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Abstract

Homological mirror symmetry for open Riemann surfaces from pair-of-pants decompositions
by
Heather Ming Lee
Doctor of Philosophy in Mathematics
University of California, Berkeley

Professor Denis Auroux, Chair

Given a punctured Riemann surface with a pair-of-pants decomposition, we compute its
wrapped Fukaya category in a suitable model by reconstructing it from those of various pairs
of pants. The pieces are glued together in the sense that the restrictions of the wrapped
Floer complexes from two adjacent pairs of pants to their adjoining cylindrical piece agree.
The A.-structures are given by those in the pairs of pants. The category of singularities
of the mirror Landau-Ginzburg model can also be constructed in the same way from local

affine pieces that are mirrors of the pairs of pants.
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Chapter 1
Introduction

Mirror symmetry is a duality between symplectic and complex geometries, and the homo-
logical mirror symmetry (HMS) conjecture was formulated by Kontsevich [Ko94] to capture
the phenomenon by relating two triangulated categories. This first formulation of HMS is for
pairs of Calabi-Yau manifolds (X, XV) and it predicts two equivalences: the derived Fukaya
category of X (which depends only on its symplectic structure) is equivalent to the bounded
derived category of coherent sheaves of XV (which depends only on its complex structure),
and the bounded derived category of coherent sheaves of X is equivalent to the derived
Fukaya category of XV.

A non-Calabi-Yau manifold X can also belong to a mirror pair (X, (XY, W)), where
(XY, W) is a Landau-Ginzburg model consisting of a non-compact manifold X" and a holo-
morphic function W : XV — C called the superpotential. HMS has been extended to cover
Fano manifolds by Kontsevich [K098] based on works by Batyrev [Ba94]|, Givental [Gi96],
Hori-Vafa [HVO00], and others, and more recently to cover general type manifolds [Ka07,
KKOYO09]. The complex side of (XY, W) is described by Orlov’s triangulated category
of singularities of the singular fiber W~1(0), or equivalently the category of matrix factor-
izations M F(XY, W) [Or04]. The symplectic side of (X", W) is described by the derived
Fukaya-Seidel category [Se08] of Lagrangian vanishing cycles associated with W.

Another recent discovery is that, in the case where X is an open manifold, the symplectic
side of X needs to be described by its wrapped Fukaya category. (Similarly, when the fibers
of W : XV — C are open, the symplectic side of (XY W) is determined by its fiberwise
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wrapped Fukaya category [AA].) The wrapped Fukaya A..-category is an extension of the
Fukaya category constructed by Abouzaid and Seidel [AS10] for a large class of non-compact
symplectic manifolds known as Liouville manifolds. Examples of such manifolds include
cotangent bundles, complex affine algebraic manifolds, and many more general properly
embedded submanifolds of C". A Liouville manifold X is equipped with a Liouville 1-form
A, has an exact symplectic form w = dX and a complete Liouville vector field Z determined
by tzw = A, and satisfies a convexity condition at infinity.

In general, the wrapped Fukaya category of a Liouville manifold, W(X), is very hard
to compute; therefore, it is of much interest to develop sheaf-theoretic techniques to com-
S; and then

reconstructing W(X) from the wrapped Fukaya categories of the standard pieces.

pute W(X) by first decomposing X into simpler standard pieces X = (J,.;

Inspired by Viterbo’s restriction idea for symplectic cohomology [Vi99], Abouzaid and
Seidel [AS10] constructed an A, -restriction functor from a quasi-isomorphic full-subcategory
of W(X) to W(N) for every Liouville subdomain N of X (A Liouville subdomain is a
codimension-0 compact submanifold of X whose boundary is transverse to the flow of the
Liouville vector field Z. Its completion is a Liouville manifold.) Suppose X = S; U S, can be
decomposed into two standard Liouville subdomains, then we can hope to compute W(X)
from W(S;),i = 1,2, by gluing them along S; N Sy in the sense of matching the images of
the restriction functors p; : W(S;) — W(S1 N S3). However this procedure cannot be readily
implemented due to two obstacles. First, many pseudo-holomorphic discs that contribute
to the A-structures of W(X) are not contained in any single S;. Second, in general it is
not always possible to equip X = J,.; S; with a single Liouville structure such that all S;’s
are Liouville subdomains. In addition, the restriction functors could in general have higher
order terms which could make the computation intractable.

We focus on punctured Riemann surfaces that have decompositions into standard pieces
which are pairs of pants. A pair of pants is a sphere with three punctures; its wrapped
Fukaya category is computed in [AAEKO13]. The intersection between two adjacent pairs
of pants is a cylinder. We provide a suitable model for the wrapped Fukaya category of
such a punctured Riemann surface and compute it by providing an explicit way to glue
together the wrapped Fukaya categories of the pairs of pants. Thus, our results achieve

something very close to the picture conjectured by Seidel [Se12]. (Other instances of sheaf-
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theoretic computation methods include calculations for cotangent bundles [FO97, NZ09],
and a program proposed by Kontsevich [Ko09] to compute the Fukaya categories in terms
of the topology of a Lagrangian skeleton on which they are conjectured to be local. See also
[Nal4|, [Ab14] and others for recent developments.)

The category of matrix factorizations M F (XY, W) of the toric Landau-Ginzburg mirror
can also be constructed in the same manner from a Cech cover of (XV, W) by local affine
pieces that are mirrors of the various pairs of pants. We will demonstrate that the restric-
tion from the category of matrix factorizations on an affine piece to that of the overlap
with an adjacent piece is homotopic to the corresponding restriction functor for the wrapped
Fukaya categories. In turn, we prove the HMS conjecture that the wrapped Fukaya category
of a punctured Riemann surface is equivalent to M F (XY, W); in fact, HMS served as our
guide in developing this sheaf-theoretic method for computing the wrapped Fukaya category.
The HMS conjecture with the A-model being the the wrapped Fukaya category of a punc-
tured Riemann surface has been proved for punctured spheres and their multiple covers in
[AAEKO13], and punctured Riemann surfaces in [Bo]. However, our approach yields a
new proof that is in some sense more natural, and the main benefit of this approach is that

one can hope to extend it to higher dimensions.



Chapter 2

Review of hypersurfaces and tropical

geometry

Let H be a punctured Riemann surface with a pair-of-pants decomposition. We will focus on
the case where H is a hypersurface in (C*)? that is nearly tropical, in which case H always
has a preferred pair-of-pants decomposition. Mikhalkin [Mi04] used ideas from tropical
geometry to decompose hypersurfaces in projective toric varieties into higher dimensional
pairs of pants. We decompose H into pairs of pants in his style because it is natural for
mirror symmetry [Ab06, AAK12] and we hope to generalize our results to hypersurfaces in
(C*)™. In this section, we summarize this decomposition procedure as explained in [Mi04,
Ab06, AAK12].

Consider a family of hypersurfaces

H = {ft =) ot MM = 0} C (C?,  t— oo, (2.0.1)

acA
where z = (21,2) € (C*)?, A is a finite subset of Z?, 2% = 2252, and c,,t € R.g. The
function p : A — Ris the restriction to A of a convex piecewise linear function p : Conv(A) —
R.
The family of hypersurfaces H; has a maximal degeneration for ¢ — oo if the maximal
domains of linearity of p : Conv(A) — R are exactly the cells of a lattice polyhedral decom-
position P of the convex hull Conv(A) C R?, such that the set of vertices of P is exactly A

and every cell of P is congruent to a standard simplex under GL(2,7Z) action.
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The logarithm map Log, : (C*)? — R? is defined as Log,(z) = @(log|21|,log|ng.
Due to [Mi04, Ru01], as t — oo, Log-amoebas A; := Log,(H;) converge in the Gromov-
Hausdorff metric to the tropical amoeba II, a 1-dimensional polyhedral complex which is the

singular locus of the Legendre transform

Ly(§) = max{(a, &) — p(a)o € A}. (2.0.2)

An edge of II is where two linear functions from the collection {{a, &) — p(a)|a € A} agree
and a vertex is where three linear functions agree. In fact, II is combinatorially the 1-skeleton
of the dual cell complex of P, and we can label the components of R? — IT by elements of A,

which are vertices of P, i.e.

R? — I = |_|Oa—c’)(]a.

acA
We identify (C*)? with the cotangent bundle of R?* with each cotangent fiber quotiented
by 2rZ?, via (C*)? 2 R? x (S')? = T*R?/27Z? given by

"y . 1 .
Z; = tuatits S (C )2 — (Uj, 93) = ‘lo—gﬂ(bg ’Zj‘, arg(zj)) eT Rz/(27r/| 10gt|)Z2 (203)
This gives a symplectic form on (C*)?
i 2 2
W = WZleng /\dlogij = Zduj/\dﬁj, (204)
Jj=1 j=1

which is invariant under the (S')? action with the moment map

1

(ur,u2) = m(log |21],1og | 22]).

By rescaling the symplectic form by |logt|, all f;*(0) C (C*)? are symplectomorphic.

We study a hypersurface H = f;*(0) (fix ¢ > 1) that is nearly tropical, meaning that it
is a member of a maximally degenerating family of hypersurfaces as above, with the property
that the amoeba A = Log,(H) C R? is entirely contained inside an e-neighborhood of the
tropical hypersurface II which retracts onto II, for a small e. Then each open component
Cyt of R? — Log,(H) is approximately C,, — 0C,, as 0C,; is contained in an e-neighborhood

of 9C,. The monomial c,t~"® 2% dominates on Log, 1(Cm).
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The SYZ mirror to H is shown in [AAK12] to be the Landau-Ginzburg model (Y, W),

where Y is a toric variety with its moment polytope being the noncompact polyhedron

Ay ={(&,n) €R* xRln > Ly(§)}-

The superpotential W : Y — C is the toric monomial of weight (0,0, 1); it vanishes with
multiplicity 1 exactly on the singular fiber D = W~1(0) that is a disjoint union D = [],_, Da
of irreducible toric divisors of Y. Each irreducible toric divisor D, corresponds to a facet of
Ay, which corresponds to a connected component of R? —II, and Crit(W) is a union of P’s
and C’s corresponding to bounded and unbounded edges of II, respectively. In fact, (Y, W)
is equivalent to the mirror of the blow up of (C*)? x C along H x {0}.

