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Abstract

Continuum solvent models have been widely used in biomolecular modeling applications.
Recently much attention has been given to inclusion of implicit membrane into existing continuum
Poisson-Boltzmann solvent models to extend their applications to membrane systems. Inclusion of
an implicit membrane complicates numerical solutions of the underlining Poisson-Boltzmann
equation due to the dielectric inhomogeneity on the boundary surfaces of a computation grid. This
can be alleviated by the use of the periodic boundary condition, a common practice in electrostatic
computations in particle simulations. The conjugate gradient and successive over-relaxation
methods are relatively straightforward to be adapted to periodic calculations, but their
convergence rates are quite low, limiting their applications to free energy simulations that require
a large number of conformations to be processed. To accelerate convergence, the Incomplete
Cholesky preconditioning and the geometric multi-grid methods have been extended to
incorporate periodicity for biomolecular applications. Impressive convergence behaviors were
found as in the previous applications of these numerical methods to tested biomolecules and
MMPBSA calculations.

Introduction

Electrostatic interactions play a major role in the function, structure, and dynamics of
biomolecular systems. Modeling of these interactions in an accurate and efficient manner is
thus of great importance and continues to be an active topic}~17. Most biomolecular systems
exist in an aqueous environment. The effect of this solvent environment upon a
biomolecular system must be accounted for when performing computation modeling and
simulation. Such effects can be treated explicitly — i.e. by modeling each individual solvent
molecule, or they may be treated implicitly — wherein solvent molecules are not included
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explicitly but instead are represented as a continuum. In the implicit treatment, the Poisson-
Boltzmann (PB) equation has been established as a fundamental equation for modeling of
continuum solvent electrostatic interactionsl =17,

The PB equation is a non-linear elliptical partial differential equation. Efficient and accurate
solution for complex systems such as biomolecules is not trivial. In general, closed form
solutions are not available and thus numerical methods are required. Incorporating the PB
equation in a typical molecular simulation, or even using it as a post processing method to
perform free energy and binding affinity calculations, involves computing solutions for
numerous conformations. Thus, solving the equation and interpolating or processing the
electrostatic energies, potential distributions, and so on must be accomplished very
efficiently for it to become a useful computational model. Analytic solution of the PB
equation is only attainable for systems with simple, highly symmetric geometry.
Biomolecular systems, however, often exhibit extremely complex geometries. Thus a
numerical solution is required. The finite difference method (FDM)18-28 js apparently the
most widely adopted method. The FDM is quite intuitive and straight-forward to construct.
Its computations proceed quite rapidly. FDM solvers for the PB equation have been
implemented in several programs, such as DelPhi18:20.26 UHBD19. 21 APBS?2:28 and in
related modules of Amber2”- 29 and CHARMM?Z2%: 25, The FDM proceeds by employing a
grid, most often uniform and rectangular, to discretize the equation, building up a set of
linear equations that may be solved by standard linear algebra methods. A description of the
molecular surface is first constructed and then from it, the dielectric constant is mapped onto
the grid. Classical FDM’s lead to highly efficient solvers, such as preconditioned conjugate
gradient or multi-grid algorithms, which have been developed to solve the

equation1® 27.30-33_Other numerical options include boundary element method
(BEM)34-47 and the finite-element method (FEM)#8-53, The BEM seeks to obtain a linear
system whose unknowns are either the induced surface charges34-37. 41, 42,44, 45 or the
normal components of the electric displacement38-40. 43. 46, 47 o the boundary, providing a
highly accurate description at the interface. The FEM#8-53 s based on the weak variational
formulation. The electrostatic potential to be solved is approximated by a superposition of a
set of basis functions.

In this study, we focus on the applicability of the PB equation to membrane bound systems,
which have recently received increasing attention in modeling and simulation studies.
Indeed, their roles as cell receptors and transmembrane channels make them good candidates
for drug targets. Since protein structure and function is extremely sensitive to the
surrounding environment, proper inclusion of a membrane is necessary to ensure accuracy
when membrane proteins are studied. Therefore application of rationale design
methodologies to membrane proteins requires properly modeled membrane environments.
The PB equation can be used to provide an implicit membrane model to study membrane
proteins. There has been a great deal of efforts to extend PB equation-based implicit solvent
models to include a membrane region. While much of this effort has been directed toward
adaptation of Generalized Born methodologies??: 21.22.23.24 there have also been notable
advances in implementing implicit membrane models under the full PB equation?>-27, The
inclusion of an implicit membrane region adds additional challenges and parameters to be
considered depending on the choice of solvation model/method. This study is limited to the
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widely used finite-different methods to applications in membrane bound systems. A
weighted harmonic averaging treatment was used for the dielectric constant at the solute-
solvent-membrane interface®®, which is essentially the first-order immerse interface
method®>: %6, This method was shown to converge quadratically as far as electrostatic
solvation energies are concerned. In particular, the focus here is on applications to systems
that must be modeled with periodic boundary conditions.

The use of periodic boundary conditions is a common practice in modeling and simulation
of molecular systems and has long been applied to electrostatic calculations methodologies
developed for systems with homogenous dielectric constants. One of the main advantages in
using periodic boundary conditions is alleviation of computational artifacts resulting from
edge effects. This turns out to be an idea setup to extend the PB solvers to the heterogeneous
membrane/water environments. Modeling of an implicit membrane under the PB equation is
typically accomplished by the inclusion of an additional dielectric region into the solvent
model>7-63, Edge effects become a pronounced concern under this model because the
dielectric interface extends infinitely along the membrane plane. Thus the coefficients of the
corresponding grid discretization are no longer uniform along the edges of the
computational grid, causing difficulties in setting the widely used free boundary condition.

