through a sum of independent one-electron
operators. This task is accomplished by using a single Slater determinant. HF does not
yield the exact energy of a system. Indeed, a good estimate is that the correlation energy
accounts for about 1 eV per electron pair [24]. While this does not seem to be much, it is
critical to accurately model chemical process. These usually involve breaking and forming of
chemical bonds (and likely changing the number of electron pairs in the system) and rely on
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relative energies between reactants and products. For instance, an analysis of the simple case
of the H2 molecule, which has a single electron pair, reveals that the estimate for missing
correlation energy corresponds to about 100 kJ/mol, which is on the same order of magnitude
as the bond dissociation energy of the system. It is necessary to include correlation effects
on top of the HF energy and its wavefunction in order to obtain an accurate description of
physics and chemistry. This can be done through a myriad of different methods, of which
we highlight only a few in this work.

1.1.4.1 Møller-Plesset Perturbation Theory

In Quantum Mechanics, Rayleigh-Schrödinger (RS) perturbation theory [28] is usually the
most straightforward way to account for effects that were not previously included in the
zeroth order description of a problem. This is accomplished by partitioning the total Hamil-
tonian into two pieces:

H = H0 + λV (1.37)

where H0 and V are, respectively, the easily solvable part of the full Hamiltonian (i.e.
zeroth-order Hamiltonian) and the perturbation that we, in principle, do not know how to
account for. λ is a simple parameter that controls the strength of the perturbation, but it is
usually just used as a derivation tool. The same partitioning scheme can be applied to the
total wavefunction and energy of the system:

|Ψ⟩ =
∣∣Ψ(0)

〉
+ λ

∣∣Ψ(1)
〉
+ λ2

∣∣Ψ(2)
〉
+ . . . (1.38)

E = E(0) + λE(1) + λ2E(2) + . . . (1.39)

where {E(0), E(1) . . .} and {
∣∣Ψ(0)

〉
,
∣∣Ψ(1)

〉
. . .} are the corrections to the energy and wave-

function at each order of the perturbation, respectively.
By substituting Eqs. 1.37, 1.38 and 1.39 into Eq. 1.3 and collecting the terms by orders

of λ, we obtain (up to second order):

H0

∣∣Ψ(0)
〉
= E(0)

∣∣Ψ(0)
〉

(1.40)

H0

∣∣Ψ(1)
〉
+V

∣∣Ψ(0)
〉
= E(0)

∣∣Ψ(1
〉
+ E(1)

∣∣Ψ(0)
〉

(1.41)

H0

∣∣Ψ(2)
〉
+V

∣∣Ψ(1)
〉
= E(0)

∣∣Ψ(2
〉
+ E(1)

∣∣Ψ(1)
〉
+ E(2)

∣∣Ψ(0)
〉

(1.42)

After some manipulation, we can obtain the expressions for the first and second order cor-
rections to the energy (we will omit the expressions for the wavefunction corrections for
simplicity):

E(1) =
〈
Ψ(0) |V|Ψ(0)

〉
(1.43)

E(2) =
∑
n̸=0

∣∣∣〈Ψ(0)
0 |V|Ψ(0)

n

〉∣∣∣2
E

(0)
0 − E

(0)
n

(1.44)
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where E(0)
n and

∣∣∣Ψ(0)
n

〉
are, respectively, the energy and wavefunction of the n-th eigenstate

of the zeroth order Hamiltonian.
We are now in position to apply RS perturbation theory to the electronic Hamiltonian,

which will be partitioned in a zeroth order part composed by the mean-field Hamiltonian
(Eq. 1.34) and the fluctuation potential as the perturbation. This is the Møller-Plesset
Perturbation Theory (MP) [29, 30]. In this case, we should note that the zeroth order
excited states correspond to Slater determinants that can be obtained by including orbitals
that were previously unoccupied in the ground-state Slater determinant. These orbitals
will be label by {a, b, c . . .}, whereas the occupied ground-state orbitals will be identified by
{i, j, k . . .}. We should also introduce the following notation to label these excited Slater
determinants:

|Ψa
i ⟩ = a†

aai |Ψ0⟩ (1.45)∣∣Ψab
ij

〉
= a†

aa
†
bajai |Ψ0⟩ (1.46)

where a†
p and ap are the usual fermionic creation and annihilation operators for an electron

at orbital p [25].
With these, the MP energy corrections through second order are given as:

E(0) =
∑
i

εi (1.47)

E(1) = EHF −
∑
i

εi (1.48)

E(2) = −1

4

∑
i ̸=j,a̸=b

|⟨ij||ab⟩|2

εa + εb − εi − εj
(1.49)

where ⟨ij||ab⟩ is defined as follows:

⟨ij||ab⟩ =
∫
χ∗
i (r⃗1, s1)χ

∗
j(r⃗2, s2)

1

|r⃗1 − r⃗2|
χa(r⃗1, s1)χb(r⃗2, s2)dr⃗1ds1dr⃗2ds2

−
∫
χ∗
i (r⃗1, s1)χ

∗
j(r⃗2, s2)

1

|r⃗1 − r⃗2|
χb(r⃗1, s1)χa(r⃗2, s2)dr⃗1ds1dr⃗2ds2

(1.50)

The first order MP correction to the energy does not improve over Hartree-Fock. In fact,
we only recover the HF energy at first order. Hence, we only start recovering the correlation
energy at second order (MP2) and Eq. 1.49 indicates the primary role played by doubly
substituted determinants,

∣∣Ψab
ij

〉
, in describing correlation effects.

While being a widely used tool to partially recover electronic correlation, MP theory
has a few issues. One of them is the seemingly arbitrariness in partitioning the electronic
Hamiltonian. Indeed, other perturbative approaches have been devised, with different par-
titioning schemes that yield potentially different results [31–35]. Other issues include lack
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of guaranteed convergence of the perturbative series depending on the system under inves-
tigation, and the fact that the MP energies and wavefunctions are not variational. This not
only means that there is no lower bound for the MP energy, but also calculating properties,
such as dipoles moments and nuclear gradients, are more intricate tasks than in variational
theories, such as HF [30, 36].

1.1.4.2 Configuration Interaction: adding more Slater determinants to the
wavefunction

Despite these issues, MP theory reveals an appealing strategy to recover the correlation
energy: adding more Slater determinants, through substitutions (or excitations) of the orig-
inally occupied orbitals, in our wavefunction. This is accomplished through configuration
interaction (CI) theory [37, 38]. In CI theory, a linear combination of Slater determinants is
used as the trial wavefunction. Assuming intermediate normalization, that is ⟨ΨCI |Ψ0⟩ = 1,
we have:

|ΨCI⟩ = |Ψ0⟩+
∑
i,a

cai |Ψa
i ⟩+

1

4

∑
i ̸=j,a̸=b

cabij
∣∣Ψab

ij

〉
+ . . . (1.51)

where |Ψ0⟩ is the HF determinant, and {cai , cabij , . . .} are the amplitudes, or CI coefficients, of
the excited determinants {|Ψa

i ⟩ ,
∣∣Ψab

ij

〉
, . . .}. We can use the variational principle once again,

but this time minimize the energy expectation value with respect to the CI coefficients, which
yields the following eigenvalue equation:

E0 0 H0D 0 0 · · ·
0 HSS HSD HST 0 · · ·

H0D HSD HDD HDT HDQ · · ·
...

...
...

...
... . . .




1
CS

CD
...

 = E


1
CS

CD
...

 (1.52)

where {CS, CD, . . .} are the coefficients of the singly and doubly substituted, etc Slater
determinants included in the expansion of the wavefunction. Moreover, the blocks of matrix
elements {HOD, HSS, HSD, . . .} are calculated between different Slater determinants:

H0D =
〈
Ψ0 |He|Ψab

ij

〉
(1.53)

HSS =
〈
Ψa

i |He|Ψb
j

〉
(1.54)

HSD =
〈
Ψa

i |He|Ψab
ij

〉
(1.55)

We note that the electronic Hamiltonian, being a two-body operator, can not connect
Slater determinants that differ from each other by more than two orbitals. This is the
reason why H0T = H0Q = . . . = 0. Moreover, the Brillouin’s Theorem and the structure of
the Hartree-Fock wavefunction, in its canonical form, ensures that H0S = 0 [24]. This allows
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us to write an exact expression of the correlation energy in terms of the coefficients of the
doubly excited determinants:

Ecorr =
1

4

∑
i ̸=j,a̸=b

cabij
〈
Ψ0 |He|Ψab

ij

〉
(1.56)

Once again, the importance of including double excitations on top of the HF wavefunction
is highlighted. A note of caution is necessary however: this observation does not mean
that other determinants are not important in the expansion of the wavefunction. As can
be seen from the structure of Eq. 1.52, the double excitations are coupled to other ones,
such as single, triple and quadruple excitations. For instance, projecting the CI Schrödinger
equation by

〈
Ψd

l

∣∣ allows us to (partially) see this coupling more clearly:∑
i,a

cai
〈
Ψd

l |He|Ψa
i

〉
+
∑

i<j,a<b

cabij
〈
Ψd

l |He|Ψab
ij

〉
+
∑

i<j,a<b

cdablij

〈
Ψd

l |He|Ψdab
lij

〉
= Ecdl (1.57)

This plays an important role in determining the coefficients of the doubly excited determi-
nants, as the coupling leads to a system of equations that need to be solved simultaneously.
Hence, the coefficients for the doubly excited determinants are modulated through their
coupling to other excitations (Eq. 1.57), which renders the correlation energy in Eq. 1.56
also implicitly dependent on these other excitations. Finally, we note that Eq. 1.56 does not
hold if H0S ̸= 0 (e.g. when non-HF references are used). In this case, the correlation energy
depends explicitly on the coefficients for singly excited determinants as well.

While CI theory can, in principle, be made exact by including all possible excited Slater
determinants (within a finite basis), it is not tractable, as the cost of evaluating the matrix
elements and storing some of the computable intermediates is prohibitive for most complex
systems, even when highly specialized algorithms are used [39–42]. An obvious alternative
would be to truncate the CI expansion, leading to the hierarchy of CI methods that only
contain single substitutions (CIS), singles and doubles (CISD) and so on.

CIS does not provide any improvement for the ground-state wavefunction and properties,
as the singly excited determinants do not couple with the HF reference. This property,
however, allows CIS to yield variational approximations to excited states that are orthogonal
to the HF ground state. On the other hand, despite seemingly offering a viable path to
recover the ground-state correlation energy, CISD and other truncated versions of CI theory
fail in delivering consistent results for systems of increasing complexity/size. A simple, yet
instructive way, of illustrating this issue is the analysis of the non-interacting H2 dimer.
Each monomer contains only two electrons, hence a truncation at the CISD level would be
enough to exactly describe their wavefunction. The dimer, however, contains four electrons
and CISD would not yield the exact energy of the system, and we would need to include
up to quadruple excitations (CISDTQ) in the wavefunction to recover the exact correlation
energy of the dimer.

This limitation is known as lack of size consistency [25]. Size consistency is the ability
to recover product separable wavefunctions and additive energies when two fragments of a
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system are not interacting. Due to the linear ansatz for the wavefunction, truncated CI
theory does not include enough flexibility to properly describe the total wavefunction of the
system. In our example, this translates to not allowing the total wavefunction to separate
into products of monomer wavefunctions in the non-interacting limit.

1.1.4.3 Exponential Ansatz of the Wavefunction and Coupled-Cluster Theory

CI theory is based on a linear combination of substituted Slater determinants, and truncation
of the CI expansion leads to lack of size consistency. An alternative way of consistently
recovering the correlation energy is to use an exponential ansatz for the wavefunction as
follows:

|ΨCC⟩ = eT |Ψ0⟩ (1.58)
T = T1 +T2 +T3 + . . . (1.59)

T1 |Ψ0⟩ =
∑
i,a

tai |Ψa
i ⟩ (1.60)

T2 |Ψ0⟩ =
1

4

∑
i ̸=j,a̸=b

tabij
∣∣Ψab

ij

〉
(1.61)

where {tµ} is an amplitude/weight associated with a given excited Slater determinant |Ψµ⟩.
This is the couple-cluster (CC) wavefunction and the foundation of CC theory [43–46].

Without truncation, CC is equivalent to CI theory. This can be seen by expanding the
exponential cluster operator and grouping terms by order of excitation:

eT = I+T+
1

2!
T2 + . . . (1.62)

= I+T1 +

(
T2 +

1

2!
T2

1

)
+ . . . (1.63)

All single excitations are generated by the T1 operator, while all doubles excitations are
generated by the T2 and T2

1 operators. Truncated CC theory is more useful than CI as
higher orders of excitations can be included even if the cluster operator T is truncated at
lower order. For instance, CCSD, with T = T1 + T2, is able to include some quadruple
excitations in the wavefunction, a feature that can not be achieved at the same level of
truncation in CI. The exponential ansatz also yields CC energies that are size consistent, as
it allows for product separability of non-interacting fragment wavefunctions [25, 46].

With all of these nice properties, are there any disadvantages in using CC theory to solve
the electronic structure problem? Unfortunately, obtaining the CC energies and cluster
amplitudes is not as straightforward as in CI theory. If we were to calculate the expectation
value of the electronic Hamiltonian with respect to the CC wavefunction (even a truncated
version of it), the expansion would be as computationally demanding as full configuration
interaction (FCI). This renders variational CC [47, 48] impractical for any complex system.
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The alternative approach is based on a projection scheme that makes use of the Baker-
Haussdorf-Campbell (BCH) expansion:

e−ABeA = B+ [B,A] +
1

2!
[[B,A] ,A] + . . . (1.64)

where A and B are arbitrary operators. In the case of the electronic Hamiltonian, which
is a two body operator, in the context of CC theory and the cluster operator T, the BCH
expansion truncates after four nested commutators:

H̄ = e−THeT = H+ [H,T] +
1

2!
[[H,T] ,T] +

1

3!
[[[H,T] ,T] ,T] +

1

4!
[[[[H,T] ,T] ,T] ,T]

(1.65)

Within this formalism, the projected CC equations yield expressions for the CC ground-state
energy and the cluster amplitudes within the truncated subspace. For instance, in CCSD, the
cluster operator is truncated at the singles and doubles excitation, and the corresponding
subspace then includes the HF reference determinant, and its singly and doubly excited
counterparts. Projecting the CC Schrödinger equation (Eq. 1.66) into this subspace gives us
a system of equations to obtain the CC energy and amplitudes.

H̄Ψ0 = ECCΨ0 (1.66)
ECC =

〈
Ψ0

∣∣H̄∣∣Ψ0

〉
(1.67)〈

Ψa
i

∣∣H̄∣∣Ψ0

〉
= 0 (1.68)〈

Ψab
ij

∣∣H̄∣∣Ψ0

〉
= 0 (1.69)

MP and CC theories are intrinsically related to each other. Similar to MP theory, calcula-
tion of properties within the CC formalism is not a simple task, due to the its non-variational
character. Moreover, both MP and CC theory (especially low orders of truncation) rely, to
some extent, on the HF wavefunction being a qualitative good starting point. In other words,
they require that there is a single dominant Slater determinant in the electronic wavefunction.
This configuration is hopefully captured by the HF reference, while the add-on excited config-
urations (either through perturbation theory or the exponential cluster operator) contribute
only slightly to the total wavefunction and energy. This leads to a (somewhat arbitrary)
distinction between strong (or static) and weak (or dynamical) correlation. MP and CC are
effective methods to recover weak correlation. The problem of recovering strong correlation
is out of the scope of this work and we refer the interested reader to additional references
about the topic [49, 50].

1.1.5 DFT and the Central Role of the Electronic Density

So far, all of the electronic structure methods presented rely on having the wavefunction of the
system play a central role. Indeed, the Schrödinger equation, either in its time-dependent or
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time-independent version, gives us a recipe for how to obtain and manipulate such quantities.
One of the disadvantages of such approach is the complexity of these mathematical objects.
The electronic wavefunction for a system containing N particles will depend on 4N variables,
three spatial and a spin coordinate for each electron. Recall that our main goal in the
beginning of this chapter was to list the available tools quantum chemists have at their
disposal to reduce the complexity of the often daunting task of exactly solving the electronic
structure problem. Can we do better than simply relying on this often impractically large
Hilbert space?

We have learned along the way some nice properties that we would like to include in an
“ideal” theory that depends on less information than the 4N variables of the wavefunction
space. For instance, we would like to keep the simplicity of HF theory in dealing with the
electron-electron repulsion term of the Hamiltonian, while also being able to recover corre-
lation effects in order to model chemical processes. This is where density functional theory
(DFT), and more specifically Kohn-Sham (KS) DFT comes to our rescue. KS-DFT empha-
sizes the leading role of the charge (or number) density, a much more amenable mathematical
object that depends only on three spatial coordinates regardless of the number of electrons
in the system, to solve the electronic structure problem.

1.1.5.1 Hohenberg-Kohn Theorems as the Foundation of DFT

While the idea of using the charge density as the primary ingredient to determine the elec-
tronic properties of a system was pioneered by Thomas, Fermi and Dirac [51–53] in the
early days of quantum mechanics, their model failed to predict chemical bonding [54], and
therefore did not encounter widespread use among quantum chemists. The framework, how-
ever, was greatly expanded decades later by Hohenberg and Kohn (HK), laying the main
foundations of modern DFT [55].

Modern DFT is rooted in two theorems. For a system of interacting electrons under the
influence of an external one-body local potential vext(r⃗)

1. There is a 1:1 mapping between the system’s charge density ρ(r⃗) and the external
potential vext(r⃗) (aside from an additive constant) that it is subjected to. Once vext(r⃗)
is known, the whole Hamiltonian of the system is completely specified and the energies
of its eigenstates can be calculated exactly. Consequently, there is an energy functional
E[ρ(r⃗)] that maps the ground-state density of the system into its energy.

2. Let ρ0(r⃗) be the charge density of the ground-state of the system. For any arbitrary
(v-representable, that is originating from a proper electronic wavefunction for a valid
vext(r⃗)) density ρ(r⃗), we have E[ρ0(r⃗)] ≤ E[ρ(r⃗)]. This is the equivalent of the varia-
tional principle in DFT.

In our case, the external potential is, in the absence of other fields, the electron-nuclear
attraction, Vne. Therefore, we will replace that term in the electronic Hamiltonian by vext(r⃗).
Despite their importance in laying the groundwork for modern DFT, the HK theorems do not
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necessarily point to a practical path ahead on how to actually obtain the exact ground-state
density, or even calculate the energy once said density is available. The second HK theorem
also does not provide any useful criteria to check if a trial density is in fact v-representable,
yielding a trial space too large for the minimization process.

Fortunately, Levy proposed a constrained minimization protocol [56] that replaced the
v-representability requirement by a somewhat looser criteria known as the n-representability
condition. In this case, the Hilbert space is broken down into small sectors, each correspond-
ing to a set of wavefunctions {|Ψρ⟩} that are constrained to have the same density ρ(r⃗).
Mathematically, this can be expressed as:

E[ρ0(r⃗)] = ⟨Ψ[ρ0(r⃗)]|Te +Vee + vext(r⃗)|Ψ[ρ0(r⃗)]⟩ (1.70)

E[ρ0(r⃗)] = min
ρ

(
min

|Ψρ⟩→ρ

{
⟨Ψρ|Te +Vee |Ψρ⟩

}
+

∫
vext(r⃗)ρ(r⃗)dr⃗

)
(1.71)

We can then define an universal energy functional that needs to be minimized to yield
the exact ground state energy:

E[ρ] = F [ρ] +

∫
vext(r⃗)ρ(r⃗)dr⃗ (1.72)

F [ρ] = min
|Ψρ⟩→ρ

{
⟨Ψρ|Te +Vee |Ψρ⟩

}
(1.73)

and, since its components are related to the kinetic and electronic repulsion operators, we
can rearrange Eq. 1.72 further to yield

E[ρ(r⃗)] = T [ρ(r⃗)] + Vee[ρ(r⃗)] +

∫
vext(r⃗)ρ(r⃗)dr⃗ (1.74)

E[ρ(r⃗)] = T [ρ(r⃗)] + J [ρ(r⃗)] +Q[ρ(r⃗)] +

∫
vext(r⃗)ρ(r⃗)dr⃗ (1.75)

where the Vee[ρ] term has been further split into a classical Coulomb contribution (J [ρ]) and
a non-classical part Q[ρ]:

J [ρ] =
1

2

∫
ρ(r⃗)ρ(r⃗′)

|r⃗ − r⃗′|
(1.76)

Q[ρ] = Vee[ρ(r⃗)]− J [ρ(r⃗)] (1.77)

Eq. 1.75 indicates how far we can go without introducing extra elements (namely single-
particle orbitals) into the DFT framework, so we are left with two unknown terms: the kinetic
energy functional T [ρ] and the non-classical term Q[ρ]. T [ρ] is larger in magnitude, so early
attempts within this orbital-free DFT formalism focused on finding good approximations
for this term, largely unsuccessful, as illustrated by the Thomas-Fermi-Dirac (TFD) model.
Even later attempts to correct TFD’s T [ρ] expression, by including a dependence not only
on the density itself, but also on its gradient, hoping to generalize the results for non-uniform
systems, did not yield accurate results [57].
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1.1.5.2 Orbitals to the Rescue: the Kohn-Sham Framework for DFT

In 1965, Kohn and Sham (KS) proposed introducing the idea of single-particle orbitals to
DFT [58]. An intuitive justification is that, in HF theory, the kinetic energy piece of the
Hamiltonian seems to be well approximated by the expectation value of a wavefunction
composed of products of orbitals. Well enough such that HF can qualitatively, albeit not
quantitatively due to lack of correlation effects, describe chemical bonding. Hence, KS-
DFT is based on a scheme where a fictitious non-interacting system represented by a Slater
determinant that reproduces the exact density of its interacting counterpart is used as an
intermediate to approximate some of the quantities in Eq. 1.75. We thus have:

ρ(r⃗) = ρKS(r⃗) =
∑
i

|ϕKS
i (r⃗)|2 (1.78)

E[ρ(r⃗)] = Ts[ρKS(r⃗)] + J [ρKS(r⃗)] +Q[ρKS(r⃗)]

+ (T [ρKS(r⃗)]− Ts[ρKS(r⃗)]) +

∫
vext(r⃗)ρKS(r⃗)dr⃗

(1.79)

Ts[ρKS(r⃗)] =
∑
i

〈
ϕKS
i

∣∣∣∣−1

2
∇2

∣∣∣∣ϕKS
i

〉
(1.80)

where {
∣∣ϕKS

i

〉
}, ρKS, and Ts are, respectively, the fictitious KS single-particle orbitals, density

and kinetic energy, the latter being an implicit functional of the density through the KS
orbitals. Note that we still do not know how to compute all the terms in Eq. 1.79. We then
define the exchange-correlation functional as follows:

Exc[ρ(r⃗)] = Q[ρ(r⃗)] + (T [ρ(r⃗)]− Ts[ρ(r⃗)]) (1.81)

and, inspired by the definition of exchange and correlation energy contributions in wavefunc-
tion theories, we go a step further and define:

Exc[ρ(r⃗)] = Ex[ρ(r⃗)] + Ec[ρ(r⃗)] + T [ρ(r⃗)]− Ts[ρ(r⃗)] (1.82)

E[ρ(r⃗)] = Ts[ρ(r⃗)] + J [ρ(r⃗)] + Exc[ρ(r⃗)] +

∫
vext(r⃗)ρ(r⃗)dr⃗ (1.83)

Up to this point, KS-DFT has been discussed as an exact theory. As long as the density
of a system can be reasonably represented by a single Slater determinant, such as in the
case of single reference chemical systems, we can employ the machinery of KS-DFT. After
all of these considerations, it begs the question: can we finally use this arguably powerful
tool, capable of compressing the information contained in high dimensional wavefunctions
into a simple quantity as the charge density, to calculate energies and properties of complex
systems?
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Unfortunately, no. At least not without invoking further approximations. We do not, and
likely will never, know the exact form of the exchange-correlation functional Exc[ρ]. Instead
of seeing this as complete failure of KS-DFT, an optimistic aspiring quantum chemist would
see this as “glass half full” situation. One that would require even more careful thinking to
design physically motivated approximations in order to achieve the elusive goal of accurately
computing energies and properties of complex many-particle systems.

1.1.5.3 KS-DFT Alphabet’s Soup: Surveying Modern Density Functional
Approximations

This is where KS-DFT fledges from its nest of exactness to venture into the wild and vast
quantum chemical land of approximations. Over the past few decades, this has been an area
of growing interest and fast development. Today, more than a hundred different approxi-
mations for Exc have been proposed. This is a testament of how popular KS-DFT is within
the quantum chemistry community [59–61]. Naturally, some approximations are better and
more accurate than others. Furthermore, it is worth noticing that, contrary to most wave-
function theories, it is not guaranteed that these density functional approximations (DFAs)
are systematically improvable.

Figure 1.2: Perdew’s “Jacob’s Ladder” for DFAs, with increasing complexity for the exchange-
correlation functional.

John Perdew has introduced the methaphorical idea of a “Jacob’s ladder” to group differ-
ent DFAs within certain categories that contain the same physical ingredients, as shown in
Fig. 1.2 [62]. Walking up each rung of the ladder statistically improves that class of DFAs.
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The lowest rung is known as the Hartree world, the primeval land devoid of electronic corre-
lation, whereas the highest one is the holy grail of quantum chemistry: the realm of chemical
accuracy. In between, the ladder is commonly divided into five rungs, according to the in-
gredients used in approximating Exc. We do not aim to present an extensive overview of
the performance of DFAs in each rung. Instead, we will favor a simplified discussion of the
physical content added in each rung and refer the interested reader to check the appropriate
references for some of the DFAs mentioned. Finally, we will present expressions for Exc

that depend only on the charge density ρ(r⃗), even though generalizations to spin dependent
cases, either through individual ρα(r⃗) and ρβ(r⃗) for the different spin channels, or one of the
components of the magnetization density ms(r⃗) = ρα(r⃗)− ρβ(r⃗), can be easily devised. It is
worth noting that such extensions are the de facto standard in real calculations.

1. Local Density Approximation (LDA): the simplest form of DFA is the one that
uses the information about the density at a given point in space:

Exc =

∫
ρ(r⃗)ϵxc(ρ) dr⃗ (1.84)

where ϵxc is the exchange-correlation energy density. Analytical forms of the exchange
functional in LDA can be derived from the uniform electron gas (UEG) [55], while
several parametrizations of the correlation energy for UEG have been proposed over
the years [63, 64]. The most widely used LDA functionals are the SVWN [65] and
SPW92 models [66]. Despite being exact for systems with homogeneous densities,
LDA functionals often perform badly in estimating relative energies for a number of
processes of chemical interest. For instance, SPW92 has a root-mean square deviation
(RMSE) of > 40 kcal/mol for thermochemistry [60] (even though it is undoubtedly an
improvement over the “disastrous” TFD model, and even HF theory).