We would like to demonstrate homological mirror symmetry that is the equivalence be-
tween the wrapped Fukaya category of H and the triangulated category of the singularities
D} (D), which is defined as the Verdier quotient of the bounded derived category of coher-
ent sheaves D’(Coh(D)) by the subcategory of perfect complexes Berf(D). The category

D!, (D) is equivalent to the triangulated category of matrix factorizations [Or11].



Chapter 3

The wrapped Fukaya category of the

punctured Riemann surface H

3.1 Generating Lagrangians

In this section, we describe a set of Lagrangians that split-generates the wrapped Fukaya
category W(H ).

There is a projection m : H — II from the Riemann surface to the tropical amoeba
such that 7 is a circle fibration over the complement of the vertices of II. The complement
consists of open edges int(C, N Cy), whose preimage in H is an open cylinder denoted by
ap = 7 (int C,, N Cp). The preimage of 7 over each tripod graph at a vertex of II is a pair
of pants.

Recall the defining function for the Riemann surface H is

ft —= Z’yEA Cat_p(a) Z’Y

— cat*P(a)za (1 + z—ztp(a)*P(ﬁ)ZB*a + ZWEA\{&,,B} E_th(a)fp(v)zwfoﬁ ‘ (3.1.1)

Near the edge C, N Cp,

Log; z,7)—
|£P(@)=P(1) r=e| = yp(@)=p()y(Log, z7—0) t{hog: 1) -p(3)

t(Log; z,0)—p(a)
is very small when ¢ is very large. Hence €,4 in the Riemann surface lies close to the cylinder
with the defining equation

ot P 2% 4 cpt PP P = 0, (3.1.2)
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Since this equation can be written in the form 2% = —z—ﬁtp(“)*p(ﬁ) < 0, an approximation

to €4p is given by the complexification of int(C, N C3) with the argument defined by
Eap = {2z € (C*)?| Log,(2) € int(C, N Cg),arg 22" = 7} 2 int(C, N Cs) x S*. (3.1.3)

We parametrize each bounded edge of T, i.e. int(C, N Cp), by the interval (—e, 4 + ¢)
for ¢ < 1. From now on, we will leave out a small neighborhood around each vertex of II
instead of taking the entire int(C, N Cj5) x S', and we define the edge e,p of the Riemann
surface H to be the subset of é,5 corresponding to the model (0,4) x S*, with coordinates
(7,%) and symplectic form

Wap = NagdT N di).

The constant n,s is determined by the symplectic area of the edge e,g, which is 8n,gm, so
Nag = |(Coa N Cs) NZ? — 1 is the “length” of the edge €.s.

We proceed similarly for unbounded edges of II, using (0, 00) x S! instead of (0,4) x S*.
Each unbounded edge corresponds to a neighborhood of a puncture. A punctured Riemann
surface is a Liouville manifold when the neighborhood of each puncture is modelled after a
cylindrical end ([1,00) x S, 7dv).

The Lagrangian objects under consideration are L, (k), for « € A and k € Z. Each L, (k)
is an embedded curve in H follows the contour of C, running through all edges ez, for each
B € A such that Cj is adjacent to C,. We require L, (k) to be invariant under the Liouville
flow everywhere on the cylindrical end.

Let 1,(0) be a Lagrangian that runs through each edge “straight” in a prescribed manner,
e.g. with constant ¢, also see Remark 3.1.2 for an eample. Denote do s = deg O(Dy)|p.np;-
Let .5 and ds, be integers satisfying 0z — 003 = 1 + da p; this is well defined since the
Calabi-Yau property implies that d, g + dgo = —2. Each L, (k) would differ from /,(0) in
each bounded cylindrical edge e, by the time-(k + 04,3/nag) flow of the action given by a
Hamiltonian has whose restriction on (1,3) x S* is hag(7,1) = —5n24(7 — 2)*. The time-
(k + 8a.5/nap) flow of this Hamiltonian action on (1,3) x S! is given by gngé“’ﬁ/n“ﬂ(ﬂ ) =
(1,9 — Thkag(T — 2)), where kop = napk + dop. So, this action rotates [,(0) for k,s times
in the region (1,3) x S!. Lastly, we orient each L, (k) counterclockwise along 0C,. A few
examples are shown in Figure 3.1. Applying Abouzaid’s generation criterion [Ab10] to a

suitably chosen Hochschild cycle, we find that:
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Lemma 3.1.1. The wrapped Fukaya category W(H) is split-generated by objects Lo (k),
a€eAkelZ.

Figure 3.1: Examples of Lagrangians in H: Lg(0), L,(2), and L,(—2). In this example,
doy = dg, = 0, and we pick, dq = g, =0 and 0, = 0,5 = 1.

Remark 3.1.2. We can choose the generating Lagrangians in H as boundaries of La-
grangians in (C*)> — H. Assume that for each a € A, there is a point p, € Z> N C,
with the property that (p, —u,a— ) is an odd integer for any v € C, N Cp. Note that « —
is an integral normal vector to the edge C, N Cjs pointing into the region C,. Let L, be the
zero section of the cotangent bundle T*R?/27Z? with its base restricted to C,, on which we

consider the Hamiltonian function

Ha = —7r[(u1 — pa,1)2 + (U2 - pa,2)2]'

Then for k € Z, the time-(3 4 k) Hamiltonian flow is given by (written in the universal cover
of T*R2/2772),

¢Z+§(U1, 01, Uy, 02) = (u1,0 — (7 + 27k) (U1 — pa,1), ug, 0o — (7 + 27k) (U2 — Pa2))-

Let I, (k) := 8(¢§+k(£a)). Lemma 3.1.3 shows that each [, (k) corresponds to a Lagrangian
contained in H, and the correspondence comes from the identification €,5 = e,p discussed
earlier. We also need to modify [, (k) by untwisting it so that it is invariant under Liouville
flow in each cylindrical end, and further twist the bounded edges as needed to account for

the 9, 3’s.
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Lemma 3.1.3. lo(k) C Ugcy €as-

Proof. For any u € int C,, N 0C4, let z be the preimage of u, suppose z € l,(k), and let § be
the fiber coordinate of z. Then

S 05y — B;)
Sy — (7 4 27k) (1 — pay) (0 — B5)
—7(1+ 2k)(u — pa, . — B)

™

arg(z*~")

(3.1.4)

where k € Z, and the last equivalence comes from (1 + 2k){u — p,, a — ) being an odd
integer. By equation (3.1.3), z € é,3. O]

3.2 Hamiltonian perturbation

We now introduce Hamiltonian perturbations that will eventually enable us to define a model
for W(H) that is suitable for pair-of-pants decompostions.

For every integer n > 0, let H, : H — R be a Hamiltonian such that for any unbounded
edge e,p, Hy, is linear on its cylindrical end (as in [AS10)), i.e. H,(7) =nT+d,, 7 € [1,00)
there. On each bounded edge e,5, H,, agrees with the following function H,gs,, on (0,4) x S*

with coordinates (7, ),

Nag(—nmT? + 2n7) + dag 0<7<1
Hopn(7,90) = § nagnm(t — 2)? + dopon, 1<7<3 . (3.2.1)
nas(—nm(T —4)? + 2n7) + dppn, 3 <7 <4
The constants d,, and d, s, above (regardless of whether the edge is bounded or unbounded)are
picked so that H,, is continuous for all n and that it is constant near the vertices in the com-

plement of all the edges. These can be satisfied by letting
¢, = max {2n,sn7 | €45 is an bounded edge} ,

and then setting d,g, = ¢, — 2n.psnm for each bounded edge e,s and d,, = ¢, — n for each

unbounded edge e,3. This way, H,, = ¢, in the complement of all the edges. We can check
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that H, > H,_; for all n. Even though H, is defined for n € Z>, we can also define H,, for
any real value w > 0 the same way. We will make use of it in Section 3.5.

The corresponding time-1 flow of the vector field Xy . is given by

afB,n
waﬂ(.7 XHaB,n) = naﬁdT A d¢(, XHa,B,n) = dHaﬂ:n'
The time-1 flow written in the universal cover of E,3 = (0,4) x R is

(1,9 — 2n7wT), 0<7<1
Gapn(T0) =X (T +2nm(r —2)), 1<7<3. (3.2.2)
(1,0 —2nm(T —4)), 3<7<4

( B P afy )
N . yay
3
WAy A /
Cy LA — \ [ \ L Cy
1 I
(Dn(La(lﬂ)) | \ , ‘\/ \\ / \\ /\ ) \ ,
/ G AN
negative wraps positive wraps negative wIaps
“— 1 times M — kg times ~— n times
€ )
Hag, € Pagy 7
Cn = MagnT +dopy
NapnT + daﬁ,n —+
daﬂ nT
1 2 3 a7

Figure 3.2: Time-1 perturbation of L, (k) by Hamiltonian H,, on the edge e,p.

Denote by ¢, the flow of H,. We can see from equation 3.2.2 that the Lagrangians ¢.. (L, (k))
and ¢! (Lg(k)) wrap around the bounded cylinder e, in the “negative” direction on intervals
(0,1) U (3,4) for n times each and in the “positive” direction on (1,3) for 2n — k,p times, as
shown in figure 3.2. Note that the degree of the generators of CF(L,(k), Lo(k); Hy,) is even

in the region where H,, wraps positively and odd when it wraps negatively.
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We also need to make a small modification of H,, for all n € Z so that ¢! (L, (k)) intersects
L. (k) transversely and to make it smooth at 7 = 0,1, 3,4 on bounded edges and at 7 = 1 on
unbounded edges. Furthermore, the perturbations are chosen consistently inside the pair of
pants regions (i.e. complements of the edges) so that ¢ (L, (k)) intersects Lo (k) transversely,

just once inside the pair of pants, and always at the same point which has degree 0.

3.3 Backgrounds on Floer complex and product

operations

For any pairs of objects L;(k1), L;(k2), we get a Floer complex CF*(L;(k1), Lj(ks); Hy),
where H,, is the Hamiltonian defined in Section 3.2. This Floer complex is generated by the
set X(L;(k1), Lj(k2); Hy) consisting of Reeb chords that are time-1 trajectories of the Hamil-
tonian H,, starting in L;(k;) and ending in L;(ks). Equivalently, these chords correspond to
intersection points of ¢! (L;(k1)) N L;(k2).

