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A N A R C H I T E C T U R E F O R M A T H E M A T I C A L 

C O G N I T I O N 

Kur t  Ammon^ 

Departmen t  o f  Compute r  Scienc e 

Universit y o f  Hambur g 

A B S T R A CT 

This paper presents the architecture of the discovery system SHUNYATA which models studies and 

researc h i n highe r  mathematics .  S H U N Y A TA analyze s mathematica l  proof s an d product' s concrpi s 

and proo f  strategie s whic h for m th e basi s fo r  th e discover y o f  mor e difficul t  proof s i n othe r  mcichomat -

ica l  theories .  It s architectur e avoid s combinatoria l  explosion s an d doe s not ,  recijuir e searc h str;uegies . 

The proo f  strategie s contai n tw o categorie s o f  predicates .  A  predicat e o f  (h e firs t  caregoi y •̂v-iirt s 

a smal l  se t  o f  proo f  step s an d th e predicate s o f  th e secon d categor y evaluat e partia l  proof s .ui d de -

cid e whic h predicat e o f  th e first  categor y shoul d b e apphe d next .  Thus ,  th e proo f  strattgic s includ e 

feedbac k loops .  A  detaile d exampl e i s given .  I t  contain s a  simpl e proo f  i n grou p theory ,  tli e .m-ilysi s 

of  thi s proof ,  an d th e discover y o f  a  proo f  i n lattic e theor y whos e degre e o f  diBicult y repremi s r.h e 

state-of-the-ar t  i n automate d theore m proving .  Th e mos t  importan t  resul t  o f  thi s wor k i s  tli". '  discov -

er y o f  a  holisti c logi c base d o n th e concep t  tha t  cognitiv e structure s aris e fro m simpl e perceptions , 

evolv e b y reflectio n an d finally  contai n thei r  ow n evolutio n mechanisms . 

Keywords :  Learning ,  knowledg e acquisition ,  cognitiv e evolution ,  automate d theore m proving . 

1 INTRODUCTION 

Traditional research in machine learning assumes the existence of domain-independent and objectiviz-

abl e cognitiv e structure s an d discover y mechanism s (e.g. ,  [4]) .  Thi s approac h entail s th e followin g 

difficulties : 

• The learning system cannot change its representation language and its structure (e.g., (Uj)-

• After a period of time, the efficiency of the system decreases drastically (e.g., [8]). 

SHUNYATA automatically changes its language and its structure on the basis of experience which 

increase s it s efficiency .  A  crucia l  consequenc e i s tha t  i t  i s  impossibl e t o objectiviz e it s  architecture , 

i.e. ,  i t  canno t  b e analyze d completely . 

The organizatio n o f  thi s pape r  i s a s follows .  Sectio n 2  give s a n overvie w o f  S H U N Y A T A.  Sectio n 3 

describe s th e reflectio n syste m whic h form s th e cor e o f  S H U N Y A T A.  Sectio n 4  introduce s (h e concep t 

of  analytica l  space s an d Sectio n 5  present s holisti c logic .  Section s 6  an d 7  giv e a  simpl e jiroo f  i n 

grou p theor y an d th e analysi s o f  thi s proof .  Sectio n 9  describe s th e discover y o f  a  ditTicul t  proo f  i n 

lattic e theory . 

'Copyrigh t  ©  198 6 b y Kur t  Ammon.  Al l  right s reserved .  Further ,  storag e an d utilizatio n o f  th e describe d program s 
on dat a processin g installation s i s forbidde n withou t  prio r  writte n permissio n o f  th e author . 
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2 O V E R V I E W O F S H U N Y A TA 

SHUNYATA has the structure of a tree in functional representation, i.e., every object is either a 

symbo l  o r  els e ha s th e for m 

/(ai,...,o„) , 

wher e /  i s  a  functio n an d oi ,  ... ,  U n ar e arguments .  A t  th e mos t  genera l  leve l  S H U N Y A TA doe s no t 

consis t  o f  interactin g component s bu t  ha s onl y thi s functiona l  structur e whic h i s ver y suitabl e fo r 

representin g reasonin g processes .  S H U N Y A TA contain s thre e kind s o f  functions : 

• 

• 

Calculabl e functions .  Thes e ar e conventiona l  effectivel y calculabl e functions ,  i.e. ,  the y ar e 

objectivizabl e becaus e the y hav e a  precis e representatio n an d produc e precisel y describabl e 

values . 

