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An improved shape reconstruction methodology for long rod like structures using 
Cosserat kinematics- including the Poisson’s effect 

Mayank Chadha1, Michael D. Todd2 

Department of Structural Engineering, University of California San Diego, La Jolla, 92093-0085, USA 

ABSTRACT: In this paper, we present an improved methodology for the global shape reconstruction of rod-like structures 
that capture the effect of curvature, shear, torsion, axial deformation, and Poisson’s transformation. The inclusion of 
Poisson’s effect relaxes Euler-Bernoulli’s rigid cross-section assumption such that the cross-section could now undergo 
planar deformation (shrinking or expansion in the same plane). This scenario is particularly useful for the inflatable structures 
and pipelines subjected to large radial pressure.  

The theory of shape sensing utilizes the concept of curve framing using Cosserat director triad also called as Cosserat 
kinematics. The idea is to develop an algorithm to reconstruct the global shape of the rods using the local differential 
geometry parameters (finite strain parameters) of the midcurve. The deformed configuration of the object lies in ℝଷ×𝑆𝑂(3)×
ℝ space. The presented theory exploits localized linearization approach that helps to obtain local basis set for the 
approximation of the midcurve position vector and the director triad, whereas moving least square approximation is utilized 
to estimate the axial strain field. The uniaxial surface strain incorporating all the effects mentioned above is derived and used 
to develop the shape-sensing algorithm. A simulation describing the idea is presented at the end. 

Keywords: Shape sensing, Cosserat rod theory, Director frame, Local basis function, Scalar surface strain. 

1. INTRODUCTION 

This paper extends the theory of shape sensing developed by Todd et al. [1] and Chadha and Todd [2-3] to include Poisson’s 
effect along with curvature, shear, torsion and axial deformation. This formulation relaxes Euler-Bernoulli’s rigid cross-
section. The cross-section remains planar but it can undergo deformation in the plane. The out of plane deformation due to 
warping is still ignored. Consideration of the Poisson’s effect is beneficial in the case of pipes subjected to internal radial 
pressure or in case of slender inflatable objects.  

This theory is geometrical exact and fully nonlinear, so it can capture large deformations. In mathematical terms, this theory 
involves defining the local differential geometric parameter set (called as “finite strain parameters”), estimating these 
parameters from the surface strain measurements, and finally using them to reconstruct the deformed configuration (that can 
be described as differential geometry at large). The configuration of deformable slender objects consists of the beam 
midcurve framed by the body-centered director triad. The initial description of this type of rod was harnessed by Cosserat and 
Cosserat [4] to arrive at the finite strain theory of rods and shell. Interested readers may refer to Ericksen and Truesdell [5], 
Chadha and Todd [6], and the references therein for a brief history and details on this subject. 

The subject of shape sensing is a topic of great interest owing to its application in structural health monitoring, smart tethers, 
and robotic surgical and catheterization applications. Researchers have used various curve framing approaches to capture 
curvature effects. We maintain a body-centered frame in the unsheared cross-section (as mentioned in Todd et al [1]) and the 
orthogonal director triad for a general case to capture torsion and shear (as mentioned in Chadha and Todd [2-3]). 

As in [1-2], we focus on uniaxial surface strain values obtained from any type of multiplexed sensing approach, including 
fiber Bragg grating (FBG), Rayleigh backscatter, or conventional resistive strain gauge.  

The remainder of the paper is arranged as follows: Section 2 details the geometry of the deformed configuration of the beam 
and establishes various geometric relationships. Section 3 obtains the expression for uniaxial scalar surface strain including 
the Poisson’s effect. Section 4 describes the solution approach to approximate the deformed configuration. Finally, in section 
5, we present a simulation comparing the exact deformed configuration to the predicted results followed by some 
conclusions. 

2. GEOMETRY OF THE DEFORMED CONFIGURATION OF THE BEAM  

A rod can be considered as a mathematical object described by a spatial curve in ℝଷ (the locus of cross-sectional geometric 
centroid, also called midcurve) parameterized by the arclength ξଵ ∈ ℝ, framed by a body-centered Cosserat director triad 
{𝐝୧(ξଵ)}. We consider that the initial unstrained configuration of the beam Ω଴ ⊂ ℝଷ to be straight. Section [2.1] of [2-3] 
details the geometric description of the beam configuration. The inclusion of Poisson’s effect does not change the position 
vector of the midcurve and the curve framing by the director triad {𝐝୧(ξଵ)}; all it changes is the position vector of the material 
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point in the deformed state, which we shall explore further. As a matter of completion, we detail the necessary geometry, in 
same sense as section [2.1] of [2-3]. 