The differential d : CF*(L;(k1), Lj(ks); Hy,) — CF*(L;(k1), L;(k2); Hy,) is given by the
count, of pseudo-holomorphic strips u : R x [0,1] — H which are solutions to the inhomoge-
neous Floer’s equation

(du — Xy, ® dt)g;l = 0, equivalently, % + J; (% - XH") =0 (3.3.1)

with boundaries u(s,0) € L; and u(s,1) € L;. As s — £00, u converges to Hamiltonian flow
lines that are generators the Floer complex involved in the differential. Such a solution u(s, t)
can be equivalently seen as an ordinary J = (¢L*),.J-holomorphic strip (s, t) = ¢-~*(u(s, t))
with boundaries on ¢} (L;(k1)) and L;(k2). Indeed,

01 _ iy (00} L D0 (D0
85_(¢" )*(85) and 8t_(” ) ot Xeto |

: ou | Fou _
so the Floer equation (3.3.1) becomes 52 + J 5 = 0.

For Lagrangians L;,(ko), Li, (k1), Liy(ka), n > |ko|, |k1|, |ka|, the product

p?(Hy) : CF*(Li, (ky), Liy(k2); Hy) @ CF*(Lig (ko), Ly, (k1); Hy)
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is given by the count of solutions u : D — H of the perturbed Floer equation
(du— Xpg, ®B)5 =0 (3.3.2)

where D is a disc with three strip-like ends, and the images of the three components of
0D are contained in the respective Lagrangians L;,(ko), L;, (k1), and L;,(k2). The 1-form
£ on D satisfies df = 0 and it pulls back to dt on the input strip-like ends and to 2dt
on the output strip-like end. Again, by changing to a domain dependent almost-complex
structure, this is equivalent to counting standard holomorphic discs with boundaries on

&2 (Liy(ko)), &L (Li, (k1)), and L;, (ko) instead. The higher products

p*(H,) : CF*(Li, ,(ka-1), Li,(ka); Hy) ® - - @ CF*(L;y(ko), Li, (k1 ); Hy)
— CF*(LiO(ko), Lid(kd); dHn)

are constructed in a similar way.

3.4 Orientation and grading

Let’s orient each L, (k) counterclockwise along 0C,. This will give each Floer complex a
Zo-grading. For each transverse intersection point = of Ly and L, we can identify T, Ly = R
and T,L; = iR via a linear symplectic transformation. Consider the path [, of Lagrangian
lines with [, = R and 1 = iR, and [, = e ""/2R. If the path [, maps the orientation of T} Ly
to the orientation of 7, Ly, then deg(z) = 0; otherwise, deg(z) = 1.

It is also possible to define a Z-grading on Floer complexes of the Lagrangians in consid-
eration. To do that, we need to pick a trivialization of 7*H'Y. There’s no canonical way to
choose this trivialization. We can just choose a global nonvanishing section Q of T* H' to be
any meromorphic form allowed to have zeros or poles at each puncture. Once we make that
choice, for any Lagrangian plane | C T, H, §2|; = avol; where o« € C* and vol; is a real volume
form. And we can define arg(l) := arg(2|;) = arg(a) € R/7Z (or R/27Z if Lagrangians are
oriented already). The Lagrangian Grassmannian LGr(T H) can then be lifted to a fiberwise
universal cover ]jé’/r(TpH) ={(l,0)|l € LGr(T,H),0 € R,0 = arg(2|;) mod 7}.

The tangent lines along a Lagrangian L form a path of Lagrangian planes, which are

mapped by the above phase function to S'. Because of the Lagrangians we consider are
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simply connected, the homotopy class of this map is trivial, i.e. the Lagrangians have
vanishing Maslov class. Hence for each Lagrangian L, we can equip it with a grading, which
is a consistent choise of a graded lift to EE}/T(T H) of the section p — T,L of LGr(TH) over
L. Then we can assign a degree to a transverse intersection p € Ly N L;. In the case of
Riemann surface H, deg(p) = {@-‘. (Ref. [Se08, Aul3|.)

Once this Z-grading is available, the index of a rigid holomorphic polygon in H corre-

sponding to a higher product p* is deg(output) — > deg(inputs) = 2 — k.

3.5 Linear continuation map

For any two Lagrangians Ly = L;(k1), Ly = L;(kz), we would like to define the wrapped Floer
complex CW*(Lq, Ls) as a direct limit of the perturbed Floer complexes CF*(Ly, Lo; H,) as

n — oo. This definition relies on the existence of continuation maps
K CF*(Ll, LQ, Hn) — CF*(Ll, LQ, HN),

whenever n < N (recall, by construction, H, < Hy whenever n < N). In general, the
direct limit construction would not be compatible with A, structures, hence, CW*(Ly, Lo)
is defined as the homotopy direct limit in [AS10]. However, we will show in this section that
it turns out in our case, each continuation map x above is just an inclusion for n sufficiently
large depending on L;, Ly. Furthermore, we will show in the next section that higher order
continuation maps (i.e. those with d > 2 inputs) are trivial when mapping from sufficiently

perturbed Floer complexes. Consequently, the wrapped Floer complex can be defined as

CWHLuhn), Lyth2) = | CF (Ll Lk H)/ ~ 5.1

n=ng

where the equivalence relation is given by continuation maps which are inclusions. Moreover,

we have well defined differential and A, products
pt s CW*(Lg1, Lg) ® - - ® CW*(Lg, Ly) — CW*(Ly, L)

which are given by ordinary Floer differential and products.
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In the usual definition of the continuation map, for an input p € X(Ly, Lo;nHy) =
X (L1, Lo; Hy,), the coefficient of ¢ € X (L4, Lo; NHy) = X (L1, Lo; Hy) in £(p) is given by the
count of index zero solutions to the perturbed Floer equation (the continuation equation)

% +J (% = /\(S)XH1> =0, (3.5.2)
where A(s) is a smooth function which equals N for s < 0 and n for s > 0, and such that
N(s) < 0. Such a solution also needs to satisfy the boundary conditions u(s,0) € Ly and
u(s, 1) € Ly, and it converges to the generator p as s — oo and the generator ¢ as s — —o0.
Instead of considering moduli spaces of perturbed Floer solutions, we will introduce the
related moduli spaces of cascades of pseudoholomorphic discs by taking the limit where the
derivative of X tends to zero. Counting cascades of pseudoholomorphic discs with appropriate
indices give equivalent definitions of continuation maps. We will only discuss the construction
of cascades briefly following Appendix A of [Aul0], [AS10], and Section 10(e) of [Se08],
and we refer to them for details.

First of all, we would like to go to the universal cover to make visualization and discussion
easier. For any given input data (p; L1, Ls), we can obtain a lift (p'; L}, L) in the universal
cover Fy of the Riemann surface by picking an arbitrary lift L) of L; and then tracing the
lift of Ly through p’ to determine L. Rather than counting pseudo-holomorphic strips in
H with the above conditions, it is equivalent to counting pseudo-holomorphic strips in the
universal cover Fy with boundaries in the lifts L} and L. The Lagrangians L} = L;(k;)

and L, = L;(ks)' satisfy some nice properties which are necessary for defining cascades:

(P1) For all integer values of w > ng large enough, ¢! (L) is transverse to Ly, so ¢, (L}) is

transverse to Lj.

(P2) For w > ng large enough, each point z’ € ¢ (L})N L} lies on a unique maximal smooth
arc 7 : [ng,00) — Ey given by t — ~(t), where y(t) is a transverse intersection point
of ¢}(L}) and L) for all t. In other words, as w increases from ny to 0o, no new
intersection between ¢,,(L]) and L} are created, and the existing intersections remain

transverse.

Both (P1) and (P2) can be achieved by choosing ng > max{1, |ki| + |k2|}. For Lagrangians
L1, Ly C H, property (P2) for their corresponding lifts in Ey implies that as w increases
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from ng to oo, any newly created intersection of ¢, (L) and Lo will not be the output of
any J-holomorphic disc. For any = € ¢} (L1) N Ly and its lift 2’ € ¢! (L]) N L, which lies
on the arc v, we can identify x with a unique point ﬁlw”/ (), w' > w, determined by requiring
the lift of %' (z) to be y(w’).

For Lagrangians Ly = L;(k1), Ly = Lj(k2), and n > ng, we define the continuation map
k: CF*(Ly, Loy H,) — CF*(Ly, Ly; Hy), N > n, as follows. Given p € X(Ly, Lo; H,) and
q € ¢\ (Ly) N Ly, the coefficient of ¢ in x(p) is given by the count of linear cascades from p
to g of Maslov index zero. A k-step linear cascade from p to ¢ is a sequence of k ordinary

pseudo-holomorphic strips g, ... u; : R x [0,1] — H satisfying:
o u;(R x0) C ¢y, (L1), u;(R x 1) C Ly for some wy < --- < wy in the interval [n, NJ;

e u,; has finite energy, and we denote by pj»t € ¢w,mr(L1) N Ly the intersection points to

which u; converge at +o00;

Wi+1 +

o phy = 0w (), pi = 0% (p), and ¢ = I, (py,).

When ¢ = 9% (p), we allow the special case of k = 0.

¢)111);L(L1) ¢}1/2(L1) ¢11171(L1)

Figure 3.3: a k-step linear cascade from p to q.

Lemma 3.5.1. Given any two Lagrangians, Ly = L;(k1) and Ly = Lj(k2), and ng < N, the
linear continuation map k : CF*(Ly, La; H,) — CF*(Ly, Lo; Hy) is just the inclusion.

Proof. The components of an index zero linear cascade are holomoprhic strips whose Maslov
indices sum to zero. The only holomorphic strip of index zero on a Riemann surface (with
an arbitrary complex structure) is the constant disc, and there are no holomoprhic strips of
negative index. Hence the continuation map has to be the inclusion induced by identifying

intersection points using 9. O
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As expected, k also has to be an inclusion in the usual definition of the continuation map
which is defined by counting inhomogeneous holomorphic strips that are solutions to (3.5.2).
Otherwise, there are nontrivial index zero inhomogeneous strips from p to a different q #
9N (p). Taking the limit where dA(s)/ds — 0, the index zero inhomogeneous holomorphic
strips from p to ¢ converge in the sense of Gromov to a nontrivial index zero linear cascade,

thus contradicting Lemma 3.5.1.