Strange functions. The value of a strange function is composed of the name of the function and 

it s arguments .  Finit e sets ,  tuples ,  an d bag s ca n b e regarde d a s strang e functions .  Example : 

T h e se t  {ai,...,a„ }  i s  represente d b y 

fset{ai,...,an), 

where the value of fset{ai,...,an) is /sef(ai,..., a„). 

• Holistic functions. HoHstic functions evolve through experience and cannot be objectivized. 

Thei r  developmen t  i s accompanie d b y divisio n an d unificatio n processes .  Existentia l  quan -

tification ,  universa l  quantification ,  an d th e operato r  tha t  construct s set s fro m predicate s ar e 

holisti c functions .  Th e undecidabilit y  o f  predicat e logi c [5 j  indicate s tha t  th e decisio n procedur e 

i s a  holisti c function . 

SHUNYATA contains elementary knowledge for evaluating holistic functions. In particular, it 

use s a  basi c procedur e t o evaluat e predicate s tha t  defin e finite  sets .  Th e centra l  mechanis m o f  thi s 

procedur e i s th e replacemen t  o f  elemen t  relation s b y disjunction s o f  equalit y relations .  I n S H U N Y A TA 

holisti c function s presentl y produc e th e valu e not-evaluabl e i f  th e syste m doe s no t  contai n sufficien t 

knowledg e fo r  evaluatin g th e function . 

Th e mos t  importan t  function s o f  S H U N Y A TA ar e th e analyz e functio n an d th e proo f  functio n 

whic h perfor m th e proo f  analyse s an d generat e proofs .  Th e analyz e functio n ha s th e for m 

analyze{C,T,P), 

where C is a predicate calculus, T a theorem, and P a proof for the theorem. It produces a proof 

strategy .  Th e proo f  functio n ha s th e for m 

proof {C,T,S), 

where C is a predicate calculus, T a theorem, and S a proof strategy. It produces a proof for the 

theorem .  Th e analyz e an d proo f  function s illustrat e th e spira l  organizatio n o f  SHUN\'.\TA :  Th e 

analyz e functio n construct s powerfu l  proo f  strategie s fro m proof s an d th e proo f  functio n construct s 

comple x proof s fro m proo f  strategies . 

586 



A M M ON 

3 THE REFLECTION SYSTEM 

The reflection system is the core of SHUNYATA. It contains over one hundred simple functions and 

thei r  relation s whic h ar e represente d i n a  languag e closel y relate d t o predicat e logic .  Th e univers e 

of  thi s languag e i s th e se t  o f  al l  symbol s an d al l  trees .  Th e function s ar e ineta-leve l  concept s suc h 

as th e subse t  relation ,  th e unio n o f  sets ,  an d th e additio n o f  natura l  numbers .  Thus ,  th e reflectio n 

syste m contain s precis e knowledg e abou t  finite  trees . 

An inferenc e ca n b e represente d b y 

m = j(ai,...,a„), 

where m is a meta-level theorem, i is an rule of inference, and oi, ...,a„ are the arguments. The system 

uses predicate s t o construc t  smal l  set s o f  inferences .  Thes e predicate s ar c modifie d dynamically . 

The activit y o f  th e reflectio n syste m change s rapidl y becaus e i t  i s  controlle d b y th e result s o f  th e 

inferences .  Th e se t  o f  meta-leve l  theorem s generate d b y th e reflectio n syste m i s calle d rellertio n 

space .  Th e architectur e describe d avoid s combinatoria l  explosion s becaus e th e reflexio n spac e ca n 

be prune d b y additiona l  predicates .  Thi s mechanis m produce s a  combinatoria l  reductio n o f  th e siz e 

of  th e reflectio n spac e wit h regar d t o th e numbe r  o f  predicates . 

