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Abstract

On the Statistical Complexity of Offline Policy Evaluation for Tabular Reinforcement

Learning
by

Ming Yin

Offline Policy Evaluation (OPE) aims at evaluating the expected cumulative reward of a tar-
get policy = when offline data are collected by running a logging policy u. Standard importance-
sampling based approaches for this problem suffer from a variance that scales exponentially
with time horizon H, which motivates a splurge of recent interest in alternatives that break
the “Curse of Horizon”. In the Second chapter of this thesis, we prove the modification of
Marginalized Importance Sampling (MIS) method can achieve the Cramer-Rao lower bound,
provided that the state space and the action space are finite.

In the Third chapter of the thesis, we go beyond the off-policy evaluation setting and propose
anew uniform convergence for OPE. The Uniform OPE problem requires evaluating all the poli-
cies in a policy class IT simultaneously, and we obtain nearly optimal error bounds for a number
of global / local policy classes. Our results imply that the model-based planning achieves an
optimal episode complexity of O(H?/d, €?*) in identifying an e-optimal policy under the time-
inhomogeneous episodic MDP model. Here d,, is the minimal marginal state-action visitation
probability for the current MDP under the behavior policy u. We further improve the sample
complexity guarantee to O(H?/d, €?) under the time-homogeneous episodic MDPs, using a
novel singleton-absorbing MDP technique in the Fourth chapter. Both results are known to be
optimal under their respective settings. In the final part of the thesis, we summarise our work

in reinforcement learning and conclude with potential future directions.
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Chapter 1

Introduction

In offline Reinforcement Learning (offline RL [1} 2]), the goal is to learn a reward-maximizing
policy in an unknown environment which forms a Markov Decision Process (MDP), using
the historical data coming from a (fixed) behavior policy x. Unlike an online RL, where the
agent can keep interacting with the environment and gain new feedback by exploring unvisited
state-action space, offline RL usually is needed when such online interplays are expensive or
even unethical. Due to its nature of having no access to interact with the MDP model (which
causes distributional mismatches), most of the literature that studies the sample complexity /
provable efficiency of offline RL (e.g. [3}14,15,167,18,9,10,11]) relies on making different data-
coverage assumptions for making the problem learnable, and provide near-optimal worst-case
performance bounds that depend on their data-coverage coefficients.

Offline Policy evaluation (OPE), which predicts the performance of a policy with data only
sampled by a logging/behavior policy [[12]], plays a key role for using reinforcement learning
(RL) algorithms responsibly in many real-world decision-making problems such as marketing,
finance, robotics, and healthcare. Deploying a policy without having an accurate evaluation of
its performance could be costly, illegal, and can even break down the machine learning sys-

tem. There is a large body of literature that studied the off-policy evaluation problem in both

1



Introduction Chapter 1

theoretical and application-oriented aspects. From the theoretical perspective, OPE problem
is extensively studied in contextual bandits [[13, 14, [15) [16]] and reinforcement learning (RL)
(17,118, 119,20, 21]] and the results of OPE studies have been applied to real-world applications
including marketing [22, 23] and education [24].

In this thesis, we provide non-asymptotic analysis of the point OPE estimators, explaining
how the statistical error is characterized by the sample size, distributional shift, planning hori-
zon, and its connections to the policy optimization problems via the uniform convergence. Our

contribution can be summarized as follows:

e In Chapter 2] we consider the problem of off-policy evaluation for a finite horizon, non-
stationary, episodic MDP under tabular MDP setting. We propose and analyze Tabular-
MIS estimator, which closes the gap between Cramer-Rao lower bound provided by [18]
and the MSE upper bound of State-MIS estimator [21]. We also provide a high prob-
ability result by introducing a data-splitting type Tabular-MIS estimator, which retains
the asymptotic efficiency while having an exponential tail. Moreover, the calculation of
Tabular-MIS estimator and Split-TMIS does not explicitly incorporate the importance
weights, which in turn implies our off-policy evaluation algorithm can be implemented
without needing to know logging probabilities y. Such logging-policy-free feature makes
our Tabular-MIS estimator estimator more practical in the real-world applications. Fi-
nally, we conduct a numerical simulation to empirically validate our theoretical results.
We see that Tabular-MIS estimator improves over State-MIS estimator in MSE by a factor

of H, as expected.

e In Chapter [3] we represent the first systematic study of uniform convergence in offline
policy evaluation. For the global policy class (deterministic or stochastic), we use fully
model-based OPEMA estimator to obtain an e-uniform OPE with episode complexity

O(H*S/d, €?) (Theorem [3.5.1)) and in some cases this can be reduced to O(H*/d, €%),
2



Introduction Chapter 1

where d,, is minimal marginal state-action occupancy probability depending on logging
policy u. For the global deterministic policy class, we obtain an e-uniform OPE with
episode complexity 5(H 35 /d, €?) with an optimal dependence on H (Theorem .
For a (data-dependent) local policy class that cover all policies are in the O(\/E /S)-
neighborhood of the empirical optimal policy (see the definition in Section|4.4)), we obtain
e-uniform OPE with 5(H 3/d, €?) episodes (Theorem . Our uniform OPE over
the local policy class implies that ERM (VI or PI with empirically estimated MDP), as
well as any sufficiently accurate model-based planning algorithm, has an optimal episode
complexity of 5(H 3/d €*) (Theorem . To the best of our knowledge, this is the

first rate-optimal algorithm in the offline RL setting.

e In Chapter @ we study the uniform convergence problems for offline policy evalua-
tion (OPE) and provide complete answers for their optimality behavior. We derive the
O(H?/d,e*) optimal episode complexity for local uniform OPE (Theorem via the
model-based method and this implies optimal offline learning with the same rate. We
characterize the statistical limit for the global uniform convergence by proving a min-
imax lower bound Q(H?S/d,€?) (over all model-based approaches) (Theorem .
This result answers the question left by [[7] that the global uniform OPE is generically
harder than the local uniform OPE / offline learning by a factor of .S, such a difference
will dominate when the state space is exponentially large. Critically, our model-based
frameworks naturally generalize to the more challenging settings like task-agnostic and
reward-free settings. In particular, we establish the O(H? log(K)/d,€e*) (Theorem
and O(H*S/d, €?) (Theorem complexities for offline task-agnostic learning and

offline reward-free learning.

We conclude the thesis by summarizing our work and mentioning possible future research

directions in Chapter [5]



Chapter 2

Offline Policy Evaluation for Tabular

Reinforcement Learning

In this chapter, we focus on offline policy evaluation (OPE), a fundamental problem in Rein-
forcement Learning (RL). OPE is concerned with estimating the mean cumulative reward of a
given decision policy, known as the target/evaluation policy, using historical data generated by
a potentially different policy, known as the behavior/logging policy. OPE is most crucial for
offline RL, where we only have access to a historical dataset and are not allowed to explore the

environment.

2.1 Offline Policy Evaluation Setup

In the reinforcement learning problem the agent interacts with an underlying unknown dy-
namic which is modeled as a Markov decision process (MDP). An MDP is defined by the quan-
tities M = (S, A,r, P,d,, H), where S and A are the state and action spaces, P, : SXAXS —
[0, 1] is the transition kernel with P,(s’|s, a) representing the probability of seeing state s’ after

taking action a at state s, r, : S X A — R is the mean reward function with r,(s, a) being the

4



Offline Policy Evaluation for Tabular Reinforcement Learning Chapter 2

average immediate reward of (s, a) at time ¢, d, denotes the initial state distribution, and H is
the time horizon. The subscript 7 in P, indicates that the transition dynamics are non-stationary
and could be different at each time . A (non-stationary) policy # : S — [F" assigns each
state s, € S a distribution over actions at each time ¢, i.e. x,(-|s,) is a probability simplex with
dimension |S].

Given a target policy of interest z, then the distribution of one H-step trajectory 7 =
($1,a,,7 ), Sy Qg Ty, Syy) 18 specified by 7 = (dl,nﬂ as follows: s, ~ df, fort =
l,...,H, a, ~ n(:|s,) and random reward r, has mean r,(s,,a,). Then value function under

policy x is defined as:

t=1

—

te[H]

t

The OPE problem aims at estimating v” while given that n episodic datD = { (sii) ,a? rfi)) }

i€[n]

are actually coming from a different logging policy u.

2.2 Traditional Methods for OPE and Related Settings

The classical way to tackle the problem of OPE relies on incorporating importance sampling
weights (IS), which corrects the mismatch in the distributions under the behavior policy and

target policy. Specifically, define the ¢-step importance ratio as p, := x,(a,|s,)/u,(a,|s,), then it

'Here IP’Z =Py xPy4XPyx..xXP,, where “X” represents Cartesian product and the product is performed
for H times.

2For brevity, Vzr we use z to denote the pair (d;, 7). This can be understood as: Vr, df =d,.

3To distinguish the data from different episodes, we use superscript to denote which episode they belong to
throughout the rest of the work.
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uses the cumulative importance ratio p,., 1= H;r=1 py to create IS based estimators:
1 n H
v 740NN 740 (O] FD.
Visi=— 2 Viss Vis "=Pin 2.0
n 4
i=1 t=1
1 n
> 1IN oo 220 (i) )
Vstep-IS T Z Vstep-ls’ Vstep IS Z Py

where p(') = H;, X ,,(a(') (’)) / ,u,,(a(') (’)) There are different versions of IS estimators in-
cluding weighted IS estimators and doubly robust estimators [25, 26} 14} [18]].

Even though IS-based off-policy evaluation methods possess a lot of advantages (e.g. unbi-
asedness), the variance of the cumulative importance ratios p,., may grow exponentially as the
horizon goes long. Attempts to break the barriers of horizon have been tried using model-based
approaches [27, 28], which builds the whole MDP using either parametric or nonparametric
models for estimating the value of target policy. [29] considers breaking the curse of horizon
of time-invariant MDPs by deploying importance sampling on the average visitation distribu-
tion of state-action pairs, [30] considers leveraging the stationary ratio of state-action pairs to
replace the trajectory weights in an online fashion and [31] further applies the same idea in the
deep reinforcement learning regime. Recently, [32, 33]] propose double reinforcement learning
(DRL), which is based on doubly robust estimator with cross-fold estimation of g-functions
and marginalized density ratios. It was shown that DRL is asymptotically efficient when both
components are estimated at fourth-root rates, however no finite sample error bounds are given.

Markov Decision Processes have a long history of associated research [34, 35], but many
theoretical problems in the basic tabular setting remain an active area of research as of today.
In particular, other than off-policy setting, there are two types of questions: Regret bound and
sample complexity in the online setting and Sample complexity with a generative model. A

detailed discussion can be found in Section [A.T]in appendix.

The OPE setting is different in two ways compared to those mentioned above. First, we
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consider a fixed pair of logging and target policy u and =, so our bounds can depend explicitly
on z and y instead of .S, A. Second, we do not have either online access to the environment (to
change policies) or a generative model. Our high-probability bound with a direct union bound
argument, implies a sample complexity of 5(H 3852 A/€?) for identifying the optimal policy,
which is suboptimal up to a factor of .S, but notably has the optimal dependence in H. We
remark that achieving the optimal dependence in the planning horizon H is generally tricky
(see, e.g., the COLT open problem [36] for more details). The current thesis is among the few

instances where we know how to obtain the optimal parameters.

2.3 Our Goal in Tabular OPE and Assumptions

In this chapter, our goal is to obtain the optimality of IS-based methods through marginal-
ized importance sampling (MIS). In an earlier attempt, [21] constructs MIS estimator by ag-
gregating all trajectories that share the same state transition patterns to directly estimate the
state distribution shifts after the change of policies from the behavioral to the target. How-
ever, as pointed in Remark 4 in [21]], the MSE upper bound of MIS estimator is asymptotically
inefficient by a multiplicative factor of H. [21]] conjectures that the lower bound is not achiev-
able in their infinite action setting. To bridge the gap and ultimately achieve the optimality,
we consider the Tabular MDPs, where both the state space and action space are finite (i.e.
S =|S| < 0,A = |A| < o) and each state-action pair can be visited frequently as long
as the logging policy y does sufficient exploration (which corresponds to Assumption {.4.1).
Under the Tabular MDP setting, we can show the MSE upper bound of MIS estimator matches
the Cramer-Rao lower bound provided by [18]. To distinguish the difference, throughout the
rest of paper we call the modified MIS estimator Tabular-MIS (TMIS) and the MIS estimator
in [21] State-MIS (SMIS).
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2.3.1 Notions, Objective and Assumptions

In addition to the non-stationary, finite horizon tabular MDP M = (S, A,r,T,d,, H)
(where §' := |S| < c0oand A := |A| < o0), non-stationary logging policy y and target
policy z, we denote d;'(s,, a,) and d7(s,, a,) the induced joint state-action distribution at time
and the state distribution counterparts dt” (s,) and d7(s,), satisfying d”(s,, a,) = d(s,)- Jr(atlst)ﬂ
The initial distributions are identical d{‘ = df = d,. Moreover, we use Pl”J € RS, Vj<ito
represent the state transition probability from step j to step i under policy 7, where P; o, ($"]s) =
Z +1:(8"|s, @) (a|s). The marginal state distribution vector dr(-) satisfies d” = P"_ d”

tt—1"t-1"

te[H]
Historical data D = {(s(’) ® (’))} was obtained by logging policy u and we can

t 2 t
i€[n]
only use D to estimate the value of target policy z, i.e. v”. Suppose we only assume knowledge
about 7 and do not observe r,(s,, a,) for any actions other than the noisy immediate reward r(’)
after observing s(’) (') . The goal is to find an estimator which minimizes the mean-square error

(MSE), namely:
MSE(z, u, M) = E [(v —0")2).

Assumption 2.3.1 (Bounded rewards). V¢ =1,.., Handi=1,...n 0 < rf[) <R, .

The bounded reward assumption can be relaxed to: 3R, ,,, 0 < +oosuchthatO < E[r,|s,,a

max?

R, Varlr,|s,,a,,s,,,]1 < o (as in [21]]), for achieving Cramer-Rao lower bound. However,

max?

the boundedness will become essential for applying concentrate inequalities in deriving high

probability bounds.

Assumption 2.3.2 (Sufficient exploration). Logging policy u obeys thatd, := min, ; d H(s) >
0.

In fact this assumption can be relaxed to: require dt” (s,) > 0 whenever d”(s,) > 0, and

the corresponding d,, := mint,ST{d,"(s,) : d!'(s,) > 0}. However, for the illustration purpose

4For u, dt”(st, a,) = dt”(st) - ulay|s,).

0> Seet]

<
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we stick to the above assumption. This assumption is always required for the consistency of
off-policy evaluation estimator.

z(als,)

A (ayls,)

Assumption 2.3.3 (Bounded weights). 7, := max, Z”(

< +o0 and 7, 1= max,

+00.

Assumption [2.3.3]is also necessary for discrete state and actions, as otherwise the second

moments of the importance weight would be unbounded and the MSE of estimators will become

. ) ) 1 1
intractable . The bound on 7. is natural since 7. < max = L and it is finite
N S 1,8 H
>t d; (s,) min, 5 dt (s, ) d,

by the Assumption4.4.1} similarly, 7, < co is also automatically satisfied if min, , , u(a,|s,) >
0. Finally, as we will see in the results, explicit dependence on 7., 7, and d,, only appear in the

low-order terms of the error bound.

2.4 Tabular-MIS estimator

To overcome the barrier caused by cumulative importance weights in IS type estimators,
marginalized importance sampling directly estimates the marginalized state visitation distribu-

tion dA, and defines the MIS estimator:

n

H Jn’( (l))
d 7 ( (s). 2.1)
= Z:, d*(s?)

t

=|>—~

MIS

and d ( ) is directly estimated using the empirical mean, i.e. d; (s,) 1= % > l(sgi) =y, 1=~

whenever n; > 0 and dAt”(s,) / d?‘ (s,) = 0 when n,; = 0. Then the MIS estimator (2.1) becomes:

H
67/(/115 = Z Z ‘?:”(St)?f(sz) 2.2)
=1 s

Construction of State-MIS estimator. Based on the estimated marginal state transition c;’;” =

Pﬂ'dﬂ'

> State-MIS estimator in [21] directly estimates the state transition P"(s,|s,_,) and state

9
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reward r7(s,) as:

n (i)
~ 1 7( a |s )
Br(s s =~ > ’ (2.3)

)
Si—1i=1 ,u(a(l |St 1)

1m”°w%=mw%@x (2.4)

t—1°

)
| MaMM)
r(s) =— ) ——r

15" = 5,). 2.5)
nsr i=1 M(a(l)lst)

State-MIS estimator directly constructs state transitions }/;t”(st |s,_,) without explicitly mod-
eling actions. Therefore, it is still valid when action space A is unbounded. However, impor-
tance weights must be explicitly utilized for compensating the discrepancy between u and =z

and the knowledge of u(al|s) at each state-action pair (s, a) is required.

Construction of Tabular-MIS estimator. Alternatively, we can go beyond importance weights

. . . oy AN
and construct empirical estimates for P (s,,,|s,, a,) and 7,(s,, a,) as:

Z 1[(S§21’ o Sgl)) = (Sy415 5p @)1
ns,,a,

> rGP,a") = (s, a0

n
Sp,0,

Py(siprlspa) =

2.6)

;'\t(st’at) =

where we set 13, 1G85 a) = 0and7(s,, a,) = 0if n, ., =0, withn, , theempirical visitation
frequency to state-action (s,, a,) at time f. The corresponding estimation of 131”(5; |s,_1) and 77 (s,)

are defined as:
B (silsiep) = ), Pilsils,mps ap-)m(a,_ys,0),

a1

Frs) = Y R apa(als), dF = Prdr .

a;

2.7)

In conclusion, by using the same estimator for d" and 07, . share the same form

t° TMIS SMIS

of (2.2). However, Tabular-MIS estimator constructs a different estimation of component a/’;”

though (2.6)-(2.7) by leveraging the fact that each state-action pair is visited frequently under
10
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Tabular setting.

The motivation of MIS-type estimators comes from the fact that we have a nonstationary
MDP model and its underlying state marginal transition follows d” = P”d" . The MIS estima-
tors are then obtained by using corresponding plug-in estimators for each different components
(i.e. ﬁ:” for d”, 13:” for P”). On the other hand, IS-type estimators design the value function in a
more straightforward way without needing to estimate the transition environment [37]]. There-
fore in this sense MIS-type estimators are essentially model-based estimators with the model

of interactive environment M = (S, A,r,T,d,, H).

2.5 Mean-Square Error Bound for TMIS

We now show that our Tabular-MIS estimator achieves the asymptotic Cramer-Rao lower

bound for DAG-MDP [18]] and therefore is asymptotically sample efficient. To formalize our

di(so) _

sy
df (s

1,8, dI/A(ST)'.

statement, we pre-specify the following boundary conditions: r,(s,) = 0, 6,(sy, ay) =0

7(a,|s,)

U uals,)

=1,...H
O @O 0 }’ e

t ’at ’rt

(aglsg) =1V

e fA= 0, and, as a reminder, 7, := max

and 7, := max

1,8,

Theorem 2.5.1. Suppose the n episodic historical data D = {(s is obtained

i=1,...,n

by running a logging policy u and 7 is the new target policy which we want to test. If the number

of episodes n satisfies

16logn 4Ht, T,
n>max | — y—
min dl'(s,,a,) min, ; max{d;(s,), dl'(s))}

1,5,,a;

then under Assumption our Tabular-MIS estimator U~

s as the following Mean-

11
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Square-Error upper bound:

E[(F "2 < | d(sy) ﬁ(ah|Sh)2 [( (sD ) 4 7|50 (1)
0% e — U - E E s r))|s,) =s,,a,’ =a
TMIS e &) uaylsy) h+1Spgt) T (S > A, h

16logn TSTSH3
I+ ———= | t O(—F—):
nmin, d;(s,) n*-d,

where the value function is defined as: V" (s;) 1= E, [Ztlih rﬁl)

2.8)
sO = sh] Vhe(l,2,.. H).

The proof of this theorem and related technical results that are presented in this section,
are deferred to the Appendix. We summarize the novel ingredients in the proof in Section 2.6

Before that, we make a few remarks about this interesting result.

Remark 1 (Asymptotic efficiency and local minimaxity). The error bound implies that

lim,_ , n - E[(Dq — V")’

d;r(s(l) (1))2

H
r D (D (1) (1)
Z IE” (1) (1) zVar [I/I+I(St+1) +r ]
=0 d”(s )

This exactly matches the CR-lower bound in [18, Proposition 3] for DAG—MDPE} In contrast,

the State-MIS estimator in [21] achieves an asymptotic MSE of

H 1 1 1
. dﬂ'(sg ))2 71'(61( )l ( )) (1)
Z H (1)| (1) ( I+1( +1

= a6y lua

)+ r§1>)|s§”] . 2.9)

We note that while in classical literature CR-lower bound is often used as the lower bound
for the variance of unbiased estimators, the modern theory of estimation establishes that it is
also the correct asymptotic minimax lower bound for the MSE of all estimators in every local

neighborhood of the parameter space [38, Chapter 8]. In other words, our results imply that

3[18]] focused on the special case with deterministic reward only at ¢ = H. It is straightforward to show that
the above expression is the CR-lower bound in the general tabular setting.

12
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Tabular-MIS estimator is asymptotically, locally, uniformly minimax optimal, namely, optimal

for every problem instance separately.

Algorithm 1 Tabular MIS Off-Policy Evaluation

O 0 0
t t’l}

Input: Logging data D = {{s »_, from the behavior policy p. A target policy

which we want to evaluate its cumulative reward.

I: Calculate the on-policy estimation of initial distribution d,(-) by d,(s) := 2 2, | (’)
s), and set dV'(-) = d,(), d7(s) := d,(").

2: fort=2,3,..., H do

3:  Choose all transition data at time step ¢, {sf'), 5’), rE’) "L

4:  Calculate the on-policy estimation of d/'(-) by @‘(s) = % > 1, D = ).

5:  Set the off-policy estimation of ﬁt(stlst_l, a,_,):

P(s/lsi-1> 1)
@ @) ()
Z 1[(SI tl 1° ' )_ (SI,SI 1° t 1)]

n
St—1-8¢-1

whenn, ., > 0. Otherwise set it to be zero.

—1.84—
6:  Estimate the reward function

zn (l)l(S(l) — s,,a(') =a,)

tlt

Y167 = 5.0 = a)

;'\t(st’ a,) =

when n, , > 0. Otherwise set it to be zero.
7. Setd](-) according to d7 = P"d” |, with P" defined according to (2.7). Also, set ?f(-)
according to (2.7)).

8: end for

9: Substitute all the estimated values above into (2.1) to obtain 0”, the estimated value of z.

While asymptotically efficient estimators for this problem in related settings have been pro-
13
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posed in independent recent work [32, 33], our estimator is the first that comes with finite
sample guarantees with an explicit expression on the low-order terms. Moreover, our estimator
demonstrates that doubly robust estimation techniques is not essential for achieving asymptotic

efficiency.

Remark 2 (Simplified finite sample error bound). The theory implies that there is universal
constants C,, C, such that for all n > C;H ;—“, i.e., when we have a just visited every state-

action pair for Q(H) times, E[(0F,, o — v")*] = C,H*t, 7, R /n.

TMIS

In deriving the above remark, we used the somewhat surprising observation that

t+1Nr+1

H
Z E, [Var[V” D) + r(l)) s, (1)” <HR>
=1
Note that we are summing H quantities that are potentially on the order of H? Rfmx, yet no
additional factors of H shows up. This observation is folklore and has been used in deriving
tight results for tabular RL in e.g. [39]. It can be proven using the following decomposition of

the variance of the empirical mean estimator and the fact it is bounded by H 2anax

Lemma 2.5.1. For any policy = and any MDP.

H H
(1) z Dy (1)
Vary [Z ] Z( [Var[ + V(s t+1)|t 4 H

=1 =1

M 1M (1) )
+E, [Var[ [r, +V+1(st+1)|s ]|st ” )

The proof, which applies the law-of-total-variance recursively, is deferred to the appendix.

Remark 3 (When 7 = u). One surprising observation is that Tabular-MIS estimator improves
the efficiency even for the on-policy evaluation problem when = = u. In other words, the
natural Monte Carlo estimator of the reward in the on-policy evaluation problem is in fact

asymptotically inefficient.
14
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2.6 Outline of Proof of Theorem

At a higher level the techniques we used include the idea of fictitious estimator and peeling
the variance (expectation) of fictitious estimator 0” from behind by applying the total law of
variances (expectations) repeatedly, as in [21].

In addition to the above techniques, we leverage the fact of frequent state-action visitations
in our design of TMIS estimator and based on that we are able to achieve an asymptotic lower
Mean Square Error (MSE) bound. The main components are the following.

Fictitious Tabular-MIS estimator. Fictitious Tabular-MIS estimator o7, ¢ is a modified ver-

sion of 05, with P” (-|s,,a,), 77 (s,, a,) replaced by the underlying true P%, (:|s,, a,), 7 (s, a,)

when the visitation frequency of state-action pair (s,, a,) is insufficient (e. g. n o < O(na’t” (s,,a,))).

a

Specifically, fictitious Tabular-MIS estimator ”7%\415 remains every part of 5¥MIS unchanged ex-

cept the following:

F (s, a,) ifn, . >nd(s, a)(1—0)

Sy,a;

(s, a) = (2.10)
r(s,,a,) otherwise;
and
~ 13t+1,t if ns,,a, > ndtﬂ(sz’ at)(l - 0)
P Clspa) = (2.11)
P,,, otherwise,

where 0 is the parameter constrained by 0 < 6 < 1, which we will choose later in the proof.

This slight modification makes 0~

s 1O longer implementable using the logging data D, but

it does provide an unbiased estimator of v* (Lemma[A.2.5|in appendix) and, most importantly,

it is easier to do theoretical analysis on 0%, . than on D~ Moreover, Multiplicative Chernoff

TMIS TMIS*®
: /4 e
bound helps to find the connection between v3, .o and U7, o

Peeling arguments using the total law of variance (expectation). The core idea in analyzing

15
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the variance of " is to peel the variance from behind (start from time H to 1) and the peeling
tool we used here is through marrying the standard Bellman equations with the total law of
variance. Lemmal[A.2.2](in appendix) shows this spirit and it is used repeatedly throughout the
whole analysis. Beyond that, the peeling argument can be used to prove the dependence in H
is only H? for our Tabular-MIS estimator. This result explicates that H? is enough for TMIS
to evaluate a particular policy and this is different from SMIS, which in general requires the

dependence of H? for off-policy evaluation.

2.7 A High-Probability Bound with Data-Splitting TMIS.

Tabular-MIS estimator provides the asymptotic optimal variance bound of order O(H?S A /n)
and based on that it is natural to ask the related learning question: whether TMIS can further
achieve a high probability bound with the same sample complexity? We figure out that the
standard concentration inequalities (e.g. Hoeffding’s inequality, Bernstein inequality) cannot
be directly applied because of the highly correlated structures of the Tabular-MIS estimator. To
address this problem we design the following data split version of TMIS and as we will see, the
original TMIS is essentially a special case of data-splitting TMIS.

Data splitting Tabular-MIS estimator. Assume the total number of episodes n can be factor-
izedasn = M - N, where M, N > 1 are two integers,ﬂ and we can partition the data D into
N folds with each fold D® (i = 1, ..., N) has M different episodes, or in other words, we split
the n episodes evenly. Then by the i.i.d. nature of n episodes, we have DV, D® ... . DW) are

independent collections.

For each D, we can create a Tabular-MIS estimator ﬁﬁ%s (for notation simplicity we use
UG, to denote U7, ;¢ 1n the future discussions) using its own M episodes. Then Uty Uayr -+ Uty

are independent of each other and we can use the empirical mean to define the data splitting

6In general this might not be true, e.g. if n is prime number. However, we can resolve it by choosing M =
[n/N].
16
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Tabular-MIS estimatorand the corresponding fictitious version:

N
A~ 1 A~ 1
Ugrplit = ﬁ Z)’ Spht = ﬁ Z 2.12)

where each V’ U( is the fictitious estimator of 0" UG

) )’

The data splitting TMIS estimator explicitly characterizes the independence of n different
episodes by grouping them into N chunks. Chunks are independent of each other and taking the
average over all ﬁg) i =1, ..., N will guarantee the validity of using concentration inequalities.

More importantly, the data splitting TMIS estimator holds the same information-theoretical
variance lower bound as the non-data splitting TMIS estimator, which is not surprising since
the non-data splitting TMIS estimator is just the special case of the data splitting Tabular-MIS

estimator with N = 1. This idea is summarized into the following theorem:
Theorem 2.7.1. Using ni.i.d. episodic data from a near—unifornﬂ logging policy u and suppose
M, the number of episodes for each DY, satisfies:

M > max [O(SA - Polylog(S, H, A, n)),O(Hr,t,)]

then the data splitting Tabular-MIS estimator obeys:

H?’SA

EL@,;, — v™)*1 < O(

)- (2.13)

split

Remark 4. The condition in Theorem is achievable. For example, choose M ~ \/;, then

the condition holds when n is sufficiently large.

High probability bound. By coupling the data splitting techniques with the boundedness of

Tabular-MIS estimator (i.e. ?* < HR < HR,,,, see Lemma[A.2.3]in appendix), we

max?

"Near-uniform here means: min, g o d¥(s; a) > Q(1/(SA)).

17
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can apply concentration inequalities to show the difference between ﬁ:’pht and v”" is bounded by

order 5(\/ H?2S A/n), which is summarized into the following theorem.

Theorem 2.7.2. Suppose n i.i.d. episodic historical data comes from a near-uniform logging
policy u and suppose M, the number of episodes in each DV, satisfies: 5( Vhn-SA)> M and
M > max [O(SA - Polylog(S, H, A, n,1/8)), O(Hr,t,)|. Then we have with probability 1 -8,

the data splitting Tabular-MIS estimator obeys:

~ ~ [H2SA
Ui = U1 < OC V )-

The proof Theorem relies on bounding the difference between 0" . and 0" . using

split split

Multiplicative Chernoff bound and bounding the difference between Egpm and v” using Bernstein

inequality. During the process of bounding |f5;’p1it - Eg’pml we observe that a stronger uniform

bound can be derived. In fact, this bound is 0. We formalize it into the following lemma.

Lemma 2.7.1. Suppose n i.i.d. episodic historical data comes from a near-uniform logging

policy u and suppose M, the number of episodes in each DY, satisfies:
M > max [O(S A - Polylog(S, H, A, N,1/6)), O(Hr,z,)] .

Then we have with probability 1 — 6,

T T —
sup |Usplit Usplitl =0
ze[]

Since n = N - M, therefore let N = 1, M = n, then if

M > max [O(SA - Polylog(S, H, A, 1/6)), O(Hz,7,)] ,

T ~r _
Sup |UTMIS UTMIS' - 0
IIGH

18
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holds with probability 1 — &, where [] consists of all the H -step nonstationary policies.

Remark 5. The uniform difference bound between 6%\/[15 and 5%\415 is obtained by observing the

construction of fictitious estimator (2.10) and 2.11)) are independent of the specific target policy

. This result tells the sup  py |5¥MIS — U7\ 5| can be arbitrarily small with high probability and

therefore does not depend on H factor. This fact will help us to derive the correct dependence

in H for uniform convergence problem.

2.8 Empirical validation

In this section, we present some empirical studies to demonstrate that our main theoretical

results about Tabular-MIS estimator presented in Theorem [2.5.1| are empirically verified.

100 % == TMIS 0% - TMIS - A
\ P ~——
\ ---- SMIS ---- SMIS L
\ .. R 7’
w \\ /,\\ IS w IS //
%] \ /’ ~ / 0 /
= 0 N —me , e ,' = /
o 10° =TT Te~ o= v AN / o /
V] ====:g§ S ) /
> N 2 e . 4 -
=] ARt =] et -
E \\\ Sso f‘_B 10—1 A Y "¢
9] S~ao N [} \\\\ /z”
@ j0-1 e — [ N e -
T Tl e e
Seeo_ U= - \\s -
—-..“s ~~~~~
h e e tautmimiai bt —
10! 102 103 10t 102 103
Episode n Horizon H

Figure 2.1: Different Episode n, Rela- Figure 2.2: Different Horizon H, Rela-
tive RMSE (/MSE/v") on Non-stationary tive RMSE (\VMSE/v”") on Non-stationary

Non-mixing MDP Non-mixing MDP
Time-varying, non-mixing Tabular MDP. We test our approach in simulated MDP environ-
ment where both the states and the actions are binary. Concretely, there are two states s, and s,
and two actions a, and a,. State s, always has probability 1 going back to itself, regardless of
the actions, i.e. P(sy|sy, a;) = 1 and P,(sy|s,, a,) = 1. For state s, at each time step there is one

action (we call it @) that has probability 2/ H going to s, and the other action (we call it a’) has
19
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probability 1 going back to s,, i.e. P(syls;,a) =2/H =1— P(s,|s;,a)and P,(s,|s,,a') = 1.
Moreover, which action will make state s, go to state s, with probability 2/ H is decided by a
random parameter p, € [0,1]. If p, < 0.5, a = a, and if p, > 0.5, a = a,. One can receive
reward 1 at each time step if # > H /2 and is in state s,, and will receive reward 0 otherwise.
Lastly, for state s,, we set u(:|s,) = z(-|s,); for state s,, we set u(a,|s,) = u(a,|s,) = 1/2 and
w(a,|s) =1/4=1—n(a,ls,).

