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Abstract

1

Superhydrophobic surfaces (SHSs) have the potential to reduce drag at solid boundaries. However,
multiple independent studies have recently shown that small amounts of surfactant, naturally
present in the environment, can induce Marangoni forces that increase drag, at least in the laminar
regime. To obtain accurate drag predictions, one must solve the mass, momentum, bulk surfactant
and interfacial surfactant conservation equations. This requires expensive simulations, thus
preventing surfactant from being widely considered in SHS studies. To address this issue, we
propose a theory for steady, pressure-driven, laminar, two-dimensional flow in a periodic SHS
channel with soluble surfactant. We linearise the coupling between flow and surfactant, under the
assumption of small concentration, finding a scaling prediction for the local slip length. To obtain
the drag reduction and interfacial shear, we find a series solution for the velocity field by assuming
Stokes flow in the bulk and uniform interfacial shear. We find how the slip and drag depend on the
nine dimensionless groups that together characterize the surfactant transport near SHSs, the gas
fraction and the normalized interface length. Our model agrees with numerical simulations
spanning orders of magnitude in each dimensionless group. The simulations also provide the
constants in the scaling theory. Our model significantly improves predictions relative to a
surfactant-free one, which can otherwise overestimate slip and underestimate drag by several
orders of magnitude. Our slip length model can provide the boundary condition in other
simulations, thereby accounting for surfactant effects without having to solve the full problem.

Introduction

Superhydrophobic surfaces (SHSs) consist of hydrophobic coatings equipped with micro- or
nano-scale textures, such that a layer of air (known as a “plastron”; see e.g. Shirtcliffe et al.

2006) is retained when the surface is submerged in water (see e.g. the reviews of Quéré
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2008; Rothstein 2010; Samaha et al. 2012; Lee et al. 2016; Bhushan 2018). The air layer is
held in place by the texture, with the upper edges of the micro- or nano-structures making
contact with the water. Since air is approximately 50 times less viscous than water, the
plastron has often been approximated as a shear-free surface in analytical models (Philip
1972a,b; Lauga & Stone 2003; Cottin-Bizonne et al. 2004; Ybert et al. 2007; Sbragaglia &
Prosperetti 2007; Teo & Khoo 2009; Davis & Lauga 2009; Crowdy 2016), leading to the
expectation that SHSs could achieve very large drag reduction. Potential applications include
high-Reynolds-number, turbulent flows (e.g. Park et al. 2013, 2014; Ling et al. 2016;
Cartagena ef al. 2018; Gose et al. 2018; Rastegari & Akhavan 2018), as well as low-
Reynolds-number, internal flows, which are the focus of the present paper (e.g. Lauga &
Stone 2003; Ou et al. 2004; Ou & Rothstein 2005; Ybert et al. 2007; Kim & Hidrovo 2012;
Bolognesi et al. 2014; Schaffel et al. 2016; Peaudecerf et al. 2017; Song et al. 2018). At low
Reynolds numbers, the use of SHSs has been proposed to reduce what are otherwise very
large pressure differences across microchannels, as is the case in microfluidic devices or in
micro-cooling applications (Cheng ef a/. 2015; Lam et al. 2015; Kirk et al. 2017), as well as
to minimize Taylor dispersion in the chemical or biological analysis of species (Cottin-
Bizonne et al. 2004).

However, laminar-flow experimental results have been mixed. While early works reported
large drag reduction (e.g. Ou et al. 2004; Lee et al. 2008; Truesdell et al. 2006), several more
recent studies found no benefits, even though a plastron was clearly retained on the surface
(Kim & Hidrovo 2012; Bolognesi et al. 2014; Gruncell 2014). Lee et al. (2016) reviewed
possible sources of experimental errors that might have affected some of the early
measurements.

A key step towards solving this puzzle has come with the realization that surfactants could
induce Marangoni stresses that impair drag reduction. More specifically, Kim & Hidrovo
(2012) experimentally examined flow over an SHS consisting of gratings perpendicular to
the flow, for which they found no measurable slip at the surface. Bolognesi et a/. (2014) also
found negligible slip for an SHS consisting of gratings aligned with the flow, in
contradiction with traditional theoretical and numerical results. Bolognesi et al. (2014)
hypothesized that surfactant effects could be to blame. Following this hypothesis, surfactants
naturally present in water would adsorb onto the air—water interface, as sketched in figure
1(a). They would then be advected by the flow and accumulate at downstream stagnation
points, where the interface terminates in a three-phase contact line. The resulting surfactant
gradient would therefore produce a Marangoni stress opposing the fluid motion, thereby
decreasing slip and increasing drag (figure 16). Since traditional models of SHSs are
surfactant-free, they cannot account for this additional surfactant-induced Marangoni drag.

Motivated by this hypothesis, Schéffel et a/. (2016) performed detailed measurements of the
interface slip on an SHS comprising posts. They reported slip velocities far smaller than
predicted by surfactant-free simulations. The slip pattern also exhibited strong anisotropy,
consistently with what may be expected from surfactant-induced Marangoni stresses in their
geometry. Deliberately adding surfactant resulted in a further small decrease in slip,
although the magnitude of this change was within experimental uncertainty. Peaudecerf et al.
(2017) performed unsteady microchannel experiments over SHS consisting of gratings
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aligned with the flow. By introducing unsteady forcing, they uncovered complex interfacial
responses that could only be explained by surfactant effects. They found that, if the driving
pressure difference across the microchannel is suddenly removed, the plastron starts flowing
backwards relative to the initial flow due to a surfactant-induced Marangoni force. The
reverse flow decays as the inverse power of time, consistently with a similarity solution that
assumes advection-dominated surfactant transport at the interface.

Since numerous works (Kim & Hidrovo 2012; Bolognesi et al. 2014; Schéffel et al. 2016;
Peaudecerf et al. 2017; Song et al. 2018) observed drastically reduced slip even in nominally
clean conditions, Peaudecerf et al. (2017) performed steady simulations inclusive of
surfactants, where they could precisely control surfactant concentrations. They found that
surfactant effects can impair drag reduction even at extremely low surfactant concentrations,
well below values naturally occurring in the laboratory or the environment. They also found
that increasing the streamwise distance between stagnation points on the SHS helped to
reduce the surfactant gradient and to increase slip. This explained the large slip achieved in
the previous experiments of Lee et al. (2008), who used a circular rheometer with annular
gratings. Annular gratings are effectively infinitely long, without any stagnation point for
surfactants to accumulate, thus avoiding Marangoni stresses. To illustrate this sensitivity of
surfactant-induced Marangoni stresses with respect to the interface geometry, Temprano-
Coleto et al. (2018) devised an experiment whereby a complex maze is solved by a small
amount of surfactant, which is introduced at the maze entrance.

More recently, Song et al. (2018) performed detailed experiments on an SHS consisting of a
rectangular cavity with small streamwise length. They found that the rectangular gas—liquid
interface exhibits recirculation, with reverse flow developing either along the middle or the
sides of the plastron, depending on whether the gas—liquid interface is deformed towards the
liquid phase (convex) or towards the gas phase (concave), respectively. They performed
simulations where a uniform stress was applied to the interface (to approximate a Marangoni
stress), showing that the experimentally-observed recirculation pattern could be induced by
surfactants.

While the importance of surfactants is an emerging topic in the context of superhydrophaobic
surfaces, it should be noted that the importance of surfactant effects has been well-
established in many other interfacial flows, often after protracted scientific debates that
sought explanations for surprising phenomena. Well-known examples can be found for small
bubbles rising in water, where the increased drag due to surfactant adsorption has been
studied extensively (see e.g. Bond & Newton 1928; Frumkin & Levich 1947; Levich 1962;
Palaparthi et al. 2006, and references therein), as well as in dip-coating problems, where
accounting for Marangoni stresses is important to predict the coating thickness (Mayer &
Krechetnikov 2012). In the ocean, the impact of naturally-occurring surfactants is well-
established, as they have important effects on wave breaking and gas fluxes (Pereira et al.
2018). Furthermore, steady motions in the bulk (such as internal waves or Langmuir
circulations) can cause accumulation of surfactants at the surface. The resulting change in
the amplitude of capillary waves affects light scattering, as revealed by satellite photographs
(Kropfli et al. 1999). In laboratory models of oceanic flows, surfactant accumulation can be
disproportionately important, driving stresses that qualitatively change the interior flow
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(Luzzatto-Fegiz & Helfrich 2014). Traces of surfactant have also been shown to modify
drastically the behavior of the air-water interface of small bubbles probed with atomic force
microscopy (see Manor et a/. 2008; Maali et al. 2017). While a free-slip boundary condition
would have been expected, force measurements demonstrated a cross-over between free-slip
and no slip depending on the approaching speed of the cantilever or its probing frequency.
These modified hydrodynamic boundary conditions are well-modelled by theories that
include traces of surfactant, at levels undetectable through traditional surface tension
measurements (Manor et al. 2008; Maali et al. 2017). These findings further support the
notion that surfactant traces can qualitatively alter the hydrodynamics.

Predicting surfactant effects is also important since surface-active molecules are inevitably
present in both natural end engineered applications. Indeed, biological or environmental
samples have been found to contain large amounts of surface-active compounds, including
water from seas, rivers, estuaries and fog (Kropfli ef a/. 1999; Lewis 1991; Facchini et al.
2000). For engineered systems, recently Hourlier-Fargette et a/. (2018) used experiments
involving insoluble liquid drops in water to demonstrate that uncrosslinked chains of
polydimethylsiloxane (PDMS) can act as a surfactant. Since PDMS is one of the most
common materials for microchannel fabrication, their results imply that surfactants are
commonly present in microfluidic systems.

While this mounting evidence shows the importance of surfactant effects to
superhydrophobic surfaces (at least in the laminar regime), there are presently no theoretical
models that can predict slip as a function of surfactant properties and flow geometry.

In this paper, we build a scaling theory that describes slip length, and the associated
Marangoni shear stress, in surfactant-laden laminar flows over SHS. As noted earlier, these
surfactant effects are induced by accumulation of surfactant at stagnation points on the
plastron, which are unavoidable in real applications (except in annular gratings in a rotating
flow). As a fundamental model of such a flow, we consider a two-dimensional SHS
consisting of transverse grooves, such as those considered by Kim & Hidrovo (2012),
Bolognesi et al. (2014) and Crowdy (2016). This case also serves as an upper bound for the
slip and drag reduction that will be obtained in a three-dimensional flow over finite
rectangular gratings. Furthermore, the model developed here constitutes a stepping stone
towards a more complex theory for three-dimensional flow over SHSs with surfactant.

The problem definition and governing equations are described in § 2. In § 3, we present the
key assumptions which allow us to develop a low-order scaling model for the local slip
length at the plastron, as a function of the relevant dimensionless numbers. In § 4, a model
for the interior flow in a microchannel with a superhydrophobic side is developed, and
coupled to the slip-length model to obtain the effective slip length and drag reduction for the
overall channel flow. The overall theory is tested against numerical simulations of the full
governing equations. The computational setup is described in § 5, and results are reported in
8§ 6. Each parameter is varied over several orders of magnitude, confirming each aspect of
the theory. The performance, key assumptions and potential uses of the theory are discussed
in 8 7, with conclusions presented in § 8. To ease adoption and testing of our model,
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MATLAB codes that automate the theoretical calculations are included as online
supplementary material.

2 Problem description and governing equations

We study a steady, laminar, two-dimensional liquid flow with a small concentration of
surfactant in a channel with a periodic array of flat gas—liquid interfaces on one side, as
illustrated in figure 2(4). This geometry is typical of microchannel experiments, where the
smooth side of the channel is made transparent to ensure optical access (see e.g. Ou &
Rothstein 2005; Bolognesi ef al. 2014; Schéffel et al. 2016; Peaudecerf ef al. 2017; Song et
al. 2018). We use hats to denote dimensional quantities throughout the paper, whilst
dimensionless quantities are without hats. The dimensional velocity field is

and (%), respectively. Owing to the periodicity of the geometry, we can restrict our study to
a single periodic cell of total length L and height 24, as shown in figure 2(4). This cell has a
centred gas-liquid interface (hereafter designated as “the interface”) of length gat y = -A,
with solid surfaces on either side of the interface. The solid surfaces have overall combined
length 7 = L — . Opposite to the interface is a solid surface, located at y = A. The flow is
driven in the positive x direction by a constant streamwise mean pressure drop, per unit

length, G = — Ap/L > 0.

We deliberately choose to study the transverse flow over SHS gratings of arbitrary but finite
length g, instead of the /ongitudinal flow over infinitely long gratings as has been done in
many previous theoretical and numerical studies (Philip 1972a,4; Lauga & Stone 2003;
Sbragaglia & Prosperetti 2007; Teo & Khoo 2009; Park et al. 2013; Cheng et al. 2015;
Crowdy 2016; Rastegari & Akhavan 2018). Indeed, as mentioned in § 1, the establishment
of adverse surfactant-induced Marangoni stresses requires stagnation points, as is
necessarily found at the end of real SHS gratings, except in the special case of annular
gratings (Lee et al. 2008). One of the aim of our model is to predict the effect of g on the
effective slip length, following the observations made by Peaudecerf ef a/. (2017) that
increasing g reduces surfactant-induced Marangoni stresses. As also noted earlier, the two-
dimensional flow studied here will yield an upper bound for the slip and drag reduction that
can be expected in a three-dimensional flow over finite rectangular gratings.

The governing steady conservation equations for mass, momentum, bulk surfactant, and
interfacial surfactant can be found in dimensional form in Peaudecerf et a/. (2017). We non-
dimensionalize them using the channel half-height A as the length scale, the mean pressure
drop per unit length G as the scale for pressure gradients, the corresponding velocity

U= 61?2/;2 as the velocity scale (with z the dynamic viscosity), the background bulk
surfactant concentration & as the bulk concentration scale, and the maximum packing
concentration of the surfactant at the interface fm (Prosser & Franses 2001) as the interfacial

concentration scale, such that

J Fluid Mech. Author manuscript; available in PMC 2020 July 25.
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% P i Vp ¢ r
x=7,y=y7,u=7, Vp=7p,c=,\—,F=A—. (2.1)

h h U G ) r,

The governing equations are, in dimensionless form,
V.-u=0, (2.2)
ReV - (uu)= — Vp + VZu, @3)
V-(uc)—vac 2.4
- Pe 9 ( . )
d 1 d*’r .

a(ul )= Per o +S(c,,I") onthe interface, (2.5)

where bold symbols are used for vectors, v/ x) designates the velocity at the interface, and
p(x, ) is the bulk pressure. The subscript /designates the limit of the bulk quantity
considered, as it approaches the interface. In general, this limit is equal to the value taken by
the quantity at the interface, except where mentioned explicitly. For instance, we have v, (X)
=limy,._1+ Ux, ) = Ux, y=-1) for | < g/i2. The Reynolds number Re, and bulk and
interfacial Péclet numbers Pe, Pe,are defined below after (2.17), together with all other
dimensionless groups in the problem. A summary is also provided in table 1.