3.6 Higher continuation maps

A given set of boundary data consists of Lagrangians Ly, . .., Ly with each L; = Lo, (k;), o; €
Ak; € Z, inputs py € X(Lo,L1;Hy),..., pa € X(Lg_1,Lg; Hy), and the output ¢ €
X (Ly, Lo; Hy) with N > dn. The coefficient of ¢ in the continuation map

CF*(Lg_1,Lg;nH) ® -+ ® CF*(Lg, Li;nH) — CF*(Lo, La; NH)

can be defined by counting exceptional solutions, u : D — H where D is a disc with d + 1
strip-like ends, to the perturbed Floer equation (du — Xz ® $)%' = 0 with boundaries
on Lagrangians Lo, ..., Ly. Here, 3 is a closed 1-form, and H(s) is a domain dependent
Hamiltonian. If we represent D as a strip-like disc illustrated in Fig. 3.4, then H = As)H

interpolates between H(s) = nH as s — oo and H(s) = ~H as s — —oo.

- —
0« S . S o Ld — L4
' L3
Wit A(s)H —_—,
L
. Ly
NH H(s)=Xs)H nH

Figure 3.4: Higher continuation maps with d = 4 inputs can be defined by counting perturbed
Floer equations u : D — H with boundaries on Ly, ..., Ly—s. The disc D with 441 strip-like
ends is equivalent to the strip {(s,t) € (R x [0,d])\((d — 1) slits)}.

As with linear continuations, such a definition is hard to use for explicit computations,

hence we use the equivalent definition of counting cascades. Intuitively, perturbed Floer
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solutions are homotopic to cascades as we take the limit by stretching the strip so that the
interpolating Hamiltonian H(s) changes infinitely slowly, i.e. N(s) — 0. Gromov compact-
ness tells us that there are finitely many places where the energy concentrates and we get
unperturbed pseudo-holomorphic discs as pieces of a cascade. A cascade is a collection of

unperturbed pseudo-holomorphic discs with boundary on any (r 4 1)-tuple

gbwio)\(s)H(Lio)a <o 7¢wir)\(s)H(Li7-)

of perturbed Lagrangians with ip < --- <, € {0,...,d}, n <X < N/d, w; = d — j for each
7 =20,...,d, and such that at least one of the pseudo-holomorphic discs in this collection
must be exceptional, i.e. of index less than (2-#inputs). Again, refer [Aul0],[AS10], [Se08]
for details. In this section, we will show that there are no such exceptional discs, hence higher

continuation maps are all trivial.

Stability of intersection points and crossing changes.

Given a set of boundary data as above, let L, ..., L}, be lifts of Lg,..., Ly in the universal
cover Ey obtained from choosing an arbitrary lift L} of L, and then determining L), ..., L},
by tracing through pi, ..., ps. By taking ng > max{1, |[ki| + - -- + |kq|}, any pair of L, L, of
Lagrangians in this collection of lifts satisfy property (P1) and (P2) mentioned in Section
3.5.

Besides pairwise intersections, in order to obtain a vanishing result for cascades, we also
want to make sure that intersection points of three or more Lagrangians also stabilize. That
is, for any (r + 1)-tuple lo = @u, A(Li)),-- -, lr = Pu, 2(Li ) with with 49 < --- < i, €
{0,....d}, n < A < N/d, w; = d— j for each j = 0,...,d as above, we would like to
show that no intersection points in [y N - -+ N[, are created or canceled as we vary A(s) so
long as n is large enough. This is equivalent to saying that there are no crossing changes
(i.e. Reidemeister moves) between multiple Lagrangians in {¢,,A(Lg), - - -, Pun (L))} as A(s)
varies so long as n is large enough.

First, suppose all of g, ...,[, run through the universal cover E,3 = (0,4) x R of the
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edge e,3, we can write down the coordinates for each I; = (7,4;(7)) from Equation (3.2.2)

cij(T) —2m(d —i;)A\(s)T, 0<r<1
Vi(T) =1 ¢i(r)+2m(d—ijA(s)(T—2), 1<7<3, (3.6.1)
cj(t) —2m(d —i;)\(s)(T—4), 3<7<4

where ¢;(7) is a continuous function that can be arranged to be constant in the 7-interval
(0,1) U (5/4,4) and ¢;(5/4) — ¢;(1) = —27k;,. To arrange c;(7) to be constant in (0,1) U
(5/4,4), we need to adjust the construction of each L, (k) in Section 3.1 so that L, (k) twists
k times in the interval (1,5/4) instead of in the interval (1, 3). All the results in this paper are
valid (with some obvious changes in the arguments) when we use this modified construction
for L,(k), which is homotopic to the construction given in Section 3.1. We will use this
modified construction only in this section.

As n increases, the 7-coordinate of any intersection point, p, between any pair of La-

grangians [; and [ in {lo, ..., [} moves toward 0, 2, or 4. Indeed, it follows from Equation

cj (T)—Cj/(T)
A(8)2m (i —ij)

Consequently, given inputs pq,...,ps, We can always choose n to be large enough so that

3.6.1 that one of 7(p), 7(p) — 2, or 7(p) — 4 is equal to — 0 as A(s) — oo.
none of the 7-coordinates of the given p;’s will be in the the region (1,5/4) after replacing
P1, - .., pq by their corresponding generators via the linear continuation map. Furthermore,
by choosing n to be large enough, the appropriate lifts [y, ..., [, to the universal cover of the
cylinder will no longer have any intersections in the (1,5/4) region.

In each of the intervals (0, 1), (5/4,3), and (3,4), [; is a line segment with the same slope
of 27(d —i;)A(s) in absolute value. In each interval, these line segments belong to r + 1 lines
that may or may not intersect at a single point. Whether they intersect in a single point
or not depends on the -intercepts ¢;(7)’s and ratios between the differences in the slopes,
which are independent of A(s). Take the interval (0, 1), if the corresponding (r + 1) lines do
intersect at a single point, then for n large enough, the line segments in [y, ..., [, will either
always intersect in a single point in the interval (0,1) or they will never intersect in that
interval. The same can be said for the other intervals. We can then apply the same procedure
to all edges and for all subsets of multiple Lagrangians in {¢ax(Ly), ..., L;}. We can obtain
a large enough n for each of these cases and take the maximum value. The argument for

intersections inside the unbounded cylinders is the same. There will be constant multiple
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intersections inside each pair of pants (in the complement of the edges), but because of the
small perturbations we chose at the end of Section 3.2, they will be always be of degree zero

(so, not exceptional), and they will never move or undergo crossing changes.

Exceptional discs are constant.

A pseudoholomorphic disc u© bounded by Lagrangians

ZO - ¢wi0)\H(L;0)7 s 7lr = ¢wir)\H(L;7»)

is either a nondegenerate polygon, a constant disc at the intersection of all r+1 Lagrangians,
or a polygon with some of its corners being intersection points of multiple Lagrangians. We
want to investigate when such a pseudo-holomorphic disc is exceptional, i.e. of index less

than 2 — r. A nondegenerate polygon has index
2 — r + 2 - #(interior branch points) + #(boundary branch points) > 2 — r,

hence it’s not exceptional.

Next, we analyze the degenerate cases involving multiple intersection points. At such a
point, note that even though [y, ..., [, may come from different components and hence have
different orientations, we can change the orientation of some of them so that ly,..., [, have
the same orientation on every edge in trying to compute the index of the disc. This is because
changing the orientation of a Lagrangian [; will change the degree of intersections between
l;_1N1; and [; Nlj1; in opposite ways leaving the overall index of the disc unchanged. For
the rest of this section, let us assume that [y, ..., [, have the same orientation on every edge.

For any two Lagrangians [j, 11, then the degree of an intersection point p € [; N {44
inside a cylindrical edge is either 0 or 1 depending on the location of p. If p is in the positively
wrapped region (1,3) x R of some edge, then deg(p) = 0 because the slope of I; is positive
and larger than that of [;,; which is also positive. On the other hand, if p is in the negatively
wrapped region ((0,1) U (3,4)) x R of some edge, then deg(p) = 1.

Case 1: Suppose u is a constant disc with its image in a cylindrical end or in the positively
wrapped region of a bounded edge (i.e. in (1,3) x S'). In this case, all the input and output
intersection points have degree zero, hence indu = 0. When r > 2, indu > 2 — r, so it is

not an exceptional disc that contribute to the higher continuation map.
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Case 2: Suppose u is a constant disc with its image in the negatively wrapped region
of a bounded edge (i.e. in ((0,1) U (1,3)) x S'). In this case, all the input and output
intersection points have degree 1, hence indu = 1 —r < (2 —r) and u is an exceptional disc.
We have dimker D5, = r — 2 coming from the freedom to move the r + 1 marked points.
(Note that dimker Dy, = 0 if we fix the marked points because u is constant with image
p and w*T'H = T,H = C. By the open mapping theorem, the only holomorphic disc with
boundary in the union of the lines Tyly, ..., T,ls is the constant map at the origin of the
tangent space.) Hence dim coker D, = r — 1 > 0 and u is not regular. This analysis shows
that we need to perform a deformation to achieve transversality, and this will be our topic
of the next section.

Case 3: Suppose u is a polygon with 7 4+ 1 geometrically distinct vertices py, ..., p;
(7 > 1 since we assume u is not constant) with some of its vertices being intersection points
of multiple Lagrangians. We know that the index of a nondegenerate polygon with 7 + 1
vertices (i.e. bounded by 7 + 1 Lagrangians) is at least 2 — 7. If a vertex of u which is an
intersection point of multiple Lagrangians is located in the positively wrapped region, then
its contribution to ind w is zero. If a vertex of u is an intersection point of v+ 2 Lagrangians
(v > 0) located in the negatively wrapped region, then the extra degenerate edges and
vertices add to the contribution of this vertex to indu by —v. That is, each of the (r — 7)
extra Lagrangians contributes at least —1 to ind u. Hence, indu > (2—7) — (r —7) =2 —r,

i.e. u is not exceptional.

Deformation of constant discs.