Figure [2.1] shows the asymptotic convergence rates of relative RMSE with respect to the
number of episodes, given fixed horizon H = 100. Both SMIS and TMIS has a O(1/ \/;)
convergence rate. The saving of \/E of TMIS over SMIS in this log-log plot is reflected in
the intercept. Figure [2.2has fixed n = 1024 with varying horizon H. Note since v* ~ O(H),
therefore for TMIS our theoretical result implies \/ﬁ/ vt = O(\/E /H) = O(1l), which
is consistent with the horizontal line when H is large. Moreover, for SMIS \/ﬁ/ vt o=
O(\/E /H) = O(\/E ), so after taking the log(-) we should have asymptotic linear trend with
coefficient 1/2. The red line in Figure[2.2]empirically verifies this result. More empirical study

discussions are deferred to Appendix [A.4]

2.9 Discussion

Logging policy free algorithm. We point out that the implementation of Tabular-MIS estima-
tor does not require the knowledge of logging policy u, as shown in Algorithm This is
critical in the sense that in the real-world sequential decision making problems, it is very likely
the complete information about logging policy is not available. This may happen due to mis-
records or the lack of maintenance. By only using the historical data, tabular MIS off-policy
evaluation is able to achieve the asymptotic efficiency. In contrast, the state MIS estimator

always requires the full information about the logging policy.

8Algorithmis deferred to appendix due to space constraint.
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Connection to approximate MDP estimation. Our TMIS is essentially an approximate MDP
estimator (with the non-stationary dynamic transitions P, estimated by maximum likelihood
estimator (MLE)) except that we marginalize out the action in both ?;’(s) and c?:”(s) and provide
an importance sampling interpretation. To the best of our knowledge, existing analysis of the
fully model-based approach does not provide tight bounds. We give two examples. The seminal
“simulation lemma” in [40] together with a naive concentration-type analysis gives only an
5( \/M) bound in our setting. In a very recent compilation of improvements over this
bound [41], this bound can be improved to either 5( \/WZA/n) or 5( \/m). Our result
is the first that achieves the optimal O( \/WA/n) rate regardless of whether it is the model-
based or model-free approach.

From off-policy evaluation to offline learning. A real offline reinforcement learning system
is equipped with both offline learning algorithms and off-policy evaluation algorithms. The
decision maker should first run the offline learning algorithm to find a near optimal policy and
then use off-policy evaluation methods to check if the obtained policy is good enough. Under
our tabular MDP setting, we point out it is possible to find a e-optimal policy in near optimal
time and sample complexity O(H?>S A/e?)using the Q-value iteration (QVI) based algorithm
designed by [42]. Their QVI algorithm assumes a generative model which can provide inde-
pendent sample of the next state s’ given any current state-action (s, a). At a first glance, this
assumption seems too strong for offline learning since we cannot force the agent to stay in any
arbitrary location. In fact, the Assumption 4.4.1jon u actually reveals that the underlying log-
ging policy can be considered as the surrogate of the generative model. As n gets large, the
visitation frequency of any (s,, a,) will be large enough with high probability, as guaranteed by
Multiplicative Chernoff bound.

From off-policy evaluation to uniform off-policy evaluation. The high probability result
achieves 5( \/WA/n) complexity. Following this discovery line, then it is natural to ask

whether uniform convergence over a class of policies (e.g. all deterministic policies) can be
21
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achieved with optimal sample complexity. This problem is interesting since it will guarantee
the strong performance of off-policy evaluation methods over all policies in certain policy class

[]. By a direct application of union bound, we can obtain the following result:

Theorem 2.9.1. Let [] contains all the deterministic H-step policies. Then under the same

condition as Theorem the data splitting Tabular-MIS estimator satisfies:

~ 392
sup |07 . — V"] <O( oS A),
plit n
€[]
with probability 1 — 6.
The uniform convergence bound implies that the empirical best policy # = argmax, ﬁ;’pm

H3S2A

n

is within € = O(

) of the optimal policy. This matches the sample complexity lower
bound for learning the optimal policy [43] in all parameters except a factor of .S.

In this chapter, we proposed a new marginalized importance sampling estimator for the
off-policy evaluation (OPE) problem under the episodic tabular setting. We show that this
estimator has a finite sample error bound that matches the exact Cramer-Rao lower bound up
to low-order factors. We also provide an extension with high probability error bound. To the
best of our knowledge, these results are the first of their kind. Future work includes resolving

the open problems mentioned above and generalizing the results to more practical settings.
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Chapter 3

Uniform Convergence in Offline Policy

Evaluation

3.1 Introduction

In offline reinforcement learning (offline RL), there are mainly two fundamental parts: of-
fline policy evaluation (OPE) and offline learning (also known as batch RL) [[12]. OPE addresses
the statistical estimation problem of predicting the performance of a fixed target policy z with
only data collected by a logging/behavioral policy u. On the other hand, offline learning is a
statistical learning problem that aims at learning a near-optimal policy using an offline dataset
alone [2]].

As offline RL methods do not require interacting with the task environments or having
access to a simulator, they are more suitable for real-world applications of RL such as those
in marketing [23]], targeted advertising [44, 45], finance [46], robotics [47, 48], language [49]
and health care [50, 151} 152, 153]]. In these tasks, it is usually not feasible to deploy an online RL.
algorithm to trials-and-error with the environment. Instead, we are given a large offline dataset
of historical interaction to come up with a new policy x and to demonstrate that this new policy
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z will perform better using the same dataset without actually testing it online.

In this chapter, we present our solution via a statistical learning perspective by studying the
uniform convergence in OPE under non-stationary transition, finite horizon, episodic Markov
decision process (MDP) model with finite states and actions. Informally, given a policy class 11
and a logging policy u, uniform convergence problem in OPE (Uniform OPE for short) focuses
on coming up with OPE estimator 0" and characterizing the number of episodes n we need

(from ) in order for 0" to satisfies that with high probability

sup |07 — v"| < e.
nell

The focus of research would be to characterizing the episode complexity: the number of episodes
n needed as a function of e, failure probability 6, the parameters of the MDP as well as the
logging policy u.

We highlight that even though uniform convergence is the main workhorse in statistical
learning theory see, e.g.,[54], few analogous results have been established for the offline rein-
forcement learning problem. The overarching theme of this work is to understand what a natural
complexity measure is for policy classes in reinforcement learning and its dependence in the
size of the state-space and planning horizon.

In addition, uniform OPE has two major consequences (which we elaborate in detail in the
following motivation section), but briefly: (1) allowing any accurate planning algorithm to work
as sample efficient offline learning algorithm with our model-based method; (2) providing finite

sample guarantee for offline evaluation uniformly for all policies in the policy class.

3.1.1 Motivation of Uniform Convergence in OPE

Existing research in offline RL usually focuses on designing specific algorithms that learn

the optimal policy #* := argmax, v” with given static offline data D. In the rich literature of
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statistical learning theory, however, learning bounds are often obtained via a stronger uniform
convergence argument which ensures an arbitrary learner to output a model that generalizes.
Specifically, the empirical risk minimizer (ERM) that outputs the empirical optimal policy has
been shown to be sufficient and necessary for efficiently learning almost all learnable problems
[54, 55].

The natural analogy of ERM in the RL setting would be to find the empirical optimal policy
Ax

7* := argmax_ 0" for some OPE estimator 0”. If we could establish a uniform convergence

bound for 07, then it implies that 7* is nearly optimal too via

* ~x * AT* Ax

~x
0<v" —=0V" =0v" =0° +0° =0V

< WS =07 |+ |07 = 07| < 2sup |vF - D7)

T

Thus, uniform OPE is a stronger setting than offline learning with the additional benefit of
accurately evaluating any other (possibly heuristic) policy optimization algorithms that are used
in practice.

From the OPE perspective, there is often a need to evaluate the performance of a data-
dependent policy, and uniform OPE becomes useful. For example, when combined with exist-
ing methods, it will allow us to evaluate policies selected by safe-policy improvements, proximal
policy optimization, UCB-style exploration-bonus as well as any heuristic exploration criteria
such as curiosity, diversity and reward-shaping techniques.

Model-based estimator for OPE. The OPE estimator we consider here is the standard model-
based estimator, i.e. estimating the transition dynamics and immediate rewards, then simply
plug in the parameters of empirically estimated MDP M to obtain " for any z. This model-
based approach has several benefits. 1. It enables flexible choice of policy search methods since
it converts the problem to planning over the estimated MDP M. 2. Uniform OPE with model-

based estimator avoids the use of data-splitting that leads to inefficient data use. For example,
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[42]] learns the e-optimal policy with the optimal rate in the generative model setting, where in
each subroutine new independent data s{"), ..., s need to be sampled to estimate P, , and sam-
ples from previous rounds cannot be reused. A uniform convergence result could completely

avoid data splitting during the learning procedure.

3.2 Related Literature

1. OPE: Most existing work on OPE focuses on the Importance Sampling (IS) methods
[13L 14} 17, [19] or their doubly robust variants [18, 56]. These methods are more generally
applicable even if the the Markovian assumption is violated or the states are not observable,
but has an error (or sample complexity) that depends exponential dependence in horizon H.
Recently, a family of estimators based on marginalized importance sampling (MIS) [29,121,132,
33, 157] have been proposed in order to overcome the “curse of horizon” under the additional
assumption of state observability. In the tabular setting, [57] design the Tabular-MIS estimator
which matches the Cramer-Rao lower bound constructed by [[18] up to a low order term for
every instance (r, # and the MDP), which translates into an O(H?/d,,€?) episode complexity
in the (pointwise) OPE problem we consider for all z (as we discussed in Chapter [2]). Tabular-
MIS, however, is identical to the model-based plug-in estimator we use, off-policy empirical
model approximator (OPEMA), as we will discuss further in this chapter.

2. Offline Learning: For the offline learning, most theoretical work considers the infinite
horizon discounted setting with function approximation. [4, 3] first raises the information-
theoretic considerations for offline learning and uses Fitted Q-Iteration (FQI) to obtain eV, -
optimal policy using sample complexity 5(( 1-y)=*C Wi €?) where C . 18 concentration coefficient

[58] that is similar to our 1/d,,. More recently, [S] improves the result to O((1 — }/)‘2C/4 /€).
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However, these bounds are not tight in terms of the dependence on the effective horizorﬂ a-
y)~!. More recently, [6, 59] explore weaker settings for batch learning but with sub-optimal
sample complexity dependencies. Our result is the first that achieves the optimal rate, although
restricted to the finite horizon episodic setting.

3. Uniform convergence in RL: There are few existing work that deals with uniform con-
vergence in OPE. However, we notice that the celebrated simulation lemma [40] is actually
an uniform bound with an episode complexity of O(H*S?/d, €?). Several existing work uses
uniform-convergence arguments over value function classes for online RL [60]. The closest to
our work is perhaps [61], which studies model-based planning in the generative model setting.
We are different in that we are in the offline learning setting. In addition, our local policy class

is optimal for a larger region of €, (independent to n), while their results (Lemma 10) imply

optimal OPE only for empirically optimal policy with €, < \/ (1 —y)>SA/n. Lastly, we dis-

opt
covered the thesis of [62, Ch.3 Theorem 1], which discusses the pseudo-dimension of policy
classes. The setting is not compatible to ours, and does not imply a uniform OPE bound in our

setting.

3.3 Uniform Convergences Problems

We first review the tabular RL setting we discussed in Chapter[2] RL environment is usually
modeled as a Markov Decision Process (MDP) which is denoted by M = (S, A,r, P,d,, H).
The MDP consists of a state space S, an action space A and a transition kernel P, : SXAXS -
[0, 1] with P,(s’|s, a) representing the probability transition from state s, action a to next state
s" at time 7. In particular here we consider non-stationary transition dynamics so P, varies over

time 7. Besides, r, : S X A — R is the expected reward function and given (s,, a,), r,(s,, a,)

IThe optimal rate should be (1 — y)~'C/e?, analogous to our H3/ dm€2 bound. The additional H? is due to
scaling — we are obtaining e-optimal policy and they obtain eV, -optimal policy (V;,,,, = H in our case). See
Table[3.T)for a consistent comparison.
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specifies the average reward obtained at time 7. d, is the initial state distribution and H is
the horizon. Moreover, we focus on the case where state space S and the action space A are
finite, ie. S = |S| < 0,4 := |A|] < o0. A (non-stationary) policy is formulated by
r = (m,m,,.., ny), where r, assigns each state s, € S a probability distribution over actions
at each time ¢. Any fixed policy x together with MDP M induce a distribution over trajectories
of the form (s, a,,7, 85, ..., Sy, Ay . Syyy) Where s, ~ dy, a, ~ #,(|s,), s, ~ P(|s,a,)
and r, has mean r,(s,, a,) fort =1, ..., HE]

In addition, we denote d7(s,, a,) the induced marginal state-action distribution and d(s,)
the marginal state distribution, satisfying d(s,, a,) = d(s,) - n(a,|s,). Moreover, df = d, Vx.
We use the notation P € R*4*5'4 to represent the state-action transition (P7) . vy =
P(s'|s,a)r,(a’'|s"), then the marginal state-action vector d”(-,-) € RS*4 satisfies the expres-
sion d | = P’ df. We define the quantity V*(s) = [Eﬂ[ztit r,|s, = s] and the Q-function
07 (s,a) = [E,,[Zle r.|s, = s,a, = a] forall t = 1,..., H. The ultimate measure of the perfor-

mance of policy x is the value function:

H
T —
V" =E, Zrt .

t=1

Lastly, for the standard OPE problem, the goal is to estimate v” for a given z# while assuming

that n episodic data D = {(sfi), agi), rgi), sle }::Z] are rolling from a different policy u.
Uniform OPE extends the pointwise OPE to a family of policies. Specifically, for an policy

class IT of interest, we aim at showing that sup,.; |0” — v”| < e with high probability with

optimal dependence in all parameters. In this paper, we consider three policy classes.

The global policy class. The policy class IT we considered here consists of all the non-stationary

policies, deterministic or stochastic. This is the largest possible class we can consider and hence

the hardest one.

ZHere r, without any argument is random reward and E[r,|s,, a,] = r,(s,, a,).
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The global deterministic policy class. Here class consists of all the non-stationary determin-
istic policies. By the standard results in reinforcement learning, there exists at least one de-
terministic policy that is optimal [12]. Therefore, the deterministic policy class is rich enough
for evaluating any learning algorithm (e.g. Q-value iteration in [42]) that wants to learn to the
optimal policy.

The local policy class: in the neighborhood of empirical optimal policy. Given empirical

if n >0

/n
St4+1:51:44 Sty Sp>4y

MDP M (i.e. the transition kernel is replaced by 1/5,(s,+1 |s,,a,) :=n

and 0 otherwise, where n ,

_ 1s the number of visitations to (s, a,) among all n episodesﬂ), it

is convenient to learn the empirical optimal policy 7* := argmax, 0" since the full empirical
transition P is known. Standard methods like Policy Iteration (PI) and Value Iteration (VI) can
be leveraged for finding 7*. This observation allows us to consider the following interesting
policy class: I1, := {7 : s.t. ||I/}t’r - I//\t’?*lloo <e

Vt=1,..., H} with e, > 0 a parameter.

opt? opt

Here we consider 7* (instead of z*) since by defining with empirical optimal policy, we can

use data D to really check class I1,, therefore this definition is more practical.

3.3.1 Assumptions

Next we present some mild necessary regularity assumptions for uniform convergence OPE

problem.
Assumption 3.3.1 (Bounded rewards). V¢=1,... Handi=1,...,n 0 < rgi) <l1.

Assumption 3.3.2 (Exploration requirement). Logging policy u obeys that min, dl'(s,) > 0,
for any state s, that is “accessible”. Moreover, we define quantity d,, := min{d/(s,,a,) :

d/'(s,,a,) > 0}.

State s, is “accessible” means there exists a policy 7 so thatd(s,) > 0. If for any policy = we

always have d7(s,) = 0, then state s, can never be visited in the given MDP. Assumption #.4.1]

?Similar definition holds for ng ;.
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simply says u have the right to explore all “accessible” states. This assumption is required for
the consistency of uniform convergence estimator since we have “sup,.;” and is similar to the
standard concentration coefficient assumption made by [58,3]. As a short comparison, offline
learning problems (e.g. offline policy optimization in [63]]) only require d/(s,) > 0 for any state
s, satisfies dl”* (s,) > 0. Last but not least, even though our target policy class is deterministic,

by the above assumptions yu is always stochastic.

3.4 Method: Offline Policy Empirical Model Approximator

The method we use for doing OPE in uniform convergence is the offline policy empirical
model approximator (OPEMA). OPEMA uses off-policy data to build the empirical estimators
for both the transition dynamic and the expected reward and then substitute the related compo-
nents in real value function by its empirical counterparts. First recall for any target policy z,
by definition: v” = Zfil 2s,q 47 (s,:a)r (s, a,), where the marginal state-action transitions
satisfy d | = P’ df. OPEMA then directly construct empirical estimates for 13; 108115 a))

and 7,(s,, a,) as:

n () @ Dy _ (i) @ @
zi=1 1[(51;1’ a,’,s.”) = (511> 5, a,)] ~ Z:’=1 r (s, a”) = (s, a,)]
> r[(sp at) = .

n n
S04 S04

Py (84 s, a,) =

18 the visitation frequency to

and 13,+1(s,+1 |s,,a,) = 0and 7,(s,,a,) = 0 if ng , =0 (recall ng ,

(s,» a,) attime ) and then the estimates for state-action transition P” is defined as: P"(s,,, a,,|s,,a,) =
ﬁ,(s, w118 a)m(a, . |s,, ;). The initial distribution is also constructed using empirical estimator
di(s;) = n, /n. Based on the construction, the empirical marginal state-action transition fol-

lows é’;’ﬂr] = ﬁz’il &:” and the final estimator for v” is:

H
DopEma = Z Z df (s, a)r (s, a,). (3.1
=1 s,.a,
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OPEMA is model-based method as it uses plug-in estimators (c;';” and 7,) for each model compo-
nents (d” and r,). Traditionally, the error of OPEMA is obtained via the simulation lemma [40],
with O(H*S?/d, e?)-episode complexity. Recent work in [21}, 57, [64] reveals that there is an

importance sampling interpretation of OPEMA

d;r(s(l)) -y
OPEMA Z Z d”( (1)) ( ()) (32)

and the effectiveness of MIS of recent work partially explains why OPEMA could work, even

for the Uniform OPE problem.

3.5 Main Results for Uniform OPE

In this section, we present our results for uniform OPE problems. For brevity, we use 0" to
denote U7, in the rest of the presentattion. Proofs of all technical results are deferred to the

appendix. We start with the following Lemma:

Lemma 3.5.1 (martingale decomposition). For fixed x:

H H
@ —dror) = YV @, - Tdr) + (Vi dr - d7)
=1 h=2

where T, € R¥4 be the one step transition matrix, i.e. T, .= Py (Spe1154, ay). the
inner product on the left hand side is taken w.r.t state-action and the inner product on the left

hand side is taken w.r.t state only. Proof can be found in Appendix B}

Remark 6. Note when the reward is deterministic, the left hand side is simply 0" — v", and
the right hand side has a martingale structure which enables the applicability of concentration
analysis that gives rise to the following theorems. Moreover, this decomposition is essentially

“primal-dual” formulation since the LHS can be viewed as the primal form through marginal
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distribution representation and RHS is the dual form with value function representation.

3.5.1 Uniform OPE for global policy class

We present the following result Theorem for global policy class.

Theorem 3.5.1. Let I1 consists of all policies, then there exists an absolute constant ¢ such that

ifn>c-1/d, -log(HSA/b), then with probability 1 — 6, we have:

4 HSA
~ . H log(T)
sup |07 — V7| < e|\| ————
rell

H*Slog(nHSA)
d -n '

m

Moreover, if failure probability § < e, then above can be further bounded by 2c / dH—; log(%).

The first term in the bound reflects the concentration of sup,; |0 — v”| around its mean,
via McDiarmid inequality. The second term is a bound of E[sup,;; |0 — v*|]. The analysis of
both terms rely on the Martingale decomposition from Lemma[3.5.1]

Our result improves over the simulation lemma by a factor of H.S but is sub-optimal by an-
other factor H.S compared to the lower bound (Theorem [3.5.4)). In the small failure probability
regime ( § < e~%) we can get rid of the dependence on S except for the implicit dependence

through d,,. This is meaningful since we usually consider deriving results with high confidence.

3.5.2 Uniform OPE for deterministic policies

The Martingale decomposition also allows us to derive a high-probability OPE bound via
a concentration argument, which complements the optimal bounds on mean square error from

[S71.
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Lemma 3.5.2 (Convergence for fixed policy). Fix any policy n. Then there exists absolute

constants c, ¢y, ¢, such thatifn > c-1/d, -log(H S A/6), then with probability 1 — 6, we have:

I T
|07 —v"| < ¢ —

m

H?log(®=>%) <H2\/SA)
- + O —d .
n-da,

Note if we absorb the higher order term, our result implies sample complexity of 5(H 2/d €?)
for evaluating any fixed target policy z. Notice that the total number of deterministic policies is
A5 in our problem, a standard union bound over all deterministic policies yields the following

result.

Theorem 3.5.2. Let I1 consists of all deterministic policies, then there exists absolute constants

¢, ¢y, ¢y such thatifn > c-1/d, - log(HSA/), then with probability 1 — 6, we have:

el n-d, n-d,

H3S log(234y 3 Q15 40.5
Sup|b\ﬂ_uﬂ|scl¢ o +O<“—A>

Theorem implies an episode complexity of 5(H 38 /d e€*), which is optimal in H but
suboptimal by a factor of .§. While the deterministic policy class seems restrictive, it could be
useful in many cases because the optimal policy is deterministic, and many exploration-bonus

based exploration methods use deterministic policy throughout.

3.5.3 Uniform OPE for the local (near empirically optimal) policy class

For the local (near empirically optimal) policy class, the following theorem obtains the

optimal episode complexity.

Theorem 3.5.3. Suppose €,,, < VH/S and 11, := {z : s.t. ||I7I’r - I//\l’?*|| <e ., Vt=

co — “opt?

1,..., H}. Thenthere exists constant c,, ¢, such that forany0 < 6 < 1, whenn > cle log(HSA/é)/d,,
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we have with probability 1 — 6,

07 - 01

sup
m€elly

H3log(HSA/é)
=6 n-d '

o]

This uniform convergence result is presented with / , norm over (s, a). A direct corollary is

SUP e, ”171” — V|| achieves the same rate. Theorem [3.5.3| provides the sample complexity

[e]

of O(H?log(H SA/6)/d,€?) and the dependence of all parameters are optimal up to the loga-

rithmic term. Note that our bound does not explicitly depend on €, ., which is an improvement

opt?
over agarwal2020model as they have an additional O(e,, /(1 — y)) error in the infinite horizon
setting. Besides, our assumption on €, is mild since the required upper bound is proportional
to \/E . Lastly, this result implies a O(e + €,,,)-optimal policy for offline/batch learning of the
optimal order O(H?* log(H S A/5)/d,€*), which means statistical learning result enables offline

learning.

3.5.4 Information-theoretical lower bound

Finally, we present a fine-grained sample complexity lower bound of the uniform OPE prob-

lem that captures the dependence of all parameters including d,,,.

Theorem 3.5.4 (Minimax lower bound for uniform OPE). Forall 0 < d,, < ﬁ. Let the class

of problems be

M, = {(u, M)| min d(s,,a) > d,,}.

There exists universal constants c,, c,,cs, p (with H,S,A > ¢, and 0 < € < ¢,) such that

inf sup P, <sup |07 — U™ > e) >p

0 (u.M)EM,, rell

ifn < c;H?/d, €. Here Il consists of all deterministic policies.
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The proof uses a reduction argument that shows if a stronger uniform OPE bound exists,
then it implies an algorithm that breaks an offline learning lower bound (Theorem[B.6.2)), which
itself is proven by embedding many stochastic multi-armed bandits problems in a family of hard
MDPs. Our construction is inspired by the MDPs in [65] and a personal communication with
Christopher Dann but involve substantial modifications to account for the differences in the
assumption about rewards. The part in which we obtain explicit dependence on d,, is new and
it certifies that the offline learning (and thus uniform OPE) problem strictly more difficult than
their online counterpart.

On optimality. The above result provides the minimax lower bound of complexity Q(H?/d, €?).
As a comparison, Theorem gives 5(H 38/d,€?) is a factor of S away from the lower

bound and Theorem [3.5.3]has the same rate of the lower bound up to logarithmic factor.

3.6 Main Results for Offline Learning

In this section we discuss the implication of our results on offline learning. As we discussed
earlier in the introduction, a uniform OPE bound of e implies that the corresponding ERM
algorithm finds a 2e-suboptimal policy. But it also implies that all other offline policy-learning
algorithms that are not ERM, we could gracefully decompose their error into optimization error

and statistical (generalization) error.

Theorem 3.6.1. Let 7* = argmax, 0" — the empirically optimal policy. Let 7 be any data-

dependent choice of policy such that 0" — 0% < e _, then. There is a universal constant c such

opr

thatw.p. > 1—-0

. H*S log(HSAJ5
Lov" —0f <oy SIS HSASD
d,n P

. 7
2. If§ < =5, the bound improves to ¢ | 2-310eHSA/S)

d,n
H3min{H,S}log(HSA/5)

d,-n

+ €, And if in addition 7 is deter-

+ €

ministic, the bound further improves to c\/ opt-
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3. Ife,, < VH/S and that ||V* = VF||_ < €, Yt = 1,.., H, then v*" — v* <

opt — — “opt’

H3log(HSA/S)
cy/ dn + €,

Table 3.1: A comparison of related offline policy learning results.

Method/Analysis Setting Guarantee Sample complexity®
[e1] Generative model | € + O(e,, /(1 — y))-optimal O(SA /(1 —y)e?)
[3114] oco-horizon offline e-optimal policy o1 - n°C,/€e)
131 oco-horizon offline e-optimal policy o((1 - nNC, /€
SIMPLEX for exact empirical optimal® | H-horizon offline e-optimal policy O(H?/d, €%
PI/VI for €, -empirical optimal H-horizon offline | (e + €,,)-optimal policy O(H? /d,.€%)
Minimax lower bound (Theorem ’m H -horizon offline over class M, Q(H?3/ d, €?)

¢ PI/VI or SIMPLEX is not essential and can be replaced by any efficient gmpirical MDP solver.
b Episode complexity in H-horizon setting is comparable to step complexity in co-horizon setting because our
finite-horizon MDP is time-inhomogeneous. Informally, we can just take (1 — y)~! < H and C,=1/d,.

The third statement implies that all sufficiently accurate planning algorithms based on the
empirically estimated MDP are optimal. For example, we can run value iteration or policy

iteration to the point that e,,, < O(H?/nd,).

opt
Comparison to existing work. Previously no algorithm is known to achieve the optimal sample
complexity in the offline setting. Our result also applies to the related generative model setting
by replacing 1/d, with S A, which avoids the data-splitting procedure usually encountered by
specific algorithm design [42]. The analogous policy-learning results In the generative model
setting [61, Theorem 1] , achieves a suboptimality of O((1 — y)>SA/n + (1 — 7) ' €op) With
no additional assumption on €,,. Informally, if we replace (1 — y)~! with H, then our result
improves the bound from He,, to just €, for €,, < \/E /S. These results are summarized in

Table[3.11

Sparse MDP estimate. We highlight that the result does not require the estimated MDP to

opt

be an accurate approximation in any sense. Recall that the true MDP has O(S?) parameters
(ignoring the dependence on H, A and logarithmic terms), but our result is valid provided that
n=Q1/ d,) which is Q(.S). This suggests that we may not even exhaustively visit all pairs to

state-transitions and that the estimator of P, is allowed to be zero in many coordinates.
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Optimal computational complexity. Lastly, from the computational perspective, we can lever-
age the best existing solutions for solving optimization 7* := argmax,.;0". For example, with
€op > 0, as explained by [601]], value iteration ends in O(H log e;plt) iteration and takes at most
O(H S A) time after the model has been estimated with one pass of the data (O(nH') time). We
have a total computational complexity of O(H*/(d, €?) + H*S Alog(1/¢)) time algorithm for
obtaining the e-suboptimal policy using n = O(H*/(d,€*) episodes. This is essentially optimal
because the leading term H*S A/¢e? is required even to just process the data needed for the re-
sult to be information-theoretically possible. In comparison, the algorithm that obtains an exact
empirical optimal policy 7*, the SIMPLEX policy iteration runs in time O(poly(H, S, A, n))
[66].

3.7 An Overview of the Proof

Our uniform convergence analysis in Section[3.5.1] relies on creating an unbiased version of
Uopema (Which we call it Uopgy ) artificially and use concentration to guarantee Upppya 1S identi-
cal to Ugypgyra in most situations. By doing so we can reduce our analysis from sup, ., |07 — 07|

to sup,;; |0F — v*|. Specifically, " replaces P, 7, in 0" by its fictitious counterparts P, 7.,

defined as:

’;';(St, az) = ;’\t(st’ az)l(Et) + rt(s,, a[)l(E,C),

Py Clspa) = Py Cls, a)l(E) + Py Cls, a)L(EY).

where E, denotes the event {n, , > nd!(s,,a,)/2}. This is saying, if observation ng . 1s
large enough (E, is true), we use P; otherwise we directly use P instead. This track helps
dealing with out-of-sample state-action pairs. The next key is the martingale decomposition
(Lemma . On one hand, by using the structure of sup,cp(V}, T, — Th)dNZ_l) we can relax

it into a “Rademacher-type complexity” which corresponds to O(y/H*S/d n) term in Theo-
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rem[3.5.1] On the other hand, this decomposition has a natural martingale structure so martin-
gale concentration inequalities can be appropriately applied, i.e. Theorem [3.5.2] In addition,
each term (V/", T, - Th)d~;f_1) separates the non-stationary policy into two parts with empirical
distribution only depends on x,.,_, that governs how the data “roll in” and the long term value
function V," only depends on r,,. ;; that governs how the reward “roll out”.

For local uniform convergence, by Bellman equations we can obtain a similar decomposition

on Q-function:

H
Or-Qr= Y I7., (P,-PVr,

h=t+1

T

where I'T,, = th: . P" is the multi-step state-action transition and I'7, | .,

:= 1. Since r is any
policy in IT; which may dependent on D’ so we cannot directly apply concentration inequalities
on (ﬁh — Ph)f}h”. Instead, we overcome this hurdle by doing concentration on (ﬁh — Ph)f/\h’?*
since f}f and ﬁh are independent, and we connect I?h’Ar back to f}h” by using they are ¢, close
(Theorem [3.5.3)). This idea helps avoiding the technicality of absorbing MDP used in [61]] for
infinite horizon case because of our non-stationary transition setting. For the uniform con-
vergence lower bound, our analysis relies on reducing the problem to identifying e-optimal
policy and proving any algorithm that learns a e-optimal policy requires at least Q(H?>/d, e*)
episodes in the non-stationary episodic setting. Previously, [63] proves the Q(H S A/e?*) lower
bound with assumption Zil r; < 1. Our proof uses a modified version of their hard-to-learn
MDP instance to achieve the desired result. To produce extra H? dependence, we leverage the

Assumption that Zfi , I may be of order O(H'). We only present the high-level ideas here

due the space constraint, detailed proofs are in Appendix [B]
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3.8 Numerical Simulations

In this section we use a simple simulated environment to empirically demonstrate the correct
scaling in H. Direct evaluating sup, . |0" — v™| empirically is computationally infeasible since

the policy classes we considered here contains either A7

or co many policies. Instead, in the
experiment we will plot the sub-optimality gap |v* — v®" | with 2* being the outputs of policy
planning algorithms. The sub-optimality gap is considered as a surrogate for the lower bound
of sup,; |07 — v™|. Concretely, the non-stationary MDP has 2 states s, s, and 2 actions a,, a,
where action a; has probability 1 going back the current state and for action a,, there is one
state s.t. after choosing a, the dynamic transitions to both states with equal probability % and
the other one has asymmetric probability assignment (i and %). The transition after choosing
a, is changing over different time steps therefore the MDP is non-stationary and the change is
decided by a sequence of pseudo-random numbers (Figure [3.1] shows the transition kernel at a
particular time step). Moreover, to make the learning problem non-trivial we use non-stationary
rewards with 4 categories, i.e. r,(s,a) € {i, %, %, 1} and assignment of r,(s, a) for each value is
changing over time (see Section [B|in appendix for more details). Lastly, the logging policy in
Figureis uniform with y,(a,|s) = p,(a,|s) = % for both states.

Figure[3.2]use a fixed number of episodes n = 2048 while varying H to examine the horizon
dependence for uniform OPE. We can see for fixed pointwise OPE with OPEMA (blue line),
|v" — 07| scales as O(\/E) which reflects the bound of Lemma for the model-based
planning, we ran both VI and PI until they converge to the empirical optimal policy 7*. The
figure shows that for this MDP example |0* — v | scales as O(\/H3—/a’,n) for fixed n since it
is parallel to the reference magenta line. This fact empirically shows O(M) bound is

required confirms the scaling of our theoretical results.
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Figure 3.1: A non-stationary MDP
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Figure 3.2: Log-log plot showing the depen-
dence on horizon of uniform OPE and point-

wise OPE via learning (|v* — "))

The efficiency of model-based methods. There had been a long-lasting debate about model-

based vs model-free methods in RL. The model-based methods were considered inefficient

in both space and sample complexity, due to the need to represents the transition kernel in

O(H S?A). Most sample-efficient methods with the right dependence in S are model-free meth-

ods that directly represents and updates the Q-function. Our analysis reveals that direct model-

based plug-in estimator is optimal in both pointwise and uniform prediction problems, which

helps to correct the commonly held misunderstanding that purely model plug-in estimator is

loose due to simulation lemma.