Implementation of the periodic boundary condition under a conjugate gradient (CG) solver®4
is relatively straight forward when employing an unconditioned solver. Unfortunately, such
methods may require many iterations to convergel9 27, 30-33,64,65 preconditioning
treatments, such as the modified Incomplete Cholesky preconditionerl® 27. 30-33 ‘and multi-
grid based methods?2 65-67 can greatly enhance performancel® 30 65, Adapting the
preconditioner and multi-grid algorithms to allow periodic boundary conditions, however, is
apparently much less trivial.

In the case of the modified Incomplete Cholesky preconditioned CG method, the structure of
the preconditioner is dependent upon the band structure of the operator matrix being
conditioned. Unfortunately, systems with periodic boundary conditions require operator
matrices with an expanded band structure to account for interactions between opposing
boundaries. More specifically, there are two additional bands for each periodic dimension
(one in the upper triangular portion and one in the lower triangular portion). In the case of an
explicitly conditioned algorithm83, such changes must be reflected in the preconditioner
matrix as well since it is applied directly to both the operator matrix and the starting
conditions as well.

In the case of the geometric multi-grid method, implementation of periodic boundary
conditions requires updating the core restriction, relaxation, and prolongation operators.
Adaptation of the prolongation operator in particular requires special care since operator
based prolongation is required to preserve convergence when solving the PB equation due to
the presence of a spatially varying dielectric coefficient®: 68, Furthermore, care must be
taken to ensure consistency of the periodic boundary between the restriction, relaxation, and
prolongation operators.
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Methods

This paper documents the implementation of the order 1 modified Incomplete Cholesky
Conjugate Gradient (MICCG1 or ICCG)19: 27, 30-33, 65 anq geometric Multi-Grid

(MG)?22. 65-68 ynder the periodic boundary conditions as implemented in the Amber/PBSA
module, along with subsequent optimization. The new periodic solvers were then tested on
various systems to explore accuracy and efficiency, and also in a realistic MMPBSA
application to highlight the importance of modeling the heterogeneous membrane/water
environment in biological applications.

Finite Volume Discretization of the Poisson-Boltzmann Equation

In most implicit solvation methods, the electrostatic energy is modeled by the Poisson-
Boltzmann (PB) equation®: 3. 5-7. 9. 10,12, 14,69-72 1 jts most general form, this is given by

—2i¢
kT ) @

Vi[e(Vo)|=—dmp — 471'267121‘)\ exp(

This relates the electrical potential ¢ and dielectric constant  to the solute charge
distribution p and the charge distribution due to mobile solvated ions, as given by the
summation in the second term on the right hand side. Here ¢; is the bulk concentration of
solute ion i with effective z, k, and T are the Boltzmann constant and temperature, and A is
the Stern layer masking function which is 0 within the layer or 1 outside.

For sufficiently dilute ion concentrations, the second term on the right hand side may be
linearized to yield

c;z22 g

V([e(Vo)|=—4mp — 47rzi:—ka @)

Due to its complexity a numerical solution is most often needed whether the full or
linearized version is to be solved for anything but the simplest cases. Finite difference or
finite volume approaches are commonly used for this due to their speed and relatively
straight forward application®°.

As in a standard particle mesh setup?® 65 the first step is to overlay a regular rectangular
grid onto the system and then map the atomic point charges onto the grid using an
appropriate assignment function. Next the dielectric constant is assigned to edges connecting
each pair of neighboring grid nodes. The PB equation can then be discretized at each grid
node, yielding the following operator stencil

[(exld, 5, Klo[i+1, j, kl+eali — 1,5, koli — 1,5, k] +
ey, 5, Klpl4, j+1, Kl +ey[d, 5 — 1, k]@[4, 5 — 1,k]+
&[4, 5, Ko[é, J, k+1]+e: [0, 4, k = 1]o[4, 5, k — 1]) —
(eoli — 1,4, kl+eold, , k] +ey[i, 5 — 1, K]+

eyli, j,Kl+exli g,k — 1+esli, 5, K]) oli, 5, K])] +R2Ali, 5, K]w?i, j, k|= W
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Here &y, €y, and &, represent the dielectric constants for grid edges along the x, y, and z
L . . . f;2:477207;zi2/ka

directions respectively, h represents the grid spacing, and - .

The last detail to consider is the treatment of nodes at the edge of the computational grid,

since these nodes have no neighbors along at least one direction. This requires defining a set

of rules known as the boundary conditions. Implementations of boundary conditions depend

on the particular linear solver algorithms used to solve the system of linear equations.

Matrix Representation of the Discrete Operator

It is useful to first discuss the existing linear system solvers, developed previously for
isolated systems. Since all linear PB solvers are essentially solving a matrix vector equation,
it is worthwhile to cast the problem under the framework of a matrix vector equation

Ax=b 4

where A is a matrix representation of the PB operator stencil as defined in egn (3), x is the
desired potential solution, and b is the charge distribution of the solute. Since b is a vector
representation of the computational grid, matrix A requires a number of entries equal to the
square of the number of grid nodes. This quickly grows intractable as the size of the
computational grid increases. Fortunately, the matrix itself has a band-like structure that is
quite sparse. Further, it never needs to be constructed or stored explicitly in practice when
applying a solver.

For non-periodic solvers, the terms of the A matrix that connect nodes at the edge of the grid
to non-existent nodes were simply omitted. The most naive variant of this leads to the zero
(or conductor) boundary condition. This boundary condition models the computation grid as
being placed in an infinitely large metal box (with an infinitely high dielectric constant),
which is a reasonable approximation for aqueous solution given the relatively large
dielectric constant of water. A more realistic but also more time-consuming approach is the
free boundary condition, i.e., the computation grid is modeled as being isolated in infinitely
large dielectric medium, e.g. water.

The periodic boundary condition, on the other hand, essentially mimics an infinite periodic
lattice, wherein the computation grid is representative of the central cell. This is
accomplished by treating nodes on the edge of the computation grid as if they were adjacent
to corresponding nodes from the opposing grid edge or face, i.e.