We assume that the source—sink term modelling the flux of surfactants between the bulk and
the interface follows kinetics consistent with the Frumkin isotherm, which has been found to
model accurately single-component surfactant systems (Chang & Franses 1995; Prosser &
Franses 2001),

S(c.T) = Bike,(1 = I) = e*'T). (26)

with ¢;(x) = limy,._1+ c(x, y) for | X < g/2. Here A'is the Frumkin interaction parameter,
which takes negative values A < 0 for surfactants with attractive intermolecular interactions
and positive values A > 0 in the case of repulsive interactions. This sign convention for A
coincides with the one adopted by Prosser & Franses (2001), but the opposite convention
can also be found elsewhere in the literature (e.g. in Chang & Franses 1995). In (2.6), we
note that the bulk concentration near the interface ¢, is different from the interfacial
concentration 7~ This follows the subsurface layer model, where adsorption and desorption
kinetics occur between a bulk subsurface layer and the interface (Chang & Franses 1995).
We note that S> 0 corresponds to an adsorption flux and S< 0 to a desorption flux, see
figure 2(6). By definition, u and care periodic (with period L), while the pressure phas a
normalized mean drop per unit of length of —1, which is enforced by imposing a net pressure
drop of value L across each periodic unit of length L, so that

J Fluid Mech. Author manuscript; available in PMC 2020 July 25.
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u(x,y)=u(x+1L,y), (2.7
c(x,y)=c(x+L,y), (2.8)
and p(x,y)=px+L,y)+L. (2.9)
The boundary conditions include
u = 0 on all solid surfaces (no slip), (2.10)
v = 0 on the interface (no penetration), (2.11)
dc .

3y = 0 on all solid surfaces (no flux), 2.12)

ar _ .8 ._ _
o= 0 at(x= = Y= 1) (no flux) . (2.13)

Additionally, the continuity of the surfactant fluxes between the bulk and the interface is
given by

1k de
Pe oy

=S(c;.I") on the interface . (2.14)
1

The last piece of the model is the balance of forces between the viscous drag from the bulk
flow and the surfactant Marangoni force at the interface. The decrease in surface tension o
induced by the surfactant is given by an equation of state consistent with the Frumkin
isotherm (Prosser & Franses 2001), that is

2
(1 - - A (2.15)

oc=1+4+Ma Ca 5

and the Marangoni shear stress at the interface is given by the gradient of surface tension,
yielding the last boundary condition

ol _ _ 1do
ayl; - Cadx’ (216)
. Ou 1 dr .
that is = Ma (ﬁ + AF) o on the interface . (2.17)

The chosen characteristic scales imply the following definitions for the dimensionless
groups. The Reynolds number is Re = phU/ji, with j the liquid density. The bulk and
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interface Péclet numbers are Pe = 2/ U/D and Pe, = hU/D,, where D and D, are the bulk and
interface surfactant diffusivities, respectively. The Biot number is Bi = ¢ dﬁ/ U . The effective
bulk concentration is k = & ¢/« ;, where &, and & ; are the adsorption and desorption

coefficients, respectively. Note that, consistently with the canonical definition of Frumkin
kinetics, the adsorption and desorption coefficients « , and « ;, have different units, so that is

non-dimensional. The surfactant adsorption—desorption kinetics are parameterized by
y=K dﬁ/(z?afm) . We note that yk = Eoﬁ/fm in (2.14) is effectively the non-dimensional ratio

between the characteristic bulk and interfacial concentration scales. The Marangoni number
is Ma =n_RTT /(aU), where n, is a parameter associated with the Frumkin isotherm (Chang

& Franses 1995), R is the universal gas constant, and 7 is the absolute temperature.
Temperature-driven Marangoni effects are not considered in this study and we assume that
temperature is uniform in the domain. Note also that the capillary number Ca = ﬁﬁ/&o

(where &, is the surface tension of a clean interface) has no effect in our model, since it does

not appear in the final form of the Marangoni boundary condition (2.17) and we do not
consider any other physical mechanism, such as interface curvature, in which it could play a
role (8 7.5.3 provides a discussion of this assumption).

The governing equations (2.2-2.5) with the periodicity and boundary conditions (2.7-2.14
and 2.17) define a complex nonlinear coupled problem where the unknowns are the two-
dimensional velocity field u, the pressure p, the bulk concentration ¢and the interfacial
concentration 7~ This transport problem depends on nine non-dimensional numbers, which
collectively depend on a combination of flow, liquid and surfactant properties, as well as
geometry, namely Re, Pe, Pey, Bi, k, y, Ma, g = glhand ¢ = g/L = g/L. Here gis the
normalized interface length, whereas ¢ is the gas fraction. According to (2.17), a surfactant-
induced Marangoni shear can develop at the interface when a gradient of interfacial
surfactant concentration forms.

The main goal of this study is to determine a low-order model for the interfacial Marangoni
shear rate duldy}; = 0 and the interfacial velocity ;= 0 as a function of the nine non-
dimensional numbers above, considering realistic parameter regimes. Such model could be
used, for instance, to parameterise a slip-length condition in direct numerical simulations of
flow over SHS, without having to solve the full complex coupled problem above.

3 Scaling theory for slip length with surfactant traces

3.1 Introducing the Marangoni concentration k* = k Ma for small concentrations

The key assumption we propose is that the normalised interfacial surfactant concentration I~
is sufficiently small, such that (2.6) and (2.17) can be linearised. The same assumption was
made by Harper (2004) for the study of air bubbles rising in contaminated water. Hence, we
obtain kinetics congruent with the Henry isotherm (Chang & Franses 1995), namely

S(c;. I') » Bi(kc, = T'), 3.1

J Fluid Mech. Author manuscript; available in PMC 2020 July 25.
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ou dar
a—y] ~ Maa

on the interface . (3.2)
In many realistic situations where surfactants are not artificially added, we indeed expect to
have low effective bulk concentrations, i.e. k< 1, which generally lead to small interfacial
concentrations /.. The interfacial concentration is usually away from saturation, i.e. "< 1,
because the maximum packing concentration fm used in surfactant models is in fact based

on geometrical arguments (Rosen & Kunjappu 2012) or on achieving good fit of
experimental data based on a specific kinetic model (Chang & Franses 1995). Hence, fm is

usually not attained even when the bulk concentration is at the critical micellar
concentration. We also have A < 1 for common surfactants (see Prosser & Franses 2001).
We discuss further the relevance of our assumption 7"« 1 in the context of applications in §
7.

We take advantage of the linearisation of (2.6) and (2.17) to propose a parameter reduction
in our problem, by introducing the following rescaled effective Marangoni concentration and
surface concentration

k*=Mak, I'*=Mal . (3.3a,b)

Substituting k= k*Maand "= I"*/Mainto (2.5), (2.14) and (2.13), with the Henry kinetics
(3.1) and (3.2), we obtain a set of equations where kand Ma have been combined to form
k*, thereby reducing by one the number of dimensionless groups. This can be verified by
examining the updated version of the complete set of equations (2.2)-(2.13), which becomes

V-u=0, (3.4)
ReV - (uu)= — Vp+ VZu, 35)
I o2
V- (uc) = P—eV c, (3.6)
d 1 d’r= .
a(ull"*) = P—elv + Bi(k*c, — F*) on the interface, (3.7)
with boundary conditions
u = 0 on all solid surfaces, (3.8)
v = 0 on the interface, (3.9)
dc .
— =0 on all solid surfaces, (3.10)
dy

J Fluid Mech. Author manuscript; available in PMC 2020 July 25.
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d(ic* =0 at(x= =+ g,y = -0, @11
XP_k:g_; = Bi(k*c; — I'*) on the interface, (3.12)
3—; i = % on the interface, (3.13)

such that the three quantities &, 7"and Ma have been replaced by the dimensionless number
k* and the variable 7*.

3.2 Scaling theory for surfactant dynamics

To make further progress in modelling the shear rate du/dy|;and velocity vy, we perform a
scale analysis on the equations in our problem, starting with rearranging (3.12), which
expresses continuity of surfactant fluxes between the bulk and the interface

dc
dy

Bi P
= %(k*cl —-I). (3.14)

1

For steady flows, adsorption and desorption fluxes between the bulk and the interface are in
balance overall, implying

812 5¢ BiPe [82
— | dx = —— k*c, — '*)dx =0, 3.15
f_ 23| 5= T f_ (k#c, = ) (3.15)

g/2

such that, by the mean value theorem, there is a point on the interface where dc/dyj,= 0 and
k*c;= I'*. With a flow in the positive x-direction, interfacial surfactant /* is advected
downstream, such that the beginning of the interface has a lower surfactant concentration,
implying that 7™* < k*¢;, and that an adsorption flux exists from the bulk onto the beginning
of the interface, such that dc/dy,; > O there, as illustrated in figure 2(6). By the same
argument, near the end of the interface, a higher surfactant concentration 7* > k*c; leads to
desorption from the interface into the bulk, implying dc/d); < 0. Therefore, somewhere
along the interface, we must have dc/dy|;= 0. We designate by xp this location where the
kinetics flux S= 0, as depicted in figure 2(5).

In addition, at the beginning of the interface, ¢, is less than the bulk concentration, i.e. ¢;< 1
with our nondimensionalization, whereas towards the end of the interface, where surfactants
accumulate, ¢,> 1. This means that, at a specific location along the interface, the
concentration near the interface is equal to the background bulk concentration, that is ¢, = 1.
Taking ¢;~ 1 along the interface, we then find that (3.14) implies that the interfacial
concentration scales as 7™ ~ k*.

Next, assuming that the variations of ¢;and 7 scale in the same way for the adsorption
region, —g/2 < x < xy, and the desorption region, xp < x< g/2, we have

J Fluid Mech. Author manuscript; available in PMC 2020 July 25.
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I'* ~k*F AI'*, ¢; ~ 1% Ac, (3.16)

for the adsorption (=) and desorption (+) regions, respectively (see figure 24). The quantities
Ar* and Acy are the characteristic variations of 7* and ¢, respectively. We must have A7* >
k*Ac;> 0 to satisfy the direction of the kinetics flux, as described above.

From the relation between Marangoni stress and surfactant gradient (3.2), we also have
AT ~ Y100 (3.17)

where

1fg/20u q
=— —| dx
"Ma g —g/Zay[

(3.18)

is the average shear rate induced by Marangoni stresses along the interface, such that y,, =
0 corresponds to free-slip at the interface and y,,, = 1 corresponds to a no-slip interface.
Then, a scale analysis of (3.14) gives

Ac;  BiPe

dc
el W(gVMa — k*Acy), (3.19)

ay

where §is the typical thickness of the diffusive layer of bulk surfactant. To estimate &, we
can use the bulk advection—diffusion equation (2.4). At high Péclet numbers, Pe>> 1, the
diffusive layer of surfactant forms a thin boundary layer. As explained in detail in appendix
B, there are two main asymptotic regimes depending on whether there is slip or not at the
interface. For large slip and small interfacial shear rate, ¥, < 1, we can show that the
boundary layer thickness scales as (see appendix B)

) 9 \—1/2
§=50’1(1+51’1g Pe) forg < 1, (320)

o -1/2
rie 8o (1 + 8, ,8Pe) forg 2 1, (321)

where & 1, 61,1, &2, 61,2 are empirical parameters which need to be determined. We note
that the scaling 6 ~ Pe"1/2 at large Péclet numbers corresponds to having a uniform velocity
in the diffusive boundary layer, consistently with the case s, < 1.

For negligible slip at the interface and ¥, ~ 1, we obtain

)_1/3, (3.22)

0 2
rie 50,3(1 +6, 38°Pe

for any g> 0, and with & 3 and &; 3 two empirical parameters which need to be determined.
This corresponds to the Lévéque regime (Lévéque 1928; Landel et al. 2016), giving a power
law &~ Pe 173 at large Péclet numbers owing to a linear shear rate profile in the diffusive
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boundary layer. The scalings (3.20)—(3.22) assume that: (i) the variation of the bulk
concentration along the interface is sufficiently smooth; (ii) the boundary layer is not
confined vertically, i.e. 6§ < 1; and (iii) the diffusive boundary layers between consecutive
interfaces are independent. As we will discuss in § 6, our scaling prediction remains
accurate even for confined diffusive boundary layers &~ 1.

With & assumed known in terms of gand Pe, we rearrange (3.19) to solve for 4c,

Bi Pe

80
xk
Acy ~ yMaHT%, (3.23)

such that, dividing by &, we obtain a scaling that relates the kinetics flux to the shear

Bi Pe

ge| A TS 02
()yl o M01+Bi;e§' :

3.3 Scaling for the interfacial velocity and for the slip length

We now seek a scaling expression for v, We integrate the interfacial advection—diffusion
equation (3.7) from the upstream stagnation point x = —g/2 to xp. We find

*0
k*)(/ dc
+ =
Pe _g/zdy

where we used the no-slip boundary condition (3.8) at x = —g/2 for the left hand side, the no
flux boundary condition (3.11) at x = —g/2 for the first term on the right hand side, as well as
the continuity of flux condition (3.12) for the last term. To write the right-hand side in terms
of ysa Note that 7|y, ~ A* and d7*/dXx, ~ ¥ For the last term, we use (3.24) to scale

1 dr+
(,1%) o = Pe, dx

dx, (3.25)

B 1

the integral
X BiPe 2
/OQ degﬁNy S (3.26)
—g/20Y ! 6 May o B’;eé '

Substituting into (3.25) we obtain a scaling relation between interfacial velocity and shear.
Introducing empirical prefactors (to be determined) ahead of each term, we write

L2 g’Bi
“'sy = @ 15| Pe, t G, Bibes [ @27
V4

where a1, & are empirical parameters; the choice of writing 2/z, for the overall prefactor
leads to a more convenient expression for the results later in § 6.1.
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As also noted in the previous section, scaling expressions for the boundary layer thickness &
are given by (3.20), (3.21) or (3.22), which depend on g, ¢ and y4, Therefore, our scaling
is a nonlinear function of the Marangoni shear rate. However, in the comparison of our
model with numerical simulations (see § 6), we find that the nonlinear dependence of ¥,
with &is actually weak. Consequently, we adopt only (3.22) in our model. This proves to be
a good approximation and allows us to regard & as independent from ..

Furthermore, we note that a first-order linear expansion of the concentrations cand /" near x
predicts a = 1/8 since xp = 0 (that is, X is at the mid-gap location) due to the balance of
desorption and adsorption fluxes along the interface.

A characteristic scale for the slip length near xg, which corresponds to the mid-gap of the
interface under our assumptions, is therefore simply

M1|x 2.