Consider a fixed orthogonal frame {𝐄୧}. The domain of the beam is defined by the material point {ξଵ, ξଶ, ξଷ}, such that the 
origin of the frame {𝐄୧} is at {ξ୧ = 0} with i = 1 … 3. Let L୭ represent the length of midcurve in the undeformed reference 
state Ω୭, such that ξଵ ∈ [0, L୭]. The position vector of any material point in the undeformed configuration Ω଴ is given by 
𝐑଴(ξଵ, ξଶ, ξଷ) = ξ୧𝐄୧. 

Let us consider that the undeformed (and unstrained) configuration Ω଴ is strained and it deforms to the configuration Ω ⊂ ℝଷ. 
The position vector 𝛗(ξଵ) = φ୧𝐄୧, represents the midcurve of the deformed configuration. The orientation of any cross-
section in the deformed configuration Ω is defined by the set of orthogonal Cosserat director triad {𝐝୧(ξଵ)}, such that 
𝐝୧(ξଵ) = d୧୨(ξଵ)𝐄୨. The vector 𝐝ଵ(ξଵ) is perpendicular to the cross-section and the vectors {𝐝ଶ(ξଵ), 𝐝ଷ(ξଵ)} span the cross-
section of the beam at ξଵ. Therefore, it may be interpreted that the director field {𝐝୧(ξଵ)} framing the deformed configuration 
of the beam may be obtained from the fixed frame {𝐄୧} by means of a finite rotation, or 

𝐝୧(ξଵ) = 𝐐(ξଵ)𝐄୧. (1) 

Here, 𝐐(ξଵ) represents family of orthogonal matrices that belongs to 𝑆𝑂(3) rotational groups. Hence, they satisfy 𝐐𝐐୘ = 𝐈 
and det 𝐐 = 1. The orthogonal tensor 𝐐(ξଵ) is a curve on the manifold 𝑆𝑂(3). The tangent vector to this curve in 𝑆𝑂(3) is 
expressed as 𝐐,ஞభ

 that represents the tangent space of 𝑆𝑂(3). It can be easily obtained that 𝐐,ஞభ
𝐐୘ = 𝐊(ξଵ) such that 𝐊(ξଵ) is 

the linear space of skew symmetric matrices. Therefore, there exists an axial vector 𝛋 = κത୧𝐝୧ associated with 𝐊(ξଵ). 
Therefore, from (1), 

𝐝୧,ஞభ
= ൫𝐐,ஞభ

𝐐୘൯𝐝୧ = 𝐊𝐝୧ = 𝛋×𝐝୧. (2) 

The vector 𝛋 = κത୧𝐝୧ represents the Darboux vector associated with the infinitesimal rotation tensor 𝐊, parametrized by ξଵ. 
Equation (2) represents the differential equation that governs the evolution of the directors and hence the cross-sections.  

Let the midcurve 𝛗(ξଵ) (parametrized by the undeformed arc-length) be framed by an orthogonal body centered frame 
{𝐓, 𝐕, 𝐇} such that the vector {𝐓, 𝐕} spans the pitch angle plane and 𝐓(ξଵ) is the tangent vector to the midcurve. Thus, 𝐇 =
𝐓×𝐕. If there is no shearing in the beam, the triad {𝐓, 𝐕, 𝐇} coincides with {𝐝୧}. Let θ(ξଵ) and ϕ(ξଵ) represent the pitch and 
yaw angle of the mid-curve. Therefore, from Fig [4] of Chadha and Todd [6], with 𝜙௣(ξଵ)= θ(ξଵ) and 𝜙௬(ξଵ)= ϕ(ξଵ), 

቎

𝐓(ξଵ)

𝐕(ξଵ)

𝐇(ξଵ)
቏ = ቎

cos θ(ξଵ) cos ϕ(ξଵ) sin θ(ξଵ) cos θ(ξଵ) sin ϕ(ξଵ)