¢[17ja k}:qb[z:m—i—l,j, k]

o[, 1, k|=0[i, ym+1,k] (5)

oli: 3, 1]=0l%, J, 2m+1]
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where Xm, Ym, Zm are the maximum grid point indices in the x, y, and z dimensions
respectively. For illustrative purposes, an operator matrix constructed for a 3x4x5 grid with
uniform dielectric constant of 1 is shown in Figure 1. Upon inspection, the additional band
structure required for periodic boundary conditions is clearly visible and these bands must
be properly taken care of so that the desired periodic boundary condition is enforced upon
the solution.

Treatment of Charged Solutes

Poisson Equation—As mentioned above, a system with the periodic boundary condition
effectively mimics the physical case of an infinite lattice, with the computational grid being
analogous to a central or unit cell of this lattice. For a system with non-zero net charge, a
uniform neutralizing plasma must be used, as is standard for electrostatic calculations
involving periodic ionic systems’3. This may be accomplished by subtracting the net charge
uniformly from all grid nodes before solving the linear systems.

The complication of the standard practice, in the case of periodic systems, is the unknown
constant potential offset that is introduced. It is well known that the Poisson equation allows
a family of solutions that only differ by a constant. When the boundary potentials are
specified, the constant can then be uniquely determined. Unfortunately this is not possible in
periodic systems. Thus the use of uniform plasma further complicates the issue of unknown
potential offset in the solution of periodic Poisson systems. In particular, this poses a
problem when attempting to obtain consistent results from different linear system solvers
since it is not guaranteed that different linear system solvers lead to the same constant
potential offset. Indeed our numerical tests show that different linear solvers do give
different potential offsets.

In order to obtain consistent results among different solvers, it is necessary to impose a
consistent potential offset to remove any possible difference caused by different numerical
solvers. This can be easily realized by subtracting the mean potential on all grid nodes.
Apparently the extra step incurs little additional CPU time and does not change any
derivatives of the potential distribution.

Poisson-Boltzmann Equation—Under physiological conditions, it is desirable to
include a description of salt or ionic strength in the implicit solvation models. Under the PB
framework, this is modeled by the addition of a second operator term that is itself a function
of the electrostatic potential. This paper examines only the case where the term may be
approximated by a linear function, such as the case with solutions containing relatively
dilute (on the order of a few hundred mM) ionic concentrations in the weak electrostatic
field.

Physically the salt term acts as an additional charge term that in principle provides a means
to neutralize the system. This turns out to be the case because the PB equation is satisfied
when the system electrostatic free energy is at its minimum’. It is apparent that the charge
of the unit cell must be neutral for the free energy to be at its minimum at all since either
positive or negative net charge leads to a diverging and positive free energy for the infinite
periodic lattice. Note too that there is sufficient freedom to set the amount of charge by the

J Chem Inf Model. Author manuscript; available in PMC 2016 January 20.
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salt term since we have an open system. Therefore a PB solver effectively looks for a
solution that neutralizes the charge of the unit cell. Our numerical experiment shows that
indeed this is the case for a large test set of nucleic acids of very different net charges as
shown in Results and Discussion. There is, however, a final detail to consider. In cases
where the ionic strength is very low, the PB operator approaches the Poisson operator.
While such cases remain well posed, it is possible that some numerical solvers may
experience difficulties. Testing was therefore run to examine the numerical stability of all
implemented periodic linear solvers over a range of salt concentrations as presented in
Results and Discussion.

Next, it is also worthwhile to point out that it is not necessary to reset the potential offset
either, because the constant potential is no longer a solution of the PB equation due to the
existence of the potential-dependent salt term. Thus the requirement of minimum
electrostatic free energy with the periodic boundary condition leads to the charge neutrality
condition as discussed above. The charge neutrality condition in turn provides a means to
uniquely determine the solution of the PB equation’. Our numerical tests show that
subtraction of the mean potential from each grid nodes does not change the electrostatic free
energies for the tested nucleic acids when a non-zero ionic strength term is used.

Adaptation of Conjugate Gradient Type Solvers to Periodic Boundary Condition

The CG method is an iterative method for numerical solution of a matrix vector problem.
CG attempts to effectively expand the solution in terms of mutually orthogonal components.
At each step the solution vector is updated by adding to it, a vector orthogonal to the current
solution vector, as shown in the following pseudo code

ro=b-Axgy
Po=To
while(unconverged)

rkT_rk

 plApe

g

Tp1=L gDk

Tk+1=Tk — APk (6)

if (Irg11/ || <tol) — >return(ris1)

T
_ TR
/Bk_ T

’f’k Tk
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Prt1=Tk+1+0BPk

k=k+1

end while

Updating CG for periodic boundary conditions primarily involves implementing periodicity
(via an indexing array) when applying the matrix vector multiplication (Apg). As noted
earlier, this is equivalent to adding a set of additional bands to the A matrix. While these
additional bands in the A matrix pose little problem for the unconditioned CG algorithm, the
more efficient modified Incomplete Cholesky (MIC) preconditioner5® that was formulated
for non-periodic systems must be reformulated in order to incorporate periodicity.

When a preconditioner is used, the additional bands due to periodicity must be integrated
into the preconditioning matrix as well. To do this we begin with the MIC preconditioner
currently for non-periodic systems as detailed by Wang and Luo%°

M TAM H(Mx)=M"'b (1)

M=(D+L)D ' (D+LT) (@

where M is the preconditioning matrix, Disa positive diagonal matrix derived from the
diagonal of A, and L is the lower triangular portion of A with diagonal excluded. The values
in D are computed as

d; =0 ;= Agi-Ax(CGi—Agi— Az TG Az i AyFAU_Ag i AyFCi—Azi-Az)dioAz

- ai—Ay,i—Ay(aai—Ay,i—Aac+ai—Ay7i—Ay+aai—Ay,i—Az) i—Ay 9

.d.
— O Az i A QO A i AN i Ay A A ¢ di_a-
This is equivalent to equation 11 in Wang and Luo®® but with a slight notation change. Here
i represents the 1-d sequential index of an arbitrary grid point. The off-diagonal entries along
each row, therefore, correspond to the adjacent grid nodes along the X, y, or z direction. The
values of Ax, Ay, and Az represent the shifts in 1-d sequential indexing that correspond to 1
unit shifts along the x, y, and z dimensions, respectively. They can be derived as follows.
The 1-d sequential grid index, i, corresponding to a 3-d spatial grid index [x,y,zZ] may be
calculated as

i[x?ya Z]:w—"(y - 1) : an—'—(Z - 1) *Tm  Ym (10)