_ Mo 21] 1 g Bi
/IXO_ Tma 41K\ Pey a21 + 8P| 20

x

This scaling prediction shows that the local slip length A, depends strongly on the
Marangoni concentration &* = kK Ma and the normalised gap length g. It is intuitive that
increasing the gap length tends to increase the slip length, since it would reduce the
concentration gradient at the interface and thus the opposing Marangoni stress. In contrast,
increasing the effective bulk surfactant concentration & or the Marangoni number tends to
reduce the slip length, as expected. We also find increasing the bulk or interfacial Péclet
numbers, Peor Pey, reduces A,. Increasing the Biot or y numbers has a positive effect on
the slip length.

However, we note that (3.28) is only a local measure of the characteristic slip length near the
middle of the interface, where S(xg) = 0. In order to have an effective or global slip length
over the entire SHS which takes into account all interfaces and solid ridges, we also need to
model the channel flow over the SHS. In the next section, we analyse the remaining
governing equations for the flow, i.e. the continuity and Navier-Stokes equations (3.4) and
(3.5), to study how the flow is affected by a SHS with a surfactant-induced Marangoni stress
over the interfaces.

4 Complete model for effective slip in channel flows with one-sided

periodic transverse ridges

4.1 Stokes flow model for SHS channels with surfactant contamination

According to equation (3.2), interfacial surfactant concentration gradients can generate a
Marangoni shear rate at the interface du/dyl,; ~ dI*/dx = 0. In this section, we derive an
expression for how interfacial stresses with arbitrary profile can affect the flow over a
periodic SHS. The geometry follows the same schematic presented in figure 2. Such a
periodic SHS arrangement was studied in detail by Lauga & Stone (2003) and Teo & Khoo
(2009) for a shear-free interface, i.e. with du/d)j; = 0 along the interface, at low Reynolds
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number. Here we generalize their approach to also study the case where du/g)f; = 0. We also
assume Re <« 1, such that (3.5) simplifies to the Stokes flow equation

Vp=Vu. @.1)

Taking the curl of (4.1) and using the continuity equation (3.4), we find that the pressure
field p and the vorticity field, @ = V x u are both solutions of Laplace’s equation. Using the
superposition principle to solve Laplace’s equation for the vorticity, we decompose it as the
sum of the two-dimensional Poiseuille flow component, which is a pressure driven flow in a
channel with full solid walls on both sides (denoted by a subscript p), and a deviating
component (denoted by a subscript @), such that

0] =a)p+a)d, (4.2)

where w, = . As the flow is incompressible, we can also use the streamfunction ¥; defined
such that u = V x ¥; and which is the solution of the biharmonic equation V4 ¥'= 0. Note
that ¥'= (0, 0, ¥) for two-dimensional flows. The solution for the deviating component of
the vorticity is obtained using separation of variables considering the periodicity of the flow
with wavelength L. Integrating twice, we then obtain the deviation streamfunction (Lauga &
Stone 2003; Teo & Khoo 2009). Noting that the mean pressure gradient imposed by the
deviating field is zero, neglecting the constant of integration, and using the no-flow
boundary condition v=0in (3.8) and (3.9), the deviating component of the streamfunction
is

2 0
¥,=BL-+Ey+ Y {e,lcosh(k,y) — coth(k,)ysinh(k,y)] + d,[ sinh(k,y)

2
n=l @3)
— tanh(k,)ycosh(k,y)] ; cos(k, x),
where k,=2mn/L, and B, E, e,and d,are unknowns to be determined using the other
boundary conditions. The streamfunction for the Poiseuille component is
v o=13y-)?
p—g(y—)’)- (4.4)

Up to this point, (4.3) and (4.4) are general solutions for any arrangement and geometry of
SHS in a two-dimensional Stokes flow channel: i.e. they are not limited to one-sided SHS,
symmetric patterns, or a particular shear rate profile at the interface.

With our geometry, using the no-slip boundary condition on the solid wall side at =1 for
all x, we find B=-Fand

e, sinh(k,) — k, cosh(k,) + k, tanh(k, )sinh(k,)
8n=d = T cosh(k,) — k sinh(k,) + k, coth(k )cosh(k,) -

n

(4.5)

Hence, the deviating streamfunction simplifies to
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y2
Y’d=(—7+y

(o0}

E+ ) d,{g,cosh(k,y) — coth(k,)ysinh(k,y)] + sinh(k,y)

n=1

(4.6)
— tanh(k,,)y cosh(k ) Jcos(k, x) .

To determine the unknowns £and aj, for 7= 1, we can use the no-slip boundary condition
on the SHS side. At y= -1 for gi2 < |x < L/2, we have the condition

(o]
0=2E+ ) d,a,cos(k,x), @.7)
n=1
where
a, = 2k, [cosh(k,) — tanh(k, ) sinh(k,)] — 2sinh(k ) . (4.8)

We then apply the last boundary condition on the interface, where we assume that there is an
arbitrary shear rate profile du/dyt; (x) = 0. Hence, we obtain the general condition

a o0
0= a—z —1+E+ ) d,p,cosk,x) (4.9)
1 n=1
for X < g/2, y= -1, and with
B, = 2k,lg,coth(k,)cosh(k,) — tanh(k, ) sinh(kn)] . (4.10)

To make further progress and obtain a relationship between the interfacial shear rate and the
interfacial velocity, we now assume that the interfacial shear rate is uniform along the
interface: dw/oW ;= v Where 0 < 4, < 1 corresponds to the interface-averaged
surfactant-induced Marangoni shear rate, as introduced previously in (3.17). This
assumption is consistent with having a uniform concentration gradient, following the
linearised coupling condition (3.2). In the context of air bubbles rising in surfactant-
contaminated water, this assumption is also consistent with the ‘uniformly retarded’ regime
described for instance by Palaparthi e a/. (2006). In the context of SHS, a similar
assumption was made by Schonecker & Hardt (2013) to model viscous effects from a gas
phase trapped inside the cavities of the SHS. This allowed them to decouple the flow above
the interface from the flow in the cavity of the SHS. We discuss further the relevance of this
assumption in applications in § 7. Hence, (4.9) becomes

o0
0=7y,—1+E+ Y d,p,cosk,x). (4.11)

n=1
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If %112 = 0 in the equation above, the interface is stress free and the surfactant concentration
gradient at the interface vanishes. The surface is completely immobilized if 4, =1, and the
flow follows a channel Poiseuille flow.

Following Lauga & Stone (2003), we can compute an approximation of the solution by
truncating the series in equations (4.7) and (4.11) at n= N - 1, multiplying (4.7) and (4.11)
by cos(2emr) for m€ [0, N— 1] (with r= x/L) and integrating them for r € (¢/2, 1/2) and r
€ (0, ¢/2), respectively, where ¢ is the gas fraction. Summing together the results for each m
in one single equation, we finally obtain a linear system of A/equations for the A/unknown
coefficients £and a, for n€ [1, N - 1], which we can solve numerically. The linear system
in matrix form is, for m€ [0, N- 1] and n€ [0, N - 1],

A,.U,=B,, (4.12)

with Uy = Eand U, = d), The square matrix A, , has coefficients

Apo=1- % 4.13)
sin
Agn= B, - an)#, n>0 (4.14)
_ _ sin(zmg)
A, 0= =25 >0 (4.15)

a in(2.
Ay =7+ B, - an)(% + —smgg‘p)), n>0 (416)
_ 1 (sin(@(m +n)p) | sin(z(m — n)qS))
Am’n_(ﬁn an)4,,( e + pr— ,m#En>0 (4.17)
and the vector B, has coefficients
By=(1 - 7y)%. (@.18)
B, =(1- yMa)%:Z@, m>0. (4.19)

Care must be taken at large 7, where the system is not well conditioned, as pointed out by
Teo & Khoo (2009). We provide, as supplementary material MATLAB routines solving the
linear system (4.12).
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Interfacial slip velocity

Once all the coefficients £and dj, are computed, the non-dimensional slip velocity at the
interface v, can be determined to machine precision, depending on the size N of the matrix
A, such that

[60]
u,=2E+ Z d,a, cos(k,x) . (4.20)

n=1

Through its coefficients £and dj, (4.20) is a function of the uniform Marangoni interfacial
shear rate y,4,and of the two non-dimensional geometrical parameters gand ¢. Hence, we
have

u; =G pyp 8 ) - (4.21)

The function ¢ is only known implicitly through the solution of the linear system (4.12). In
practice, it would be useful to obtain an explicit analytical solution, or at least a scaling
expression for % which can give an approximate solution to the coupled surfactant—flow
transport problem in combination with (3.27). In the linear system (4.12), we can factorize
all the coefficients of B, by (1 = y,). This means that £and d), are proportional to (1 -
¥wma) for all n= 1. Thus, the velocity at the interface is such that

u] = 2(1 - }/Mu)‘c/:(g’ ¢7 x)’ (422)

where, again, & is an implicit function. Now, & is decoupled from the surfactant transport
problem since it does not depend on . It can thus be computed to arbitrary numerical
precision for each couple of geometrical non-dimensional parameters (g, ¢) and for all x by
solving the linear system (4.12) in the surfactant-free case, i.e. setting ¥4, = 0 in (4.18) and
(4.19).

Based on this observation, &#(g, ¢, X) = u; (X)/(2(1 — yps9) is a normalised interfacial
velocity. In figure 3(&), we plot on a log—log scale this normalised interfacial velocity at the
middle of the gap, x=0:

Upe o _ .
E (7 R 42

as a function of gand for different ¢ (shown with different colors, see legend). For ¢ < 1
and g < 1, the normalised interfacial velocity follows a linear asymptotic trend

Upe

M=ry) " (4.24)

plotted with a black dotted line in figure 3(a). We can see that for ¢ = 0.99 the interfacial
velocity still follows a linear scaling, although with a higher slope than in the asymptotic
limit (4.24), as shown by the black dot-dashed line in figure 3(4), which was computed using
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(C 21). At large gap length, g >> 1, and for low gas fraction, ¢ < 1, the interfacial velocity
collapses on the asymptotic plateau

_ e 1 (4.25)
2(1 - yMa) 4’ .

plotted with a black dashed line in figure 3(4). More details about the behaviour of the
interfacial velocity v, with ¢ and gand the two asymptotic limits (4.24) and (4.25) can be
found in appendix C. The transition observed at g~ 1 from a linear trend towards a plateau
is due to the importance of the opposite wall at y'= 1 through viscous effects.

We note that the behaviour of v, /(2(1 - ya4)) is similar across all gand for any ¢. This
function goes from a linear behaviour for g < 1 to a plateau for g2 1, and with simple
asymptotics in the case ¢ < 1. Most of the data in figure 3(a) follows these limiting regimes,
suggesting that asymptotic results are sufficiently accurate in many applications.

This common behavior of the interfacial velocity might also suggest that the velocity field
follows a closed analytical form. However, we have not been able to demonstrate this
theoretically from the biharmonic equation. As far as we are aware, the case of Stokes flow
in a transverse channel with mixed boundary conditions changing twice (on one or both
channel sides), which is reminiscent of the longitudinal-channel work of Philip (19724), has
not been shown to have a closed analytical form in the literature. It would be valuable to re-
examine the present problem with conformal mapping tools similar to those used by Crowdy
(2016, 20174).

Figure 3(4) plots curves of u; J(2(1 = yp43) versus gas fraction ¢, with g as a parameter. As
the gas fraction ¢ increases towards 1, the normalised interfacial velocity increases rapidly at
any fixed g. In the limit ¢ — 1 we have

Upe

——1, (4.26)
2(1 - J/Ma)

which can be predicted from the velocity field with uniform boundary conditions at the top
and bottom sides, that is «{y=1) = 0 and dy Ay = —1) = ¥y, respectively. The solution to
the Stokes problem (4.1) with these uniform boundary conditions is independent of x.

1
u, = 5(1 - y2) + (1 =71 = y), @.27)

and can be used to yield the limit of v, — v/ y=-1)for ¢ > 1. At g< 1, itis also clear
from figure 3() that v;J(2(1 — ¥as2)) — 1 only for gas fraction very close to 1, i.e. in the
limit ¢ — 1, as already observed in figure 3(&). This result confirms the range of validity of
the first scaling (3.20) for the diffusive boundary layer thickness &. Then, we can show (see
appendix C) that in the limit of large gap length, g >> 1, the normalised interfacial velocity
follows the asymptotic hyperbolic trend
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Ure ~ 1 4.28)
Al=ry) 43¢ |

plotted with a black dashed line in figure 3(4). The asymptotic result (4.28) is valid for any
¢. This result is consistent with (4.25) and (4.26).

4.3 Predictions of the interfacial shear rate, effective slip length and drag reduction

We now have two independent expressions relating the interfacial velocity v, and the
Marangoni shear y,4, The scaling (3.27) was found based on near-interface surfactant
dynamics, whereas (4.22) was derived from a Stokes flow solution. Eliminating the interface
velocity, we deduce a scaling expression for the average Marangoni shear rate,

-1
2.
g Bi *
—ms—tak F,(gP)| (4.29)
1 4 Bibes 1 0

# 1

YMa =Gk Fo (8 9) p_el"'az
where & and & are the empirical parameters that were introduced in 8 3.2. This predictive
scaling depends only on the properties of the flow, fluid and surfactant through the non-
dimensional numbers k* = k Ma, Pe;, Bi, Peand y, and on the two geometrical parameters g
and ¢. As noted earlier, it assumes a sufficiently small concentration of surfactant and a
small Reynolds number in the flow, and the diffusive boundary layer thickness & depends
only weakly on y,, following (3.20), (3.21) or (3.22). The parameters ay, a, as well as & ;
and & ;j(with 7= 1, 2 or 3 for the scaling predictions (3.20), (3.21) or (3.22), respectively)
for &, are determined empirically by fitting to our numerical simulations in § 6.