− sin θ(ξଵ) cos ϕ(ξଵ) cos θ(ξଵ) − sin θ(ξଵ) sin ϕ(ξଵ)

− sin ϕ(ξଵ) 0 cos  ϕ(ξଵ)
቏ ൥

𝐄ଵ

𝐄ଶ

𝐄ଷ

൩ = 𝐖ଵ ൥

𝐄ଵ

𝐄ଶ

𝐄ଷ

൩. 
(3) 

 

Assume that the deformed arc length coordinate is given by the parameter 𝑠. The infinitesimal length of the undeformed mid-
curve dξଵ deforms to ds causing axial strain e(ξଵ). If the object is subjected to shear and torsion, the orientation of the cross-
section changes. The tangent vector is no longer perpendicular to the cross-section. The shearing effect is quantified by the 

angles γଵଵ(ξଵ), 
஠

ଶ
− γଵଶ(ξଵ) and 

஠

ଶ
− γଵଷ(ξଵ) subtended by the directors 𝐝ଵ, 𝐝ଶ and 𝐝ଷ with the tangent vector 𝐓(ξଵ) =

ப𝛗

பୱ
. 

Hence, we note the following relations: 

e =
ds − dξଵ

dξଵ

;  
∂ξଵ

∂s
=

1

1 + e
, 

𝛗,ୱ. 𝐝୧ =
1

1 + e
𝛗,ஞభ

. 𝐝୧ = ൜
cos γଵ୧ , when i = 1

sin γଵ୧ , when i = 2,3
ൠ. 

(4) 

Therefore, 

𝛗,ஞభ
= (1 + e) cos γଵଵ  𝐝ଵ + (1 + e) sin γଵଶ  𝐝ଶ + (1 + e) sin γଵଷ  𝐝ଷ = (1 + e)𝐓. (5) 

To define a unique relation between {𝐓, 𝐕, 𝐇} and {𝐝୧}, we introduce the parameters αଵ(ξଵ), αଶ(ξଵ) and αଷ(ξଵ), defined as the 
angles subtended by the directors 𝐝ଵ, 𝐝ଶ and 𝐝ଷ with the vector 𝐕 respectively. Therefore,  
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቎

𝐓(ξଵ)

𝐕(ξଵ)

𝐇(ξଵ)
቏ = 𝐖ଶ ൥

𝐝ଵ

𝐝ଶ

𝐝ଷ

൩ 
(6) 

The component of the orthogonal tensor 𝐐 in Eq. (1) can be obtained from Eq. (3) and (6) in terms of the parameters 
(θ(ξଵ), ϕ(ξଵ), γଵ୧(ξଵ), α୧(ξଵ)) such that [𝐐୘]𝐝𝐢⊗𝐄𝐢

= 𝐖ଶ
ି𝟏𝐖ଵ. The component of orthogonal matrix 𝐖ଶ, the tensor 𝐐 and the 

Darboux vector can be obtained from Eq. (41), Appendix 10.1 and Appendix 10.2 respectively in Chadha and Todd [6]. Note 
that 𝐐 is orthogonal if and only if the constraints on the parameters (α୧, γଵ୧) as mentioned in Eq. (42) of Chadha and Todd [6] 
are satisfied. From Eq. (2) and (5) we arrive at an important equation that governs the evolution of the system as 

⎣
⎢
⎢
⎡

𝛗,ஞభ

𝐝ଵ,ஞభ

𝐝ଶ,ஞభ

𝐝ଷ,ஞభ⎦
⎥
⎥
⎤

= ൦

0 (1 + e) cos γଵଵ (1 + e) sin γଵଶ (1 + e) sin γଵଷ

0 0 κതଷ −κതଶ

0 −κതଷ 0 κതଵ

0 κതଶ −κതଵ 0

൪ ൦

𝛗
𝐝ଵ

𝐝ଶ

𝐝ଷ

൪ 

(7) 

Note on the smoothness requirement of the midcurve: 

Note that unique smooth curve framing by {𝐓, 𝐕, 𝐇} and hence by {𝐝୧} requires a regular Cଶ curve that can have degeneracy. 
Thus, this frame has a relaxed condition of existence compared to the Frenet frame that needs regular Cଷ non-degenerate 
curves.  