Thus the needed shifts can be computed as

Az=1
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Ay=z;,  (11)
Az=2p, - Ym

Note also that the matrix described here by equation (9) represents a lower triangular matrix.
Due to the symmetry of the A matrix, only the lower triangular portion needs to be
considered in constructing d. The upper triangular portion is simply its transpose.

In this notation, inclusion of the additional bands due to periodicity becomes relatively
straightforward. Each additional band in A corresponds to a “wrapping” from one edge of
the computational grid to the opposite side. Since we are concerned only with bands
occurring in columns prior to a given matrix diagonal entry, only those bands corresponding
to wrapping from the last node in a dimension to the first node along the same dimension are
added. Updated equation (9) then yields
dNi_1:ai,j — @i Ag A (G Az - ArF OO A Ay T Az oA
+00; Ay jowr OO Az oy T AU Az —wz) - di As
— i Ay j—Ay(QQi_ Ay - Az Ay - AyTOC Ay A
0 Ay e QU Ay oy O Ay ) - dvifAy
— i Az jo A0 Ay AT QA Ay T i Az A
T A e O A oy TG A ) ¢ di_a, 12)
= 8wz, j—we(OC e j— AxTOU g j— Ay TQC iz A
F0i—wz j—wr AUz j—wy T Uiz j—wz) - di—wz
= Gimwy,j—wy( Qi —wy,j— AeT Ay, j— Ay TGy j—Az
Oy et Biwy,j—wyF OB wyj-wz)  Diwy
= @iz jwz (AU j Ay Ay FOC s i A

+aai—wz,j—w$+aai—wz,j—wy+aai—wz7j—wz) . di—wz

where wx, wy, and wz are the shifts in 1-d sequential indexing that correspond to wrapping
from x=xm to x=1, y=ym to y=1, and z=z, to z=1 respectively. Computation of wx, wy, and
wz will be discussed shortly.

Implementation of the newly developed preconditioning algorithm poses one further
complication. The preconditioner developed for non-periodic systems used padded arrays to
store the coefficient matrices required. This was done to permit the use of a single inner loop
over all entries of each array rather than using a separate loop to iterate over each spatial
dimension. This setup then facilitated the CPU pipeline optimization. This previous
approach requires extending the size of each array by an amount proportional to roughly
twice the number of elements on the grid’s z faces, which corresponds to the largest 1-d
sequential shift needed to describe shifting along the various 3-d grid dimensions.

J Chem Inf Model. Author manuscript; available in PMC 2016 January 20.
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In the case of a periodic system, however, grids along the z= 1 boundary must access grids
at the z= z,, boundary. To determine how much padding is needed, the 1-d sequential shifts
wx, wy, and wz are derived as follows

ilz,y, 2]=2+2m (Y — 1+ym(z — 1))
i1y, 2=142m(y — I4ym(z — 1))
ilzm, Y, 2|=Tm+Tm(y — 1+ym(z — 1))
ilz, 1, 2|=24+2m (ym(z — 1))
12, Ym, L=+ 2 (Y, — 1)
iz, y, l|=z+zm(y — 1)
i, Y, 2m|=24Tm(y — 14Ym(2m — 1))
tlzm+1,y, 2]=t[1,y, 2] ilem+1,y, 2|=t[zym — (2m — 1), y, 2]=[2m, Y, 2] — (zm — 1)
i1— 1,9, 2=i[zm,y, 2]~ A[1— Ly, 2=i[1+(@m — 1)y, 2]=i[1,y, 2]+ (@m — 1)

WE=2x,, — 1

i[x7ym+1a Z]:i[xa 1,2] = i[xvym - (ym - 1)7 Z]:i[xayma Z] - xm(ym - 1)
i[z,1 — 1, z]=i[z, Ym, 2] iz, 14+ (ym — 1), 2]=t[z, 1, 2]+ 2 (ym — 1)

i[raya Zm+1]:7‘[1‘7y7 ]-] = i[zayazm+1]:i[ray7 Zm — (Zm - 1)]21[55731, Zm] - Imym(zm - 1)

ilz,y,1 — 1]=i[z,y, 2m] ilz,y, 1 — 1=i[z,y, 1+ (zrm — D]=i[z,y, ]|+ ZmYm(zm — 1)
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WZ=TmYm2Zm — TmYm

Thus the number of padding elements required is equal to twice Xym(zn—1). Unfortunately,
this would nearly triple the amount of storage space required. Thus three-dimensional array
was used instead.

To preserve the previous single loop structure, an indexing array was introduced to map the
one-dimensional indices into the corresponding three-dimensional indices. The extra two-
grid points worth of padding along each dimensions would handle the needed wrapping.

Adaptation of Successive Over Relaxation to Periodic Boundary Condition

Successive Over Relaxation (SOR) is another method of iteratively solving a system of
linear algebraic equations. It bears a striking resemblance to the Jacobi method (or the
damped variant thereof), but seems to provide better convergence properties. In terms of the
matrix vector formulation, the damped Jacobi (or SOR) may be expressed as

I(k+1):(1 - w)z(k)—l—wD_l(b — Rm(k)) (14)

where Kk is the kth iteration, o is a damping coefficient, D is the diagonal of A, and R is (A-
D). The primary difference in terms of implementation is that Jacobi may be performed out
of place while SOR and Gauss-Siedel are performed in place. A discussion of the
convergence properties of Jacobi iteration (which extends to SOR) can be found in the
textbook by Hackbusch®. One is also much more restricted in choice of damping coefficient
when using Jacobi, which requires a coefficient of less than unity, whereas SOR requires a
coefficient under 2. Thus SOR may employ coefficients between values of 1 and 2, allowing
for more rapid convergence. Although convergence is not necessarily guaranteed for either
method when considering a general matrix, it can be shown that convergence is guaranteed
for symmetric positive-definite matrices, such as those which arise from a finite-difference
or finite-volume discretization of the linearized PB equation.