2. Generalized Gradient Approximation (GGA): The next ingredient that can be
added to Exc is information about the behavior of the density in the vicinity of a
certain point in space. This is accomplished by including the density gradient (∇ρ) as
a dependent variable of ϵxc

Exc =

∫
ρ(r⃗)ϵxc(ρ,∇ρ) dr⃗ (1.85)

GGA functionals are often designed by a careful analysis of exact constraint conditions
that they need to satisfy or by fitting against empirical data. The PBE functional [67]
is the mostly widely known example of the former category, whereas the BLYP [68]
and B97-D3 [69] are examples of empirically fitted functionals. GGAs are often more
accurate than LDAs, with PBE’s RMSD for thermochemistry being on the order of 10
kcal/mol [60].

3. Meta-GGA (mGGA): The next stop on the highway towards chemical accuracy
involves adding even more information about the immediate neighborhood of a point
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in space through the density Laplacian ∇2ρ, or more commonly the kinetic energy
density [70], τ , defined as:

τ(r⃗) =
∑
i

∣∣∣∇⃗ϕi(r⃗)
∣∣∣2 (1.86)

Hence, the exchange-correlation piece for a meta-GGA functional can be written as:

Exc =

∫
ρ(r⃗)ϵxc(ρ,∇ρ, τ) dr⃗ (1.87)

Popular choices for DFAs at the meta-GGA level include TPSS [71], SCAN [72], both
designed to satisfy certain (or all) exact conditions for this class of approximation, and
the combinatorially designed B97M-V [73]. mGGAs are usually more accurate than
GGAs, with TPSS having a RMSD of about 6 kcal/mol for thermochemistry [60].

4. Hybrid: The previous three rungs of the Jacob’s ladder use only local (or semi-
local) information about the density in order to calculate the exchange-correlation
contribution to the total energy of the system. Despite seeing statistical improvement
going up each ladder, both LDAs, GGAs and mGGAs suffer from a systematic issue,
namely the inexact cancellation of the classical Coulomb contribution (J [ρ]) by the
local piece of the exchange energy. This leads to the notorious delocalization, or self-
interaction (SIE), error in local DFAs [74]. In HF, as previously discussed, we observe
exact cancellation of the Coulomb and Exchange, which is a non-local operator, terms
for a given electron. Hence, hybrid functionals are designed to account for the mixing
of a fraction of non-local HF, or exact exchange, in the exchange-correlation energy
expression:

Exc = cEK
HF + (1− c)Ex[ρ] + Ec[ρ] (1.88)

SIE can be mitigated even further if, instead of adding a fraction of exact exchange
globally as in Eq. 1.88, we partitioned the electron-electron repulsion operator into a
short-range and a long-range component [75, 76]:

1

r12
=

1− erf(ωr12)
r12

+
erf(ωr12)
r12

(1.89)

where r12 is the interelectronic distance, erf(x) is the error function, and ω is a param-
eter that controls the transition between the short (first term on the right-hand side
of Eq. 1.89) and long-range (second term on the right-hand side of Eq. 1.89) regimes.
Only small fractions of HF exchange are usually added at short-range, as the local piece
is, if well designed, capable of describing effects at small interelectronic separation. At
long-range, however, HF exchange dominates, usually going to 100% at infinite sepa-
ration. Popular choices for hybrid functionals include B3LYP [77] and PBE0 [78] as
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global hybrids, as well as a mGGA range-separated hybrid, ωB97M-V [79], that has
RMSD of about 2.5 kcal/mol for thermochemistry [60]. It is worth noting that other
schemes to include exact exchange contributions to the energy functional have been
devised, such as local hybrids [80, 81]. Although these have historically received less
attention due to computational considerations and certain ambiguity in defining real-
space local mixing functions, recent advances have led to the design of computationally
efficient and accurate local hybrid approximations [82].

5. Double Hybrid: Hybrid functionals add non-local contributions to the exchange
piece of Exc. Double hybrids, as the name suggests, add wavefunction contributions to
the correlation term [83]. Usually this is accomplished by mixing in a fraction of MP2
energy, as expressed by:

Exc = c1E
K
HF + (1− c1)Ex[ρ] + c2E

(2) + (1− c2)Ec[ρ] (1.90)

where E(2) is the MP2 correlation energy, and c1, c2 are parameters that control mix-
ing between local and nonlocal elements. Being at the top of the Jacob’s ladder,
double hybrids are expected to be the most accurate DFAs, although at the usually
demanding cost of having to evaluate wavefunction based correlation energies. Indeed,
a recent double-hybrid, ωB97M(2) presents a remarkable RMSD of 0.96 kcal/mol for
thermochemistry [84].

1.1.6 What about excited states?

So far, we have described the tools available within non-relativistic quantum chemistry to
calculate the properties and energy of a system in its ground-state. It is worth noticing
that, with recent experimental breakthroughs in new spectroscopic techniques [85, 86], and
increased interest in harnessing the power of widely available solar energy through materials
such as perovskites [87], there is an urgency in developing models that allows us to understand
and manipulate electronic excited states of a system.

From a theoretical perspective, we should emphasize that most of the methods previously
mentioned can be extended to calculate excited states. For instance, CI theory, relying on
exact diagonalization, can yield energies and wavefunctions for excited states, although its
truncated version is still plagued by deficiencies in the linear ansatz, leading to an overcor-
relation of the ground-state compared to excited states. MP and CC also have their excited
state analogs. The algebraic diagrammatic construction (ADC) family of models relies on
a polarization propagator that employs the same partitioning scheme as MP theory [88].
On the other hand, equation-of-motion coupled cluster (EOM-CC) [89, 90] theory relies on
diagonalization of the similarity transformed electronic Hamiltonian (H̄, Eq. 1.65) to yield
excitation energies. Even within the DFT framework, time-dependent density functional the-
ory (TDDFT) [91, 92] provides an elegant and incredibly useful avenue to efficiently model
most types of excited states.
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Our main goal in this section is not to provide an extensive overview of the literature
about quantum chemical methods for excited states. It is to highlight the two main ap-
proaches that have been commonly used to calculate them. CIS, TDDFT, ADC and EOM-
CC theories rely, to some extent, on a truncation (usually at linear order) of a propagator
or response function under the effect of a time-dependent perturbation. While useful, these
linear-response methods have their limitations, such as not properly describing double or
charge transfer excitations in CIS/TDDFT. Although both EOM-CC and TDDFT can be
made exact, for instance through expanding the subspace of the diagonalization in the case
of the former, or incorporating memory effects in the latter, none of these extensions are,
to date, of practical value, as their computational cost would be too demanding to model
complex systems.

An alternative approach is to “bend” the variational principle to our needs and “hack” all of
the machinery developed so far to land on an (non-Aufbau) excited electronic configuration.
This can be accomplished through the use of specialized solvers that will be presented more
thoroughly in the later chapters of this work. We will then discuss the use of orbital optimized
methods, especially in the context of DFT, to investigate a class of excited states that is
poorly described by linear-response models. We highlight that this orbital-optimized, or
state-specific, approach is not limited to mean-field theories such as HF and DFT, with
extensions to MP [93] and CC [94, 95] already reported in the literature.

1.2 Not so fast! A Brief Overview of Relativistic
Quantum Mechanics

The methods and approximations outlined so far are useful to understand a variety of physical
and chemical processes. From allowing us to design better pharmaceutical drugs [96], to
enabling high-throughput materials discovery [97, 98], non-relativistic quantum chemistry
has excelled in modeling, even if qualitatively at times, nature around us. Yet, a few aspects
are still missing. For instance, we can not, with the tools so far discussed, understand why
gold is a yellow shiny metal, instead of silver-ish/grey like most other transition metals [99,
100]. They can neither explain the physical properties, such as melting and boiling points, of
certain coinage metals [101]. In fact, not even spin is fully understood within the framework
presented so far, being firstly introduced in an ad hoc fashion by Pauli in 1927 to account
for the behavior of electrons under the influence of external magnetic fields [102, 103] .

To explain and model these and other phenomena that will be later explored in this
work, we need to go beyond the traditional non-relativistic Hamiltonian and find a way to
incorporate the effects of special relativity, and the consequences of having a limit for the
speed of light into our calculations. The discussion presented in this section is by no means
extensive or complete. Instead, we opt to offer a glimpse of how relativity affects the energy
levels of simple systems and describe a strategy to generalize some of these findings to more
complex, molecular cases. We refer the interested reader to Refs. 104, 105, 106 and 107 for
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a more comprehensive discussion.

1.2.1 Particles and Antiparticles: an introduction to the Dirac
Equation

Although early attempts by Klein [108] and Gordon [109], reconciling special relativity and
quantum mechanics remained an elusive goal. This was due especially to issues in interpreting
“negative probabilities” that arise when solving their proposed relativistic equation, which
was second order in time. It is important to recall that the non-relativistic time-dependent
Schrödinger equation (Eq. 1.1) has a first-order derivative with respect to time, and a second-
order spatial derivative through the kinetic energy operator. In 1928, Dirac proposed a new
formulation of the relativistic quantum theory [110]. Relativity treats space and time at
equal footing, so Dirac, assuming that Eq. 1.1 was valid for a (relativistic) Hamiltonian yet
to be revealed, proposed that such Hamiltonian must also have a first order derivative in
space.

Dirac’s proposed Hamiltonian is of the following form:

H = cα⃗ · p⃗+ c2β (1.91)

where p⃗ and c are, respectively, the regular momentum operator and the speed of light
in vacuum. α⃗ and β are coefficients later determined by Dirac. Dirac reasoned that the
components of α⃗ and β could not be simple scalars, as that would lead to a preferential
spatial orientation. Instead, by requiring that the classical relativistic energy-momentum
relation:

E2 = m2c4 + c2p2 (1.92)

is satisfied, we can find a set of equations that α⃗ and β are required to obey. Namely:{
αk, αl

}
= 2δkl (1.93){

αk, β
}
= 0 (1.94){

β, β
}
= 2 (1.95)

where {A,B} = AB+BA is the usual anticommutator. Eqs. 1.93, 1.95 and 1.95 constitute
the Dirac algebra. A careful analysis of these relationships reveals that the simplest case that
satisfies the Dirac algebra is if we consider a set of 4×4 matrices. While many representations
are possible, a solution to the Dirac algebra is given by the Dirac-Pauli representation:

α⃗ =

[
0 σ⃗
σ⃗ 0

]
(1.96)

β =

[
I2 0
0 −I2

]
(1.97)



CHAPTER 1. INTRODUCTION 25

where I2 is the 2× 2 identity matrix, and σ⃗ is the vector of Pauli matrices:

σx =

[
0 1
1 0

]
(1.98)

σx =

[
0 −i
i 0

]
(1.99)

σz =

[
1 0
0 −1

]
(1.100)

So far, Eq. 1.91 describes the dynamics of a free relativistic particle represented by a
four-component spinor |Ψ⟩. Interpreting the physical content of |Ψ⟩ leads to the notion of
any particle (e.g., the electron) having its antimatter, or antiparticle, counterpart (e.g., the
positron). For the Dirac spinor |Ψ⟩, two of its components describe the electronic behavior,
while the remaining ones concern the dynamics of the positron. Through minimal coupling,
that is:

H → H + Φ (1.101)

p⃗ → p+
1

c
A⃗ (1.102)

where Φ and A⃗ are the auxiliary scalar and vector potentials, respectively, for the external
fields, we are now in position to write down the Dirac Hamiltonian for a particle interacting
with its environment (through the auxiliary potentials):

H = cα⃗ ·
(
p⃗+

1

c
A⃗

)
−Φ+ c2β (1.103)

1.2.2 The Fine Structure Hamiltonian for Hydrogen-like Systems

Undeniably, Eq. 1.103 is remarkable: it describes the formulation of the quantum theory of
a particle consistent with special relativity. On the other hand, such a formulation seems
to have enlarged the Hilbert space, given that we now have to deal with four-component
spinors Ψ. Once again, we should ask ourselves: is all this extra information really necessary
to describe the chemical process we are interested? If we constrain ourselves to the realm of
low energy physics and chemistry, one in which the velocity of the particle is small fraction
of the speed of light in vacuum, then the answer is likely no.

We do not need all of the information contained in the Dirac Equation and its four-
component spinor, only pieces of it that are on the relevant energy scale. We can then
attempt to expand the Dirac Hamiltonian in powers of

(
v
c

)
to recover the necessary terms

and reduce the dimensionality of the Hilbert space. Consequently, this should recover both
the fully non-relativistic case and Pauli’s ad hoc Hamiltonian with a Hilbert space spanned
by two-component spinors. This can be accomplished by the so-called Foldy-Wouthuysen
(FW) transformation, the details of which can be found elsewhere [104, 111, 112]. It is
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worth pointing, nonetheless, that one of the goals of the FW transformation is to decouple
the upper and lower two-components pieces of the four-component spinor, allowing us to
simply focus in one of them.

For now, we simply note that, after expanding the Dirac Hamiltonian in powers of
(
v
c

)
up to fourth-order and only taking the terms associated with the upper two-components of
the Dirac spinor, we obtain the following (for clarity, we reintroduce the factors associated
with the mass of the electron and its charge):

H = mc2 (1.104)

+
1

2m

(
p⃗+

e

c
A⃗
)2

− eΦ (1.105)

+ g
e

2mc
S⃗ · B̃ (1.106)

− p4

8m3c2
+

e

8m2c2
∇⃗ · E⃗+

1

4m2c2

(
p⃗× E⃗− E⃗× p⃗

)
(1.107)

H = mc2 +Hnr +HP +HRKE +HD +HSOC (1.108)

Eqs. 1.104, 1.105, 1.106 recover, respectively, the rest energy of the particle, the non-
relativistic Hamiltonian of an electron in an external electromagnetic field (Hnr), and Pauli’s
ad hoc description of the interaction of the intrinsic spin of the electron and an external
magnetic field (HP ). The new terms (Eq. 1.107) were previously unknown contributions
that arise solely from relativistic considerations. In order, the terms in Eq. 1.107 recover
corrections for the relativistic kinetic energy (HRKE), considerations about the non-locality
of the interaction between the electron and the external electric field through the Darwin
term (HD), and spin-orbit coupling effects (HSOC). For hydrogen-like systems (and more
general spherically symmetric potentials), the spin-orbit component reduces to the well-
known expression HSOC ∝ L⃗ · S⃗.

Finally, we should note that HRKE, HD and HSOC lift (some of) the degeneracies of
the non-relativistic energies of hydrogenic systems (Eq. 1.14). Moreover, HSOC does not
commute with either L⃗ or S⃗ operators, and hence coupling between states with different
angular momentum and spin orientations is possible. This requires the definition of a new
quantum number based on the coupled/total angular momentum operator J⃗ = L⃗ + S⃗ to
label the states of the relativistic electronic Hamiltonian. Through perturbation theory, we
can obtain the energies of the j-label states of hydrogenic systems:

Enj =

(
− Z2

2n2

)[
1−

(
Z

cn

)2(
3

4
− n

j + 1
2

)]
(1.109)

Curiously, we can see that Eq. 1.109 still predicts degenerate energies for the 2s 1
2

and 2p 1
2

of hydrogen-like systems. Lifting this degeneracy requires considering the role of vacuum
fluctuations of the photon field within the context of the Lamb shift [113, 114]. Despite
being a remarkably rich and interesting field that has gathered increasing interest from the
quantum chemistry community in recent years, quantum electrodynamics [115–118] and its
extension to molecular systems [119] is out of the scope of this work.
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1.2.3 Quantum Chemistry and Relativity

Up to now, our discussion about relativistic effects has been limited to a single particle (or
the electron-positron pair described by the four-component Dirac spinor). To treat many-
particle molecular systems, we need to find a way to extend the Dirac Hamiltonian. As was
done in the non-relativistic case, we can decompose the full relativistic Hamiltonian into its
one and two-body components. Intuitively, the one-body relativistic Hamiltonian for the
molecular case shall be written as a sum of single-particle Dirac Hamiltonians (Eq. 1.103).
The two-body Hamiltonian, however, requires more careful consideration. What two-body
interactions should be included?

Naturally, we should include the Coulombic Vee term (which we will now denote as
V C
ee = 1

rij
). However, this assumes that electrons interact instantaneously. This means

that if one electron at one side of the universe moves, another one an the other side of the
cosmos will react immediately. While exaggerated, the previous statement illustrates that
the Coulomb repulsion term breaks special relativity. In order to correct this, we need to
include the so-called Breit interaction in the Hamiltonian [120] (here just written for the
interaction between two electrons for simplicity):

V B
ee = − 1

2rij

[
α⃗i · α⃗j +

(α⃗i · r⃗ij) (α⃗j · r⃗ij)
r2ij

]
(1.110)

where α⃗i is the vector of Dirac-Pauli matrices (Eq. 1.96) for particle i. Eq. 1.110 include
both the interactions between the magnetic moments of two-electrons, as well as retardation
effects. Hence, the fully relativistic molecular Hamiltonian can be written as:

H =
∑
i

hi +
1

2

∑
i,j

VC
ij +VB

ij (1.111)

where hi and VB
ij are given by Eq. 1.103 and Eq. 1.110, respectively.

With the Hamiltonian at hand, quantum chemists have tried to extend most of the elec-
tronic structure machinery previously discussed to the relativistic realm [121]. Once again,
we should note that the Hamiltonian in Eq. 1.111 acts on the space of four-component
(many-particle) wavefunctions, and therefore contains more information than is necessary
for typical problems of chemical interest. Several approximations, inspired by the FW trans-
formations previously discussed, have been devised in an attempt to decouple the electronic
and positronic blocks of the relativistic Hamiltonian. Among them, we highlight the Breit-
Pauli (BP) Hamiltonian [122], the Douglas-Hess-Kroll (DKH) [123–126] and the exact-two
component method (X2C) [127, 128].

Finally, we shall briefly discuss some of the details of X2C. The starting point for deriving
the X2C relativistic model is the four-component one-electron Dirac Hamiltonian (Eq. 1.112)
represented in a restricted kinetic balance (RKB) form [129]. Our goal is to use a unitary
transformation that effectively decouples the positive and negative-energy solutions of the
Dirac equation, since we are only interested in describing electrons. In Eq. 1.112, T , V
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and S are the usual non-relativistic kinetic energy, nuclear attraction and overlap matrices,
respectively, represented in a basis of atomic orbitals {ϕµ}. W is defined as the matrix
representation of the operator in Eq. 1.113, where σ⃗ is the vector of Pauli matrices, and
p⃗ and V are the momentum and nuclear-attraction operators, respectively. As indicated
in Eq 1.113, Ŵ can be decomposed into spin-free (ŴSF) and spin-orbit (ŴSO) components
(likewise, the matrix representation W can also be separated into WSF and WSO. Finally,
the solutions of Eq. 1.112 are characterized by their large (CL) and small (CS) components.[

V T

T
W

4c2
− T

][
CL

CS

]
= E

[
S 0

0
1

2c2
T

][
CL

CS

]
(1.112)

Ŵ = (σ⃗ · p⃗)V (σ⃗ · p⃗)
= (p⃗ · V p⃗+ iσ⃗ · (p⃗× V p⃗))

= ŴSF + iσ⃗ · ŴSO

(1.113)

Wµν = ⟨ϕµ| Ŵ |ϕν⟩ (1.114)

We can obtain the coupling matrix X for the positive energy solutions of Eq. 1.112 as the
ratio between the large and small components, as indicated in Eq. 1.115. The renormalization
matrix R is then defined as in Eq. 1.116, where S̃ (Eq. 1.117) is a modified overlap matrix
that takes into account the folding of the small component into the large one.

X = CS(CL)
−1 (1.115)

R = S−1/2
(
S−1/2S̃S−1/2

)−1/2

S1/2 (1.116)

S̃ = S +X† 1

2c2
X (1.117)

With the X and R matrices, we can now calculate the effective X2C kinetic energy
(Eq. 1.118) and nuclear attraction (Eq. 1.119) operators for subsequent electronic structure
calculations. Slight modifications are still necessary to incorporate these effects into the
two-body terms[130, 131], but this is out of the scope of the present work. As Eq. 1.113
indicates, a separation of scalar and vector (spin-orbit) effects can be naturally accomplished
within X2C.

TX2C = R† (TX +X†T −X†TX
)
R (1.118)

VX2C = R†
(
V +

1

4c2
X†WX

)
R (1.119)
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1.3 The Three Pillars of Modern Quantum Chemistry
It has been a long theoretical journey so far. From discussing the basis of Schrödinger’s
exact quantum mechanics, to the main approximations used in non-relativistic quantum
chemistry, and even beyond the borders of conventional electronic structure theory, reaching
a “shadowy” land where the speed of light is finite. This is deliberately an incomplete, and,
at times, biased discussion . Our goal was to present the reader with an overview of the
main tools necessary to, hopefully, interpret the next chapters of this work. The primary
message that we wished to convey is that quantum mechanics is one of the great monuments
of modern science. Applying it to complex systems is, as prefaced by Dirac back in 1929, a
Herculean task. Physically motivated approximations, as well as better and more efficient
algorithms are necessary to advance its predictive power.

Figure 1.3: The three pillars of modern quantum chemistry: advancing basis set design,
development of new approximations to recover electronic correlation and augmenting the
number of components of the Hamiltonian to describe relativistic effects.

Thus, it is instructive to illustrate the three main thrusts upon which one can act to ac-
complish these goals (Fig. 1.3). First, we acknowledge that, while omitted from the previous
discussion, electronic structure calculations are usually carried out in a finite basis. Plane
waves [132], real-space grids [133], and more commonly single-particle Gaussian functions (or
atomic orbitals) [134] are usual choices. Designing more efficient and compact basis sets are
of paramount importance to reduce computational requirements (such as memory), although
this topic has not been explored in the present work.

Second, we need to understand what are the limitations of current correlated methods,
either based on wavefunction or density functional theories, to be able to recover as much
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correlation effects as possible. Modern approaches attempt to accomplish this by choosing
appropriate orbitals [135], regularizing certain quantities hoping to incorporate higher order
correlation effects [136], or levering the power of machine learning to design better density
functional approximations [137].

Lastly, we consider the “dimensions” of the Hamiltonian we are interested in. In the
non-relativistic case (or one that simply incorporates scalar effects), a single-component
wavefunction is usually enough. By single-component we mean that there is no coupling
between different spin channels. On the other hand, a fully relativistic treatment requires
a four-component spinor, which contains a lot more information than necessary for most
chemical applications. A compromise seems to be the development of new approximations
within the two-component framework, such as X2C, where some heavy lifting is done a priori
to decouple the components of interest, usually the ones associated with electrons, and then
proceed with the application of the usual methods of non-relativistic quantum chemistry to
calculate the energies and properties of complex chemical systems.

1.4 Outline
The remainder chapters of this thesis aim to advance certain aspects regarding the last two of
the three main pillars of modern quantum described in the previous section. A brief synopsis
of each chapter follows.

Chapter 2

The content and figures of this chapter are reprinted or adapted with permission from
Cunha, L. A.; Lee, J.; Hait, D.; McCurdy, C. W.; Head-Gordon, M. “Exploring spin
symmetry-breaking effects for static field ionization of atoms: Is there an analog to the
Coulson–Fischer point in bond dissociation?” J. Phys. Chem., 155, 014309, 2021.

Löwdin’s symmetry dilemma is a ubiquitous issue in approximate quantum chemistry.
In the context of Hartree-Fock (HF) theory, the use of Slater determinants with some
imposed constraints to preserve symmetries of the exact problem may lead to physically
unreasonable potential energy surfaces. On the other hand, lifting these constraints leads to
the so-called broken symmetry solutions that usually provide better energetics, at the cost
of losing information about good quantum numbers that describe the state of the system.
This behavior has been previously extensively studied in the context of bond dissociation.
This paper studies the behavior of different classes of Hartree-Fock spin polarized solutions
(restricted, unrestricted, generalized) in the context of ionization by strong static electric
fields. We find that, for simple two-electron systems, UHF is able to provide a qualitatively
good description of states involved during the ionization process (neutral, singly-ionized and
doubly ionized states), whereas RHF fails to describe the singly ionized state. For more
complex systems, even though UHF is able to capture some of the expected characteristics of

 https://doi.org/10.1063/5.0054387 
 https://doi.org/10.1063/5.0054387 
 https://doi.org/10.1063/5.0054387 
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the ionized states, it is constrained to a single Ms (diabatic) manifold in the energy surface
as a function of field intensity. In this case a better qualitative picture can be painted by
GHF as it is able to explore different spin manifolds and follow the lowest solution due to
lack of collinearity constraints on the spin quantization axis.

Chapter 3

The content and figures of this chapter are reprinted or adapted with permission from Roy-
choudhury, S.; Cunha, L. A.; Head-Gordon, M.; Prendergast, D.; “Changes in polarization
dictate necessary approximations for modeling electronic deexcitation intensity: Application
to x-ray emission” Phys. Rev. B, 106, 106, 2022.

Accurate simulation of electronic excitations and de-excitations are critical for complement-
ing complex spectroscopic experiments and can provide validation to theoretical approaches.
Using a generalized framework, we contrast the accuracy and validity of orbital-constrained
and linear-response approaches that build upon Kohn-Sham density functional theory (DFT)
to simulate emission spectra of electronic origin and propose a new and efficient approxi-
mation, named Many-Body X-ray Emission Spectroscopy or MBXES, for simulating such
processes. We show analytically as well as with computed examples that for electronic (de)-
excitation leading to an appreciable change in polarization (i.e., density rearrangement), the
adiabatic approximation in a response-based formalism will be inadequate for the calculation
of oscillator strength. Thus, such a change (e.g. in the net electrostatic dipole moment of
a finite system) can be used as a metric for evaluating the applicability of the adiabatic
response-based approach and can be particularly valuable in X-ray emission spectroscopy.
On the other hand, MBXES, the flexible method introduced in this article, can compute
oscillator strengths accurately at a much lower computational expense on the basis of two
DFT based self-consistent field calculations. Using illustrative examples of emission spectra,
the efficacy of the MBXES method is demonstrated by comparison with its parent theory,
orbital-optimized DFT, and with experiments.

Chapter 4

The content and figures of this chapter are reprinted or adapted with permission from
Cunha, L. A.∗; Hait, D.∗; Kang, R.; Mao, Y.; Head-Gordon, M. “Relativistic Orbital-
Optimized Density Functional Theory for Accurate Core-Level Spectroscopy” J. Phys.
Chem. Lett., 13, 15, 3438-3449, 2022. (∗ indicates equal contribution from authors.)