We can also compute a global effective slip length A, as defined by Lauga & Stone (2003),
which corresponds to the value A, such that an equivalent channel flow under the same
pressure gradient, but with a uniform Navier slip boundary condition t(y = -1) = A, du/o\
y= -1 replaces the mixed conditions of the SHS at the bottom boundary. We can show that the
contribution of the effective slip length A, is such that the total volume flux in the channel is
the sum of the background Poiseuille volume flux, @, = 2/3, and the volume flux of the
deviating flow,

2 22,

where the maximum value for the deviating flux is Qy— 2, as A, — ©o. The effective slip
length as a function of the deviating flux is

A = 22y
7=, (4.31)

From equation (4.6), the deviating streamfunction is
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E 3E
Q;=¥Y,00=D)-¥,66=-1= 3 (_7) =2E, (4.32)
and substituting into (4.31) yields
2E
A,= ToE (4.33)

Following from the linearity of the governing equations, and of the boundary conditions, £
also scales linearly with (1 - y42). Accordingly, we can find the explicit dependence of 1,
with the Marangoni shear rate y/a

2(1 - }/Mu)EO

A=
I (1 - yMa)EO

(4.34)

where £y is the first coefficient of the vector U, (see (4.12)) in the surfactant-free case, i.e.
Eg = Efor yps2=0, and yp, is expressed by (4.29). As expected, 0 < 1,< 00, since 0 <
Ymas<land0< E <1

The corresponding drag reduction due to the presence of the SHS in our pressure-driven
channel flows, inclusive of surfactant, can be computed as

C a2
f p(Q12)
DR=1-===1-—F¢ 435
Cfal’ <Ts>p ¢ )
p0 12)?

where Cf = (fs>/(/3(é/2)2) is the laminar friction coefficient for a pressure-driven flow
through a SHS channel with surfactants and Cf p= ($S>p/(ﬁ(ép/2)2) is the laminar friction

coefficient for the equivalent Poiseuille channel flow driven with the same pressure gradient
and for the same channel height. The quantities {z) and { z,) , are the surface stresses
averaged along both top and bottom surfaces for an SHS channel flow and a Poiseuille
channel flow with the same geometry, respectively. Since, by construction, the pressure
gradient is the same for the flow in the SHS channel and the Poiseuille channel flow, we
have (7 ) = (?S)p. Then, using (4.30) and (4.31) into (4.35) we find

3 72

e

A, +2

30,\72
1+—d) =1-

DR=1- 5

1+

(4.36)

The maximum possible drag reduction is DR — 15/16 as A, — ©0. We can compute A, in
(4.36) using (4.34) and (4.29). We also provide, as supplementary materials, MATLAB
routines computing A, DR and y, for any specified flow-related, surfactant or geometrical
parameters.
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5 Surfactant-laden numerical simulations

To test the validity of our theoretical model and its predictions for the surfactant-induced
Marangoni shear ¥, in (4.29) and for the effective slip length A, in (4.34), we performed
137 surfactant-laden numerical simulations of the full governing equations (2.2)—(2.13).

We varied the nine dimensionless numbers independently over several orders of magnitude
to comprehensively explore the parameter space. As introduced in 8§ 2, these dimensionless
groups are the Reynolds number Re = piU/ji, the bulk and interface Péclet numbers
Pe=hU/D and Pe, = hU/D,, the Biot number Bi = & j2/U, the non-dimensional bulk

concentration k = & ¢/ ;, the surfactant adsorption—desorption kinetics number
= ;?dﬁ/(z?afm), the Marangoni number Ma = n_RTT, /(aU), the gas fraction ¢ = g/L and the

non-dimensional interfacial length g = g/]f. The Frumkin interaction parameter, used in
equation (2.6), is kept constant at A = —1 for all our simulations. Since this parameter has a
weak influence on the surfactant-induced Marangoni shear rate, we chose a value for A
corresponding to moderate attractive interactions between the adsorbed surfactant
molecules. This value is close to the measured value for the common surfactant sodium
dodecyl sulfate in de-ionised water: A=-2.4 (Chang & Franses 1995; Prosser & Franses
2001). The aim is also to obtain values for the empirical parameters aj, & in (4.29) and & ;
and &; ;j(with /=1, 2 or 3) in the uniform shear regime.

The model described by the dimensional form of equations (2.2) to (2.13) was implemented
in COMSOL Multiphysics 5.2® in two-dimensional finite-element numerical simulations.
The SHS channel geometry shown in figure 2(4) was used for the simulation domain, where
the range of values for the gap length g, the ridge length 7, the channel half-height 4 and the
streamwise mean pressure drop per unit length G are presented in Supplementary Table S1.

When designing the mesh of the domain, we were particularly careful to ensure we could
capture strong possible variations of some variables near the stagnation points at the
beginning and end of the interface (x = £¢/2), and in the vicinity of the interface. For each
simulation, the maximum size of the mesh elements at the stagnation points, on the
interface, and in the bulk, is detailed in Supplementary Table S1. Across all the simulations,
the maximum density of elements close to the two stagnation points of the interface is 200
per micron, while the lowest density of elements at the middle of the interface is 20 per
micron.

To implement the model in COMSOL, we combine the Laminar Flow module with a Dilute
Species Transport module for the transport equations in the bulk (2.2-2.4). The equation for
the transport of surfactant on the interface (2.5) is implemented through a General Form
Boundary PDE, with a source term corresponding to the Frumkin kinetics flux S (2.6). This
flux also serves to implement the condition for the continuity of the diffusive flux and the
kinetics flux (2.14) at the interface for the Dilute Species Transport module. The non-
uniform distribution of surfactants at the interface yield Marangoni forces, which modify the
Laminar Flow module, as stated in (2.17), through a weak contribution at the interface
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coupled to a free-slip boundary condition, resulting in the required partial slip at the
interface.

The flow is forced by a mean pressure drop per unit length, which is implemented through a
Periodic Flow Condition between inlet and outlet following (2.9), also enforcing velocity
field periodicity between inlet and outlet. A gauge for the pressure is imposed through a
pressure point constraint at a corner of the domain. The initial guess for the velocity, for the
stationary solver, is set to the reference Poiseuille profile v, = (1 -)A)/2 in the entire
chamber, corresponding to the stream-function (4.4). Periodic boundary conditions between
inlet and outlet following (2.8) are also imposed in the Dilute Species Transport module for
the bulk surfactant concentration c.

To ensure the accuracy and stability of the numerical simulations, we discretize the fluid
flow with quadratic elements for the velocity field and linear elements for the pressure field
(Taylor-Hood elements), as well as quadratic elements for the concentration fields in the
bulk and on the interface. We use the MUMPS solver of COMSOL to solve for the steady
state of the system, with a relative tolerance of 10~°. All our 137 COMSOL numerical
simulations were fully converged, satisfying this strict relative tolerance.

The surfactant properties correspond to the well-characterized surfactant sodium dodecyl
sulfate (SDS), which are well described by Frumkin kinetics (Prosser & Franses 2001). The
physical parameters were chosen in order to explore a large range of the key non-
dimensional numbers. Variations by four to six orders of magnitude were explored, as
summarized in table 1 in this section, as well as in figure 8 in appendix A. In five
simulations, we explored the limit of high Reynolds number with Re = 1, 000, for which the
flow should physically be at or above the transition to a turbulent regime. However, we
imposed the flow to remain laminar in these simulations, since we are not interested in the
effect of inertial instabilities or turbulence in this study. We will return to this point in § 6,
when discussing results at large Reynolds numbers under laminar conditions. All other
relevant physical and kinetics parameters of the 137 performed simulations are presented in
Supplementary Table S1.

6 Results and model performance

6.1 Effective slip length

In figure 4, we compare our scaling predictions for the effective slip length ﬂteheory with the

numerical results ,12'“. We compute /Iteheory using (4.34), where 4, follows (4.29) and the

coefficients £y are computed by solving the linear problem (4.12) in the surfactant-free case
for each couple of geometrical parameters (g, ¢). The empirical parameters a, & in (4.29)
and & ; &1 ; with /=1, 2 or 3 for & (see equations (3.20)—(3.22)) can be determined using a
least-squares fitting approach and the Trust Region Reflective algorithm, as implemented in
the package opt i mi ze. | east _squar es of Scipy (Jones et al. 2001).

First, we determine &; 3 in & by fitting a measure of the characteristic diffusive boundary
layer thickness in our numerical simulations, calculated using (3.24), with the scaling model

J Fluid Mech. Author manuscript; available in PMC 2020 July 25.



s1duosnuBIA Joyiny sispund DN edoin3 ¢

s1dLIOSNUBIA JoLINY sispund DN 8doin3 ¢

Landel et al.

Page 23

given in (3.22). We have only used the Lévéque scaling (3.22) for §in (4.29). In our
numerical simulations, the diffusive boundary layer mostly follows the Lévéque regime,
which assumes a background linear shear flow, since the slip velocity ;is small. Moreover,
as also noted earlier, the scaling model (4.29) for 4, depends weakly on 6. Hence, the
choice of scaling for &, which can vary between (3.20), (3.21) or (3.22) depending on the
geometry and the slip, does not appear to be critical. The fit gives

51’3 =0.0528, (6.1)

from the minimization of the sum of the squares of the relative distance of theory from data,
i.e. (&theory — gdatay2( sdata)2 This prior independent determination of & 3 reduces the
number of fitting parameters to three in (4.29): a;, & and & 3. This ensures a more accurate

and robust fit for Azhe"ry, less sensitive on the actual fitting technique used.

Then, using &; 3 = 0.0528 in (4.29), we fit the effective slip length Azhe"ry given by (4.34) to

d t. - - . . . . d t. .
A5 computed via the deviating flux @y using (4.31). Incidentally, computing 25" using

(4.31) gives an accurate and robust estimation of the effective slip length in our numerical
simulations, as it relies solely on the integral quantity Qy= @ Q) (see 4.30). Minimising
the sum of the squares of the absolute distance between Atehe"ry and Aga‘a, we obtain

a, = 2.30, a, = 0.319 and 5073 = 1.68. (6.2)

- . . - . th -
As we can see in figure 4(a,0), the scaling predictions for 4,'*°"Y, using the values for a1, a,

6,3 and & 3 stated in the previous paragraph, show an excellent agreement with ,lgata over a

very large range: 10712 5 1,5 1.

The nine data points at non-negligible Reynolds numbers, 1 < Re < 10° (identified with
blue circles in figure 4(a b)), also exhibit good agreement despite violating the low Reynolds
number assumption made in our flow model (see § 4.1). As explained previously in § 5,
although the full steady nonlinear Navier-Stokes equation (2.3) was used in the simulations,
the flow remained in the laminar regime for all Reynolds numbers tested.

At large non-dimensional background concentrations, 1 < k< 100 (identified with green
triangles in figure 4(4)), the scaling predictions underestimate slightly the slip length. This is
due to the fact that the model assumes a low concentration of surfactant. However, the model
still provides a practically useful prediction of the boundary condition at the interface, which
can be effectively considered as no-slip for all our simulations with &= 1. We also find that
the maximum boundary layer thickness is 6 = 1.20, which suggests that our scaling
prediction is accurate even if the diffusive boundary layer is vertically confined.

We indicate in figure 4 (as well as in figures 5 and 6) data where the interface properties are
strongly nonuniform, which are labeled by vermilion squares and orange diamonds.
Qualitatively similar interface non-uniformities have been studied extensively in the context
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of air bubbles rising in surfactant-contaminated water (e.g. Bond & Newton 1928; Frumkin
& Levich 1947; Levich 1962; He et al. 1991), where they correspond to the ‘stagnant cap
regime’. In this regime, an upstream part of the interface has a negligible surfactant gradient
and can be considered as shear-free (s, — 0), whilst the rest of the interface downstream
has a large Marangoni shear (ys; — 1), leading to a no-slip condition over a portion of the
bubble known as the ‘stagnant cap’ (hereafter designated as SC). In the SC regime,
advection of surfactant along the interface dominates relative to surfactant transport between
the interface and the bulk. This makes possible highly non-uniform interfacial
concentrations. Since transport between the interface and the bulk is mediated by both the
diffusive boundary layer flux and the surfactant kinetics, the SC regime requires that
advection along the interface must be large compared to either diffusive or kinetic fluxes (or
both).

We briefly summarize here the bubble-flow analysis of Palaparthi et a/. (2006), and translate
it to SHS flow. For a bubble, the SC regime is found when the characteristic interfacial
Péclet number is large, and either the adsorption—desorption kinetics flux Sis small, or the
diffusive flux through the boundary layer is small compared with the interfacial advective
flux. Denoting with a superscript ‘bubble’ the results of Palaparthi et a/. (2006), they showed

that this implies Pe?"*! > 1, and 57, = BI®"*P(1 + k) < 1 or 9= yPUbble(1 + K/

(PePUbbIeYLZ < 1 For a bubble, the characteristic length and velocity scales are the bubble
radius and interfacial velocity in the surfactant-free case. In order to translate these canonical
bubble results to SHSs, note that the bubble radius is analogous to the grating length g. For
the SHS, the characteristic velocity scale for these non-dimensional numbers is the mid-gap
interfacial velocity in the surfactant-free case, namely d;{ ;= 0), which differs from the
bulk characteristic velocity, such that d;{ yas, = 0) = 26% U, according to (4.22). This
contrasts slightly with contaminated air bubbles in water, where the characteristic interfacial
velocity in the surfactant-free case scales as the far-field bulk velocity, owing to the absence
of rigid no-slip walls. As shown in figure 3 and explained in detail in appendix C, we have
o~ 1for gz 1 (as for bubbles) and % ~ gfor g < 1.

Therefore, using our dimensionless group definitions of § 2, and using a ‘g’ subscript to

characterize dimensionless groups where we use the lengthscale g, rather than A, we have

-bubble

bubbl .
PeI” SN FoePe; = ?opel’g and %, = Bi (1+k)— %l’g = Blg(l +k)/F, and as well as

9= xPUOPI(L + RI(PPUDIYV2 > G o= y o (1 + KI(HPey) 2. The ranges spanned by the
quantities % Pe; g, # 1 gand 7, 5 are reported in table 1.

The distinction between the partial SC regime, where the SC fills only part of the interface,
and the full SC regime, where the SC fills all the interface, is revealed by an inspection of
the shear rate profiles along the interface (not shown here). In the partial SC regime, the
shear rate increases abruptly from negligible values to ¥4, ~ 1 at a particular location along
the interface. In the partial SC regime, the non-dimensional numbers in our simulations
range approximately: 2.5 x 103 < o%Pe; 5 < 2.5 x 10%,9.9 x 1074 < #,< 0.4 and 0.04 <
9 1g< 0.4 (see also figure 8, appendix A, for the variations of these numbers across all our
numerical simulations and for the different regimes, as well as Supplementary Table S1 for
the value of each parameter for each simulation). In the full SC regime, the non-dimensional
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numbers range approximately: 52 < o%Pe; 4 < 2.5 x 104, 2 x 1072 < # ; ;< 50 and 4.0 x
107° < 9 1g< 1.3. The interfacial Péclet number is mostly higher in the partial SC regime
than in the full SC regime, which is intuitively expected. We can see in figure 4(4) that the
four data points in the partial SC regime (plotted with vermilion squares) are the only data
points where the scaling predictions significantly underestimates the effective slip length

with 2% < 5.2 x 1072, whereas 2% > 3.5 x 10*. This discrepancy is due to the strong

non-uniformity of the shear rate profile in the SC regime, not taken into account by our
scaling model which is based on the assumption that the shear rate is approximately uniform

along the interface (see (3.17)). The predictions Atehe"ry in the full SC regime, plotted with

orange diamonds, are in reasonable agreement with the data A‘ja‘a. We can see that Azhe"ry

underestimates slightly the data, although by less than one order of magnitude for all our
results in the full SC regime, with 0.25 < "¢/ 448 < 2.4,

The data plotted with black pluses in figure 4, i.e. not in the SC regime, are in a state
analogous to the ‘uniformly retarded regime’ described by Palaparthi e a/. (2006) in their
study of air bubbles rising in contaminated water, where they make the case that this regime
exists for #'; o~ 1 and %4~ 1. However, in our simulations we find that the interfacial
shear rate is in the “‘uniform’ regime, and thus satisfies our modelling assumption, over a
range of 7' ; gand 9 4 that spans several orders of magnitude, implying that the vast
majority of the simulations satisfy our modelling assumptions. More specifically, we find
that simulations in the ‘uniformly retarded regime’ have parameters that satisfy
approximately 2.8 x 1073 < 9, ,< 4.4 x103and 1.9 x 1072 < #; ;< 3.2 x 103. This is
most likely due to the fact that some of our simulations are in an intermediate or transition
regime between the SC regime and the uniformly retarded regime, and for which A, still
follows our scaling prediction, though perhaps with slightly more scatter, as shown by some
of the black pluses in figure 4.