At each intersection of r + 1 (r > 1) Lagrangians

lo = buigrsy(Lig), -y b = G aa (L),
in the negatively wrapped portion of a cylinder, we want to pick Hamiltonian perturbations
cho(s), ..., ch,.(s) that perturb these Lagrangians locally so that as soon as we turn on the
Hamiltonian perturbation, the constant disc u at the intersection of these Lagrangians is
removed and we don’t introduce any new holomorphic discs with boundary on [y, ..., [, in
that order. Recall that each weight w;, = d —i;, and the Lagrangians are ordered with

g < -0 < .
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Let h(s) be a Hamiltonian supported near the moving intersection point (this is the
only way in which it depends on s) such that locally h(s)(7,¢) = ¥ — 1y, so X ~ —8%
points along the negative 7-axis. We use ch;(s) = cw;;h(s) to perturb [;. This pushes

the Lagrangians into the desired positions as shown in Fig. 3.5. Indeed, up to rescaling

of both axes, each [; was initially the line ¢ = —w;;7, and after translation, it becomes
Y = —w;, (T +wy;). Lagrangians [; and [ intersect where ¢ = —w; (7 +w;;) = —w;, (7 +w;,),
80 T = —(wy, +w;, ). For a fixed j, these are all distinct and in the correct order. These local

perturbations for the Lagrangians are automatically consistent because they are built from

a single ch(s) and the existing weights.

lo

N d)chg(s)(lii)
\ qbchg (s) (ZQ)
¢<:h1 (s) (]1)

(bchg(s) (ZO)

Figure 3.5:

The constant map u, with its image being the point p, is a non-regular solution to the
perturbed Floer equation (du+ cXj) @ )" = 0 for ¢ = 0; we study its deformations among

solutions to this equation for small ¢. Let us consider the first order variation
(d(u + cv) + cXp(u+ ) ® )™ =0,

where v : D — T,H = C. From the above equation, v satisfies the linearized equation
v = (Xp(p) ®B)*! with boundary conditions on the real line T,/;. We claim that, no matter
the position of the boundary marked points on the domain D, this linearized equation has
no solutions. Indeed, we rewrite the linearized equation for © = v — tX,(p), where ¢ is a
coordinate on D with dt = 3, and ¢ = —w;; on the j-th piece of the boundary of D. Then a
solution ¥ is a holomorphic map with boundary conditions in T,l; + % = T,l; 4 wi; Xu(p),

which are lines in C as in Fig. 3.5. Hence this linearized equation has no solution; that
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is, the projection to cokerDéJ of the perturbation term yields a nonvanishing section of the
obstruction boundle over the moduli space of solutions. This means that there is no way of
deforming the constant map u to a solution with the perturbation term added, i.e. cascades

with such a constant component do not contribute to the continuation map.

3.7 Wrapped Fukaya category of a pair of pants:

some notations.

We can view H as a union of pairs of pants, H = |J P,s,, where each P,z is a pair of

By
pants whose image Log,(P,s,) is adjacent to all three components C,,Cg, and C.,. Also,
if ea is bounded, we require that the leg Pog, Neqs = (0,3) x S, which comes from the
above model of e,5. This way, if e, is a bounded edge connecting two pairs of pants P,z
and P,gs,, then these two pairs of pants will overlap on the positive wrapping part of eng
(fig.3.2). Denote Sos = P.gy U Pag,. When we are considering a Lagrangian restricted to
a pair of pants, Lo (k) N P,g,, we still call it L, (k) for convenience. Note that L, (k) are
actually equivalent to L, in the wrapped Fukaya category of the pair of pants. The objects
Li(k),i€{a,B,7}, k € Z, generate the wrapped Fukaya category of P,g,.

The definitions for Floer complex and product structures introduced in Section 3.3 apply
to a pair of pants P,s, as well. (In fact, if we extend each bounded leg of a pair of pants
to an infinite cylinderical end, then the quadratic Hamiltonian H,, on (1,3) x S! is equiv-
alent to a linear Hamiltonian on that cylindrical end.) We can define the Floer complex
CF;QBW(Li(kl), L;(kq); Hy) and its set of generators Xp_, (Li(k1), L;j(k2); H,) for any pairs
of objects L;(k1), L;(k2) in W(Pag). Similarly, we can define the differential

d: CF;QBW<Li(k1)’ L](l{?2>, Hn) — CF;QB'Y<Li(k1)’ L](]{ig), Hn)

and products

/’LdPaB’y(Hn) : CF;;‘I/B’Y (Lid_l (kd—l)a le(kd)7 Hn) ® e ® OFI);@B'Y (L'LO (ko)’ Lil (kl)? Hn)
— CF;QBV(L’Lb(kO)a L, (kq);dH,)
by counting perturbed pseudo-holomorphic discs u : D — P, with strip-like ends satisfying

appropriate boundary and limiting conditions. For the same reason as in the previous section,
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the continuation maps
K CF;.&[M<LZ'(]{?1), L](kig), Hn) — OF;aﬁw(Li(kl)’ L](k2>, HN), n < N,

are inclusions and compatible with A, structures if n > nq for a large nyg. We then have the

wrapped Floer complex

CWp, , (Li(ky), Li(k2)) = | CFp,, (Li(kr), Li(ko); Ha)/ ~

n=ng

and the product

oy CWg  (Lay,La) @ -~ @ CWp (Lo, Ly) = CW}, (Lo, La).

3.8 Pair of pants decomposition

We can split the generators Xp,, (Li(k1), Lj(k2); Hy,) into two parts
Xp, 5, (Li(kr), Lj(ka); Hn) = T5(Li(k1), Lj(k2); Hp) U Cap(Li(kr), Lj(ka); Hy),  (3.8.1)
consisting of generators in Pug,\ ((1,3) x S*) and (1,3) x S* C e,p, respectively. Denote

Jop(Hy) = U Top(Li(k1), Lj(ka); Hy),

i,5,k1,k2

Cap(Hn) = | Cap(Lilkr), L;(ks); Hy).

gk ko
Let C’FJ*gB (Li(k1), Lj(k2); Hy) and CF¢, | (Li(k1), Lj(k2); Hy) be subspaces generated by
ws(Li(k1), Lj(ka); Hy) and Cop(Li(k1), Lj(ke); H,), respectively.

Let Xp,, (Li(k1), Lj(k2)) be the generators of the wrapped Floer complex
CWg,,. (L;(k1), Lj(ks)) given in equation (3.5.1). We can similarly define subsets of gen-
erators J)y = Up_,, Jas(Hn)/ ~ and Cap = U,Z,, Cap(Hn)/ ~. We can also define
Cngﬂ(Li(kl),Lj(kQ)) and CW¢, (Li(k1), Lj(kz)) as subspaces of CWp (Li(k1), L;j(k2))
generated by J ;ﬂ and C,g3, respectively.

Note that Xp,, (Li(k1), Lj(k2); Hn) = Xp,, (Li(k1), Lj(k2); nH;) because nH; only dif-
fers from H,, by a constant on each edge and both Hamiltonians only act on the edges (and

the small perturbations inside the pants yield the same generators as well).
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Lemma 3.8.1. Given

r1 € Xp,, (Lig(ko), Li, (k1)), - - .y xq € Xp, s (Liy_ (ka-1), Liy(ka)),

where at least one of x;,7 = 1,...,d is in ‘707,6” then the output y = ,u?gaﬁﬂ/(xl, ce.,Tg) 1S In
CleB(LiO(ko), L;,(kq)).
Proof. From the definition of the wrapped Floer complex, there is a sufficiently large N,
dependent on xy,...,z4, such that for all n > N, z; € Xp,, (Li;_,(kj_1), Li;(k;)) has a
representative x; € Xp,, (Li,_, (kj—1), Li;(k;); Hy), for all j = 1,...,d (we use the same
notation for the representative x; for convenience). Also at least one of z; is in J;(H.,).
To prove this lemma, we would like to show that there is a sufficiently large integer IV,
dependent on zq, ..., x4, such that for all n > N, any generator y appearing in the output

of the product
1y (@as - a1 Hy) € OFp | (Lig(Ko), Liy(ka); dH,,)

is in J5(dH,).

We prove by contradiction. Suppose the output y can be in Cog(Li,(ko), Li,(ka); dH,,)
for infinitely many values of n. Due to this assumption, ip,iq € {a,8}. This output y
is given by the count of index (2 — d) pseudo-holomorphic discs (with a modified almost-
complex structure) with boundaries on ¢2(L;, (ko)), 9% (L, (k1)), . .., and L;,(ks) and with
strip-like ends converging to intersection points ¢ 1(x1) € ¢&(Ly, (ko)) N @& (L, (k1)), - -,
24 € Oh(Liy(ka—1)) N Li,(ka), and y € ¢ (L, (ko)) N L, (ka).-

From now on we will only consider the universal cover of e, and lifts of all Lagrangians
in ey to this universal cover. We keep the same notation for convenience.

The boundary of a holomorphic disc satisfying the above traces out two curves on e,
starting at y, each of which is connected and piecewise smooth. One curve C consists of
boundary arcs in ¢%(Ls, (ko)), ¢4 ' (Ls, (k1)), - - ., ¢4~ (Li,, (kc,)). The other curve C; consists
of boundary arcs in Li,(ka), ¢p(Li,_, (ka-1)), -5 &2(Liy_,, (ki—c,)). We choose the largest
possible ¢; and ¢y so that the four conditions below are satisfied. We list the first three now

and the fourth later:

1. all of i, ... e, ddyid1, - -1 ide, € {ov, B);
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2. (4 and (5 do not contain any input intersection points that are not in eyg;
3. d— Co > Cq.

Note that if the boundary of the holomorphic disc leaves e,s and enters back into e,s again,
then it must go through an intersection point outside e,s. This is because if it doesn’t go
through an intersection point outside e,g, then it must create a boundary branch point by
backtracking along a Lagrangian, but a rigid holomorphic disc does not have any boundary
branch points. Hence, C; and C are connected, and they don’t leave e,s and then enter
back.

A fourth condition for choosing ¢; and ¢y becomes necessary when C; and Cy satisfy-
ing conditions (1)-(3) intersect at an input point, which happens if and only if the entire
holomorphic disc is contained in e, with its boundary being the closed loop C; U C,. In
this case, d — co — 1 = ¢;. Let 7. = min{7|(7,¢) € C, U Cy)}. Every Lagrangian in-
volved has the property that its lift intersects each fiber of the universal cover of e,z at
only one point. Hence 7. must be the 7 coordinate of an intersection point 7. = ¢¢ (z.) €

gbﬁ_(c_l)(Linl(kc,l)) N¢i=<(L; (k.)), i.e. 7. = 7(Z.). To summarize, we require that

(4) if the holomorphic disc is contained in e,s, then choose d — ¢; — 1 = ¢; = ¢ where

7(Z.) = min{7|(7,¢) € C; U Cy}.