Core-level spectra of 1s electrons (K-edge) of elements heavier than Ne show significant
relativistic effects. We combine recent advances in orbital optimized density functional
theory (OO-DFT) with the spin-free exact two-component (X2C) model for scalar relativis-
tic effects, to study K-edge spectra of elements in the third period of the periodic table.
OO-DFT/X2C is found to be quite accurate at predicting energies, yielding ∼ 0.5 eV root

https://doi.org/10.1103/PhysRevB.106.075133
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mean square error (RMSE) vs experiment with the local SCAN functional and the related
SCANh hybrid functional. This marks a signficant improvement over the > 50 eV deviations
that are typical for the popular time-dependent DFT (TDDFT) approach. Consequently,
experimental spectra are quite well reproduced by OO-DFT/X2C, without any need for
empirical shifts for alignment between the two. OO-DFT/X2C therefore is a promising
route for computing core-level spectra of third period elements, as it combines high accuracy
with ground state DFT cost. We also explored K and L edges of 3d transition metals to
identify possible limitations of the OO-DFT/X2C approach and discuss what additional
features would be needed for accurately modeling the spectra of such electrons.

Chapter 5

The content and figures of this chapter are reprinted or adapted with permission from
Carter-Fenk, K.; Cunha, L. A.; Arias-Martinez, J. E.; Head-Gordon, M. “Electron-Affinity
Time-Dependent Density Functional Theory: Formalism and Applications to Core-Excited
States” J. Phys. Chem. Lett., 13, 41, 9664-9672, 2022.

The particle-hole interaction problem is longstanding within time-dependent density func-
tional theory (TDDFT) and leads to extreme errors in the prediction of K-edge X-ray
absorption spectra (XAS). We derive a linear-response formalism that uses optimized or-
bitals of the n–1-electron system as reference, building orbital relaxation and a proper hole
into the initial density. Our approach is an exact generalization of the static-exchange
approximation that ameliorates particle-hole interaction error associated with the adiabatic
approximation and reduces errors in TDDFT XAS by orders of magnitude. With a statistical
performance of just 0.5 eV root-mean-square error and the same computational scaling as
TDDFT under the core-valence separation approximation, we anticipate that this approach
will be of great utility in XAS calculations of large systems.

https://doi.org/10.1021/acs.jpclett.2c02564
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Chapter 2

Exploring Spin Symmetry-Breaking
Effects for Static Field Ionization of
Atoms

2.1 Introduction
Discussions on the usefulness of symmetry-broken approximate solutions are a familiar topic
in time-independent quantum chemistry [138–143]. The issue is encapsulated in what Löwdin
has called the “symmetry dilemma” [144]: a more flexible trial wavefunction that does not
necessarily preserve all of the symmetries of the exact Hamiltonian might lead to better
energetics (i.e. lower energy on account of the variational principle) at the cost of losing
good quantum numbers that characterize the state of a given system. Within the single
determinant Hartree-Fock (HF) model, classification of these symmetry-broken solutions is
based on group theory considerations [145], but most commonly in electronic structure one
uses terminology that reflects constraints imposed on the orbitals the comprise the single
determinant [146]. For instance, requiring that both α and β spin-orbitals share a common
set of spatial functions (i.e. the electrons are paired whenever possible) leads to the well-
known restricted closed-shell (Ms = 0) Hartree-Fock (RHF) and the more general (Ms ̸= 0)
restricted open-shell HF (ROHF) models. RHF and ROHF are both eigenstates of total
spin, Ŝ2, and its z component, Ŝz. Lifting this spin pairing constraint, such that α or β spin
orbitals can have different spatial functions, gives us the unrestricted Hartree-Fock (UHF)
model, whose wavefunction is no longer an eigenfunction of Ŝ2. Further symmetry lowering
by abolishing the notion of separate sets of α and β orbitals leads to the generalized Hartree-
Fock (GHF) wavefunction, which is not an eigenstate of either Ŝ2 or Ŝz. Furthermore, number
symmetry can also be relaxed following Hartree-Fock Bogoliubov theory [147, 148], which
yields a state that is not an eigenstate of the particle number operator (N̂).

Within a finite basis, the HF energy, EHF(θ), is a function of orbital rotation parameters,
θ that mix occupied and virtual orbitals [24, 25, 149]. A solution of the Hartree-Fock
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equations zeros the orbital rotation gradient, such that ∇θEHF = 0 (i.e. it is guaranteed to
be a stationary point). However a solution is not necessarily a minimum, and an analysis
of the orbital Hessian, Eθθ

HF, is required to characterize the nature of a stationary point. If
all of the eigenvalues of the Hessian are greater than zero, we have found a solution that is
a local minimum, and is said to be stable. The question of which set of orbital parameters
to include in the evaluation of the Hessian arises[150]: if the HF solution is stable within
the manifold determined by certain symmetry constraints (e.g. the RHF constraints), it
is said that such a solution is internally stable. Lifting some or all of these symmetry
constraints leads to characterization of the stationary point in manifolds of higher dimension
than the one it was originally optimized in (e.g. characterizing an RHF solution in the
space of UHF variations). This corresponds to an analysis of the external stability of the
given solution. It might be useful to notice that stability analysis is closely connected with
TDDFT/TDHF linear response equations [91, 143] which are routinely available in standard
quantum chemistry packages.

For common problems in ground-state electronic structure, internal stability analysis
avoids convergence to spurious saddle points and excited states. On the other hand, external
stability analysis sometimes reveals interesting physical insight into the nature of electron
correlation. For instance, when single bonds are stretched beyond the so called Coulson-
Fischer (CF) point [151], the lowest triplet excited state (T1) starts to mix with the singlet
ground state (S0) in a process known as the “triplet instability” [152, 153], which leads to
spin symmetry breaking. The resulting spin polarized UHF state has lower energy than the
RHF state, but is no longer an eigenstate of Ŝ2: the state is said to be spin-contaminated
due to its mixed singlet-triplet character. The RHF solution that pairs electrons in order to
keep a well-defined Ŝ2 eigenstate fails to provide a qualitatively correct description of the
dissociation process. The RHF pairing constraint, which fixes natural occupation numbers
at 0 or 2 even at the dissociation limit (when one would expect the two orbitals to be singly
occupied) leads to a state that spuriously preserves ionic character, which consequently fails
to approach the correct asymptotic limit at complete dissociation. On the other hand, UHF is
able to successfully provide a qualitatively accurate description of the ground state potential
energy surface for single bond dissociation [24]. Similar considerations apply to molecules
that are singlet diradicaloid [154–156] in character: because two orbitals have occupation
numbers significantly different from two and zero, RHF cannot be qualitatively correct, while
UHF exhibits spin contamination due to mixing of S0 and T1.

There are surely other situations in which similar symmetry dilemma arises, but where
its consequences have not been so thoroughly explored as bond dissociation processes and
singlet diradicaloids. One example lies in the interaction of atoms and molecules with strong
electric fields [157–165]. Strong field chemistry and physics is a rapidly developing field,
because of the rich array of new highly non-linear phenomena that emerge. For example,
a strong oscillating field will nearly ionize bound electrons in one direction in a first half-
cycle followed by reattachment and near ionization in the opposite direction in the second
half-cycle. This leads to high harmonic generation (HHG) [166–170], the emission of radi-
ation by the driven bound system at frequencies which are many times that of the applied
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radiation. HHG and related phenomena are building blocks for the new field of attosecond
science [171–174]. Therefore the use of quantum chemistry methods to model strong field
phenomena is also attracting increasing interest [175–180]. However, to date there has been
no systematic exploration of the role of symmetry-breaking in the mean field HF method in
this context, to our knowledge. This work represents a first step in this direction, though
the issue of inadequate field-free Hartree-Fock reference for real-time methods in strong field
environments has been briefly mentioned in some previous works [181–184] .

By definition strong fields are those whose scale approaches the strength of internal
electric fields experienced by the valence electrons of atoms and molecules (e.g. 1 a.u. for
the H atom). Therefore the molecule and the field must be considered as a combined system,
rather than treating the field as a perturbation. If such fields are static, then strong field
ionization becomes possible, and some electrons may be unbound. Yet because the molecule-
field system is treated as a whole, the symmetry dilemma may arise for at least some values
of the applied field. In this sense, the magnitude of the field is a control variable similar
to the degree of bond-stretching in the dissociation of a closed-shell stable molecule. This
paper explores the role of symmetry-breaking in HF solutions for atom-field systems where a
static field is scanned across values that can strip one or more electrons from the atom. This
investigation is interesting in its own right, and also may help to set the stage for a subsequent
analysis in the context of time-dependent fields. This chapter is arranged as follows: in
Section 2.2 we discuss our approach to approximate the description of continuum-like states
using ghost basis functions, an analysis of the HF spin symmetry-broken solutions for the
static field ionization of helium and neon is presented in Sections 2.3 and 2.4, respectively,
and in Section 2.5 we assess our main conclusions while presenting an outlook of future work.

2.2 Static Field Ionization in a Finite Basis
The first issue that arises when applying an electric field to an atomic or molecular system
is that, strictly speaking, bound states are no longer supported by the combined potential
arising from the system and the field [185, 186]. These states are now resonances and a
suitable discretization for both localized and continuum states are needed to describe them.
From a theoretical perspective, the scattering community has developed a wide range of tools
to treat these resonance states, such as exterior complex scaling (ECS) [187–194], complex
absorbing potentials (CAP) [195–203], and different grids as schemes to discretize space
[204–210]. On the other hand, the quantum chemistry community has long advocated for
the use of atomic orbital (AO) expansions based on Gaussian functions as an efficient way
to compute ground and excited state properties of molecular systems. Since our goal is to
study static field ionization exploring the common toolbox of quantum chemistry, we shall
resort to the usual finite AO basis set treatment. What are the consequences of such choice?
The most concerning one is that ionization losses are hindered, since electronic density will
be constrained near the atom/molecule. Two possible ways [211] of circumventing this issue
are the use of highly diffuse basis sets and discretizing the relevant part of the space by
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adding a ghost atoms/functions that could be populated by electron density as ionization
takes place. We have opted for this second option and added a series of ghost functions
in a line passing through the atom and in the direction of the applied field. This allows
us to capture some of the effects of ionization as electron density can escape the system
and populate the discretized space (Fig. 2.1). This setup is inspired by previous works that
aimed to study the real-time electron dynamics of systems in the context of strong fields
and high-harmonic generation (HHG), where the addition of diffuse and ghost functions to
the basis set is important for a good description of the Rydberg and unbound states of the
system, respectively [211].

Figure 2.1: Setup of our model for static field ionization. A series of ghost functions was
added passing through the atom and in the direction of the field, allowing electron density
to escape/ionize from the system (the grey crosses represent additional race track ghost
functions, as discussed in Sec. 2.4).

Given this setup for our problem, we also need to interpret what the exact results would
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look like in this finite basis set approach. We start our analysis by noticing that, assuming an
adequate discretization of the space by the ghost centers, we can separate the problem/po-
tential into two parts: one associated with the molecular/atomic system and another related
to the artificial box that is effectively created by the extent of the ghost centers. Introductory
quantum mechanics teaches us that, to first order, the energy levels of a charged particle
in a box subjected to a uniform static electric field decrease linearly with the strength of
the field [212]. Moreover, increasing the field strength affects the molecular potential by
suppressing the barrier to ionization for higher excited state (especially Rydberg states)
and increasing the tunneling probability for low-lying states. In this sense, higher excited
states easily become continuum-like states and “dive” down in energy as the field becomes
stronger. At certain field strengths, these continuum-like states start to interact with the
low-lying bound states and an avoided crossing is observed: the former bound state acquires
continuum-like character by localizing around the edge of the artificial box, with an energy
that decreases linearly as the field strength continues to increase. Notice that the applied
electric field turns all of the states of the system into resonances with finite lifetime [212],
and a proper discussion on how to obtain DC Stark lifetimes for several molecular system
using quantum chemistry methods has already been presented elsewhere [177, 178, 213].

Fig. 2.2 illustrates this process for a He atom (described by the functions contained in
the aug-cc-pVTZ basis set[214, 215]) in an artificial box comprised of 18 hydrogen STO-
3G[216] s-type ghost centers spaced by 0.5 Å spanning a range of 4.5 Å around the atom
(which should be adequate for an unambiguous determination of the state of ionization of the
system given that this distance is much larger than the atomic radius of He). We shall focus
on the behavior of the ground-state S0 and the first singlet excited state S1 as a function
of field strength. Initially, in the absence of the field, these states are well separated in
energy and there is no mixing between them. As the field strength increases, we observe
the characteristic quadratic polarization effect on the energy (which can be described by
perturbation theory) [217]. Higher lying states are more polarizable, so this effect becomes
more evident. These high energy excited states are also more easily ionized and the transition
between the quadratic behavior characteristic of a bound state to a linear dependence of the
energy on field strength happens at lower fields. At F = 0.175 a.u., we observe an avoided
crossing between the first singlet state (which has been previously ionized) and the unionized
ground state. This leads to a change in character of the ground state after the avoided
crossing: initially unionized, with both electrons localized around the atom, the ground
state becomes singly ionized, with one electron detaching from the atom and localizing at
the edge of the box. The second ionization is characterized by yet another avoided crossing
between the singly ionized S0 and doubly ionized S1 at a field of F = 0.36 a.u. Between
these two field strengths, we note that the singly ionized T1 state is degenerate with the
ionized ground state S0. It is worth noticing that the potential energy curves presented here
as a function of field strength are very similar to stabilization graphs proposed by Simons
[218] and widely used to describe temporary ions and other atomic/molecular resonances
[219]. There, information about the resonance’s lifetime can be obtained by an analysis of
the avoided crossing that arise by changing the variational parameters associated with the
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basis set. Here, however, the basis set is fixed and the energy is plotted as a function of
varying field strength.

Our goal is to understand how different approximations, such as HF and MP2 can recover
this exact finite basis behavior. We shall put emphasis on the effects of allowing for spin
polarization (i.e., difference between using restricted and unrestricted orbitals) to describe
field ionization as an analog to what happens in bond dissociation of molecules. All calcu-
lations were performed with the Q-Chem 5.3 package [220] following the same protocol: we
used the aug-cc-pVTZ basis set for the atomic center and hydrogenic STO-3G s functions for
the ghost centers. We also performed internal stability analysis in order to ensure that the
solution within the domain of each HF class (RHF, UHF and GHF) was the lowest possible.

2.3 Field Ionization of He

2.3.1 Hartree-Fock (HF) Minimum Basis Model

We start our discussion about the relation between spin polarization and static field ioniza-
tion by analyzing the behavior of the Hartree-Fock (HF) solution in a simple, yet instructive,
minimum basis model of a two electron system. This model is comprised of a single basis
function localized around the atom (represented by |A⟩ in Table 2.1) and a single function
(represented as |C⟩ in Table 2.1) placed at a distance d from the atom in the direction of
the applied field to represent the discretized continuum and that can support the flux of
ionized electrons once the field is switched on. It should be noted that this is analogous to
the toy model used to describe the bond stretching of H2 in the minimum basis [24, 143].
Here, we have also assumed that the distance d is large enough such that there is no overlap
between the orbitals representing the atom and the discretized continuum. Moreover, we
assumed that the ghost function is diffuse enough that we can neglect its kinetic energy
(⟨C|T̂ |C⟩ ≈ 0), but not too diffuse relative to the distance d. We can then construct the HF
orbitals as linear combinations of these two functions.

In this toy model, the RHF solution is controlled by a single variational parameter θ
that mixes the atomic basis function with the continuum-like ghost function (Table 2.1).
Analyzing the stationary and stability conditions of the energy obtained as the expectation
value of the Hamiltonian with the RHF determinant leads to two limiting cases. The solution
characterized by the double occupancy of the atom-centered orbital (θ = 0) is found to be
stable when the product of the applied field strength (F ) and the distance between the basis
functions (d) is less than the IP1, the first ionization potential of the system (i.e. Fd < IP1).
On the other hand, the θ = π

2
solution, which corresponds to 2 electrons paired up on the

ghost function that supports the ionized flux, is stable when Fd > IP2, where IP2 is the
second ionization potential of the system. At intermediate field strengths, IP1 < Fd < IP2,
the stable solution is given by a state that has mixed neutral and doubly ionized character.
It is interesting to notice that RHF only allows for the combined ionization of the electron
pair and the intermediate state associated with single ionization is never reached. Hence, we
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Figure 2.2: FCI (exact) results for the static field ionization of He for (a) lowest four singlet
states, (b) lowest four triplet states. The “kinks” correspond to avoided crossings between
continuum-like states associated to the artificial finite box and localized states from the
atom. For the ground state, the crossings also give us the signature associated to ionization
events. The atom is described by the aug-cc-pVTZ basis set, whereas each ghost center is
described by hydrogenic STO-3G 1s function separated by 0.5 Å.
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see that restricted HF (RHF) cannot recover the exact behavior shown in Fig. 2.2 for the
ground state, as it only connects the neutral solution (with the electrons paired up on the
atom) and the doubly ionized state.

Model Assumptions
1a. |A⟩ - atomic spatial orbital
1b. |C⟩ - continuum-like orbital
2. ⟨A|C⟩ ≈ 0

3. ⟨C|T̂ |C⟩ ≈ 0
Spatial Orbitals

|1⟩ = cos θ1 |A⟩+ sin θ1 |C⟩
|2⟩ = cos θ2 |A⟩+ sin θ2 |C⟩
Stable RHF - |Ψ⟩ = |11̄⟩

θ = 0 0 < θ < π
2

θ = π
2

Fd < IP1 IP1 < Fd < IP2 Fd > IP2

|Ψ⟩ =
∣∣AĀ〉 mixed solutions |Ψ⟩ =

∣∣CC̄〉
Stable UHF - |Ψ(θ1, θ2)⟩ = |12̄⟩

θ1 = θ2 = 0 θ1 = 0, θ2 =
π
2

or θ1 = π
2
, θ2 = 0 θ1 = θ2 =

π
2

Fd < IP1 IP1 < Fd < IP2 Fd > IP2

|Ψ⟩ =
∣∣AĀ〉 |Ψ⟩ =

∣∣CĀ〉 or |Ψ⟩ =
∣∣AC̄〉 |Ψ⟩ =

∣∣CC̄〉
Table 2.1: Analytic representation of molecular orbitals and ionization states predicted by HF
for minimal basis model. |A⟩ and |C⟩ are the atomic and ghost/continuum basis functions,
respectively. The stationary and stability conditions for RHF and UHF lead to different
character of the solutions as a function of field strength and UHF is the only model capable
of describing single ionization.

The analysis of the unrestricted case is more intricate and interesting. Two independent
variational parameters (θ1, θ2) control the mixing of the basis functions for the independent
sets of α and β orbitals (Table 2.1). The stationary condition on the energy expectation
value for the UHF determinant leads to four different solutions for the (θ1, θ2) pairs. The
solutions (θ1, θ2) = (0, 0) and (θ1, θ2) = (π

2
, π
2
) reduce to RHF, corresponding to double

occupation of the atomic and ghost orbitals, respectively. The former case is stable when
Fd < IP1, whereas the stability for the latter is achieved when Fd > IP2. The difference
in the UHF case is the possibility of achieving intermediate stable solutions (θ1, θ2) = (0, π

2
)

and (θ1, θ2) = (π
2
, 0) for the intermediate range of field strengths IP1 < Fd < IP2. These

extra UHF solutions are characterized by having one electron occupying the atomic orbital
and the other one localized on the ghost function. Therefore, we see that UHF is able to
characterize the singly ionized state. This ability, however, comes at a cost: in an analogy
to the common problem of bond dissociation at the UHF level, these single determinant
unrestricted solutions for the intermediate range of field strengths are composed of an equal
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mixing of singlet and triplet configurations that results in a spin-contaminated state with
⟨S2⟩ = 1[24]. Nonetheless, UHF is qualitatively able to describe the static field ionization
behavior expected from our analysis of the exact results (Fig. 2.2), showing the three dis-
tinct regimes corresponding to the three possible levels of ionization. In addition, the large
separation between |A⟩ and |C⟩ leads to a vanishing singlet-triplet gap, so the contamination
has no direct impact on the energetics. Finally, we note that the 1:1 quantitative mapping
between the position of the “kinks” in the energy curve as a function of field strength and
ionization potentials (IPs) is only possible if the conditions outlined in Table 2.1 are satis-
fied. The model can be easily modified to account for the electrostatic repulsion between |A⟩
and |C⟩ and the kinetic energy of the populated ghost function (⟨C|T̂ |C⟩, leading to a bet-
ter numerical agreement for the IPs. Alternatively, a decomposition of the total energy into
atomic, continuum and interaction contributions could lead to better quantitative agreement
for the IPs. Qualitatively, however, the main features do not depend on the specific nature
of the ghost functions.

2.3.2 Wavefunction Methods in a Larger Basis

We move on to an analysis of the performance of other wavefunction based methods on a
larger basis set to describe the static field ionization of He. We should point out that our
emphasis is, once again, on the difference between how different flavors of self-consistent field
(SCF) solutions can capture ionization effects in this discretized continnum model. In this
case, He is represented by the larger aug-cc-pVTZ basis and the continuum is represented by
a track of 18 1s hydrogenic STO-3G ghost basis functions spanning the range between -4.5
Å and 4.5 Å (with equal spacing of 0.5 Å between each ghost center) along the direction
of the field. Fig. 2.3a summarizes the results in this larger basis set.

Just as expected from the analytical model, RHF cannot qualitatively describe the correct
behavior for single-electron ionization due to the constraint that the two electrons are paired.
For field strengths smaller than 0.175 a.u., we observe the neutral (two electrons localized
around the atom) ground state, and for field strengths greater than 0.36 a.u., we observe the
doubly ionized state of the atom. We notice a smooth transition between neutral atom and
its atom dication state for intermediate field strengths. This can also be observed when we
analyze how the total electric dipole (Fig. 2.3b) of the system and the charge of the He atom
(Fig. 2.3c) change as a function of the applied field. UHF, on the other hand, captures the
essential features expected from the exact solution: the energy curve shows three distinct
regions separated by first derivative discontinuities. These kinks are associated with spin-
polarization effects as illustrated by the transition between ⟨S2⟩ = 0 to ⟨S2⟩ = 1. The
sharpness of this transition (i.e., how fast the spin polarization occurs) is highly dependent
on the size of the basis set: for smaller basis sets, ⟨S2⟩ seems to continuously change from
0 to 1, which indicates another remarkable similarity between the analysis presented in this
work and the nature of the Coulson-Fischer point for bond dissociation. For larger basis sets,
the spin polarization transitions appears to be much more sudden and discontinuous. We
next consider the behavior of electric dipole and He charge for the UHF solution (Figs. 2.3b
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(a) SCF total energy,

(b) Dipole moment, (c) Mulliken charges on He,

Figure 2.3: (a) SCF total energy, (b) Dipole moment and (c) Mulliken charges on He as
a function of field strength for the RHF and UHF solutions. In all cases, the RHF curve
smoothly changes as the field strength increases, while UHF presents the characteristic kinks
that are associated to ionization events.

and 2.3c). We do however note that the numerical magnitude of the change in the dipole
moment is directly proportional to the size of the box created by the ghost functions. Both
observables indicate that UHF qualitatively captures the three distinct regimes expected
for the ionization of helium: the polarization of the electron pair on the neutral atom, the
singly ionized state and the doubly ionized state. Again, the ability of UHF to describe this
singly ionized state comes at the cost of spin polarization as indicated by ⟨S2⟩ = 1 for field
strengths in the range that generates one unit of positive charge on helium.

Moreover, we briefly analyze the MP2 (Fig. 2.4) performance for strong field ionziation
of He using restricted (RMP2) and unrestricted (UMP2) orbitals. As expected, since UHF
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Figure 2.4: RMP2 and UMP2 results for the static field ionization of He. Due to the
poor performance of the RHF reference, RMP2 presents energies lower than the exact ones,
indicating that the MP2 amplitudes are overcompensating for the bad HF reference in the
singly ionized regime. On the other hand, UMP2 is able to correctly recover almost exactly
the FCI.

is a better reference to describe all possible charge regimes for our systems, UMP2 recovers
all of the qualitative features of the exact solution. By contrast, RMP2 seems to oscillate
above and below the exact solution: for field strengths closer to the ionization points, RMP2
energies are, as expected, above the exact values and seem, at first, to follow the same pattern
as the RHF curve. However, RMP2 drops below the exact curve for fields in the mid-range
for the singly ionized state. This indicates the RMP2 is over-correcting for the bad reference
provided by the restricted orbitals in this regime. Nonetheless, this behavior is not as
catastrophic as in the RMP2 potential energy curve for the dissociation of H2, where incipient
orbital degeneracies cause a divergent PES as the bond length increases [24]. Although not
explored in the present work, this failure could be a fertile ground for an investigation of the
efficiency of orbital-optimized MP2 schemes (OO-MP2) with regularization [136] to cheaply
but accurately recapture some of the correlation effects associated to field ionization.

Our final analysis for the He atom is based on an attempt to remove most of the electric
field and spurious discretized continuum contributions to the total energy, accounting only
for the purely electronic energy of the atom as a function of the field strength. Within the
dipole approximation, we defined an internal energy operator Û :

Û = Ĥelec − ˆ⃗µ · F⃗ (2.1)

The electronic energy of the combined atom-continuum system can then be calculated via:

Eelec = ⟨Ĥelec⟩ = Eatom
elec + Eelst + Eghost

elec = ⟨Û⟩+ ⟨ ˆ⃗µ⟩ · F⃗ (2.2)
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Eq. 2.2 includes three main components: (i) the electronic energy of the isolated atom
(Eatom

elec ), (ii) the electrostatic interaction between discretized continuum and He atom (Eelst),
and (iii) the electronic energy of the populated discretized continuum (Eghost

elec ).
In the limit of two non-interacting subsystems (the isolated atom and the discretized

continuum represented by the ghost functions), the super-system wavefunction is given by
the product of the two individual wavefunctions and the super-system density matrix (D)
can be written as a direct sum of the atomic density matrix (DA) and a density matrix
associated with the ghost functions (DG). For our setup, however, the definition of the
atomic subsystem is somewhat fuzzy since, in the complete basis set limit for the atom, the
most diffuse basis functions will overlap with the nearest ghost centers added to represent the
continuum electrons. This situation could be ameliorated by increasing the distance between
this nearest ghost center and the atom or by noticing that, after ionization, electrons will tend
to occupy the ghost functions closer to the edge of the artificial box used for the discretization
of the continuum states. This allows us to have a clear definition of the ghost subsystem
and we can then define the atomic contribution as the difference between the total energy
and the energy contributions from the ghost basis functions.