Like the unconditioned CG method, however, SOR still converges very slowly compared to
conditioned or multigrid methods. However, as noted in the text by Hackbusch’®, an
analysis of the convergence properties with respect to the spectral content of the residual
shows that the Jacobi method (and SOR and Gauss-Seidel methods as well) is able to
attenuate the short wavenumber components of the residual very rapidly and that the poor
convergence is due to the long wavenumber components for which the Jacobi method
converges very slowly. Thus, Jacobi (or SOR) may be conceived as a “smoother” of the
residual for multigrid solvers’®.

Adaptation of single grid SOR to periodic boundary conditions is relatively straightforward.
Similar to CG, the primary difference between implementation of periodic boundary
conditions versus fixed potential boundary conditions lies in the presence of additional band
structure in the operator matrix, A. As noted above, these additional bands can be
implemented by making use of an indexing array (instead of padding working arrays as in
conductor or free boundary conditions).

J Chem Inf Model. Author manuscript; available in PMC 2016 January 20.
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Like unconditioned CG, SOR (and Jacobi) often require a very large number of iterations,
and correspondingly, very slow to converge when compared with more advanced methods,
as is shown in Results and Discussion. Thus SOR is best utilized as a smoother in the multi-
grid methods as discussed below.

Adaptation of Geometric Multigrid to Periodic Boundary Condition

The final solver method to consider is the geometric multi-grid solver. In this study, focus is
limited to the geometric multigrid approaches as the infrastructure is already in place in
Amber/PBSA as documented by Wang and Luo8, but other multi-grid variants such as
algebraic multigrid®®, and more recently, combinatorial multigrid’6-78 or Lean algebraic
multigrid’® may also provide viable options.

Geometric MG functions by generating a hierarchy of successively sparser grids. In the
current implementation, a four level V-cycle scheme, grid spacing is doubled at each
successive level, and a total of four levels are used. Thus, the coarsest grid is smaller by a
factor 512 when compared with the finest grid. See the paper by Wang and Luo®® for an in-
depth discussion of the original formulation of the geometric multi-grid method and other
linear solvers, geared toward non-periodic systems. There are three operations that must be
performed at each level during the course of a single cycle: restriction (projecting the
residual of the current grid onto the next coarser grid), relaxation (smoothing of the residual
of the current grid), and prolongation (projection of the current grid onto the next finer grid).

The restriction operation, which interpolates values from a finer grid onto the next coarser
grid, is carried out as a tri-linear interpolation using three-dimensional indexing. Adaptation
of this operator for use with periodic boundary conditions simply requires use of modular
arithmetic when computing shifts. In addition, restriction of the A matrix must be applied in
a periodic fashion at the boundaries. Again, the existing infrastructure is easily adapted by
utilization of modular arithmetic.

The relaxation operation is carried out as several iterations of an appropriate iterative
method, in this case, the Gauss-Siedel method, which is equivalent to a special case of SOR
with a relaxation coefficient of unity. As mentioned in the earlier paper by Wang and Luo%°,
SOR does a poor job at maintaining solution smoothness and would disrupt convergence.
Thus Gauss-Siedel is used to smooth between prolongation and restriction and SOR is used
only as a direct solver for the coarsest level. Extension of the matrix operator to allow
periodic boundary conditions can be accomplished via an indexing array, and a separate
indexing array must be generated for each level of the multi-grid hierarchy.

The prolongation is the most complicated operation. In cases where the coefficients of the
underlying partial differential equation are either spatially uniform (or at least vary smoothly
and do not deviate by an order of magnitude or more), tri-linear interpolation would
suffice8”. Unfortunately, unless solving a vacuum or uniform dielectric system, this is not
the case. Thus, a more complex prolongation operator is required. This is because the
spectral content of the solution on a fine grid exhibits contents of high wave numbers. They
cannot be expressed on a coarser grid. Consequently a linear interpolation of a coarse grid
solution onto the fine grid introduces an artificial smoothing of the solution that in turn
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greatly disrupts convergence properties. This can be handled by using an operator-based
prolongation8”. The method was previously implemented®® using the one-dimensional array
indexing. Adapting the algorithm for use with three-dimensional indexing grid is apparently
non-trivial, so that a padding/virtual grid approach is utilized. In this case, the current coarse
grid is padded on each side. The corresponding periodic images are projected onto the
padded edges. This padded grid can then be fed into the existing prolongation algorithm and
treated as if it is a non-periodic system.

MMPBSA Calculations

As reviewed one of the major applications of numerical PB solvers is in the prediction of
protein-ligand binding affinities. Currently, the Amber suite provides the MMPBSA module
that automates the computation of binding affinity from a molecular dynamics trajectory.
Addition of the heterogeneous membrane/water model in the numerical PB solvers clearly
facilitates extension of this widely used method to membrane-bound receptors. The benefit
of modeling the membrane implicitly for MMPBSA calculation was demonstrated here with
recently published crystal structures and binding affinities for the P2Y12 human platelet
receptor8. The study analyzed the protein in complex with three different ligands.
Additionally binding affinities for the D294N mutant in complex with the same three ligands
were also provided. This makes P2Y12R an interesting initial candidate to demonstrate the
effect of the membrane via the implicit PB solvent model.