3. KINEMATICS OF THE BEAM-OBTAINING UNIAXIAL SCALAR STRAIN  
 

3.1 Strain vector and deformation gradient tensor: 

The position vector of any material point {ξଵ, ξଶ, ξଷ} in the deformed configuration Ω is given by 

𝐑(ξଵ, ξଶ, ξଷ) = 𝛗(ξଵ) + ξመଶ𝐝ଶ(ξଵ) + ξመଷ𝐝ଷ(ξଵ) 

where 

ξመ୧(ξଵ, ξ୧) = (1 − e(ξଵ)ν)ξ୧ for i = 2 − 3, 

(8a) 

 

(8b) 

and ν represents the Poisson’s ratio. Eq. (8b) represents Poisson’s transformation of the cross-section. To obtain the 
deformation gradient tensor 𝐅 for the problem, we define the infinitesimal tangent vector d𝐑଴ = dξଵ𝐄ଵ and d𝐑 in Ω଴ and Ω 
configuration. Therefore, from Eq. (23) of Chadha and Todd [6], the tensor 𝐅 can be obtained as, 

𝐅 =
d𝐑

d𝐑଴

= ෍ 𝐑 ,ஞ౟
⊗ 𝐄୧

ଷ

୧ୀଵ

  . 
(9) 

From Eq. (8), we obtain the following, 

∂𝐑

∂ξ୧

= ቊ
൫𝛗,ஞభ

+ ξመଶ𝐝ଶ,ஞభ
+ ξመଷ𝐝ଷ,ஞభ

+ ξመଶ,ஞభ
𝐝ଶ + ξመଷ,ஞభ

𝐝ଷ൯  when i = 1;

(1 − e(ξଵ)ν)𝐝୧,                                                       when i = 2,3.
ቋ = 𝛌୧ + 𝐝୧. 

where 

ξመ୧,ஞభ
= −e,ஞభ

νξ୧ for i = 2 − 3. 

(10a) 

 

 

(10b) 

Using the results from Eq. (7), we obtain the expression of the vector parameter 𝛌୧ as 

𝝀ଵ = ቀ൫(1 + e) cos γଵଵ − 1൯ + ξመଷκതଶ − ξመଶκതଷቁ 𝐝ଵ + ൬(1 + e) sin γଵଶ − ξመଷκതଵ + ξመଶ,ಖభ
൰ 𝐝𝟐

+ ൬(1 + e) sin γଵଷ + ξመଷ,ಖభ
+ ξመଶκതଵ൰ 𝐝ଷ; 

(11) 
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𝛌୧ = ቀξመଶ,ಖ౟
− 1ቁ 𝐝𝐢 = (−νe)𝐝୧,      for i = 2 and 3.  

Therefore, using Eq. (8) and (9), we can obtain the deformation gradient tensor as, 

𝐅 = ෍(𝛌୧ + 𝐝୧) ⊗ 𝐄୧

ଷ

୧ୀଵ

= ෍ 𝛌୧ ⊗ 𝐄୧

ଷ

୧ୀଵ

+ 𝐐. 
(12) 

We define the strain vector as 

𝛜 = ෍ ൬
∂𝐑

∂ξ୧

− 𝐝୧൰

ଷ

୧ୀଵ

= ෍ 𝛌୧

ଷ

୧ୀଵ

. 
(13) 

3.2 The orientation of an arbitrary strain gauge in the deformed state (measurement model): 

Consider a strain gauge attached to a typical material point on the surface 𝑞 ≡ ൫ξଶ
୥

, ξଷ
୥

൯ on the cross-section ∎൫ξଵ
୥
൯ in the 

undeformed configuration Ω଴. We assume that the strain gauge is completely attached to the material. Therefore, it maintains 
the angle µ with the normal vector to the cross-section. In the deformed state, the unit direction vector of the strain gauge 
would lie on the plane spanned the 𝐝ଵ − 𝐐୲ as described in Fig. [1]. Let 𝐫୮୯ = ξመଶ