By following this approach, DA and DG are defined as blocks of the super-system density
matrix associated with the electron density represented by basis functions localized around
the atom and with the density represented by basis functions centered in the track of ghost
centers, respectively. The electrostatic interaction can then be calculated as

Eelst =
∑
µ,ν∈G

DG
µνV

G
µν +

∑
µ,ν∈G

∑
λ,σ∈A

DG
µν(µν|λσ)DA

σλ (2.3)

In Eq 2.3, we separated the contribution of the attractive interaction between the electrons
populating a ghost function and the He nucleus (which is accounted by the ghost function
block of the nuclear attraction one-electron integrals, V G) and the repulsive screening be-
tween the continuum-like electron density (DG) and the remaining electron density localized
around He (DA).

The electronic energy of the populated discretized continuum is expressed as a trace over
its subsystem density matrix, DG:

Eghost
elec =

1

2

∑
µ,ν∈G

(FG
µν + TG

µν)D
G
µν (2.4)

where TG is the kinetic component of the one-electron integrals for the ghost basis functions,
FG is a Fock matrix in which we replaced the usual one-electron integrals by only its kinetic
component (since for the discretized continuum subsystem there is no nuclear attraction).

Eq. 2.4 is clearly correct in the non-overlapping limit. In the presence of overlap, Eq.
2.4 corresponds to the embedded mean-field theory [221, 222] decomposition of the total
energy of two composite systems (in our case He and ghost centers) into the energies of
each subsystem and their interaction energy. It is worth noticing that we have not explicitly
included other energy contributions arising from the mixed atom-ghost density contributions



CHAPTER 2. EXPLORING SPIN SYMMETRY-BREAKING EFFECTS FOR STATIC
FIELD IONIZATION OF ATOMS 45

or atom-ghost exchange effects in Eq. 2.2. Implicitly, these contributions are accounted for
in the definition of Eatom

elec (Eq. 2.5) and are small due to large separation between the atom
and the ghost function on the edge of the track.

Finally, the quantity of interest ∆Eatom
elec is given in terms of the atomic subsystem elec-

tronic energy at a given field strength

Eatom
elec (F ) = ⟨Û⟩+ ⟨ ˆ⃗µ⟩ · F⃗ − Eelst − Eghost

elec (2.5)

relative to the corresponding quantity at zero field:

∆Eatom
elec = Eatom

elec (F )− Eatom
elec (F = 0) (2.6)

Based on our previous analysis, this approach should be more suitable for the UHF solu-
tion in which the separable density assumption holds to a greater extent and as it can properly
account for ionization. Fig. 2.5 shows that the kinks in the total UHF energy (Fig. 2.3a)
and the dipole and charge discontinuities for the UHF solution (Figs. 2.3b and 2.3c) are,
once again, intrinsically related to ionization events, as we can directly recover information
about the first and second ionization potentials (represented by the dashed lines in Fig. 2.5)
of He by removing the spurious field and ghost functions contributions to the total energy.
Finally, the analysis based on the decomposition of the density matrix into its atomic and
ghost contributions allows us to obtain more information about the electronic structure
of each subsystem: an eigenvalue decomposition of the combined atom-ghost, atomic and
ghost density matrices indicates the number of electrons for each subsystem as illustrated in
Fig. 2.6.

2.4 Field Ionization of a neon atom
In the previous section we thoroughly discussed how spin polarization is essential to qualita-
tively describe ionization by static fields in our model in which the continuum was discretized
by a track of ghost functions placed along the direction of the applied electric field. At least
for the He atom, we concluded that UHF properly captures, at the expense of spin con-
tamination, the features associated with ionization within this limited model: we observe
kinks in the potential energy curves as a function of field strength that are accompanied
by discontinuities in the total electric dipole moment and the charge on the He atom. Now
we move on to investigate if this simplest flavor of spin polarization (i.e., allowing α and β
orbitals to have different spatial parts) is enough to capture the features of atomic ionization
in a heavier atom. Fig. 2.7a shows the RHF and UHF energy for the Ne atom. Once again,
we see characteristic spin polarization and kinks in the UHF potential energy surface that
are associated with ionization. We performed the same previous analysis for the electric
dipole moment (Fig. 2.7b) and Mulliken charges on the Ne atom (Fig. 2.7c) and they both
agree with our previous discussion: at the expense of losing information about the total spin
of the system (i.e. spin contamination and our wavefunction not being an eigenstate of the
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Figure 2.5: ∆Eatom
elec as defined in Eq 2.6. UHF is able to correctly recover information about

both first and second ionization potentials of He, whereas RHF, missing a proper description
of the first ionization event, only captures the second IP. The IP’s were calculated at the
HF/aug-cc-pVTZ+ghost track level of theory.

Ŝ2 operator), we can now ionize an odd number of electrons for Ne through UHF, whereas
those states are not accessible through a RHF reference.

The electronic structure of Ne is more complicated than He which also allows us to analyze
other qualitative features of the ionized states of the system as the strength of the applied
field increases. With this is mind, it is important to point out what one would expect for
each of the Ne ionized states within this limited discretized continuum model that we used
in our analysis. Table 2.2 summarizes simplified electronic configurations expected for Ne,
Ne+, Ne2+ and Ne3+ and the track of ghost functions (with net charge 0,−1,−2,−3) that
represent the continuum-like states. Even though a proper analysis of the nature of the real
ionized states of the atom is hindered due to the single determinant nature of HF theory, one
can notice that the S1 and S2 states in Table 2.2 corresponds to one of the components of the
physical (field-free) 2P state of the Ne cation and 3P state of the Ne dication, respectively.
Our goal now is to see how we can obtain qualitative information about these physical states
through Hartree-Fock theory within our limited model for ionization.

For the first ionization, we expect one unpaired electron at both the atom and the ghost
functions, leading to a spin-contaminated UHF state in a similar fashion to what was de-
scribed for the He case (Fig. 2.6). Fig. 2.8 summarizes some of the features of the UHF for
a field strength of F = 0.25 a.u., which lies within the region for single ionization. We can
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(a) NOONs for He + ghost system (b) NOONs for He subsystem

(c) NOONs for ghost subsystem (d) Spin density for F = 0.25 a.u.

Figure 2.6: Natural Orbital Occupation Numbers (NOONs) for (a) He + Ghost complex
system, (b) He subsystem (c) Ghost subsystem for the ionization of He in different regimes:
neutral (F = 0 a.u.), singly ionized (F = 0.25 a.u.) and doubly ionized (F = 0.5 a.u.). (d)
Spin density for the singly ionized state of He.
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(a) SCF total energy (b) Dipole moment

(c) Mulliken charges on Ne (d) ∆Eatom
elec

Figure 2.7: Hartree-Fock calculations of the field ionization of Ne using the aug-cc-pVTZ
basis set augmented by hydrogenic 1s STO-3G functions at the ghost centers. (a) SCF
total energy, (b) Dipole moment, (c) Mulliken charges on Ne and (d) ∆Eatom

elec as defined in
Eq 2.6 as a function of field strength for the RHF and UHF solutions. In all cases, the RHF
curve smoothly changes as the field strength increases, while UHF presents the characteristic
kinks that are associated with ionization events. The IP’s were calculated at the HF/aug-
cc-pVTZ+ghost track level of theory.

identify two unpaired electrons for the whole system (Fig. 2.8a). Performing an eigenvalue
analysis on the partitioned density matrices for the atom subsystem (DA) and the con-
tinuum/ghost subsystem(DG) to obtain the natural orbital occupation numbers (NOONs)
reveals that, as expected, each subsystem has a single unpaired electron (Figs. 2.8b and
2.8c): an α electron for the discretized continuum and an excess β electron for the atom
(Fig. 2.8d), keeping Ms = 0 for the contaminated ground state.
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Ionization State Ne configuration (only 2p orbitals) Ghost configuration
|S0⟩ (neutral)

∣∣2p2x2p2y2p2z〉 |0⟩
|S1⟩ (singly)

∣∣2p2x2p2y2pαz 〉 |Cα
1 ⟩

|S2⟩ (doubly)
∣∣2p2x2pαy2pαz 〉 |C2

1⟩
|S3⟩ (triply)

∣∣2pαx2pαy2pαz 〉 |C2
1C

α
2 ⟩

Table 2.2: Simplified electronic configuration of Ne and ghost basis functions for the neutral
atom and the first 3 ionized states |Si⟩. Each Ci represents a ghost orbital that can be
populated by ionized electrons.

The doubly ionized state in He simply corresponds to the pairing of the two electrons
in one of the ghost functions, leaving behind just the atomic nucleus (Fig. 2.6, the curve
indicated by a field strength of F = 0.5 a.u.). For Ne, however, we expect the second ionized
electron to pair with the first one and localize around a ghost center while Ne becomes a
triplet state characterized by two unpaired electrons with the same spin and consequently
total Ms = ±1 (see Table 2.2). This state, however, cannot be achieved by following the
UHF potential energy curve which is constrained to the Ms = 0 subspace. Instead, the UHF
solution for this doubly ionized state of Ne is characterized by a ⟨S2⟩ = 1 spin contaminated
state comprised of an α electron and a β unpaired electrons on the atom and no unpaired
electrons for the track of ghost functions, as illustrated in Fig. 2.9. Some physical insight can
be gained here by analyzing which states of the field-free Ne dication are included in the UHF
Ms = 0 field dependent solution in the doubly ionized regime: the external field, breaking
spherical symmetry, mixes the 1S and 1D states of Ne2+. Moreover, due to spin symmetry-
breaking in UHF, we observe that one of the components (Ms = 0) of the 3P is also included
in the mixture. It should be noticed that such behavior also highlights one of the limitations
of our approach to describe the ionized flux: by constraining electron density to escape the
atom through a unique track of ghost functions, we observe a driving force towards pairing
of the ionized electrons. This prevents neon from achieving the desired and expected triplet
configuration. A possible, yet not explored in this work, way to minimize this issue would
be to expand our description of the discretized continuum by adding more ghost functions
into two separate parallel tracks (as illustrated by the grey crosses in Fig. 2.1), which would
possibly allow the delocalization of the ionized electrons, leaving the atom subsystem with
Ms = ±1 and the ghost subsystem with Ms ∓ 1, while maintaining the total Ms = 0 for the
UHF solution.

Alternatively, since the main interest should be to capture as much physical insight for the
atomic subsystem as possible within our limited model, it is possible to remove the Ms = 0
constraint in UHF by exploring the manifold of generalized Hartree-Fock solutions (GHF).
In GHF, all of the exact spin symmetries of the system (namely Ŝ2 and Ŝz) can be broken
by taking spin-orbitals that no longer belong to two independent sets of α and β orbitals,
but now are linear combinations of orbitals in both sets. This allows the spin-quantization
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(a) NOONs for Ne + ghost complex system (b) NOONs for Ne subsystem

(c) NOONs for ghost subsystem (d) UHF spin density

Figure 2.8: Analysis of UHF for the singly ionized regime of Ne (F = 0.25 a.u.), using NOONs
for (a) Ne + Ghost complex system, (b) Ne subsystem (c) Ghost subsystem; (d) UHF spin
density plotted for an isovalue of 0.002 a.u. (blue and red parts indicate an excess of α and
β electrons respectively).

axis of individual electrons to rotate and not necessarily be parallel to each other in order to
achieve the variationally lowest possible energy state. This extra flexibility does not mean
that the GHF solution cannot be obtained through UHF though. A GHF wavefunction
is said to be non-collinear (and sometimes referred to as a true GHF solution) if its spin
cannot be quantized along some axis and this illustrates a real UHF → GHF instability of
the orbital hessian [223, 224]. This is the case for the double bond dissociation in CO2 [223,
225] and for systems presenting spin-frustration [226, 227]. If such a spin quantization axis
exists, the GHF solution can be found by exploring UHF wavefunctions with different spin
multiplicity or lying within different Ms manifolds. One can then find the difference between
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(a) NOONs for Ne + ghost complex system (b) NOONs for Ne subsystem

(c) NOONs for ghost subsystem (d) UHF spin density,

Figure 2.9: Analysis of UHF for the doubly ionized regime of Ne (F = 0.5 a.u.), using
Natural Orbital Occupation Numbers (NOONs) for (a) Ne + Ghost complex system, (b) Ne
subsystem (c) Ghost subsystem; (d) UHF spin density plotted for an isovalue of 0.002 a.u.
(blue and red parts indicate an excess of α and β electrons respectively).

the number of up and down electrons by projecting the spin operators in this quantized axis
[223]. In this context, we see that GHF can provide a convenient way to adiabatically follow
the lowest UHF solution independently of Ms constraints.

Figure 2.10a illustrates the behavior of the different Ms UHF solutions compared to GHF
for the strong field ionization of the neon atom within the race track of ghost functions to
represent discretized continuum states that we have been using so far. Even though we cannot
notice significant differences between UHF and GHF in terms of their description of charges,
dipoles and total number of unpaired electrons for the supersystem, the GHF potential
energy curve follows the lowest UHF solution, highlighting its collinear nature. For instance,
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for field strengths lower than F = 0.15 a.u., we observe that the Ms = 0 UHF solution is the
one with the lowest energy and that there is no difference between this solution and GHF,
whereas the other Ms states are higher in energy. For electric fields ranging from F = 0.15
a.u. and F = 0.309 a.u. (single ionization), however, the Ms = 0 and Ms = 1 states become
degenerate, characterizing the RHF→UHF instability previously discussed. For the regime
between F = 0.309 a.u. and F = 0.60 a.u (which corresponds to the doubly ionized regime)
the Ms = 1 UHF solution becomes the lowest in energy, illustrating the transition between
different Ms subspaces that is captured naturally through GHF. Our first UHF analysis was
constrained within the Ms = 0 subspace and, therefore, the wrong qualitative behavior (one
α and one β electron) was observed for the double ionized state of the atom. GHF however,
abolishes the Ms = 0 constraint and we can access the relevant doubly ionized state lying
in the Ms = ±1 manifold (Fig. 2.10b) and Ne achieves the expected configuration with two
unpaired α electrons which better resembles the Ms = ±1 component of the physical 3P
field-free state of the Ne dication.

Finally, even though the plateau regions in Figs. 2.7b and 2.7c are well characterized
by collinear GHF solutions that represent UHF wavefunctions with different Ms values, the
transition between these ionization states might not present the same behavior. At the
onset of ionization, we suspect that, similarly to what was observed for the RHF → UHF
instability, one would need a non-collinear GHF solution to properly describe the transition
between one ionized state to the other. However, due to the dependence of the sharpness of
this transition on the size of the artificial box delimited by the ghost functions, we did not
pursue further investigation of this question. Hence, we note that GHF was used merely as
a tool to access the lowest UHF state possible without any initial constraints on the number
of α and β electrons.

2.5 Conclusions and Outlook
In conclusion, the present work explored an analogy between the Coulson-Fischer point
that has been extensively characterized for bond dissociation problems and static strong
field ionization phenomena. Such extension is, at first, hindered by the fact that ionization
implies an outgoing electron flux that is poorly described by the atom-centered Gaussian
basis sets commonly used in electronic structure packages [220]. Hence, our basic “race-
track” model was introduced to account for this ionized flux by adding ghost basis functions
spanning an appropriate region of space to allow some characterization of the continuum-like
states of the ionized system.

A preliminary analytical analysis of the ionization problem of He in a minimum basis with
a single distant ghost function hinted that ionization events, which would be characterized
by the localization of the electron density at one of the auxiliary ghost centers of the “race-
track”, would not be well characterized by a restricted Hartree-Fock approach. In particular,
the RHF solution could describe the neutral and the doubly ionized states of the system,
but would lack any information about the singly ionized state given its electron-pairing
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Figure 2.10: (a) Potential energy curves as a function of field strength for Ne. It is possible
to notice that, depending of the field strength, different Ms UHF solutions become the
lowest in energy and GHF connects these different subspaces by variationally targeting the
unconstrained lowest energy state. (b) Difference between number of up and down electrons
along the spin quantization axis for the GHF solution, indicating that for the doubly ionized
regime (between F = 0.309 a.u. and F = 0.60 a.u), we have two unpaired α electrons left on
the Ne dication.

constraint. This analysis also indicated the existence of a RHF → UHF instability for the
singly ionized range of field strengths that was akin to the triplet instability that leads to
spin polarization in the bond dissociation problem. The predictions from this toy model
were validated by computations in a larger basis set. Moreover, the UHF potential energy
surface as a function of field strength reveals kinks that, after an analysis of the charge
population of the atom, the dipole moment of the system and the expectation value of the
Ŝ2 operator, indicate the existence of an analog of the Coulson-Fischer point for static strong
field ionization. We have also made an effort to eliminate possible spurious contributions
stemming from our limited model of the discretized space by devising a partitioning scheme
based on taking traces of the RHF and UHF density matrices over the appropriate basis
functions centered only around the atom. Such scheme allowed us to, once again, determine
the character of each state of the atom for different field strengths, as well as to recover
information about the ionization energies of He. While RHF cannot represent the singly
ionized state, UHF recovers the first and second ionization energies of He at the cost of
breaking spin symmetry and being spin contaminated.

We then extended our analysis to a more complicated system: the Ne atom. The main
takeaways are still valid: by constraining the HF solution to be an eigenfunction of Ŝ2, i.e.
constraining ourselves to the RHF manifold of solutions, we cannot describe ionization of
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an odd number of electrons as the strength of the external field increases. By exploring
the solutions contained in the spin-polarized UHF manifold, on the other hand, we have a
qualitatively correct description of the atomic charge associated with these ionized states.
However, due to a strong drive to pair the electrons at the end of the auxiliary “race-track”
of ghost functions and the constraint imposed on the value of ⟨Ŝz⟩ for UHF solutions, the
results do not correspond to the expected Hund’s rule configuration of Ne for some field
strengths. Thus, we also analyzed the use of GHF solutions to obtain a better qualitative
description of the static strong field ionization of Ne. We observed that, while maintaining
the same behavior as UHF for the atomic charges, GHF can properly rotate spins at the cost
of losing information about the expectation value of Ŝz in order to give the proper high-spin
description of the unpaired electrons on the atomic subsystem. Exploring how different kinds
of symmetry-broken solutions, such as allowing complex polarization in Hartree-Fock (cRHF,
cUHF and cGHF) [228–231], could also prove potentially useful to obtain qualitatively correct
description of strong field ionization of more complex systems.

Even though the results and analysis presented in the current work were obtained for the
case of an applied external static electric field, it can be argued that some of the consequences
of imposing spin constraints on the Hartree-Fock solutions could also lead to a qualitatively
wrong description of the real-time dynamics of the system when a physically meaningful laser
pulse is used. For the more common problem of bond stretching in electronic structure, it
has already been shown that using a qualitatively bad HF solution as the starting point for
more elaborate methods that account for dynamic electron correlation could lead to failures
in obtaining a good description of potential energy surface, for example. In this sense,
work towards extending the analysis here to real-time time-dependent electronic structure
is underway in our group. To achieve more physically meaningful results, a better approach
to represent the continuum states, perhaps through a mixed Gaussian-plane wave basis set
or complex absorbing potentials, is needed [185, 232].

Supplementary Material
Supplementary information for this work can be accessed via Ref. 233. They include raw
data and additional plots.
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Chapter 3

Changes in Polarization Dictate
Necessary Approximations for Modeling
Oscillator Strengths

3.1 Introduction
Investigating the electronic structure of materials is of paramount importance, not only
to advance scientific understanding, but also from a technological perspective. Electronic
structure is typically probed in terms of neutral or charged electronic excited states. A
complete investigation of excited states involves the determination not only of the energies
of the states but also of the transition probabilities for excitation (de-excitation) to (from)
them. There are various experimental methods for this purpose, which provide opportunities
to validate and advance theoretical efforts. For decades, density-functional theory (DFT) [55,
58] has been the primary workhorse in electronic structure calculations [234–237]. Even
though DFT is a ground state theory, various techniques build upon DFT by leveraging
different levels of approximation to probe electronic excited states [238–248]. The two main
avenues for this, both of which are widely used in practice, are: the response-based treatment,
where a response-function is evaluated indirectly by creating electron-hole (e-h) pairs in a
reference state; and the orbital-constrained treatment, which models the target state using
constrained non-aufbau orbital occupancy.

In this paper we link these two disparate approaches within a generalized framework.
For valence-to-core electronic transitions, we show analytically, as well as with computed
examples, that within the computationally tractable adiabatic approximation, inaccuracy in
the response-based approach is correlated with the change in the valence polarization due to
the core-ionization of the system. Additionally, working within the orbital-constrained ap-
proach, by modifying the state-of-the-art orbital-optimized DFT (ooDFT) formalism with
physically-motivated approximations, we propose a new computational method for simu-
lating non-resonant X-ray emission, with a focus on accurate calculation of the transition
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amplitude.
Electronic transitions, which can involve both the core and the valence electrons, typi-

cally span a wide energy range. In order to ensure tractability of our calculation, we focus on
electronic de-excitations since this allows us to limit our attention to the occupied subspace
only, offering appreciable computational advantage. De-excitations can either be confined
fully within the valence subspace, or involve valence-to-core transitions. Due to the avail-
ability of experimental data, the latter kind, which is experimentally accessible within the
non-resonant X-ray emission spectroscopy (XES) technique, will be the primary focus of our
computational demonstrations. Notably, since the goal of this work is the analysis of purely
electronic de-excitations, additional effects which might influence the experimental spectra,
e.g. the ionic vibrations present at finite temperature [249, 250] (note that vibrational ef-
fects typically make the spectra smoother by introducing additional broadening [251] and
can occasionally introduce new peaks [252]) have not been taken into account.

3.2 Non-resonant X-ray emission formalism
In non-resonant XES [253–256], spontaneous X-ray emission (or fluorescence) occurs from
an initially core-ionized sample. As the core-excited system decays from an initial state ΨI

with energy EI to any possible final state ΨF with energy EF , the emission intensity

I(ω) ∝
∑
F

(EI − EF )
4|M I,F |2δ(ω + EF − EI), (3.1)

is recorded as a function of its frequency ω, where, denoting the many-body transition
operator by Ô, the transition matrix element is given by M I,F =

〈
ΨF

∣∣∣Ô∣∣∣ΨI

〉
. Therefore

|ΨI⟩, i.e., the state prior to the X-ray emission process, can be represented by the lowest
energy state of the positively charged system with a core-hole on the excited atom. In our
calculations, this is approximated by a single Slater determinant (SD) composed of Kohn-
Sham (KS) orbitals obtained from a self-consistent field (SCF) DFT calculation, where
one core orbital is constrained to be empty, which we denote as the zero-th orbital. One
numerically stable approach to obtain this core-hole excited state directly is the maximum
overlap method (MOM) [257]. If there are N electrons remaining in the system, then,
denoting the creation operator for the j-th initial-state orbital ϕ̃j by ã†j, we can represent
the SD as

|ΨI⟩ =

(
N∏
j=1

ã†j

)
|0⟩ . (3.2)

Assuming the core is filled in all constituent SDs, the exact F -th final state resulting
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from de-excitation (filling the zero-th orbital via ã†0) can then be formally expressed as

∣∣Ψexact
F

〉
=

[
N∑
j=1

αF
j ãj ã

†
0 |ΨI⟩

]
+[

N∑
l,m=1

all∑
p=N+1

βF
l,m,pãlãmã

†
pã

†
0 |ΨI⟩

]
+ . . .

(3.3)

where α and β are expansion coefficients, and we use tildes to indicate that these initial
state orbitals include a core hole. The terms inside the first (second) set of square brackets
represent the terms obtained from |ΨI⟩ by single (double) substitutions, i.e., by creating one
(two) e-h pairs in |ΨI⟩. The previously excited core orbital is indicated, as stated above,
by subscript 0. Notably, beyond the singles term, i.e., in doubles and beyond, we start
populating the unoccupied valence subspace of |ΨI⟩.

However, only the singles can contribute to the transition-dipole matrix (for simplicity,
we drop the I superscript on M as the initial state, which is the core-ionized state, will be
the same for all de-excitations in XES)

MF
exact =

〈
Ψexact

F

∣∣∣Ô∣∣∣ΨI

〉
=

N∑
j=1

(αF
j )

∗
〈
ϕ0 |ô| ϕ̃j

〉
, (3.4)

since for higher substitutions, the overlap with Ô |ΨI⟩ vanishes. Here, Ô (ô) denotes the
many-body (single-particle) transition operator, defined explicitly below.

3.3 XES within adiabatic linear response
Now, in principle, response-based frameworks, such as linear response time-dependent DFT
(LR-TDDFT) and the Bethe-Salpeter equation (BSE), evaluate the absorption/emission
spectra exactly from the imaginary part of the density-density response function χ – the
change in electron-density as a function of external potential. The complex problem of
finding χ is mapped into that of diagonalizing a fictitious, typically non-Hermitian, two-
particle Hamiltonian H2p. Even though, strictly speaking, the response-based approaches
do not offer any access to the wavefunctions, within the Tamm-Dancoff approximation [258],
the final state is often approximated [259] by an eigenstate of H2p and expressed as a linear
combination of Slater determinants obtained by creating an e-h pair on the initial state |ΨI⟩
(analogous to the configuration-interaction singles approach) as

∣∣∣ΨResp
F

〉
=

N∑
j=1

γFj ãja
†
0 |ΨI⟩ , (3.5)
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such that the corresponding transition amplitude

MF
Resp =

〈
ΨResp

F

∣∣∣Ô∣∣∣ΨI

〉
=

N∑
j=1

(γFj )
∗
〈
ϕ0 |ô| ϕ̃j

〉
(3.6)

is identical to that of a single-particle de-excitation from the auxiliary orbital

∣∣∣ϕResp
F

〉
=

N∑
j=1

(
γFj
)∗ ∣∣∣ϕ̃j

〉
. (3.7)

In response-based approaches, the e-h interaction is encoded with the help of a kernel K,
which, in its exact form, is time-dependent. However, in the standard, computationally viable
adiabatic approximation [248], this dynamic effect is ignored. Within this approximation,
the number of accessible final states equals the number of e-h pairs that can be created
on the initial state and each approximate final state is normalized [248]. The normalization
constraint means that, unless all contributions beyond the singles vanish identically in Eq. 3.3
(which is possible only if the occupied valence subspace of |Ψexact

F ⟩ has no overlap with the
unoccupied subspace of |ΨI⟩), the set of coefficients {γF} must differ from {αF}, resulting
invariably in the relation MF

Resp ̸=MF
exact.

This leads to the crucial inference that if there is appreciable difference between the va-
lence occupied subspaces of the ground and the core-ionized state – if the valence electron
density is significantly rearranged due, in this case, to the annihilation of the core hole in
XES – then, adiabatic response-based approaches will inevitably incur errors in the oscillator
strength. By definition, this rearrangement of the valence electronic density defines a po-
larization response due to the perturbation, which is proportional to the spatially non-local
electronic susceptibility.

Since the susceptibility of a given ground state naturally invokes coupling to the unoc-
cupied orbital subspace, the change in the aforementioned response, i.e., the change in the
valence polarization, serves as a useful metric for the validity of the adiabatic approximation
in the response-based treatment. This metric can be particularly important in XES, since
the annihilation of a localized core hole may easily result in a significant renormalization of
the occupied orbitals, leading to a large change in polarization.