To prepare for the MMPBSA calculation, all-atom simulations of the P2Y12R receptor-
ligand structures, both the wild type and mutant, were first conducted with the Lipid14 force
field8! following the protocol in Ref.82. The membrane protein system was constructed
using the web-based CHARMM membrane builder GUI83. The MODELER program8 was
used to generate structures of missing loops. Once molecular dynamics trajectories of the six
complexes were attained, the MMPBSA method was employed, by hand, to process 100
frames (1 ns) of each complex trajectory. The relative binding free energies between all
pairwise systems (AAG) were then computed and compared with the measured values as
discussed in Results and Discussion.

Computational Details

The periodic linear PB solvers were implemented under the PBSA module of the 2015
release of AmberTools®>. Both a protein test set8® and a nucleic acid test set®8 were utilized
to validate the implementations. Charges and modified bond radii were assigned according
to the Cornell et. al.87 force field. The fill ratio, defined as the grid dimension (A) over the
solute bounding box (A), was set to a value of 1.25 so that the linear systems are small
enough for the slower solvers to converge within reasonable CPU times. In addition, all
periodic solvers were tested with grid dimensions in the multiples of 16 as for the geometric
multi-grid solver for easy comparison. Grid spacing was set at 0.5 A. The convergence
criterion was set as 1073, i.e., ||Ax - b||/||b||<1073. Water dielectric was set to a value of 80
and vacuum dielectric was set to 1 if not specified otherwise. The dielectric constants along
solute boundary interpolated via weighted harmonic averaging®*. For SOR, the relaxation
coefficient was set to 1.95. For ICCG, the relaxation coefficient was first optimized over a
range of values from —1 to 1 using a short peptide as a test system. The possibility of non-
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equal coefficients for periodic and non-periodic relaxation coefficients for the
preconditioner was investigated as well.

Results and Discussion

Validation of Periodic Numerical Solvers

The electrostatic energy of periodic and non-periodic systems should converge to the same
value as the size of the system or central cell is extended toward infinity provided that the
system is neutral in charge. This provides a means of validating the various periodic solvers
by comparing the energies with those attained by the non-periodic solvers, which are known
to function properly. Similarly, the deviation between the energies predicted should reduce
as the distance between the boundary of the grid and the boundary of the solute is increased.

The periodic CG (PCG) solver was first evaluated with three simple model systems, each
consisting of a low dielectric spherical cavity of 2 Angstrom imbedded with a dipole,
quadrapole, or octapole, respectively. Testing was performed using the PBSA

program®# 65. 86 of the Amber simulation package®® to verify proper convergence of
energies by the periodic and conductor boundary conditions to those by the free boundary
condition as the dimensions of the box is increased. The fill ratio of the solute dimension
over the finite-difference grid dimension as defined by Wang and Luo®® was used to control
the grid dimension. The relative deviation between the periodic and free boundary
conditions and the conductor and free boundary conditions were then plotted as a function of
fill ratio on a log-log scale. The results are shown in Figure 2. Inspection of the plot shows
that the difference in computed electrostatic energies converges rapidly to zero as the fill
ratio is increased. Specifically, the differences are in the order of 107 in the tested solvated
cases when the commonly used fill ratio of 2 is used, indicating highly consistent energy
calculations. The difference comes down slower in vacuum cases as expected due to the lack
of solvent screening. This is also consistent with previous observations when comparing the
vacuum electrostatic energies computed with the periodic CG solver and those with FFT or
PME methods in the Amber simulation package®8: 89,

To validate the other periodic solvers, i.e. periodic SOR (PSOR), periodic incomplete
cholesky conditioned conjugate gradient (PICCG), and periodic geometric multigrid (PMG),
electrostatic energies for peptides and proteins of sizes ranging between ten and three
hundred residues were computed and compared with the electrostatic energies with the PCG
method. The grid dimensions and origins were chosen to be exactly the same across all
tested solvers for each molecule to remove the discretization discrepancy. Implicit water
solvation was implemented by setting the exterior dielectric constant to 80 and the interior
dielectric constant to 2. The relative deviations between tested solvers and the CG solver
were plotted as a function of the grid volume as shown in Figure 3. The comparison was
conducted for all three commonly used boundary conditions, i.e. free, periodic, and
conductor, respectively. Overall, relative deviations less than the convergence criterion used,
i.e. 1 ppm, were observed for all three testing conditions of all tested solvers.
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Optimization of Conditioning Coefficients for ICCG

The PICCG solver may be optimized by adjusting the relaxation coefficient for the
preconditioner. This coefficient is applied to the terms of each band in the algorithm’s
operator matrix during construction of the preconditioner. In the case of non-periodic
systems, most of these bands contain roughly equal numbers of elements. In the case of
periodic systems, additional bands in the operator matrix are present due to periodic
wrapping that occurs on the faces of the computation grid. These bands tend to have far
fewer elements than the bands associated with connectivity of interior grid nodes. It is
therefore unclear as to whether or not the same conditioning coefficient can be used to retain
the high performance of the preconditioner.

To ensure optimal parameterization of the preconditioner, a series of tests were set up to
examine the number of iterations required for convergence relative to choice of periodic and
non-periodic relaxation coefficients. This series was constructed over a range of scaling
coefficients ranging from positive to negative .975 in increments of .025 using a model of
the c-terminal transmembrane helix of aquaporin (pdb ID: 1IH5). The results of this
parameter scanning are shown as a contour plot in Figure 4. Examination of the plot clearly
shows that the optimal values for both periodic and non-periodic relaxation coefficients lie
in a single basin with values nearby .90. Although further testing may be required to
investigate possible dependence of optimal values upon system specific factors such as grid
size, net charge, etc. The initial screening indicates that the same optimal value can be used
for both periodic and non-periodic coefficients and is consistent with the previously reported
value for the non-periodic coefficient that was optimized with different molecules?’.