In figure 4(c), we show the relative error between the scaling predictions Ateheory and the

numerical results ,12‘“3 for the effective slip length. The error remains relatively small across

all values of the average interfacial shear rate ¥, It is less than approximately 33% for
¥ma < 0.7, except for the four simulations in the partial SC regime plotted with vermilion
squares. The relative error is less than 1.7 for 0.7 < yp, < 1.

For comparison, we also show with red crosses in figure 4(c) the prediction from a
surfactant-free model, which is obtained using (4.34) with ¥4, = 0. Our model provides
consistently better predictions than the one that neglects surfactant effect. In particular, the
error made by neglecting surfactant effects becomes very large when the interfacial shear
rate increases towards the Poiseuille value y,= 1. At low shear rate, ys, < 0.3 we can see
that the two models have comparable (small) relative errors.

Overall, we find that our scaling model for A, provides excellent quantitative predictions
across a large range of non-dimensional numbers, beyond the strict range of validity based
on our modelling assumptions. Although our model predictions can underestimate the slip
length in some cases (at large concentrations, and in the stagnant cap regime), our model

J Fluid Mech. Author manuscript; available in PMC 2020 July 25.



s1duosnuBIA Joyiny sispund DN edoin3 ¢

s1dLIOSNUBIA JoLINY sispund DN 8doin3 ¢

Landel et al. Page 26

remains practically useful as both theory and simulation yield negligible slip in those
instances.

6.2 Drag reduction

We compare the drag reduction predicted by our theory (DRI€"Y) with the numerical results
from our simulations (DRY1), as shown in figure 5. The value of DRI is obtained from

(4.36), where the corresponding values of Ateheory are shown earlier in figure 4. Similarly,

DRf3 s calculated using ,lgm’, whose values are also shown in figure 4. Using a log—log

scale, we only plot data for DR > 1074, which correspond to the more meaningful range for
practical applications. The predictions from our scaling model are in very good agreement
with the numerical results. Data at even lower drag reductions (not shown here) still exhibit
a very good agreement with our theoretical prediction.

In figure 5, we also plot, using red crosses, the drag reduction computed using a surfactant-
free model. This is obtained by substituting the values for the surfactant-free Ateheory (plotted

with red crosses in figure 4c¢) into (4.36). As may be expected, the surfactant-free theory
almost always incorrectly predicts a larger drag reduction, with values often more than an
order of magnitude larger that the actual ones. This clearly shows that the drag reduction
potential of SHSs can be significantly overestimated in conditions where surfactants are
important. This is consistent with the findings of Peaudecerf et a/. (2017), who showed that,
for SHSs with rectangular longitudinal gratings, surfactant effects become important at very
low concentrations, similar to background levels found in the environment. As may be
expected, the few surfactant-free predictions in figure 5 that show better agreement with the
numerical simulations correspond to lower values of y,4, when the surfactant-free
predictions converge towards our model predictions (see figure 4c).

6.3 Interfacial shear rate
We compare in figure 6 the numerical results for the average interfacial shear rate yi;;a with

the theoretical predictions, y%ory computed using (4.29) using the four empirical parameters

optimized for A,in § 6.1: @ = 2.30 and & = 0.319 for y,,, and &3 =1.68 and &; 3 =

0.0528 for &based on (3.22). The numerical results for yﬁ;‘g‘ have been computed by taking

the spatial average of the interfacial shear rate in the interior of the interface —g/i2 < x < g/2.

In figure 6(&), we show (1-y,4,) in a log-log plot to focus on the no-slip limit yx., — 1.
Over the limited range shown on this graph, we find good agreement between our scaling
predictions and the data for all our numerical simulations where the interfacial shear rate is
found approximately uniform along the interface (see the uniform regime, plotted with black

plusses). Similar to A, shown in figure 4, we can see that the four data points in the partial

SC regime (vermilion squares) with (1 — ygf;;a) > 0.4 are the only ones where the predictions

underestimate the data. As discussed earlier, this is due to the strong non-uniformity of the
shear rate profile in the SC regime, in contradiction with the uniform assumption made in
our model (see (3.17)). Nevertheless, the theory remains practically useful, as both model
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and simulation yield shear that is essentially indistinguishable from that of a no-slip
boundary.
In figure 6(5) (which is the inset of figure 64), we plot (1 — yg;;a) over the full range of values

tested. As the average shear rate tends to the maximum Poiseuille value, yﬁ;};a —7,= 10r

equivalently (1 — ygf;;a) —0,(1 - yﬁ}l‘;"ry) underestimates the data. The difference becomes

significant for (1 — %) < 1073, This is due to the singularity at the two stagnation points
Ma

and the difficulty associated with resolving it numerically. The shear rate exhibits extreme
variations very close to the stagnation points, whilst the shear rate remains flat in the interior

of the interface with values very close to the Poiseuille shear rate. We note however that the

data

effect of the singularity appears only in the limit v, -

—7,=1 at values practically

equivalent to a no-slip boundary condition at the interface.

This can also be seen in figure 6(¢), where we plot ¥, directly, for 4, = 0.7. The scaling

predictions consistently predict a no-slip boundary condition y%ory —1,as ygf;;a — 1. This

data
Ma

we find the simulations at large Reynolds numbers Re = 1 (blue circles), large non-
dimensional concentrations A= 1 (green triangles) and in the full SC regime (orange
diamonds). Predictions at intermediate values (shown by plusses in figure 6¢), for

0.7 < /4°Y < 1, show a good agreement with {32

shows that the actual error between y°"Y and »

Ma is actually very small in this limit, where

although with a slight overestimation.

Therefore, our scaling model also provides reasonable predictions across the whole range of
interfacial shear rate values, even though the model has been fitted for A,and not for y,
An agreement is found from intermediate to large values, provided the interface is not in a
partial SC regime. Our scaling model remains accurate across a broad range of non-
dimensional numbers (see table 1 and figure 8, appendix A) and in the full SC regime.

7 Discussion

7.1 Verifying the validity of our main assumptions

The first key assumption in our scaling model is that the non-dimensional interfacial
surfactant concentration 7”is sufficiently small so that the adsorption—desorption kinetics
flux Sin (2.6) and the coupling condition (2.17) between the viscous stress and the
surfactant-induced Marangoni stress can be linearised (see § 3.1). To test the validity of the
assumption /"< 1, at least a posteriori, we can note that it implies /"~ k< 1, which results
from applying (3.1) at S= 0 along the interface. As mentioned before, we expect that &
should remain low in many applications where surfactants are not artificially added.
Peaudecerf et al. (2017) estimated typical ranges of &, depending on whether one considers
‘weak’ or ‘strong’ surfactant. Peaudecerf et a/. (2017) calculated that, for ‘weak’ types of
surfactants, the non-dimensional concentration range is 10 < k'S 1072, which supports our
hypothesis. Note that the upper bound of this range is given at the critical micellar
concentration for the bulk concentration &, implying that the worst-case scenario
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corresponds to water that is saturated with surfactant. Only for ‘strong’ types of surfactant
they indicated that the & < 1 assumption could potentially be invalid, since 1076 < 4 < 103.
Strong surfactants are likely to be found only in applications where they have been
artificially added. Nevertheless, the model presented here performed well even at large 4; as
seen for example in figure 4.

The second key assumption made in our scaling model is that the surfactant-induced
Marangoni shear rate along the interface is approximately uniform. This is related to having
a uniform concentration gradient, following the linearised coupling condition (3.2). From the
broad range of parameters tested, see table 1 and figure 8, appendix A, we find that this
assumption is invalid only in the partial stagnant cap (SC) regime, where the concentration
gradient presents an abrupt increase at some point along the interface, separating the no-
shear and no-slip regions. As we saw in figure 4, in the partial SC regime (see vermilion
squares) our model underestimates the slip length. However, it is noteworthy that our scaling
model provides reasonably accurate predictions for the full SC regime, where the no-slip
region spans the whole interface. Furthermore, our scaling model remains practically useful
in both the partial and full SC regimes, since it correctly predicts an essentially negligible
effective slip length.

If wishing to strictly determine whether our model applies, we must therefore distinguish the
parameter ranges between the full and partial SC regimes. As explained in § 6.1, the SC
regime exists when the Péclet number at the interface, &% Pe; g, is large and either 7, 4 or %
1,gare small. From our simulations, we cannot find any clear distinction between the partial
and full SC regimes based only on %, 5 or ¥, , However, we noted already that the partial
SC regime was generally found at larger Péclet numbers, for &% Pe; 42 103, whilst the full
SC regime was found for 1 < o%Pe; 4 S 10%. This is physically intuitive as increasing the
external flow velocity would eventually overcome the Marangoni stress at the interface. This
would lead to a compression of the finite amount of surfactant adsorbed onto the interface
towards the downstream end, thereby freeing the upstream part of the interface from any
shear.

Since FPe; g FU, # 15 U(H0) and 74 1(7 )12, we expect to find the partial
SC regime in applications where the characteristic velocity near the interface &% Uis large.
We emphasize again that the characteristic velocity in these dimensionless numbers is the
local characteristic velocity near the interface, o% U, where the bulk velocity Uis modulated
by the geometrical function 0 < % < 1, which scales as &% ~ gfor g < 1, otherwise &% ~
1. Hence, our model is valid for applications at sufficiently low Uor if gis sufficiently small
such that the SHS is away from the partial SC regime. Microfluidic applications, such as
lab-on-a-chip systems or micro-cooling, where U is small would be typical applications for
our model. For instance, we can consider a typical micro-fluidic channel with /4 = 50
microns, a flow of water with characteristic speed ranging 0.1 to 10 mm/s, and SHS gratings
of length =1 mm with gas fraction ¢ ~ 0.95. If surfactants similar to sodium dodecyl
sulfate are present at a concentration of approximately 1073 mM (equivalent to traces
naturally present in the water), then we obtain: 800 < %P, 4 < 8 x 10412 < A 1g< 120,
0.7<9,4<7,and k= 1073. This shows that for this geometry with this range of flow
speeds, the SHS would be in the uniform regime, far from the stagnant cap regime, such that

J Fluid Mech. Author manuscript; available in PMC 2020 July 25.



s1duosnuBIA Joyiny sispund DN edoin3 ¢

s1dLIOSNUBIA JoLINY sispund DN 8doin3 ¢

Landel et al. Page 29

our model would predict accurate estimates of the impact of surfactant on the slip length,
drag reduction and average Marangoni shear rate.

7.2 Comparison to experimental studies of surfactant effects

Another application of our model is to analyze experimental studies reporting degradation of
the performance of SHSs where surfactant contamination could be the cause. For example,
two recent studies by Peaudecerf ef a/. (2017) and Song et a/. (2018) identified surfactant as
the cause for the reduced or negligible slip measured near SHSs in laminar channel flows.
As we discuss in detail in appendix D, the main difficulty in applying our model to predict
the reduction in slip in their experiments is the absence of information regarding the
surfactant properties and concentration. This is due to the fact that the surfactants were not
introduced artificially, but were present as unwanted and unknown contaminants in their
experiments.

Nevertheless, we can use our model to analyze a posteriorithe impact of surfactant in the
studies of Peaudecerf ef al. (2017) and Song ef a/. (2018). Assuming different possible
surfactant types, we find that our theoretical model can predict physically sensible
concentrations &, which would lead to the reduced slip measured in their experiments. As
detailed in appendix D, our model predicts that for instance a ‘strong’ surfactant (see
Peaudecerf et al. 2017) would only require minute traces, far below typical environmental
concentrations, to reduce the slip velocity ¢, as measured by Peaudecerf et a/. (2017) and
Song et al. (2018). A weak surfactant, e.g. SDS, would require large & close to the critical
micellar concentration, whilst an intermediate surfactant (see appendix D) would require
small & at or below typical environmental conditions. Hence, our model predictions are
consistent with the experimental results of Peaudecerf et a/. (2017) and Song et al. (2018)
attributing their reduced performance to surfactant contaminant traces. Our model can also
provide a rational a posteriori explanation for other experimental and field measurements
that have reported poor SHS drag reduction performance, in contradiction with surfactant-
free theoretical or numerical predictions. Therefore, our model could help design future
SHSs to mitigate or avoid surfactant effect a priori, for instance by identifying the optimal
geometry and flow conditions for a given surfactant contaminant.

7.3 Analytical limits for slip and drag

It can be instructive and useful to examine practically relevant limits where our results
simplify. We discuss effects of key dimensionless groups, and derive expressions in the
limits of insoluble surfactant, and of very long gratings. In the latter case, it is possible to
immediately predict the drag reduction without the need for solving the full Stokes flow
problem. In any other case, we recommend using the MATLAB codes provided as
supplementary materials.

To model insoluble surfactant, consider the interfacial advection—diffusion equation (3.7),
setting the kinetics term on the right-hand side to zero. Integrating from the upstream
stagnation point x = -g/2 to xp, and dividing through by 7*|,, we obtain

J Fluid Mech. Author manuscript; available in PMC 2020 July 25.



s1duosnuBIA Joyiny sispund DN edoin3 ¢

s1dLIOSNUBIA JoLINY sispund DN 8doin3 ¢

Landel et al.

Page 30
ul . = _IMa__
1 X ins I |x0 Pel . (7.1)
Dividing by yu, we find the plastron slip length, in the insoluble limit
oL = 1 L1
X0 ins T Pe.  Ma. ’ (7.2)
|x0 I ns

Where we assume that /]y, =~ ', where I is the (uniform) interfacial concentration found in
static conditions, and Majns is a Marangoni number for insoluble surfactant, namely

[ nRTT, Gi T nRTh
Ma, = I'*Pe; =T MaPe; = =~—"— mUh _ o7 (73)
r, wt D uD,;

Therefore, in the insoluble case, the plastron slip length is simply inversely proportional to
Majns, such that Majns — ©o yields zero slip (1, — 0), whereas Majns — 0 allows the
plastron to be free-slip (1, — ©0), analogously to the soluble case.