Notably, this argument does not preclude the exact time-dependent kernel from yielding
the accurate oscillator strength, since, in this case, the requirement of normalization will not
be applicable for

∣∣∣ΨResp
F

〉
. In other words, the inadequacy is a consequence of the adiabatic

approximation, not of the response-based approach, which, in principle, calculates χ exactly.
Note that, such valence-to-core de-excitations can help the formulation of accurate frequency-
dependent kernels [260] by providing experimental data for verification of their efficacy.

This analytical conclusion can be demonstrated using the molecular examples shown in
Fig. 3.1, where the polarization response is simply the change in the electrostatic dipole
moment of the molecule. We compare the measured and simulated XES spectra of two
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small molecules (chloromethane [261] and phenol [262]), with calculations using DFT or-
bitals produced by the Q-Chem code [263] using the ωB97M-V exchange-correlation (xc)-
functional [79] and the large aug-cc-pCVQZ basis-set [215, 264]. The energy convergence
threshold was set to 10−8 a.u., and 10−14 a.u. was used as the threshold for screening two-
electron integrals. The SG-2 standard quadrature grid is used for the DFT calculations
which use the Pulay DIIS algorithm for convergence. A value of 10−8 a.u. is chosen as the
threshold for the LR-TDDFT calculations.

Comparison with the experimental spectra reveals that the adiabatic LR-TDDFT spec-
trum is in good agreement for Cl Kβ emission of CH3Cl, which corresponds to a lower
(1.43 D) change in the electrostatic dipole moment. However, for O Kα emission of C6H5OH,
the change is larger (3.01 D) and the mismatch with experiment is noticeable (particularly
near 527 eV).

3.4 XES within the Orbital-constrained Approach

3.4.1 General Framework

Having characterized the shortcomings of the adiabatic response-based technique for simu-
lating valence-to-core de-excitation intensity, we turn our attention to the orbital-constrained
approach. Let us consider the general case of optical dipole transitions between many-body
states, initial and final, comprising single-particle orbitals from distinct SCFs. The many-
body transition operator can be written, with respect to the initial state, as:

Ô =
∑
i,j

〈
ϕ̃j |ô| ϕ̃i

〉
ã†j ãi, (3.8)

where the ordering of operations is deliberate and the sum runs over the entire single-particle
Hilbert space of the initial state. These transitions are individually weighted by their single-
particle dipole matrix elements: õji =

〈
ϕ̃j |ô| ϕ̃i

〉
, where ô = ϵ · r̂ defines the electric field

polarization and its interaction with the electronic position. Whether these transitions are
allowed or not depends on the many-body state and its orbital occupations. We will work
within the single Slater determinant approximation, where the N occupied orbitals that
define the self-consistent field via the electron density can also define a many-body state,
emergent from the vacuum, as:

|Ψ⟩ =
N∏
i=1

a†i |0⟩ , (3.9)

where the creation and annihilation operators correspond to the orbitals of the relevant SCF.
With this notation, we can define the many-body transition amplitude from an initial state
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Figure 3.1: X-ray Emission spectra for (top) Cl Kβ from chloromethane (CH3Cl) and (bot-
tom) O Kα from phenol (C6H5OH) simulated using adiabatic LR-TDDFT (brown), ooDFT
(blue), MBXES (green) and compared with experiment (black), from Refs [261] and [262],
respectively. The associated change in dipole moment (∆D) is indicated in each case. As
detailed in the text, ∆D is a diagnostic for errors in LR-TDDFT arising from the adiabatic
approximation, which is not required in ooDFT or MBXES (an approximation to ooDFT).
A rigid shift is added to each simulated spectrum to align the highest-energy peak with the
experiment.
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|ΨI⟩ to a final state |ΨF ⟩ as:

M I,F = ⟨ΨF |O|ΨI⟩

=
unocc∑

i

occ∑
j

〈
ΨF |Ψ+i−j

I

〉 〈
Ψ+i−j

I

∣∣∣Ô∣∣∣ΨI

〉
=

unocc∑
i

occ∑
j

〈
ΨF |Ψ+i−j

I

〉
õij

(3.10)

where the functional form of O enforces that only single electron-hole pair excitations of the
initial state can couple with the final state. The notation Ψ+i−j

I implies the annihilation of
the electron in orbital j and the creation of an electron in orbital i – a non-self-consistent
creation of a single electron-hole pair within the orbitals defined by the initial state. Thus,
M I,F can be expressed as a linear combination of purely single-particle transition amplitudes
(õij) with the coefficients given by the many-body overlap terms

〈
ΨF |Ψ+i−j

I

〉
.

. (3.11)

FΞ+i−j is essentially the determinant (with a factor of ±1) of an N ×N matrix composed of
overlap terms between the occupied single-particle orbitals of the final and the initial state
with the subscript i − j indicating the removal (addition) of the j-th (i-th) electron in the
initial state, which, for the aforementioned matrix, amounts to substitution of the j-th row
by the i-th one.

For the XES process, ΨI is the state with a core-hole and can be approximated by the
expression shown in Eq. 3.2. Consistently, we will employ the simplest case for the final state,
ΨF , as representing a core-filled state with a single valence hole in orbital f , |ΨF ⟩ =

∣∣∣Ψ+0−f
F

〉
,

where 0 denotes the core orbital. Due to the localized nature of the core electrons, it is
reasonable to expect the core electron of ΨF to have negligible overlap with any electron
present in ΨI , which lacks that core electron. Consequently, for XES,

〈
Ψ+0−f

F |Ψ+i−j
I

〉
≈ 0

unless i = 0. This leads to the following simplification of Eq. 3.10

M I,F =
occ∑
j

〈
Ψ+0−f

F |Ψ+0−j
I

〉
õ0j, (3.12)

where, to reiterate, we have put a tilde over the transition-matrix element, to emphasize
the fact that, for XES, the initial state contains a core-hole. We can expect the core-orbital
subspaces of

∣∣∣Ψ+0−f
F

〉
and

∣∣Ψ+0−j
I

〉
to be approximately equal, for any f and j. First-order

perturbation theory would support this approximation, especially due to the energy isolation
of the core orbitals from the valence subspace – with perturbations scaling as the inverse of
orbital energy differences. This was also observed numerically in our calculations. Therefore,
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in the overlap term
〈
Ψ+0−f

F |Ψ+0−j
I

〉
, the core-contribution, which can be approximated as

unity, can be factored out and the overlap can be evaluated exclusively in terms of the
valence orbitals. This is particularly useful in pseudopotential-based calculations, where
only the valence KS orbitals are readily available.

For a final-state |ΨF ⟩ having a hole in the f -th orbital, the many-body overlap of Eq. 3.10
can now be written as 〈

Ψ+0−f
F |Ψ+0−j

I

〉
= FCj,f =

[
(−1)f+j

]
Fmj,f (3.13)

such that

Fmj,f =

det



F ξ11 . . . F ξ1,f−1
F ξ1,f+1 . . . F ξ1,N

... . . . ...
... . . . ...

F ξj−1,1 . . . F ξj−1,f−1
F ξj−1,f+1 . . . F ξj−1,N

F ξj+1,1 . . . F ξj+1,f−1
F ξj+1,f+1 . . . F ξj+1,N

... . . . ...
... . . . ...

F ξN,1 . . . F ξN,f−1
F ξN,f+1 . . . F ξN,N .


(3.14)

where

F ξq,p =
〈
ϕF
p |ϕ̃I

q

〉
(3.15)

denotes the single-particle overlap between the p-th orbital of final-state F and the q-th
orbital of initial-state I. Since the initial state is assumed fixed as the core-ionized state,
we drop specific reference to state I, but we retain the superscript F as the single particle
orbitals for each final state may vary, as we shall see below. From Eq. 3.13 and 3.14, FC
and Fm can be recognized respectively as the matrix of the cofactors and minors of Fξ, the
(N ×N) overlap matrix composed of the N lowest initial and final state valence orbitals

Fξ = {F ξq,p}Nq,p=1. (3.16)

We will make use of this realization later. The above expressions relied on two assumptions
which we can reiterate here for clarity: (1) the many-body states are represented as single
Slater determinants, which dictates that their overlap is also a determinant; (2) a specific
core orbital 0 on a single atomic site is assumed unoccupied in the initial state and occupied
in the final state.

3.4.2 Orbital-optimized DFT

Within the orbital-constrained framework, the orbital-optimized DFT (ooDFT) approxima-
tion employs a fully self-consistent procedure such that a final state with filled core and a
hole in the f -th valence orbital is approximated by the SD:
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|ΨF ⟩ =
∣∣∣Ψ(f)

−f

〉
= a

(f)
f

(
N∏
j=1

(
a
(f)
j

)†)
a†0 |0⟩ , (3.17)

where
(
a
(f)
j

)†
is the creation operator for the j-th KS orbital ϕ(f)

j corresponding to the SCF
of a system with a hole in the f -th orbital, preserved, for example, using MOM. There is a
distinct set of operators for each final state F .

The resulting transition amplitude is then written as

MF =M f
ooDFT =

〈
Ψ

(f)
−f

∣∣∣Ô∣∣∣ΨI

〉
=

N∑
j=1

C
(f)
j,f õ0j (3.18)

where

C
(f)
j,f =

〈
Ψ

(f)
−f |Ψ

+0−j
I

〉
(3.19)

is the relevant determinantal overlap with
∣∣Ψ+0−j

I

〉
= ãj ã

†
0 |ΨI⟩. Note that the transition

moment is identical to that of the single-particle de-excitation of a non-interacting electron
to the core level from an auxiliary orbital given by

∣∣ϕooDFT
f

〉
=

N∑
j=1

C
(f)
j,f

∣∣∣ϕ̃j

〉
. (3.20)

For phenol, the improvement in agreement with the experimental XES line shape is
apparent in Fig. 3.1. In the SI [265], we provide a comparison of the range-separated and
global hybrid functionals in Figs. S1 and S2 for phenol and in Figs. S3 and S4 for acetone.

3.4.3 The MBXES approach

A major drawback of the ooDFT method is that it requires a separate self-consistent field
calculation for each final state of the system, rendering the computation formidably expen-
sive, especially for large systems. Additionally, depending on the symmetry of the hole,
certain configurations (especially near degeneracies) can be numerically difficult to converge.

To remedy this, we note that if the valence hole is sufficiently delocalized and, conse-
quently, is less likely to induce a drastic change among the occupied electronic orbitals, we
are justified in approximating ooDFT using a formalism which retains the self-consistent
effect of the core-hole in the initial state but entirely neglects that of the valence-hole in the
final state. For instance, a final state containing a hole in the f -th (say) valence orbital is
approximated in terms of the f rozen ground state orbitals as

|ΨF ⟩ = |Ψ−f⟩ = af

(
N∏
j=1

a†j

)
a†0 |0⟩ , (3.21)
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where a†j is the creation operator for the j−th KS orbital (ϕj) of the ground state SCF.
Defining the relevant determinantal overlap as Cj,f =

〈
Ψ−f |Ψ+0−j

I

〉
, the transition amplitude

is then given by

M f
MBXES =

〈
Ψ−f

∣∣∣Ô∣∣∣ΨI

〉
=

N∑
j=1

Cj,f

〈
ϕ̃0 |ô| ϕ̃j

〉
(3.22)

with

∣∣ϕMBXES
f

〉
=

N∑
j=1

Cj,f

∣∣∣ϕ̃j

〉
(3.23)

representing the corresponding auxiliary orbital. Note that since we now construct each |ΨF ⟩
from the frozen ground-state KS orbitals, the many-body overlap of Eq. 3.10, which in the
ooDFT approximation is given by C(f)

j,f (Eq. 3.19), becomes independent of the SCF of the
specific final state, indexed by F and thereby representable as Cj,f , without any superscript.
Likewise, the single-particle overlaps (see Eq. 3.15) are independent of F and can be written
as F ξp,q = ξp,q.

We dub this approximation the many-body X-ray emission spectroscopy (MBXES)
method by direct analogy with a similar approach used for X-ray absorption [266–268].
The similarity between ooDFT (blue) and MBXES (green) plots in Fig. 3.1 justifies the
underlying approximation for these cases.

Unlike ooDFT, the MBXES method requires only two SCF calculations, one with a core-
hole (for the initial state) and one without (for all final states). It also avoids instabilities
resulting from the near-degeneracy of orbitals. Additionally, unlike the response-based ap-
proaches, it can be used in plane-wave calculations in conjunction with pseudopotentials,
where a modification in the pseudopotential incorporates the effects of the core-hole and
thereby eliminates the need for any additional charge-constraining technique. As shown in
Fig. S6, the O K α MBXES spectrum of C6H5OH calculated using Q-Chem, an all-electron
software-package employing localized basis functions compares well with that calculated us-
ing the pseudopotential-based plane-wave software Quantum ESPRESSO [269].

It is also worth noting in Fig. 3.1 (and as we shall see later in Section 3.4.6 and in
the SI) the good agreement between the de-excitation energies of ooDFT (whose energies
are computed self-consistently) and MBXES (derived from the GS KS eigenvalues). For
the particular functional and these systems, this implies that the KS eigenvalues are good
approximations to the quasiparticle excitation energies – although there will obviously be
cases, outside the examples we report, where increased accuracy can be provided by better
functionals or perturbative approaches such as the GW approximation [270, 271].

To illustrate the accuracy of the more efficient MBXES approach vs. adiabatic LR-
TDDFT, we provide multiple examples for the XES of small molecules in Fig. 3.2 where
the corresponding change in dipole moment is also provided. Note that, consistent with the
discussion presented earlier, in general, a larger change in the valence electrostatic dipole
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moment upon core-ionization results in a larger difference between the two spectra, with
the former typically showing better agreement with experiment. For example, for C6H5OH
(spectra also presented in the bottom panel of Fig. 3.1), which corresponds to a relatively
large change (3.01 D) in the electrostatic dipole moment, the penultimate peak at 527.5 eV
in the adiabatic LR-TDDFT spectrum is seen to be the most intense. On the other hand, in
the MBXES, ooDFT and experimental spectra, which show appreciable mutual agreement
in the relative intensity of the peaks, the third peak from the right hand side (at 525.1 eV
for the experimental spectrum and at 525.5 eV for the ooDFT and MBXES spectra) has
the highest intensity. It is to be noted that, although, the simulated spectrum, especially
the de-excitation energies depend, to some extent, on the exchange-correlation functional
and can therefore be made to agree better with experiments by using improved functionals,
the oscillator-strength accuracy, which is our primary focus here, is definitely improved over
LR-TDDFT by the orbital-constrained approaches. Conversely, for CH3Cl (spectra also
presented in the top panel of Fig. 3.1), which corresponds to a much smaller change (1.43 D)
of the electrostatic dipole moment, all of the spectra show an intense peak around 2817 eV
and a shorter but broader feature at a lower energy of 2814 eV.

3.4.4 Single-particle approximations

3.4.4.1 Projected Ground State

Further approximations, sacrificing accuracy in lieu of computational efficiency can be made
beyond MBXES. For example, we propose the projected ground-state (pGS) approximation,
which takes into account the change in the participating valence orbital in response to the
core hole filling, but ignores the same for the other (spectator) orbitals.

From Eq. 3.22 the MBXES transition dipole moment is given by

M f
MBXES =

N∑
j=1

Cj,f õ0j. (3.24)

Now, if we approximate the determinantal overlap with the relevant single-particle counter-
part,

Cj,f =
〈
Ψ−f |Ψ+0−j

I

〉
=
〈
ΨGS

∣∣∣a†f ãj∣∣∣Ψ+0
I

〉
≈
〈
ϕf |ϕ̃j

〉∗
= ξ∗j,f

(3.25)

then, the transition dipole moment becomes

M f
pGS =

N∑
j=1

ξ∗j,f õ0j (3.26)
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Figure 3.2: Table showing experimental [261, 262, 272–275] (black) adiabatic LR-TDDFT
(brown) and MBXES (green) spectra of different molecules. The second column shows
the change in the electrostatic dipole moment, in Debye units, of the remaining electrons
following the relevant core-ionization.
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while
∣∣∣ϕpGS

f

〉
=
∑N

j=1 ξ
∗
jf

∣∣∣ϕ̃j

〉
gives the corresponding auxiliary orbital.

Significant computational savings arise here due to replacing the N -electron determinant
with a single overlap matrix element. In terms of the physical approximation involved,
pGS takes into account the fact that the participating orbital (i.e., the valence orbital from
which the electronic de-excitation takes place) should be different in presence and in absence
of the core-hole. What is missing in the pGS approximation is the explicit inclusion of
relaxation of the other valence electrons. In general, absorption spectra calculated with the
pGS approximation (see Supplemental Material for Ref. 265 for simulated examples), show
good agreement with MBXES spectra, despite this simplification.

3.4.4.2 Ground State

Note that in all of the aforementioned approximations, separate sets of orbitals {ϕ̃j} and
{ϕj} (or {ϕ(f)

j }) are used for the initial and the final state, indicating separate SCFs for
states with and without a core-hole. As a final approximation within the orbital-constrained
framework, we now neglect this effect by extending the sum in Eq. 3.26 to all orbitals, thereby
approximating the transition moment entirely within a Ground State Single Particle (GS)
treatment as follows: (

M f
GS

)∗
=

all∑
j=1

ξjf

〈
ϕ̃j |ô| ϕ̃0

〉
= ⟨ϕf |

all∑
j=1

∣∣∣ϕ̃j

〉〈
ϕ̃j |ô| ϕ̃0

〉
=
〈
ϕf |ô| ϕ̃0

〉
≈ ⟨ϕf |ô|ϕ0⟩

(3.27)

where the approximation that the core orbital remains unchanged, |ϕ0⟩ ≈
∣∣∣ϕ̃0

〉
, is validated

by our calculations showing
〈
ϕ0|ϕ̃0

〉
≈ 1. A table summarizing the different approximations

within the framework of orbital-constrained XES is presented in Tab. 3.1.

3.4.4.3 Relation between M f
MBXES and M f

GS

It is instructive to investigate analytically the conditions for equivalence of the GS and
the MBXES spectra. To this end, we aim to find the linear-algebraic relation between the
MBXES coefficients ({Ci,j}) and the single-particle overlaps({ξi,j}). The inverse of the lowest
N ×N overlap matrix can be related to its matrix of cofactors as

ξ−1 =
adj(ξ)

det(ξ)
=

CT

det(ξ)
. (3.28)
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Figure 3.3: Emission spectra calculated using the MBXES (green line) and the GS (orange
line) approach. Panel (a) shows Cl Kβ emission from CH3Cl, which is associated with a
1.43 Debye change in valence dipole moment, while panel (b) shows O Kα emission from
C6H5OH, for which the valence dipole-moment changes by 3.01 Debye. Yellow, cyan, red
and green spheres denote C, H, O and Cl atoms, respectively. Each GS spectrum has been
multiplied by a constant factor so that the intensity corresponding to highest-energy peak
matches the MBXES counterpart.

So, for each matrix element, (
ξ−1
)
f,j

=
Cj,f

det(ξ)
(3.29)

Therefore, if the (N ×N) matrix ξ is orthogonal (i.e., if its transpose is equal to its inverse),
then, noting that the determinant of an orthogonal matrix is ±1, we obtain

ξ∗j,f = ±Cj,f , (3.30)

and so, ignoring the ambiguity in sign,

(M f
MBXES)

∗ ≈
N∑
j=1

ξj,f

〈
ϕ̃j |ô| ϕ̃0

〉
, (3.31)

which is the projected ground-state approximation. And, furthermore, if the overlap matrix
ξ is truly orthogonal, then this implies that the initial and final state occupied subspaces
overlap perfectly and ξj,f = 0 for j > N ; f ≤ N . So, we can extend the sum above over all
j and obtain

|M f
MBXES|

2 = |M f
GS|

2 (3.32)
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To reiterate, this is a remarkable simplification, which can be restated as follows: If the
electrons occupy the same space in the ground and the core-excited state, then the GS and
the MBXES spectra will be identical. Thus, the GS approach is likely to be inaccurate if the
core-ionization induces a large change in the valence electron density. Changes in electronic
density in response to perturbations are proportional to the electronic polarizability, and
so the associated polarization response seems like an appropriate metric for assessing this
equivalence between GS and MBXES spectral intensity.

This is reflected in Fig. 3.3, which displays the GS and the MBXES spectra for CH3Cl
Chlorine Kβ and C6H5OH Oxygen Kα emissions. In order to facilitate comparison, for each
system the GS spectrum is scaled by a constant factor to match the intensity of the last
peak, which essentially amounts to equating the oscillator strengths of the highest energy
transition. Fig. 3.3 reveals that for CH3Cl the two spectra are nearly-coincident, which is not
the case for C6H5OH, indicating, for the latter, a disagreement among the relative oscillator
strengths of the different transitions computed within the GS and the MBXES approxima-
tion. In accordance with the aforementioned analytical argument, this disagreement can be
attributed to the larger change in valence electronic polarization in C6H5OH.

For context, the most common practice of using valence-projected density of states
(pDOS) to interpret XES [276–279] is yet a further approximation that ignores the single-
particle matrix elements.

We emphasize here that, even though the inaccuracies of the adiabatic LR-TDDFT and
the GS formalism can be associated with the same metric, they, in fact, stem from quite
different effects. In the former, the drawback lies in a partial description of the final (core-
filled) state while in the latter it can be attributed to a complete neglect of the initial
(core-ionized) state effects. However, in both cases, the shortcoming lies in the inability to
adequately account for the difference between the valence electronic structure of the initial
and the final state. Therefore, the aforementioned metric, which provides a measure for this
difference is applicable for both of these diverse approaches.

3.4.5 Auxilliary orbitals

The auxiliary orbitals can provide a visual justification for the similarity/difference in the
spectra seen in Fig. 3.1. As a representative example, in Fig. 3.4 we show the auxiliary
orbitals corresponding to the 11th de-excitation in CH3Cl (Cl Kβ) and the 23rd de-excitation
in C6H5OH (O Kα)(see also Fig. S1). While for CH3Cl, all three orbitals are in good
agreement, for C6H5OH noticeable differences can be spotted in the auxiliary orbital obtained
using LR-TDDFT. Note, however, that all three auxiliary orbitals on the right-hand-side
panels are qualitatively similar, indicating that they contain appreciable contribution from
the same set of constituent initial state orbitals (see also Fig. S5 in the SI which shows a bar-
plot of the coefficients of the contributing initial-state orbitals). However, as a consequence
of the initial state bias, ϕTDDFT

23 is skewed toward the core hole on the oxygen atom, while
the ooDFT and MBXES counterparts display more delocalized nature. As expected, this
leads to a difference in the associated oscillator strengths.
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Figure 3.4: Panel (a), (c) and (e) display the auxiliary orbital, evaluated using respectively
LR-TDDFT, ooDFT and MBXES associated with the 11-th de-excitation in the Cl K β
emission of CH3Cl. Panels (b) , (d) and (f) plot the same for the 23-rd de-excitation in the
O K α emission of C6H5OH. These plots demonstrate that MBXES effectively approximates
ooDFT while, for phenol, LR-TDDFT exhibits errors associated with the adiabatic approx-
imation.
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Method

Final
orbitals

consistent
with

valence
hole

Relaxation
of

spectator
electronic
orbitals

Initial
orbitals

consistent
with

core-hole

Auxiliary
orbital

ooDFT Yes Yes Yes
∑N

j=1C
(f)
j,f

∣∣∣ϕ̃j

〉
MBXES No Yes Yes

∑N
j=1Cj,f

∣∣∣ϕ̃j

〉
pGS No No Yes

∑N
j=1 ξ

∗
jf

∣∣∣ϕ̃j

〉
GS No No No

∑all
j=1 ξ

∗
jf

∣∣∣ϕ̃j

〉
Table 3.1: Table summarizing important properties and approximations corresponding to
various simulation-methods discussed in the paper. Note that, in each case, the transition-
dipole moment is given by ⟨core |ô|Auxiliary Orbital⟩, where ô is the single-particle dipole
operator.

3.4.6 Extension to valence de-excitations

By contrast with XES, for the majority of low energy valence electronic transitions, the
response-based methods have proven to be highly successful for decades [280]. In reference
to the metric introduced above, it is worth noting that, in most cases, such transitions
are usually associated with a comparatively small change in the polarization owing to the
relatively delocalized nature of the valence hole (compared to the atomic core hole). As an
illustrative example, in Fig. 3.5, we plot the simulated emission spectra of C6H5OH associated
with de-excitation from an initial state with a hole in the 11-th (valence) KS orbital. Owing to
the small (0.17 D) change in the electrostatic dipole moment, the LR-TDDFT result is found
to be in excellent agreement with the ooDFT and the MBXES counterparts. In contrast,
the charge-transfer excitation, which is accompanied by an appreciable spatial separation of
charges resulting typically in a large change in the valence polarization, is a well-documented
example of the failure of adiabatic LR-TDDFT in predicting the excitation-energy [281, 282],
although further studies are needed to investigate the accuracy in the calculation of oscillator
strength.

3.5 Conclusions
In summary, with a focus on valence-to-core electronic de-excitation, we use a generalized
formalism to link the disparate response-based and orbital-constrained approaches, which
are the two standard pathways for modeling electronic excited states starting from DFT
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Figure 3.5: Simulated emission spectra, computed with MBXES, ooDFT and adiabatic LR-
TDDFT, corresponding to electronic de-excitation of C6H5OH from an initial state with a
hole in the 11-th KS valence orbital.The associated change in valence polarization is 0.17 D.

calculations. Our analytical and computational results show that, unless the de-excitation
induces a small change in the valence polarization, the popular adiabatic approximation of
the response-based approach might incur significant inaccuracies in the oscillator strength.
Consequently, such a change in polarization can be used as an effective metric for assessing
the validity of the adiabatic approximation. In fact, a valence-to-core de-excitation can of-
ten render the adiabatic approximation inadequate since the filling of a localized core orbital
may lead to appreciable rearrangement of the valence electrons. The aforementioned short-
coming is not present in the orbital-constrained approach such as ooDFT, which typically
yields accurate results. By modifying the ooDFT formalism with physically-motivated ap-
proximations, we propose a flexible computational technique, MBXES, which can simulate
oscillator strengths accurately at a much lower computational cost.