Simulation Lemma. Our result can be viewed as a strengthened version of the simulation

lemma [40] (see also the exposition in [41], which uses similar notations to us). The OPE

bound that can be obtained by applying the simulation lemma is

" —v"| < H? sup
1,5,,a;

ﬁ('lst’ az) - P('lst, at)nl < 6<

40

H*S?
nd

m
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which implies an episode complexit of O(H*S?/d, €?). The main limitation of the simulation

lemma is that it does not distinguish between pointwise / uniform convergence (and their bound
is in fact a uniform OPE bound), thus will suffer from a loose bound when applied to fixed
policies or data-dependent policies that qualify for the smaller policy classes that we considered.
For example, our Lemma [3.5.2] shows that for the same plug-in estimator, the bound improves
to 5(H 2/d, €?) for pointwise OPE and Theorem shows that we can knock out a factor
of HS? in the uniform convergence of near empirically optimal policies. Finally, there is a
factor of Simprovement in the global policy class unconditionally. These savings can be used
as drop-in replacements to many instances where the simulation lemma is applied to improve
the parameters of the analysis therein.

This chapter represents the first systematic study of uniform convergence in offline policy
evaluation. We derive near optimal results for three representative policy classes. By viewing
offline policy evaluation from the uniform convergence perspective, we are able to unify two
central topics in offline RL, OPE and offline learning while establishing optimal rates in a subset
of these settings including the first rate-optimal offline reinforcement learning method. The
work focuses on the episodic tabular MDP with nonstationary transitions. Carrying out the
same analysis for the stationary transition case, infinite horizon case, as well as the linear MDP
setting is highly tractable with the techniques presented. Formalizing these is left as a future
direction of work. More generally, a natural complexity measure for the policy class of RL
remains elusive. We hope this work would inspire a more general statistical learning theory for

RL in the near future.

4See Section for more calculation details.
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Chapter 4

Optimal Uniform Offline Policy
Evaluation in Time-Homogeneous

Tabular MDPs

4.1 Introduction

In the last chapter, which is the work in [7]] initiates studies for offline RL from the new per-
spective of uniform convergence in OPE (uniform OPE for short) which unifies OPE and offline
learning tasks. Generally speaking, given a policy class IT and offline data with n episodes, uni-

form OPE seeks to come up with OPE estimators 171” and Q\’l’ that satisfy with high probability

sup ||0% — 07|, <e. (4.1)

mell
The task is to achieve (4.1) with the optimal episode complexity: the “minimal” number of
episodes n needed as a function of ¢, failure probability 6, the parameters of the MDP as well

as the behavior policy u in the minimax sense.
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To further motivate the readers why uniform OPE is important, we state its relation to offline
learning. Indeed, uniform OPE in RL is analogous to uniform convergence of empirical risk
in statistical learning theory [67]. In supervised learning, it has been proven that almost all
learnable problems are learned by an (asymptotic) empirical risk minimizer (ERM) [S3].

In offline RL, the natural counterpart would be the empirical optimal policy T* := argmax I//\l”
and with uniform OPE it further ensures 7* is a near optimal policy for offline learning task via
(element-wise):

0<07 -0f =07 - 07 +07 - 07 + 07 - 0OF
o A A e ~ (4.2)
<07 —0O7 | +107 —O7 | §2sgp|Q’f—QTI.

On the policy evaluation side, there is often a need to evaluate the performance of a data-
dependent policy. Uniform OPE suffices for this purpose since it will allow us to evaluate poli-
cies selected by safe-policy improvements, proximal policy optimization, UCB-style exploration-
bonus as well as any heuristic exploration criteria (for further discussion and motivation, we
refer to [/]] and the references therein).

In this chapter, we study the uniform OPE problem under the finite horizon episodic MDP
with stationary transitions and focus on the model-based approaches. Specifically, we consider
two representative class: global policy class I1, (contains all (deterministic) policies) and lo-
cal policy class II, (contains policies near the empirical optimal one). We ask the following

question:

What is the statistical limit for global/local uniform OPE

and what is its connection to optimal offline learning?

We answer the first part by showing global uniform OPE requires a lower bound of Q(H%S /d,, €2

"Here d,, is the minimal marginal state-action occupancy, see Assumptionm
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for the family of model-based approach and answer the second part by showing the model-
based offline plug-in estimator for local uniform OPE achieves O(H?/d, e?) minimax rate and
it implies optimal offline learning. Importantly, the procedure of the model-based approach via
learning 7* through planning over the empirical MDP has a wider range of use in offline setting
as it naturally adapts to the new challenging tasks like offline task-agnostic learning and offline
reward-free learning. Specifically, we have the following contributions, stated as Theorems

and Corollaries in this chapter.

4.1.1 Optimal local uniform OPE

First and foremost, we derive the O(H?/d, €?) optimal episode complexity for local uniform
OPE (Theorem [4.6.1)) via the model-based method and this implies optimal offline learning
with the same rate (Corollary 4.6.1)); this result strictly improves upon the Theorem 3.7 in [[7]
(O(H?/d,€?)) by a factor H in a non-trivial way through our new singleton-absorbing MDP

technique.

4.1.2 Information-theoretical characterization of the global uniform OPE

We explicitly characterize the statistical limit for the global uniform convergence by proving
global uniform OPE has minimax lower bound Q(H?S/d, €?) (over the family of all model-
based approaches) (Theorem [4.5.1). This result answers the question left open in [7] that the
global uniform OPE is generically harder than local uniform OPE / offline learning due to the
required additional dependence on .S, and such a difference will be dominant when the state

space is large.

44



Optimal Uniform Offline Policy Evaluation in Time-Homogeneous Tabular MDPs Chapter 4

4.1.3 Generalize to the new offline settings

Critically, our model-based frameworks naturally generalize to the more challenging set-
tings like task-agnostic and reward-free settings. In particular, we establish the O(H? log(K)/d,, €?)
(Theorem{4.7.1)) and O(H?S/d,,€?) (Theorem.7.2) complexity for offline task-agnostic learn-

ing and offline reward-free learning respectively. Both results are new and optimal.

4.1.4 Singleton-absorbing MDP: a sharp analysis tool for episodic sta-

tionary transition case

On the technical end, our major contribution is the novel design of singleton-absorbing
MDP which handles the data-dependence hurdle encountered in the stationary transition set-
ting. To decouple the data-dependence between ﬁs’a - P, and ¥, the traditional s-absorbing
MDP proposed in [61] uses s-absorbing MDP I//\S (in lieu of 17) for each state to recover the inde-
pendence. Further, to control the error propagation between f}s and 7/, standard e-net covering
were used such that the value of I7S traverse the evenly-spaced grid over [0, (1 — y)~!] in their
infinite horizon setting. However, when applied to finite horizon case, there are H different
quantities (¥, ..., V};) and the covering argument need to cover H -dimensional space [0, H 14.
This result in a exponential- H covering number and the metric entropy blows up by a factor H
which makes sample complexity suboptimal. In contrast, the singleton-absorbing MDP tech-
nique designs a single absorbing MDP that can also control the error propagation sufficiently

well. This sharp analysis tool negates the conjecture of [68] that absorbing MDP is not well

suitable for finite horizon stationary MDP (Section {.6.3).
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4.1.5 Significance: Unifying different offline settings

In addition to studying the statistical limit of uniform OPE, this work solves the sample opti-
mality problems for local uniform OPE (Theorem4.6.1)), offline task-agnostic (Theorem 4.7.1))
and offline reward-free (Theorem problems. If we take a deeper look, the algorithmic
frameworks utilized are all based on the model-based empirical MDP construction and plan-
ning. Therefore, as long as we can analyze such framework sharply (e.g. via novel absorbing-
MDP technique), then it is hopeful that our techniques can be generalized to tackle more so-
phisticated settings. On the other hand, things could be more tricky for online RL since the
exploration phases need to be specifically designed for each settings and there may not be one
general algorithmic pattern that dominates. Our findings reveal the model-based framework is
fundamental for offline RL as it subsumes settings like local uniform OPE, offline task-agnostic
and offline reward-free learning into the identical learning pattern. Considering these tasks were
originally proposed in the online regime under different contexts, such a unified view from the

model-based perspective offers a new angle for understanding offline RL.

4.2 Related Literature

Offline reinforcement learning. Information-theoretical considerations for offline RL are first
proposed for infinite horizon discounted setting via Fitted Q-Iteration (FQI) type function ap-
proximation algorithms [4, 13, 16, 5] which can be traced back to [38, 69, [70, [71]. Later, [6]
considered the offline RL under only the realizability assumption and [S9] considers the offline
RL without good exploration. Those are all challenging problems but with they only provide
sub-optimal polynomial complexity in terms of (1 — y)~!.

For the finite horizon case, [7] first achieves O(H?/d, €*) complexity under non-stationary

transition but their results cannot be further improved in the stationary setting. Concurrent
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with our work, a recently released work [8] designs the offline variance reduction algorithm for
achieving the optimal O(H?/d, €?) rate. Their result is for a specific algorithm that uses data
splitting while our results work for any algorithms that returns a nearly empirically optimal
policy via a uniform convergence guarantee. Our results on the offline task-agnostic and the
reward-free settings are entirely new. Another concurrent work [9] considers the horizon-free

setting but does not provide uniform convergence guarantee. Even more recently, [[10] considers

d=* (s,a)

50 grsa) and obtains the sample complexity

the single concentrability coefficient C* := max
O[(1 —y)7>85C* /€.

In the linear MDP case, (/2] studies the pessimism-based algorithms for offline policy op-
timization under the weak compliance assumption and [73, [74] provide some negative results
(exponential lower bound) for offline RL with linear MDP structure.

Model-based approaches with minimaxity. It is known model-based methods are minimax-
optimal for online RL with regret O(Vm ) (e.g. [39.75]). For linear MDP, In the genera-
tive model setting, [61]] shows model-based approach is still minimax optimal O((1-y)3SA /€?)
by using a s-absorbing MDP construction and this model-based technique is later reused for
other more general settings (e.g. Markov games [76] and linear MDPs [68]]) and also for im-
proving the sample size barrier [[/7]. In offline RL, [78, [79] use model-based approaches for
continuous policy optimization and [7] uses the model-based methods to achieve O(H?/d,, €?)
complexity.

Task-agnostic and Reward-free problems. The reward-free problem is initiated in the online
RL [80] where the agent needs to efficiently explore an MDP environment without using any
reward information. It requires high probability guarantee for learning optimal policy for any
reward function, which is strictly stronger than the standard learning task that one only needs
to learn to optimal policy for a fixed reward. Later, [81][82] establish the O(H?S?A/€?) com-

plexity and [83] further tightens the dependence to O(H>S?A/e*) P Recently, [84] proposes

2We translate [83]] their dimension-free result to O(H2S5?A/e*) under the standard assumption » € [0, 1].
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the task-agnostic setting where one needs to use exploration data to simultaneously learn K
tasks and provides a upper bound with complexity O(H>.S A log(K)/€?). For linear MDP set-
ting, [85]] achieves the sample complexity O(d> H®/€?) and [86] considers such problem in the
online two-player Markov game. However, although these settings remain critical in the offline

regime, no statistical result has been formally derived so far.

4.3 The Setup for Time-Homogeneous MDPs

Episodic time-homogeneous reinforcement learning. A finite-horizon Markov Decision
Process (MDP) is denoted by a tuple M = (S, A, P,r, H,d,), which is identical to the Defini-
tion in Section[3.3] The only exception is the time-homogeneous transition kernel that has the
form P : SX A X S — [0, 1] with P(s'|s, a) representing the probability transition from state
s, action a to next state s’. This is different from non-stationary setting where P, can change
across different times. Besides, r : S X A — R is the expected reward function and given (s, a)
which satisfies 0 < r < IEI A policy is formulated by = = (x, ..., 7)), where each x;, assigns
each state s € S a probability distribution over actions, i.e. 7, : S = A(A) (where A(A) is the
set of probability distributions over the actions) VA € [H]. We emphasize although transition
P is stationary, policy n := x,., itself can be non-stationary. An MDP together with a policy
x induces a random trajectory s, a;, 7y, ..., Sy, ay, 'y, Sy, With the following data generating

process: s, ~ dy,a, ~ n(-|s,),r, = r(s;,a,), s, ~ P(|s;,a,),Vt € [H].

3Note here we assume mean reward function is known. It is widely-known that the randomness in the reward
has lower order influence on the error than the randomness in the transition P in RL.
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QO-values and Bellman (optimality) equations. For any policy # and any h € [H], we

incorporate standard value function V/*(-) € R¥ and Q-value function Q7(:,-) € R*** as:

H H
Vi(s) = [E,r[z rls, =sl, Q)(s,a)= [E”[Z rls,.a,=s,al, Vs,a€ S, A.
t=h t=h

We always enumerate V), 0 as column vectors and the (s, a)-th row of P as the row vector

P(-|s, a), then Bellman (optimality) equation follows Vh € [H ]:

Q.(s,a) =r(s,a)+ P(|s, )V, V) =E,, [O}]

Q5 (s,a)=r(s,a)+ P(|s,a)V,},, V" = max Q; (-, )

The goal of RL is to find a policy z* such that v* := E, [ZH r] is maximized, which is

t=1"1
equivalent to simultaneously maximize V/"(s) (or Q(s,a)) for all s (or s, a) [12]. Therefore,

”alg

for a targeted accuracy ¢ > 0 it suffices to find a policy 7, such that ”Ql* -0,

<e.
Additional notations. We denote the per-step marginal state-action occupancy d” (s, a) as:
di(s,a) :=P[s, = s|s; ~d,, ] - m(als), “4.3)

which is the marginal state-action probability at time ¢. Moreover, we define state-action tran-
sition matrix P™ € RS4%54 with P = P(s'|s,a)x,(d'|s"), note =, is indexed by h since

(s,a),(s",a")

policy x,., can be non-stationary.

o\ Y 1ElH]

Offline setting. The offline RL assumes that episodes D = {(sﬁ’),aﬁ’),rﬁ’),sﬁ’:l)} e
i€[n

rolling from some behavior policy u a priori. In particular, we cannot change x and do not

assume the functional knowledge of u.
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Model-based RL. We focus our attention on model-based methods, which has witnessed nu-
merous successes (both theoretically and empirically) and is one of the most critical components
of theoretical RL as a whole (as introduced in Section[A.T]). To make the presentation precise,

we define the following:

Definition 4.3.1. Model-based RL: Solving RL problems (either learning or evaluation) through

learning / modeling transition dynamic P.

We emphasize that the model-based approaches in general (e.g. [87, 88, 79]) follow the
procedure of modeling the full MDP M = (S, A, P,r, H,d,) instead of only the transition P.
Nevertheless, we (by convention) assume the mean reward function is known and the initial
state distribution d, will not affect the choice of optimal policy z*. Thus, Definition

suffices for our purposes.

4.4 Uniform convergence in offline RL Recap

We study offline RL from uniform convergence offline policy evaluation (uniform OPE)
perspective. Concretely, uniform OPE extends the point-wise (fixed target policy) OPE to a

family of policies I1. The goal is to construct estimator Q\’{ such that sup HQ’Ir - Q\’{

<e€,
which automatically ensures point-wise OPE for any = € II. More importantly, uniform OPE
directly implies offline learning when IT contains optimal policies. Let 7* := argmax, 171” be
the empirical optimal policy for some OPE estimator 07, then by (4.2) 7* is a near-optimal
policy given uniform OPE guarantee.

We consider the following two policy classes that are of the interests and explain why they

should be considered.

Definition 4.4.1 (The global (deterministic) policy class.). The global policy class 11, consists

of all the non-stationary (deterministic) policies.
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It is well-known [12] there exists at least one deterministic policy that is optimal, therefore

I1, is sufficiently rich for evaluating algorithms that aim at learning the optimal policy.

Definition 4.4.2 (The local policy class). Given empirical MDP M and I/}h” is the value under
M. Let 7* := argmax f}{t be the empirical optimal policy, then the local policy class 11, is
defined as:

. . or _ {7*
I, .-{7[ DSl HV” v, <e

[c]

Vhe [H]}

opt *

where €,, > 0 is a parameter. This class characterizes all the policies in the neighborhood of

empirical optimal policy.

In above M transition kernel uses P in lieu of P where P(s’ |s,a) = "n’ if n, > 0 and
1/8 otherwise Moreover, once given P, it is efficient to obtain 7* using Value/Policy Iter-
ation, therefore it is more practical to consider the neighborhood of 7* (instead of z*) since

practitioners can use data D to really check II, whenever needed.

Next we present the regularity assumption required for uniform convergence OPE problem.

Assumption 4.4.1 (Exploration requirement). Logging policy u obeys that min d! (s) > 0,
for any state s that is “accessible”. Moreover, we define the quantity d,, := min{d(s,a) :

dt”(s, a) > 0} (recall dt”(s, a) in @.3)) to be the minimal marginal state-action probability.

This is identical to [4.4.1] State s is “accessible” means there exists a policy z so that
d”(s) > 0. If for any policy # we always have d”(s) = 0, then state s can never be visited
in the given MDP. Assumption 4.4.1| says p have the right to explore all “accessible” states.
Assumption [4.4.1]is the minimal assumption needed for the consistency of uniform OPE task
and is similar to concentrability coefficient data coverage assumption [S8] made for function
approximation learning. This assumption can be potentially relaxed for pure offline learning
problems, e.g. [63,10], where they only require d*(s)(d"(s, a)) > 0O for any state s (s, a) satis-

fies d”” (s)(d”" (s, a)) > O.

“Here n, , is the number of pair (s, a) being visited among n episodes. ny  , is defined similarly.
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4.5 Statistical Hardness for Model-based Global Uniform OPE

From (4.2)) and Definition[4.4.1] it is clear the global uniform OPE implies offline RL, there-
fore it is natural to wonder whether they just are “the same task" (their sample complexities have
the same minimax rates). If this conjecture is true, then deriving sample efficient global OPE
method is just as important as deriving efficient offline learning algorithm (plus the additional
benefit of evaluating data-dependent algorithms)! [7] proves the O(H?>S/d,€?) upper bound
and Q(H?/d,e*) lower bound for global uniform OPE, but it is unclear whether the additional
S 1s essential. We answer the question affirmatively by providing a tight lower bound result
with a concise proof to show no model-based algorithm can surpass Q(S/d, €?) information-

theoretical limit.

Theorem 4.5.1 (Minimax lower bound for global uniform OPE). Let d,, be a parameter such

that 0 < d,, < S—lA. Let the problem class be M, := {(,u,M) | min, , , d/ (st,a,) > dm}.

1,5;,a,

Then there exists universal constants c,C,p > 0 such that: for any n > ¢S/d,, - log(S Ap),

2
ZC‘/H S> 2D,
o nd,,

where é 1.mp IS the output of any model-based algorithm and 11, is defined in Definition 4.4.1

A~

T T
Lmb Ql

inf supP, ,, { sup )
Ql,mh Mdm ”eng

By setting € := Z;S, Theorem (4.5.1| establishes the global uniform convergence lower

m

bound of Q(H?2S/d,e?) over model-based methods, which builds the hard statistical threshold
between the global uniform OPE and the local uniform OPE tasks by a factor of .S since the
local case has achievable O(1/d, €?) rate on the dependence for state-actions. This result also
reveals the global uniform convergence bound in [7] (O(H?S /d . €%)) is essentially minimax

rate-optimal for their non-stationary settingE] and complements the story on the optimality be-

3To be rigorous, we remark that it is rate-optimal since for the non-stationary setting the dependence for horizon
is higher by a factor H.
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havior for global uniform OPE. Moreover, from the generative model view the lower bound
degenerates to S/d, e* ~ ©(S?A/e*) which is linear in the model size S*A. This means in
order to achieve global uniform convergence any algorithm needs to estimate each coordinate
of transition kernel P(s’|s, a) accurately. We now provide a brief sketch of the proof with the
full proof being deferred to Appendix|[C|

Proof: [Proof Sketch] We only explain the case where H = 2 in this proof sketch. Our
proof relies on the following novel reduction to /, density estimation

07— 07| 2 swp 3 | Pels - Pels.a),

s,a

sup
zrel'Ig

and leverages the Minimax rate for estimating discrete distribution under /, loss is 0(\/%)
[89]. Concretely, by Definition let P be the learned transition by any arbitrary model-
based method. Since we assume r is known and by convention Q7 , = 0 for any x, then by
Bellman equation

0" =r, + P Q" Vh e [H]

h h+1°
In particular, Q’;I 41 = 0%, =0, and this implies Q’L = Q% = ry. Now, again by definition
of Bellman equation Q”H_l =ry_,+ P\”HQ”H =ry_;+ ﬁ”HrH and QF, | =ry_ + P™ry,

therefore (recall H =2 and note r,; € R¥4, /7 € RY)

sup HéﬂH—l - Q%—l” = sup (ﬁﬂH - Pm) 'n

z€ell, © n€ell, 0
= sup (ﬁ—P) il &~ sup (ﬁ—P)r

n€ll, o re{0,1}S 0

>sup 3 | BC1s.a) = PCIsa| 2 0[5/,

Lastly, using exponential tail bound to obtain O(y/.S/n,,) 2 O(4/S/nd,,) with high probabil-

ity. See Appendix [C]for the full proof for the general H.
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4.6 Optimallocal uniform OPE via model-based plug-in method

Global uniform OPE is intrinsically harder than the offline learning problem due to the addi-
tional state-space dependence and such a gap will amplify when S is (exponentially) large. This
motivates us to switch to the local uniform convergence regime that enables optimal learning
but also has sub-linear state-action size O(1 /d,) in the policy evaluation. [7] Theorem 3.7 first
obtains the O(H? /d.€*) local uniform convergence for I1, (recall Deﬁnition and also ob-
tains the same rate for the learning task. Unfortunately, their technique cannot further reduces
the dependence of H for stationary transition case. In this section we show the model-based
plug-in approach ensures optimal local uniform OPE and further implies optimal offline learn-
ing with episode complexity O(H?/d, €*). To this end, we design the new singleton-absorbing
MDP to handle the challenge in the stationary transition setting, which uses the absorbing MDP
with one single H -dimensional reference point and is our major technical contribution. The
singleton-absorbing MDP technique avoids the exponential H cover used in [68]] and answers

their conjecture that absorbing MDP is not well suitable for finite horizon stationary MDPE]

4.6.1 Model-based Offline Plug-in Estimator

Recall ng, 1= )" | Zle l[sg), ag) = s, a] be the total counts that visit (s, ) pair, then the

model-based offline plug-in estimator constructs estimator P as:

n o H OGN0 ,
~ > > LG, La),s)) = (s, a)]
P(s'|s.a) = i=1 kdh=1 h+1°%h 2P ’

ns,a

ifn, , > Oand P(s'|s,a) = é ifn; , = 0. As a consequence, the estimators Q}, V," are computed
as:

— h+l —
Qh—r+P Qh+1—r+PVh+l,

6See their Section 7, first bullet point for a discussion.
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with the initial distribution c;'\l(s) = n,/n. Under the above setting, we can define the empirical
Bellman optimality equations (as well as the population version for completeness) as Vs €

S,he[H]:

V*(s) = max {r(s, a) + P(:|s, a)Vh’fH} ,

Vi(s)= max {r(s, a)+ P(ls,a)V} | } .
Now we can state our local uniform OPE result with this construction.

4.6.2 Main results for local uniform OPE and offline learning

Recall 7* := argmax, I//\l” is the empirical optimal policy and the local policy class I1, :=

<e€
o — opt?

{r : s.t ”I//\h” - 17,2’?*

Vh e [H]).
Theorem 4.6.1 (optimal local uniform OPE). Let €,,, < \/H /S and denote 1 = log(HSA/6).

Forany é € [0, 1], there exists universal constants ¢, C such that whenn > cH -log(HSA/6)/d

m’

with probability 1 — 6,

sup [|OF - OF

el

<cC [ H2 N H2~5S0-5z] .
o nd,, nd,,

Theorem establishes the O(H?/d, %) complexity bound and directly implies the up-
per bound for SUP ey, | |I71” — V||, with the same rate. This result improves the local uniform
convergence rate O(H? /d, €*) in [[7] (Theorem 3.7) by a factor of H and is near-minimax opti-
mal (up to the logarithmic factor). Such result is first achieved by our novel singleton absorbing
MDP technique. We explain this technique in detail in the next section.

On the other hand, characterizing policy class through the distance in value (like I1,) is more

flexible than characterizing the distance between policies themselves (e.g. via total variation).
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Figure 4.1: Related comparisons of sample complexities for offline RL

Result/Method Setting Type Complexity Uniform guarantee?

3] oo-horizon | FQI variants | O((1 —y)™°p,/€?) No
FQI [4] oco-horizon | FQI variants | O((1 — y)=°C/e?) No
MSBO/MABO [5] oo-horizon | FQI variants | O((1 — NC, /e No

OPEMA [17] H-horizon | Non-splitting O(H*/d, €% \/H / S-local uniform
OPDVR [8] H-horizon | Data splitting O(H?/d, €% No

Model-based Plug-in (Corollary ‘ H-horizon | Non-splitting O(H?/d, €?) v/ H /S-local uniform
Task-Agnostic (Theorem w H-horizon | Non-splitting | O(H?log(K)/d, €?) —
Reward-Free (Theorem [4.7.2) H-horizon | Non-splitting O(H?S/d, e?) —

* K is the number of tasks for Task-agnostic setting and §,, C and 1/d,, are data coverage parameters that
measure the state-action dependence and are qualitative similar under their respective assumptions.

This is because: if two policies are “close”, then their values are also similar; but the reverse may
not be true since two very different policies could possibly generate similar values. Therefore
the consideration of II, is generic and conceptually reflects the fundamental principle of RL: as
long as two policies yield the same value, they are considered “equally good”, no matter how
different they are/|

Most importantly, Theorem guarantees near-minimax optimal offline learning:

Corollary 4.6.1 (optimal offline learning). Ife,,, < +/H /S andthat sup, | |I7I’? —f}t’?* oo < €0

when n> O(H -1/d,), then with probability 1 — 6, element-wisely,

H2  H258%5;
+
nd nd

m m

1+¢ .1

opt —*

w-visc

Corollary first establishes the minimax rate for offline learning for any policy 7 with
the measurable gap €., < \/H—/S . This extends the standard concept of offline learning by
allowing any empirical planning algorithm (e.g. VI/PI) to find an inexact 7 as an (O \/Wndm +
€opt )-Optimal policy (instead of finding exact 7*). The use of inexact 7 could encourage early
stopping (e.g. for VI/PI) therefore saves computational iterations. Besides, we leverage full data

to construct empirical MDP for planning and, on the contrary, [8] uses data-splitting (split data

7We recognize that in the specific settings (e.g. safe policy improvement) some of the policies that yield high
values are not feasible. These considerations are beyond the scope of this paper.
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into mini-batches and only apply each mini-batch at each specific iteration) to enable Variance
Reduction technique, which could cause inefficient data use for the practical purpose. By the

following lower bound result from [8], our Corollary {.6.1]is near minimax optimal.

Theorem 4.6.2 (Theorem 4.2. [8]]). Let M, be the same as Theorem There exists uni-

versal constants ¢, c,,c,p (with H, S, A > ¢, and 0 < € < ¢,) such that when n < cHz/dmez,ﬂ

inf sup P, (IIV} -V "

> 6) 2 p.
Vlﬂalg (”7M)6Mdm

o

In the rest of the section, we briefly explain the main ideas needed for the proof by intro-

ducing the singleton-absorbing MDP technique, and the full proofs of Theorem {.6.1} Corol-

lary [4.6.1] are given in Appendix [C|

4.6.3 Singleton absorbing MDP for finite horizon MDP

For the ease of illustration, we explain our idea via bounding ||Q\;l?* - Qf:* ||, (instead of
SUP ey, ||Q\’1” — O7l|,) and choose related quantity 7* (instead of 7) and f}h* (instead of I7h’? )
to discuss. Essentially, the key challenge in obtaining the optimal dependence in stationary
setting is the need to decouple the dependence between P — Pand I7h* as we aggregate all data
for constructing both P and I7h*. This issue is not encountered in the non-stationary setting in
general due to the flexibility to estimate different transition P, at each time [7]] and 13; and I/}t:l
preserve conditional independence. However, when confined to stationary case, their complex
O(H?*/d, €% becomes sub-optimal. Moreover, the direct use of s-absorbing MDP in [61] does
not yield tight bounds for the finite horizon stationary setting, as it requires s-absorbing MDPs

with H-dimensional fine-grid cover to make sure ﬁh* is close to one of the elements in the cover

(which has size ~ H* and it is not optimal [68]). We overcome this hurdle by choosing only

8The original Theorem uses v* but we use Vl* here. It does not matter since we can manually add a default
state at the beginning of the MDP and obtain the result for our version.
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one delicate absorbing MDP to approximate I/}h* which will not incur additional dependence on
horizon H caused by the union bound. We begin with the general definition of absorbing MDP

initialized in [61] and then introduce the singleton absorbing MDP.

Standard s-absorbing MDP in the finite horizon setting. The general s-absorbing MDP is

defined as follows: for a fixed state s and a sequence {1}/ , MDP M| s is identical to M

for all states except s, and state s 1s absorbing in the sense P,, . (s|s,a) = 1 for all a, and the
Sh—g

instantaneous reward at time ¢ is r,(s, a) = u, for all a € A,t € [H]. For convenience, we use

to denote VS”M and similarly for Q,, r and transition P. Also,

s {ur}

the shorthand notation V{’Z )

t=1
I/{:,u,} (Q?s,u,}) is the optimal value under M, ,x .

Before defining singleton absorbing MDP, we first present the following Lemma [4.6.1] and

Lemma[.6.2] which support the our design.
Lemma 4.6.1. V*(s) — Vt:l(s) >0,Vs e S,te[H].

Lemma 4.6.2. Fix a state s. If we choose uf := V*(s) — VX ,(s), then we have the following

vector form equation

* — *
Vi = Viw  Vh € [H].

Similarly, if we choose i = f}t*(s) - I//\III(S), then f}f:{s,ﬁ,*} = f}i:M’ Vh € [H].
The proofs are deferred to Appendix |[Cl Note by Lemma the assignment of u*(:=
Fi(sur)) 18 well-defined. Lemma is crucial since, under the specification of u*, the optimal

value in M (+,n is identical to the optimal value in original M. Based on these, we define the
P =1

following:

Definition 4.6.1 (Singleton-absorbing MDP). For each state s, the singleton-absorbing MDP

is chosen to be M (,\n , where u* :=V*(s) — Vtil(s)for allt € [H].
U =1
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Using Definition for each (s, a) row the term (l/ss,a - Ps’a)f}h* can be substituted by

(P, Ps’a)Vh’ (st} where P, , and Vh (st}

centration applies. Furthermore, by the selection of ut*, we can control the error of ||I7h* —

are independent by construction and Bernstein con-

/\* 1 . N _ /\* _ /\* .
Vh’ (st} ||, to have rate O(\/;) which forces the term (P, , — P, ,)(V, Vh’ {s,u,*}) to have higher

order error. These are the critical building blocks for bounding | |Q\;l?* - ;l?* || oo

Indeed, by Bellman equations we have the decomposition:

H
AT T _ _ > 5) x
Qh - Qh - T Zrh+1:t (P_ P) Vr+1’
t=h
where I'7 | = Hfz ey P71 1s multi-step state-action transition and I', ., := I. Then for each
(s, a) row

(}/Ss,a - Ps,a)f}h*

=(P3’a - Ps’a)(Vh* - I/l:{s,u,*}) + (PS"’ - Ps’a)I/hT{s,uf}

%
Var, o(V, ) (4.4)

SUP, = Pl =Pl +

where (x) is the place where the traditional technique uses the union bound over their exponen-

tial large e-net, which we do not have! Next, by Lemma4.6.2]and Lemma [C.1.2]in Appendix

Sx x _ix
”Vh - Vh,{s,u - IIVh,{s,af}

*
T*}lloo - h’{s’u;k}lloo

<H max |@* — u*| < 2H max |I?t* -V,
t t

by a crude bound (Lemma [D.0.11), max, |I7t* -V s H? ni which makes /n1 ||I7h* -

h*{s ) ||, have order 1/n, . Finally, to reduce the horizon dependence we apply
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Z en U\ Va < v/(H = h)3 for any . This (informally) bounds Q” — Q” by

P o H3 Poly(H,S)
10 = 0F Il $ ¢/ + 2=,

Lastly, use min, ,n, , 2 H - d,, to finish the proof.

s,a “s,a n~

Remark 7. We emphasize the appropriate selection of M, Wt (M, W ) is the key for
Ayl Aur il
achieving optimality. It guarantees two things: 1. f}h*{su*} approximates f}h* with sufficient
s}

accuracy (has rate \/1/n,); 2. it avoids the fine-grid design with exponential union bound in

Var, a(V*)log(lUs /8

the dominate term (\/ with |U, | to be at least H" [68].)

4.7 New Settings: Offline Task-Agnostic and Offline Reward-
Free Learning

From Corollary [4.6.1], our model-based offline learning algorithm has two steps: 1. con-

(@) (t) (@) (t) (I) 1€[H],
t l‘ 7"( I 2 I t+l)}le[l’l] ’

structing offline empirical MDP M using the offline dataset D = {(s

2. performing any accurate black-box planning algorithm and returning 7*(or 7) as the final

te[H]

output. However, the only effective data (data that contains stochasticity) is D' = {(s(') (’)) 1 el *

This indicates we are essentially using the state-action space exploration data D’ to solve the
task-specific problem with reward r. With this perspective in mind, it is natural to ask: given
only the offline exploration data D', can we efficiently learn a set of potentially conflicting K
tasks (K rewards) simultaneously? Even more, can we efficiently learn all tasks (any reward)

simultaneously? This brings up the following definitions.