In general, computing the effective slip length (or equivalently the drag) requires going
thorugh the Stokes flow calculation described in 8 4. However, in the g>> 1 limit, it is also
possible to evaluate analytically the effective slip length A,, and therefore the drag
reduction. We start from (4.34), which expresses A, as a function of y4,;and £y. Note that,
based on (C 6),

(0)
El _ E |g>>1 ~ ¢ ’ 7.4)
N (P RCEED
yielding A, in terms of (¥aa @)
A 241 ~ 71 (7.5)
cE T @4=30) — 17y, |
To calculate y,4in the insoluble limit, use (7.1) to eliminate ¢, in (4.22), and obtain
Ma. F
ins” 0 (7.6)

| s O
"Malins = T3 Ma,_ 7,

For &% = u;d[2(1 — yps9)], use the large-g approximation (4.28), that is &% ~ 1/(4 — 3¢).
Substituting into (7.6) and then into (7.7), the effective slip length for insoluble surfactant
over a long grating is found explicitly as

2¢
)“elins,g >1 = Mains +4(1—¢)° 7.7
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For long gratings, analytical expressions for A, and A, are also possible in the case of
soluble surfactant. If g>> 1, we expect the diffusive boundary layer to be limited by the
channel height, and therefore & will approach a constant. From our simulations, we find & ~
1.20 in this limit. For the plastron slip length, if gis sufficiently large, we expect the second
term in (3.28) to be dominant, yielding

1 N 2a, ¢’ Biy
x08> 1 % G k% 4+ 120BiPe’

(7.8)

To find A, we calculate y,4, using (4.29), where we again set 6~ 1.20 and &% ~ 1/(4 — 3¢).
Without further approximation we obtain

a,k*Pe,(y + Bi Pe)
(% + Bi Pe)[(4 — 3¢) + a,k*Pe;| + 1.20 ay(4 — 3¢h)g”Bi yPe;

"Ma lg >1= (7.9)

Recalling that & = 2.30 and & = 0.319, equations (7.9) and (7.5) together provide explicitly
the effective slip length as a function of surfactant properties and geometry, without the need
to solve the full Stokes flow problem. The drag reduction is then found from (4.36), as
before.

7.4 Tentative deductions for turbulent regimes

Applications of our model in turbulent regimes might be possible if a sufficiently thick
viscous sublayer exists. If the surfactant transport occurs within the viscous sublayer, where
the flow is laminar, the viscous sublayer height would be the appropriate length scale instead
of A, and the flow velocity at the edge of the viscous sublayer would be the relevant velocity
scale U, In that case, the local characteristic velocity «% U at the interface may be
sufficiently small to avoid the partial SC regime. While the resulting predictions based on
our model would be at best qualitative, it is of great practical interest to explore this tentative
application to turbulent flows. Here we restrict ourselves to examining the plastron slip
length ixo, defined in (3.28) and which does not depend on whether the flow is internal (e.g.

channel flow) or external (e.g. a boundary layer).

In a turbulent boundary layer, with dimensional wall shear stress 7, the canonical scales are
the shear velocity i, = [z, /p and the viscous length scale gv = v/u,, (Pope 2000). The height
of the viscous sublayer is of order 10 Sv. At this distance from a smooth wall, the flow

velocity is of order 10  (Pope 2000). We replace Aand Uin our analysis with these

turbulent scales and set a representative wall shear stress 7, = 50 N/m?.

In practical applications, detection of a specific surfactant type is challenging. However,
dimensional surface tension & has been measured for both clean ‘synthetic’ seawater
(labelled ‘5’ below), as well as for seawater samples collected through cruises (Nayar et al.

2014, and references therein). For the purpose of estimating the order of magnitude of kin
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this example, we use the Langmuir isotherm. While this is less accurate than the Frumkin
isotherm, it does not require A < 1, yet it provides a relation between surfactant and surface
tension that can be analytically inverted. In a liquid at equilibrium (Chang & Franses 1995)

Go—6=nRTT, In(1+k). (7.10)

Schmidt & Schneider (2011) find that seawater that is away from major surfactant sources
(such as seasonal blooms of phytoplankton, oil seeps or wastewater treatment facilities) has

Gy—0~ 1074 N/m (see also Pogorzelski & Kogut 2001). Setting
n,~2 R=83l4kg mz/(sz Kmol), 7~ 300K, I, ~3.9x 10~%mol/m? and rearranging (7.10)
for k, we obtain, for low-surfactant oceanic conditions

6,—6
k = exp| —%e | — 1 ~ 0.005. (7.12)
RTT,

N

Incidentally, this example yields & < 1, consistently with our set of assumptions. Note that
substantially higher & values can occur in oceans and lakes. In order to set up a well-defined
calculation, we consider SDS with concentrations & = (0.01, 0.1, 1) mM, corresponding to &
=1.79 x (1073, 1072, 1071, which bracket the value of & found in (7.11). We change the
length of the grating g from 1 pm to 2.5 cm, the latter being the grating length in Park et a/.
(2014). We use (3.28) to calculate ixo’ as shown in figure 7.

To interpret figure 7, we note that one needs the effective slip length to be comparable to the
thickness of the viscous sublayer in order to achieve meaningful drag reduction in turbulent
flow (Rothstein 2010). For this substantial effective slip to be possible, one needs the
plastron to have an even larger slip length, since of course the solid walls will have no-slip.
(For context, recall that, in canonical surfactant-free theories and simulations, the plastron is
assumed to have infinite slip length.) Since the viscous sublayer thickness is 10 gw we

propose that a plastron slip length of around 100 §v is a tentative relevant threshold for useful

drag reduction. This value is marked by a dashed line in figure 7.

Note that, at small grating lengths g, the first term in the right-hand side of (3.28) dominates.
This is independent of g. At larger g, the second term in (3.28) dominates, eventually
following a scaling of g>5’3, as shown in figure 7(5). The slip length also increases with the
inverse of &. These results suggest that useful drag reduction may be possible provided the
surfactant concentration is not too strong and the plastron is sufficiently long in the
streamwise direction. Our conclusions are consistent with the experimental results of Park et
al. (2014), who found strong drag reduction for gratings in laboratory experiments,
indicating that traces of surfactant were not sufficient to negate drag reduction. However, our
theory also indicates that a large drag increase may occur for a ship equipped with SHS,
when it navigates through surfactant-rich waters, which are common in the coastal ocean,
rivers, and lakes. Finally, we emphasize, once again, that these are tentative deductions, and
that our model will require additional work to provide quantitative drag predictions in
turbulent flow.
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7.5 Relative importance of effects neglected in the present model

7.5.1 Surface rheology—It is also worth discussing some physical effects not
considered in our model. For example, surface rheology could play a role in the boundary
condition (2.17) if viscous surface stresses at the interface were comparable to viscous
stresses in the bulk. The relevant dimensionless groups accounting for this balance are the
Boussinesq numbers Bo, = A /g and Bo, =K /jg, with i and «_ the surface shear and the

surface dilatational viscosities of the surfactant-laden interface, respectively. The precise
measurement of z_and « _ is itself a challenging problem with many open questions

(Langevin 2014).

A recent experimental study by Zell et al. (2014), who employed a technique of
unprecedented precision, concludes that so/uble surfactants can be regarded as surface shear
inviscid, with values of zi_ below their experimental sensitivity of 108 kg s7L. In our

problem, we can expect a negligible effect from surface shear viscous stresses, even at the
smallest practical SHS length g. Indeed, assuming a worst-case scenario with

iy =10" kg s™ ! in water (7 ~ 107 kgm ™" s™") we find Bo, < 1 for § > ji /ji = 107 m,

which is the case in practical applications.

Surface dilatational viscosities are even more challenging to measure, since dilatational
rheology and Marangoni stresses are necessarily coupled, and therefore hard to distinguish,
at an interface subject to compression or expansion (Elfring e a/. 2016; Kotula & Anna
2015). However, a natural (although unverified) assumption for soluble surfactant is to
assume k ~ 4 (Langevin & Monroy 2014), leading to Bo,.~ Bo,. Thus, surface dilatational

viscous stresses can also be considered negligible for SHS geometries with practical gap
lengths & >> 107> m. Note also that it is common to find an effective surface dilatational
viscosity in the literature which can be much larger than i, However, unlike the true

intrinsic viscosity « ; the effective surface dilatational viscosity actually accounts for

dissipation from other non-rheological effects such as adsorption—desorption fluxes, which
are already accounted for explicitly in our study.

7.5.2 Viscous stresses in the gas phase—In this model, we have neglected viscous
stresses from a gas phase inside the grating compared with the other stresses, namely the
driving viscous stress from the liquid phase and the surfactant-induced Marangoni stress at
the interface. To assess the validity of this assumption, we compare an order-of-magnitude
estimate of the characteristic gas viscous stress with order-of-magnitude estimates of the
other two stresses.

Let us consider the condition of continuity of stress at a surfactant-free interface of a SHS,
where a viscous gas phase fills two-dimensional rectangular gratings of depth ]-79 (see e.g.
Schonecker & Hardt 2013; Crowdy 2017 6). The gas viscous stress at the interface,
normalised by the characteristic driving stress from the liquid phase, is at most of the order
of eu;d Hy, where vy = d;d U= 2#(g, ¢) is the maximum shear-free interfacial velocity
computed using (4.23) at x=0and withy,, =0,e= ﬁg/ﬁ is the dynamic viscosity ratio
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between the gas and liquid phases, and H, = ﬁéjﬁ is the normalised depth of the grating.

From all our simulations presented in figures 4—6, we estimate that the gas viscous stress is
negligible compared with the driving stress from the liquid phase, eu;dHy < 1, for all ]—Yg 2
1075 m, except at high viscosity ratio € 2 1. To calculate e we have assumed that the gas in

the grating is air, ﬁg =1.81x107° kgm_ls_l

range such that 1.81 x 107 < €< 1.81 x 10°.

, whilst the liquid viscosity varies over a broad

Compared with the Marangoni stress measured in our simulations, which can be estimated
as k*/gwhen normalised with the driving viscous stress from the liquid phase (see (3.2) and
(3.16)), the gas viscous stress is also negligible in all our simulations, (eu;d Hp)/(k*Ig) K 1
for all ]-Yg 2 1075 mand all e If we assume ]—7g~ 1076 m, we find that the gas viscous stress
is of the same order of magnitude as the Marangoni stress in a small number of simulations
only.

We have also studied the effect of air viscosity in the experiments of Peaudecerf et a/. (2017)
and Song et al. (2018), who measured the velocity profile near the air—water interface of
SHSs made of longitudinal rectangular gratings in laminar channel flows. We find that the
normalised air viscous stress at the interface is approximately ev;/Hy ~ 0.05 in the
experiments of Peaudecerf et al. (2017) and of the order of 0.001 to 0.01 in the experiments
of Song et al. (2018). This ratio falls by at least an order of magnitude when using their
measured (reduced) slip velocity v, instead of our theoretical shear-free prediction (4.23).
Since air viscous stresses are typically several orders of magnitude smaller than the
characteristic driving force from the water phase, air viscous effects alone cannot explain the
negligible or reduced slip velocity measured in their experiments. As we have shown above,
the presence of surfactants, as modelled in this study, provides a consistent explanation for
the reduced or negligible slip they measured.

The experimental and numerical study of Schéffel et a/. (2016) also provides compelling
evidence that viscous effects from a gas phase are generally negligible or second order
effects. They report experimental local and effective slip lengths in microfluidic channel
flows over a SHS made of pillars. Since their geometry differs from the rectangular gratings
considered in our model, the effect of Marangoni stresses due to the presence of surfactant is
more difficult to estimate. Any surfactants in their experiments are transported over a
complex two-dimensional interface with multiple local stagnation points, rather than a one-
dimensional interface with two clear stagnation points. Nevertheless, their comparison
between experimentally measured slip lengths and the slip lengths obtained from numerical
simulations is revealing. Using their notation, the local experimental slip lengths, named
biocal,exp (see their figure 2b), is approximately 7% to 93% lower (depending on the location
at the interface) than the slip lengths obtained numerically, which already account for
viscous effect from the gas phase (named by, see their figure 4b). Moreover, they find that if
viscous effects from the gas phase are neglected in the numerical simulations, the effective
(global) slip length increases only slightly, from g, = 4.0 pm to 4.3 pm, compared with
besr= 1.7 um as measured experimentally. They attribute the 58% reduction in the
experimental effective slip length to ‘interface contamination’, i.e. surfactant, explaining that
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viscous effects from the gas phase cannot explain the discrepancy with their numerical
simulations.

Based on our own simulations and the studies of Schéffel et a/. (2016), Peaudecerf et al.
(2017), and Song et al. (2018), we find that viscous effects from a gas phase inside SHS
gratings can generally be neglected for most practical applications, as intuitively expected
and commonly assumed in the SHS literature. Indeed, in many applications or experimental
studies on SHS, the liquid and gas phases are often water and air, respectively, such that e ~
0.02 is very small. Moreover, the grating depth ]—7g can often be made sufficiently large so as
to minimize viscous effects from the gas phase. The criterion found based on our
simulations is ﬁgz 105 m, which is technically feasible in many applications and often
necessary in experiments to prevent collapse of the plastron during the filling of the
chamber. We note that in general this criterion depends on the geometry, such as the ratios
Hgand Hylg, and whether the flow is confined in a channel or unbounded in a semi-infinite
domain. For further detail about viscous effects from the gas phase in surfactant-free SHS
flow, we refer the reader to the theoretical and numerical studies of Schonecker & Hardt
(2013), Schonecker et al. (2014) and Crowdy (20175). These studies also show that gas
viscous effects are mainly important at large € or small A, consistently with our findings. In
these particular regimes, both viscous effects from the gas phase and surfactant Marangoni
stresses would need to be modelled in order to assess their respective contribution on the
drag reduction of the SHS.

7.5.3 Interface deformation—Another physical mechanism not considered in the
present study is the effect of interface deformation. Many studies have investigated the effect
of lateral or longitudinal curvature of the air—water interface of SHSs (see e.g. Crowdy
20175, Kirk et al. 2017; Game et al. 2019, and references therein). They have found positive
or negative impact depending on the curvature sign (whether it points towards the liquid
phase or the gas phase), geometry (transverse or longitudinal SHSs), whether the flow is
bounded or unbounded (Kirk et al. 2017), or the Reynolds number (Game et al. 2019).