4 ANALYTICAL SPACES 

Cognition permanently reduces huge amounts of information to a few concepts. Miller [10] argues 

tha t  onl y som e seve n concept s ar e containe d i n short-ter m memor y simultaneously .  Thi s reductio n 

force s cognitio n t o divid e th e worl d int o analytica l  spare s wliic h consis t  o f  a  fe w concept s an d th e 

environmen t  thes e concept s refe r  to .  A n analytica l  spac e represent s a  vie w o f  th e world .  Fyxaniple s 

ar e geometr y an d spac e i n mathematics ,  propertie s o f  program s an d i>rogram s i n compute r  science , 

and proo f  strategie s an d proof s i n SHUNYATA.  Th e principl e o f  coinjjleiiieritarit y [3 1 state s tha t 

quantu m theor y require s th e existenc e o f  differen t  analytica l  spaces .  Codel' s Theore m j(i ,  implie s 

tha t  ther e ar e differen t  analytica l  space s fo r  th e theor y o f  natura l  numbers .  IVaditiona l  epistemolog y 

regard s th e worl d an d cognitio n a s completel y separabl e entities .  Fro m a  holisti c poin t  o f  vie w th e 

worl d an d cognitio n ar e divide d int o differen t  analytica l  space s whic h contai n essentia l  bu t  incomplet e 

knowledge . 

5 HOLISTIC LOGIC 

The SHUNYATA system is the first step towards an implementation of holistic logic. The central 

hypothese s o f  thi s logi c are : 

•  Th e basi s o r  kerne l  o f  cognitio n i s formless . 

• Cognitive evolution creates new analytical spaces [division) and integrates existing analytical 

space s (unification) . 

New informatio n i n a  cognitiv e syste m generate s elementar y analytica l  space s whic h caus e per -

turbation s i n it s structures .  Thi s proces s ca n b e considere d a s low-leve l  perception .  I n integratin g 

th e ne w analytica l  spac e th e syste m mus t  preserv e it s previou s efficienc) .  I t  first  trie s t o .issimilat e 

th e ne w spac e int o existin g structures .  I f  thi s i s  impossible ,  th e ne w analytica l  spac e begin s it s ow n 

evolution ,  i.e. ,  th e syste m perform s a  divisio n process .  Th e evolutio n i s controlle d b y th e activit y o f 

th e reflectio n system .  Cognitio n achieve s th e mos t  importan t  advancement s i n it s developmen t  b y 
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integrating different analytical spaces, i.e., by unification processes. Even the high-level structures 

of  th e reflectio n syste m ar e permanentl y revise d an d improve d b y division s an d unification s o n th e 

basi s o f  it s  low-leve l  structures .  Becaus e cognitiv e structure s aris e fro m simpl e perception ,  thei r 

origi n ca n b e regarde d a s a n empt y o r  formles s kernel ,  i.e. ,  th e kerne l  lack s propertie s an d struciures . 

Thus ,  th e theor y o f  holisti c logi c implie s tha t  i t  i s  impossib e t o objectiviz e cognitio n an d discover y 

mechanism s completely .  Th e integratio n o f  ne w informatio n ca n b e regarde d a s a n inductio n proces s 

whic h create s ne w structures .  Thes e ar e modifie d b y futur e experience ,  i.e. ,  b y feedbac k processes . 

Therefore ,  cognitiv e structure s evolv e b y inductio n an d feedbac k |l) . 

6 A SIMPLE PROOF 

Thi s sectio n give s a  formalizatio n o f  th e elementar y theor y o f  groups ,  a  theorem ,  an d a  complet e 

formalizatio n o f  a  proo f  whic h include s th e reason s fo r  th e theorems .  Thi s approac h t o formalizatio n 

form s th e basi s fo r  th e analysi s o f  th e proof .  I t  ca n b e applie d t o predicat e logi c an d meta-leve l 

reasoning .  Th e symbol s an d function s use d i n thi s sectio n ar e define d i n th e appendix . 