Definition 4.7.1 (Offline Task-agnostic Learning). Given a offline exploration datatset D' =

{( (l) (l)) }fe[H]

ien] by p with n episodes. Given K tasks with reward {r, }]If: | and the corresponding

60



Optimal Uniform Offline Policy Evaluation in Time-Homogeneous Tabular MDPs Chapter 4

K MDPs M, = (S, A, P,r,,H,d,). Can we use D' to output #,, ..., 7ty such that

p [Vrk, ke KL ||V, - v

losez1-0

[o0]

Definition 4.7.2 (Offline Reward-free Learning). Given a offline exploration datatset D' =

{(S(i) a(i))}te[H] by u with n episodes. For any reward r and the corresponding MDP M =

t 2% Migm)

(S, A, P,r,H,d,). Can we use D' to output % such that

P [Vr, ”VI*M - VlﬂM

Se]Zl—(S?

|00

Definition and Definition are the offline counterparts of [84] and [80] in online
RL. Those settings are of practical interests in the offline regime as well since in practice reward
functions are often iteratively engineered to encourage desired behavior via trial and error and
using one shot of offline exploration data D’ to tackle problems with different reward functions
(different tasks) could help improve sample efficiency significantly.

Our singleton absorbing MDP technique adapts to those settings and we have the following

two theorems, Theorems whose proofs are found in Appendix [C]

Theorem 4.7.1 (optimal offline task-agnostic learning). Given D' = {(s? a(i))}gg] by u.

t >t
Given K tasks with reward {r, }szl and the corresponding K MDPs M, = (S, A, P,r, H,d,).
Denote 1 = log(HSA/d6). Let 7?: I= argmax, I/}I”Mk Vk € [K], whenn > O(H - [1 +

log(K)1/d,,), then with probability 1 — 6,

. . . . @ )
Theorem 4.7.2 (optimal offline reward-free learning). Given D' = {(s,”,a,”)}

* my
k
I/l,Mk Vl,Mk

. Vke[K
nd nd (K]

m m

<o \/ H2(1 +log(K)) | H*S"3( -+ log(K))

te[H]
i€[n]

by u. For
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any reward r denote the corresponding MDP M = (S, A, P,r, H,d,). Denote1 = log(HSA/d).

Let 7y, = argmax, I/}I”M Vr, when n > O(H S -1/d,), then with probability 1 — 6,

By adirect translation of both theorems, we have sample complexity of order O(H? log(K)/d,e*)

* 7y
_ M
Viu = Vim

2Q . 2¢.
<o | JHS - HS )y
. nd nd,,

m

and 5(H 2S/d €*). All the parameters have the optimal rates, see the lower bounds in [84] and
[80] | The higher order dependence in Theorem[4.7.2]is also tight comparing to Theorem[4.7.1]
Such statistically optimal results reveal the model-based methods generalize well to those seem-
ingly challenging problems in the offline regime. Changing to these harder problems would not

affect the optimal statistical efficiency of the model-based approach.

4.7.1 A Visualization of the Singleton Absorbing MDP

/ / \ (Puy Vo)
|

7 * Y7*

/“ ’VZ) \ \\‘
X ‘ | 3
/\

\ \

Y [l ~——)\ |
1-y ‘ J |

[0, H]
Figure 4.2: Covering-based Absorbing: 1-D case

Figure 4.3: Covering-based Absorbing: 2-D case

To be rigorous, we add a discussion in Appendix |C|to explain more clearly why our rates are optimal for

these problems. We do not formalize these lower bounds in the offline cases as theorems since they are not novel
contributions.
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)

0 —
*
e %

*

a-p

Figure 4.4: Singleton Absorbing: 1-D case
Figure 4.5: Singleton Absorbing: 2-D case

We provide a visualization for understanding the singleton absorbing MDP technique. 4.2}
[4.4] demonstrate the infinite horizon case and [4.3] [4.5] demonstrate the finite horizon case. In
particular, it should be a H -dimensional hypercube [0, H ¥ (that contains I//\l*, ey I7h*) instead
of only the square [0, H] X [0, H] (f}l*, f}z*). This is only for the ease of visualization.

The standard absorbing MDP technique [61,68]] leverages a set of absorbing MDPs to cover
the range of value functions (following the standard covering principle) to make sure V*is close
to one of the element (absorbing MDP) in the set (Figure 4.2]4.3). The size of the covering set
(i.e. the covering number) grows exponentially in H [4.3]in the finite horizon setting and this
is due to the fact that there are f/\1*’ 172*, e, I/}l_’; quantities to cover. This results in the metric
entropy (the log of the covering number) to blow up by a factor of H and incurs sub-optimality.
On the other hand, by the nifty chosen singleton absorbing MDP ﬁhfu* (Figure , we
completely get rid of the covering issue. To cover the H -dimensional space requires exponential

H in size, maintain the independence, and control the error propagation (i.e. ||I7* - 17';

is
o0

sufficiently small).
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4.8 Extension to Linear MDP with Anchor Representations

The principle of our Singleton absorbing MDP technique (with model-based construction)
in decoupling the dependence between 13;’0 and V* is not confined to tabular MDPs and there-
fore it is natural to generalize such idea for the episodic stationary transition setting for other
problems. As an example, we further present a sharp result for the setting of finite horizon lin-
ear MDP with anchor points. We narrate by assuming a generative oracle (that allows sampling

from s’ ~ P(:|s, a)) for the ease of exposition.

Definition 4.8.1 (Linear MDP with anchor points [90, |68]]). Let S be the exponential large
space and A be the infinite (or even continuous) spaces. Assume there is feature map ¢
Sx A — RK (where K < |S]), i.e. ¢(s,a) = [d,(s,a),...,¢Px(s,a)l. Transition P admits a
linear representation:

P(s|s,a) = ), dy(s, 0w (s)

ke[K]
where y,(:), ...,y (-) are unknowns. We further assume there exists a set of anchor state-
action pairs K such that any (s, a) can be represented as a convex combination of the anchors

{(sp,a )|k € K}

I @)= ) B (sa,). D A= 1,4, 2 0,Vk € K, (s.a) € (S, A).

ke ke

Under the definition, denote N be the number of samples at each anchor pairs. Then we

have the following (see Appendix [C|for the proof):

Theorem 4.8.1 (Optimal sample complexity). Under Definition 4.8.1} let T* = argmax 171”.

Thenif N > cH?|S|log(K H /8), we have with probability 1—6, ||Q’1"—Q’l?*||oo < O(H3/N).

Comparing to Theorem 4 of [[68]], Theorem4.8. I|removes the additional dependence min{|S|, K, H }.
In term of the total sample complexity, Theorem gives O(K H? /¢*) while [68] has O(K H*/¢?)
64



Optimal Uniform Offline Policy Evaluation in Time-Homogeneous Tabular MDPs Chapter 4

(see their Section 7, first bullet point). Our result again reveals the model-based method is sta-

tistically optimal for the current setting.

Remark 8. The rate O(K H? /€?) with anchor point assumption has the linear dependence on
K and for the standard linear bandit [91] Q(\/dz_T ) or the linear (mixture) MDP [60, 92)]
Q( \/a’zH—zT ) the lower bound dependence on the feature dimension d is quadratic. We believe
one reason for this to happen is that the anchor representations assumption is somewhat strong

as it abstracts the whole state action space by only finite points (via convex combination).

4.9 Conclusion

This work [93] studies the uniform convergence problems for offline policy evaluation
(OPE) and provides complete answers for their optimality behaviors. We achieve the opti-
mal sample complexity for stationary-transition case using a novel adaptation of the absorbing
MDP trick, which is more generally applicable to the new offline task-agnostic and reward-free
settings combined with the model-based approach and we hope it can be applied to a broader
range of future problems. We end the section by two future directions.

On the higher order error term. Our main result (Theorem has an additional \/ﬁ
dependence in the higher order error term and we cannot further remove it based on our current
technique. Nevertheless, this is already among the best higher order results to our knowledge.
In fact, most state-of-the-art works (e.g. [39, 194, 95]]) have additional .S dependence in the
higher order and [96] has only extra \/E in the higher order term but it also has additional \/Z
(see Table 1 of [93]] for a clear reference). How to obtain optimality not only for the main term
but also for the higher order error terms remains elusive for the community.

Uniform OPE and beyond. The current study of uniform OPE derives results with expres-
sion using parameter dependence and deriving instance-dependent uniform convergence result

will draw a clearer picture on the individual behaviors for each policy. Besides, this work
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concentrates on Tabular MDPs and generalizing uniform convergence to more practical set-
tings like linear MDPs, game environments and multi-agent settings are promising future di-
rections. Specifically, general complexity measure (mirroring VC-dimensions and Rademacher
complexities for statistical learning problems) that precisely captures local and global uniform

convergence would be of great interest.
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Conclusions and Future Directions

5.1 Conclusions and Summary

In this thesis, we analyzed the Marginalized Importance Sampling (MIS) estimator for Of-
fline Policy Evaluation (Chapter [I)), proposed the uniform convergence problem in such OPE
(Chapter [2), and obtained the near-optimal sample complexity (Chapter [2, Chapter [3)) in the
time-homogeneous and time-inhomogeneous settings respectively. In (Chapter[d] we also stud-

ied a variety of topics that are not covered in the previous chapters.

e Offline Policy Learning. For the policy learning task, we propose the Double Vari-
ance Reduction algorithm (DVR)[7] for the tabular reinforcement learning, which at-
tains the near-optimal minimax sample complexity guarantees for finite-horizon time-
homogenuous, time-inhomogenuous, and infinite horizon discounted settings respectively.
Furthermore, we improve the previous worst-case guarantees to the instance-adaptive
guarantee [97]], which subsumes nearly all the previous optimality results. Later, we con-
sider the linear function approximation [98,[99]] and the differentiable parametric function

approximation [[100] for offline RL.
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e Stochastic Shortest Path. We initiated the stochastic shortest path setting in the offline
regime under the tabular setting (there are finite number of states and actions) [101]. We
consider both the offline policy learning and the offline policy evaluation tasks for this

goal-orientated setting.

e Low-switching RL. In many real-world reinforcement learning (RL) tasks, it is costly
to run fully adaptive algorithms that update the exploration policy frequently. Instead,
collecting data in large batches using the current policy deployment is usually cheaper.
Those problems can be cast as the low-switching RL problem, and [102] first achieves

the loglog T' switching cost with ﬁ regret.

e Deep Reinforcement Learning. We design the Closed-Form Policy Improvement (CFPI)
[103] operator for tackling the locomotion tasks. We initiate offline RL algorithms with
our novel policy improvement operators and empirically demonstrate their effectiveness

over state-of-the-art algorithms on the standard D4RL benchmark [104].

5.2 Future Directions

Some Open problems:

As noted earlier, the conjecture posed in [21] remains unsolved. This has to do with the
infinite A case, where we can never observe any (s, @) pair more than once, hence not able to
estimate the transition dynamics or the expected reward. The minimax lower bound in [16]
(for the contextual bandit setting) already establishes that the Cramer-Rao lower bound is not
achievable in this setting even if H = 1 and .S = 1. It remains open question as to whether
H? is required. Another problem concerns better dependence for stationary transition case. We
conjecture the dependence of H? can be further reduced in the stationary transition case. Our

current analysis cannot further reduce the dependence for stationary transition setting.
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Uniform OPE that depends on 7. In this work, we primarily considered obtaining uniform
bound independent to z; however, given a logging policy p, it is often easier to evaluate certain

policies than others, as revealed in the pointwise OPE bound of [57]. Specifically, obtaining
V/nlo™—v"|

y(7,1,M,5)

a high probability bound of the form sup, < C for some function y and constant C
would be of great interest. We could already get such a bound by applying union bound to the
data-dependent high probability pointwise convergence of either [S7]] or [64] but it comes with
an additional O(.S) factor. Characterizing the optimal per-instance OPE bound is an interesting
future direction.

This thesis focuses on the tabular Reinforcement Learning (RL) with discrete states and
actions. Recently, there has been a surge of studies in RL with general function approximation
[105,1106}107] that goes beyond the tabular setting and under a wide range of problem classes.
However, while these algorithms have nice statistical guarantees, most of the algorithms are
computationally inefficient. In the future, it would be exciting to study RL with general function

approximation classes that can bridge the gap between the theory and practice (say via neural

network approximations).
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Appendix A
Supplementary Material to Chapter

A.1 Related settings to OPE

Markov Decision Processes have a long history of associated research [34, [35], but many
theoretical problems in the basic tabular setting remain an active area of research as of today.
We briefly review the other settings and connect them to our results.

Regret bound and sample complexity in the online setting. The bulk of existing work focuses
on online learning, where the agent interacts with the MDP with the interests of identifying
the optimal policy or minimizing the regret against the optimal policy. The optimal regret
is obtained by [39] using a model-based approach which translates into a sample complexity
bound of O(H?*S A/e?), which matches the lower bound of Q(H?3S A/e*)[43]]. The method is
however not “uniform PAC” where the state of the art sample complexity remains O(H*S A/€?)
[108]. Model-free approaches that require a space constraint of O(H S A) were studied by [96]
which implies a sample complexity bound of O(H*S A/¢?).

Sample complexity with a generative model. Another sequence of work assumes access to a
generative model where one can sample from s, ; and r, given any s,, a, in time O(1) [109]]. [42]
is the first that establishes the optimal sample complexity of @(H>S A/e?) under this setting
(counting H generative model calls as one episode). [110] establishes a similar results by
estimating the parameters of the MDP model using maximume-likelihood estimation.

A.2 Proof of the main Theorem

To analyze the MSE upper bound E u[(ﬁ%vus — v™)?], we create a fictitious surrogate Utanis?
which is an unbiased version of 07, .. A few auxiliary lemmas are first presented and Bell-

man equations are used for deriving variance decomposition in a recursive way. Second order
moment of marginalized state distribution d” can then be bounded by analyzing its variance.
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A.2.1 Fictitious tabular MIS estimator.

The fictitious estimatmﬂ 0" fills in the gap of state-action location (s,, a,) of the true estimator
0" where ng . =0. Speciﬁcally, it replaces every component in 0" with a fictitious counterpart,

ie. V" = Zt 1(a’l ,77), with a’” = E”dj’f_l and ﬁt”(stls,_l) =2 P(s,|s,_1»a,_)m(a, |5, )
Fr(s) = 2, T(si a)m(a,ls)). In particular, let E, denotes the event {n, , > nd/(s,, a,)(1 —9)}E|,
then

7(s;,a) =7(s,, a)1(E) + r (s, a)1(ES)
Pr+1(' |St’ at) = Pt+1(' |St’ at)l(Et) + Pt+1(' |St’ at)l(Etc)-
where 0 < 6 < 1 is a parameter that we will choose later.

The name "fictitious" comes from the fact that 0" is not implementable using the dat* P, but
it creates a bridge between 0" and v” because of its unbiasedness, see Lemma[A.2.5] Also, for

n
. — @ 0 O
simplicity of the proof, throughout the rest of the paper we denote: D, := { Sy @y T }i=1 .

R N n
Also, in the base case, we denote D, := {s(l'),a(l’)}' 1 and that r7(s,) := [Eﬂ[ril)lsfl) =s,]=
i=
Zat[E[rgl)lsgl) = s,a" = aln(a,s,) = 2 (s, a)m(agls,). Then we have the following
preliminary auxiliary lemmas.

Lemma A.2.1. d” and 77| are deterministic given D,. Moreover, given D, Pz:[q . is unbiased
of P* P and 77 is unblased of rf.

Proof: [Proof of Lemma | By construction of the estimator, d~ 7 and 77 only depend
on D,, therefore d 7 and 77 given D, are constants. For the second argument, we have VS0 841

ELPY, (sals)ID] = DL ELP (.41 l5,, a)I D]y s,)

4

- Z <1(E JELP, +lt(sl+l|St’ r)|D I+ I(EC) +lt(st+l|St’ z)>”(a |St)

= Z <1(E) 1+1, (8141 s, a,) + I(EC) 1+1, (8141 s, at)>”(a |'s,)

Z 1S 18, a)m(als) = ;+1 (Sip1 s,

'We replcace the notation of 0%, . . with just " throughout the proof. 7” always denotes fictitious tabular MIS
estimator.

ZMore rigorously, E, depends on the specific pair s,, a, and should be written as E,(s,, a,). However, for brevity
we just use E, and this notation should be clear in each context.

3t depends on unknown information such as d K PT . exact conditional expectation of the reward rf and so

tt 1’
on.

TMIS
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where the third equal sign comes from the fact that conditional on E,, P(s, +1l8,a,) — the
empirical mean — is unbiased. The result about 77 can be derived using a similar fashion.
Using Lemma[A.2.1] we can derive the following recursions for expectation and variance:

Lemma A.2.2. For h =1, ..., H, we have

h—1
[(a’”,V”) + Z(dt, 7

Var [ h+l? h+1>+z<d1’t

h=2

Dy | = (d;_ 1,V”1>+Z<d,, 7 (A1)

(A2)

Proof:  The proof of Lemma [A.2.2] can be found in Lemma B.2 and Lemma 4.1 in
xie2019towards by coupling the standard Bellman equation:
]T

V=1t 4+ [PF (A3)

h+1,h h+1

with the total law of expectations and the total law of variances.

Lemma A.2.3 (Boundedness of Tabular MIS estimators). 0 < 0" < HR,,,,,0< 0" < HR_,

max’

Proof: we show l/’:”(-|s,_ 1) 1s a (degenerated) probability distribution for all 7, s,_;.

Z R”(Stlst—l) = Z Z Ps,ls,_ya,_)m(a,_1s,_y)

A

= Z Z ﬁ(stls,_l,at_l)zr(at_1 Is,_1) This is since |A|, |S| < o

-1 St (A4)
s,s,latl )
=D D (@ Is,)
a_y S, Stlarl

IA

Z w(a,_i|s,_) =1

a1

The last line is inequality since 13,(s,|s[_1, a,.;) = 0whenn = (. Following the same

—1:91-1
logic, it is easy to show F,”('|S,_1) is a non-degenerated probability distribution.

Next note Zsl a?f(sl) = Zsl c/l?(sl) = Zsl n71 = 1. Suppose c/l\t”_l(-) is a (degenerated)
probability distribution, then from dAt” = f’t"c};’f_ , and (A.4), by induction we know dAt”(-) isa
(degenerated) probability distribution for all 7.

Using Assumption L 1t 1 easy to show 77(s,) < R, for all s,, then combining all
results above we have ﬁ” = Z 1(d 7,77y < HR,,. Similarly, " < HR,,,.

The boundedness of Tabular-MIS estimator cannot be inherited by the State-MIS estimator

since USMIS explicitly uses importance weights and there is no reason for it to be less than H R,
72
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As a result, we do not need an extra projection step for our estimation to be valid. Thanks to
the following lemma, throughout the rest of the analysis we only need to consider 0”.

Lemma A.2.4. Let 0" be the Tabular-MIS estimator and 0" be the fictitious version of TMIS
we described above with parameter 0. Then the MSE of the TMIS and fictitious TMIS satisfies

62n mi“r,s,,a, dt”(s,,a,)

E[(D" — v")*] < E[(7" — v")*] +3H>SAR? e 2

Proof: [Proof of Lemma |A.2.4] Define E := {31,s,,a, s.t. n, , < nd{(s;,a,)(1 - 0)}.
Similarly to Lemma B.1 in the appendix of [21], we have
E[(D" - v™)’] < E[(@" — v")’] = EI(0" — 07)*] + 2E[(0" — O°)(@" — v")] + E[(T" — v")]
=P[E]E[(0" — 0")* + 2(0" — 0")(T" — v™)|E| + P[E‘] - 0 + E[(7" — v")’]
<3P[E]H’R’__+E[(D" — v")*],

where the last inequality uses Lemma[A.2.3] Then combining the multiplicative Chernoff
bound and a union bound over each ,s, and a,, we get that
92"min’v‘h”t d:‘(x,,a[)
PIEI< Y D Y Pln,, <nd'(s.a)1-0)]<HSAe =,
t

St 4

which provides the stated result.

an mi“t,s,,at d;‘ (s7.ar)

LemmalA.2.4|tells that MSE of two TMISs differs by a quantity 3H*SAR? e~ 2

max

and this illustrates that the gap between two MSE’s can be sufficiently small as long as n >
polylog(S,A,H ,n)

. " .
min, o d; (s;.a,)

A.2.2 Variance and Bias of Fictitious tabular MIS estimator.

Lemma A.2.5 ([21]] Lemma B.2). Tabular-MIS estimator is unbiased: E[0"] = v" forall 0 < 1.

Lemma A.2.6 (Variance decomposition).

Var[V7(s\")]
Var[0"] =—————

n

H iy 2

+ Z Z Z E % I(E,) | n(ayls;,)*Var [(V” GO+ iYW =5, a =a ] .
pot n h hi%h h+1 ) T )| S 4, "
=L Sy ap

(A.5)

Sp.ap

where V" (s,) denotes the value function under & which satisfies the Bellman equation

V,E(St) = r?(st) + Z P,ﬂ(51+1 |St)V¢:1(St+l)-

St+1
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Remark 9. Note even though the construction of TMIS and SMIS are different, both fictitious
estimators are unbiased for v*. Therefore the MSE of MIS estimators are dominated by the
variance of the fictitious estimators. Comparing LemmaA.2.6|with Lemma 4.1 in [21|] we can
see our Tabular-MIS estimator achieves a lower bound, and it is essentially asymptotic optimal,
as explained by Remark|l]

Proof: [Proof of Lemma [A.2.6]] The proof relies on applying Lemma [A.2.2]in a recur-
sive way. To begin with, we use the following variance decomposition, which applies (A.2)
recursively.

Var[0"] =EVar[0”|D,,] + Var[E[7"|D 1]

=E | Var[(d@%. 7)) Dy ]| + Var[ELT5. 75Dyl + Y (@7 7)]
- N t=1
H-1

—F _Var[(J”,FZHDH + Var[(d™, ") + Z(d” 7

t’t

i H-1
—F Var[(d”,?’;ﬂDH + Var[(d5, Vi) + ) (dF. 7"
- t=1

t’t

=E :Var[<£i’”,7~g>|1) +E [Var [(d”,V”>+<dH s 1>|DH 1]]

+ Var [(dH - )+2(dt, 7 ]

-1

=

_F [Var[(JZ,F’;)|DH]]+ [E[Var [(th, Ve )+ (dEF h)‘D”+Var [(d”,Vn>]

™M

Now let us analyze E [Var [(d

F Vi) + @5 7[Dy || Note By, 5, and Fis,) for
each s, are conditionally independent given D,,, since D,, partitions the n episodes into .S dis-
joint sets according to the states sz) at time h. Similarly, P, (:|s,, a,) and 7 (s, a,) for each

(s,» a,) are also conditionally independent given D, . These observations imply:
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E :Var [<dh+l’ Vie) + <d” Nﬂ>|Dh”

=E | X Var |5 )(P, s, Vi) + d2Gsy) -7;;(sh)|Dh]]
| Sh

3l

=E Z J;ITZ(sh)Var [Z(ﬁhﬂ('lsh’ ay) - w(ayls,), V') + Z?h(sh, a,) - m(a,lsy)
n an

L Z ‘17;,[(5}1)2 Z w(ayls;)*Var [<§h+1('|5h’ ) Vi) + Falsys ah)‘Dh]]

Sh ap

2 VG +r)|D,

Snoh lls(')—s aV=a,
h

ar [0V, + O] = s = ah]]

=E| ) dr(s))* D m(ay]s,)*1(E,)Var

—E [Z dr (s, Z 7;(a,,|sh)2

d* 2
= Z Z n(ahlsh) [ £ (5n) 1(Et)] - Var [(Vhil(s:il) + rg))|sg) = sh,ag) = ah] .

Sh ap

Sp @y

(A.6)
The second line and the fourth line use the conditional independence for s, and (s,, a,) respec-
tively. The fifth line uses that when n, , < nd, (s;,a,)(1 — 6), the conditional variance is 0.
The sixth line uses the fact that eplsodes are iid.
Plug (A.6) into the above variance decomposition and uses V., = 0, we finally get

Var[V”(s(l))]
Var[p*] =—— 1 —

d* 2
+ Z Z SE [ A 1(Eh)] may s, Var |V, G + D)5 = spd) = a,] .

h=1 s, a, Shﬂh

A.2.3 Bounding the variance of c’z’VZ (sp,)-

Applying the definition of variance, we directly have

dr (s,)? -0 15 -0 7
E [ Zsh 1(Eh)] < U9 g [d,’f(sh)z] = U O (s + Varl @i s, (AT)

nd, (s, ay) nd,' (s, a,)

where we use the fact that 57;” (s,) 1s unbiased (which can be proved by induction through apply-
ing total law of expectations and the recursive relationship d = P”d[ ). Therefore the only
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thing left is to bound the the variance of JZ (s,). To tackle it, we consider bounding the covari-

ance matrix of d~;f (s;,). As we shall see in Lemma , fortunately, we are able to derive an
identical result of Lemma B.4 in xie2019towards for our Tabular-MIS estimator, which helps
greatly in bounding the the variance of d(s,).

Lemma A.2.7 (Covariance of c?if with TMIS).

_ h—1 s 2 ~7z’ )
~ (=60 . df(s)” + Var(d[(s) n(a,|s,)
Cov(d?) <———— Pz dia
@) <= 2 Phersnding | 2, a7 (s,) w(ayls,)

8,0

T

|]:Dt+1,t('|st’at)] [PZ+1,I+1]
llpyz di z| rp~ T
+; p, 19148 [dl][ al -

r _mpr  .pr o . . . :
where Py = P Phines o P the transition matrices under policy © from time t

to h (define P, "= 1T).

Proof: [Proof of Lemma We start by applying the law of total variance to obtain
the following recursive equation

Covldf] = E|Cov |7, a7 ||| + Cov [E|Br, a2, |Dici || (A8)
= E |Cov [Z B Clsp)d™ (5,00) Dh_1” +Cov |[E[Br, 27 |, ||
L Sh-1
(A.9)

| Sh—-1

—E|Y Cov [P;h_l(-|sh_1))ph_1] d;f_l(sh_l)zl +P7,  Covdr 1P, 1"
_/

®
(A.10)

The decomposition of the covariance in the third line uses that Cov(X +Y) = Cov(X)+Cov(Y)
when X and Y are statistically independent and the columns of P, , _, are independent when
conditioning on D,,_,.
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() =E [ Y D 7(a,_ls,_,)*Cov [ﬁh(-|sh_1, ah_1)|Datah_1] dN;f_l(sh_l)zl (A.11)

| Sh—1 Qp-1

=E | Y 3 #a)_y15,_)*1(E,_)Cov [ﬁh(-|sh_1,ah_l)(Datah_l] ‘7;’5_1(%—1)2] (A.12)

| Sh—1 Qp-1

1(E,_) ~
z z: 2 h-1 M 1 2
:"E ﬂ'(ah_llSh_l) n COV I:esgll)|sh_1 = Sh_l, ah—] = ah_l] d;,r_l(sh—l)

| Sh—1 p-1 Sh—1-9h—1
(A.13)
dNﬂ_ (Sh—1)2 )
= Y ala,,ls, ) E [LI(E,H) [dlag[ﬂj’h(-lsh_l, a,_ )] (A.14)
Sp_1-ap_1 Sp—1>@p—1
- Ph('lsh_l, ah_l) ° Ph('lsh—l’ ah_l)Tl (A.]S)

d;f_l(sh_l)l + Var[aT;f_l(sh_l)] m(a,_ s, ..
) Z Z { nd;:—l(sh—l)(l —0) H(ap_|sp-1) diaglP o (1S5 ah_l)]}

(A.16)

Sh—1 Ap—1

The second line uses the fact that conditional on E; , the variance of P(- |S,_1>a,_;) is zero

given Data,. The third line uses the basic property of empirical average, and the fourth line
comes from the fact

()]

@ _ n _
Cov [eSZ” Syl = Sp-12G, = ah_l]

_ T | _ @ _
=E lesg) . es;” S = Sp_150, = ah_l]

T
M _ aV =g
h=1— Ph=D1%p_1 7 %h-1

]T

—E [es(hl)

O _ @ _
Sh—l - S/’l—l’ ah—l - ah_l] . [E I:eS;,D S

=diag([ph,h—l('|sh—1’ ap_1)) — Ph,h—l('lsh—l’ ap_ P py (- |Sp-15@p_1)

The last line (A.T6) uses the fact that P7 ,  (-|s,_ [P}, _ (-|s,_)]" is positive semidefinite,

Ry o 2 nd;:_l(sh_l, a,_,)(1 — 6) and the definition of variance for J;f_l(sh_l). Combining
and (A.16) and by recursively apply them, we get the stated results.
Benefitting from the identical semidefinite ordering bound on Cov(d;) for TMIS and SMIS,

we can borrow the following results from [21]] for our Tabular-MIS estimator.

Lemma A.2.8 (Corollary 2 of [21]). For h = 1, we have Var[dN;[(sl)] = %(d;f(sl) - d;l”(sl)z),

77



Supplementary Material to Chapter|§| Chapter A

and for h = 2,3, ..., H, we have:

Var(dz(s,)] < L= Z PRACIDLIORED WAANTACH

=2 s

) d” | (s, +Var(d”  (s,_)) 2@,y 1s,1)?
where o(st) = ZSI_1< 151 18 Z #Pz,z—l(‘gtlst—l’al—l) .

d" (s,-1) Gt a5y

7r(a,|s,) d T .

1,8;,a; u(a,ls,) -
dr —p)!

max, %. Ifn > Mﬁ)r allt =2,..,H, then forall h = 1,2,..., H and s,, we
t

= max{d”(s,).d"(s))}
have that:

Lemma A.2.9 (Error propagation: Theorem B.1 of [21]). Lef 7, := max

~ 2(1 —0)~thr, 7,
Var[d;:(sh)] < . dﬂ( Sp)-

Before giving the proof of Theorem[2.5.1] we first prove Lemma
)

Proof: [Proof of Lemma | Let value function V7(s,) = E_ [} t N El)ls = s,] and
O-function Qj(s;,a,) = E [Zt A 51) W = sh,a(l) = a,], then by total law of variance we
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obtain (let’s suppress the policy z for simplicity):

h
Var [Z M +V,1+1(s§j+)l)]

t=1

t=1

0|

[ h—1
=E |Var (1)+Vh+1(s(”) M (1> + Var rO+E|V,,, sV )+r<1> (1) (1)”

[ h 1] h
=E | Var [ D AV 4V S )[D, || + Var [[E [ DAV V)
t=1 i

>

h+1 h’ h h+1 h’ h

DMI I

h+1 h’ h

—F | Var (1)+Vh+l(s<1)) W O 4 var rfl)+Qh(s(1) (1))]

1

-~
Il

- - 11 h—1

— (1) (eY) @ (D 9] 1) (1) 1 (1)

=[E | Var |~ +Vh+1(sh+1) S, s a, +E [Var Zr + O,(s), 5 a,)|s, 5, 1”
L L 1] =1

t=1

h-1
1 1 1 1 1
+Var [[E[Zr§>+Qh(s” al)|si i ]”

=E [Var [r(l) + VhH(s(hlll)

h—1
+Var [Z rgl) +E [Qh(Sg), ;1)) (1)”
=1

(1) (1)]]+ElvarlQh(s(l) (1))

(1) FD
Fiina

h-1
0 [Var[ D 4 V0, <1>H +E [Var lQh(s(” a)[s"| | + Var [Z R A
=1
(A.17)
where we use Markovian property that (V) +1(s P +1)|Dh) equals (V, +1(s§llll)|s(1) (1)) in distribu-

(e))
h+1

6]

tionand E|V,,,(s,, ) +r,

(1) (l)l = Qh(s(l) d )). Then by applying (A.17)) recursively and
letting h = H, we get the stated result.

Remark 10. A straight forward implication of Lemma is the following:

H
Z[E [Var[V” <1>)+r<1)) e (1)” < H’R?

t+1V 11 t I max "’
=1

Combing LemmalA.2.6|and[A.2.9] we are now ready to prove the main Theorem [2.5.1]
Proof: [Proof of Theorem [2.5.1]] Plug the result of Lemma[A.2.9]into Lemma[A.2.6|and
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uses the unbiasedness of U7, (Lemma|A.2.5) we obtain V 0 < 6 < 1:

E[(0Fy s — V")’

Var[V”(s“))] a — 9!

O e Y L e, a5, Var |V i) +rD)s = sp0a) = a, ]
h=1 s;,a, nd (S/’l’ /’l)

(1 — ) 1 24 - 9) ‘h,z, dj(sn) ”(ahlsh) M ONEO
;shzah d(sp) ,u(ah|sh) [( Vit G T, ))Sh = Sh]
(A.18)

we have

.»a,)). Then by assumption n > 16logn

Choose 0 = \/4 log(n)/(nmin, , d/'(s e
6 < 1/2, which allows us to write (1 — 8)~! < (1 + 260) in the leading term a{n[d (1-0'<2
in the subsequent terms. The condition of Lemma[A.2.9]is satisfied by The second assumption

on n. Then, combining (A.T8)) with Lemmal[A.2.4|we get:

dy (Sh) ”(ahlsh) 1) My ] D 6]
S +r s, =8,,a =a ]
[( Urmis — };) Yza dZ(Sh) M(ah|5h) [( h+1( h+1) h ) h ho %p h

161
(14 [ —=22 )+ 2 misar:
nmin, d”(s,) n? max

81’ T, Z Z h-di(sy) n(a,ls,)? m Ol "
S +r S =5,,d =a ] ,
h=1 s,.a, d(sp) #(ah|sh) [( Vit S T, )) h ne @, = ay

(A.19)
now use Lemma [B.4.4] we can bound the last term in (A.T9) by
8t2r H I 872z, H3R2
a’s z D @ (1) (1) max
ey & Vo[V o+ ] < =,
m = m

. . . . . 27 H3R?
Combine this term with %H 3S Aanax we obtain the higher order term O(T“Tbnz.—d'"”‘), where we

use that pigeonhole principle implies that S < 7, A < 7,,.
This completes the proof.