୥
 𝐝ଶ + ξመଷ

୥
𝐝ଷ represent the vector joining the 

centroid of the cross-section ∎൫ξଵ
୥
൯ to the material point 𝑞 in the deformed state. The tangent vector 𝐐୲ for the cross-section 

subjected to the Poisson’s contraction can be obtained as 

𝐐୲ = 𝐝ଵ×
𝐫୮୯

ห𝐫୮୯ห
= −

⎝

⎛
ξመଷ

୥

ටξመଶ
୥ଶ

+ ξመଷ
୥ଶ

⎠

⎞ 𝐝ଶ +

⎝

⎛
ξመଶ

୥

ටξመଶ
୥ଶ

+ ξመଷ
୥ଶ

⎠

⎞ 𝐝ଷ = −

⎝

⎛
ξଷ

୥

ටξଶ
୥ଶ

+ ξଷ
୥ଶ

⎠

⎞ 𝐝ଶ +

⎝

⎛
ξଶ

୥

ටξଶ
୥ଶ

+ ξଷ
୥ଶ

⎠

⎞ 𝐝ଷ. 

(14) 

For simplicity, we assume the cross-section to be circular with the radius r in the undeformed state. Therefore, if σ is angle 
subtended by the vector 𝐫୮୯ with the vector 𝐝ଶ, ξଶ

୥
= r cos σ and ξଷ

୥
= r sin σ. Therefore, we obtain 𝐐୲ = − sin σ 𝐝ଶ + cos σ 

𝐝ଷ. Therefore, the unit direction vector of the strain gauge in the deformed configuration 𝐧 is given as 

𝐧 = cos µ 𝐝ଵ + sin µ 𝐐୲ = cos µ 𝐝ଵ − sin µ sin σ 𝐝ଶ + sin µ cos σ 𝐝ଷ (15) 

 

Fig1: Orientation of the strain gauge in the deformed configuration 

Notice that despite the inclusion of Poisson’s effect, the unit direction vector 𝐧 is identical to the one in Chadha and Todd [2]. 
This is because Poisson’s effect leads to proportionate planar deformation depending on average axial strain, thereby 
preserving the geometric form of the cross-section.  

From Eq. (11), (13) and (15), and considering ξଶ = ξଶ
୥

= r cos 𝜎, ξଷ = ξଷ
୥

= r sin 𝜎, ξመଷ,ஞభ
(ξଷ

୥
) = −e,ஞభ

νξଷ = −e,ஞభ
νr sin σ and 

ξመଶ,ஞభ
(ξଶ

୥
) = −e,ஞభ

νξଶ = −e,ஞభ
νr cos σ, the unit scalar surface strain ε for the strain gauge with the unit direction vector 𝐧 in Ω 

can be obtained as 
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ε = 𝛜. 𝐧 = ቂcos µ ቀ൫(1 + e) cos γଵଵ − 1൯ + (1 − eν)r sin σ κതଶ − (1 − eν)r cos σ κതଷቁ

− sin µ sin σ ൫(1 + e) sin γଵଶ − (1 − eν)r sin σ κതଵ൯

+ sin µ cos σ ൫(1 + e) sin γଵଷ + (1 − eν)r cos σ κതଵ൯ቃ − sin µ sin σ (−νe)

+ sin µ cos σ (−νe) 
 

 

 

(16) 

Interestingly there is no term containing e,ஞభ
 in Eq. (16). It is not hard to prove that the expression of the surface scalar strain 

ε for the strain gauge on (𝐝ଵ − 𝐐୲) plane does not have e,ஞభ
dependence, irrespective of the shape of cross-section. Even 

though estimation of the parameter e,ஞభ
is required to obtain strain vector in Eq. (13), but there is no need to estimate e,ஞభ

 for 

shape sensing. It is worth noting that the deformed configuration Ω of the beam can be described by ൫𝛗(ξଵ), 𝐐(ξଵ), e(ξଵ)൯ in 
the space ℝଷ×𝑆𝑂(3)×ℝ. In fact, obtaining e,ஞభ

at a given cross-section would involve an additional strain gauge in non-
tangential plane (for instance in 𝐄ଶ direction in Ω଴ configuration.) 