Efficiency Analysis of Numerical Solvers

In order to investigate the efficiency of the various linear solvers under different boundary
conditions, additional timing analyses were conducted for the same set of computations used
in the validation above. It was observed in the paper by Wang and Luo®® that a major
portion of the time used when applying the non-periodic solver is spent in computing the
necessary virtual charges to be applied along the grid boundary surfaces, as is needed when
setting up the free boundary condition. Thus two timing metrics were examined. First, the
times used by the linear solver were recorded with the boundary condition setup time
excluded. Second, the total times from start to finish were recorded. The total number of
iterations required by the solvers was the first metric used to compare the effectiveness of
the conditioning used, given different boundary conditions. The number of iterations
required for convergence for conditioned and unconditioned periodic and non-periodic
algorithms are shown in Figure 5. Inspection of Figure 5 clearly shows that both periodic
and non-periodic conditioned solvers require on the order of ten to twenty times fewer
iterations than their unconditioned counterparts. It can also be seen that the non-periodic
solvers perform slightly more efficiently than the periodic solvers in terms of number of
iterations required to converge. Worth noting is the scaling of the MG solver regardless of
the boundary conditions used, which is essentially flat with respect to the system dimension
(grid volumes).
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The analysis presented in Figure 5 does not, however, consider the fact that a larger grid
volume takes more time at each iteration step. Thus we further analyzed the total CPU time
used by the linear solvers to reach convergence for the same tested systems. Figure 6
illustrates relative efficiencies in terms of solver CPU times for all tested solvers at tested
boundary conditions. From the plots on the left-hand side, it can clearly be seen that the
periodic solvers are less efficient than the corresponding non-periodic solvers. The reduced
efficiency is expected, however, since the periodic solvers’ operator matrices include
roughly twice as many bands as the equivalent non-periodic solvers due to the inclusion of
extra terms required to implement periodic boundaries.

Despite the reduction in efficiency of the solver algorithm itself, the periodic solvers are
actually faster than the non-periodic solvers when the free boundary condition is used, as
shown in Figure 7, which plots total computation time v.s. grid size. This is evident from the
plot on the left-hand side. As noted previously, this is due to the cost to compute the virtual
charges needed to implement the free boundary condition. Indeed, the fraction of solver time
over total computation time goes down when the grid volume is increased as shown in
Figure 8. This effect is more pronounced for the more efficient solvers.

Numerical Stability in Simulations of Charged Solutes

As was noted in the discussion of charged solutes in Methods, the addition of the linear term
used to model ionic strength alleviates the need to pre-neutralize a PB solution systems as is
necessary when solving the Poisson equation. This is demonstrated using a large test set of
biomolecules with net charges of hundreds of electron charges under the physiological
condition of 150mM. Figure 9 plots the unsigned relative deviations (with respect to the
solute net charges) from the charge neutrality condition versus solute net charges. It is clear
that the error in enforcing the charge neutrality condition is about ~10°, or roughly a factor
of 10 larger than the convergence criterion, 1 ppm, used in the iteration.

Lastly, Figure 10 illustrates the numerical performance of all four periodic solvers with
respect to the ionic strength ranging 25 to 1000 mM using a small charged molecule —
dimethyl phosphate. Worth pointing out is that all solvers can achieve convergence and their
electrostatic energies are all consistent with each other at all tested conditions. However the
SOR performance degrades extremely rapidly when the ionic strength approaches zero.
Performance degradation is not very apparent in the unconditioned PCG, and the best
behaving periodic solvers are PICCG and PMG in this test case.

Effect of Implicit Membrane in MMPBSA Analysis of P2Y12R

To demonstrate the effectiveness of the heterogeneous membrane/water model, the same
MMPBSA calculation was run using both the membrane/water model and the homogeneous
water model under both free and periodic boundary conditions. The correlation between the
experimental AAG’s and each of the three different sets of computational AAG’s was
analyzed. In each case only the boundary condition and solvent setup (homogenous water or
membrane/water) were changed. Here the membrane was modeled as a 40-Angstrom slab of
dielectric constant of 1.0. The dielectric constant of the protein region was set to 4.0 to
accommodate the high net charges of the systems. The PMG solver was set as the default for
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membrane applications. All other parameters were left at default values, including the
nonpolar solvent treatment®? in the MMPBSA protocol.

The results of the binding free energy calculation are shown in Figure 11. Upon inspection,
it is clear that the heterogeneous membrane/water model leads to a marked improvement in
the correlation between computed and measured AAG’s. The homogenous water model
yields poor correlations whether the free boundary or periodic boundary was used. Thus the
different correlation is not due to the periodic boundary condition that must be used in the
heterogeneous membrane/water model. Of course the deviations from experimental values
are still quite large, as is the case for most MMPBSA calculations, at least with the single-
trajectory approach that is often applied in the literature.

Given that the focus of the current study are on the development of efficient numerical PB
solvers for MMPBSA calculations; it is informative to look into the timing data of the
MMPBSA calculation when existing and newly developed solvers are used. Here, the PBSA
jobs were rerun for one snapshot of the ligand-protein complex (with periodic boundaries
and implicit membrane model) using PICCG and PCG solvers in addition to the PMG solver
used in the above analysis. The CPU times were 139.04s, 55.12s, and 25.00s for the three
MMPBSA jobs with PCG, PICCG, and PMG solvers, respectively. Given that typically
hundreds of snapshots were processed for typical MMPBSA calculations, the efficiency gain
of the new solvers is noticeable, especially when the PMG solver is used.

Conclusions and Future Directions

The linear solvers currently available in the PBSA module of the Amber package, including
SOR, modified ICCG, and geometric MG, were extended to include periodic boundary
conditions. Accuracy testing, conducted using the previously developed and verified
unconditioned CG solver indicated that all solvers are capable of achieving convergence and
produce consistent electrostatic energies within the specified convergence criterion.
Thorough efficiency testing was performed to investigate solution time scaling with respect
to system sizes. As in the previous work by Wang and Luo8®, MG and ICCG exhibit
superior performance when compared with SOR and unconditioned CG. Interestingly while
ICCG was shown, on average, to be the most efficient algorithm when applied to small to
medium sized systems, scaling projections seem to indicate that MG would eventually
outperform ICCG when applied to sufficiently large systems.