1.  On e binar y predicat e letter :  p .  W e writ e x  =  y  fo r  p{x,y) . 

2. Three binary function letters: f, g, h. We write xy for f{x,y). 

3. Constant: c. 

4. Axioms: {xy)z = x{yz), g{x,y)x = y, xh{x,y) = y. 

5. Rules of inference: 

(a) Substitution Rule: r — u G E, s e subs{r = u) =^ sub{r = u,s) G E. Function: 

sub{ r  =  u,s) . 

(b )  Reflexivit y Rule :  r e R = ^ r  =  r e E .  Function :  ref{r) . 

(c )  Symmetr y Rule :  r  =  u  e ^  E  = ^  u  =  r  E  E .  Function :  sym{ r  — u) . 

(d )  Transitivit y Rule :  r  =  u  E  E ,  u  =  v  E  E  = > r  =  v  E  E .  Function :  tran{ r  =  u ,  u  — v) . 

(e )  Replacemen t  Rule :  r  E  R ,  d  E  D ,  u  =  v  E  E ,  d{r )  -  u  -- > rep{r,d, u -  v )  C  E . 

Function :  rep{r,d, u =  v) . 

(f )  Chai n Rule :  r E R ,  d E D , u =  v E E , s E subs{ u -  v),d{r )  =  6t(l,su6( u =  u,s) )  == > 

rep(r ,  (f ,  su6( u =  u,s) )  E  E .  Function :  chain{r,d, u =  v,s) . 

6. Theorem: g{c, c)x = x. 

7. Proof: 

Theorem s 

g{c,c) x =  g{c,c){ch{c,x) ) 

g{c,c){ch{c,x) )  =  {g{c,c)c)h{c,x ) 

{g{c,c)c)h{c,x )  =  ch{c,x ) 

ch(c,x )  =  X 

Reason s 

chain{g{c,c)x ,  2 ,  y  =  xh{x,y) ,  {{x,c),{y,x)} ) 

chain{g{c,c){ch{c,x)) ,  () ,  x{yz )  ̂ -  {xy)z , 

{{x,g{c,c)),{y,cl{z,h{c,x))} ) 

chain{{g{c,c)c)h{c,x) ,  1 ,  g{x,y) x  ̂ -y ,  {(j-,c) ,  (y,c)} ) 

chain{ch{c,x) ,  () ,  i/i(x-,y )  =  y ,  {(x,c) ,  (y,x)) ) 

Th e proo f  step s containin g th e Symmetr y Rul e o r  th e Transitivit y Rul e ar e omitted .  Th e proo f 

i n ordinar y scientifi c  notatio n i s 

g{c,c) x =  g{c,c){ch{c,x) )  =  {g{c,c)c)h{c,x )  =  c/i(c,x )  =  x . 
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7 T H E A N A L Y S I S O F T H E P R O OF 

Thi s sectio n describe s th e automati c analysi s o f  th e previou s proof .  Th e resul t  o f  thi s analysi s i s a 

proo f  strategy . 

The proo f  i n th e previou s sectio n contain s fou r  step s Yi ,  Y2 ,  V3 ,  an d V4 .  Thes e proo f  step s ar e 

tuple s 

(r  =  t,chain{r,d, u =  f,s)) , 

wher e r  e  R ,  d  e  D ,  u  =  v  e  E ,  ̂ n d d{r )  =  st{l,sub{ u ̂  v,s)) .  S H U N Y A TA analyze s th e fou r 

proo f  step s successively .  Th e analysi s produce s tw o categorie s o f  predicate s whic h represen t  th e proo f 

strategies .  Thes e predicate s ar e generate d fro m th e function s o f  th e reflectio n syste m lik e th e term s 

and well-forme d formula s o f  a  predicat e calculus .  Th e predicate s o f  th e first  categor y hav e th e for m 

p{C,T,X,Y), 

wher e C  i s a  predicat e calculus ,  T  th e theore m t o b e proved ,  X  a  tupl e o f  proo f  steps ,  an d Y  a 

proo f  step .  A t  th e beginnin g o f  th e analysi s th e tupl e X  i s empty .  S H U N Y A TA test s whethe r  thes e 

predicate s satisf y th e followin g requirements : 

•  Th e evaluatio n o{p{C,T,X,Yi )  yield s th e trut h valu e tru e wher e Y", ,  t  €  {1,2,3,4} ,  i s  th e proo f 

ste p t o b e analyzed . 