Supplementary Material
Supplementary information for this work can be accessed via Ref. 265. They include addi-
tional plots for some of the simulated systems.
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Chapter 4

Relativistic Orbital Optimized Density
Functional Theory for Accurate
Core-Level Spectroscopy

4.1 Introduction
Spectroscopy of core-level electrons with X-rays is a convenient and popular tool for studying
chemical systems. A specific core-level of a given element normally has a characteristic energy
that is quite distinct from inner-shells of other elements, making the technique element
specific. Furthermore, core electrons do not play a direct role in chemical bonding, and are
thus effectively localized around the nucleus. Spectroscopic probe of these electrons therefore
yields information about local chemical environment of individual atoms. Core-level spectra
can thus yield useful information about the local coordination environment [283, 284],
extent of covalency in ligand-metal interactions [285, 286] or the oxidation state [287].
Time-resolved core-level spectroscopy can also be used as a probe to study photoinduced
chemical dynamics [288–290].

Computational simulations of core-level spectra are useful for gaining insight into ex-
periment, and potentially identifying new species whose signature may appear in transient
spectra [290–292]. Traditional quantum chemistry methods for excited states [89, 91] are
however quite challenged by this task, especially since such techniques are mostly developed
for (and validated on) problems involving only valence electrons. For example, the widely
used linear-response time-dependent density functional theory (TDDFT) approach [91, 293]
cannot adequately describe the relaxation of the core hole. This leads to rather large errors of
∼ 10-20 eV for the K-edge (1s orbitals) of C, N, O and F [292, 294–298], if highly specialized
functionals [299, 300] are not employed. Heavier elements lead to even larger errors, such as
∼ 50 eV for the P, S, Cl K-edges [301–303] and > 100 eV for the Fe K-edge [304]. TDDFT
spectra therefore usually need to be empirically translated by many eVs, in order to align
with experiment [292, 302, 304, 305]. Similar behavior is observed for the equation-of-motion
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coupled cluster singles and doubles (EOM-CCSD) method [89, 306], although the shift re-
quired is typically much smaller (< 2 eV for second period elements) [307–311]. EOM-CCSD
is however quite computationally demanding, with the computational cost scaling as O(N6)
vs system size N (compared to O(N3−4) for DFT).

Orbital-optimized (OO) methods optimize orbitals for each excited state individually, and
separately from those of the ground state. OO can therefore effectively model the relaxation
of the core hole, leading to much better agreement with experiment [238, 312–314] without
any need for empirical shifts. Unfortunately, OO methods had been historically underutilized
due to a risk of ‘variational collapse’, in which the calculation converges to a lower energy
state (often the ground state) instead of the desired high energy excitation. However, there
has been considerable recent interest in excited state OO, resulting in many new approaches
that aim to reliably converge to any chosen state without the risk of variational collapse [243,
315–320]. In practice, OO-DFT methods require more compute time than TDDFT if a large
number of states are desired, such as in (near-)degenerate bands. This stems from OO-DFT
having to iteratively optimize multiple states individually while TDDFT can simultaneously
compute them. However, OO-DFT retains the same computational scaling as ground state
DFT or TDDFT. An overview of the successes and challenges with OO-DFT methods can be
found in Ref 238. OO-DFT methods are thus increasingly being employed to study core-level
spectra [319, 321–325], with the modern SCAN [72] functional leading to very low error [321,
322, 325, 326] (< 1 eV) vs experiment for the K-edge of C, N, O and F, as well as L-edge of
Si, P, S and Cl.

The K-edge of elements heavier than F however cannot be as accurately modeled with
non-relativistic quantum mechanics. Naive use of the Bohr atom model suggests that the
speed of 1s electrons would scale linearly with the atomic number Z, eventually attaining
the speed of light at Z > α−1 ≈ 137 (where α is the fine structure constant). Relativistic ef-
fects become perceptible at much smaller Z, with calculations indicating that non-relativistic
quantum mechanics underbinds the 1s electrons of Ne by 1 eV [327]. It is therefore necessary
to incorporate relativistic effects into OO-DFT, if < 1 eV error vs experiment is desired for
computed K-edge spectra of third period elements and beyond. Scalar relativistic treatment
is however often overlooked for linear-response TDDFT, as the ad-hoc empirical shifts (typ-
ically larger than the relativistic correction) utilized to align computation with experiment
account for it to some extent [226, 328, 329]. Nonetheless, explicit use of relativistic effects
in TDDFT has been previously explored, albeit mostly within a real-time framework [226,
295, 330]. Similarly, both empirical shifts [308] and explicit inclusion [121, 331] have been
used to account for relativistic effects in coupled cluster methods. The use of element-specific
corrections to nonrelativistic TDDFT results has also been examined in the past [299].

In this work, we utilize the spin-free exact-two component one electron (SFX2C-1e, hence-
forth referred to as just X2C) model for relativistic quantum chemistry [127, 128, 332–338]
to obtain improved OO-DFT core-level spectra. The results indicate that OO-DFT/X2C is
quite accurate for third period elements, permitting semiquantitative prediction of core-level
spectra at ground state DFT cost.
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4.2 Brief overview of theory
The X2C model transforms the one particle terms of the electronic Hamiltonian (i.e. kinetic
energy and external potential) via the solutions of the four component, one electron Dirac
Hamiltonian. The two-particle (i.e. interelectron interaction) terms are treated within the
pure Coulomb formalism and, therefore, are left unaltered in the non-relativistic form, per-
mitting straightforward application of DFT. The transformation is briefly described in the
supporting information, and we invite interested readers to examine Refs. 128 and 336 for
further details regarding X2C.

Using the X2C transformed one particle Hamiltonian, we obtained the ground state en-
ergy via the standard Kohn-Sham [58] (KS) formalism. Excited states are more challenging,
as many excitations unpair electrons and therefore require multiple Slater determinants for
a spin-pure description. DFT for such states is not straightforward, as the KS formalism is
single determinant by construction. We therefore utilize three related OO-DFT ansatze for
modeling three classes of excited states. These ansatze are described in detail in Ref 238,
but we provide a brief outline here for convenience.

(a) Core→SOMO excitation in a radical. (b) Core-ionization of closed-shell system

Figure 4.1: Schematic for processes where ∆SCF is appropriate.

A state with no unpaired electrons, or one with all unpaired electrons of the same spin can
be represented by a single Slater determinant. It is straightforward to optimize a single Slater
determinant with an excited state electronic configuration (apart from the aforementioned
risk of variational collapse). This protocol is called ∆SCF [339, 340] and is suitable for states
that result from 1s→ SOMO (singly occupied molecular orbital) transitions of open-shell
species, or core-ionized states of closed-shell molecules (as shown in Fig 4.1). Relativistic
∆ Hartree-Fock (HF) has indeed been used to study core-ionization energies [341, 342].
However, ∆SCF is not appropriate for singly excited singlet excited states of closed-shell
molecules, as both the up and down spins are equally likely to be excited (as shown in Fig
4.2). Exciting only one spin results in a spin-contaminated determinant midway between
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singlet and triplet. Spin-contaminated ∆SCF energies have nonetheless been utilized in the
past for core-excitation energy calculations, with element-specific relativistic corrections for
heavy elements [312].

Restricted open-shell Kohn-Sham [343, 344] (ROKS) obtains a pure singlet energy by
spin-projection on the spin-contaminated determinant. ROKS is consequently the optimal
OO-DFT approach for singlet excited states with two unpaired spins, although it cannot be
applied if there are more than two unpaired spins. Such states require a more general recou-
pling scheme described in Refs 238 and 322. This is however only necessary for transitions
from the core to completely unoccupied levels in open-shell systems, with ∆SCF and ROKS
being sufficient for all the states considered in this work. OO-DFT therefore encompasses
∆SCF and methods like ROKS and the general recoupling scheme that derive from it.

Figure 4.2: Schematic for a singlet core excitation in a closed-shell species. Two open-shell
determinants (as seen on the right) are equally likely, and are individually halfway between
singlet and triplet in character. ROKS is thus essential for spin-purity of the excited state.

4.3 Computational methods
All calculations were performed with a development version of the Q-Chem 5.4 package [263]
and these new capabilities will be publicly available with the next release of code. Local ex-
change–correlation integrals for DFT were calculated over a radial grid with 99 points and an
angular Lebedev grid with 590 points. Ref 322 lays out the protocol for computing ∆SCF ex-
cited states, while Ref 321 does the same for ROKS. The restricted open-shell optimizations
necessary in this process were performed through square gradient minimization (SGM [318])
and unrestricted optimizations with initial maximum overlap method (IMOM [315]). The
core-hole was localized onto a single atom for species with equivalent atoms (like S in CS2),
in order to prevent errors arising from delocalization [74, 345] of the hole over multiple
sites [321]. Standard values of dielectric constant ϵr and refractive index n were used for IEF-
PCM modeling of common solvents like cyclohexane (listed in the supporting information).
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The corresponding data for most solid state materials was not available, and consequently
all solid state environments were modeled with NaCl parameters (ϵr = 6, n = 1.5). This
should be reasonable for ionic solids, although perhaps a little too polar for molecular solids
like OPPh3 (Table 4.3). However, the resulting values for OPPh3 were quite close to vac-
uum calculations (as shown in the supporting information), suggesting that the environment
exerted negligible impact on the spectrum.

Experimental geometries were used whenever possible, through gas phase data from
NIST [346] or crystal structures from the Cambridge structural database [347]. Structures
were optimized with ωB97M-V [79]/aug-pcseg-1 under gas phase conditions, if experimental
data was unavailable. The source of all of the geometries is listed in the supporting informa-
tion, along with the associated atomic coordinates. In particular, the CuCl42− ion studied is
of D2h (distorted tetrahedral) symmetry, corresponding to Cs2CuCl4 [348]. The ground state
geometries were employed for excited state calculations, consistent with the Franck-Condon
principle [349, 350].

4.4 Results and Discussion
We first examined the performance of OO-DFT/X2C in predicting the gas phase K-edge
spectra of the third period elements (and Ne) with Table 4.1 reporting ∆SCF 1s electron
binding energies for several closed-shell species. All presented functionals have root mean
square error (RMSE) < 1 eV vs experimental X-ray photoelectron spectra (XPS). These
functionals were identified via screening across many functionals over a smaller set of species
(SiH4,PH3,H2S,HCl and Ar). This screening also revealed that other well known functionals
like B3LYP [77, 363], PBE0 [78], or TPSS [71] have larger errors (∼ 1-3 eV, as shown in
the supporting information) that nonetheless represent a major improvement over TDDFT
or non-relativistic OO-DFT. Out of the selected functionals, SCAN fares particularly well,
yielding an RMSE of 0.4 eV and a maximum deviation of 0.8 eV from experiment. X2C
is crucial for this level of agreement, as SCAN with the non-relativistic (NR) Hamiltonian
leads to errors of several eV (as shown in Table 4.1). The related SCANh [364] functional
performs slightly worse, but is still fairly accurate. SCANh does have positive mean error
(ME), indicating it systematically overestimates the binding energy. This overestimation is
a consequence of the presence of HF exchange (10%) in the functional, as pure HF overes-
timates by ∼ 2 eV. Overestimation is more evident for SCAN0 [365] (which has 25% HF
exchange) and BHHLYP [366] (50% HF exchange). However, it is important to note that the
ME is strongly influenced by the choice of the local exchange-correlation model. For exam-
ple, functionals based on PBE [67] appear to be far more sensitive to % HF exchange, than
ones derived from SCAN (as seen in the supporting information). In addition, most local
functionals strongly underbind core-electrons, and would require admixture of a very large
amount of % HF exchange to have low error (BHHLYP being a prominent example). SCAN
is a notable exception in this regard, as it has low error despite being a local functional.

We next considered prediction of X-ray absorption spectra (XAS) with ROKS, which is
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Molecule Expt. SCAN (NR) SCAN SCANh SCAN0 BHHLYP HF
Ne 870.2 [351] 869.3 870.3 870.3 870.3 870.5 869.6
Mg 1311.5 [352] 1309.3 1311.6 1311.6 1311.6 1311.5 1311.4
SiH4 1847.0 [353] 1842.7 1847.1 1847.2 1847.3 1847.3 1848.0
SiF4 1852.5 [353] 1847.8 1852.1 1852.4 1852.7 1852.8 1853.7
SiCl4 1850.6 [353] 1846.1 1850.5 1850.7 1850.9 1851.0 1852.0
SiBr4 1849.7 [353] 1845.5 1849.8 1850.0 1850.3 1850.3 1851.3
PH3 2150.9 [354] 2145.1 2151.0 2151.1 2151.2 2151.0 2152.0
PF3 2156.4 [354] 2150.0 2155.8 2156.1 2156.4 2156.4 2157.7
PF5 2159.4 [354] 2153.2 2159.0 2159.3 2159.8 2160.0 2161.6
POF3 2157.8 [354] 2151.7 2157.5 2157.8 2158.2 2158.4 2159.9
H2S 2478.5 [355] 2470.7 2478.4 2478.6 2478.8 2478.4 2479.5
CS2 2478.1 [356] 2470.4 2478.2 2478.3 2478.5 2478.0 2479.1
SF4 2486.9 [357] 2478.7 2486.5 2486.8 2487.3 2487.4 2489.3
SF6 2490.1 [355] 2481.9 2489.6 2489.9 2490.5 2490.6 2492.7
SO2 2483.7 [355] 2475.9 2483.6 2483.9 2484.3 2484.2 2486.0
CSO 2478.7 [356] 2471.2 2479.0 2479.1 2479.3 2478.8 2479.9
SF5Cl 2488.9 [357] 2480.9 2488.6 2489.0 2489.5 2489.5 2491.5
HCl 2829.8 [358] 2820.3 2830.3 2830.4 2830.6 2830.0 2831.4
Cl2 2830.2 [358] 2820.8 2830.8 2831.0 2831.2 2830.5 2831.9
CH3Cl 2828.4 [261] 2819.2 2829.2 2829.3 2829.5 2828.9 2830.2
SF5Cl 2829.6 [359] 2820.3 2830.4 2830.6 2830.9 2830.3 2831.8
CCl3F 2829.3 [261] 2820.0 2830.0 2830.2 2830.4 2829.8 2831.2
Ar 3206.3 [360] 3194.1 3206.9 3207.0 3207.3 3206.5 3208.1
RMSE 7.4 0.4 0.5 0.6 0.4 1.7
ME -6.9 0.1 0.3 0.5 0.3 1.5
MAX 12.2 0.8 1.0 1.3 0.7 2.7

Table 4.1: Gas phase XPS K-edge binding energies for Ne and third period elements (in
eV). Computed values were found from restricted open-shell ∆SCF calculations, using the
aug-pcX-2 basis [361] when available and decontracted aug-pcseg-2 [362] for H/Br. Non-
relativistic (NR) values from SCAN are also provided for comparison. The root mean square
error (RMSE), mean error (ME) and maximum absolute error (MAX) are also reported.
The atomic site of the ionization is bolded when multiple possibilities exist.

quite effective in predicting singlet core excitation energies of second period elements [321].
Table 4.2 shows that inclusion of scalar relativistic effects through the X2C model permits
high accuracy for third period elements as well. SCANh yields the best performance with an
RMSE of 0.3 eV and a maximum absolute error (MAX) of only 0.6 eV. SCAN and SCAN0
also yield quite good performance. In fact, the RMSE for all the presented functionals
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Molecule Expt. SCAN (NR) SCAN SCANh SCAN0 BHHLYP HF
SiH4 1842.7 [353] 1838.56 1842.9 1843.1 1843.3 1843.4 1844.9
SiF4 1849.0 [353] 1844.13 1848.5 1848.8 1849.1 1849.4 1851.3
SiCl4 1846.0 [353] 1841.37 1845.7 1845.9 1846.2 1846.5 1848.5
SiBr4 1845.0 [353] 1840.58 1844.9 1845.1 1845.4 1845.6 1847.7
PH3 2145.8 [367] 2140.15 2146.0 2146.2 2146.4 2146.3 2148.1
PF3 2149.3 [367] 2143.55 2149.4 2149.6 2149.9 2150.0 2151.9
PF5 2155.0 [367] 2148.59 2154.5 2154.7 2155.2 2155.5 2159.8
POF3 2153.3 [367] 2147.16 2153.0 2153.3 2153.7 2153.9 2158.0
H2S 2472.7 [368] 2465.05 2472.8 2473.0 2473.2 2472.9 2475.0
CS2 2470.8 [356] 2463.53 2471.3 2471.3 2471.4 2471.0 2472.5
SF4 2477.3 [369] 2469.71 2477.4 2477.7 2478.0 2478.0 2480.5
SF6 2486.0 [368] 2477.55 2485.3 2485.7 2486.2 2486.5 2490.1
SO2 2473.2 [368] 2465.53 2473.3 2473.4 2473.6 2473.4 2475.5
CSO 2472.0 [356] 2464.73 2472.5 2472.6 2472.7 2472.2 2473.9
SF5Cl 2483.5 [359] 2475.11 2482.8 2483.2 2483.7 2483.9 2487.3
HCl 2823.9 [358] 2813.79 2823.8 2824.0 2824.2 2823.7 2825.7
Cl2 2821.3 [358] 2811.05 2821.1 2821.2 2821.4 2820.9 2822.8
CH3Cl 2823.5 [261] 2813.60 2823.6 2823.8 2824.0 2823.6 2825.8
SF5Cl 2821.8 [359] 2811.83 2821.8 2821.9 2822.1 2821.6 2823.7
CCl3F 2822.8 [261] 2813.19 2823.2 2823.4 2823.6 2823.2 2825.3
RMSE 7.6 0.4 0.3 0.5 0.5 2.8
ME -7.3 -0.1 0.1 0.4 0.3 2.7
MAX 10.3 0.7 0.6 0.8 0.7 4.8

Table 4.2: Lowest dipole allowed gas-phase XAS excitation energy for third period elements
(in eV). Computed values were found from ROKS, using the aug-pcX-2 basis when avail-
able and decontracted aug-pcseg-2 for H/Br. NR values from SCAN are also provided for
comparison. The atomic site of the ionization is bolded when multiple possibilities exist.

is comparable to the typical experimental energy resolution of ∼ 0.5 eV, and therefore
indicative of semi-quantitative performance. Curiously, SCAN significantly underestimates
the excitation energy for highly fluorinated compounds (SF6, CF3SF5 etc.), highlighting a
potential limitation for this otherwise excellent performing local functional. This systematic
underestimation is partially mitigated with HF exchange, leading to SCANh performing
somewhat better. On the other hand, SCAN0 has a systematic bias towards overestimation
due to a greater part of HF exchange being present. SCANh therefore offers a reasonable
middle path, although it would perform poorly for cases where SCAN already overestimates
or SCAN0 underestimates. We also note that our RMSEs are considerably smaller than the
several eV errors reported by an earlier study [338] using relativistic orthogonality constrained
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DFT (OC-DFT) [242], which may in part stem from use of B3LYP in that work.

(a) K-edge ionization. (b) Lowest dipole allowed K-edge excitation.

Figure 4.3: Box plot for errors (vs experiment) in computed values reported in Tables 4.1-4.2.

Fig 4.3 visually summarizes the key result shown in Tables 4.1 and 4.2, namely that OO-
DFT/X2C is effective in predicting core-level excitation/ionization energies of third period
atoms in isolated small molecules. The error distributions are quite compact overall, with the
typical range being below 1 eV. In particular, the SCAN, SCANh and BHHLYP functionals
typically have errors below 0.5 eV, and never over 1.0 eV (for the species considered). They
therefore appear to be promising routes for prediction of gas-phase core-level spectra.

It is also worthwhile to consider larger systems in order to gauge feasibility of OO-
DFT/X2C for widespread practical use. However, certain computational challenges need to
be considered along the way. Decontracted basis sets of at least triple-ζ quality (ideally of the
Jensen pcX-n [361] or Dunning cc-pCVnZ [370] type) appear to be necessary for computation
of core-level spectra, both to account for relaxation of the core hole and for convergence of
relativistic effects. However, using such bases for all atoms would be quite computationally
demanding. The local nature of the core-excitation permits use of a mixed basis strategy [321]
in which the decontracted triple-ζ basis is only used for the atom whose core-electrons are
being probed, while the corresponding contracted double-ζ basis is sufficient for all other
atoms. We have verified that this mixed basis strategy does not lead to any significant change
in RMSE of SCAN/SCANh for the species in Tables 4.1 and 4.2 (shown in the supporting
information) and have employed this strategy for the calculations reported hereon.

In addition, XAS for larger systems is often collected in the solid state or in solution,
making it necessary to model the effect of the environment on the spectrum. The locality of
core-electrons suggests that only the first coordination shell needs to be considered atomisti-
cally for the first few (‘pre edge’) peaks, with a continuum dielectric model being adequate
for the remainder of the environment. Such polarizable continuum models (PCM [371]) are
likely to be effective for species in which the core electron is excited to a valence level, but
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would probably be insufficient for Rydberg-like excitations without atomistic modeling of a
rather large region around the core-hole. We have employed the integral equation formal-
ism (IEF-) PCM [372] model to account for environment effects, and thereby investigate
how spectra are affected by the phase of the system [373]. IEF-PCM is likely adequate if
it only induces a small shift relative to vacuum results, but more sophisticated embedding
techniques might prove necessary if there is a significant difference between IEF-PCM and
vacuum calculations.

Molecule Environment Expt. SCAN SCANh
Si(Me)4 Gas 1843.6 [374] 1843.5 1843.7
Si(OMe)4 Gas 1845.9 [374] 1845.9 1846.1
(CH3O)2P(S)Cl Gas 2150.2 [367] 2150.0 2150.2
P4O6 Gas 2147.5 [375] 2147.8 2148.0
OPPh3 Solid 2147.3 [301] 2147.4 2147.7
CF3SF5 Gas 2483.8 [376] 2483.2 2483.6
CH3SSCH3 Gas 2471.6 [377] 2472.0 2472.1
(4-Me)C6H4SH Cyclohexane 2472.5 [291] 2472.5 2472.7
(4-Me)C6H4S· Cyclohexane 2467.0 [291] 2467.4 2467.5
TiCl4 Toluene 2821.6 [378] 2821.3 2821.2

Table 4.3: Lowest dipole allowed XAS excitation energy for slightly larger species (in eV)
from experiment and theory. A mixed basis (aug-pcX-2 on excitation site, aug-pcseg-1 on
all other atoms) was utilized for the calculations.

Table 4.3 shows performance for the mixed basis protocol for molecular systems in the gas
phase, or non-polar solvents like cyclohexane (modeled with IEF-PCM, if present). ROKS
was used for all closed-shell systems, while single determinant spin-unrestricted ∆SCF was
sufficient [322] for the S 1s → SOMO transition of the 4-methylthiophenoxy ((4-Me)C6H4S)
radical. Our approach appears to be quite accurate in predicting experimental energies,
indicating that the OO-DFT/X2C approach can be applied to large molecules for prediction
of heavy element K-edges. We also revisited earlier work on light elements [322], and demon-
strated that inclusion of X2C does not cause any degradation of performance in predicting
excitation energies (as shown in the supporting information).

Although we have only considered neutral species so far, core-level spectra of ionic moi-
eties have also been collected in many experiments. These species offer an interesting regime
for both testing the efficacy of our approach and for gauging environment effects in general.
Table 4.4 presents a comparison between experiment and theory for Cl K-edges of several
ionic species. The ions in Table 4.4 can be broadly categorized into two categories. The first
are closed-shell species where Cl has a formally positive oxidation state (ClO−

4 etc) and the
lowest excitation is 1s → σ∗

O-Cl. These σ∗ orbitals are more ‘Cl like’ due to the halogen being
electropositive, leading to excitations that are thus mostly localized on the Cl (which is at
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Species Experiment Vacuum Solid
SCAN SCANh SCAN0 SCAN SCANh SCAN0

ClO4
– 2835.1 [379] 2834.6 2834.9 2835.4 2834.7 2835.0 2835.4

ClO3
– 2831.3 [379] 2830.8 2831.0 2831.4 2830.8 2831.1 2831.4

ClO2
– 2826.8 [379] 2826.5 2826.7 2827.0 2826.6 2826.8 2827.1

CuCl42− 2820.2 [380] 2820.1 2820.3 2820.6 2819.8 2819.9 2820.2
NiCl42− 2821.5 [380] 2821.4 2821.6 2822.0 2821.1 2821.2 2821.6
CoCl42− 2822.5 [380] 2822.3 2822.0 2822.5 2821.4 2822.4 2822.1
FeCl42− 2822.8 [380] 2822.0 2822.3 2822.7 2821.7 2821.9 2822.3
FeCl4− 2820.5 [380] 2820.4 2820.4 2820.4 2820.2 2820.1 2820.1
RMSE 0.4 0.3 0.3 0.6 0.4 0.3
ME -0.3 -0.2 0.2 -0.6 -0.3 -0.1
MAX 0.8 0.5 0.5 1.1 0.9 0.5

Table 4.4: Lowest dipole allowed Cl K-edge excitation energy for ionic species (in eV). All
experimental data correspond to solid state measurements. ROKS was used for closed-shell
species like ClO4

– , and spin-unrestricted ∆SCF for open-shell systems like CuCl42−. A
mixed basis set (aug-pcX-2 on excitation site, aug-pcseg-1 on all other atoms) was utilized.

the center of the ion) and therefore reasonably isolated from the environment. Consequently,
not much difference is found between predictions for vacuum, and an IEF-PCM model ionic
solid. SCAN, SCANh and SCAN0 all fare reasonably at predicting excitation energies, with
the former slightly underestimating and the latter slightly overestimating.

The second class of ions are high-spin tetrahedral transition metal chloride complexes
where the lowest transition is charge-transfer (CT) from Cl to a singly occupied metal d
level. In addition, the Cl site is on the periphery of the molecule, permitting greater influence
from the environment. There is thus a perceptible red-shift in the IEF-PCM results relative
to vacuum (due to greater stabilization of the CT like excited state). In addition, SCAN0
appears to be the best performer for this class of excitations. Nonetheless, SCANh appears
to do a reasonable job at predicting excitation energies for all of the ionic systems, indicating
that the OO-DFT/X2C approach remains capable of delivering semi-quantitative accuracy
even outside of small molecules in the gas phase.

It is also instructive to look beyond computed excitation energies and consider the full
spectrum. Fig 4.4 presents some examples where the experimental spectrum is compared to
computed ones, without using any empirical translations. The peak energies align quite well,
within the expected error range of ∼ 0.5 eV. The peak heights agree less well, although in
some cases this is clearly due to the experimental peaks having different widths (such as in
Fig 4.4b for SO2), vs the uniform broadening utilized for computed spectra. It would be in-
teresting to compute spectral broadening directly from OO-DFT and determine if that leads
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(a) P K-edge XAS of gaseous P4O6 [375], using a
mixed basis (aug-pcX-2 on target P, aug-pcseg-
1 on other atoms).

(b) S K-edge XAS of gaseous SO2 [368], using
a doubly augmented (d-aug-) pcX-2 basis on all
atoms.

(c) Cl K-edge XAS of solid [Ph4P]2TiCl6 [303].
The system was approximated with a TiCl62–

ion, placed in a IEF-PCM dielectric utilizing
NaCl parameters (ϵr = 6, n = 1.5). A mixed
basis (aug-pcX-2 on target Cl, aug-pcseg-1 on
other atoms) was used.