We define the following strain parameters, 

Sଵ = (1 + e) cos γଵଵ − 1; 
Sଶ = (1 + e) sin γଵଶ ; 
Sଷ = (1 + e) sin γଵଷ ; 

Sସ = rκതଵ; Sହ = rκതଶ; S଺ = rκതଷ; 
Hence, 

e = ((Sଵ + 1)ଶ + Sଶ
ଶ + Sଷ

ଶ)଴.ହ − 1 = S଻; 

(17a) 

 

 

(17b) 
Substituting Eq. (17) into Eq. (16), we arrive at the equation of surface strain in terms of parameters S୧.  

4. SOLUTION APPROACH: 

As mentioned in the previous section that the deformed configuration belongs to ℝଷ×𝑆𝑂(3)×ℝ space, we present our 
solution strategy to obtain approximate configuration Ω୦ that comprises of the midcurve position vector 𝛗୦(ξଵ), director 
triad {𝐝୦౟

} and axial strain field e୦(ξଵ). The solution to 𝛗୦(ξଵ) and {𝐝୦౟
} is based on a localized linear basis approach, and 

e୦(ξଵ) is estimated using moving least square approximation or equivalently, the reproducing Kernel approximation used in 
mesh-free methods. 

4.1. An approximate solution for the midcurve position vector and director triad:  

It is clear from Eq. (17) that a minimum of 6 strain gauges across the cross-section is required to determine all the 
deformation parameters, the same as in Chadha and Todd [2]. Unlike Chadha and Todd [2], obtaining 6 strain parameters 
(Sଵ − S଺) would involve solving a non-linear system of six simultaneous equations at a given cross-section. To obtain the 
approximate solution of the global deformed shape of the structure, we discretize the structure into N segments (nത = 1, … , N) 
with the center of each segment located at ξଵ౤ഥ

. We attach 6 strain gauges at the right cross-section bounding the segment N at 
ξଵ౤

 with n = 1, … , N. If we consider the left end to be fixed, the left cross-section of the first segment serves as the boundary 
condition. Thus, the scalar strain at the n୲୦ cross-section and for the m୲୦ strain gauge ε୬,୫ can be obtained by substituting 
S୧ = S୧౤

, σ = σ୬,୫ and µ = µ୬,୫ in Eq. (16) and (17) as, 

ε୬,୫  = cos µ୬,୫ ൫Sଵ౤
+ (1 − S଻౤

ν) sin σ Sହ౤
− (1 − S଻౤

ν) cos σ୬,୫ S଺౤
൯

− sin µ୬,୫ sin σ୬,୫ ൫Sଶ౤
− ൫1 − S଻౤

ν൯ sin σ୬,୫ Sସ౤
− νS଻౤

൯

+ sin µ୬,୫ cos σ୬,୫ ൫Sଷ౤
+ (1 − S଻౤

ν) cos σ୬,୫ Sସ౤
− νS଻౤

൯ 

(18) 

Here, σ୬,୫ is the angle subtended by the m୲୦ strain gauge with the normal vector 𝐝ଵ on the cross-section of the n୲୦ cross-
section and S଻౤

 depends on other strain terms as per Eq. (17b). Note that unlike the definition of the deformed configuration 
of the beam in Chadha and Todd [2], here the cross-section also undergoes Poisson’s transformation. Therefore, it is 
necessary to determine the approximate axial strain e(ξଵ) along with the midcurve position vector 𝛗(ξଵ) and the director 
triad {𝐝୧}. For the n୲୦ cross-section, the discrete differential equations governing the configuration Ω is same as Eq. (18) of 
Chadha and Todd [2]. 

We use local linearization approach where the coefficients in the governing differential equation are linearized locally in each 
segment. We tractate a Taylor series expansion of the seven coefficients about the location of the cross-section ξଵ = ξଵ౤

 to 
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zeroth order, thereby reducing the system of differential equations (7) into a constant-coefficient system that admits exact 
solution, valid locally at each segment. The solution for the n୲୦ segment is, 

𝛗𝐧(ξଵ) = 𝐀୬భ
ξଵ + 𝐀୬మ

sin ൬
ξଵγ୬

r
൰ + 𝐀୬య

 cos ൬
ξଵγ୬

r
൰ + 𝐀୬ర

 