• The evaluation of {y I p{C,T,X,Y)} yields a small set of proof steps in a limited space of time. 

The predicate s o f  th e secon d categor y hav e th e for m 

q{C,T,X) . 

wher e C  i s a  predicat e calculus ,  T  th e theore m t o b e proved ,  an d X  a  ttipl e o f  proo f  steps .  The y 

decid e whic h predicat e o f  th e first  categor y shoul d b e applie d next .  Therefore ,  th e proo f  strategie s 

includ e feedbac k loops .  Th e proo f  step s generate d b y th e predicate s o f  th e firs t  categor y ar c app'̂ ndc d 

t o th e tupl e X  unti l  X  contain s th e complet e proof ,  i.e. ,  th e proo f  step s V̂ i .  Vi ,  V3 ,  an d \, ( 

1.  Th e analysi s o f  th e first  proo f  step .  S H U N Y A TA generate s predicate s an d test s whethe r  the y 

satisf y th e requirement s described .  I t  discover s th e proo f  strategy : 

r  =  st{l,T) A 

u =  V  E  axms{C )  U  {6 |  (3a)( a €  axms{C )  A  6  =  sym{a))}/ \ 

pr{2,s )  C  con{T)KJvar{T ) 

Thi s proo f  strateg y produce s twelv e proo f  steps . 

2. The analysis of the second proof step (division). The previous strategy does not generate the 

secon d proo f  step .  Thus ,  th e secon d proo f  ste p ca n b e considere d a s a  perturbatio n wit h regar d 

t o th e previou s strategy .  S H U N Y A TA test s furthe r  predicate s bu t  the y fai l  t o produc e th e Lw o 

proo f  steps .  Therefore ,  i t  ha s t o perfor m a  divisio n process ,  i.e. ,  i t  contract s a  secon d predicat e 

tha t  produce s th e secon d proo f  ste p an d a  criterio n tha t  decide s whe n th e first  an d th e secon d 

predicat e shoul d b e applied .  Th e divisio n yield s th e strategy : 

r€pr{{l,2),X)-pr{{l,l),X) A 

u =  v  e  axms{C )  U  {6 |  (3a)( o 6  axms{C )  A  6  =  sym(a))} A 

ne{lvs{u) )  =  ne{lvs{v) ) 
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The dots represent the first predicate. The criterion states that the first predicate is applied 

onl y i f  th e secon d predicat e generate s n o proo f  steps ,  i.e. , 

{y|p(c,T,A',r) }  =  0 , 

wher e p  denote s th e secon d predicate .  Thus ,  th e secon d predicat e ha s priority .  Thi s strateg y 

produce s fou r  additiona l  proo f  steps . 

3.  Th e analysi s o f  th e thir d proo f  ste p (unification) .  I t  i s  ver y difficul t  t o integrat e th e thir d 

proo f  step .  Th e divisio n proces s first  fail s  becaus e i t  yield s a  strateg y tha t  generates ;  a n infinit e 

number  o f  proo f  steps .  Then ,  i t  produce s a  comple x strateg y wit h thre e predicates : 

repr((l,2),A:)-pr((l,l),X) A 

u =  V  e  axms{C )  U  {6 |  (3a){ a e  axms{C )  A  6  =  sym{a))} A 

ne{lvs{u) )  >  ne(/vs(v)) A 

not{ t  e  pri{l,l),X)Upr{il,2),X) ) 