Figure 3.6 illustrates the subset of the holomorphic disc which lies inside e,s with boundary
01 and 02.

/.

\
N 77 \ y2d
M /, Cl\\\ :y,/ CQ /;;/
/ \, R
/ Ch - e
7 7 /
CQ / _,%1_/
/ -
y 02 // y

Figure 3.6: The subset of the holomorphic disc which lies inside e, 3 has boundary on C; UCs.
The dashed curves represent C;. The right-most picture illustrates the situation where the
curves C; and (5 intersect at an input point.
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Observe for each 7 < 7(y), the fiber over 7 intersects C; and Cy at no more than
one unique point (7,%1(7)) € C; and one unique point (7,19(7)) € Cy. We show this
observation is true by contradiction. If the fiber of the universal cover over some 7 < 7(y)
intersects C; at more than one point, then an interior point of C; must be an intersection
point Z, = ¢2%(xy) € gbz_(b_l)(Lib_l(kb_l)) N ¢&=°(L;,(ky)) at which the 7 coordinate of C}
backtracks, meaning that 7(Z;) is the minimum value of 7 in an open neighborhood of Z; in
Cy. The lift of each Lagrangian intersects each fiber (level of 7) of the universal cover of e,z
at only one point, the rigid holomorphic disc has no branch point, and each corner of the
disc is convex. For these reasons, the 7 coordinate cannot backtrack more than once along
C1UCy , and where it backtracks, 7(Zp) is actually the minimum value of 7 achieved by the
holomorphic disc, i.e. the holomorphic disc is contained in {(7,v) € eqs|T > 7(Zp)}. From
property (4), b = ¢ and ; is the end point of C;, contradicting Z; being an interior point of
C}. The same reasoning can be applied for Cs.

Let’s choose N > |kol|,..., |kq|, then for every 7 € (0,7(y)), the absolute value of the
slope of the tangent line to Cy at (7,11(7)) is greater than that of Cy at (7,v2(7)). Also
note that from inside the holomorphic disk, the angle between tangent lines T,¢% (L;, (ko))
and T,L;,(ks) must be greater than 7/2 due to the ordering of the boundary Lagrangians
and the assumption that n > |ko|, |k4|.

We want to show for n > N sufficiently large, the holomorphic disc under consideration
cannot have any input in \7075. We analyse two cases.

Case 1: the holomorphic disc is contained in e,s. Use the same notation that we used
when explaining property (4). The holomorphic disc is contained in {7 > 7(Z.)} for an input
#.. The slope of the tangent lines Tj, ¢ ™ (L, ,(ke1)) and T5 ¢ ¢(L;, (k.)) have the same
sign, i.e. negative if 7(z.) € (0,1) and positive if 7(Z.) € (1,3). Thus the angle between
these tangent lines, from inside the holomorphic disc, must be less than 7/2. The input Z.
must be in Co3(H,), i.e. 7(Z.) > 1, because the angle at any input in the positively wrapped
region is less than 7/2 and in the negatively wrapped region is greater than 7 /2. This is due
to the ordering of the boundary Lagrangians and the assumption that n > |ko|, ..., |k4|. So
we just have a triangle in {7 > 1} C e,p with no inputs in J];. (See Fig. 3.7a.)

Case 2: the holomorphic disc is not contained in e,p. As explained before, for every

7 < 7(y), the fiber over 7 intersects C; once and Cy once, with 11 (7) > 1)5(7) as illustrated
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in Figure 3.7b. Note that all boundary Lagrangians ¢/ (L;,(k;)) are dependent on n, so
are 11, 19. The value of 1;(0) and 1,(0) are dictated by inputs outside of e,g, so they
will stay almost constant as a function of n. Indeed, ¢;(0) and 15(0) are determined by
the remaining portion of the boundary of the disc (other than C; U Cy). As n varies and
the inputs z.,,...,Z4—c, move by continuation, this boundary curve varies by a homotopy
inside the cylindrical ends and remains constant inside the pants, and in particular 1, (0) and
1(0) remain constant. Hence 1;(0) > 1,(0) always, but their difference remains bounded
no matter how large n gets. However, as n gets large enough, 1;(1) < 15(1) because the
absolute value of the slope of the tangent line to C} at each (7,1,(7)) is greater than that of
Cy at (7,12(7)) and the slopes increase with n. Hence C; crosses Cy before reaching 7 = 1,
which contradicts an assumption that y € C,3(dH,). Hence, we can pick a sufficiently large
N, so that for all n > N, there does not exist any rigid holomorphic disc with the given

inputs 1, ..., x4, at least one of which lies in OZB(Hn) and its output in Cog(dH,,).

62(Liy ko)) % ¢4(Liy (ko)

Figure 3.7: dashed line is C

Corollary 3.8.2. There is a restriction map
pls: @D CWy, (Li, L) - @ CWe (Li, Ly)
Li,Lj Liij
which 1s a quotient by CW}WB(LZ-, L), and it is compatible with A, structures with no higher

order terms.
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Proof. 1t follows from Lemma 3.8.1. [

Lemma 3.8.3. Given inputs x1 € X (L;,(ko), Li, (k1)), ..., x4 € X(L;,_,(ka—1), Li,(kq)) and
output y = pi(wy,...,xq) € X(Li(ko), Li,(ka)), there is a single pair of pants Py C H
and a sufficiently large N, dependent on xi,...,xq,y, such that for all n > N, there are
representatives x; € Xp,(Li;_, (kj_1), Li;(k;); Hn),y € Xpy(Liy(ko), Liy(ka); dHy) for all j =

1,...,d. Hence, u*(zy,...,1q) = Ndp0($1, Ce, ).

Proof. From the assumptions, there is a sufficiently large Ny, dependent on zi,..., x4, v,
such that for all n > Ny, x; has a representative x; € X(L;,_,(kj—1), L, (k;); Hy), for all
j=1,...,d, and y € Xp,(L;,(ko), L;,(ka); dH,,). Suppose the holomorphic disc has at least
one of its vertices is contained in a pair of pants FP,g,, but not in an adjacent pair of pants
P,sn, and at least one of its vertices is contained in F,g, but is not contained in P,g,. We
will show that such a holomorphic disc cannot exist. The same arguments also excludes discs
in which an edge goes into FP,g, to reach an vertex lying in another pair of pants even further
away from P,g,. Hence, all intersections points are actually in a single pair of pants. Note
that P,s, and P,g, overlap on the cylinder e,3. We focus on the portion of the disc that lies
in ey, and the manner in which it escapes into both ends of the cylinder. Again, we view
perturbed pseudo-holomorphic discs as ordinary peudo-holomorphic discs with perturbed
boundaries as explained in Section 3.3.

None of the inputs can be in C,p(H,,), the positively wrapped region shared by both
pairs of pants. This is due to what we noticed before (in the proof of Lemma 3.8.1) that
the angle at any input in the positively wrapped region is less than 7/2. Then by convexity,
the holomorphic disc will not go beyond that input point, i.e. it does not escape into both
Pog\€as and P,g,\ens. Hence, in the region [1,3] X ST C e,p, either there’s no vertex at
all, or there is one output.

First, assume the output is not in the positively wrapped region, then there’s no in-
tersection point at all in this region. Consider the universal cover of the cylinder e,z and
lifts of all Lagrangians in e,g to this universal cover. We can find two boundary arcs in
Lagrangians ¢2(L;, (ka—s)) and ¢%(L;, ,(k4s—:)) that are non-parallel lines and that they
intersect the fiber of the universal cover over 7 = 2 at ¢;(2) and v»(2), repsectively. The

Hamiltonian perturbations we use actually keep t;(2) and ;(2) constant as n varies, and
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the input marked points move along by continuation. So, these two lines will cross each
other for all n > N = |%| So there are no holomorphic discs with the assumed
inputs and outputs for sufficiently large n.

Now, suppose the output y is in the positively wrapped region. In the universal cover
of eyp, the disc will look like one of the configurations in Figure 3.8. The output point is
bounded by Lagrangians L;,(kg) and ¢2(L;,(ko)), which have the biggest and smallest slopes.
When we increase n to be large enough, 11(2) and 15(2) remain constant as before, and the
boundary arcs will cross each other again inside the positively wrapped region, which rules

out the existence of such holomorphic discs.

Figure 3.8:

]

Theorem 3.8.4. The wrapped Fukaya category W(H) is split-generated by the Lagrangian
objects L (k) where o € A and k € Z. In a suitable model for W(H), the morphism complex
between any two objects, Lo (k) and Lg(l), is generated by

X(Lak), Lo(1)) = ({J Xra, (Lalk), Lo(@) ) / ~ (35.2)

where Xp,, (La(k), Lg(l)) is the set of generators of the morphism complexes in W(Pag),
and the equivalence relation identifies © € ngm\jgﬁ with y € ngﬁn\ﬂﬁ whenever pzﬁ(:v) =
Pag(y), where plg, pog are restriction maps to the cylinder Cop = Pagy N Pagy. Moreover, in
this model, the A.-products in W(H) are given by those in the pairs of pants.

To clarify the last statement in Theorem 3.8.4, any product p(xy,...,z4) vanishes unless

T1,...,%4 all live in a single pair of pants P,s, (by Lemma 3.8.3), in which case we take
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the product inside P,s,. If in fact the generators z1, ..., x4 all live inside the same bounded
cylinder C,g, then so do the discs with these inputs (by the preceding arguments in Lemma
3.8.1), and the calculations A.-products in P,3, and P,g, give the same answer, i.e. the
product is compatible with the equivalence relation. On the other hand, if at least one of
the given inputs zi,...,z4 lives in J5, then so does the output by Lemma 3.8.1, and so

there is no question of compatibility with the equivalence relation.
Proof. Follows from Lemma 3.8.3. m

We label the 2n —nqs(k —1) +1 generators in Cop(La(k), La(l); Hy) by 2.4, . .. ,x;é, 05,

xiﬂ, e ,ngnaﬁ (lfk), successively with the minimum of the Hamiltonian labelled as :L’gﬁ as

illustrated in Fig. 3.9. Each Floer complex CWp,  (La(k), Ls(l)) is a
CWp, , (La(k), La(k))=CW5, | (Ls(l), Lg(l))-bimodule. We label the 2n—nqs(l—k)—da,s—1

afBy
generators in Cog(La(k), Lg(l); Hy) by [}, ... x5, 204, ... ,xZ;Bn"‘ﬁ(lfk)fd“’rQ (Fig. 3.9).