The deformation of the interface could be due to the gravity force, viscous forces or a
pressure difference across the interface. These forces must be compared with the surface
tension, which resists deformations associated with an increase in surface area of the
interface, i.e. flattening the plastron in this specific problem. In general, gravity can be
neglected since the smallest length scale in microfluidic applications is much smaller than

the capillary length, which in this case has a typical value of 7, = 1/&O/(Aﬁag) ~27%10 3 m.
For this estimate we have chosen the representative values of 6, ~ 7.2 x 1072Nm~! for the

surface tension, d,=9.81 m/s2 for the gravitational acceleration, and A5 ~ 1000 kg/m3 for the
air-water density difference. Similarly, viscous forces are neglected in most applications due
to small capillary numbers near the interface Ca; = u,Ca = jii,/c . We typically find Ca, <

1073 for a surfactant-free air-water interface across our range of parameters. We note the
effect of surfactant would on the one hand tend to reduce o, thus enhancing interfacial
deformation. On the other, as we have shown in this study, surfactant would reduce v, thus
limiting interfacial deformation. The reduction of ¢, can occur at concentrations much
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smaller than concentrations necessary to change the surface tension noticeably (Chang &
Franses 1995). Hence, we intuitively expect that viscous forces would have negligible effect,
even when combined with surfactant, in regimes where surfactants affect v, The capillary
length and the capillary number depend on the properties of the fluids on either side of the
interface. Although air—-water systems, as assumed above, are the most common across real
applications, laboratory and field experiments, these characteristic numbers would need to
be examined carefully in more specialised applications (e.g. liquid metals for micro-cooling,
Lam et al. 2015).

The effect of pressure difference is one of the most common cause of interfacial deformation
(e.g. Game et al. 2019). Interfacial curvature typically depends on the ratio of the pressure
difference and the surface tension, 4¢/ o, following the Young—Laplace law. Thus, surfactant
could enhance curvature by reducing o, thereby affecting the performance of the SHS.
Similar to what we noted for viscous effect, we expect the negative impact of surfactant on
uyvia Marangoni effects to be generally more important than via interface deformation. If
the pressure difference is large enough, there can exist some regimes where both interface
deformation and Marangoni stresses are important. The combined effects on SHS
performance of negative Marangoni effects and positive or negative interfacial deformation
effects would be an important topic for future research.

7.5.4 Three-dimensional effects—Although the geometry used in our model is two-
dimensional, we expect the model to give a reasonable estimate of the impact of surfactants
for flows above three-dimensional rectangular longitudinal SHS gratings, similar to those
used by Peaudecerf et al. (2017) and many other studies. For three-dimensional gratings
with small aspect ratio w/g = 1/15, Song et al. (2018) observed three-dimensional flows with
recirculations along the side boundaries or via the interior, depending on whether the
interface was convex or concave. Overall, they found significant reduction of the slip
velocity at the interface due to surfactant contamination, which shows that these three-
dimensional recirculation flows are secondary effects compared to the mean two-
dimensional effects due to the surfactant-induced Marangoni forces. For cases without this
recirculation pattern, we expect surfactants to be advected along the grating, forming a
longitudinal surfactant gradient which is approximately uniform in the spanwise direction
(i.e. across the grating width). Owing to spanwise viscous friction, we can also note that our
model would give a lower bound prediction on the surfactant-induced Marangoni shear, or
conversely, an upper bound for the effective slip length and maximum drag reduction.

8 Conclusions

In this study, we present a reduced-order scaling model to account for the impact of soluble
surfactants in channel flows with superhydrophobic surfaces. The drag reduction potential of
superhydrophobic surfaces can be severely reduced if surfactants adsorbed onto the plastron
induce Marangoni forces opposed to the flow. These Marangoni forces develop when a
gradient of surfactant establishes along the interface.

To simplify the governing equations of this problem, we first linearised the kinetics source
terms for the surfactant flux between the bulk and the interface, as well as the coupling
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condition balancing the viscous force and the surfactant-induced Marangoni force. This
linearisation holds for small surfactant concentration /<< 1, which is a reasonable
assumption for most applications where surfactants are not artificially added. Then,
integrating the transport equations in the bulk and at the interface, we find a linear
relationship between the interfacial slip velocity at mid-gap and the interface-averaged
surfactant-induced Marangoni shear, given by (3.28). This relationship depends explicitly on
the non-dimensional numbers &* = kMa, which combines both the non-dimensional bulk
background surfactant concentration k< and the Marangoni number Ma, as well as Pe, Pe,, g,
Biand y.

To obtain a global effective slip length and predict how surfactant transport can affect the
flow rate and the drag reduction potential of the SHS, we solve the continuity and
momentum conservation equations for low Reynolds number flow. Using a technique based
on the work of Lauga & Stone (2003) for surfactant-free SHS flow, we solve Stokes’
equation with mixed boundary conditions and a prescribed shear profile at the interface. In
the case of a uniform interfacial shear y,,;, the interfacial velocity relates linearly to 1 -
¥ma Where the coefficient of proportionality depends on the geometric non-dimensional
parameters of the SHS, namely the grating length gand the gas fraction ¢. We close the
problem and eliminate the interface velocity by using our earlier result, based on the
surfactant problem, that also related interface velocity to shear. Hence, we find that the
average Marangoni shear y,,, depends on seven non-dimensional parameters: k*, Pe, Pe,,
Bi, y, gand ¢, following (4.29). The dependence on the geometry is implicit through the
function &%(g, ¢), which can be solved from the linear problem (4.12) assuming a
surfactant-free Stokes’ flow in the same geometry. We find that the effective slip length is A,
=2(1 = yma Eo/(1 — (1 - yas) Eo), see (4.34), where £y = Qyol2 with Qpp the added volume
flow rate in an SHS channel flow without any surfactant. The corresponding added flow rate
Qyand drag reduction DR due to the SHS, in the general case of a surfactant-contaminated
flow, can be determined from the effective slip length following (4.31) and (4.36),
respectively. These equations show how the slip length, the added flow rate and the drag
reduction are affected by the surfactant-induced Marangoni shear rate at the interface.

In order to test the regime of validity and the accuracy of our model, we performed 137
finite-element numerical simulations of the full governing equations in steady, pressure-
driven, laminar channel flows, inclusive of soluble surfactants following (2.2)—(2.13). We
varied the governing non-dimensional groups across a broad range of values to explore the
vast parameter space of this problem (see figure 8, appendix A, table 1 and the
Supplementary Table S1). The model predictions for A, DR and y,,, follow well the
numerical results across almost all the parameter space explored. The model coefficients are
determined through a least-squares fit for A, yielding & = 2.30, a = 0.319, & 3 = 1.68 and
61,3 =0.0528. The flows that are least well captured by our model corresponds to the “partial
stagnant cap regime’, which is also found in air bubbles rising in surfactant-contaminated
water. This regime occurs at very large %P¢; g, and low %, 5 or low ' 5. The partial SC
regime exhibits a sharp increase in the shear rate at the transition between a shear-free
upstream part and a no-slip downstream part of the interface, which differs from our
assumption of a uniform Marangoni shear along the interface. Nevertheless, at least for the
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simulations performed here, our model predictions are sufficiently accurate for practical
purposes. It will be important to test the accuracy of our model also in more complex flows.

Canonical SHS models, which completely neglect surfactant effects, can yield a large error
in the prediction of the slip length and of the drag reduction, as shown in figures 4 and 5. In
particular, the error is very large, by several orders of magnitude, at large Marangoni
stresses. Hence, models neglecting surfactant can significantly overestimate the drag
reduction potential of the SHS. This is particularly important in applications where small
background environmental surfactant traces are sufficient to induce strong Marangoni
forces, as previously found by Peaudecerf et al. (2017).

Overall, the model we present provides a useful quantitative estimate of the effect of
surfactants on the drag reduction potential of SHSs, across a vast part of the parameter space
except in the partial stagnant cap regime. Our scaling predictions can be used directly in
numerical simulations of flow over SHS in realistic conditions where surfactants cannot be
neglected. The effective slip length A, can be used in a Navier-slip boundary condition on
the SHS side, without having to solve the full coupled nonlinear surfactant transport
problem. This will reduce considerably the computational burden associated with realistic
simulations of SHS flows. We also note that our model can be easily adapted for a two-sided
SHS channel, via changes in the boundary conditions in the Stokes’ flow problem (see §
4.1). This change in boundary conditions will modify the geometric function o%,.

Future work will investigate how the model can be modified for more complex three-
dimensional flows over SHSs, such as pillars or disordered SHSs. Apart from annular flows
(Lee et al. 2008; Song et al. 2018) or very long air-water interfaces (Peaudecerf et al. 2017),
accumulation of surfactant at stagnation points in these three-dimensional problems can also
lead to surfactant-induced Marangoni stresses. Predicting the magnitude of these forces and
the overall effect on the effective slip length or the drag reduction is a complex problem.
Many applications operate at larger Reynolds numbers, where the effect of turbulence on the
surfactant Marangoni stresses may be important. At intermediate Reynolds numbers, where
the viscous sub-layer forming at the SHS is sufficiently thick compared with the surfactant
diffusive boundary layer thickness, our scaling model may still be applicable, though the
empirical parameters may differ from those found here. At very large Reynolds numbers,
turbulence is likely to enhance the diffusion of surfactant in the bulk and at the interface,
which could change the concentration gradients and result in intermittent localised
Marangoni forces at the interface. These problems have a direct impact on the performance
of SHSs in many applications, and constitute important topics for future studies.

Supplementary Material

Refer to Web version on PubMed Central for supplementary material.

Acknowledgments

We gratefully acknowledge financial support from the Raymond and Beverly Sackler Foundation, the Engineering
and Physical Sciences Research Council, the European Research Council Grant 247333, Mines ParisTech, the
Schlumberger Chair Fund, the California NanoSystems Institute through a Challenge Grant, ARO MURI
W911NF-17-1-0306 and ONR MURI N00014-17-1-2676.

J Fluid Mech. Author manuscript; available in PMC 2020 July 25.



s1duosnuBIA Joyiny sispund DN edoin3 ¢

s1dLIOSNUBIA JoLINY sispund DN 8doin3 ¢

Landel et al. Page 39

References

Asmolov ES, Vinogradova Ol. Effective slip boundary conditions for arbitrary one-dimensional
surfaces. J Fluid Mech. 2012; 706:108-117.

Bhushan, B. Plant leaf surfaces in living natureBiomimetics: Bioinspired Hierarchical-Structured
Surfaces for Green Science and Technology. Bhushan, B, editor. Cham: Springer International
Publishing; 2018. 81-107.

Bolognesi G, Cottin-Bizonne C, Pirat C. Evidence of slippage breakdown for a superhydrophobic
microchannel. Phys Fluids. 2014; 26(8)

Bond W, Newton DA. Bubbles, drops and Stokes’ law. Phil Mag. 1928; 5:794-800.

Cartagena EJG, Arenas I, Bernardini M, Leonardi S. Dependence of the drag over super hydrophobic
and liquid infused surfaces on the textured surface and weber number. Flow Turbul Combust. 2018;
100(4):945-960.

Chang CH, Franses El. Adsorption dynamics of surfactants at the air/water interface: a critical review
of mathematical models, data, and mechanisms. Colloids Surf A. 1995; 100:1-45.

Cheng Y, Xu J, Sui Y. Numerical study on drag reduction and heat transfer enhancement in
microchannels with superhydrophobic surfaces for electronic cooling. Appl Therm Eng. 2015;
88:71-8.

Cottin-Bizonne C, Barentin C, Charlaix, Bocquet L, Barrat JL. Dynamics of simple liquids at
heterogeneous surfaces: Molecular-dynamics simulations and hydrodynamic description. Eur Phys J
E. 2004; 15(4):427-438. [PubMed: 15611841]

Crowdy DG. Analytical formulae for longitudinal slip lengths over unidirectional superhydrophobic
surfaces with curved menisci. J Fluid Mech. 2016; 791:R7.

Crowdy DG. Effective slip lengths for immobilized superhydrophobic surfaces. J Fluid Mech. 2017a;

825:R2.

Crowdy DG. Perturbation analysis of subphase gas and meniscus curvature effects for longitudinal
flows over superhydrophobic surfaces. J Fluid Mech. 2017b; 822:307-326.

Davis AMJ, Lauga E. Geometric transition in friction for flow over a bubble mattress. Phys Fluids.
2009; 21(1)

Elfring, Gwynn J; Leal, L Gary; Squires, Todd M. Surface viscosity and Marangoni stresses at
surfactant laden interfaces. Journal of Fluid Mechanics. 2016; 792:712-739.

Facchini MC, Decesari S, Mircea M, Fuzzi S, Loglio G. Surface tension of atmospheric wet aerosol
and cloud/fog droplets in relation to their organic carbon content and chemical composition.
Atmos Environ. 2000; 34(28):4853-4857.

Frumkin AN, Levich VG. Effect of surface-active substances on movements at the boundaries of liquid
phases. Zhur Fiz Khim. 1947; 21:1183-1204.

Game SE, Hodes M, Papageorgiou DT. Effects of slowly varying meniscus curvature on internal flows
in the cassie state. J Fluid Mech. 2019; 872

Gose JW, Golovin K, Boban M, Mabry JM, Tuteja A, Perlin M, Ceccio SL. Characterization of
superhydrophobic surfaces for drag reduction in turbulent flow. J Fluid Mech. 2018; 845:560-580.

Gruncell, B. Superhydrophobic surfaces and their potential application to hydrodynamic drag
reduction. PhD thesis, University of Southampton; 2014.

Harper JF. Stagnant-cap bubbles with both diffusion and adsorption rate-determining. J Fluid Mech.
2004; 521:115-123.

He Z, Maldarelli C, Dagan Z. The size of stagnant caps of bulk soluble surfactant on the interfaces of
translating fluid droplets. J Colloid Interface Sci. 1991; 146:442-451.

Hourlier-Fargette A, Dervaux J, Antkowiak A, Neukirch S. Extraction of silicone uncrosslinked chains
at air-water-polydimethylsiloxane triple lines. Langmuir. 2018; 34:12244-12250. [PubMed:
30199255]

Jones, E; Oliphant, TE; Peterson, P; , et al. [accessed 17 January 2019] SciPy: open source scientific
tools for Python. 2001. Online;

Kim TJ, Hidrovo C. Pressure and partial wetting effects on superhydrophobic friction reduction in
microchannel flow. Phys Fluids. 2012; 24(11)

J Fluid Mech. Author manuscript; available in PMC 2020 July 25.



s1duosnuBIA Joyiny sispund DN edoin3 ¢

s1dLIOSNUBIA JoLINY sispund DN 8doin3 ¢

Landel et al.

Page 40

Kirk TL, Hodes M, Papageorgiou DT. Nusselt numbers for poiseuille flow over isoflux parallel ridges
accounting for meniscus curvature. J Fluid Mech. 2017; 811

Kotula, Anthony P; Anna, Shelley L. Regular perturbation analysis of small amplitude oscillatory
dilatation of an interface in a capillary pressure tensiometer. Journal of Rheology. 2015; 59(1):85—
117.

Kropfli RA, Ostrovski LA, Stanton TP, Skirta EA, Keane AN, Irisov V. Relationships between strong
internal waves in the coastal zone and their radar and radiometric signatures. J Geophys Res. 1999;
104(C2):3133-3148.

Lam LS, Hodes M, Enright R. Analysis of Galinstan-based microgap cooling enhancement using
structured surfaces. Trans ASME J Heat Mass Transfer. 2015; 137

Landel JR, Thomas AL, McEvoy H, Dalziel SB. Convective mass transfer from a submerged drop in a
thin falling film. J Fluid Mech. 2016; 789:630-668.