The results of the solver timing analysis have shown that, for large systems, the fraction of
time spent on the linear solver portion of the computation comprised successively smaller
portions of the total time. This is an indication that future work should include optimization
of the other computationally intensive tasks required by PBSA, such as computation of the
molecular surface and assignment of virtual charges. Since many of these tasks are
amenable to parallelization, it may be beneficial to focus upon parallel implementations.
Directions for future work may include adaptation to MPI, or Open-MP frameworks or to
development of code suitable for use with GPU that can greatly accelerate computational
time for highly parallel tasks.
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As mentioned in the introduction, a primary motivation for adaptation of current linear PB
solvers as previously investigated by Wang and Luo® to include periodic boundary
conditions is to facilitate the use of heterogeneous membrane/water models for MMPBSA
calculations within the current PBSA framework?2% 89 91 previous work has already been
published, providing the details for adapting the current level-set molecular surface®! and
formulation to allow inclusion of a planar membrane region and even inclusion of a
cylindrical pore-like region in the case of channel or gating proteins®. However, application
of such methods requires use of periodic boundary conditions in order to mitigate the edge
effects introduced by the presence of non-uniform dielectric mapping along the grid
boundary. Although the unconditioned CG method, developed previously, provides a means
of performing such computations, its relatively poor convergence properties limit its
practical applications. Adaptation of the accelerated MG and ICCG linear solvers, as
detailed here, should allow for competitive applications of the new membrane/water model.

While the tested P2Y12R membrane system is by no means a fully representative example,
it nevertheless provides a good platform to demonstrate the utility of the heterogeneous
membrane/water model for MMPBSA calculations. Potential avenues for further
development includes the incorporation of implicit membrane in the classical solvent
excluded molecular surface for the PB surface definition, a potential update of the solvent
accessible volume/surface area based non-polar computation® for ligand binding that is
within the membrane region, and implementation of the membrane/water model under the
existing MM-PBSA protocol®? for fully automatic applications in binding free energy
computations to the end users. Apparently more detailed analysis on the influence of various
computational setups and parameters for the P2Y12R system is also needed for thorough
assessment of the new MMPBSA protocol and is left as a future development.
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Left: Hlustration of the band structure for the finite-difference discretization of the Laplacian

operator under periodic boundary conditions. Right: Illustration o

f the band structure for the

finite-difference discretization of the Laplacian operator under fixed potential boundary

conditions.
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Figure 2. Differences between Electrostatic Energies by Different Boundary Conditions vs Fill
Ratios

Illustration of the grid-dimension dependence in deviations of electrostatic energies between
the periodic/conductor boundary condition and the free boundary condition in vacuum
(upper) and in water (lower) for three model systems: low dielectric spherical cavities with a
radius of Angstrom imbedded with a dipole, quadrapole, or octapole, respectively. The
dipole consists of unit positive and negative charges located at positive and negative .5 A
from the cavity center along the x axis. The quadrapole consists of four unit positive and
negative charges located at the vertices of a unit square in the x—y plane and centered at the
cavity center. The octapole consists of eight unit positive and negative charges located at the
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vertices of a unit cube centered at the cavity center. The program reports the sum of the
Coulomb and reaction field energies as a single electrostatic energy.
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Figure 3. Differences between Electrostatic Energies by Different Solvers vs Grid Volumes
Log-Log plots of differences in electrostatic energies by PICCG (top), PMG (middle), and

PSOR (bottom) with respect to PCG versus computation grid volumes for the protein test
set.
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Figure 4. Optimization of Scaling Coefficients for PICCG
Contour plot of the number of iterations required for convergence of the PICCG method on

a small model peptide system as a function of the scaling coefficients for periodic and non-
periodic bands.
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Figure 5. Solver Iteration Scaling: Log Iteration Required vs Log Grid Volume
Log-log plots of iteration steps required to reach convergence versus total number of grid

points (grid volume). In the case of the PMG method, “effective” iteration steps are used.
This is computed as the sum of iteration steps at each grid level divided by the scaling factor
of that grid level relative to the finest grid level, e.g. factors of 1, 8, 64, and 512,
respectively. Top Left: PICCG, Top Right: PCG, Bottom Left: 4 Level V-Cycle PMG with
SOR/Gauss-Siedel Relaxation, Bottom Right: PSOR.
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Figure 6. Solver Time Scaling: Log Solver Time Required vs Log Grid Volume
Log-log plots of the solver computation time versus total number of grid points (grid

volume). The solver computation time excludes other time such as boundary potential setup,
energy calculation, and molecular surface generation.
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Figure 7. Total PB Time Scaling: Log Computation Time vs Log Grid Volume
Log-log plots of the total computation time required versus total number of grid points (grid

volume). The total computation time includes all time needed for the PB calculations to
finish normally, such as boundary potential setup, energy calculation, and molecular surface
generation.
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Figure 8. Fractional Solver Time Scaling: Log Relative Solver Time vs Log Grid Volume
Log-log plots of the fractional solver computation time versus total number of grid points

(grid volume). The fractional solver computation time is with respect to the total
computation time.
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Figure 9. Charge Neutrality Achieved: Log Unsigned Relative Net Charge vs Log Absolute Net
Solute Charge

Log-log plot of the unsigned relative net charge of the combined solute and mobile ion
charge distributions versus the net solute charge for various nucleic acid systems under
periodic boundary conditions. The relative net charge is computed with respect to the
absolute solute net charge.
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Figure 10. Dependence of Solver Performance upon lonic Strength: Log Solver Time vs Log

ionic strength approaches zero.
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Figure 11. Effect of Implicit Solvent Modeling on Binding Affinity Calculation for P2Y12R
Correlation plots of computed and measured relative binding free energies (AAG) for

P2Y12R complexes.
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