A.3 Proofs of data splitting Tabular-MIS estimator.

We define the fictitious data splitting Tabular-MIS estimator as:

N
e Z
%pllt

80



Supplementary Material to Chapter|§| Chapter A

™

where each 56) is the fictitious Tabular-MIS estimator of 0” U Moreover we set all o' U(l), (2), e Uiy

jointly share the same fictitious parameter 6,,
Proof: [Proof of Theorem -I Let E’ = {3 0" : s.tD% # ﬁg)}, then an argument

() ()
similar to Lemma[A.2.4 can be derived:
E[(®" . —v")*] <3P[E ]HZR2 +E[(@" . — V"),

split split

and

H%WM ming g, g, d¥'(sy.07)
PE'|< N Z > D) Pln,, <M-d'(s.a)1-0,)] < NHSAe ™ =

St 4

therefore P[E’] will be sufficiently small if M > O(Polylog(H, S, A,n)/ minm”at dt” (s;,a,)).
By near-uniformity we M > O(Polylog(H, S, A,n)S A) > O(Polylog(H, S, A,n)/ mint’shat dt” (s, a,)).
Moreover, by i.i.d and unbiasedness of U’ UGy, we have

1 H>SA H>SA
~ - O( ) = O(
N M

IE[(nght - U”)z] = [E[(U(l) ”)2] )

by the second assumption on M and Theorem [2.5.1]
We now proof Lemma since it will be used to as the intermediate step for proving

Theorem
Proof: [Proof of Lemma[2.7.1]] Note that

SN | PERTHIBEON | RERTS)

<N-P [{3:, spa,s.tn < nd"(s,,a)(l - eM)}]

03, Mmin; g, g, d¥(sp.9)

< NHSAe 2 ,

therefore by near-uniformity M > max [O(S A - Polylog(S, H,A, N,1/6)), O(H TaTS)] is suf-
ficient to guarantee the stated result.
Now we can prove Theorem
Proof: [Proof of Theorem First of all, we have

P (100, = 071 > €) < P (100, = T > 0) + P (15, - 071 > €). (A.20)

Now by Bernstein inequality we have

N
1 ]\]6'2
—v|>e)=P(|—= Y@ - 2e) < 1= 20/2.
<|uspht | e) (IN ;(%) )| —€> —exp< 2Var(37,)) + 2H R,y € /3) /
(A21)
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Solving (A.21)) and apply Theorem[2.5.1] we obtain

2Var(v;)10g(2/6) 2HR,  log2/6) ~ [H>SAlog(2/5). 2HR,, log(2/5)
€< + < O( + .
N 3N M- N 3N

(A.22)
As N goes large, the square root term in (A.22)) will dominate and it seems we only need to
consider the square root term in N and treat the second term as the higher order term. However,
since M > max [O(SA - Polylog(S, H, A, N, 1/6)), O(Hrars)] , N cannot be arbitrary large
given n. An example is: when N = n, then M = n/N = 1 does not satisfy the condition.
Therefore to make the square root term dominates we need

H2S Alog(2/6) S O(HRmax log(2/6))
M- N - N '
This translates to

M < O(\VnSA), (A.23)

where O absorbs all the Polylog terms.
Therefore under the condition (A.23), we can really absorb the second term in (A.22)) (as
higher order term) and combine it with Lemma to get that with probability 1 — 6,

~ [H?SA ~ [H?>SA
T T —
|vspm—v|§0+0( : ) = O( " ).
Proof: [Proof of Theorem [2.9.1]] The non-uniform result of Theorem gives:

A ~ [H?>SA
107 — V"1 < O(
split n
Note that all nonstationary deterministic polices class have cardinality | []| = A, which

implies log | [] | = H .S log A, therefore combine Lemma with a direct union bound and
Multiplicative Chernoff bound we obtain

.~ [H3S24A
sup |Usplit —U | < O( )
€[] n
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Algorithm 2 Data Splitting Tabular MIS OPE
Input: Logging data D = {{s”,a" (l)} ", from the behavior policy u. A tar-

t ’ I
get policy = which we want to evaluate 1ts cumulative reward.  Splitting data size

1: Randomly splitting the data D evenly into N folds, with each fold |D?”| = M
2: fori=1,2,..., N do

3:  Use Algorlthm I to estimate 07, with data DY,

4: end for

5

. Use the mean of D" U(l), Gy - Ul N) as the final estimation of v”

A.4 More details about Empirical Results.

Restate Time-varying, non-mixing Tabular MDP in Section [2.8]

There are two states s, and s, and two actions a, and a,. State s, always has probability 1
going back to itself, regardless of the actions, i.e. P,(sy|sy,a;) = 1 and P,(sy|s,,a,) = 1. For
state s,, at each time step there is one action (we call it ) that has probability 2/ H going to s,
and the other action (we call it a’) has probability 1 going back to s,,

2 . .
= if s = s5,; 0 ifs=s,;
P(s|s,.a) = { T P,(s|s1,a'>={ ST

1—% if s =s,. I ifs=s,.

and which action will make state s, go to state s, with probability 2/ H is decided by a random
parameter p, uniform sampled in [0, 1]. If p, < 0.5, a = a, and if p, > 0.5, a = a,. These
pi, -, Dy are generated by a sequence of pseudo-random numbers. Moreover, one can receive
reward 1 at each time step if # > H /2 and is in state s,, and will receive reward 0 otherwise.
Lastly, for logging policy, we define it to be uniform:

if - =a; Loif =g
ﬂ('lso): and M('|S1): % .

if':az. lf':az.
For target policy 7z, we define it as:

ﬁ(.|s0)={ %f-:al; and 75('|51)={

lf c = 612.
We run this non-stationary MDP model in the Python environment and pseudo-random num-
bers p,’s are generated by keeping numpy . random. seed (100).

N | =0 | —

N

N | =N | —
BIWA | —

lf' = 02.

@) (l)

i€[n],te[H]
We run each methods under K = 100 macro-replications with data D ;) = { (", a", r }

(k) ’

and use each D, (k = 1, ..., K) to construct a estimator 0" ., then the (empirical) RMSE is com-

[k)
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puted as:

K .
RMSE = \/2k=1(qu ~ Ufte)’
K b

where v” s obtained by calculating })t’j-l t(s’ ls)=>,P, +1,t(s’ |s, a)z,(a|s), the marginal state

distribution d” = P*_ d* , r7(s,) = Zat r (s, a)m(a,ls,) and vF = = Z,IL Zs, dr(s)rr(s,).

Then Relative-RMSE equals to RMSE/ 07 .

Other generic IS-based estimators. There are other Importance Sampling based estima-
tors including weighted importance sampling (WIS) and importance sampling with stationary
state distribution (SSD-IS, [29]). The empirical comparisons including these methods are well-
demonstrated in [21]] and it was empirically shown that they are worse than SMIS. Because of

that, we only focus on comparing SMIS and TMIS in our simulation study.
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B.1 On error metric for OPE

In this section, we discuss the metric considered in this work. Traditionally, most works
directly use Mean Square Error (MSE) E[(0"—0v™)?] as the criterion for measuring OPE methods
e.g. [19, 111} 23} 156l], or equivalently, by proposing unbiased estimators and discussing its
variance e.g. [18]]. Alternately, one can consider bounding the absolute difference between v*
and 0" with high probability (e.g. [64]), i.e. |07 — v"| < €4, W.h.p. Generally speaking, high
probability bound can be seen as a stricter criterion compared to MSE since

E[(D" — v™)*] = E[(0" — v™)*1,] + E[(D" — v")* 1]

<@ (1= 8)+ H* -5, (B.1)

where E is the event that €, error holds and 6 is the failure probability. As a result, if both 6
and €,,,,(6) can be controlled small, then the high probability bound implies a result for MSE
bound. This is realistic, since 6 mostly appears inside the logarithmic term of ¢,,,,(6) so the
second term can be scaled to sufficiently small without affecting the polynomial dependence

for the first term.

B.2 Some preparations

In this section we present some results that are critical for proving the main theorems.

Lemma B.2.1. For any 0 < 6 < 1, there exists an absolute constant ¢, such that when total
episode n > ¢, - 1/d,, - log(H S A/$), then with probability 1 — §,

n,, >n-d'(s;,a)/2, Vs,a,.

Sp,ap —
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If state s, is not accessible, then n, , = d/'(s,,a,) = 0 so the lemma holds trivially
Proof: [Proof of Lemma [B.2.1]| Define E := {3t,s,,q, s.t. n, , < nd{(s,,a,)/2}. Then
combining the multiplicative Chernoff bound and a union bound over each #,s, and a,, we obtain

P[E] < Z Z Z Pln, , < nd!(s,.a,)/2]

St 4

. o
nming s g dy (sp.ar) n-dy

<HSA-e 8 =HSA-e 3 =6

solving this for n then provides the stated result.

Now we define: N :=min,; , n, ,,thenabove implies N > nd,, /2 (recall d,, in Assump-
tion . Now we aggregate only the first N pieces of data in each state-action (s,, a, of
off-policy data D and they consist of a new dataset D' = {(s,, a,, sﬁ:l, rg")) ci=1,.,N;t e
[H];s, € S,a, € A}, and is a subset of D. For the rest of paper, we will use either D’ or the
original D to create OPEMA 0" (only for theoretical analysis purpose). Whether D or D’ is

used will be stated clearly in each context.

Remark 11. It is worth mentioning that when use D' to construct U”, nSD/a = N forall s,, a,.
%t

Also, N := min nSDa (note n?a is the count from D) itself is a random variable and in the
| Saat s [Shat 4

extreme case we could have N = 0 and if that happens 0" = 0 (since in that case 13: = 0 and
d” is degenerated). However, there is only tiny probability N will be small, as guaranteed by

LemmalB.2.1]

We wanted to point out that this technique of dropping certain amount of data, is not uncom-
mon for analyzing model-based method in RL: e.g. Rmax exploration [[112] for online episodic
setting (see [[41], Notes on Rmax exploration] Section 2 Algorithm for tabular MDP. The data
they use is the “known set” K with parameter m, in step3 data pairs observed more than m times
are not recorded).

B.2.1 Fictitious OPEMA estimator.

Similar to [21},57]], we introduce an unbiased version of 0" to fill in the gap at (s,, a,) where

n, , is small. Concretely, every component in D" is substituted by the fictitious counterpart,

L~ H /5% ~ o 3 Sr = =
ie. 0" 1= 37 (dr,Fy), withd] = Prd"  and P"(s|s,_)) = 2, P(sls_.a_)n(a,_ls,.).
In particular, consider the high probability event in Lemma i.e. let E, denotes the event

In general, non-accessible state will not affect our results so to make our presentation succinct we will not
mention non-accessible state for the rest of paper unless necessary.
ZNote we can do this since by definition N < ng o foralls,a,.
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{ny . 2 nd/(s,, a,)/2} then we define

7 (s, a) =715, a)I(E,) + r,(s,, a)1(E)
P Clspa) = Py Cls, a)l(E) + Py (s, a)1(ED).

Similarly, for the OPEMA estimator uses data 7', the fictitious estimator is set to be

’F;(SI’ at) = ?I(St’ at)l(E) + r[(Sp at)l(EC)
P Clspa) = PyyCls, a)l(E) + Py (ls,, a)1(ES)

where E denote the event {N > nd,,/2}.

D" creates a bridge between 0" and v™ because of its unbiasedness and it is also bounded by
H (see Lemma B.3 and Lemma B.5 in [57] for those preliminary results). Also, 0" is identical
to 0" with high probability, as stated by the following lemma.

Lemma B.2.2. For any 0 < 6 < 1, there exists an absolute constant ¢, such that when total
episode n > c,d, - log(H S A/6), then with probability 1 —

sup |07 =07 =0
rell
Proof: This Lemma is a direct corollary of Lemma[B.2.1|by considering the event E, :=
{3t,5,a,st.n, , <nd(s;,a)/2} or {N <nd,/2} since 0" and 0" are identical on E.

Note 7" and 0" even equal to each other uniformly over all z in II. This is not surprising
since only logging policy u will decide if they are equal or not. This lemma shows how close
0" and 0" are. Therefore in the following it suffices to consider the uniform convergence of
SUP e |07 = V7.

Next by using a fictitious analogy of state-action expression as in equation (3.1]), we have:

H
sup |07 — v"| = sup|2<d Y= Ddr.r)]
=1

rell rell =1
H
= sup | dr,r dr,r) + ar,r,) — dr,r,)|
sup 2< 7y - 2< r,) Z< r,) Z< L,
<su d” —d”,r.)| +su dN’”,7—r
ﬂ€g|;< ) HEE';}“ =)l

(%) ()
We first deal with (xx) by the following lemma.

3More rigorously, E, depends on the specific pair s,, a, and should be written as E,(s,, a,). However, for brevity
we just use E, and this notation should be clear in each context.
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Lemma B.2.3. We have with probability 1 — 6:

H

~ o~ H?log(HSA/6)

sup | Y (7.7, — r))| < 0<\/ )
=1

n-d

m

Proof: [Proof of Lemma

Since [(d*, 7, — r,)| < @], - |IF, = r,|o. we obtain

H H H
| DUAr T =)L < YR - N7 =l = D NIF = r s
t=1 t=1 =1

where we used dj”(-) is a probability distribution. Therefore above expression further indicates
sup,p | Zzl (dr.r,—r)| < thl ||F, —r,||.- Now by a union bound and Hoeffding inequality,

P(sup ||F, = ||, > €) = P(sup |F,(s,,a,) — r(s,,a,)| > ¢€)
t

1,8,,4,
< HSA-P(|r (s, a,)—r(s,,a,)| > ¢)
= HSA-P(F,(s,,a,) — r(s,,a)|1(E,) > €)
<2HSA - E[E[e 2"« |E,]]

%)

<2HSA -E[E[e""|E]] =2HSA - e 1=

where we use P(A) = E[1,] = E[E[1,|X]]. Solving for €, then it follows:

m

H H
o - H2log(HSA/S)
t=1

rell = n-d

with probability 1 — §. The case for E = { N > nd,,/2} can be proved easily in a similar way.

Note that in order to measure the randomness in reward, sample complexity » only has de-
pendence of order H?, this result implies random reward will only cause error of lower order
dependence in H. Therefore, in many RL literature deterministic reward is directly assumed.
Next we consider (x) in (B.2) by decomposing Z,IL (dNI” —d’,r,) into a martingale type repre-
sentation. This is the key for our proof since with it we can use either uniform concentration
inequalities or martingale concentration inequalities to prove efficiency.

B.2.2 Decomposition of Zti(cff —dr,r,)

Let ‘7:” € R54 denote the marginal state-action probability vector, 7, € R4S ig the
policy matrix with (z,), ., = 7/(a,|s,) and (7)) ,,, = O for s # s,. Moreover, let state-
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action transition matrix T, € R5*5*4) to be (T)) = P(s,|s,_;,a,_,), then we have

Se(Si-1:;-1)

d* = zT,d" (B.3)
dt” = n,T,dt”_l. (B.4)

Therefore we have
dt” — dt” =x,(T, - T,)alt”_1 + ”th(d,ﬂ_l — a’t”_l) (B.5)

recursively apply this formula, we have

t
dr —d = ) Ty my(T, = T)dr_ +T,.(dF —df) (B.6)
h=2

where I',., = [[_, #,T, and I, ., := 1. Now let X = Zil(r,, c?;” — d7), then we have the
following:

Theorem B.2.1 (martingale decomposition of X : Restate of the fictitious version of Lemma|3.5.1])).
We have:

H
X = Y (V) (@, = TAE)S)) + (V). dF = dP)s),
h=2
where the inner product is taken w.r.t states.

Proof: [Proof of Theorem[B.2.1]] By applying (B.6) and the change of summation, we have

H t
X = 2 <Z<rt’rh+1:tﬂh(Th - Th)d;f_1> + (I‘,,Fln(df — df)))

h=2

t H
h=1
H

<rt’ I_‘h+1:t7[h(fh - Th)d~;1[_1>> + Z(F,, Flit(‘fi‘ir - df»

h=1

H
D @[T 1)), (dF = df)(s))

h=1

I Il
M= IDM=
M= IM- T

(rss Fh+1:tﬂh(fh - Th)d~2_1>> +

H H H
= 2 [ e @y = Td;_ ) [+ 4 (T r (). (d] = dP)(s)
t=h h=1

—— ~ /

VEGs) VEs)
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B.3 Proof of uniform convergence in OPE with full policies
using standard uniform concentration tools: Theorem

As a reminder for the reader, the OPEMA estimator used in this iection is with data subset
D'. Also, by Lemma we only need to consider sup,, | Zf;(dt” —dr,r)l.

Theorem B.3.1. There exists an absolute constant ¢ such that if n > c - dL -log(HSA/), then
with probability 1 — 6, we have: "

Z(am n,rt> SO(\/H410g(HSA/5))+E lsup Z(dzz dtﬂ’rt>

ndm zell
Proof: [Proof of Theorem Note in data D’ = {(s,, a,, 521) ci=1,..,N;t =
I,...,H;s, € S,a, € A}H, not only s , but also N are random variables.

We first conditional on N, then (s a; s, 1) s are independent samples for all i, s,, a, since
any sample will not contain information about other samples. Therefore we can regroup D’
into N independent samples with D' = {X® : i =1,..., N} where X = {(st,a,, 521) t =
l,...,H;s, €S,a, € A}. Now for any i, change X to X' = {(s,, a,, :S‘i)) t=1,...,H;s, €
S,a, € A} and keep tlie rest N — 1 data the same, use this data to create new estlmator with

state-action transition d’”, then we have

sup
nell

H
sup | 2<d” df,r,)| = supl Zl<d;” —d,r)|
1=

zell =1

H H
<sup || Y (dF —dr.r)| = | Y (d" —dr.r)]
t=1 t=1

rell
H H
<sup | (dF —dr.r)y— Y (d"—dr.r)
zell |- =1
=su d* — d’”
nell?l Z<

up| S - T + P8 - ),
h=2

rell

where the last equation comes from the trick that substitutes d” by dj’” in Theorem By

4Here we do not include rgi) since the quantity sup,cp | Z,Ii l(d:’” — df,r,)| only contains the mean reward
function r;.
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definition, the above equals to

H

> ¥4 - - Aﬂ > T Aﬂ' /771'
2<Vhl (T, = Ti:)dh—1> + <I/1, ’dl - dl )
h=2

=sup -1(E)

mell

H
<sup (Z 1, = T DM 1, + (777 7 d?”>|> A(E)
h=2

rell

H
<sup (Z (T, =TV | + (V) d — dZ”)l) 3 105)
h=2

zell

Note the change of a single X will only change two entries of each row of (fh -7 ,:)T by 1/N

since with data D', n, , = N for all 5,, a,. Or in other words, given E,
0 0+ 0 .. —— .. 0
Log oL o § 0
T _ 4T N -~
U " ’
4 0 . 0 . . 0 .o+
N N

where the locations of 1/N,—1/N in each row are random as it depends on how different is
X'0) from X ). However, based on this fact, it is enough for us to guarantee

T 4 T
T =TVl < SVl < S(H —h+ ) < S H

and same result holds for |(f}l’ g dAf — dAI”)l <2H/N given N.
Combine all the results above, for a single change of X we have

H2

H H
~7r T ~71' Y H2
sup | 247 = dfor)| = sup| QAT —dlr)l| < 27 UE) <275
1=

mell 4

for any fixed N. If we let Z = S(XP, ..., X)) = sup, g | Zfil(d? — d”,r,)|, then for a
given N by independence and above bounded difference condition we can apply Mcdiarmid
inequality (where & = 2H?/N) to obtain

2 6

P(1Z —E[Z]| > e|N) < 2¢ 3 = - (B.7)

Now note when n > O(dL - log(HSA/6)), by Lemma [B.2.1{ we can obtain N > nd,, /2 with
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probability 1 — /2, combining this result and solving € in (B.7), we have

Z(dn_dtn’rt> SO(\/H410§(ZSA/5) lsup Z(dﬁ

rell
with probability 1 — 6.
Next before bounding E [sup,ren

sup
zell

m

2:11 (dj” —d7, rt)H , we first give a useful lemma.

Let y € (0, 1) to be any threshold parameter. Then we first have the following lemma:

Lemma B.3.1. Recall by definition P,(s;,, |S,_;,a,_1) = T;,(Sy, |8,_15 a,_;)- It holds that with
probability 1 — 6, forallt,s,,a, € [H], S, A: if P,(s,|s,_;,a,_;) < v, then

T ylog(HSA/6) 2log(HSA/d)
|Th(shlsh—l’ah—1) - Th(shlsh_l’ah—l)’ < \/ nd + 3nd :

l:fPh(Sha |S]1_1’ ah—l) >, then

T, (splspo1s an-1) = Ty (splsp_1s ap_y)

log(HSA/6) N 2log(HSA/S)
Ty (splspsapy)

2nd,y 3nd,y ’

Proof: First consider the case where P,(s,|s,_;,a,_;) < 7.

nS a
h—14h—1
1

Th(5h|5h—1, ap_1) = Ty (sylsp_ysap_y) = (1[52)] = Ty(splsp-rs ah—])> 1(E,),

Sh—1-9p—1 i=1

therefore by Bernstein Inequality,

. [r10g(1/6)  2log(1/6) ylog(1/6) 2log(1/8)
Th(Sh|Sh_1,ah_1)—Th(Sh|Sh_1,ah_1)’ < 1(Eh)( " + . < 2nd + 3nd 5
Sh—1-9h—1 Sh—1-p—1 m m

Second, when P,(s,|s,_;,a,_1) > 7.

i~ Ng, - ap_ (i)
T, (splsp-1san-1) = Ty (splsp_1s ap_y) _ 1 hi‘:’ 1 ( 1fs,’] B 1) W(E,),

T, (splsp_1>ap_y) T, (splsp_yan_y)

n ‘
Sh—1-8p—1 i=1

since

1 (i) 1 1
Sp -0 1| < Var[ls |s_,a_]§ < -
b 1] Ty (splsp_1>ap_1)? [ h] he T,(splsp_y>a5_1)

[s]
Var
T, (splsp-1sap-y)

92



Supplementary Material to Chapter|§| Chapter B

. 1Y . o .
and since L5y ) < 1/y, again be Bernstein inequality we have

Ty(splsp—1-ap-1) —
< log(1/6) N 210g(1/5);
2nd,y 3nd,y

apply the union bound over ¢, s,, a, we obtain the stated result.

T, (splsp_1san-1) = Ty(splsp_1s ap_y)

T, (splsp-1:ap-1)

Bounding E [sup,reH

Zfi1<‘7f —dr, rt)u . First note by Theorem [B.2.1}

H H
E [sug >dr —dr.r,) ] <)E lsup ‘<u;;(s), (T, - Th)cT;l’_l)(s))H +E [sup
me h=2

=1 nell nell

(Vi (s). ] — df)(s)>|l :

so it suffices to bound each E [supﬁeH

(Vr(s), (T, = T ()| |- First of all

E sup |<Vh7f(s), (T, - Th)cT;f_l)(s»']

=E Slelg Z Vhﬂ(sh)(fh = Typ)(splsp_1> ah_1)d~;f_1(sh_1, ap_y) ]
_” ShsSh—1-8h—1

<E (sup Z Vh”(sh)(fh = Ty)(splsp_1> ah_l)aT}’:_l(sh_l, ap_ | - UTy(splsp_1>ap_1) > 7]

_”en Sh>Sh—15Ap-1 _

+E | sup Z VE )Ty = Ty)(splspoi» ap- )y (5p_ps @] - UT(shlsp_1 apy) < 7]

rell
| E snosnoroan-

=[E | sup 2 Vh”(sh)Th(shlsh_l,ah_l)d;l’_l(sh_l,ah_l)
_”en ShoSh—15p-1

Th =T,
(SplSp—1-ap-1)

-A[T), > }’]]

-7

(a)

+E | sup Z Vhﬂ(sh)g;,r_l(sh—l’ ap_ )Ty, = T)(Sp1Sp_15ap_1)
_neH SpsSp—1-Ap—1

. I[Th(sh|Sh_]yah_]) S }/]] )

/

(b)
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Apply Lemma with 6’ /2 where 6’ = 6/ H, then

. ~ [logQHSA/8") 2log(2HSA/S)
(a) strlelg Z Vi )Ty (splsp_rs ap_1)d_(Sp—y> ap_1) < nd 7 + 3nd (1—
SpsSp—1-Gp—1 m m
+HS' /2
~ log2H2SA/5) 2log(RH*SA/d)
< sup Vi (si)Tp(splspots ap_dy_ (Sp_1s ap_y) +
rwell Shssiz;ahl h ! 1 ! ! 2ndmy 3l’ldm}/
+6/2

21log(H2SA/8) 2log(2H?*SA/S log(QH2SA/5) 2log(2H*SA/S
<sup [H og( /6) , 2log( IO 1 6/2 = a1 /6) , 2log( /)
zell 2nd,,y 3nd,,y 2nd,,y 3nd,y

o % ylogRHSA/S) 2logHSA/S) s s
< —_— —
(b) _21613 sh,sgah_l Vi(spdy_ (Sp—1>ap_1) <\/ ond_ + 3nd_ (1 > )+ H 5
ylogH2SA/8) 2logRQH?>SA/S) 5
S,srlellr)l HS \/ 2nd,, * 3nd,, * 2
2 2
s \/ylog(ZH SA/6) | 2logH?SA/5) |, 5
2nd,, 3nd, 2
Hence we have for any y,
E [sug UAON(O Th>@_1)(s)>|]
e
2 2 2 2
<H logRQH2SA/S) 2log(QH>SA/S) CHS ylog(2H2S A/§) N 210g(2H*S A/6)
2nd,y 3nd,y 2nd,, 3nd,,

In particular, choose y = 1/.§ < 1, then above becomes

E lsup

zell

Vi@, (@, = Tz )] p” 3nd

m

2H?S loe(2H2SA/S AH S loe(2H*SA/S
S\/ og( /o), og( /o,
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Critically, above holds for any V1 > 6 > 0. Based on theorem conditionn > ¢-1/d,, log(HSA/0) >
c-1/ d”ﬂ choose 6 = ﬁ, then above is further less equal to

2H2Slog2nH2SA) 4HSlog(2nH*SA) ¢ 2H?Slog(2nH*S A) HSlog(2nH?S A)
+ +— < +C-
nd 3nd,, nd,, nd 3nd,,

m m

where C is a new constant absorbs 1/nd,,. If we further reducing it to
Finally, summing over all H, and again using new constant C’ to absorb higher order term,
Y (dr—dr,r,)

we obtain
H4S'1 HSA
[E [sup ] S Cl¢ Og(n )
mell 15—

nd
Combing this with Theorem [B.3.1]and Lemma [B.2.3| we have proved Theorem [3.5.1]

H

m

Remark 12. The key for proving this uniform convergence bound is that applying concen-
tration inequality only to terms that are independent of the policies, i.e. T,(s,|S,_1,a,_1) —
T,(s,l8,,_1> ay_,). Therefore when taking supremum over policies, high probability event holds
with same probability without decay.

B.4 Proof of uniform convergence in OPE with determinis-
tic policies using martingale concentration inequalities:
Theorem

A reminder that all results in this section use data D for OPEMA estimator D”.

B.4.1 Martingale concentration result on Zfil(c?;” —dr,r).

Let X = Zil(cz” —dr,r)and D, := (s9a" 1t = l,...h}" . Since D, forms a
filtration, then by law of total expectation we have X, = E[X|D,] is martingale. Moreover, we
have

Lemma B.4.1.
t
X, :=E[X|D,] = Y (V;. (T, — Tdr_) + (V7. dr —dF).
h=2

Proof: [Proof of Lemma By martingale decomposition Theorem [B.2.1] and note

>Note the 0 in log(H .S A/6) is identical to the failure probability in Theoremm
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T,,d] are measurable w.r.t. D, fori =1, ..., 1, so we have

H t
EXID) = Y, B[V @ = Todr ) [D,| + X @ = Todr,) + (Vi d; - dp).
h=t+1 h=2

Note for h > t+ 1, D, C D,_,, so by total law of expectation (tower property) we have
E (v @, - T )|

=E |E [(Vhﬂ, (Th - Th)(;;l[_1>‘Dh—1:| Dl]

=E <th’ E [(:fh - Th)|Dh—l] JZ_1>

Dt] =0

where the last equality uses T“h is unbiased of T}, given D, _,. This gives the desired result.
Next we show martingale difference | X, — X,_,| is bounded with high probability.

Lemma B.4.2. With probability 1 — 6,

H?log(HSA/6)
sup | X, — X,_| < O(\/ g / ).
t n- dm
Proof:
X, = X,_,| = (V" (T, - T)d" ) < ||(T, = T)"V || ld™ 11, = (T, = T)TV7]|.
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For any fixed pair (s,, a,), we have
(T, =TV )(s,106,)
=WE_) - (T, =T)"V)s,_1,a,-)
=W(E,_))- )V (s)T, = T)(s,ls,-1a,)

=1(E,_)) - (Z V,”(St)ﬁ(srlst—l’ a,_) — [E[Vtﬂlst—ls at—l]>

St
1 n
@) (i) ()
Z l(stl =S Stl_l =S a,l_l =a,) - [E[Vtﬁlst—l’ a,_]

=I(E, ) (Z VIGs);
s, Si—1>G—1 i=1
R—_ a(")1 =a, ;) - [E[Vt”|s,_1,a,_1]>

n
1 EYRONTRO!
E V7 (s, D1(s, =5,5, —1>4,_

Si—1>@-1 i=1

=1(E,_,) <

1 y 3 i T
D VAs\) — V|5, a1 |

I(Et—])
S 1581 .. G i

— _ @) 0 _ o _ @ _
=a_) =V(sHIs =s,.8" =5,_,a" =a,_,).
n, , > nd/'(s,,a,)/2, therefore by Hoeffd-

where the fourth line uses the definition of f“, and the fifth line uses the fact Zs, Vt”(st)l(sﬁ") =

o _ @
Sps 8,y = S4-154,_
Note |[V/"()||, < H and also conditional on E

ing’s inequality and a Union bound we obtain with probability 1 — &
H?log(HSA/6)
)= 0( ).
n-d,

1 "Ts,a,

H?log(HSA/d)
suplX,—X,_ll < O( . u
1 n-min, . d;(s;,a,)

Next we calculate the conditional variance of Var[X,,,|D,].

Lemma B.4.3. We have the following decomposition of conditional variance:

d*(s,,a,)* - 1(E,)
ol d -Var[Vtil(sgi)l)lsgl) =s.a’ =a|

Var[X,,,|D,] = ) ;

S;,a;
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]

D,] d*(s,, a,)?

Proof: Indeed,

Var[X,,,|D,] = Var [Z Z t+1(s,+1)(T T)(s,+1|s,,a,)d (s;»a,)|D

S Srt1

= Z Var [Z H_I(SH_I)(T - T)(SH_] |S,, a,)

St>y St4+1

= Z I(Et) - Var Z +1(St+1)T(Sz+1|St’ t)

Sty | St+1

] d*(s,, a,)*

= Z 1(E,) - Var Z ,+1(St+1) Z l(sfz1 =55 =5,,a" = a,)|D ] dNt”(s,,a,)2

Sp-a¢ | St+1 s, 4 i=
I(Et) VT () T
=Y —"-Var| Y vr)D,|d (s, a,)

S,A;  S;,a; 9(1)_g a()—a
d”(s, a,)? - 1(E)
? 1 (1 1
= E -Var[V7 (s ())ls )—st,ag)—a]

t+1

;50 Sr 4
(B.8)
where the second equal sign comes from the fact that when conditional on D,, we can separate n
episodes into S A groups and episodes from different groups are independent of each other. The
third uses 1(E,) is measurable w.r.t D,. Similarly, the last equal sign again uses n, , episodes
are independent given D,.

8,0y

Lemma B.4.4 ([57] Lemma 3.4). For any policy = and any MDP.

H H
Var, [Z rﬁl)] = Z ([E,r [Var [ W4 V_H(Sg_)])i s, (1)“

=1

+E, [Var [[E[ v (s, “>]|s§”“ )

t+1

This Lemma suggests if we can bound Jl” by O(d[") with high probability, then by Lemmam
we have w.h.p

H
1 H?
Y Var[X,,,|D,] < O(——- D Ervar[V W)l a1 < 0(—)
= t=1

m

Note this gives only H? dependence for 2 Var[X,,,|D,] instead of a naive bound with H?
and helps us to save a H factor. _
Next we show how to bound d7.
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B.4.2 Bounding d”(s,, a,) — d’ (s, a,)

Our analysis is based on using martingale structure to derive bound on é:”(s,, a,)—dr(s,,a,)
for fixed t, s,, a, with probability 1 — 6/ H S A, then use a union bound to get a bound for all
d’(s;,a,) — d’(s,, a,) with probability 1 — 6.