T h e dot s represen t  th e first  an d th e secon d predicate .  Th e thir d predicat e ha s priority .  Thus , 

th e thir d proo f  ste p cause s a  stron g perturbatio n i n th e previou s strategy .  Finally ,  S I IUNYAT A 

unifie s th e secon d an d th e thir d predicat e an d discover s a  simpl e an d efficien t  strategy : 

repr{{l,2),X)-pr{{l,l),X) A 

u =  V  e  axms{C )  U  {6 |  {3a){ a 6  axms{C )  A  6  =  sym{a))} A 

ne{lvs{u) )  >  ne{lvs{v)) A 

notj t  e  pri{l,l),X)Upr{{l,2),X) ) 

Th e dot s represen t  th e first  predicate .  Thi s strateg y produce s th e thir d proo f  step . 

4. The analysis of the fourth proof step. The previous strategy also produces the fourth proof 

step . 

Thus ,  th e proo f  strateg y produce s eightee n proo f  steps ,  i.e. ,  eightee n theorems : 

g{c,c) x =  g{g{c,c)c,c) x 

g{c,c) x =  g{ch{c,c),c) x 

g{c,c) x =  g{c,g{c,c)c) x 

g{c,c) x =  g{c,ch{c,c)) x 

g{c,c)x -  g{g{x,c)x,c) x 

g{c,c) x =  g{xh{x,c),c) x 

g{c,c) x =  g{c,g(x,c)x) x 

g{c,c) x =  g{c,xh{x,c)) x 

g{c,c) x =  g(c,c){g{c,x)c ) 

g{c,c) x =  g{c,c){ch{c,x) ) 

g{c,c) x =  g{c,c){g{x,x)x ) 

g{c,c) x =  g{c,c){xh{x,x) ) 

•• •  =  {9{c,c)g{c,x)) c 

.. .  =  {g{c,c)c)h{c,x ) 

.. .  =  {g{c,c)g{x,x)) x 

.. .  =  {g{c,c)x)h{x,x ) 

.. .  =  c/i(c,x ) .. .  =  X 

Th e dot s represen t  th e term s o n th e righ t  sid e o f  th e precedin g column .  Th e proo f  i s underlined . 

Th e first  colum n i s generate d b y th e first  predicat e o f  th e proo f  strateg y an d th e othe r  column s ar e 

generate d b y th e secon d predicate . 
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The proof steps can be considered as new information for the system which can cause perturbations 

i n it s structures .  Th e analysi s o f  th e proo f  step s produce s predicate s an d proo f  strategies ,  i.e. ,  ne w 

concepts .  Thes e predicate s ar e generate d lik e th e term s an d well-forme d formula s o f  a  predicat e 

calculu s an d the y ar e selecte d b y experimentation .  Th e predicate s an d proo f  strategie s tha i  wer e 

produce d b y analyzin g th e previou s proo f  step s for m th e basi s fo r  th e analysi s o f  th e nex t  proo f 

step .  Thus ,  S H U N Y A TA change s it s languag e an d it s structur e o n th e basi s o f  experience .  Th e nex t 

sectio n show s ho w th e strateg y fo r  thi s simpl e proo f  i n grou p theor y ca n b e use d fo r  discoverin g a 

difRcul t  proo f  i n lattic e theory . 

8 THE DISCOVERY OF A DIFFICULT PROOF 

Thi s sectio n describe s th e discover y o f  a  proo f  fo r  SAM' s Lemma whic h wa s a n ope n proble m unti l 

1969.  I t  wa s solve d b y Guar d e t  al .  [7 ]  an d subsequentl y b y McChare n e t  al .  [9] .  Th e degre e 

of  difficult y fo r  discoverin g a  proo f  fo r  SAM' s Lemma represent s th e state-of-the-ar t  i n automate d 

theore m provin g [2] .  Th e siz e o f  a  proo f  i n ordinar y scientifi c  notatio n i s approximatel y on e an d a 

hal f  page s [1 2 . 