(d) Combined S K-edge XAS (> 2470 eV) and S
Kβ emission (< 2470 eV) of gaseous CSO [356].
ROKS was utilized for the XAS and unrestricted
∆SCF for the emission. A doubly augmented
(d-aug-) pcX-2 basis on all atoms was used.

Figure 4.4: Comparison of experimental K-edge spectra for third period elements, and those
computed with SCAN. Computed spectra were broadened with a Voigt profile with a Gaus-
sian standard deviation of 0.3 eV and Lorentzian γ = 0.121 eV.

to better agreement between theory and experiment. We note that we computed intensities
within the dipole-approximation (using transition dipole moments calculated in the manner
described in the supporting information and utilizing non-orthogonal configuration interac-
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tion techniques [381]). It is quite possible that higher order terms have a nonnegligible impact
on the experimental X-ray spectrum [382]. Nonetheless, it appears that OO-DFT/X2C is
quite effective at reproducing experimental spectra for third period elements.

Experiment SCAN SCANh
TiCl4 4969.2 [378] 4968.9 4969.4
TiCpCl3 4968.1 [378] 4968.1 4968.5
TiCp2Cl2 4967.3 [378] 4967.5 4968.0
VO(acac)2 5468.4 [383] 5468.6 5469.0
VCp2Cl2 5468.4 [383] 5468.3 5468.8
CrO4

2– 5996.5 [384] 5996.3 5996.9
Cr2O7

2– 5996.6 [384] 5996.2 5996.7
MnO4

– 6543.3 [385] 6546.1 6546.6
FeCp2 7111.9 [386] 7116.5 7116.8
FeCl4 – 7113.2 [285] 7117.1 7117.6
CoCl42– 7709.2 [387] 7714.3 7714.7
CuCl42– 8977.6 [388] 8986.6 8986.8
Cu(CF3)4

– 8981.8 [388] 8990.4 8990.4

(a) Individual values (in eV) (b) Excitation energy error vs nuclear charge.

Table 4.5: Lowest symmetry allowed transition metal K-edge transitions. ∆SCF was used for
1s→SOMO transitions of open-shell systems like VO(acac)2, while ROKS was used for closed-
shell species like TiCl4. A mixed basis (decontracted aug-cc-pωCVTZ [389] on excitation
site, aug-cc-pVDZ on all other atoms) was utilized. Experimental data corresponds to the
solid state for all species other than TiCl4, whose spectrum was collected in toluene solution.

We next shift our attention to the 3d transition metals. Transition metal complexes are
often open-shell, and have several low-lying orbitals that core electrons can be excited to.
K-edge spectra of these species are therefore widely studied, despite the 1s→3d transition
in bare atoms being dipole forbidden. Indeed, the transition in centrosymmetric entities
(like octahedral complexes) can only be driven by electric quadrupole terms or vibrational
symmetry breaking [285, 390]. Tetrahedral complexes however can have some p-d mixing,
leading to some dipole allowed intensity for K-edge transitions [390]. Furthermore, X-ray
emission spectra (XES) can be collected for 2p/3p→ 1s dexcitations, yielding further useful
information [284].

Table 4.5 shows the performance of OO-DFT in predicting transition metal K-edge en-
ergies, with the SCAN and SCANh functionals. The results are quite adequate for Ti, V,
and Cr but performance is significantly degraded for heavier transition metals like Mn, Fe,
Co and Cu due to significant overestimation (as made evident by Fig 4.5b). This is quite
interesting, as SCAN had a slight penchant for underestimation when it came to lighter ele-
ments, unlike the significant overbinding observed here for Cu, Co and Fe (beyond the scale
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of typical OO-DFT errors). It should be noted that many of the species in Table 4.5 are
high-spin tetrahedral complexes like FeCl4 – ,CoCl42– and CuCl42– or d0 species like TiCl4,
CrO4

2– and MnO4
– . These species are therefore not particularly multireference, removing

one possible source of the error. While it is possible that this error arises from inadequa-
cies of the density functional approximation, the sudden and rapid increase in error with
increasing Z seems to suggest that relativistic effects are playing a significant role.

Indeed, the spin-free one-electron X2C model employed in our work is hardly complete,
as it does not include vector (spin-orbit) terms, as well as any effects of relativity on the two-
electron terms. The spin-orbit terms are unlikely to be relevant for K-edges, but the missing
two-electron terms are of a comparable magnitude to the error. Specifically, X2C does not
transform the electron-electron repulsion terms (the so-called “picture-change” [128]), incor-
porate additional (Breit) [120] terms in the electron-electron interaction terms, or account for
quantum electrodynamic effects. These additional terms sum to ∼ 20 eV of underbinding for
the Kr K-edge [341, 391, 392], indicating that overestimation by a few eV is quite possible for
heavier fourth period elements from lack of such effects alone. In fact, the good performance
of SCAN up to Cr is possibly fortuitous to some degree. However, it is worth stressing that
the X2C model nonetheless manages to account for the vast majority of relativistic effects
for even species like Cu/Kr. It is also worth noting that translating OO-DFT/X2C metal K-
edge spectra for alignment with experiment would involve much smaller shifts than TDDFT,
reducing the magnitude of potential translation driven error. Nonetheless, we wish to avoid
any need for empirical translation of spectra, and instead intend to pursue more accurate
relativistic models to quantitatively model the K-edge spectra of heavier elements.

Experiment Theoretical L3 edge
L3 L2 3J=L2-L3 SCAN SCANh SCAN0

TiCl4 456.9 [393] 462.5 5.6 455.9 456.4 457.1
Mn(OH2)6

2+ 639.7 [394] 649.1 9.4 638.7 638.9 639.3
Fe(CN)6

3– 705.8 [395] 718.4 12.6 706.1 706.5 707.1
FeCp2 708.9 [396] 721.2 12.3 708.2 708.5 709.0
CuCl42− (D2h) 930.1 [388] 950.1 20 929.4 929.5 929.8
Cu(CF3)4

– 934.7 [388] 954.7 20 933.5 933.5 933.7

Table 4.6: Lowest symmetry allowed L-edge (2p) transitions for transition metal containing
species (in eV). ∆SCF was used for 2p→SOMO transitions of open-shell systems like CuCl2−4 ,
while ROKS was used for closed-shell species like ferrocene (FeCp2). Computed multiplet
averaged energies (found from averaging over all the 2p orbitals) were red-shifted by J (where
3J is the experimental energy gap between the L2 and L3 peaks) to better approximate the
experimental L3 peaks. A mixed basis (decontracted aug-cc-pωCVTZ on excitation site,
aug-cc-pVDZ on all other atoms) was utilized for the calculations.

Metal L-edge (2p) spectra are also extensively studied via experiment. Accurate com-
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putation of spectra necessitates going beyond the scalar relativistic paradigm as the degen-
eracy of the 2p levels is broken by spin-orbit coupling. Scalar relativistic models like X2C
can potentially yield a reasonable estimate for the multiplet averaged peak, which can be
subsequently shifted by atomic spin-orbit values to obtain the experimentally observed L3/2

(L3-edge) and L1/2 (L2-edge) multiplet peaks. This strategy has been found to be effective
for L-edges of Si,P,S and Cl [321]. However, it is less appealing for heavier elements due
to the larger magnitude of the multiplet splitting (20 eV for Cu vs 1.6 eV for Cl), which
can potentially exert a direct influence in the OO process. We have nonetheless applied this
measure to compute L-edges for a few 3d metal containing species (shown in Table 4.6), to
assess this approach. It is quite apparent that the errors are much larger here (relative to Fig
4.3), with significant underestimation being the norm for all species aside for [Fe(CN)6]3+.
The results are also often quite sensitive to % HF exchange (more so than most of the species
considered till this point). Nonetheless, the worst case errors are just slightly above 1 eV,
indicating that OO-DFT with proper inclusion of spin-orbit effects and careful functional
choice has the potential to be quite accurate in predicting metal L-edges. We are presently
investigating this aspect further.

4.5 Conclusions
Overall, it is clear that the OO-DFT/X2C combination is capable of consistently delivering <
1 eV error for core-level excitation/ionization energies for third period elements and reproduce
experimental spectra fairly well. Indeed, the typical error is ∼ 0.5 eV for SCAN/SCANh,
as shown by Fig 4.3 and the RMSEs reported in Tables 4.1 and 4.2. X2C therefore extends
the applicability of OO-DFT methods to elements heavier than F, which was previously
the limit for computational core-level spectroscopy with such methods (without post-facto
application of ad-hoc relativistic corrections). OO-DFT X2C also appears to be adequate
for the K-edges of the transition metals Ti, V and Cr. However, performance degrades
starting with Mn, possibly due to lack of relativistic effects in the two-electron interaction
terms. The spin-free X2C model is also incapable of accounting for the spin-orbit splitting
observed in experimental L-edge spectra. Accounting for these effects would be critical for
extension of OO-DFT beyond the cases explored in this work. We are also attempting to
apply OO-DFT extensively to K-edge spectra of third period elements, in order to uncover
any additional limitations of the approach. Any resulting insight could also prove valuable in
training density functionals that are accurate in modeling both ground states and OO-DFT
excited states, as it is quite possible that not much further improvement in prediction quality
can be obtained from functionals trained solely for the ground state.



CHAPTER 4. RELATIVISTIC ORBITAL OPTIMIZED DENSITY FUNCTIONAL
THEORY FOR ACCURATE CORE-LEVEL SPECTROSCOPY 87

Supplementary Material
Supplementary information for this work can be accessed via Ref. 397. They include addi-
tional X2C derivations, a short note on S K-edge binding energies of some species, raw data
and geometries of all species investigated in this work.
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Chapter 5

Electron-Affinity Time-Dependent
Density Functional Theory

5.1 Introduction
Recent advancements in synchrotron and ultrafast tabletop X-ray light-sources mark the
dawn of an X-ray technology renaissance. With exceptional element-specificity, X-ray spec-
troscopy has found use in probing liquid-to-metal phase transitions of ammonia [398], track-
ing charge-separation dynamics in dye-sensitized solar cells and organic light-harvesting sys-
tems [399, 400], and has revealed quantum nuclear dynamics near conical intersections [401].
Modern X-ray absorption spectroscopy (XAS) is capable of energy resolution on the order of
0.2–0.9 eV [402], which is well below the error statistics of most modern theoretical methods
that are routinely used to model XAS.

Linear-response time-dependent density functional theory (TDDFT) is by far the most
commonly used method for computing excitation energies due its accuracy and efficiency
[247, 248, 403–406]. While formally exact for excitation energies, TDDFT in practice is
approximate due to inexact ground state functionals and the ubiquitous adiabatic approxi-
mation (henceforth assumed) [92, 248, 407]. Although TDDFT achieves statistical accuracy
of ∼0.2–0.3 eV for valence excitations [408], errors increase dramatically for core excitations,
often requiring empirical shifts on the order of 10–100 eV to realign the calculated spectra
with experiment [329, 409–411]. While range-separated hybrid functionals perform better in
this regard [412, 413], specialized short-range corrected (SRC) functionals that feature a large
amount of short-range Hartree-Fock (HF) exchange to correct for differential self-interaction
error in the core have also been used instead of empirical shifting, albeit to the disregard
of broader thermochemical properties [296, 298–300, 414–417]. Apart from pure TDDFT,
semi-empirical extensions of configuration interaction that employ Kohn-Sham orbitals have
been applied with some success to core-excitations [418–420]. In some cases, particularly in
periodic systems, TDDFT and configuration-interaction methods are sidestepped in favor
of cruder approaches like the Slater transition or transition potential methods [421–429].
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Despite the myriad ways in which XAS can be calculated, in this work our focal point is
linear-response TDDFT.

One source of error in predicting core-excitations using linear-response theory is the
large orbital relaxation effect that follows from the displacement of charge out of a core
orbital [430, 431]. This can be addressed on a state-by-state basis using orbital-optimized
density functional theory (OO-DFT), which explicitly relaxes the orbitals of excited-state
configurations [238]. While OO-DFT routinely achieves a statistical accuracy of ∼0.3 eV for
core-excitations [321, 397], state-by-state optimization is far less efficient than full-spectrum
methods like TDDFT. OO-DFT also requires some a priori knowledge of the system, com-
plicating the selection of the “correct” set of bespoke determinants in systems with a high
density of states.

Orbital relaxation error is related to the fundamentally incorrect particle-hole interaction
in TDDFT descriptions of core-excited states [91, 282, 432]. This is the major source of error
in TDDFT; emerging from the fact that the virtual orbitals in DFT are optimized in the n-
electron potential, causing incomplete cancellation of the interaction of the excited electron
with itself in the (previously occupied) core orbital. For example, consider the pure particle-
hole interaction that results from exciting an electron between two molecular orbitals (MOs)
that have zero overlap. For global hybrid functionals, the only nonzero elements of the
orbital Hessians belong to the A matrix,

Aia,jb = (εa − εi)δijδab − CHF(ij|ab) (5.1)

where CHF is the coefficient of HF exchange. The Coulomb interaction (aa|ii) is included
in the orbital energy difference and only in the case of exact exchange (CHF = 1) is this
interaction properly cancelled by the third term in Eq. 5.1, leading to particle-hole attrac-
tion. Therefore with approximate density functionals, the excited electron “feels” a residual
Coulomb potential from its unexcited image rather than a proper particle-hole attraction,
causing core-excitation energies to be dramatically underestimated in approximate TDDFT.

In this work, we introduce a linear-response TDDFT formalism that effectively models
particle creation in the virtual space from an n–1-electron reference density. This way,
orbital relaxation and information about the core hole are built directly into the reference
density, completely eliminating electron-hole self-interaction error (eh-SIE) by construction.
Our method generalizes the static-exchange approximation (STEX) into a density functional
theory (DFT) framework.

Such generalizations have recently been proposed based purely on error cancellation be-
tween restricted open-shell Kohn-Sham (ROKS) theory and STEX [433], but this work aims
at a fully derivable formalism. Herein we demonstrate multifaceted benefits of an exact ap-
proach, including better overall performance, and a recovery of the Jacob’s Ladder concept
in DFT. While TDDFT is the workhorse of excited-state calculations in quantum chemistry,
we further note that the concept of adding electrons to an n–1-electron reference determi-
nant has been employed within Green’s function based GW methods [434, 435] and within
algebraic diagrammatic construction approaches [436, 437] to account for orbital relaxation
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and (in the case of GW theory) for a more appropriate description of particle-hole inter-
actions. In principle, our proposed approach recovers the same poles as the single-particle
Green’s function in the electron addition domain. However, unlike GW approaches that scale
roughly as O(N4) with a nontrivial prefactor (where N is the number of basis functions)
[438], our proposed approach has the same scaling as STEX (O[V 3], where V is the number
of unoccupied MOs), making this a far more appealing method for large systems.

5.2 Theoretical Background

5.2.1 Static-Exchange Approach for Core-Excited States

The STEX formalism has been used to improve upon core-excitation energies offered by
configuration interaction with single excitations (CIS) [91, 439, 440] for a number of years
[441, 442]. In brief, STEX involves optimizing the MOs of the n–1-electron (core-ionized)
system, followed by an electron-affinity CIS (EA-CIS) calculation to reattach the missing
electron to the virtual orbitals, thereby yielding a partially orbital-optimized core-excitation
spectrum that accounts for the strong polarization effect from creating a core hole. For a
closed-shell reference, the EA-CIS equations for singlet states take the form,

Aia,ib = E
(n−1)
HF δab + F

(n−1)
ab + (ia|ib) , (5.2)

where i is the core hole MO, E(n−1)
HF is the core-ionized reference energy, F (n−1)

ab are elements
of the virtual-virtual block of the core-ionized Fock matrix, and (ia|ib) is an exchange inte-
gral in the standard Mulliken notation. Diagonalizing A results in states that are orthogonal
to the core-ionized reference determinant, but are not orthogonal to the original n-electron
ground state. The final step of the STEX procedure involves constructing nonorthogonal
configuration interaction (NOCI) elements to project the n-electron ground state out of the
Hamiltonian prior to diagonalizing, ensuring that all excited states are strictly orthogonal
to the initial n-electron ground state determinant [443–445]. Herein, we will show that the
nonorthogonality of the excited states to the ground state can be safely ignored when calcu-
lating K-edge XAS with almost no impact on the predicted excitation energies or transition
properties, thus paving the way for a TDDFT formalism where the ambiguity of DFT-based
NOCI elements once hindered such developments.

5.2.2 EA-TDDFT: generalizing STEX to a DFT formalism

In order to generalize STEX to a TDDFT framework, we will use continuum MOs as a deriva-
tion tool. For our purposes, continuum MOs are fictitious, ultra-diffuse orbitals that do not
interact with other MOs in the system and have zero energy. They offer utility in deriva-
tions of particle-nonconserving processes by recasting particle creation/annihilation into the
language of particle-conserving excitations [446].Throughout this work, we reserve the labels
{j, k, l,. . . } to denote occupied MOs, {a, b, c,. . . } for the virtual MOs, and {p, q, r,. . . } refer
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to general orbitals. Specific notation is reserved for the continuum MO, designated as x, and
the core-hole MO, i.

To ameliorate orbital relaxation error, we begin with the self-consistently optimized MOs
for the core-ionized system. We are interested in a protocol that uses particle-conserving
excitations that emulate the action of the particle creation operator on our core-ionized
reference,

|Ψa
i ⟩ = â†a|Ψ0⟩ , (5.3)

where |Ψ0⟩ is the core-ionized reference determinant, and â†a is the creation operator. One
possibility that retains correlations between single excitations in the response theory that
follows is to consider two successive excitations x → i and i → a out of a modified core-
ionized reference determinant that includes a single continuum MO. Conceptually, this can
be likened to excited-state absorption where the n-electron state with the core-hole MO
reoccupied acts as the intermediate state. In operator form it can be readily shown that,

|Ψa
i ⟩ = â†aâiâ

†
i âx|Ψ0χx⟩ = â†aâiâ

†
i |Ψ0⟩ = â†a|Ψ0⟩ , (5.4)

where |Ψ0χx⟩ is the modified core-ionized reference, containing the noninteracting spin-
orbital χx. This exercise reveals that the successive particle-conserving excitations x → i
and i → a indeed reduce to particle creation in orbital a of the unmodified core-ionized
reference determinant, which itself can be viewed as the tensor product of the core-ionized
reference with the vacuum level in the space of continuum orbitals.

In order to capture this process in the language of density matrices, such that our pro-
tocol is amenable to DFT, we consider two successive linear responses. The first response
generates the n-electron density from the n–1-electron reference by exciting an electron from
a continuum MO into the core hole, and the second response yields eh-SIE-corrected excita-
tions of this (newly added) core electron into the virtual space. Throughout this derivation,
we follow the density matrix formalism starting from the Liouville-von Neumann equation
[91, 404],

i
∂P(t)

∂t
= [F(t),P(t)] . (5.5)

The first response is obtained by restricting the excitation space to the (occupied) con-
tinuum MO and the (unoccupied) core-hole to yield,

Axi,xi = F
(n−1)
ii

Bxi,xi = 0
(5.6)

Because the continuum MO does not interact with the rest of the system, all two-electron
integrals involving the continuum MO vanish to give an expression that corresponds to the
negative electron affinity in the limit of the exact functional [447]. Importantly, no orbital
rotations are encoded in this response, meaning that the (idempotent) n-electron density
can be exactly constructed with the n–1-electron MOs to linear order.
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At some time t′ > t, we apply a second time-varying electric field to the perturbed n-
electron system. By regenerating the n-electron system, we have reintroduced eh-SIE, so we
now seek to separate the response due to the presence of the core electron from the remainder
of the response to the applied field. Assuming that the n-electron density is not too far from
a stationary point, we may write the perturbed density and corresponding Fock matrices as,

P(t′) = P
(n)
0 + δPCO(t

′) + δPEF(t
′)

F(t′) = F
(n)
0 + δFCO(t

′) + δFEF(t
′)

(5.7)

where P
(n)
0 is the static part of the n-electron density, δPCO(t

′) represents the component of
the response due to the (now occupied) core MO and δPEF(t

′) indicates the response of the
n-electron system to the second electric field. Substituting Eq. 5.7 into Eq. 5.5 and keeping
the terms that are linear with respect to the perturbing field leads to,

i
∂δPCO(t

′)

∂t′
+ i

∂δPEF (t
′)

∂t′
= [F

(n)
0 , δPCO(t

′)]

+ [δFCO(t
′),P

(n)
0 ] + [F

(n)
0 , δPEF (t

′)] + [δFEF (t
′),P

(n)
0 ]

, (5.8)

which is simply the sum of two linear responses. Notably, this formalism has been used
to subtract nonstationary oscillations out of real-time TDDFT simulations of excited-state
absorption (including application to transient XAS), and we have adopted similar notation
throughout [448–452].

We use the fact that the above responses are uncoupled to correct the n-electron response
by subtracting the components that emerge due to the occupied core orbital via the difference
Fock matrix,

FCO
pq = F (n)

pq − F (n−1)
pq

= (ii|pq)− CHF(ip|iq)
+ (1− CHF)(p|V (n)

xc − V (n−1)
xc |q)

(5.9)

and its corresponding density (all n-electron quantities are constructed using the n–1-electron
MOs). This form of the Fock matrix incorporates all zeroth-order couplings between n- and
n–1-electron potentials without approximation, and the corresponding difference density is
idempotent with one electron in core MO i, permitting excitations of the form i→ a.

Subtracting the response of the core orbital density from that of the n-electron density
(see Sec. 5.2.5 for details), leads to a eh-SIE-corrected n-electron response in terms of n–1-
electron quantities

Aia,ib = F
(n−1)
ab − F

(n−1)
ii δab

+ (ia|ib) + (1− CHF)(ia|f (n−1)
xc |ib)

Bia,ib = (ia|ib) + (1− CHF)(ia|f (n−1)
xc |ib)

(5.10)
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where,

f (n−1)
xc =

∂Vxc[ρ
(n−1)]

∂ρ(n−1)
. (5.11)

Finally, we add this to the result of the initial response in Eq. 5.6 to obtain the working
equations,

Aia,ib = F
(n−1)
ab + (ia|ib) + (1− CHF)(ia|f (n−1)

xc |ib)
Bia,ib = (ia|ib) + (1− CHF)(ia|f (n−1)

xc |ib)
(5.12)

Each of the above responses comes from exact TDDFT, suggesting that with time-
dependent exchange-correlation kernels this approach could be made exact (to first order).
Of course, knowledge of the exact functional would render this formalism obsolete because
the exact functional is asymptotically correct (eh-SIE-free) and has frequency dependence
(accounting for orbital relaxation) [453]. From a utilitarian perspective, the exact functional
is not available and all practical TDDFT implementations employ the adiabatic local den-
sity approximation (ALDA). Therefore, Eq. 5.12 can be viewed as a pragmatic correction to
errors associated with the ALDA in TDDFT for XAS.

By nature of the core-ionized reference determinant and because the MOs do not relax
on addition of the electron, the orbital relaxation codified into the n–1-electron density is
retained. The second response is also eh-SIE-corrected, ensuring that there is no residual
Coulomb-like interaction between excited electron and core hole. In fact, our proposed
correction (Eq. 5.19) bears a delightful resemblance to the virtual-orbital self-interaction
definition proposed by Imamura and Nakai [454], with the added benefit that our equations
capture orbital relaxation. This immediately suggests a metric for quantifying the extent of
eh-SIE via the eigenvalues of the core-orbital response matrix (Eq. 5.21).

In the limit of the Hartree-Fock functional (CHF = 1) this metric is exactly zero, and
under the Tamm-Dancoff approximation (TDA) [258] Eq. 5.12 becomes precisely equivalent
to the EA-CIS equation (Eq. 5.2). This implies that Eq. 5.12 is a generalization of EA-CIS
to a DFT framework, so we call our approach electron-affinity TDDFT (EA-TDDFT).

In true analogy to EA-CIS, we will employ the TDA (EA-TDA) throughout this work, set-
ting the B matrix to zero in Eq. 5.12. While in some applications the modified reference state
(e.g. a core-ionized determinant) can lead to difficulties in solving the full non-Hermitian
eigenvalue problem due to orbital rotations that drive the solution towards the ground state
[455–458], we have found that such problems are not encountered in EA-TDDFT[459]. De-
spite the fact that the full EA-TDDFT equations can be readily solved, the TDA is likely an
excellent approximation within the confines of core excitations associated with K-edge XAS,
as the elements of B are quite small. For the sake of comparison, EA-TDA is also a more
direct analogue to STEX (a CIS theory), which is what we are attempting to generalize to
DFT.
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IO-TDA EA-TDA
Core Ion SCF

Compute

Solve standard
Casida equations

(yields       )

Core Ion SCF

Compute

Reattach core 
electron via

continuum MO,
shifting the

energy [Eq. 6]

Solve self-interaction
corrected Casida
equations [Eq. 10]

(yields     )

Rebuild n-electron 
Fock matrix and      ,
using core-ion MOs

Figure 5.1: Flowchart describing the conceptual protocol for (left) an IO-TDA calculation
and (right) an EA-TDA calculation, where E(n)

IO is the energy of the n-electron Fock matrix
constructed via core-ion orbitals, E(n)

0 is the SCF ground-state energy, λIO
p are the eigenvalues

of the Casida equations using the IO-TDA reference, λp are the eh-SIE corrected eigenvalues
of EA-TDA, and ωp are the core-excitation energies.

5.2.3 Shortcomings of the Ion-Orbital TDDFT Approach

Apart from EA-TDA, we also consider the more naive approach of optimizing the orbitals of
the n–1-electron system and using them directly to reconstruct the n-electron density. From
this nonstationary initial state, we perform TDDFT under the TDA using the usual Casida
formulation. In principle, this ion-orbital TDA (IO-TDA) approach incorporates orbital
relaxation into the reference but lacks the ingredients that account for eh-SIE (details in
Section 5.2.4).

It is important to note that EA-TDA differs strongly from IO-TDA in two respects.
First, the energy of the intermediate n-electron state is constructed differently between
the two methods. Whereas IO-TDA forms E(n)

IO , the energy of the n-electron Fock matrix
using the orbitals of the core-ion with the core electron reattached, EA-TDA constructs
Ẽ(n) = E(n−1) + F

(n−1)
ii . The two energies are only equivalent in the case of HF where the

Fock matrix is strictly linear in the density. Second, we emphasize that Eq. 5.10 is not
just a standard linear-response TDDFT expression, but one that encodes an exact first-
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order eh-SIE correction to the TDDFT equations. Without this correction, EA-TDA would
correct for orbital relaxation but would not correct for the (even larger) self-interaction
error in the excited state. The flowchart in Fig. 5.1 emphasizes the difference between the
eigenvalues λIO

p of IO-TDA, which corrects for orbital relaxation but not eh-SIE, and the
self-interaction corrected eigenvalues, λp, of EA-TDA. Later in this work, we investigate the
impact of orbital relaxation and eh-SIE, showing that both must be adequately compensated
for accurate results. Finally, we note that explicitly performing each step in the conceptual
protocol in Fig. 5.1 is not necessary in practice, where Eq. 5.12 can be directly constructed
and diagonalized to yield electron affinities γp such that ωp = E(n−1) + γp − E

(n)
0 .