Figure 3.9: Generators in Co5(La(0), Lo (0); He) and Cos(La(0), Ls(0); Hy); assuming d, 3 =
—1.

The object L, (k) is equivalent to L,(l) in the category W(FP,s,), and similarly in
W(P,gs,). However, they can be distinguished as the object for which the generator z* €
Cap(La(k), La(l)) in the image of the restriction functor p) is identified with the generator

F=(nas(=k) ¢ € 5(Lo(k), Lo(1)) in the image of pog- In addition,a},. , is identified with
~—(i+na[3(l—k)+da7[3+2)
T4 :
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Chapter 4

The Landau-Ginzburg mirror

4.1 Generating objects.

The category of matrix factorizations M F(X, W) is defined to be the Verdier quotient
of MF™e¢(X W) by the subcategory Ac(X, W) of acyclic elements [AAEKO13, LP11,
Or11]. The objects of MF™"¢ are

t1
T = Tl hTO )
to

where 717, T} are locally free sheaves of finite rank on X, and ?;, ¢y are morphisms satisfying
tiy1 0t; = W -idy,. The morphism complex

Hom(S,T) = @; jHom(S;,T;)
is graded by (i + j)mod 2, i.e. even and odd, that is

H0m6v€n<57 T) — Hom(SO’ T(]) ) 7—[0m(51, T1)7

Homodd(s’ T) = Hom(Sy, T1) & Hom(S1,Tp).

The differential on this complex is d : f + to f—(—1)//! fos. The equivalence M F(X, W) =
D} (D) is given by T~ coker(t1), which is a sheaf on D because it is annihilated by W.
For each irreducible divisor D, = {ta1 = 0}, taq : O(—=D,) — O is an injective sheaf

homomorphism. It also induces a map tn1 : O(—D,)(k) — O(k) for any k € Z (with
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the notation O(k) := O(1)®*, where O(1) is the polarization (ample line bundle) on X
determined by the polytope Ax). For each o € A,k € Z, we consider

Tu(k) == O(=Do)(k) —= O(k) (41.1)

toz;()

in MF(X,W). The object T,(k) in D% (D) is coker(tq,) = Op, (k). An argument similar
to that in Section 6 of [AAEKO13] implies that:

Lemma 4.1.1. MF(X,W) is split-generated by objects To(k), k € Z,a € A.

4.2 Cech model and homotopic restriction functors

Let

U=A{Uapy = Clzag; Tay, Loy, W = TaplayTy ta,s4€A adjacent
be a finite covering of (X, W) by affine toric subsets. The moment polytope of each U,p,
corresponds to a corner of Ay given by C,, Cg, C,. The divisor D restricted to U,s, is equal
to the restriction (D, U Dg U D,)|u,, , with Dylv.,. = {2y = 0}, Dslu,,, = {7ay = 0},
D, lu,s, = {7as = 0}, and W is locally given by the product of these affine coordinates. The
object T, (k) restricted to this local chart is

LBy

To(k)(Uagy) = O(=Da)(k)(Uapy) —= O(F)(Uagy) ,

TaBTay

and similarly for T3(k)(Uag,) and T, (k)(Uagy). Note that T, (k)(Uasy) is actually equivalent
to T»(0)(Uapy) in the category of matrix factorizations on the local chart Upg, .

There is a restriction functor, simply to the complement of the coordinate plane {z,5 =

0},
Ulg t MF (Uapy, TapTar@sy) = MEF (C*zap] X ClTay, Toy], TapTaryTay) = Db(COh(C*[mab’])),
where C*[z4p] is the C* with ring of functions C[z_4]. The equivalence

MF (C[t05] X Clitay, Ty}, Tasan@y) = DY(Coh(C [rag]))

is due to the Knorrer periodicity theorem [Or04, Kn87|. In this section, we will check the

commutativity of the following diagram up to the first order
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A=W ([ Papy) ’ B:=W(IICas)

A= MF ([1(Uagy, TasTarty)) ——= B := D*(Coh(]] C*[z4g])).

In this diagram, p is the restriction functor from Section 3.8. Due to HMS for pairs of pants

(as shown in [AAEKO13]), the category A is quasi-equivalent to A’ via the A,.-functor ¢,.
The categories B and B’ are quasi-equivalent due to HMS for cylinders, and the functor g,

has no higher order terms. We want to show that the two A, restriction functors
F=qop, G=ocogq,:A—=DB

are equal up to the first order.
The following diagram shows the morphisms (f1, fo) € Hom®(To(k)(Uagy), Ta(1)(Uasy))
and (o, 1) € Hom (Tu (k) Uags), Tull) (Uasn)

LBy

O(=Da)(k)Uapy) Toiam, Ok)(Uagy) -

<

O(=D.) () (Uagy) = O(1) (Uns)

TaBTay

The differential maps

(Fi fo) = (@ (fi = fo)s Taptan(fr — o)),
(ho, h1) = (TapTarhi — Tayho, TagTayhy — Taoho).
Hence in cohomology
Hom® (T () (Uas,), T (1) (Uar)) = Ol = k)(Uas)/ (@, Tasar).
Hom! (T, (k) Uagn). Ta (1) (Uasy)) = 0.

Restricting via o, gives

Hom® (T, (k) (Uagy); Ta(l) (Uagy)) = Ol = k)(Uapy)/ (257, Tar) = Op,svasy (I = k),
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where Dys|Uagy = (Do N Dp)|Uspy = C*zap]. Hence T, (k) (Uapy), To(1)(Uapy) and
To(k)(Uagy), Ta(l)(Uapy) are respective objects in M F(Uqgy, Zap®ypZay) and

MF (Uapy, TapTnslan) for which the generator zl,5 € Op,_,jvasy (I — k) in the image of the
restriction function o4 is identified with f;é“n"‘ﬂ (=R ¢ Op,slUapy(l—k) in the image of o) 5.
Indeed, the restriction of O(1) to D, has degree given by the length of the corresponding
edge of Ax, i.e. nag, so O(l — k)p,, has degree nap(l — k).

A similar calculation can be carried out for Hom(7y(k)(Uagy), T5(1)(Uagy)). One finds
that the restriction functors from adjacent affine charts to their common overlap now identify
generators whose degrees add up to the degree of O(—D,)(l—k)|p, ,, namely nas(l —k)+dags.
This matches with the behavior described at the end of Section 3 for the restriction functors
in Floer theory, via the natural identification between cohomology-level morphisms on two
sides of mirror symmetry as suggested by our notations. Hence the functors F and G agree
on cohomology as claimed.

The restriction functor makes B’ a module over A, and the Hochschild cohomology
HH'(A,B') determines the classification of A.-functors from A to B’ which induce a a
given cohomology-level functor; see Section 1h of [Se08]. A Hochschild cohomology calcu-

lation similar to that in Section 3 of [AAEKO13] shows that:

Lemma 4.2.1. The Hochschild cohomology HH"'(A,B') vanishes in all pieces which have

length filtration index greater than one.

Corollary 4.2.2. Two A, -functors from A to B’ which agree to first order are homotopic.
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Appendix A

A global cohomology level

computation

We compute the wrapped Fukaya category W(H ) and the category of singularity Dgg(VV’1 (0))
at the level of cohomology, using methods very similar to those in [AAEKO13]. Aside from
using a few earlier notations, this appendix is self contained, independent from the sheaf
theoretic computation in the rest of the paper. We show it because it is a straightforward
demonstration of HMS, though we do not know how to extend this to compute the higher
Aso-structures. We will list the generators of the morphism complexes for both categories,
but we will be very brief in discussing the product structures on the morphism complexes

because this computation is not the main point of this paper.

A.1 The wrapped Fukaya category.

We use Abouzaid’s model of the wrapped Fukaya category [Ab10], with only a Hamil-
tonian perturbation H : M — R that is quadratic in the cylindrical ends. Then the
wrapped Floer complex CW*(L,(k), Lg(l)) is generated by the Reeb chords that are the
time-1 trajectories of the Hamiltonian flow from L, (k) to Lg(l). Equivalently, up to a
change of almost-complex structure, CW*(Lq(k), Ls(1)) = (¢'(La(k)) N Lg(1)). The product
p? s CW*(Lg(j), Ly (1) @CW*(Lo(5), Lg(k)) — CW*(La(4), L,(1)) is equivalent to the usual
Floer product CF*(¢'(Ls(j)), Ly (1)) ® CF*(¢*(La(4)), ¢' (Ls(k)) = CF*(¢*(La(5)), Ly (1)),
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which counts holomorphic triangles with boundaries on ¢*(L,(j)), ¢'(La(k)), and L, (1).
The inputs are ¢'(p1) € ¢*(La(5)) N (Lg(k)) and pa € ¢'(Lg(k)) N Ly(l), and the output is
G € »*(La(7)) N Lo(l), which corresponds to ¢ € ¢'(La(5)) N L (1) by the rescaling method
explained in [Ab10].

Lagrangians from the same component.

First, we list the generators of CW*(L,(k), Lo(1)); see Fig. A.1 and A.2. There are two
cases.

Case 1: on a bounded edge ens. For k < I, L,(k) intersects L,(l) at nopg(l — k) + 1
points on e,g, all of which have degree 0. We label each intersection point sequentially
by ngﬁ(l_k)_jyiﬁ, for j = 0,...,n45(l — k). If e,p is adjacent to another bounded edge

€an, then there is a generator that is an interior intersection point at the joint of these two

edges labelled by xnaﬂ %) 6n one side and y"“"(l " on the other side; we identify them
ng’g(l k) yZ;;”“ M Fork>1, L o(k) intersects L, (1) at nas(k — 1) — 1 points of degree 1,

and we label them sequentially by ( nag(k=1)=2-7 Y ) for j =0,...,n45(k —1) —2. When
eqp 1s adjacent to another bounded edge €an, We get an extra degree 1 generator that is an
interior intersection point at the joint of these two edges. Again, we identify the two labels
coming from both sides.