Concretely, in if we only extract the specific (s,, a,), then we have

t
dt”(st? a[) - dt”(st’ at) = Z(Fh+l:tﬂ‘-h(Th - Th)d;f_l)(sp at) + (Fl:t(df - df))(sp az)a
h=2

here dNI”(s,, a,)—d’(s,, a,) already forms a martingale with filtration ¥, = ¢(D,) and (I';,, ., 7, (Th—
T,)d; (s, a,) 1s the corresponding martingale difference since

E[Tper.m0 (T, = TAE_ (s, a) I Fyo] = .ty ENT, = TOIFy_ 1dE (s, a,) = 0.
Now we fix specific (s, a,). Then denote (T, ,.,7,)(s,.a,) :=T" € RS, then we have
|(Cpp1n (T =T (s, a)| = [T (T,=Tdr_, | = ((T,=T )07 d=_ ) < IT. (T,=Tyll 1.

Note here I'). t(fh —T,) is arow vector with dimension S A.

Bounding ||, (T, — Tl
In fact, for any given (s,_,, a,_,), we have

F;m(fh — T (Spoy> Sp—y) = 1(E) - F;l:z(fh = T,)(8p_1> p_y)

1

— / _ @O _ @B _
=I(E)- T}, e — [E[esilnlsh_1 =S_1,4, | = a;_4]
Se—15G1-1 4. (O

- @ _
155h=1%_1=%-1

1 i Dy (1 1
=1(E) Z F;z:t(si:)) - [E[F;z:t(s;z))lsilil = Sh-1> a(h—)l = ay]
Sl s =syp.al) =ayy
Note by definition I, (s¥) < 1, since (I'y,.,7,)(s,, ) :=T" € R™S and T, ,.,, 7, are just
probability transitions. Therefore by Hoeffding’s inequality and law of total expectation, we
have

99



Supplementary Material to Chapter|§| Chapter B

)

2n, , €
S [E eXp(— h—l»lh—l )

nd;:_l(Sh_l, Clh_l) ° 62
1

Et] < exp(—

and apply a union bound to get

P(sup I (T, =Tll, >€) < H - sup PUIT,. (T, = Tl > €)

<HSA- h,sf_lfgh_l P <|F;:,(Th = T)(Sp_y ap_p| > €> (B.9)
nmind” (s, _,,a,_,) - €’
<HSA - exp(— LS e T WS
1 HSA
Let the right hand side of tobe 6/H S A, then we have w.p. | —6/HSA,
~ 1 H2S2A2
sup I (T = Tl < 0(\/n 4 log 5 ). (B.10)

Go back to bounding cTt”(st, a,)—d’(s,,a,). By Azuma-Hoeffding’s inequality (Lemma D ,
we have|

€2

> (sup, |0 (T, = Tl )?

I]j’(|d~t”(st, a,) —d(s;,a,)| > €) < exp(— ) :=6/HSA,

where Z;zl(suph [T, t(f“ W — T)|l.)? is the sum of bounded square differences in Azuma-
Hoeffding’s inequality. Therefore we have w.p. 1 —6/H S A,

Y b T HSA
ld7(s,,a,) — d (s, a)| < 0(\/1 . (Slzp % (T = Tyl o) log ), (B.11)
combining (B.10) with above we further have that w.p. 1 —25/H S A,
~ ; t H2S2A2.  HSA
|d, (St’ az) - dt (St’ at)l < O(\/nd log S5 10g S )

To be more precise here we actually use a weaker version of Azuma-Hoeffding’s inequality, see Remark
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Lastly, by a union bound and simple scaling (from 26 to ) we have w.p. 1 — 6

~ H H?252A? HSA
sup [[df —dT||, < O(\/nd log log ).
t

o o

This implies that w.p. 1 -6, Vt,s,,a,,

~ 2 Q2 A2
T (s, 0" < 2d"(s,.a,)* + O ZI log g A g 2 gA). (B.12)
n

m

Combining (B.12)) with Lemma [B.4.4]and Lemma [B.4.3| we obtain:
Lemma B.4.5. With probability 1 — 6,

4 2.Q2 42
ZVar ,+1|D]<O(—)+O(H SA g HSA,, HSA, (B.13)
=1 dm g g
Proof: [Proof of Lemma[B.4.5]] By (B.12) and Lemma[B.4.3] we have Vz, with probability
ay least 1 — o,

dr (s, a,)’
Var[Xt+1|D] < Z O(%) Var[Vﬂl(S(l) )ISEI) — S,,a(l) — a]

t+1
Sp>4y m

. H H2S2A2 HSA

= ZO(_) <2d (St’at) +O( nd,, o log o )> . [ t+1 Sr)l)ls(l) = Sz’agl) =a,]
. H H252A2 HSA

< Zo(—) (Zd (s,»a,) + O( . ——log — )) var[V7, sO)Is = 5,0 = a]
7 (D150 g0 1 H H?S*A* HSA _,

< O(—)[E [Varlv2, s o1st, o] OG- log = log TS HPSA)

H3SA | HS’A>. HSA
- O( )[E [Var[ 1+1 g-)l)lsgl)’ 51)]] +0O( 2d? log 5 log 5 )

then sum over ¢ and apply Lemma [B.4.4] gives the stated result.
Combining all the results, we are able to prove:

Theorem B.4.1. With probability 1 — 6, we have

Z(df_d,ﬂ”'t) = nd n2d2

t=1 m

H
<o \/Hzlog(HSA/5)+ \/H“SA log(H25242/5) log(H S A/3),

where O(-) absorbs only the absolute constants.

Proof: [Proof of Theorem | Recall X = Zt’il (Jf —d’, r,) and by law of total expecta-
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2Q2 42
tion it is easy to show E[X ] = 0. Next denote 6> = O(—)+ (szzA log & i A log HSA) as in

Lemma and also let M = sup, | X,— X,_,|. Then by Freedman inequality (Lemma[D.0.6)),
we have with probability 1 — 6/3,

X — E[X]] < /802 - Tog(3/3) + 2TM 1og(3/8), Or W oo

where W = Z Var[X,,,|D,]. Next by Lemma , we have P(W > ¢?) < 1/36, this
implies with probablhty 1-26/3,

| X —E[X]| £ V8062 -10g(3/6) + ZTM -log(3/6).

Finally, by Lemma|B.4.2| we have P(M > O(4/ W)) < 6/3. Also use E[X] = 0, we
have with probability 1 — 6, §

1X| < /802 - 1og(3/5) + 0(\/ L loi(dH SA/9) 10a3/6).

m

Plugging back the expression of ¢ = O( ) + O(H 54 log HIS A log LB

" ) and assimi-
a2 5

lating the same order terms give the desired result

Remark 13. Rigorously, standard Azuma-Hoeffding’s inequality does not apply to (B.11) since
sup,, ||I7),. (T}, = T))l|, is not a deterministic upper bound, we only have the difference bound
with high probability sense, see (B.10). Therefore, strictly speaking, we need to apply Theo-
rem 32 in [l 13] which is a weaker Azuma-Hoeffding’s inequality allowing bounded difference
with high probability. The same logic applies for a weaker freedman’s inequality consisting of
Theorem 34 and Theorem 37 in [l113|] since our martingale difference M = sup, | X, — X,_,| in
the proof of Theorem|B.4.1|is bounded with high probability. We avoid explicitly using them in
order to make our proofs more readable for our readers.

We end this section by giving the proofs of Theorem [3.5.2]and Theorem [3.5.2]
Proof: [Proof of Lemma [3.5.2) and Theorem [3.5.2]] The proof of Lemma [3.5.2] comes
from Lemma [B.2.2] Lemma [B.2.3] and Theorem [B.4.1] The proof of Theorem [3.5.2] relies on
applying a union bound over IT in Theorem[3.5.2](recall all non-stationary deterministic policies

have |I1| = A¥%), then extra dependence of v/log(|I1|) = 1/ H S log(A) pops out. Note that
the higher order term has two trailing log terms (see the right hand side of (B.13))), so when

replacing 6 by 6/|I1| with a union bound, both terms will give extra v/ H.S dependence so in
higher order term we have extra H.S dependence but not just / H S
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B.5 Proof of uniform convergence problem with local policy
class.
In this section, we consider using OPEMA estimator with data D’. Also, WLOG we only

consider deterministic reward (as implied by Lemma [B.2.3| random reward only causes lower
order dependence). Also, we fix N > 0 for the moment. First recall forallz =1,..., H

H
1 1 1
Vi) =E, | D . aM)|s = s]

| /=t

H
OION NG 1
07 (s;,a)=E, Zr,,(st,), E )) M = =s,,a E ) = a]
t'=t
where r (s, a) are deterministic rewards and s(l) (1) are random variables. Consider V", OF
as vectors, then by standard Bellman equations We have for all ¢+ = 1,..., H (define Vy,,, =
Oy =0
O'=r+P, 0 =r+ P,V

t+1=1+1 +17 1410

(B.14)
where P* € R®AX(S4 js the state-action transition and P,(-[,-) € RE*S is the transition

probabilities. Also, we have bellman optimality equations:

Q:r =rt+})t+1V*

+1°

V*(s,) = max QX (s;,a,), n7(s,) :=argmax Q*(s,,a,) Vs, (B.15)

a;

where z* is one optimal deterministic policy. The corresponding Bellman equations and Bell-
man optimality equations for empirical MDP M are defined similarly. Since we consider de-
terministic rewards, by Bellman equations we have

P
b4 To_ zz' A P~ P*
Qt - Q I+1 l+1 +1Qt+l ( t+l +1)Ql+l +1(Ql+l Qt+1)

fort =1,..., H. By writing it recursively, we have V¢ = 1,...,. H — 1

Z Ft+1 h— 1(P;_PZ)QZ

h=t+1
= Z Liine 1(Ph = PV
h=i+1
where I'7. Hl , P is the multi-step state-action transition and I'7, |, 1= 1.
Note 7* to be the empirical optimal policy over M, we are interested in how to obtain
uniform convergence for any policy = that is close to 7*. More precisely, in this section we
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consider the policy class II, to be:

I, :={z : st ||[VF =V Vi=1,.,H)

(o] — Opt’

where €., > 0 is a parameter decides how large the policy class is. We now assume 7 to be any
policy within IT; throughout this section. Also, 7 may be a policy learned from a learning
algorithm using the data D. In this case, 7 may not be independent of P.

We start with the following simple calculation:[]

Z i ‘(ﬁh _Ph)f}hﬁ

h=t+1
o ~ N . (B.16)
Zrt+1hl‘(Ph Ph)V + Zrtﬂhl)(l)h_Ph)(Vh _Vh)
h t+1 h=t+1
() ()

We now analyze (s:%) and (sssk).

B.5.1 Analyzing ZthtH . 1|(ph Ph)(V” _ Vﬂ)

First, by vector induced matrix nornﬁ we have

7[
Ft+1 h—1

Z Iﬂz+1 h-1" |(Ph - Ph)(Vh” - Vhﬂ)

h=t+1

< H -sup
h

|8~ o =72

|00

is row-stochastic. Note given N,

|OO

o]

< H -sup ||, = B)V,T = ]

where the last equal sign uses multi-step transition I'7, ., |

P,(- |-,-) all have N in the denominator. Therefore, by Hoeftfding inequality and a union bound
we have with probability 1 — 6,

A~ log(HSA/6)
sup |PI(S[|S,_1, at—l) - P,(S,|S,_1, az—l)l < O( N )’
L,84:8-1501-1
A log(HSA/6)
| e[S,

where 1 € R¥ is all-one vector. To sum up, we have

this indicates

sup |I(B, = BT =)

7Since all quantities in the calculation are vectors, so the absolute value | - | used is point-wise operator.
8For A a matrix and x a vector we have [AX|| < Al oo 1] -
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Lemma B.5.1. Fix N > 0, we have with probability 1 — 6, forallt =1,..., H — 1

< Opt.o<\/H25210g(HSA/6)'1>
N

Z IF o | (B = POVE = V)| <

h=t+1

Now we consider ().

B.5.2 Analyzing ¥, (P, — PV

t+1 h—1
Lemma B.5.2. Given N, we have with probability 1 —6,Vt =1,..., H — 1

HSA

Z Ft+1 h—1 )(P Ph)V”

A~ P /log(HSA/(S) e
h h I < \V Var(V; )+ log(
h=t+1 —t+l

where Var(v7) € R5* and Var(V")(s,_;,a,_,) = Var [V ()ls,_y,a,_] and | - |, \/_ are point-
wise operator.

Proof: [Proof of Lemma | The key point is to guarantee 1/5,1 is independent of I/}h’? " 50
that we can apply Bernstein inequality w.r.t the randomness in ﬁh. In fact, note given N all data
pairs in D’ are independent of each other, and P, only uses data from 4 — 1 to A. Moreover, Vh’? )

only uses data from time A to H since 17}1” uses data from A to H by bellman equation (B.14) for
any z and optimal policy 7", also only uses data from & to H by bellman optimality equation

(B.13).

Then by Bernstein inequality, with probability 1 — 6

5 2 log(1/6) ~ A(H —1) 1
By = POV | im0 < 44 =/ Var (D)5, 10, 0) + =5 log(5)

apply a union bound and take the sum we get the stated result.
Now combine Lemma and Lemma we obtain with probability 1 — &, for all
t=1,.,.H-1

/log(HSA/é) [ o HSA
Shz+1 t+1h1< V(V )+ 0( S )1>

\/ H2S? log(HSA /5)

t t

+ C1€op * -1

/10 (HSA 0) 4H? HSA
- / Zrt+lh1 Var(V”)"' Nlog( 5 )1

h=t+1

H2S? log(HSA/5)
+ CIEOpt . N -4

(B.17)
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Next note 4/ Var(-) is a norm, therefore by norm triangle inequality we have

VVar) S \NarPE =74 Nar D = iy ey Var )
R R R
144/ Var(V;7)

Seopt-1+HQZ—QZ

Plug this into to obtain

o (HSA 5) P 4H?  HSA
< 4y BHSA/D) Z < o Var V) + |05 - 0 w.1>+ S log(24) 1
H2S?log(HS A/5)
+ €0 - N -1

(B.18)

H 7 7
Next lemma helps us to bound »}," ., Fm o\ Var(V)5).
Lemma B.5.3. A conditional version of Lemma[B.4.4| holds:

H H
1 1 1 1 1 1) 1
Var, lzrp ;>_sh,a;>_ah] = 3 (&, [Var [0+ vz, 6] s

1=h 1=h
MM = M _
s, ] =Sy, q, = ah] )

@ _ ()]
S, =Sy, a, —ah]

+E, [Var [EAY + V2 6L, a1

t+1 t+1

(B.19)
and by using we can show

%, A/Var(V;H) < V(H 1) - 1.

h i+1
Proof: The proof of (B.I9) uses the identical trick as Lemma [B.4.4] except the total law
of variance is replaced by the total law of conditional variance.

Moreover, recall Ffﬂ i H[ il P” is the multi-step transition, so for any pair (s,, a,),
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H
Z <F7+1 :h-1\ Var(Vh’?)> (s, a,)
1

h=t+

H
:Z Z \/Var[Vh’?|sh_1,ah_l]dt’?(sh_l,ah_llst,a,)

h=t+1 s,_y,a,_,

Z 2 \/Var[V”lSh b @y ] (S @y |5 @) - \/d (Sp-1> @pa s, a,)

h=t+1 s,_y,a,_,

H
< Z Z Var[V,F s, 1, ap 1 1df (1> @y |51, a)) - Z df (sp_1> a5, a,)

h=t+1 \| sp_1.ap-; Sp—1:0p-1

H
= Z Z Var[Vi* sy, a1 (sp_y5 ap 5, a,)

h=t+1 Sp_1-p_1
Sy a,l

H
§ e
h=t+1

H
= Z \/I [E,?[Var[Vh’?lsill_)l,

h=t+1

l

h=t+1

5\ (H —1) Z [EA[Var[V”ls(“l, al,

H
S\ (H —1t)- Var, [ Z r;ll) sﬁl) = s,,aﬁl) = a,] <V(H —-1)
h=t+1

where all the inequalities are Cauchy-Schwarz inequalities.
Apply Lemma B.5.3]to bound (B.I8), and use oo norm on both sides, we obtain

Theorem B.5.1. Conditional on N > 0, then with probability 1 — 6, we have for all t =
l,...,H-1

4H?

H3log(HSA/S) \/log(HSA/(S) A
< 4 4 T _ 7
B \/ N + N hzzm HQh 0,

A7 7
Qt - Qt o

+ lo (HS
o 3N 8

H2S2log(HSA/5)
+ CZeopt * N .

Then by using backward induction and Theorem [B.5.1] we have the following:
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< VH/S, then we have with

opt —

Theorem B.5.2. Suppose N > 64H? - log(HSA/8) and €
probability 1 — 6,

Héf ot \/ H?3 log(]l\;ISA/é)

where c, is the same constant in Theorem [B.5.1]

<209+¢,)

Proof: Under the condition, by Theorem itis easy to check forallt =1,.... H — 1
with probability 1 — &,

H3log(HSA/6 log(HSA/S) < | A~
| ws<5+c2)\/ =k /)+4\/Og(N/)Z\QZ—QZ

h=t+1
which we conditional on.
Fort = H — 1, we have

H3log(HSA/é log(HSA/S) || Az ~
5(5+c2)\/ oell /)+4\/Og(N/)HQ”H‘Q”H

3 2
<Gey \/H 1og(]1\;rSA/5)+4 \/H log(]I\jSA/é)
\/ H?3log(HSA/6)
N

AT T
Qt - Qt

9

T _Of H
H-1 H-1||

‘A/\

0]

<O +c,)

<209 + )/ HEESAD hods forall = £ + 1., H., then for h = 1,

3 H
<G+e) \/H log(HSA/3) \/log(HJ;]S'A/é) Z ‘
h=t+1

Suppose Héfl - Q;f
we have

A~

AV z
Q,-Q, ©

A7 T
Qt - Ql

N

[o0]

3 _ 2 3
<O4ey \/H log(]l\L[ISA/é) i \/(H 1) 1c]>§(HSA/5) 204 \/H 1og(]1;rSA/5)

<20+e) \/ H3 log(]IjSA/é)

where the last line uses the condition N > 64H? - log(HSA/5). By induction, we have the

result.
Proof: [Proof of Theorem(3.5.3]] By Theorem we have for N > ¢- H?-log(HSA/$),

P(HQf—Q’f N)Sé

The only thing left is to use Lemma to bound the event that { N < nd,,/2} has small

\/ H3log(HSA/5)
N

>2(9 + ¢,)
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probability.
Last but not least, the condition n > ¢, H> log(H S A/5)/d,, is sufficient for applying Lemmam
and italsoimplies N > c¢-H*-log(H S A/$) (the condition of Theorem[B.5.2) when N > nd,, /2
since:
n>c H*log(HSA/8)/d, = nd, /2 > c,H*log(HSA/S)

which implies N > ¢, - H? - log(HSA/5) when N > nd, /2.

B.6 Proof of uniform convergence lower bound.

In this section we prove a uniform convergence OPE lower bound of Q(H?3/d ¢*). Con-
ceptually, uniform convergence lower bound can be derived by a reduction to the lower bound
of identifying the e-optimal policy. There are quite a few literature that provide information
theoretical lower bounds in different setting, e.g. [[114,165,1115,196,42]. However, to the best of
our knowledge, there is no result proven for the non-stationary transition finite horizon episodic
setting with bounded rewards. For example, [42] prove the result sample complexity lower
bound of Q(H?3S A/e?) with stationary MDP and their proof cannot be directly applied to non-
stationary setting as they reduce the problem to infinite horizon discounted setting which always
has stationary transitions. [114] prove the episode complexity of Q(H?>S A/¢e?) for the station-
ary transition setting. [96]] prove the Q(\/ H2S AT') regret lower bound for non-stationary finite
horizon online setting but it is not clear how to translate the regret to PAC-learning setting by
keeping the same sample complexity optimality. [63]] prove the Q(H S A/e?) lower bound for
the non-stationary finite horizon offline episodic setting where they assume Zil r; < 1 and this
is also different from our setting since we have 0 < r, < 1 for each time step.

Our proof consists of three steps. 1. We will first show a minimax lower bound (over
all MDP instances) for learning e-optimal policy is Q(H?>SA/e?); 2. Based on 1, we can
further show a minimax lower bound (over problem class M, ) for learning e-optimal policy
is Q(H?/d, €?); 3. prove the uniform convergence OPE lower bound of the same rate.

B.6.1 Information theoretical lower sample complexity bound over all MDP
instances for identifying ¢-optimal policy.

In fact, a modified construction of Theorem 5 in [63] is our tool for obtaining Q(H>S A/e?)
lower bound. We can get the additional H? factor by using Zfi , I can be of order O(H ).

Theorem B.6.1. Given H > 2, A > 2 0 < e < m and S > c, where c, is a universal

constant. Then there exists another universal constant ¢ such that for any algorithm and any
n < cH3SA/e? there exists a non-stationary H horizon MDP with probability at least 1/12,
the algorithm outputs a policy & with v* — V™ > e.

Like in [65]], the proof relies on embedding ®(H .S) independent multi-arm bandit problems
into a hard-to-learn MDP so that any algorithm that wants to output a near-optimal policy needs
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to identify the best action in Q(H.S) problems. However, in our construction we make a further
modification of [65] so that there is no waiting states, which is crucial for the reduction from
offline family. We also double the length of the hard-to-learn MDP instance so that the latter
half uses a “naive” copy construction which is uninformative. The uninformative extension will
help to produce the additional H? factor.

Proof: [Proof of Theorem [B.6.2]] We construct a non-stationary MDP with .S states per
level, A actions per state and has horizon 2H. At each time step, states are categorized into
four types with two special states g, b, and the remaining .S — 2 “bandit” states denoted by
Spi» I € [§ —2]. Each bandit state has an unknown best action aZJ that provides the highest

expected reward comparing to other actions.
1
S§—-2
bandit

states
@)
O

O

w.p. (% + e)% if
w.p. 1 choose a*

e 1
wp.l—=
w.p. 1 Q
1 1,
Q w.p. (5— e)l—1|

choose a*

Figure B.1: An illustration of State-space transition diagram

The transition dynamics are defined as follows:
e forh=1,..,.H —1,

— For bandit states b, ;, there is probability 1 — L to transition to by, regardless
, H »

of the action chosen. For the rest of % probability, optimal action a;, will have

probability % + 7 or % — 7 transition to g, or b, and all other actions a will have

equal probability % for either g, or b, ,, where 7 is a parameter will be decided
later. Or equivalently,

1 . 1 .

-3 if - = S0y =g =,
1 1. Lo

I]j’(-lsh’i,a;’i) =1G+0) -+ if-=g  PClsaa)=95-5 =gy
| 1. T

(E_T).E lf.:bh+l E'E lf.:b/’l+l
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- g, always transitions to g, and b, always transitions to b, ;, i.e. foralla € A, we
have

P(gy1lgna) =1, P(b, by a) = 1.

We will determine parameter 7 at the end of the proof.

e forh = H,...,2H — 1, all states will always transition to the same type of states for the
next step, i.e. Va € A,

P(gni1lgn @) = P(byy1by, a) = P(syyyilspa) =1, Vi €[S - 2]. (B.20)

e The initial distribution is decided by:

P(s,) = <. Vi €[S =2}, Plg) = <. P(b)=¢ B.21)

e State s will receives reward 1 if and only if s = g, and A > H. The reward at all other
states is zero.

By this construction the optimal policy must take a;, for each bandit state s, ; for at least
the first half of the MDP, i.e. need to take a;, for h < H In other words, this construction
embeds at least H (.S — 2) independent best arm identification problems that are identical to the
stochastic multi-arm bandit problem in Lemma [D.0.7]into the MDP. Note the key innovation
here is that we can remove the waiting states used in jiang2017contextual but still keep
the multi-arm bandit problem independent!ﬂ

Notice in our construction, for any bandit state s, ; with 2 < H, the difference of the ex-

pected reward between optimal action a;’, and other actions is:

1

1 1 1 1
(5 +7)- A Elrsty:2m18hea ] + (5 —7)- A Elr i1y om |Opgr 1+ (1 — E) “ElFayi2m [Spa ]

1 1 1
"H [E[r(h+1):2H|gh+1] “oH [E[r(h+1):2H|bh+l] -1 - E) : [E["(h+1>:2H|Sh+1,i]

1 1 1 1
=(§ +7)- T ELrhiry:2m [8ha] + (E —7)- T’ Elr b1y 20 10pii]

1 1
ToH [E[r(h+1)'2H|gh+l] o [E[r(h+l):2H|bh+l]
1 1 1
=z+70)— - H+(z-1)—= - 0-— -H+-— 0=
5+ T) +( T) om Mo UeT

(B.22)
so it seems by Lemma [D.0.7| one suffices to use the least possible 72( o samples to identify
the best action a; . However, note the construction of the latter half of the MDP (B.20) uses
mindless reproductlon of previous steps and therefore provides no additional 1nf0rmat10n about
the best action once the state at time H is known. In other words, observing Z = His

9Here independence means solving one bandit problem provides no information on other bandit problems.
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equivalent as observing Z:il r, = 1. Therefore, for the bandit states in the first half the samples
that provide information for identifying the best arm is up to time H. As a result, the difference
of the expected reward between optimal action a}*”. and other action for identifying the best arm
should be corrected as:

(% +7)- é “Elrgny: mlgnal + (% —7)- é Bl bpgr 1+ (1 = %) “Elrheny: S pei]
B ﬁ "Bl ml8rar] = ﬁ “Elr gy m [ bp ] — (A = é) “Elr g mlShenl

=(% +17)- % Bl 8pea ] + (% —17): % "Bl b ]
- % Bl gy | 8pet] — % "Bl sy a 1By ]

Lol ied gllon L, Lo r

Now by Lemma |D.0.7] for each bandit state s, ; satisfying A < H, unless samples are

A
72(c/H)?
collected from that state, the learning algorithm fails to identify the optimal action a} . with

probability at least 1/3.

After running any algorithm, let C be the set of (A, s) pairs for which the algorithm identifies
the correct action. Let D be the set of (A, s) pairs for which the algorithm collects fewer than
samples. Then by Lemma|D.0.7|we have

A
72(c/H)?

E[|C|] = E [Z 1[a,, = a;,s]] <((S-2)H-|D)+E [ D g, = aZ,s]]

(h,s) (h,s)eD

<(S=2H - D)+ 21D] = (S - DH - 5|Dl.

H(S-2) A . L . A
> T by pigeonhole principle the algorithm can collect T

samples for at most half of the bandit problems, i.e. |D| > H(S — 2)/2. Therefore we have

If we have n <

EIICTI < (S = 2)H - 21D] < %(S ~2)H.

Then by Markov inequality

[P’[lCl > EH(S—z)] L /6 10

12 11/12 11
so the algorithm failed to identify the optimal action on 1/12 fraction of the bandit problems
with probability at least 1/11. Note for each failure in identification, the reward is differ by =
(see (B.22)), therefore under the event {|C’| > %H (S —2)}, following the similar calculation
of [65]] the suboptimality of the policy produced by the algorithm is
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A~

€ 1= v* — " = P[visit C'] X 7 + P[visit C] X 0 = P[ U visit(h, )] X ©

(h,)eC’
P[visit(h, i = — -1/ 'z
Z/ [visit(h, i)] X Z HS( /H)
(h,hHeC (h,HecC’
> L a-1/mie>
(héc, HS (héc, HS 4
JHES-2) 11

=T 12 Hsa T ‘g
where the third equal sign uses all best arm identification problems are independent. Now we
set 7 = min(4/1/8,48¢/c,) and under condition n < c H>S A/€?, we have

H(S -2
n<cH’SAJe* < c48H’SA/7* = c48% - PHS — A _ — s A < ( N ,
72(r/H)? 7272 2 7272

the last inequality holds as long as .S > 2/(1 —2¢’). Therefore in this situation, with probability
atleast 1 /11, v* — vt > e. Finally, we can use scaling to reduce the horizon from 2H to H.

B.6.2 Information theoretical lower sample complexity bound over prob-
lems in Md for identifying c-optimal policy.
Forall0 < d, let the class of problems be
My, 1= {(u, M) | mind/(s,,a) > d,}.

now we consider deriving minimax lower bound over this class.

1
= SA°
There exists another universal constant ¢ such that when n < cH?/d, €%, we always have

Theorem B.6.2. Under the same condition of Theorem|B.6.1| In addition assume 0 < d

inf  sup P, , @0 =0 >e)>p.
VI, MYEM,,

Proof:
The hard instance (u, M) we used is based on Theorem|B.6.1} which is described as follows.

o forthe MDP M = (S, A,r, P,d,,2H +2),

— Initial distribution d, will always enter state s, and there are two actions with action
a, always transitions to s, and action a, always transitions to s,,. The reward at
the first time r,(s, a) = 0 for any s, a.
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— For state s, it will always transition back to itself regardless of the action and
receive reward 0, i.e.

P(s,l8,0.a) =1, r,(s,,.a) =0, Vt, Va.

— For state sy, it will transition to the MDP construction in Theorem [B.6.1| with
horizon 2H and s, always receives reward zero.

— Fort =1, choose u(a,|s,) = %deA and u(a,|s,) =1- %deA. Fort > 2, choose
u to be uniform policy, i.e. u(a,|s,) = 1/A.

Based on this construction, the optimal policy has the form z* = (a,, ...) and therefore the
MDP branch that enters s, is uninformative. Hence, data collected by that part is uninformed
about the optimal policy and there is only %de A proportion of data from s, are useful. More-
over, by Theorem the rest of Markov chain succeeded from s requires Q(H 3SA/e?)
episodes (regardless of the exploration strategy/logging policy), so the actual data complexity
needed for the whole construction (4, M) is % = Q(H?3/d, €.

It remains to check this construction y, M stgys within M, .

e Fort =1, wehaved,(sy, a,) = 5d,SA > d,, (since S > 2)and d, (s, @,) = 1-3d,,SA >

. 1 2
< =< :
dm (thlS 1S sInce dm > ),

e Fort=2,d,(sy.a) = %deA . % = %de > d,, (since S > 2) and similar for s, ;

e Fort > 3, for g, and b, in the sub-chain inherited from s,.,, note d,(g,) < dj;(gp41)
(since g, and b,, are absorbing states regardless of actions), therefore d,(g,) > d,(g,) =
di(Syes) P& 15yes) = %deA-é = %a’mA, since p is uniform so d,(g,, a) > Q(dmA)-% =
Q(d,,) forall a. Similar result can be derived for b, in identical way.

For bandit state, we have for all i € [.S' — 2],
H u
d,+1(3t+1,i) 2 PH(Spp1 o Spio Se—tyio - S2i> Sio Syes Y,

t
= H |]:D'M(Su+l,i|Su)|]:l)'u(sl,z'|Syes)I]:DH(Syf;ts|SO)

u=1

= (1= (<) (54.54) 2 d, A,
7 \s)\3

now by 4 is uniform we have dzlj_l(stﬂ,i’ a) > Q(dmA)-i = Q(d,,) for all a. This concludes
the proof.

Remark 14. A directly corollary is that the sample complexity in Theorem part 3. is opti-
mal. Indeed, for the case €,,, = 0, Theorem implies 7 is the e-optimal policy learned with
sample complexity O(H>log(HSA/6)/d, ). Theorem implies this sample complexity
cannot be further reduced up to the logarithmic factor.
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B.6.3 Information theoretical lower sample complexity bound for uni-
form convergence in OPE.

By applying Theorem we can now prove Theorem [3.5.4]
Proof: [Proof of Theorem [3.5.4]] We prove it by contradiction. Suppose there is one off-

policy evaluation method 0" such that

N H3
sup [0" —v"| Lo — ),
el d,n

where o(-) represents the standard small o-notation. Then by

jas 3 Sk

* * a3 Sk
0<v" —=0" =0v" =0° +0° =0V

< WS =07 |+ |07 = 07| < 2sup |vF - D7)
T

this OPE method implies a e-optimal policy learning algorithm with sample complexity o( H?/d, €?)
which is smaller than the information theoretical lower bound obtained in Theorem[B.6.2l Con-
tradiction!

B.7 Proofs of Theorem 3.6.1

Proof: [Proof of Theorem [3.6.1]| Part 1. and Part 2. are just direct corollaries. We only
prove Part 3. here. Indeed, by definition of empirical optimal policy we have 07" < Q" so
we have the following:

0F - 0f =0 - 07 + 07 - 07 + 07 - 0
<O =07 +07 - 07+ 07 - OF
e i

and Q\’f — Q’f can be bounded by Theorem using local uniform convergence. Q’l’* - Qf*

can be bounded by O(,/ W) using the similar technique in Section [B.5|even without

introducing €, since z* is a fixed policy. All these implies:

3
o —0F < O(\/H log(HSA/®), | |

opt
nd,,
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Especially when ¢, = 0 then this is slightly stronger than the stated result since:

*

of =0 =07 (,a* (N = Of A () <O (.a*(N = O (- 7*()

3
< O(\/H loglifSA/cS)) »

m

* Sk
<|or -of

B.8 Simulation details

The non-stationary MDP with used for the experiments have 2 states s,, s, and 2 actions
a,,a, where action a, has probability 1 always going back the current state and for action a,,
there is one state s.t. after choosing a, the dynamic transitions to both states with equal proba-
bility % and the other one has asymmetric probability assignment (i and %). The transition after
choosing a, is changing over different time steps therefore the MDP is non-stationary and the
change is decided by a sequence of pseudo-random numbers. More formally, P, can be either

,if'=S1

1.
-, if-=s

P(SO|SO,a1) = 1;P(51|51,a1) = 1;[F’(-|s0,a2) = {i ’s : 5 P('|S1,a2) = {
2

B et S AN

,lf':SO

or

Lif- =35, Lif- =35,
|]:D(Sols()’a1)= 1;P(51|S1»al)= 1;P('|So»az)= ‘3‘ . 5 |]:D(-|S1,CI2)= % T
o if 3 if =5

Moreover, to make the learning problem non-trivial we use non-stationary rewards with 4
. . 1 2 3 . . .
categories, i.e. r,(s,a) € {Z’ T 1} and assignment of r,(s, a) for each value is changing over

time. That means, one possible assignment can be
r(sg.a,) = 1/4, r(sg,a,) =2/4, r(sy,a,) =3/4, r(s;,a,) = 1/4.