This definition of the excitation energies is common between EA-TDA and STEX, but
unlike STEX, EA-TDA does not use a projection operator to ensure orthogonality between
the singly-excited configurations and the n-electron ground state. Nonorthogonality can have
detrimental effects on transition dipole moments (TDMs) even when energies are largely
unaffected [460], so we take it into account by using a pseudo-wavefunction ansatz (as done
in TDDFT) to compute an overlap-free TDM (see Sec. 5.2.7 for details). We justify this
approach by comparison of EA-TDA with the HF functional against STEX on a data set of
132 experimental K-edge transitions of small molecules. Our results (see Tables S1–S3 in the
SI) reveal strong agreement between EA-TDA(HF) and STEX, with a maximum difference
in transition energies of just 0.1 eV and a mean difference of 0.01 eV. The average difference
between EA-TDA(HF) and STEX oscillator strengths is ∼ 10−5, with a maximum difference
of ∼ 10−4 while the average STEX oscillator strength is 10−2. We therefore conclude that
the nonorthogonality of the final states in EA-TDA exerts a minimal influence on the details
of the spectrum.

5.2.4 Linear-Response Time-Dependent Density Functional
Theory and its Ion-Orbital Variant

The standard time-dependent density functional theory (TDDFT) orbital Hessians are used
for the “ion-orbital” TDDFT approach, albeit from a nonstationary n-electron reference state
that is constructed from the n − 1-electron molecular orbitals (MOs) of the core-ionized
system. The usual TDDFT A and B matrices take the form,

Aia,ib = E(n)δab + F
(n)
ab − ε

(n)
i δab + (ia|ib)− CHF(ii|ab) + (1− CHF)(ia|f (n)

xc |ib)
Bia,ib = (ia|ib)− CHF(ib|ai) + (1− CHF)(ib|f (n)

xc |ai)
(5.13)

where f (n)
xc is the exchange-correlation kernel, defined as,

f (n)
xc =

∂Vxc[ρ
(n)]

∂ρ(n)
, (5.14)

and where all quantities denoted with superscript (n) are computed using the n-electron
density. In the case of IO-TDDFT, these n-electron quantities are constructed from the
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n-electron density built from the unrelaxed n− 1-electron MOs of the core-ionized system:

P (n)
µν =

N∑
i

C
(n−1)
µi (C

(n−1)
νi )∗ (5.15)

5.2.5 Derivation of the n− 1-electron Response Kernel

In order to correct for the particle-hole interaction error encountered in the intermediate n-
electron state obtained after electron addition from the continuum MO, we take the response
of the applied field on the n-electron state, which yields the Casida equations for the restricted
case,

A
(n)
ia,ib = E(n)δab + F

(n)
ab − F

(n)
ii δab + 2(ia|ib)− CHF(ii|ab) + (1− CHF)(ia|f (n)

xc |ib)

B
(n)
ia,ib = 2(ia|ib)− CHF(ib|ai) + (1− CHF)(ib|f (n)

xc |ai)
(5.16)

and subtract the response of the core orbital with associated the Fock matrix elements,

FCO
pq = F (n)

pq − F (n−1)
pq = (ii|pq)− CHF(ip|iq) + (1− CHF)(p|V (n)

xc − V (n−1)
xc |q) , (5.17)

where F (i)
pq is the core electron’s contribution to the Fock matrix of the n-electron system.

This form of the Fock matrix accounts for all couplings between the core-electron components
and the remainder of the n-electron density. The associated density matrix is idempotent
and contains one electron in the core orbital, naturally constraining the excitations via the
idemptency condition such that they can only emerge from core MO i. The response for the
corresponding density matrix takes the form,

ACO
ia,ib = ECOδab + FCO

ab − FCO
ii δab +

∂FCO
ia

∂Pib

BCO
ia,ib =

∂FCO
ai

∂Pib

, (5.18)

where ECO = Ẽ(n) − E0(n − 1) (the nonstationary n-electron energy minus the stationary
n − 1-electron energy of the core ion) and the partial derivatives yield the final expression
for the core-orbital response,

ACO
ia,ib = ECOδab + FCO

ab − FCO
ii δab + (ia|ib)− CHF(ii|ab) + (1− CHF)(ia|f (n)

xc − f (n−1)
xc |ib)

BCO
ia,ib = (ia|ib) + (1− CHF)(ia|f (n)

xc − f (n−1)
xc |ib)

.

(5.19)

Finally, subtracting the core-orbital part of the response from the full n-electron response
leads to,

A
(n)
ia,ib − ACO

ia,ib = E0(n− 1)δab + F
(n−1)
ab − F

(n−1)
ii δab + (ia|ib) + (1− CHF)(ia|f (n−1)

xc |ib)

B
(n)
ia,ib −BCO

ia,ib = (ia|ib) + (1− CHF)(ia|f (n−1)
xc |ib)

.

(5.20)
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We note here that the energy ECO is equal to the energy of orbital i only for the exact
functional or Hartree-Fock theory, so the explicit form of this energy is never assumed.

5.2.6 Long-Range Self-Interaction Metric

Within an ion-orbital ansatz such as IO-TDA, Eq. 5.19 is suggestive of a metric that can
be used to quantify the degree of long-range self-interaction error (i.e. the degree of inexact
particle-hole interaction) in approximate density functionals. Considering only the change in
the excitation energy offered by the core-orbital correction, the total particle-hole interaction
error for TDA approximations is,

ACO
ia,ib = FCO

ab − FCO
ii δab + (ia|ib)− CHF(ii|ab) + (1− CHF)(ia|f (n)

xc − f (n−1)
xc |ib) (5.21)

In Hartree-Fock theory Eq. 5.17 implies that FCO
ii = 0 and that FCO

ab + (ia|ib)− (ii|ab) = 0,
resulting in a long-range self-interaction error of exactly zero. It also implies that IO-TDA
with the HF functional should give equivalent results to STEX if the non-orthogonality with
the n-electron ground state is not projected out of the STEX Hamiltonian. This is indeed
the case, as IO-TDA and EA-TDA produce exactly the same results if the HF functional
is used. If this metric produces a nonzero value, then the density functional approximation
being used incurs some degree of inexact particle-hole interaction and the larger the value
of the metric, the larger the long-range self-interaction error of the functional.

5.2.7 Overlap-Free Transition Dipole Moments

The EA-TDA spectrum is comprised of states, {Ψa
i }, that are not orthogonal to the ground

state reference, Φ0, which must be considered when computing transition properties. Despite
our double-linear-response formalism, we are only interested the usual transition dipole mo-
ments that are observed in one-dimensional x-ray spectroscopy. Non-orthogonality between
excited state determinants and the ground state can have severely detrimental effects on
transition moments [460], but a simple fix is to subtract the overlap-weighted ground-state
dipole moment from the transition dipole,

µ⃗ =
∑
a

Xa
i

(
⟨Φ0|µ̂|Ψa

i ⟩ − ⟨Φ0|µ̂|Φ0⟩⟨Φ0|Ψa
i ⟩
)
, (5.22)

whereXa
i are eigenvalues of the Tamm-Dancoff approximated Hermitian eigenvalue equation,

AX = ωX . (5.23)

This is equivalent to translating the center of charge of the molecule to the origin prior to
calculating the transition moments.
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5.3 Computational Details
All calculations were performed with a development version of the Q-Chem 5.4 software
package [263]. The DFT calculations use a dense quadrature with 99 radial and 590 angu-
lar grid points to evaluate the exchange-correlation potential, and scalar relativistic effects
are accounted for using a spin-free exact two-component (X2C) model [397]. Core-ionized
references were optimized using restricted open-shell orbitals and the solutions were stabi-
lized using combinations of maximum overlap method (MOM) [257, 315], square-gradient
minimization (SGM) [318], and state-targeted energy projection (STEP) [319]. We use ex-
perimental molecular geometries whenever possible and all geometries are available in the
Supporting Information.

5.4 Results and Discussion
We assess the functional dependence of EA-TDA across 15 density functionals, and while not
comprehensive we include data from local density approximation (LDA), generalized gradient
approximation (GGA), meta-GGA, hybrid GGA, and hybrid meta-GGA functionals. The
bottom panel of Fig. 5.2 indicates a clean recovery of the Jacob’s Ladder concept in DFT,
with errors decreasing with each step up through the rungs. Signed errors (Fig. 5.3) reveal
that semi-local functionals tend to underestimate excitation energies, whereas asymptoti-
cally correct functionals exhibit very little systematic error. Increasing the fraction of exact
exchange improves error statistics up to a point with root mean squared error (RMSE) de-
creasing from BLYP to B3LYP and on to B5050LYP, but too much exact exchange degrades
the results leading to higher RMSE for HFLYP than B5050LYP. Overall, asymptotically
correct functionals perform best, and among them rCAM-B3LYP performs best of all with
an RMSE of only 0.5 eV.

To understand the scope of the improvements offered by EA-TDA, we compare RMSEs of
standard TDA with EA-TDA across functionals. The top panel of Fig. 5.2 reveals that for a
given functional the average improvement offered by EA-TDA is on the order of tens of eV. In
fact, the RMSE of rCAM-B3LYP improves by roughly two orders of magnitude, from 28.4 eV
to 0.5 eV. This massive improvement is apparent in all but the SRC1 functional, which was
parameterized specifically to cancel eh-SIE in standard TDDFT. This is a testament to the
parameterization of SRC1, but the lack of improvement (or deterioration) of the results on
switching to EA-TDA also exemplifies that eh-SIE is adequately quenched in EA-TDA.

On examination of Eq. 5.12 it becomes clear that a necessary criterion for a functional to
perform well with EA-TDA is an accurate estimate of the electron affinity for each virtual
MO. This is because the dominant term is F (n−1)

ab , while the last two terms offer only small
corrections to this energy because they are dependent on the overlap of the core orbital with
the virtual MOs. Because asymptotically correct functionals perform best in the prediction
of electron affinities [461, 462], so too do they perform best with EA-TDA.

The success of EA-TDA, a theory that takes orbital relaxation and eh-SIE into account,
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Figure 5.2: Absolute error statistics for 65 experimental K-edge transitions (lowest energy
transition only). (Top) RMSE for standard TDA versus EA-TDA by functional. (Bottom)
EA-TDA absolute error statistics. Upper and lower delimiters indicate maximum and min-
imum errors, respectively. Upper and lower bounds of each box are the upper and lower
quartiles, respectively. Median absolute errors are indicated by horizontal lines and over-
lapping notches identify statistical similarities between distributions to the 95% confidence
level. Outliers are indicated by asterisks. All calculations use aug-pcseg-1 for H and Br
atoms and aug-pcX-2 otherwise.

allows us to diagnose the origins of the errors in standard TDA. Using the metric defined
in 5.21 we have immediate access to the amount of eh-SIE in standard TDA, while the
remainder of the error in TDA can be ascribed to orbital relaxation effects. In Fig. 5.4, we
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Figure 5.3: EA-TDA signed error statistics for 65 experimental K-edge transitions (lowest
energy transition only). The aug-pcseg-1 basis was used for H and Br, aug-pcX-2 for all
other atoms. A negative sign indicates an underestimation in the excitation energy. Upper
and lower delimiters indicate maximum and minimum errors, respectively. Upper and lower
bounds of each box are the upper and lower quartiles, respectively. Median absolute errors are
indicated by horizontal lines and overlapping notches identify statistical similarities between
distributions to the 95% confidence level. Outliers are indicated by asterisks.

define the total error (relaxation error plus eh-SIE) as the difference between standard TDA
and EA-TDA, Err(TDA)− Err(EA-TDA), where the errors in excitation energies ωX of a
given method X are taken to be Err(X) = ωX −ωref with ωref representing the experimental
value. Orbital relaxation contributes positive errors because without relaxation effects the
predicted excitation energies are higher, whereas eh-SIE over-stabilizes the excitation energy
due to a lack of particle-hole attraction, so its contribution is net negative.

The HF functional has zero contribution from eh-SIE because exact exchange yields
correct particle-hole attraction. Similarly, HFLYP has a near-zero contribution from eh-SIE
due to exact exchange, but it does not substantially improve upon HF in terms of orbital
relaxation. Otherwise, the lion’s share of error in most functionals comes from eh-SIE, with a
relatively consistent contribution from a lack of orbital relaxation. An interesting exception
to this rule is the SRC1 functional, which (owing to its parameterization for XAS) hosts a
nearly optimal degree of error cancellation between orbital relaxation error and eh-SIE at a
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Figure 5.4: Error contributions to standard TDA that are corrected in EA-TDA, averaged
over 65 K-edge transitions. The total (signed) error is taken to be the difference Err(TDA)−
Err(EA-TDA), which is equivalent to the sum of the bars.

respective ratio of 52 : 48. Other functionals that benefit from near-cancellation of errors are
those with a large fraction of global HF exchange such as B5050LYP and BHHLYP, which
explains their notably better performance in comparison to other functionals in the top panel
of Fig. 5.2. Overall, the largest contribution to the errors in TDA are from eh-SIE while
orbital relaxation plays a consistent, strong, but auxiliary role in defining the total error.

We repeated the statistical analysis in Fig. 5.2 for IO-TDA and standard TDA to find
the best functionals for each method. Our group has previously established SCAN as an
excellent functional for core-excitations with OO-DFT, so we forego further analysis here
[321, 397]. The method/functional combinations that yielded the lowest errors on this test
set were subjected to the more rigorous test of 132 experimental K-edge transitions of 46
molecules, ranging from 1–5 transitions per molecule. The results for IO-TDA were omitted
because the best functional for IO-TDA was HF, suggesting that DFT provides no benefit
to nonstationary TDA if eh-SIE is not properly taken into account. The results in Fig. 5.5
suggest that EA-TDA (RMSE = 0.5 eV) is almost as accurate as OO-DFT (RMSE = 0.4 eV)
across the board, outperforming the SRC1 functionals used with standard TDA (RMSE =
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Figure 5.5: Absolute error statistics for the best method/functional combinations against
132 experimental K-edge transitions. Results are broken down by Period alongside the full
data set. For TDA, SRC1-RX was used (where X = 1 or 2, depending on the period), rCAM-
B3LYP and SCAN were used for EA-TDA and OO-DFT, respectively. All calculations use
aug-pcseg-1 for H and Br and the doubly-augmented d-aug-pcX-2 basis otherwise.

1.3 eV) even though SRC1 was designed to accurately capture core-excitation energies.
EA-TDA also has excellent performance with respect to atomic size. While TDA and

OO-DFT results show a statistically significant increase in errors from Period 2 elements to
Period 3 (indicated by nonoverlapping notches in Fig. 5.5), EA-TDA results remain statis-
tically similar with an RMSE that is equivalent to that of OO-DFT (0.5 eV). Admittedly,
EA-TDA exhibits a slightly wider distribution of errors than OO-DFT, as shown by the
quartiles. Being that the entire spectrum is obtained with one single EA-TDA calcula-
tion whereas OO-DFT optimizes specific configurations, this level of comparability between
results is quite satisfactory.

The excellent comparability of EA-TDA and OO-DFT excitation energies begs the ques-
tion: do transition properties also behave similarly? To investigate this, the experimental
K-edge spectrum of ammonia is shown in Fig. 5.6 alongside calculated spectra using EA-TDA
and OO-DFT. For this system, OO-DFT predicts slightly better excitation energies, whereas
EA-TDA shows a slight (0.2 eV) blue shift. Insofar as transition strengths are concerned,
the first major peak in the OO-DFT spectrum (normalized intensity of 0.52) corresponds
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Figure 5.6: Ammonia K-edge X-ray absorption spectra for EA-TDA and OO-DFT juxta-
posed against experimental data from Ref. 463. The aug-pcX-2 and aug-pcseg-1 basis sets
were used for N and H, respectively.

to the 1s→3s transition, which is largely symmetry forbidden, leading to a small pre-edge
peak in the experiment. The amplification of this feature is an artifact of ROKS, which
allows strong singlet-triplet mixing when the initial and final states are isosymmetric [344,
464–467]. Interestingly, the errors do not seem to stem from nonorthogonality of the ROKS
states, as we account for residual nonorthogonality by subtracting the overlap-weighted nu-
clear dipole moment [460]. Instead, these errors may emerge as a direct consequence of
spurious spatial symmetry-breaking due to use of approximate functionals [468–470]. Spu-
riously large oscillator strengths occur frequently for 1s→3s transitions in ROKS spectra,
exerting a catastrophic impact on spectra containing truly dark 1s→3s transitions like the
one in trans-butadiene (Fig. 5.7). The EA-TDA spectrum is devoid of such spurious high-
intensity dark states and the overall qualitative nature of the spectrum is captured to high
fidelity in all cases.

5.5 Conclusions
Overall, we find that EA-TDA successfully ameliorates eh-SIE, providing sizable improve-
ments over TDDFT-based response theory, yielding core-excitation energies on par with
OO-DFT while avoiding the spurious high-intensity dark states that occur in the latter. We
anticipate that EA-TDA, with its low computational cost and high overall accuracy, will be
a tool of great importance in condensed-phase systems. Our group is currently assessing the
possibility of applying EA-TDA to liquid-phase XAS [459].
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Figure 5.7: trans-butadiene K-edge X-ray absorption spectra for EA-TDA and OO-DFT
juxtaposed against experimental data from Ref. 471. The third major peak (intensity of 0.6)
in the OO-DFT spectrum corresponds to an optically dark 1s→3s transition and is absent
in the EA-TDA spectrum. The aug-pcX-2 and aug-pcseg-1 basis sets were used for C and
H, respectively.

Supplementary Material
Supplementary information for this work can be accessed via Ref. 472. They include ad-
ditional derivations and plots, raw data and geometries of all species investigated in this
work.
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Chapter 6

Afterword

One never notices what has been done; one can only see what remains to be done.
Marie Curie

6.1 Overview of Published Works
This dissertation has attempted to discuss some of the modern aspects of electronic structure
theory. We have presented a brief foray into the main tools we have at our disposal to
solve both the non-relativistic electronic Hamiltonian, highlighting their advantages and
limitations. In Chapter 2, we shed light into the symmetry-breaking breaking problem in
HF theory from a fresh perspective. While it is usually discussed in the context of bond
stretching and dissociation events, we proposed that there is an analog to it when static
electric fields are applied to an atom, and that the choice of HF orbitals matters when trying
to describe strong-field ionization processes. Acknowledging the limitation of our “race-track"
of basis functions approach, we emphasize the need for better hybrid Gaussian-plane waves
basis sets and appropriate orbitals to model processes, both in the static and time-dependent
domains, involving ultra-strong electric fields.

Starting in Chapter 3, we turned our attention to analyzing the important aspects of
computational modeling of core-spectroscopy. There, we investigated the key ingredients
and approximations necessary to properly capture oscillator strengths and intensities in
the context of X-ray emission spectroscopy (XES). While the state-specific route offered by
OODFT seems appealing, the fact that each state has to be targeted individually complicates
matters. On the other hand, TDDFT is insufficient for certain systems. We tackled these two
issues by proposing a powerful, yet simple, metric that indicates where TDDFT might fail
and by developing the MBXES approach. In MBXES, only two state-specific calculations are
required (the ground-state and the core-ion state), and the intensities of the XES spectrum
can be calculated using these two sets of orbitals.

In XES we can recover information about the occupied energy levels of a system. A step
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further would be to investigate the electronic structure of the unoccupied levels, which can be
accomplished in X-ray absorption spectroscopy (XAS). This is the main motivation for the
tools we have developed in Chapters 4 and 5. In Chapter 4, we extended the applicability
of OODFT to heavier elements by incorporating scalar-relativistic effects through X2C.
Despite success in accurately describing excitation energies and spectral features of systems
containing elements of the second and third rows of the periodic table, X2C-OODFT starts
to run out of steam for the first row of transition metals. In Chapter 5, we proposed a new
framework within the linear-response approach to tackle XAS. Inspired by the findings in the
previous chapter, we devised a double response formalism that effectively creates particles
in the context of TDDFT. This method, dubbed EA-TDDFT, is as accurate as OODFT for
excitation energies of core-excited states, while having the advantage of providing all of the
excited states and the full spectrum in a single calculation. Instead of competing approaches,
OODFT and EA-TDDFT should be regarded as complementary tools for computational
XAS. They showcase the fertile ground that new developments in spectroscopy provides
to theoretical chemists. We emphasize that such synergy is of paramount importance to
advance science as a whole.

Finally, even though the previous chapters offer a summary of the main thrusts explored
in dissertation, we would like to highlight a few additional published works that encompass
important developments in modern quantum chemistry:

1. Arias-Martinez, J. E.; Cunha, L. A.; Oosterbaan, K. J.; Lee, J.; Head-Gordon, M.
“Accurate core excitation and ionization energies from a state-specific coupled-cluster
singles and doubles approach” Phys. Chem. Chem. Phys., 24, 10728–20741, 2022.

So far, we have explored computational core-spectroscopy through the lens of DFT.
However, as noted in Chapter 1, wavefunction formalisms are equally important to
modeling excited-states in general. Hence, we have developed a state-specific approach
based on coupled-cluster theory to model XAS.

2. Lee, J; Feng, X.; Cunha, L. A.; Gonthier, J. F.; Epifanovsky, E.; Head-Gordon, M.
“Approaching the basis set limit in Gaussian-orbital-based periodic calculations with
transferability: Performance of pure density functionals for simple semiconductors” J.
Chem. Phys., 155, 164102, 2021.

This dissertation has only discussed aspects of the electronic structure of molecu-
lar systems. While the condensed matter community has relied largely on simulations
using plane-waves, localized basis sets can offer certain advantages going beyond the
mean-field approach. Hence, we started developing a code that uses Gaussian-type
orbitals for extended systems, first analyzing the behavior of semiconductor gaps with
modern local and semi-local DFAs.

3. Rossomme, E.; Cunha, L. A.; Li, W.; Chen, K.; McIsaac, A. R.; Head-Gordon, T.;
Head-Gordon, M. “The Good, the Bad, and the Ugly: Pseudopotential Inconsistency

https://doi.org/10.1039/D2CP01998A 
https://doi.org/10.1039/D2CP01998A 
https://doi.org/10.1063/5.0069177
https://doi.org/10.1063/5.0069177
https://doi.org/10.1021/acs.jctc.3c00089
https://doi.org/10.1021/acs.jctc.3c00089
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Errors in Molecular Applications of Density Functional Theory” J. Chem. Theory
Comput., 19, 10, 2827-2841, 2023.

In Chapter 1, we discussed what we understand as the three pillars of modern quantum
chemistry. This dissertation has presented developments along the correlation and the
relativistic axes of Fig 1.3. However, designing better approximations to deal with the
basis set axis is necessary in an attempt to lower the computational cost of electronic
structure methods. Among them, pseudopotentials that replace certain electrons by an
effective potential in the Hamiltonian are widely used tools both in the molecular and
condensed matter communities. We have analyzed the accuracy and transferability of
pseudopotentials for different chemical processes.

6.2 Remaining Challenges
Our starting point in this journey was the Schrödinger equation and the Hamiltonian that
described the behavior of both nuclei and electrons. Exploring the separation of time-scales
between these two sets of particles allows us to focus solely on the electronic structure prob-
lem, either in its non-relativistic or relativistic form. We have discussed tools that are capable
of providing accurate energies and properties for ground-states and excited states involved
in a plethora of chemical processes, expanding our computational toolbox and allowing us
to comprehend nature all around us. Have we finally reached the point where Dirac’s quote
that opened this dissertation in Chapter 1 is no longer valid?

Once again, the perspectives of an optimistic aspiring quantum chemist prevail: there is
a lot more to explore! New theoretical models spring from novel experiments and vice-versa,
setting up the perfect cycle of discovery and innovation. It would be foolish to attempt to
provide an extensive list of the challenges yet to be solved in electronic structure or quantum
chemistry in general. Such a list is, fortunately, far too long already and, likely, will never
be comprehensive. We, however, highlight a few topics that we believe will receive growing
interest in the coming years:

1. Opening the quantum chemical toolbox to extended systems

As indicated previously, there are certain advantages of using localized basis sets
in quantum chemistry, even for systems that have been historically employed plane-
wave simulations, such as periodic systems. For instance, it is known that correlation
effects converge faster towards the complete basis limit when a localized basis is
employed [473]. Moreover, condensed matter physicists have been fascinated by the
emergence of new materials whose properties arise as a consequence, to some extent,
of correlation effects. For instance, it is argued that the mechanism of high tempera-
ture superconductivity in cuprates requires considering strong correlation effects [474],
which are beyond of the mean-field treatment in DFT, the workhorse for periodic sys-
tems. Quantum chemists have at their disposal a somewhat extensive toolbox to treat

https://doi.org/10.1021/acs.jctc.3c00089
https://doi.org/10.1021/acs.jctc.3c00089
https://doi.org/10.1021/acs.jctc.3c00089
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strong correlation [39, 40, 42, 50] (although there is always room for improvements
and new tools), hence we highlight that extending this machinery to extended system
could help interpret some of the arising new phenomena.

2. Expanding the Hamiltonian and multiscale modeling

Quantum chemists have long been interested in the behavior of electrons. Some
have dared to go beyond and also solved the nuclear Schrödinger equation, but few
have attempted to incorporate nuclear and electronic effects on equal footing [475,
476]. Even fewer have attempted to explore the consequences of including even more
particles, such as photons, in their Hamiltonian [477–479]. However, understanding the
behavior of electrons when coupled to nuclei and/or photons is of paramount impor-
tance to unravel new ways of controlling matter [480]. For instance, some mechanisms
of superconductivity are mediated through phonons, or lattice (nuclei) vibrations [481,
482]. We believe this sort of multiscale simulation, where electrons, nuclei and photons
are treated on equal footing, is one of the frontiers of quantum chemical development.

3. Combining different tools through embedding approaches

Finally, it is not enough to simply devise new computational tools. They need to
be applied to understand the properties of large systems and complex chemical and
physical processes. Including more physics in a model should not be a barrier towards
accomplishing this task. It is necessary to include these important physical effects
where they matter the most. For instance, it is argued that relativistic effects are rather
local, so schemes that explore this consequence have been proposed to efficiently model
spin-orbit coupling [130]. We believe embedding techniques [49, 483–485] could play an
important role in helping us finally solve the complex equations of molecular quantum
mechanics and understand nature around us.
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