Case 2: on an unbounded edge e,.. Let ey, be the adjacent edge. If k < [, then ¢! (L, (k))
and L,(l) have one interior intersection point at the joint of e,, and e,,, which we label

by 20, and we label the infinitely many purturbed intersections points on e,. successively

a’y’
by al,, for j = 1,2,.... Like before, we need to set 9 ., to equal the label for the same

0 nan(l—Fk)

generator comlng from the edge eqy, i.6. T, = z,, if €4, is unbounded, and xm = Yan

(or = mZ‘;‘,’B dependlng on which side e, is attached to eqp) if €4y is bounded. If & > 1,
then there is no interior intersection point, only infinitely many perturbed intersection points
labeled by x7,, for j =1,2,....

As for the products CW*(Ly(k), Lo(l)) @ CW*(La(j), La(k)) — CW*(La(j), La(l)),

there are no holomorphic triangles with vertices in more than one edge. The product
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c . Cﬁ " \/ - c

Figure A.1: Generators of CW?*(L,, L(3)) assuming n,.sz = 1.

Ca

c, \ { Cs \ / (@

Figure A.2: Generators of CW*(La(3), La) assuming n,s = 1. The generators x},5 and y,5
are of degree 1. Intersection points on unbounded edges are always of degree 0.

p2 - p1 = q needs to satisfy deg(p;) + deg(p2) = deg(q)(mod 2) where the grading is by

Zs, so there are just the three possibilities listed below. The formulas for the products are

obtained by counting holomorphic triangles.

o CWO(Lo(k), Lall)) © CWO(La(j), La(k) = CWO(La(j), Lall)), with 22, - a? ., =
ZE” y(q;gq For generators on a bounded edge, such a product is only possible when j < k < [.

o CWO(La(k), La(l)) ® CWY(La(5), La(k)) = CWY(La(5), La(l)), k < 1 < j, with 2”7 -

(xiﬂygﬂ) = (z Zﬁp yfmp) .

o CW'(La(k), La(1)) ©CWO(Lo(§), La(k)) = CW(La(4), La(D)), 1 < j < k, with (a7 5y75)"-

xZﬂygﬂ = (z Z,B pyZ,B ).

Lagrangians from two adjacent components.

In this section, we focus on two adjacent components C, and Cps. Recall that on the edge
€as, Lao(k) and Lg(l) have the opposite orientations. When the edge e,z is unbounded, we
do the same as in [AAEKO13|; we label the infinite sequence of odd degree intersection
points by xi;ﬁ, for j =0,1,2

On a bounded edge e,g, if k& <[, then L, (k) and Lg(l) intersect at nog(l — k) + do g+ 1
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points of degree 1, and we label them by xz;“g(lfk)”“’ﬁ*jyi;ﬁ for j =0,...na5(l — k) + dap.

For k > [, L,(k) and Lg(l) intersect at nnz(k — 1) + do 5+ 1 points of degree 0, and we label
them by (:BZ?g(k_lHﬂd"ﬁ_jyg;B) for j =0,...,n45(k — 1) + dap. See Figure A.3.

Ca LO(

< Cs \ Ls(3]

Figure A.3: Intersections of L, and Lg(3) on a bounded edge e,s; assuming n,s = 1,
dus = —1.

Assuming j < k < [, we have the following products:
o CWY(Ly(k),Ls(l)) @ CWLo(j), La(k)) = CWHLa(j), Ls(l)), with asg:ﬁyg;ﬁ ST sYag =

pf%p’yqf%q’_
o CWO(Lg(k), Ls(1) ® CW(La (), Ls(k)) = CW(La(4), Lp(1)), with abuyly - a? syl, =
xp+p’ q+q

a8 Yaip -
d OWl (L/B(k)ﬂ La(l)) &® OWl (LOé(j)7 L,B(k)) - CWO(LOC(j>7 La(l))7 with ‘rlﬁ);ayg;a © xz;ﬁyi;ﬁ =

p+p’'+1 q+q' +1
xaﬁ yaﬁ .

There are three other products by interchanging o and ( above. There are additional

products of a similar nature when we change the assumption of 7 < k <[ to other orders.

Lagrangians from three adjacent components.

Suppose a holomorphic triangle is bounded by Lagrangians from three different components
Cy,Cp,C,. The boundary of this triangle can be decomposed into three arcs, each arc only
winding around one leg of the pair of pants. Pick a point in the center of the triangle, then
joining these three arcs to this center point form three loops 71, 2, and 3. The fundamental
group of the pair of pants is a free group on two generators a and b, where a is a loop around
one leg of the pair of pants, b is a loop around another leg, and ab is a loop around the third

leg. Hence 73 = af, v = b?, and v3 = (ab)". However v; - 75 = 73, hence we must have
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p=q=r=1orp=gq=r=0. Hence, the vertices of such a holomorphic triangle in a
pair-of-pants cannot be an intersection point that is further down any edge than the first

one.

A.2 Category of singularities of the Landau-Ginzburg

mirror
We describe the triangulated category of singularities Dy, (D) of D = W~1(0). As in [Or04],
Homp,, (Op, (k), Op,(1)[n]) = Ext},(Op, (k), Op,(1)),

for n > dim D = 2. The morphisms only depend on whether the degree n is even or odd, so
calculating Ext’s for n > 2 is enough to determine the morphisms.
Assuming D,s := D, N Dg # 0, we get a 2-periodic resolution of Op_ (k) on D by locally

free sheaves,
{--+—= Op(k) = Op(—D,)(k) = Op(k)} = Op, (k) — 0.

We can replace Op, (k) with the above 2-periodic complex, and Hom(—, Op,(l)) maps this

complex to

0= Op, (1= k) “F Op,(Da)(I — k) “F Op, (1 — k) — -+ .

We get Ext,(Op, (k), Op,(l)) as the hypercohomology groups of this complex.

Morphisms Homp_ (Op,(k), Op,(I)[n]).

In this case ¢oo = 0, and 14, is isomorphic to the injective map Op_ (—H,)(l — k) —
Op, (I — k) with its cokernel being Oy, (I — k), where H, = (Jz Dop. Hence for n > 2,
Ext®"(Op, (k), Op, (1)) = H*(Op, (I — k)) and Ext%4(Op, (k), Op, (1)) = H (O, (I — k)).
So

Homp,, (Op,(k),Op,(1)[*]) = H* (On, (I — k)).

First, suppose D,, is unbounded. If H, = CUC, then H*(Oy, (I—k)) = Clz]®Cly]/z" =

y® and H' (O, (I — k)) = 0. Otherwise, H, consists of two C'’s connected by one or more
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PVs, as illustrated in Fig. A.4. We denote the two C!’s by C’ and C”, and the connecting
sequence of PVs by O, ...,C,,, and C = U;’;l Cj. Then H, = CUC’"UC” and there is an

exact sequence

~

0— HO(OCUC/Uc//(l — k’)) — (Oc(l — /f)) ) HO(OC/Uc//) H° (Opup//)

~

s HY(Ocuenen(l — k) — HY(Oc(L — k)) — 0.

Dq

C'=DyND,=C C”"=DaND,=C
K y=0nc p'=0"nC

C=DyNDg=P (or=\/P)

Figure A.4: H, =CuUuC' ucC”

When [ — k > 0,
(Ocl— @HOOC l— %@ . n]lk)/N7

HY(Oc(l - k)) =0,
where (x; : y;) are homogenous coordinates. The equivalence relation above identifies

y;”(l_k) € H°(O¢,(l — k)) and azyﬂl(l_k) € H%(Oc,,,(l — k)) with each other and with the
section of O¢(l—k) obtained by considering these two polynomials together on C;UC;4;. In
this notation, if C; = D, N Dg,, then we are identifying z; ~ Tas;, Yj ~ Yap,, and n; ~ nqgp; .
Suppose C' = D, N D, and C” = D, N D,, then H*(Ocior) = Clza,] ® Clzay).

When | — k < 07 HO(OC(Z — k)) = 0, HO(OC/UCU) = (C[xa'y] D C[xar]}y and
HY(Oc, (1 = K)) = (Clay : 5 0-2)".
(When n;(l — k) = =1, H'(O¢, (I — k)) = 0.) Then H'(Oc(l — k)) is a direct sum of all

the H'(Oc,(l — k)) for j = 1,...,m plus m — 1 extra generators associated to each vertex
C; N Cj11. Note by Serre duality, H(P',O(n(l — k))) = H°(P', O(n(k — 1) — 2))*, with
(xfy?)* - pfﬁyq = mp;lq+17 where p+q= n(k - l) -

Comparmg this with the wrapped Floer cohomology, we get
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Morphisms Homp_(Op,(k), Op,(1)[n]), o # .

In this case Y3 = 0, and ¢, is isomorphic to the injective map Op, (I—k) — Op, (Do) (l—k)
with its cokernel being Op,,(Do)(l — k). Hence for n > 2, Ext5*"(Op,(k), Op,(l)) =
H'(Op,,(Da)(l = k)) and Ext3%(Op, (k), Op, (1)) = H*(Op,,(Da)(L — k)). So

Hotp,, (Op, (k), Op, ()[ + 1]) = H*(Op,,(D.)(I - k)).

If D,p is unbounded, then D,g = Clz] and H*(Op,_,(Da)(l —k)) = H*(O¢) = C. If D,g
is bounded and Dyg = P', then Op_,(Ds) = Opi(da,p), where dg 3 = deg O(D,)|p,,, and

H*(Op,,(Da)(I = k)) = H* (O (nas(l = k) + da,p))-
For nas(l — k) > —da g,
H(Op (nag(l — k) + dap)) = Clzags : ya;ﬂ]nag(lfk)+da,6’

HI(OHM (nag(l — k) + daﬁ)) =0.

For nas(l — k) = —dop — 1,
HO(Ops (a1 — §) + ds)) = H(Ops (sl — 1) + ) = 0.
For nag(l — k) < —dap — 1,
1O (a1 — ) + dup)) = 0,

HY (Op1(nap(l — k) + dap)) = (Clap : Yaup)"or EDHdast2)"

Comparing with wrapped Floer cohomology, we get

Hom™(Lq(k), Ls(1)) = Homp,,(Op, (k), Op, (D)[+])-
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