1.  On e binar y predicat e letter :  p .  We writ e x  =  y  fo r  p{x,y) . 

2.  Tw o binar y functio n letters :  f ,  g .  We writ e x y fo r  f{x,y )  an d x  +  y  fo r  g{x,y) .  I n orde r  t o 

omi t  parentheses ,  w e assum e tha t  th e first  functio n ha s priority . 

3.  Constants :  0,1 ,  a,b,c,d . 

4.  Axioms : 
{xy) z =  x{yz ) 

XX =  x 

Oi  =  0 

( a +  b) c =  0 

{ x +  y )  +  z  =  x+ { y +  z ) 

x +  X  =  X 

Q +  x  =  x 

{ a +  b )  +  c = l 

x +  z  =  z  = > { x +  y) z =  x{ y +  z ) 

5. Theorem: (c + da){c -t- db) = c. 

xy =  y x 
x{ x +  y )  =  x 

I x =  X 

{ab) d =  0 

x + y - y + x 

X - H x y =  I 

l  +  x  =  1 

ab +  d = l 

6.  Proo f  Strategy :  Th e proo f  strateg y fo r  th e theore m i n grou p theor y i s applie d bu t  th e axio m tha t 

contain s th e implicatio n require s specia l  treatment :  Th e consequenc e i s treate d lik e th e othe r 

equation s i f  th e conditio n ca n b e prove d b y th e repeate d applicatio n o f  th e secon d predicat e 

of  th e strategy .  Thi s strateg y generate s seventy-fou r  theorems .  Th e applicatio n o f  th e first 

predicat e ma y b e regarde d a s a n extensio n ste p an d th e repeate d applicatio n o f  th e secon d 

predicat e a s a  simplificatio n step .  Th e extensio n ste p produce s seventy-tw o theorem s an d th e 

simplificatio n ste p tw o theorems . 

Extensio n 

(c -t -  da){ c +  db )  =  {c c +  da){ c +  db ) 

(c +  da){ c +  db )  -  [ c +  da{ a +  b)){ c +  db ) 

(c +  da){ c +  db )  =  ( c +  da){ c +  db{ b +  a) ) 

(c  -f -  da){ c -f -  db )  =  ( c +  da){ c +  dlb ) 

Simplificatio n 

[ c +  da{ a +  b)){ c +  db )  =  c 

{c +  da){ c +  db{ b +  a) )  =  c 
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Some parentheses are omitted because of the associativity of the first function. The first proof 

i s underlined . 

7. Proof-. The strategy produces the proof 

(c + da){c + db) = (c + da{a + 6))(c + db) = c. 

9 RELATED WORK 

The first project concerned with automated mathematics research was AM |8, p. 137]. AM focuses on 

researc h i n elementar y mathematics ,  S H U N Y A TA o n researc h i n highe r  mathematics .  A M discover s 

mathematica l  concepts ,  S H U N Y A TA additionall y develop s powerfu l  cognitiv e structures ,  e.g. ,  ne w 

ideas .  A M use s rule s t o represen t  heuristi c knowledg e wherea s S H U N Y A TA use s a  modifie d predicat e 

calculus ,  i n particula r  predicate s tha t  generat e finite  set s o f  trees .  A M contain s sopliisticate d heuristi c 

rule s fro m th e beginnin g an d doe s no t  lear n fro m experience .  I n contrast ,  S H U N Y A TA analyze s ne w 

informatio n o n th e basi s o f  a  simpl e languag e closel y relate d t o predicat e logi c an d develop s concept s 

and discover y mechanism s o n th e basi s o f  experience .  A M doe s no t  generat e proofs . 

10 CONCLUSIONS 

In this paper, I have described an idealized trace of cognitive evolution from the very beginning to a 

leve l  tha t  i s  suitabl e fo r  researc h i n highe r  mathematics .  Th e origi n o f  cognitiv e structure s i s a  form -

les s kernel .  Thi s formulatio n i s a  shor t  paraphras e o f  th e hypothesi s tha t  cognitiv e structure s aris e 

fro m simpl e perceptions ,  evolv e b y reflectio n an d finally  contai n thei r  ow n evolutio n mechanisms . 