Langevin D. Rheology of adsorbed surfactant monolayers at fluid surfaces. Annual Review of Fluid
Mechanics. 2014; 46(1):47-65.

Langevin D, Monroy F. Marangoni stresses and surface compression rheology of surfactant solutions.
Achievements and problems. Advances in Colloid and Interface Science. 2014; 206:141-149.
[PubMed: 24529972]

Lauga E, Stone HA. Effective slip in pressure-driven Stokes flow. J Fluid Mech. 2003; 489:55-77.

Leal, L Gary. Advanced Transport Phenomena: Fluid Mechanics and Convective Transport Processes.
Cambridge University Press; 2007.

Lee C, Choi C-H, Kim C-J. Structured surfaces for a giant liquid slip. Phys Rev Lett. 2008; 101(6)

Lee C, Choi C-H, Kim C-J. Superhydrophobic drag reduction in laminar flows: a critical review. Exp
Fluids. 2016; 57(12):176.

Lévéque, AM. Les lois de la transmission de chaleur par convectionAnnales des Mines, ou Recueil de
Mémoires sur I’Exploitation des Mines et sur les Sciences et les Arts qui s’y Rapportent. Vol. XIII.
Dunod; 1928. 201-299. 305-362, 381-415

Levich, V. Physicochemical Hydrodynamics. Prentice Hall: 1962.

Lewis MA. Chronic and sublethal toxicities of surfactants to aquatic animals: A review and risk
assessment. Water Res. 1991; 25(1):101-113.

Ling H, Srinivasan S, Golovin K, McKinley GH, Tuteja A, Katz J. High-resolution velocity
measurement in the inner part of turbulent boundary layers over super-hydrophobic surfaces. J
Fluid Mech. 2016; 801:670-703.

Luzzatto-Fegiz P, Helfrich KR. Laboratory experiments and simulations for solitary internal waves
with trapped cores. J Fluid Mech. 2014; 757:354-380.

Maali A, Boisgard R, Chraibi H, Zhang Z, Kellay H, Wiirger A. Viscoelastic drag forces and crossover
from no-slip to slip boundary conditions for flow near air-water interfaces. Phys Rev Lett. 2017,
118

Manor O, Vakarelski IU, Tang X, O’Shea SJ, Stevens GW, Grieser F, Dagastine RR, Chan DYC.
Hydrodynamic boundary conditions and dynamic forces between bubbles and surfaces. Phys Rev
Lett. 2008; 101

Mayer HC, Krechetnikov R. Landau-Levich flow visualization: Revealing the flow topology
responsible for the film thickening phenomena. Phys Fluids. 2012; 24(5)

Nayar KG, Panchanathan D, McKinley GH, Lienhard JH. Surface tension of seawater. J Phys Chem
Ref Data. 2014; 43(4)

Ou J, Perot B, Rothstein JP. Laminar drag reduction in microchannels using ultrahydrophobic surfaces.
Phys Fluids. 2004; 16(12):4635-4643.

Ou J, Rothstein JP. Direct velocity measurements of the flow past drag-reducing ultrahydrophobic
surfaces. Phys Fluids. 2005; 17(10)

Palaparthi R, Papageorgiou DT, Maldarelli C. Theory and experiments on the stagnant cap regime in
the motion of spherical surfactant-laden bubbles. J Fluid Mech. 2006; 559:1-44.

Park H, Park H, Kim J. A numerical study of the effects of superhydrophobic surface on skin-friction
drag in turbulent channel flow. Phys Fluids. 2013; 25

J Fluid Mech. Author manuscript; available in PMC 2020 July 25.



s1duosnuBIA Joyiny sispund DN edoin3 ¢

s1dLIOSNUBIA JoLINY sispund DN 8doin3 ¢

Landel et al.

Page 41

Park H, Sun G, Kim C-J. Superhydrophobic turbulent drag reduction as a function of surface grating
parameters. J Fluid Mech. 2014; 747:722-734.

Peaudecerf FJ, Landel JR, Goldstein RE, Luzzatto-Fegiz P. Traces of surfactants can severely limit the
drag reduction of superhydrophobic surfaces. Proc Nat Acad Sci USA. 2017; 114:7254-7259.
[PubMed: 28655848]

Pereira R, Ashton I, Sabbaghzadeh B, Shutler JD, Upstill-Goddard RC. Reduced air-sea CO2
exchange in the Atlantic Ocean due to biological surfactants. Nat Geosci. 2018; 11(7):492-496.

Philip JR. Flows satisfying mixed no-slip and no-shear conditions. Z Angew Math Physik. 1972a;
23:353-372.

Philip JR. Integral properties of flows satisfying mixed no-slip and no-shear conditions. Z Angew
Math Physik. 1972b; 23:960-968.

Pogorzelski S, Kogut AD. Kinetics of marine surfactant adsorption at an air/water interface. Baltic sea
studies. Oceanologia. 2001; 43(4):389-404.

Pope, Stephen B. Turbulent flows. Cambridge University Press; 2000.

Prosser AJ, Franses El. Adsorption and surface tension of ionic surfactants at the air—water interface:
review and evaluation of equilibrium models. Colloids Surf A. 2001; 178(1):1-40.

Quéré D. Wetting and Roughness. Ann Rev Mater Res. 2008; 38:71-99.

Rastegari A, Akhavan R. The common mechanism of turbulent skin-friction drag reduction with
superhydrophobic longitudinal microgrooves and riblets. J Fluid Mech. 2018; 838:68-104.

Rosen, MJ, Kunjappu, JT. Surfactants and interfacial phenomena. 4th edn. Hoboken, New Jersey,
USA: John Wiley and Sons; 2012.

Rothstein JP. Slip on Superhydrophobic Surfaces. Ann Rev Fluid Mech. 2010; 42:89-109.

Samaha MA, Tafreshi HV, Gad-el Hak M. Superhydrophobic surfaces: from the lotus leaf to the
submarine. CR Mécanique. 2012; 340:18-34.

Shragaglia M, Prosperetti A. A note on the effective slip properties for microchannel flows with
ultrahydrophobic surfaces. Phys Fluids. 2007; 19(4)

Schéffel D, Koynov K, Vollmer D, Butt HJ, Schénecker C. Local flow field and slip length of
superhydrophobic surfaces. Phys Rev Lett. 2016; 116

Schmidt R, Schneider B. The effect of surface films on the air—sea gas exchange in the Baltic sea. Mar
Chem. 2011; 126(1):56-62.

Schonecker C, Baier T, Hardt S. Influence of the enclosed fluid on the flow over a microstructured
surface in the Cassie state. J Fluid Mech. 2014; 740:168-195.

Schonecker C, Hardt S. Longitudinal and transverse flow over a cavity containing a second immiscible
fluid. J Fluid Mech. 2013; 717:376-394.

Shirtcliffe NJ, McHale G, Newton M, Perry CC, Pyatt FB. Plastron properties of a superhydrophobic
surface. Appl Phys Lett. 2006; 89(10)

Sneddon, IN. Mixed boundary value problems in potential theory. Amsterdam, New York: North-
Holland Pub. Co.; Wiley; 1966.

Song D, Song B, Hu H, Du X, Du P, Choi C-H, Rothstein JP. Effect of a surface tension gradient on
the slip flow along a superhydrophobic air-water interface. Phys Rev Fluids. 2018; 3(3)

Temprano-Coleto F, Peaudecerf FJ, Landel JR, Gibou F, Luzzatto-Fegiz P. Soap opera in the maze:
Geometry matters in marangoni flows. Phys Rev Fluids. 2018; 3(10)

Teo CJ, Khoo BC. Analysis of Stokes flow in microchannels with superhydrophobic surfaces
containing a periodic array of micro-grooves. Microfluid Nanofluid. 2009; 7:353-382.

Truesdell R, Mammoli A, Vorobieff P, van Swol F, Brinker CJ. Drag reduction on a patterned
superhydrophobic surface. Phys Rev Lett. 2006; 97(4)

Ybert C, Barentin C, Cottin-Bizonne C, Joseph P, Bocquet L. Achieving large slip with
superhydrophobic surfaces: Scaling laws for generic geometries. Phys Fluids. 2007; 19(12)

Zell ZA, Nowbahar A, Mansard V, Leal LG, Deshmukh SS, Mecca JM, Tucker CJ, Squires TM.
Surface shear inviscidity of soluble surfactants. Proceedings of the National Academy of Sciences
USA. 2014; 111(10):3677-3682.

J Fluid Mech. Author manuscript; available in PMC 2020 July 25.



s1duosnuBIA Joyiny sispund DN edoin3 ¢

s1dLIOSNUBIA JoLINY sispund DN 8doin3 ¢

Landel et al. Page 42

Slip length model with surfactant traces
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Figure 1.
Schematic illustrating the impact of surfactants above a superhydrophobic surface (SHS)

made of longitudinal rectangular grating. (&) Surfactants present in water adsorb at the air—
water interface of the gratings. (6) In the presence of an external flow, surfactants distribute
in gradients between stagnation points, yielding a Marangoni stress opposing the flow.
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Slip length model with surfactant traces
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Figure 2.
(&) Schematic of the geometry of the problem studied. (4) Schematic illustrating the bulk
concentration profile near the interface.
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Slip length model with surfactant traces
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Figure 3.

Va?riation of the normalised mid-gap interfacial velocity, vy A2(1 = yp2) = o#(g, ¢, X=0) =
(g, @) (see (4.22) and text), as a function of: (&) the non-dimensional interfacial length g,
for different non-dimensional gas fraction from ¢ = 0.01 to 0.99 (shown with different
colors, see legend); () the gas fraction ¢, for various interfacial lengths g (shown with
different colors, see legend). The implicit function «%(g, ¢) has been computed by solving
the linear system (4.12) with /=500, except in the more demanding cases of 0.01 <¢ < 0.1
(N=2,500),0.99 < ¢<1(N=2,500) and 0 < ¢ < 0.01 (V= 15,000). In (&) the black
dotted line is plotted using (4.24) for ¢ < 1 and g < 1, the black dot-dashed line is plotted
using (C 21) for g < 1 and ¢ = 0.99, and the black dashed line is plotted using (4.25) for ¢ <
1and g 1. The black solid line corresponds to the maximum asymptotic value for ¢ — 1:
Upe = Uy =-1)=2(1 - yup) (see (4.27)). In (), the black dashed line has been plotted
using the asymptotic trend (4.28) for g > 1 (see also appendix C).
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Figure 4.

(a) Comparison of the scaling predictions for the effective slip length ,1Lhe°ry, computed using
(4.34) and (4.29), with fitting parameters & = 2.30, & = 0.319, &3 =1.68and &; 3 =
0.0528, with the numerical results from our simulations Agm, calculated from (4.31). Results

are plotted on a log-log scale, with the grey dashed line showing equality between
predictions and simulations. The predictions for the four data points in the partial stagnant
cap (SC) regime, plotted with vermilion squares, underestimate the data owing to the strong
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non-uniformity of the interfacial shear rate profile. Nevertheless, the theory remains
practically useful also for these cases, as it correctly predicts A, < 1. In the inset (6), we

plot an extended range of ,12"“3. In (©), a linear—log plot shows the relative error between the

data and the scaling predictions, as a function of the average interfacial shear rate. Red
crosses show the error in the effective slip length when surfactants are neglected, such that
Aeis calculated using (4.34) with ¥, = 0.
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Comparison of the scaling predictions for the drag reduction DA€Y, computed using
(4.36), with the numerical results from our simulations D91, \We also show with red
crosses the drag reduction DAIEOTY estimated using a model neglecting surfactant effect.
Note that we plot in this graph only data for DR > 1074, to show more clearly our results in
a range useful to applications. Equality between data and theory falls on the grey dashed

line.
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Figure 6.
Comparison of the scaling predictions for the average interfacial shear rate yﬁ}i"ry, computed

using (4.29), with the numerical results from our simulations yj}’g’, calculated by averaging

the shear rate along the interface. The scaling prediction use empirical parameters: &, = 2.30
and a = 0.319 for 4, and & 3 = 1.68 and &; 3 = 0.0528 for & (see (3.22)), computed from

the fit of A, (see § 6.1). In (&), we plot using a log—log scale (1 — 42 to reveal the

data

behaviour at large shear rate, when y7* — 7,=1 The predictions y%"ry for the four data
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points in the partial stagnant cap (SC) regime, plotted with vermilion squares, overestimate
the data owing to the strong non-uniformity of the interfacial shear rate profile. In (6), we
plot (1 —yas.) over a larger range revealing the error related to the singularity at the
stagnation points. In (¢), we plot ¥, to show more clearly the behaviour at intermediate
shear rate, 0.7 < ¥4, < 1. In all plots, equality between data and theory would fall on the
grey dashed line.
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Figure7.
Order-of magnitude scaling for the slip length over the plastron of turbulent

superhydrophobic gratings, such as those considered by Park et a/. (2014), as a function of
the grating length g. A prescribed shear stress of 50 N/m? is used in the calculation. ()
shows the mid-plastron slip length normalized by the viscous lengthscale Sv, whereas ()

shows the corresponding dimensional results.
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Table 1

Range of values for all the non-dimensional parameters varied in the 137 finite element numerical simulations.
Hatted quantities are dimensional. See also Supplementary Table S1 for the value of each parameter in each
numerical simulation.

Parameter Symbol Minimum Maximum
Gas fraction $=3/L 1x10  95x1071
Length of the air-water interface g=glh 1x10%  1x10?
Reynolds number Re=phUlji 4x107*  1x10°
Bulk concentration k=k,ylk, 1x1077 1x10?
Bulk Péclet number Pe=hU/D 5x107  25x107
Bulk Péclet number (with ) Pe =3UID 1x10°%  1x10°
8
Interface Péclet number Pe, = ﬁﬁ/ﬁl 4 2% 108
Interface Péclet number (with g) FPe, =F2U/D 31x10™% 25x10°
0" "I, g 0 1
Biot number Bi = ,?dg/f] 1.2x10™%  5x10?
Biot number (with g i =% /U 1.2x1075 25
(with £) Blg =Kk 8/U
Kinetics number — 2 hIR T 5x 1073 5x 108
¥ = th/(KaFm)
Kinetics number (with g R o/® T 2x1073 2 x 102
(with 8) Xg= K81k, TI,)
Marangoni number —n RTC /(U 3 1.2 x 1012
g Ma = nURTFm/(/tU)
Marangoni concentration k* = kMa 3x1077 1.2 x 1014
Ratio of kinetics flux to advective flux at the interface 9’[1 ¢= Big(l +h/F 9.9x10% 3.2x10°
Ratio of diffusive flux to advective flux at the interface 1 4x10° 4.4x108

2
_ e
D) o= 2L +RNFPe,)
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