Moreover, the logging policy in Figuis uniform with y,(a,|s) = p,(a,|s) = % for both
states. We implement the non-stationary MDP in the Python environment and pseudo-random
numbers p,, r,’s are generated by keeping numpy . random.seed (100).

We fix episodes n = 2048 and run each algorithm under K = 100 macro-replications with

; . o i€ln]te[H]
data D, = {(sﬁ’), ag’), rﬁl))} . and use each D, (k = 1,..., K) to construct a estimator
(k)
0" ., then the (empirical) RMSE for fixed policy is computed as:

[k]?

K b
RMSE, FIX = \/ 2 et Oy = Uhre)?
p— K b
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and RMSE for suboptimality gap is computed as

K > *
0 — o
RMSE_SUB = \/ Liei e e

and RMSE for empirical optimal policy gap is computed as

NTE T )2
U[k] Utrue)

K B

K
_(
RMSE_EMPIRICAL = \/ Li

where v” s obtained by calculating Pt’frl t(s’ ls)=>,P, +1,t(s’ |s, a)z,(a|s), the marginal state

T H

distribution d7 = P7_ d" |, ri(s) = Zat r (s, a)m(a,ls) and vF = 37 Zs, dr(s)rr(s,).
Ufr;e is obtained by running Value Iteration exhaustively until the error converges to 0. The
average relative error for suboptimality (average of |v”l*kl -l ;el Jv™ yat H = 1000 is 0.0011.

true
Lastly, we also show the scaling of |77 — v*"| in Figure which shares a similar pattern as
the suboptimality plot as a whole. m

101 L d
—— fixed policy OPEMA/TMIS -7
e I")fr _ Vﬁ' I -~

10° -

-=-- O(VH3/dp,) Scaling g

Root MSE
S

=
<
N

1073

10! 102 103
Horizon H

Figure B.2: Log-log plot showing the dependence on horizon of uniform OPE and pointwise
OPE via learning (|0*" — v®"|) over a non-stationary MDP example.

B.9 Onimprovement over vanilla simulation lemma for fixed
policy evaluation

Vanilla simulation lemma, Lemma 1 of [41]. Without loss of generality, assuming reward
is determinsitic function over state-action. By definition of Bellman equation, we have the

10Here we do point out the empirical dependence on H for |07 - o" * | in the Figure is actually less than
H'3, this comes from that the MDP example we choose is not the “hardest” example for quantity |7~ — 07 .
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following:

Vi=sr+ B Vi Vi=r+PLVE
defineep = sup,; , || 13,(- s, a,)—P/(:|s,,a,)||,, then by Hoeffding’s inequality and union bound,
with probability 1 — 4,

~ [log(HSA/5) S?log(HSA/6)
€p < S-sup || P(-|s,, a)—P,(-|s,, a)||, < S-sup O( gn—/l(Ez)> =0 \/ gn - /
1,8:,0, 1,8:,0, ;0 Uy

then

I’}tﬂ' _ I/'Iﬂ :ﬁﬂ' I’}II _ PIL' Vﬂ'

t+17 t+1 t+1 7 t+1

Aﬂ' V4 Aﬂ' ¥/ A][ ¥
S<Pt+1_Pt+11 Vt+loo+‘Pt+11|Vt+1_Vz+1 oo>'1
Aﬂ' V3
S<I—I€P+”Vt+1_Vt+1 oo>'1’

solving recursively, we have

[ -ve

e <0 \/ H*S? log(HSA/5)
= J S .
0 n- dm

This verifies SL has complexity O(H*S2/d, €%). We do point out above standard analy-
sis can be improved (e.g. [41] Section 2.2) to O(H*S /d . €?), then in this case our analysis
(Lemma 3.5.2) has an improvement of H?2S with respect to the modified result.

B.10 Algorithms

Remark 15. In short, we can see Algorithm[2|requires the splitting data size M which is unde-
cided by [57] and that makes the hyper-parameter requiring additional concrete specifications
to make the data splitting estimator sample efficient. In contrast, OPEMA in Algorithm 3| is
defined without ambiguity and can be implemented without extra work.

Their results require number of episodes in each splitted data M to satisfy 5(\/ nSA) >
M > O(H S A). To achieve data efficiency, they need n ~ O(H?S A/€e*) and by that condition
M has to satisfy M ~ C - HS A. In this case, data-splitting version needs to create N = n/ M
empirical transition dynamics and each dynamics use H> /N ~ C-H?S A/€?* episodes which is
less than the lower bound (O(H?)) required for learning. Most critically, due to data-splitting
it has N empirical transitions hence it is not clear which transition to plan over. Therefore in
this sense their result does not enables efficient offline learning. Our Analysis for unsplitted
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Algorithm 3 OPEMA
(t) (l) }n

_ (l)
Input: Logging data D = {{s,",q,’,r,
which we want to evaluate its cumulatlve reward.

1: Calculate the on-policy estimation of initial distribution d,(-) by (?\l(s) =

s), and set c?l‘(-) i=d, (), dAf(S) 1= d, ().
forr=2,3,...,H do
0 (l) Dyn

Choose all transition data at time step ¢, {s,”, a,", r, - 1

Set the off-policy estimation of llst(stlst_l, a,_,):

() (l) () —
Zl 11[( tl5 —1° t’]) (Stas 1° l ])

N
Pt(stlst—l’at—l) =

n
Si—1>G4—1

whenn, ., > 0. Otherwise set it to be zero.

6:  Estimate the reward function

n (t) 0] (i)
2o s =50 = a)

n O _ (O
2 16" =5,a" =a)

a(st’ a,) =

when n, , > 0. Otherwise set it to be zero.

from the behavior policy . A target policy z

1 g 0 _
" 21':1 1(Sl -

Calculate the on-policy estimation of d”(-) by c/l?‘ (s) 1= - Z 1 (’) = ).

7:  Set c;';”(-, -) according to é’:” = 13:”&:”_ r where c;’:”(-, -) is the estimated state-action distri-

bution.

end for

9: Substitute the all estimated values above into 0" = thl (d 7,) to obtain 0"
value of z.

*®

, the estimated

version (OPEMA ) addresses all these issues.
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C.1 Proof of optimal local uniform convergence

C.1.1 Model-based Offline Plug-in Estimator

Recall the model-based estimator uses empirical estimator P for estimating P and the esti-
mator is calculated accordingly:

OF =r+ PQr  =r+ PV},

where P(s’|s, a) can be expressed as:

n

H
ne, =, D Gy a)) = (s,0)l.

s,a h=1 i=1

n H (1) (1) (l) _
2ict 2pet UGsyyyny’5,) = (5,8, a)]

n

1/5(s’|s, a) =

and ﬁ(s’ |s,a) = é if n, , = 0. The initial distribution is also constructed as c?f (s) =n,/n.
First of all, we have by definition the Bellman optimality equation

V;*(s) = max {r(s a) + Z P(s'|s, @)V (s’ )} Vs € S. (C.1)
and similarly the empirical version
I?t*(s) = max {r(s, a) + Z I3(s'|s, a)I?til(s')} , VseSs.

The key difficulty in obtaining the optimal dependence in stationary setting is decoupling the
dependence of P — P and V*. This issue is not encountered in the non- stationary setting due
to the possibility to estimate different transition at each time yin2021near, but it cannot further
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reduce the sample complexity on H. Moreover, the direct use of s-absorbing MDP in [61] is not
sharp for finite horizon stationary setting, as it requires s-absorbing MDPs with H -dimensional
cover (which has size ~ ef! and it is not optimal). We design the singleton-absorbing MDP to
get rid of the issue.

C.1.2 General absorbing MDP

The general absorbing MDP is defined as follows: for a fixed state s and a sequence {u, }* s
MDP M, (, v is identical to M for all states except s, and state s is absorbing in the sense
P, " (s|s,a) = 1 for all a, and the instantaneous reward at time ¢ is r,(s,a) = u, for all

Uty
a € A. Also, we use the shorthand notation V* | for V'* and similarly for Q and
{s.u} S’fouz)“l {s.u}
1=

transition P, ,. Then the following properties hold:

Lemma C.1.1.

M=

() =

h,{s,u,
t=h

Proof:  We prove this by backward induction. For ~ = H, under M|, w1, State s is

absorbing (and by convention V7, (s, = 0) therefore

VI;,{s,u,}(S) = mle T H. s, (s a) + ZP{“‘ (s'|s, a)V, H+1 Su’}(s’) = m(.;;lx {rH’{S,ur}(s,a)} =uy

for general A, note Z P 0, }(s |s, @)V, (s), therefore using induction

Y —
Pl a8 =1+ Vi, (5.0}
H
property V.| (o)) = Zt—h+1 u, we can similarly obtain I/I:{s,u,}(s) =) U

Lemma C.1.2. Fix state s. For two different sequences {u, ,and {u] JH  we have

=1’

* *
max -
h ||Qh,{s,u,} h{su)}

‘ <H- max|u—u|
1€l H]
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Proof: Let ”{*s,u,} be the optimal policy in M, ,. Then (by convention H o PTe=1)

H i
* * — Ta
hisu) Qh {s.u]} Qh {s,u, m;;:lX Z < H P{S’u;}) ri,{s,u;}

i=h a=h+1

H i H i .
a S,up } _ ”a,{s,u,} _
—Qh{s u, } Z ( H {5} )ri,{s,u:} - Z ( H P{s,u;} > <ri,{s,u,} ri,{s,u:}>

i=h \a=h+1

; i—h
I I o)
< Z a,{s,uz . . . —
= r n}’aax P{S,u;} ( |S, a) rz,{s,u,} rl,{s,u;} o
= 1

-1:(H—h+1)-rntax|ut—u;|-1

where the first equal sign uses the definition of O, the second equal sign uses P, , only
depends s but not the specification of u,’s and the last equal sign comes from r; , , (s, a) =u
foranya € Aandr,,,(5,a) =r; {S,u;}(§, a) for any § # 5. Lastly by symmetry we finish the
proof.

C.1.3 Singleton-absorbing MDP

The direct transfer of absorbing technique created in [61] will require each u, to fill in the
range of [0, H] using evenly spaced elements. For finite horizon MDP there are H layers,
therefore the total number of H-tuples (uy,...,uy) has order |U,| = Poly(H)!, therefore
when apply the union bound, it will incur the additional H factor. We get rid of this issue by
choosing one single point in H-dimensional space [0, H]?. We first give the following two
lemmas.

Lemma C.1.3. V*(s) - Vt:l(s) > 0, for all state s € S and allt € [H .

Proof: Let the optimal policy for V* be z* ie. V¥ = V:: ¥ then artificially

t+1 t+1:H’ t+1
construct a policy 7. such that z,.,;_; = #; ., and 7, is arbitrary, then by the definition of
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optimal value

i=t

H
V*(s) 2 V" (s) = EF [Z r(s;, a)|s, = s]

[H-1
= E":H-1 Z r(s;,a;)|s, =s| +E™# [r(SH,aH)|st = s]
E

I -
= E"rien Z r(s;,a;)|s, =s| +E™# [r(sH,aH)|s, = S]
i=t+1

H
> E%cn Z r(s;, a)|s, =s| +0= VIL(S)a

| i=t+1

where the third equal sign uses exactly that P is a STATIONARY transition and definition

Ty.y_1 = 7. The last inequality uses the assumption that reward is always non-negative.

Remark 16. Lemma leverages P is stationary and above may not be true in the non-
stationary setting. This enables us to establish the following lemma, which is the key for
singleton-absorbing MDP.

Lemma C.1.4. Fix a state s. If we choose u; 1= V.*(s) —
following vector form equation

* (s) Vt € [H], then we have the

t+1

* _ *
Vi =Viw VhELH]
Similarly, if we choose ¥ := I/}t*(s) — IZL(S), then I/}h*"{s, = Vh*M, Vh € [H].

Proof: We focus on the first claim. Note by Lemma-the assignment of u*( =r, (s 1)
is well-defined. Next recall V* is the optimal value under true MDP M and V' o) is the
optimal value under the a551m11at1ng MDP M Wy We prove by backward 1nduct10n

For h = H, note by convention V7, =0, therefore uy =V5s)=Vi, () =V;i(s)-0=

V7 (s) and Bellman optimality equation becomes

V(5 = max {r(3,a)}, VSES,

Under Ms,{u,*}’I] , for state s by Lemma|C.1.1|we have V* (s) = u}, = V;(s), for other states
§ #s,rewardin M, wyn =M sowe also have V* *}(s) V7 (3) forall 5 # 5.

t=1

Now for general h, for state s by Lemmam

=

H
AOEDWHE ;(V,*(s)— VE(9) = V().

t=h
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for state § # s, by Bellman optimality equation
* - '
Vh,{s,u,*}(s) —m(.lax (s (S a)+ ZP{su }(S 15, a)V, h+1{vu }( s)
=max } (5, a) + ZP(S |5, @)V, h+1 *}(s’)

=max } (5, a) + 2 P15, @)V, (s ¢ =V (3),

where the second equal sign uses when § # s, M (, fE is identical to M and the third equal

sign uses induction assumption that element-wisely Vh: st} = Vh*jrl Similar result can be

derived for #* version and this completes the proof.
The singleton MDP we used is exactly M W, (or M, {Mf*}”l)'
U = ’ 1=

C.1.4 Proof for local uniform convergence

Recall the local policy class

I, := {n ;s “f/\h” - I7h’?*

< VhE[H ]}

For ease of exposition, we denote N := min,_n . Note N itselfis arandom variable, therefore

s,a’'"s,a*

for the rest of proof we first conditional on N. Later we shall remove the conditional on N (see

Section [C.1.7).

For any 7 € II,, by (empirical) Bellman equation we have element-wisely:
QZ - QZ =r,+ P7r+1 QZ+1 —r,— P”h+1Q” e
= <P”h+l - Pnhﬂ) he1 T PP < Z+1 - Z+1)
—(p oz 7, A7 T
- <P_P) [ ( R+l h+1>

- = ZFZ+IZI <P_P> Vtil

H
< ZFZH:t <P P> 1| T zrhﬂ t‘(P - P) <I/t-7i[-l Vzil)
t=h
. 7/
(%) (%%)
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where I’} . = Hl _ny1 PT 18 multi-step state-action transition and I'y,., 1= 1.

C.1.5 Analyzing (%)

Term (% %) can be readily bounded using the following lemma.

Lemma C.1.5. Fix N > 0, we have with probability 1 — 6, forallt =1,... H — 1

\/ H2Slog(SA/6)
. S .

ZFhﬂt((P PYVE = VE )| < Cenn

where C absorb the higher order term and absolute constants.

Proof:
First, by vector induced matrix norrrﬂ we have
Bt )(P P, w1~ Vi) SH'SI,IP et HKP PV, + f/\’fl)lnm
< H -sup (P = PV - Vil)'Hm
=H- sup (P - P)(|s, )P} - zf1)
< H -sup ‘(P P)(:[s, a)” ” Vi '1

1,8,a

where the second inequality uses multi-step transition I'7, ., | is row-stochastic. Note given
N, therefore by Lemma|D.0.10|and a union bound we have w1th probability 1 — 6,

< /S log(SA/é))’
1 N

(where C absorb the higher order term and absolute constants) and using definition of II, we

have sup, Hf}t’?* - f}t’? - < €y - This indicates
7 S'log(SA/6)
sup |(P = P)CIs.a)|| - ||V5 = P | - 1< Cle |/ ——— - D
1,s,a

where 1 € RS is all-one vector. Then multiple by H to get the stated result.

IFor A a matrix and x a vector we have [AX|| < Nl Alloo 1] -
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C.1.6 Analyzing (x)

Concentration on <13 - P) I7h* Since P aggregates all data from different step so that 2

and 17* are on longer independent Bernstein inequality cannot be directly applied. We use the
s1ng1eton absorbing MDP M , i to handle the case (recall u = Vt*(s) - V,J*rl (s)Vt € [H)).
Again, let us fix a state s and a E A be any action. Also, we use P, to denote row vector to
avoid long expression. Then we have:

%) ox _ (D Ox 1k 0 *
(Ps,a - Ps,a) Vh - <Ps,a - Ps,a) (Vh - Vh,{su*} + Vh,{su*})

7t >t

= (Pua= o) (7 = Vi) # (P = Rea) W

A A ~ [21og(4/6) ~ 2H log(1/6)
* * *
<||Pso— Psa 1 V- Vh,{s,uf} . + N Vars’a(Vh’{S’M[*})+ AN
. SN [210g(4/5) = > ~ 2H log(1/6)
* *
S Fsa = Ball )P0 = Vitsurs|| N < VVars VD 4 [Vars oVl e = Vi) ) + =35
N A 21log(4/6) = ~ ~ |17 2H log(1/6)
* * * * *
<||Ba = P |V = Vi |+ V|V Va0 + T e I
~ [2log(4/6 [2log(4/6 / 2H log(1/6
=< Ps’a_ Ps’a 1+ Ogjff/ )> h Og( / ) sa(V*) Og( / )
(C.Z)
where the first inequality uses Bernstein inequality (Lemma[D.0.3)), while the second inequality
uses 4/ Var(-) i P ,- P, 1 and |[V,* — Vhf{s,ut*} )
separately.
For al|,* Indeed, by Lemma|D.0.10jagain ‘ 133’0 - P, 1 < O( SI%S/‘S)) and by

a union bound we obtain w.p., 1 — 6

~

Bv,a - P

sup s,a

s,a

< CH /w (C.3)
1 N

where C absorbs the higher order term and constants.

For I//\h* - f}hf{s,ut*} . Note if we set i = I/}t*(s) tH(s) then by Lemma|C.1.4
V=T

Next since I//\h*{sﬁ*}(E) = max, Q\Z {Sﬁ*}(i a) V§ € S, by generic inequality | max f — max g| <

ZHere we use V* instead of V* since we later have Vh*{ -y We avoid the same ¢ twice in the expression to

prevent confusion.
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max |f — gl we have |V )=V @] <max, |0} . G.0)= 0 . (5 a). taking
max; on both sides, we obtain exactly

HVh,{s,ﬁ;} -

h{su}}

Ax Ak
o < “Qh,{s,ﬁ;‘} Qh,{s,u[*}

o]

then by Lemma|C.1.2]

> O x
”Vh Vh,{s,u,*}

< Hmtax |ax —ur|, (C.4)

o]

/\* ,\*

oo < “Qh,{sﬁf} B Qh,{s,u,*}
Recall

i) —uf =V () = VL) = (V) - Vi)

Now we denote

A, 1= max |} —u'| = max |V,*(9) = V3,09 = (V*(5) = V,(9)

N

b

then A itself is a scalar and a random variable.
To sum up, by (C.2)), (C.3) and (C.4) and a union bound we have

Lemma C.1.6. Fix N > 0. With probability 1 — 6, element-wisely, for all h € [H],

Slog(HSA/S 2log(4HSA/S ~ 2H log(HSA/6
sa/%”'ﬂmams-u\/‘”“T“«/rrpwhm ox(t /9,
N

Now plug Lemma|[C.1.6|back into (x) and combine Lemma|[C.1.5] we receive:

%) [ *
(P-P)7;

07 - 0f
H
. [Slog(HSA/S) 2log(AHSA/S) = 2H log(HSA/S)
SZhFZH:t(C T-HmsaxAs-l+ T\/VarP(VIL)+ AN -1
=
C \/ H2S l0g(SA/5) |
€0pt . .
N
H
N 2log(4HSA/S) = Slog(HSA/S) 2H?log(HSA/S)
SZFZHII\/T\/VMP(VIL)+CH2 ———— maxA, 1+ N 1
t=h
H2Slog(SA/s
+C€0pt-\/ ]f.j\.]( /)-1
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Next note

e (C.5)

<y/Var, (V7) + Hﬁh’? =Vl + € -1 <4/ Varp (VF) + | Q\’E— Q;”Al Lt 1
Plug (C.5)) back to above we obtain Vi € [H],
N 2log(4HSA/6) 2
|l S \/ N Zrhﬂ it ( Var (Vz+1 t+1 1| o T €opt 1)
Slog(HSA/o 2H?log(HSA/S H2Slog(SA/é
+CH2\/ og( /9) maxAs'1+ og( /%) 1+ \/ og( /9.
210g(4HSA/5) N (77 ) + 210g(4HSA/5)
2 h+1:t VarP t+1 o
Slog(HSA/o 2H?log(HSA/S H?Slog(SA/6
+CH2\/ CEHSAIO) \x A, -1 4 2H 1K /)-1+C1€0t-\/ 0e(SA/0)
N s 3N P N
(C.6)

Applying Lemma[D.0.8]and the coarse uniform bound (Lemma[D.0.TT)), we obtain the following
result:

Lemma C.1.7. Given N > 0 and ¢,,, </ H /S. With probability 1 — 5, for all h € [H],

JUN CoH3log(4HSA/S)  [21ogGHSA/5) <. . Slog(HSA/8)
||Qh_Qh oos\/ N + N l+1 el ‘00+C,H4T
Proof: Since
A, 1= max | —uf| = max |V,*(9) = V3,(5) = (V*(5) = V,1,(9) |
<2 -max |I7t*(s) - Vt*(s)‘
t
(C.7)

= 2 - max |[max I//\t”(s) —max V" (s)
t V3 T

<C. B \/Slog(HSA/é)
o = N

<2. max ”V” -V
zell re[H] 117 !

where the last inequality uses Lemma|D.0.11] Then apply union bound w.p. 1 —6/2, we obtain
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max, A, < C - H*y/ %&W). Note (C.6) holds with probability 1 — /2, therefore plug
above into (C.6) we obtain w.p. 1 — 6,

H H
PO 210g(4HSA/S) < 2 - 2log(4HSA/S) - .
03 - 0f] < /2 RUHSAD e e, (v7,) + | ZBEISA) 515 oz |
N t=h N t=h 0
Slog(HSA/é H?Slog(SA/S
+C'H og( /)'1+C1€opt‘\/ O]%,( /).1

| o v pgeSlogtHSA/®) |
0 N ’

CoH31log(@HSA/S)  [210g(AHSA/S) o || A -
= N + N Izzh” +1 7 2+l

where the last inequality uses Lemma [D.0.8|and €, < y/H /S and renames C’ = C' + C;.
Take ||-||, then obtain the result.

Lemma C.1.8. Given N > 0. Define C"”" := 2 - max(4/C,, C’) where C' is the universal
constant in Lemma When N > 8H?log(4H S A/5), then with probability 1 — 6, Vh €
[H],

An o H3log(4HSA/S H*Slog(HSA/S
‘ QZ _ QZ S CII\/ Og( / ) + C// Og( / )
= N LN (C.8)
Ak x H3log(4HSA/S H*Slog(HSA/6

Proof: We prove by backward induction. For h = H, by Lemma|C.1.7|

Slog(HSA/S)
N

£ _f CoH?log(4H SA/) 2log(4H SA/8) || an -
i~ O °°S N + N ” H+1~ <H+1

|/\/\

” +C'H?
o0

CoH3log(4HSA/S Slog(HSA/6
\/0 CBHSALD) (| ooy SR 51D

e \/ H3log(4HSA/S) o o gt Sog(H S A/5)
= N N

’
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for general h, by condition we have H 4/ %‘W < 1/2, therefore by Lemma|C.1.7

SO CoH3log4HSA/S)  [210g(AHSA/S) < || An - S log(HSA/5)
03 - 03] < L osSAS) | PRSETSATD § 102 g | e SloatiSAlD
t=h
CoH3log(4HSA/s 2log(4HSA/S A " Slog(HSA/S
< o[ Cott? log( /)+H\/ og( /)max| el R /9)
N N 1+1 + "+l N
_\/C0H310g(4HSA/5)+C,H4Slog(HSA/6)
N N
o \/H3 1og(4HSA/5)+C,,H451og(HSA/5)
2 N N

<o \/ H3log(4HSA/S) e H*Slog(HSA/S)
= N N

The proof of the second claim is even easier since z* is no longer a random policy and it is
really just a non-uniform point-wise OPE. There are multiple ways to prove it and we leave it

as an exercise to avoid redundancy: 1. Follow the same proving pipeline as | Q\’Z - Q;l?
2. Mimic the procedure of point-wise OPE result in Lemma 3.4. in [[7].

used;
o0

Remark 17. Note the higher order term has dependence H*S, which is somewhat unsatisfac-
tory. We use the recursion-back trick to further reduce it to H>>S%>.

Lemma C.1.9. Given N > 0. There exists universal constants C,, C, such that when N >
C1H2 log(H S A/$6), then with probability 1 — 6, Vh € [H],

H3log(HSA/5) _ H3\/HSlog(HSA/S)

|0 - o; ~ (C.9)
and
Ak - H3log(HSA/6) H3\/HSlog(HSA/b)
|05 -o||_<c +G, .
o N N
Proof:
Note

VA(s) =V (s) := V() =V (s)
=VF(s) = V() + V()= V7 (s) (C.10)

t

<V O-Ve <|PF© -V )

and similarly V,*(s) — f}t*(s) < f/\z”*(s) _ V,”*(s)

, therefore by Lemma |C.1.8|(and use | |I//\l” —
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Vol < 1107 — 0]l,,), with probability 1 — 5,

t

< CZ\/ Og( / ) C Og( / )
(e

R 4 TIAID, TS SN0

ve-ve

< 2 max sup |
Al 2

where the second inequality uses (C.10). This replaces the crude bound of O(\/ H*Slog(HSA/5)/N)

for max, A, (recall (C.7)) by O(\/H3 log(HSA/6)/N).
Plug this back to and repeat the similar analysis we end up with (C.9). The second
result is similarly proved.

C.1.7 Proof of Theorem
Proof: [Proof of Theorem | Note n,, = )", 2£1 1[s"” = 5,a"” = a], which implies

n H H
uz[ns,a] =E Z 1[5?) =S, agi) =al| =n- Z dt”(S, a).
=1 t=1 =1

i

Or equivalently, n, , follows Binomial(n, Zil d/'(s, a)). Then apply the first result of Lemma
by taking @ = 1/2, we have whenn > 1/d,, - log(HSA/ 5ﬂ then with probability 1 — &,

H
ng, > %n-Zdt”(s,a), Vs € S,ae A.
=1

. — 1 H 1 i
This further implies w.p. 1 =6, n,, > sn- >~ d/(s,a) = n- H - d"(s,a) > ;nH - d, and
further ensures 1

N :=minng, 6 > EnH -d,.

Finally, by applying the above to Lemma|C.1.9] we can overcome the condition on N and obtain
the stated result.

C.2 Proof of minimax lower bound for model-based global
uniform OPE

Proof: [Proof of Theorem[4.5.1]] In particular, we first focus on the case where H = 2 and
extend the result of H = 2 to the general H > 3 at the end.

First of all, by Definition let P be the learned transition by certain model-based

method. Since we assume r/, is known and by convention Q7, , = 0 for any r, then by Bellman

3The exact sufficient condition for applying Lemma isn>1/ ZZI d,(s,a) - log(HSA/6) for all s, a.

However, since Efil d,(s,a) > Hd,, > d,,, our condition n > 1/d,, - log(H S A/5) used here is a much stronger
version thus Lemma apply.
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equation
Q, =r,+P"™Q; |, Vhe[H].
In particular, Q”H = i = 0, and this implies

AN AN Py
T T +1 V4 — . T _ TH+1 T — —
O, =ryg+PiQy  =ry; OQp=ry+ P10y =ry+0=ry

Now, again by definition of Bellman equation

A~

T Aﬂ' Aﬂ' Aﬂ'
—_ H —_— H
o1 =ry_+P QH—rH_1+P ry

=Tyt PO, =rg + Py
Therefore
sup Q= 7—1—1“ = sup (ﬁﬂH_PﬂH>rH
z€ell, © n€ll, 00
= sup (1/5—P> r| = sup sup (ﬁ(-ls, a)—P(-ls,a)) r
zz:el'Ig 0 n:el'lg s,a
=sup sup (ﬁ(-ls, a) — P(-|s, a)) ril
s,a erHg

where P™u € RSAXSA e RS54, P € RS4%S and r’;f € RS. Note A > 2, so we can choose
an instance of r; as (there are at least two actions since A > 2)

(ry(s,a)),ry(s,a,),...) :=(1,0,...) Vs €8S.

Above implies: if 7 (s) = a,, then /' (s) = 1; if 7;;(s) = a,, then r}/'(s) = 0; ...
Hence, if I1, is the global deterministic policy class, then r’g’ can traverse all the S-dimensional
vectors with either 0 or 1 in each coordinate, which is exactly

{rireRS : my €} 5{0,1}5.
Now let us first consider fixed s, a. Then with this choice of r, above implies

sup
zreI'[g

(Pels. )= PCls.a)) riy (BCls.a)~ PCls.a)) -+

> sup
re{0,1}S

= sup Z (ﬁ(sils,a)—P(sils,a))

re(o.0)S |,y

Let I, :={i € [S] : s.t. P(s,|s,a) — P(s;|s.a) > 0} be the set of indices where P(s,|s, a) —
P(s,|s,a) are positive and I_ := {i € [S] : s.t. P(s;|s,a) — P(s;|s,a) < 0} be the set of
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indices where ﬁ(sils, a) — P(s,|s, a) are negative, then we further have

sup

re{0,1}S
> max { 3 1Bs,1s, a) = Ps,ls, a)]].
iel+

=max { Z j’\(s,.|s, a) — P(sils,a)‘ , Z ‘ﬁ(si|s, a) — P(s;ls, a)| }
icl+ iel-

Z (ﬁ(sils, a) — P(s;]s, a))

iiri=1

D [P(sls,a) = P(s;ls, )]

iel—

j

On the other hand, we have

‘P(s |s,a) — P(s,|s, a)| |ﬁ(si|s,a)— P(sils,a)) = Hl/’\(-ls,a) —P(-|s,a)||1

iel+

since j’\(sils, a) — P(s;|s,a) = 0 contributes nothing to the /; norm. Combine all the steps
together, we obtain

~r . Ls [ S [ S
;zsgrll)g o H—luoo > ssuy 3 HP(.|S, a) — P(-|s, a)”1 >lc- ssuap EZZC, E (C.11)
holds with constant probability p. Here n, , = Zthl h 1[sg) =, ag) = a] is the number of

data pieces visited (s, a) in n episodes. Now we explain how to obtain 1 and 2. In particular,
we first explain 2.
Explain 2. Recall we consider the case H = 2. Then

2 2
sa =E Z Z l[s(') =, a(') = a]] = nz E [1[8511) = s,a;l) = a]] = nZd,’:(s,a)
h=1

h=1 i= i=1

i.e.ng,isa Binomial random variable with parameter n» and Zi 4, "(s, a). Then by Lemma

choose 0= apply the second result, we obtain when n > (1/2d,,) - log(SA/ 5l Wlth proba—
bility 1 — 5

ng, < 2 Zd”(s a), Vs,a

Next, similar to the lower bound proof (Theorem G.2.) of [7], we can choose ¢ and M (near
uniform but not exact uniform) such that d,(s,a) < C - d,,, which further implies n,, <
C-n-d,, Vs,a. Summarize above we end up with the following Lemma:

4By Lemma the inequality holds as long as n > 1/ Zi:l d;l‘(s, a)log(SA/6), here n > (1/2d,,) -
log(S A/6) is a stronger sufficient condition.
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Lemma C.2.1. Suppose n > (1/2d,) - 1og(SA/6), then

sup[P’[ LZ Vsa]>1—6

Explain 1. To make the explanation rigorous, we first fix a pair (s, a) and conditional on
n .- Then by a direct translation of Lemma[D.0.9} we have

inf  sup P [llﬁ(-lS,a)— P([s,a)ll; = Ty

—o(-)|n

B P(|s,a)eMg 8\ 2n

e
> =S| > p,
5]
where o(-) is some exponentially small term in .S, n. Now we consider everything under the
condition n > % - 8/d, log(SA/6). Next again take & = 1/2, then by the first result of
Lemma [D.0.1] with probability 1 — 4,

s,a

[\S)

D di(s,a)>n-d, >3—2S10g(SA/5)

> L,
2h=

where the last inequality uses the condition n > % -§/d, 1og(SA/5). Therefore this implies

s _ o(-)]

s,a

ey 1
f P(- ) P o
inf  sup [II (|s,a) = P(-|s,a)ll; > 231 2

P P(-|s,a)eMg

=inf  sup <P[nﬁ<-|s,a> PCls, @)l 2 24/ 22 —o0()]n

P P(:|s,a)eMg ~ 8 2n s,a

=~ 1 eS
P [IIP(-Is,a) P(ls,a)lly 2 §\/ o

>inf sup P [[|P(]s,a) = P(ls, a)ll;, >
P P(|s,a)eMg

zp-(1-9),
To sum up, we have the following lemma:

Lemma C.2.2. Letn > iS/dm -1log(S'A/6), then there exists a Q) < p < 1,

inf  sup P[||ﬁ<-|s,a) PCls, ol > ﬁ o<'>]z;a'<1—5>.