𝐝୬౟
(ξଵ) = 𝐁୬𝐢భ

𝜉ଵ + 𝐁୬౟మ
sin ൬

ξଵγ୬

r
൰ + 𝐁୬౟య

 cos ൬
ξଵγ୬

r
൰ + 𝐁୬౟ర

,  where γ୬ = ൬෍ S୧౤

ଶ
଺

୧ୀସ
൰

ଵ
ଶ
 

(19a) 

 

(19b) 

The vector constants 𝐀୬భ
− 𝐀୬ర

 in Eq. (21a) can be found as described in Appendix (A.2) of Chadha and Todd [2]. In fact, 
these vector constants (𝐀୬భ

− 𝐀୬ర
 and 𝐁୬౟భ

− 𝐁୬౟ర
) are function of the strain parameters Sଵ౤

− S଺౤
 and the constants of 

integration. Hence, if there are N cross-sections, there are 12N constants of integration. Imposing continuity in each 
component of {𝛗୬, 𝐝ଵ, 𝐝ଶ, 𝐝ଷ} between the segments gives 12(N − 1) constraints, and an appropriate boundary condition 
gives 12 additional conditions. The estimated value of the axial strain at the cross-section location can be obtained from Eq. 
(17b). If all the strain parameters S୧౤

 are zero (implying a point of degeneracy), then Eq. (20) of Chadha and Todd [2] 
guarantees that the solution basis has no singularity. The global approximate solution for 𝛗୦(ξଵ) and {𝐝୦౟

} can be obtained 
by stitching together each of these local solutions using the Heaviside function as in Eq. (21) of Todd et al [1].  

4.2. Approximate solution to the axial strain  

Equation (17b) can be used to obtain the axial strain e൫ξଵ౤
൯ in the n୲୦ cross-section. We approximate the axial strain field 

using Moving Least square approximation. We brief the approach here. Let 𝐏(ξଵ) = {1, ξଵ, ξଵ
ଶ, … , ξଵ

୫}୘ represent set of m୲୦ 
order polynomial basis set, ξଵ౤

 represent n୲୦ location of discrete cross-section and W൫ξଵ − ξଵ౤
൯ represent the moving weight 

function, then the approximate axial strain and curvature field is given as, 

e୦(ξଵ)  = 𝐏୘(ξଵ)𝐌ିଵ ෍ 𝐏൫ξଵ౤
൯e൫ξଵ౤

൯W൫ξଵ − ξଵ౤
൯

୒

୬ୀଵ

 

Where, 

𝐌 = Moment matrix = ෍ 𝐏൫ξଵ౤
൯𝐏୘൫ξଵ౤

൯W൫ξଵ − ξଵ౤
൯

୒

୬ୀଵ

; 

e൫ξଵ౤
൯ = ቀ൫Sଵ౤

+ 1൯
ଶ

+ Sଶ౤
ଶ + Sଷ౤

ଶ ቁ
଴.ହ

− 1; 

(20a) 

 

(20b) 

(20c) 

 

One of the most commonly used weight function is cubic B spline, such that 

W൫ξଵ − ξଵ౤
൯  = W(z୬) =

⎩
⎪
⎨

⎪
⎧

2

3
− 4z୬

ଶ + 4z୬
ଷ,                       for 0 ≤ z୬ ≤ 0.5 

4

3
− 4z୬ + 4z୬

ଶ −
4

3
z୬

ଷ, for 0.5 ≤ z୬ ≤ 1

0                                   otherwise ⎭
⎪
⎬

⎪
⎫

; z୬ =
หξଵ − ξଵ౤

ห

a
 

(21) 

 

The term a is the support size. For m୲୦ order basis set, the weight function must be spread enough to cover at least (m + 1) 
data points. This fact is used to evaluate the support size. In a similar fashion, the approximate curvature fields κത୦భ

, κത୦మ
 and 

κത୦య
 can be obtained. 

5. SIMULATION: 

We simulate a 300m long circular rod with ν = 0.3 and diameter of 30.48 cm to study the effect of multiple curvatures, axial 
strain, Poisson’s deformation, but no shear. Unlike Chadha and Todd [2] the shape sensing now depends on the material 
property ν. The strain value at the surface of Ω for assumed orientation of strain gauge was obtained using Eq. (16). The 
strain parameters for the given cross-section were obtained by solving the non-linear simultaneous equations in Eq. (18). The 
approximate configuration Ω୦ is obtained using Eq. (19a-19b) and Eq. (20a). The assumed midcurve shape bears two points 
of degeneracy. The algorithm is thus without any singularity. We assume the orientation of the surface strain gauges given by 

σ୬ = ቄ
஠

ସ
,

஠

ଶ
,

ଷ஠

ସ
, π,

ହ஠

ସ
,

ଷ஠

ଶ
ቅ and µ୬ = ቄ

஠

ସ
, −

஠

ସ
,

஠

ସ
, −

஠

ସ
,

஠

ସ
, −

஠

ସ
ቅ.  
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Fig2: Top plots: Comparison of exact midcurve 𝛗(ξଵ) (light gray solid line) and the reconstructed approximate midcurve 
𝛗𝐡(ξଵ)  (dashed line). Bottom Plots: Comparison of exact directors (𝐝ଵ, 𝐝ଶ and 𝐝ଷ are represented by red, green and blue 

vectors respectively) and the predicted directors (൛𝐝୦౟
ൟ represented by black-dashed directors) of the object. 

 

Fig3: Comparison of exact curvature terms κ୧(ξଵ) (dashed line) and the approximate axial strain κ୧౞
(ξଵ)  (light gray solid 

line). The dots represent the data points obtained from the surface strain values. 

 

Fig4: Comparison of exact axial strain e(ξଵ) (dashed line) and the approximate axial strain e୦(ξଵ)  (light gray solid line). 
The dots represent the data points obtained from the surface strain values and used for global approximation. 
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Figure [2] compares the exact midcurve 𝛗(ξଵ) with the approximate midcurve 𝛗୦(ξଵ) and the exact orientation field {𝐝୧} 
with the approximate field {𝐝୦౟

}, solved using linearized analytical inverse approach for 5, 7, 20 and 50 discretized cross-
sections. The RMS Error is mentioned on top of the plots. The RMS Error reduces exponentially with the increase in number 
of cross-section at which strain gauge is attached. 

Figure [3] and [4] compares the exact curvature and axial strain field with the approximated fields. The approximation is 

obtained using Moving Least Square approximation. In this simulation, we use 2nd order shape function. The parameter 
୐

ୟ
  in 

Fig. [3] and [4] represents the ratio of the undeformed length of beam and the support size chosen for the approximation. 
Therefore, the approximation algorithms suggested in section 4 gives an excellent (as well as converging) reconstruction of 
the deformed configuration.  

As explained in Chadha and Todd [2], there are three main sources of error: uncertainty in the boundary condition, noise in 
the strain measurements, and error due to approximation.  

6. CONCLUSION: 

In this paper, we improve the theory of shape sensing by incorporating Poisson’s effect, thereby partially relaxing Euler-
Bernoulli’s rigid cross-section assumption such that the cross-section could undergo planar Poisson’s transformation. The 
problem still maintains its single manifold nature where the configuration of the structure is defined by the mid-curve, 
director triad, and the axial strain, all being function of the undeformed arclength ξଵ. Unlike Chadha and Todd [2] where the 
configuration was defined in ℝଷ×𝑆𝑂(3) space, here the configuration is defined in ℝଷ×𝑆𝑂(3)×ℝ space. 

We briefly defined the finite strain parameters, obtained expression for deformation gradient tensor and strain vector. Unlike 
[1-2] the second and third component of an infinitesimal vector in the undeformed state are also strained due to Poisson’s 
effect. Another observation is that the unit direction vector bears the same expression as in [2]. This is because Poisson’s 
transformation does not change the form of the cross-section. For instance, ellipse remains ellipse Poisson’s transformation 
except for different major and minor axis. The ratio of major to minor axis lengths remains the same. 

The number of strain gauges per cross-section remains the same as in [2] but obtaining (Sଵ − S଺) from the scalar surface 
strain measurements now involves solving for 6 nonlinear simultaneous equations. The global solution to the set of 
differential equations obtained is determined using the continuity conditions and boundary conditions. The axial strain and 
the curvature fields can be estimated by a moving least squares continuous approximation. The suggested reconstruction 
strategy is convergent and non-singular even if the midcurve has multiple points or segment of degeneracy. The RMS error 
reduces exponentially with the increase in number of cross-sections.  
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