P P(|s.a)eMg 8\ 2n,
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Now we finish the proof for the case where H = 2. First note by (C.T1)),

[0 = €5 2 w3 [Pt - peis

HEHg

with probability 1, therefore by (C.11)), Lemma|C.2.1} Lemma we have

O PP A R 2

whenn >c-S/d,log(SA/6) for some ¢ > 332 Above holds for any 6.

It is easy to check %IL < 1, therefore, in particular we set 6 = gl%p, direct calculation
shows »
1-6)—6 ==,
14 ) >

which completes the proof for H = 2.
Extend to the general H > 3.
Step 1. Similar to the decomposition in section |C.1.4] we also have:

H
Or—0or =Y 17 (P-PVr,
h=t

Step 2. Now choosing rewards recursively from back (with ||r,||,, = c sufficiently small)
such that 1 > r, > (||rylle + .- + |Irglle) element-wisely Vh, and max,,r,(s,a) =
3ming, r,(s,a). We denote r, . ‘= max,r,(s,a) and r; .. = ming, r,(s,a). This choice
guarantees:

Fhomin += nsl%zn ru(s,a) > ||[P™ir, 4 .+ PPy |

since P”r is row-stochastic.

Step 3. Nextnote V;* = ry,+ P™ir,  +..4+ Pty soset (r, (s,a,),r, (s,a,),...) 1=
(max, , r,(s,a), min, , r,(s, a), ...), then choose x;, similar to the H = 2 case and use Step 1 and
Step 2 we have

1

|(Ps,a - Ps,a)Vhﬂl ZEHPs,a - Ps,alll : (rh,max - rh,min - (Pﬂh+lrh+1 +..+ PﬂhH:HrH))
1, - 1
ZEHPS,Q_Ps,alll'rh,minZEllps,a_Ps,alll.c

where the reasoning of the first inequality is similar to the case of H = 2. Next use ff+l "
is row-stochastic then from Step 1 and take the sum we have

A . 1 . N
107 = O]ll. 2 3¢ - Hmin [P, = Pl

s,a
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for such choice of rewards and 7.
Step 4. However, in the above construction ¢ actually depends on H due to the design
1 >r, > lrplle + - + lIrglls)- To get a universal constant ¢ we could use the bound

||QA’1r - 0flle 2 PH min * %minm [|P,, — P,,ll, instead, where PH min in Step 2 is univer-

sally lower bounded. Then we apply ||13W - P, 2 Q(+/S/nd,) to obtain the lower bound

Q(/HZS/nd,).

Remark 18. We point out while our lower bound of Q(H*S /d, €*) for uniform OPE appears to
be qualitatively similar to the lower bound of Q(H*S? A /€?) derived for the online reward-free
RL setting jin2020reward, our result is not implied by theirs and cannot be proven by directly
adapting their construction. Those two results are in principle, different since: the result in
Jjin2020reward is learning-oriented where they define the problem class on O(S) states and
forcing Q(S A/€?) episodes in each state and end up with O(S*A/€*) complexity; our result is
evaluation-oriented where we need reduce the uniform evaluation problem to estimating prob-
ability distribution in ¢ |-error. The global uniform OPE and the reward-free setting are also
different tasks (one cannot imply the other): the former deals with uniform convergence over
all policies but with a fixed reward while the latter aims at learning simultaneously over all
rewards.

C.3 Proof for optimal offline learning (Corollary 4.6.1)

Proof: This is a corollary of Theorem Indeed, by taking 7 = 7*, we first have

A~k - . . [ 2 25 g0.5, |
”VI,,_VI,, S‘QT_QT <C Hz+HSz.
o0 o nd,, nd,,
Similar to the second result in Lemma we also have
Ak * Ak * [ Hzl H25S05l_
||V1” _le OOSHQ’{ _Qllr ooSC nd + nd )
L m m -
Next, recall the definition of 7 € II, that
|77 =77 = e
and Theorem [4.6.1] again that
A A ~ A~ A~ H2 H25S05
|77 -vP| <||of-of| <c o+ |-
o o nd,, nd,,
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Therefore

> 7 _ yn* z* z* 7z
[ el S S o S

< max I//\l”—Vl” +V1’?*—V1’?
T* * o0
= max |0 —vye||_+ (v =07 )+ (PF - 97) + (97 - v7F)
Tx,a* [+3)
[ H?2 H2.5 0.5 1 A A P~
<3C 4o+ dS o |PE -
n m n m s
[ 2 25 G035, |
<3C H1+H SV e 1.
I nd,, nd,, ]

This completes the proof.

C.4 Proof for optimal offline Task-agnostic learning (Theo-
rem

Proof: Recall the definition of offline task-agnostic setting, where K tasks corresponds
to K MDPs M, = (S, A, P,r,, H,d,) with different mean reward functions r,’s. Since the
incremental number of rewards do not incur randomness, therefore by Corollary 4.6.1] choose
7, = #; and apply a union bound we obtain with probability 1 — 4,

z* H?log(HSAK/é) H?3>8505 log(HSAK/6)
Vi = Via <0 +
kselilg] 1 LM, lka||°° - \/ nd,, ndm

_o H2(1 + log(K)) N H?35%(1 4+ log(K))
B nd nd ’

m m

which completes the proof.

Remark 19. We stress that Section 3 of [84] claims the definition of task-agnostic RL setting em-
braces one challenge that rg) s are the observed random realizations and the need to accurately
estimate mean rewards r,’s causes the additional 1og(K) dependence. However, for offline
case, this is not essential since, by straightforward calculation, estimating rg) 's accurately only
requires 6(10g(K)/dm€2) samples, which is of lower order comparing to O(H? log(K)/d,€e*)
learning bound. Therefore, in Definitiond.7.1|we do not incorporate the random version state-

ment for reward r,,.
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C.4.1 Offline Learning in the Constrained MDPs (CMDP)

Recently, there is a line of studies in the Constrained Markov Decision Processes (CMDP)
(e.g. [?]), where the MDP M = (S, A, P, H,d,). When the reward is set to be r, it defines the
objective function V" and there is another utility function g that defines the constraint. To be
concrete, the objective formualted as:

Erlézkﬁrlrsngglfr”l (x,) subjectto V7 (x;) 2 b (C.12)

where b € (0, H] is some constraint threshold. In addition, the formulation needs a Slater
condition that: there exists y > 0 and 7 € A(A|S, H) such that Vg’fl (x)=b+y.

Let z* be the optimal solution that is compatible with the programming (note this
is different from the optimal policy that maximizes V", only), then by feasibility it satisfies

V™ > b.
gl =
Now let #* be the solution of the empirical program:

1,33’&%%?1/5 (x,) subjectto V7 (x;) 2 b (C.13)

then we can show #* is a near-optimal solution for (C.I2)) via the local uniform convergence
guarantee (Theorem [4.6.T]).
Indeed, define a surrogate program:

Erré?&rlgl%{e)ﬂfr”l (xl) subject to V', (xl) >b (C.14)

and let 7* be the solution for (C.14)). Then apparently 7* satisfies Vg”l* (x,) > b. Moreover, we
have

il z* _yr* or* r* > a* > ax *
Voo =V =V =V +V =V +Va -V

z* > i * T*
SI/r,l - Vr,l +0+ Vr,l - Vr,l
T Aﬂ
<Zsup [V, = V1l
T

On the other hand, by local uniform convergence guarantee, |Vg’f1 - Vg’fl | < O(\/H?/nd,)
for all 7 in the 4/ H /.S-neighborhood of #* (w.r.t g). This implies

Ve —VE <2sup|VE - VA |+ 0K/ H?/nd,)

and the violation of the constraint is bounded by O(y/H?2/nd,). This means any approach
that solves (C.13) is near-optimal for the original constrained MDP task given the uniform
convergence guarantee.
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C.5 Proof for optimal offline Reward-free learning (Theorem

Similar to before, recall n,, = ¥, ¥ 1[s\’ = 5,4\ = a]. We first prove two lemmas
which essentially provide a version of “Maximal Bernstein inequality”. We first fix a pair (s, a)

and then conditional on n, .

Lemma C.5.1. We define ¢, = ﬁ Let G = {[i\e), i€y, ... ige;] ijsins ... ig € Z} N

[0, H]S be the S-dimensional grid. Next define 1, = log[(\/ H3S?)% /5]. Then with probability
1-20,

2Var (w)r N 2H1,

nS,ll 3nS,ll

(P —- P ow| < , Yweda.
[(Pua = B

This is by the direct application of Bernstein inequality with a union bound, where the
cardinality of G is
S s
<£> = (Virs?)
€

Lemma C.5.2. Let the S-dimensional grid be G = {[i|€,,i5€,, ..., ig€,1"|i{,i5, ..., ig € Z} N
[0, H]® and define 1, = log[(\/ H3S?)5 /5]. It holds with probability 1 — 4,

@ - Py < 2Var, (v)y e hoo 2H1, Voe o HI®
_ _ s , v , .
5.4 4 U‘ - ng, n,HS  3n,

Proof: Let z := Proj,(v). Then by design of G we have

[ 1
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Therefore we obtain Vv € [0, H]?,

(Ps,a - l/)\s,a)v) < ‘(Ps,a - jss,a)(v - Z)| + |(Ps,a - ﬁ?,a)z)

S‘Ps,a—l/’\ Iz - oll,, P )|
2Var (z)z 2H;1
<c ||z - V|l
nS
S 2lz—vllgn ollZ, 2Varsa(v)z1 2H11
<cq/— llz=vll
ng, 3ns’a

2Vars 0y 2H11
3n

s,a s,a

IIZ— Ul

IA
a
%

I 2Varsa(v)l1 2Hz1
ng HS 3

where the third inequality uses Lemma|[C.5.1]and Lemma [D.0.10
Thenrecall N := min, , n ,, by Lemma and a union bound we obtain with probability
1 — 6, element-wisely,

2Var (01, 42 1 2H1,

‘1, Vv 0, H® C.15
~. sty | YvelHP, (CI5)

|(P—13)u) <C-

where 1, = S'log(HSA/d).

Remark 20. Equation is a form of maximal Bernstein inequality as it keeps validity for
all v € [0, H]5. The price for this stronger result is the extra S factor (coming from 1,) in the
dominate term.

Now, for any reward r, by (empirical) Bellman equation we have element-wisely:
A~ Ak Anx A~k Ax Ak
T T __ T T T y3
0, =0 =r,+PwmQy  —r,—PwQy
_ /\7?* 7’1:* /\;E* 7?*
= <P =P ”“) a1 T PPin ( h+1 h+1>

- <13—P> P& 4 PR (A’?* _o™ )

h+1 h+1 h+1
H
_ _ z* N 7
_"'_Zrh+1:t<P P>Vt+1
t=h
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where I’} . = Hl _ny1 PT 18 multi-step state-action transition and I'y,., 1= 1.

Concentration on (P - P) V.*. Now by (C.T3)), we have the following:
(P Pu) 0

2Vars a(V*)lz 1 2Hz2

2Va1’ (V” )12 12 212 A~k ~x
. ‘ | /A Ve
N-HS h h
SC W+2 l—2+ &Hz £+2Hl2
N V N-HS VN V N 3N

<C'. 2Var, Vy b, 2HSlog(HSA/S) |
N N-HS N

<C-

where the third inequality uses Lemma|D.0.11Pl Then above implies

>Note the use of Lemma|D.0.11|also works for any rewards since the only high probability result they used is
for || P — P||,. Therefore conditional on the concentration for || P — P||;, the argument follows for any arbitrary
reward as well.
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A A

7 z*
Qh - Qh

H >
. 2Var, (V) ! 2H2Slog(HSA/s
<C’ E | \/’—h2+2 2__ 4+ & /%)
L et N N-HS N

H o
. 2Var, (V7 )i 3
<’ ZF” \/ 5oV +2\/H10g(HSA/5) +2H Slog(HSA/é)

+1:t N N N
t=h

< [ \/2H3Slog(HSA/5) o \/Hlog(HSA/&) , 2H*Slog(HSA/5)
= N N N

o [ HS log(HSA/3) | H3Slog(HSA/5)]
= N N

- \/ H2S10g(H SA/8) H>S log(HSA/6)
- nd nd ’

m m

where the third inequality uses Lemma|[D.0.8|and the last one uses N > %ndm with high prob-

ability. Similar result holds for QZ* — QZ*. Combing those results we have reward-free bound
(for any reward simultaneously)

0 \/HZSlog(HSA/& 4 H2S10g(HSA/5)
nd nd ’

m m

which finishes the proof of Theorem {.7.2]

Remark 21. Note above result is tight in both the dominant term AND the higher order term.
Therefore this result cannot be further improved even in the higher order term.

C.6 Discussion of Section

In this section we explain why Theorem and Theorem are optimal in the offline
RL.

We begin with the offline task-agnostic setting. For the exquisite readers who check the
proof of Theorem 5 of [[84], the proving procedure of their lower bound follows the standard
reduction to best-arm identification in multi-armed bandit problems. More specifically, to in-
corporate the dependence of log(K), they rely on the Theorem 10 of [84] (which is originated
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from [116]) to show in order to be (e, §)-correct for a problem with A arms and with K tasks,
it need at least Q(i2 log(g)) samples. Such a result updates the Lemma G.1. in [8] by the extra
factor log(K) for the bandit problem with K tasks. With no modification, the rest of the proof in
Section E of [8] follows though and one can end up with the lower bound Q(H? log(K)/d,€?)
over the problem class M, := {(,u, M) | min, , d! (s,, a,) > dm}. The case for the offline
reward-free setting is also similar. Indeed, the Q(S A/€?) trajectories in Lemma 4.2 in [80] could
be replaced by Q(1/d,,e?) by choosing some hard near-uniform behavior policy instances (see
Section E.2 in [[8]) and the rest follows since by forcing S such instances (Section 4.2 of [80])
to obtain Q(.S/d, €?) and create a chain of Q(H) rewards for Q(H>S/d, €?).

C.7 Proof of the linear MDP with anchor representations

Recall that we assume a generative oracle here. Sometimes we abuse the notation K for
either anchor point set or the anchor point indices set. The meaning should be clear in each
context.

C.7.1 Model-based Plug-in Estimator for Anchor Representations

Step 1: For each (s,, a,) where index k € K, collect N samples from P(-|s,, a,); compute

count(s,a,s’)

ﬁ}c(s/lskaak) = N 5

Step 2: Compute the linear combination coefficients A, satisfies ¢(s, a) = 3, - 4, P(s, a,);
Step 3: Estimate transition distribution

P(s'|s,a) = Z A ﬁ,c(s'lsk, a,).
kex

We need to check such ﬁ(s’ |s, a) is a valid distribution. This is due to:

D= N AP s a) =D D AP s, ap)

kek kek s s’ kek
=20 D AP0 a0 w(sh) = D (s, @) w(s)) = Y P(s'ls,a) = 1
s’ kex s’ s’
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and

ZP(S |s,a) = Z Z A”P (5" | seoay) = Z Z/IZ’“II’\K (5" | s ap)

s’ kek kek s’

_2’1“1

kek

Step 4: construct empirical model M= (S, A, P.r,H ) and output 7* = argmax V’r
Similarly, Bellman (optimality) equations holcﬂ

V*(s) = max {r(s, a) + / V3 (sHdP(s'|s, a)} Vs € S.

V*(s) = max {r(s, a) +/ VE(shdP(s']s, a)} Vs € S.

C.7.2 General absorbing MDP

The definition of the general absorbing MDP remains the same: i.e. for a fixed state s

and a sequence {ut} , MDP M, ult, is identical to M for all states except s, and state s is
absorbing in the sense P ot (s|s a) = 1 for all a, and the instantaneous reward at time 7 is
r urhZy
r(s,a) = u, foralla € A. Also, we use the shorthand notation V§ | for V%, and similarly
e Mt B

for Q,,, , and transition P, ,. Then the following properties mirroring the Lemma @ and
Lemma [C.1.2] with nearly identical proof but for the integral version (which we skip):

Lemma C.7.1.

M=
R

* —
I/h,{s,u,}(s) -

t=h

Lemma C.7.2. Fix state s. For two different sequences {ut} -, and {u VH  we have

=1

* *
— < —
max |07 0y = O, < H - max = ]

C.7.3 Singleton-absorbing MDP

The well-definedness of singleton-absorbing MDP for linear MDP with anchor points de-
pends on the following two lemmas whose proofs are still nearly identical to Lemma|C.1.3]and
Lemma [C.1.4 which we skip.

5We use the integral only to denote S could be exponentially large.
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Lemma C.7.3. V*(s) — *(s) >0, forall state s € S and all t € [H].

t+l

Lemma C.7.4. Fix a state s. If we choose u’ = V.*(s) —
following vector form equation

* (s) Vt € [H], then we have the

t+l

* _Yrx
Vi =Viw Vh € H].

Similarly, if we choose it\t* = f}t*(s) - I/}t:l(s), then f/\h*{sﬁ*} = f/\ ,Vhe[H].

The singleton MDP we used is exactly M A (or M H).

t—l

C.7.4 Proof for the optimal sample complexity
For 7*, by (empirical) Bellman equation we have element-wisely:
Q\i* — Q;f* = rh —+ ﬁ;r\itﬂéz\:] — r — P;[\;HQ]?*
= <Pﬂh+1 B P”h“) n1 T P% ( hl T Z+1>

:<P_P>Vh711+P < h+l Z+1>

H
_ _ 7* /\/\* /\;1.\*
_"'_Zrhﬂzz( > t+1<ZFh+lt‘< >Vz+1

1=h
~ 7/
()
T _ t ”f . . . ., .
where Fh 1 = 1., P™ is multi-step state-action transition and I",,,., :=I.

C.7.5 Analyzing (x)

Concentration on (13 - P ) I?h*. Since P aggregates all data from different step so that 2

and I7h* are on longer independent We use the singleton-absorbing MDP M

sty 10 handle
the case (recall ut* = Vt*(s) * (s) Vt € [H]). Here, we fix the state action (s a) € K.

t+1
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Then we have:
(Ps,a - Ps,a) Vh* = <Ps,a - Ps,a (Vh* - Vhf{s,u * + Vh*{su })

(h-r) <>< )i

sy}
A /210g(4/5) . 2H log(1/6)
.a~ Tsa 1 h Vh,{s,ut*} Vars’a(Vh,{s,ur*}) + 3N
A~ A~ /210g(4/5) ~ A~ ~ 2H log(1/6)
* * * * *
a = P, Vv, - Vh,{s,ut*} . +1/ —— |V Var, (V) + Vars,a(Vh’{s’u*} -V )+ 3N

N IR /2log(4/5) —
s,a Ps,a | Vh* - Vhf{s,u*} I a V*) +
! oo

IA
oy
N
<
%
%

IN
>
~

2 N 2H log(1/6)

<||P h{su o 3N
~ [21og(4/6) /210g(4/5) / 2H log(l/é)
=<nPs,a_Ps,a 1 + T) h h{su } sa(V*)
(C.17)

where the first inequality uses Bernstein inequality (Lemma [D.0.3) (note here P,V =
/s ,V(s")dP(s'|s,a) since S could be continuous space, but this does not affect the avail-

ability of Bernstein inequality!), the second inequality uses 4/ Var(-) is norm (norm triangle
=P —V*

s,a h *
1 {s,u;} -

and

separately.

For | l/)\sa o, Recall here (s,a) € K. By Lemma|D.0.10|we obtain w.p. 1 — 6
A~ S|log(1/6
|20 -2, < c\/%. (C.18)

where C absorbs the higher order term and constants.

For I/}h* - f}hf{s,u,*} . Note if we set i = I/}t*(s) - I/}t:l(s), then by Lemma|C.7.4
[00]
D* _ {rx
Vh - Vh,{s,ﬁr*}
Next since 9’1*{“2*}(5) = max, Q* (5 a) V§ € S, by generic inequality | max f — max g| <

5
t

max | f — g|, we have |I7h*{ ( )— Vh*{Y

max; on both sides, we obtam exactly

()| < max, IQ* iy (5@ = QZ{ (5, @), taking

A* A*
o = “Qh,{s,ﬁt*} Qh,{s,ut*} oo

H h{su } h{su

then by Lemma
17 = | <[00~ 0| < iz =il €19
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Recall
i —ur =V = Vi) = (V) = Vi6).

Now we denote

N

A, i=max | —uf| = max |V}(9) = V2, (9) = (V9 = V5, 9)|

then A, itself is a scalar and a random variable.
To sum up, by (C.17), (C.3) and (C.19) and a union bound over all (s, a) € K we have

Lemma C.7.5. Fix N > 0. With probability 1 — 6, element-wisely, for all h € [H] and all
(Sk’ ak) e K,

<C - Hmax A

s
Sk k

2log(4H K /6) \/—A* 2H log(HK/$6)
+\/—N VarPSk’ak(Vh )+ AN

Now we extend Lemma [C.7.5]to any arbitrary (s, @) by proving the following lemma:

Sgaly

\/|5| log(HK /8)

<13 -P, V*

Lemma C.7.6 (recover lemma). For any function V' and any state action (s, a), we have

/1” Var (V)< Var, (V)
kEIC \/ P \/ &

Proof: [Proof of Lemma | Since A, are probability distributions, by Jensen’s in-

equality twice
A”’, /VarP (V) < \/Z AP “Varp (V)
kex

ke
=\/ D A Varp (V) = \/ > AP, V= (P, V)
kex kex
\/ isa Pskasz_(Z /lsaPSkakV)Z
ke ke
=[PV = (B = \Var, ).

_ s,a
where weuse P, = ), o 4,7 P, , .
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Therefore for all (s, a), using Lemma|[C.7.5]and Lemma|[C.7.6| we obtain w.p. 1 — 6,
‘( s.a sa) V* < Z isa < Skl skak>V*

Slog(HK /5 2log@HK /5 _
chzj"\/—og(N 9y max A, +Z,1W\/—°g(N /),/Varﬂk’ak(vh*)

ke ke
Z AMZHlog(HK/(S)
kek
B Slog(HK/é) s.a 210g(4HK/5) n
=Cy/ == 5 max A, +k€2;C,1 \/ ——————=4/Va (V)
2H log(HK/6)

3N
Slog(HK /3) 210g(4HK/6) " 2H10g(HK/5)
_C\/T-H +1) ==/ Varp (V) +

Now plug above back into (x), we receive:

Ak 7*
Q - Qh

<2Fh+“(c\/@ Hmaa, 1 \/W i s K 1)
210g(4HK/5) ~ S 10g( HK/6) 2H log(HK /)

Similar to before, we get

V Varp () =y [Var, (9F) < yfVar, (V) + 05 - 0|

(C.20)
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Plug (C.20) back to above we obtain Vh € [H],

2log(4HK /6)
< \/—N Zr,m y < Varp, (V) >
Slog(HK /o 2H?log(HK /6
+CH2\/L/)-maXAS 1+ Og( /9 4
N k
2log(4HK/5) /— 210g(4HK/5) e
< \/— N Zrhﬂ it VarP \/ Z H w1~ O
Slog(HK /o 2H?log(HK /6
+CH2\/L/)-maXAS -1+ 0s(HK/5) -1
N Sk k 3N
(C.21)

Apply Lemma|D.0.8]and the (anchor version using recover lemma|C.7.6) coarse uniform bound
(Lemma [D.0.T1)) we obtain the following lemma:

P z*
Qh - Qh

t+1 Qt+1

Lemma C.7.7. With probability 1 — 6, forall h € [H],

PO CyH?3 log(4HK/5) 2log(4HK/5) P o 4 Slog(HK/6)
n OOS\/ 2 t+1 7 Zr+l |00+C,H N
Proof: Since
Ask -= mtax |LA‘,* - u,*| = mtax ‘Vt*(sk) - V,:l(sk) - (V,*(Sk) - V,:l(sk))‘
<2-max |V (s) = V*(5,)|
t
(C.22)

=2 - max
t

max I/};”(Sk) —max V*(s,)

co. B \/|S| log(H K /5)
N N

[o0]

<2- max HV” -Vr
rellre[H] |7 !

where the last inequality uses (the anchor version) of Lemma|D.0.11\’| Then apply union bound

w.p. 1 —6/2, we obtain max, A; < C H?*y/ w Note (C.21) holds with probability
1 —5/2, therefore plug above mto and uses Lemma and take || - ||, we obtain w.p.
1 — 6, the result holds.

Lemma C.7.8. Given N > 0. Define C"” := 2 - max(4/C,, C’) where C' is the universal
constant in Lemma When N > 8H?|S|log(4H K /6), then with probability 1 — 6, Vh €

"Here the anchor version means for any (s,a) we can apply ||13M walll = I Dk AS ”(P - P )l <

A p
Zk j'k IIPs,a _Ps,a”l'
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[H],
) o7 —oF| <c \/H3 log@HK/8) ., H'Slog(HK/8)
= N (C.23)
) o —or o \/H3 log(4H K /6) +C,,H4Slog(HK/5)
h h N N :

Proof: The proof is very similar to that of Lemma|C.1.§]

Remark 22. Note the higher order term has dependence of the order of H*S. However, using
the same self-bounding trick, we can reduce it to H>>5%,

Lemma C.7.9. Given N > 0. There exists universal constants C,, C, such that when N >
C,H?|S|1og(H K /5), then with probability 1 — 6, Vh € [H],

e H3log(HK/5) o HVHS log(HK /5)
|07 -of|_ < Cz\/ g /9 ¢, Ng /9. (C.24)
and
o H> log(HK /), o H VHS log(HK /5)
|Qh -0y <q C, ~ .

Proof: The proof is similar to Lemma[C.1.9]

C.7.6 Proof of Theorem 4.8.1]
Proof: By the direct computing of the suboptimality,
OF-07 =07 -07 +07 -0 +07 —07 <07 -07 |+|0] -0 |,

then by Lemma we can finish the proof.

C.7.7 Take-away in the linear MDP with anchor setting.

Under the setting .S could be exponential large, .4 could be infinite (or even continuous
space), with anchor representations (K < |S|), our Theorem has order 5(\/H 3/N)
when N is sufficiently large. This translate to N = O(H?3 /€?) and the total sample used is
KN = O(K H3/¢?). This improves the total complexity O(K H*/€?) in [68] and is optimal.

C.8 The computational efficiency for the model-based offline
plug-in estimators

For completeness, we discuss the computational and storage aspect of our model-based
method. Its computational cost is O(H* /d,€?) for computing P, the same as its sample com-
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plexity in steps (H steps is an episode), and running value iteration causes O(H S?A) time (here
we assume therit complexity L(P,r, H) = 1, see [117/] Section 1.3). The total computational
complexity is O(H*/d, e*) + O(H S*A), with a memory cost of O(H S?A).
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Appendix D

Some Technical Lemmas

Lemma D.0.1 (Multiplicative Chernoff bound [[118])). Let X be a Binomial random variable
with parameter p, n. For any 6 > 0, we have that

e’ "
P[X < (1 -96)pn] < <m> .

A slightly looser bound that suffices for our propose is the following:

2

PIX < (1 = &)pn] < e~ 7.

Lemma D.0.2 (Hoeffding’s Inequality [119]). Let x, ..., x, be independent bounded random
variables such that E[x;] = 0 and |x,| < &; with probability 1. Then for any € > 0 we have

1 n a2
P(—in > e) <e ¥,
n

i=1

Lemma D.0.3 (Bernstein’s Inequality). Let x,, ..., x,, be independent bounded random variables
such that E[x;] = 0 and |x,| < & with probability 1. Let 6> = %Z?:l Var[x;], then with
probability 1 — 6 we have

1 + 2062 -log(1/6) 2¢
;Z}xig \/—n + 3. log(1/6)

Lemma D.0.4 (Mcdiarmid’s Inequality: [119]). Let x, ..., x,, be independent random variables
and S : X" — R be a measurable function which is invariant under permutation and let the
random variable Z be given by Z = S(x,, x,, ..., x,)). Assume S has bounded difference: i.e.

sup [ Sy, ey Xy oo X,) = SO, s X, X)) S &

’
XXy X[
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then for any € > 0 we have

262

P(1Z —E[Z]] 2 €) < 2¢ Tmi%

Lemma D.0.5 (Azuma-Hoeffding inequality). Suppose X, k = 1,2, 3, ... is a martingale and
| X, — X,_,| £ ¢, almost surely. Then for all positive integers N and any € > 0,

2

P(1Xy — Xl > €) < 2e ZEi7,

Lemma D.0.6 (Freedman’s inequality [120]). Let X be the martingale associated with a fil-
ter F (i.e. X, = E[X|F,]) satisfying | X, — X,_;| £ M fori = 1,...,n. Denote W :=
Y., Var(X,|F,_,) then we have

2

P(IX — E[X]| > e, W < 0% < 2¢ 32nifs,

Or in other words, with probability 1 — o6,
2M 2
| X —E[X]] < \/862-10g(1/6)+T-log(l/é), Or W >o".

Lemma D.0.7 (Best arm identification lower bound [115]). For any A > 2 and © < \/m
and any best arm identification algorithm that produces an estimate a, there exists a multi-arm
bandit problem for which the best arm a* is T better than all others, but P[a # a*] > 1/3
unless the number of samples T is at least 7;% .

Lemma D.0.8 (Sum of expectation of conditional variance of value; Lemma F.3 of [7]).

H
Var, [Z P sill) = sh,a;ll) = ah]
t=h

H
(1) €8 @ M M )
<[E,, [Var [r, + V7 <st+1> | s,”,a, ] | s\ =5, 4 =ah]
=h

t
)] (e)) @ M (e)) @ _ 1 _
+E, [Var [[E [rt + V7 <st+1> | 5,7, a, ] | s, ] |s, =sp.a, = ah] )
By apply above, one can show

1—vii+1:t Varp (Vt-lir-l) <VMH-hy -1

Remark 23. The infinite horizon discounted setting counterpart result is (I — y P*) o), <
1=y
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D.0.1 Minimax rate of discrete distributions under /, loss.

This Section provides the minimax rate for P- PH1 for any model-based algorithms and
is based on [|89]]. Let P be .S dimensional distribution.

Lemma D.0.9 (Minimax lower bound for Hﬁ - P” 1). Let n be the number of data-points sam-
pled from P. If n > %S, then there exists a constant p > 0, such that

ir})f Pseljgs P [Hﬁ - P”1 > %\/g —o(e™) — 0(€_S)] > p,

where M denotes the set of distributions with support size S and the infimum is taken over
ALL estimators.

Remark 24. Note the P in above carries over all estimators but not just empirical estimator.
This provides the minimax result.

Proof:  The proof comes from Theorem 2 of [89], where we pick { = 1. Note they
establish the minimax result for E, | P - P ,- However, by a simple contradiction we can get
the above. Indeed, suppose

i%f Pselil/::s P [“13 - PH1 < %\/g —o(e™) — o(e_S)] =1,

then this implies inf 5 sup ¢ wm E P||13 - P|, < %\ / g — o(e™) — o(e™) which contradicts
Theorem 2 of [[89].

Lemma D.0.10 (Upper bound for H P P” ] ). Let n be the number of data-points sampled from
P. Then with probability 1 — 6

”ﬁ_ PHI <c ( /Slog’(lS/5) N Slog}iS/&))

forany P € M. Here P is the empirical (MLE) estimator.

Proof: First fix a state s. Let X; = 1[s; = s], then X, ~ Bern(p,(1 — p,)) and X, =
Y., X; ~ Binomial(n, p;). By Bernstein inequality,

X _pl< \/2ps(1 —p;nog(l/&) .\ %bg(l /5)

n
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Apply a union bound we obtain w.p. 1 — 6

XS'
—_P
n

g \/21";(1 —pi log(S/6) 4 %log(5/5) Vs e S

which implies
~ X
P- PH =Y |=-p
“ 1 é n s

¥y \/2ps(1 —p)108(S/0) | 35, 5/5)
n n

SES

- \/% Zg % \/25%,(1 - p,) log(5/6) + % log(5/6)

< \ﬁ\/zsz Zieshs <1 . M) log(S/8) + 5 log(S /6)
n S S n

\/ 2(S5 — 1) log(S /) N

n

3 log(.S/6).
n

where the last inequality uses the concavity of 1/x(1 — x).
Finally, we can absorb the higher order term using the mild condition n > ¢ - S log(.S/é).

D.0.2 A crude uniform convergence bound

Here we provide a crude bound for SUP e, H I//\l” -Vr ” , which is the finite horizon coun-
terpart of Section 2.2 of [41] and is a form of simulation lemma.

Lemma D.0.11 (Crude bound by Simulation Lemma). Fix N > 0 to be number of samples for
each coordinates. Recall 11, is the global policy class. Then w.p. 1 — 6,

<. g2 [Sloa(5A/5)
o = N

. [S1og(SA/6)
o = N

A~

Q, -0,

sup |

neng,he[HJ
which further implies
Aﬂ' V3
sup ”Vh - Vh ,
neHg,he[H]
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Proof:
0; = Of =ry+ P00y, —r, = P07,
—_ A]C T v T v v
- <P P h+l>Qh+1 + P ( h+l h+1)

:(P_P>Vh711+P”h+'< Bl T Z+1)
= = Zrhﬂ < )th-l
< Zrhﬂ (P-r)7z,

<Zl maXH(P P)(-|s, a)” H 141

(B-Pyisal 1< am@l

with probability 1 — 6, where the last inequality is by Lemma[D.0.10l By symmetry and taking

the ||| ., we obtain w.p. 1 — 6
<C.H /Slogé\fA/é).

The above holds for Vz € Hg since Lemma|D.0.10|acts on “ﬁ — PH1 and is irrelevant to .

T

< H? - max
s,a

0r - 0r

sup |
neng,he[H]
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