Thei r  developmen t  i s accompanie d b y divisio n an d unificatio n processe s an d create s a n increasin g 

objectivizatio n o f  th e environment .  Th e discover y syste m S H U N Y A TA model s thes e high-leve l  cog -

nitiv e processe s an d construct s mor e advance d theorie s fro m weake r  ones .  I t  i s  a n evolvin g tre e i n 

functiona l  representation .  It s cor e i s a  reflectio n syste m whic h contain s a  languag e tha t  i s  poteniiall y 

universa l  becaus e thi s languag e i s permanentl y revise d an d improved .  Cognitiv e structure s ar e holis -

ti c  i n th e sens e tha t  the y canno t  b e reduce d t o simple r  structure s an d tha t  the y canno t  b e completel y 

separate d fro m th e object s the y refe r  to ,  i.e. ,  the y ar e domai n specifi c  becaus e the y chang e o n th e 

basi s o f  experience .  Th e experiment s sugges t  tha t  artificia l  cognitiv e system s mus t  hav e a t  leas t  th e 

computationa l  capeK;it y o f  huma n cognitio n an d tha t  the y mus t  us e th e sam e cognitiv e structure s 

and th e sam e organization . 

S H U N Y A TA i s writte n i n ZETALIS P an d i s presentl y runnin g o n a  Symbolic s 3600 .  Th e syste m 

has constructe d man y proof s fro m proo f  strategies ,  fo r  exampl e th e previou s proo f  fo r  SAM' s Lemma 

withou t  specia l  procedure s fo r  associativit y an d commutativity .  I f  a  representatio n simila r  t o th e 

representatio n human s us e fo r  associativit y an d commutativit y i s integrate d int o SHUNYATA,  it s 

efficien y increase s b y a  facto r  o f  ove r  tw o hundred .  I n generatin g finite  set s o f  proo f  step s fro m 

predicates ,  th e syste m produce s mor e tha n on e hundre d simpl e LIS P program s pe r  minut e an d 

evaluate s them .  S H U N Y A TA ha s analyze d severa l  proof s an d ha s acquire d concept s an d strategie s 

fo r  thes e proofs ,  fo r  exampl e th e strateg y describe d i n thi s paper .  Th e proo f  analysi s require s multi -

processing .  Th e strategie s ar e LIS P program s whic h contai n holisti c function s an d whic h ar e writte n 

and compile d b y SHUNYATA.  The y ca n b e regarde d a s heuristi c knowledg e whic h i s modifie d o n th e 

basi s o f  experience .  Thus ,  th e proo f  analysi s involve s th e automati c an d evolutionar y developmen t  o f 

program s b y divisio n an d unification .  Th e automati c revisio n an d extensio n o f  th e reflectio n syste m 

has no t  ye t  bee n implemented . 
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APPENDIX: NOTATIONS 

axms{C )  Th e axiom s o f  a  predicat e calculus . 

bag{ai,...an )  Th e ba g containin g th e element s ai,...,a„ .  A  ba g i s a n unordere d grou p o f 

elements . 

Example :  bag[x,y,x) . 

con{ u =  v )  Th e constant s o f  a n equatio n u  =  v . 

Example :  con{g{c,c) x =  i )  =  {c} . 

D Th e se t  o f  subtre e descriptors .  Subtre e descriptor s ar e tuple s o f  natura l 

number s tha t  denot e subtree s o f  trees . 

Examples :  Th e subtre e descripto r  ( )  denote s th e subtre e f{a,b )  o f  th e tre e 

f{a,b) ,  th e subtre e descripto r  (2 )  th e subtre e g{b,c )  o f  th e tre e f{a,g{b,c)) , 

and th e subtre e descripto r  (2,1 )  th e subtre e 6  o f  th e tre e f{a,g{b,c)) .  W e 

writ e 1  fo r  th e subtre e descripto r  (l )  an d 2  fo r  th e subtre e descripto r  (2) . 

E Th e theorem s o f  a  predicat e calculus . 

lvs{t )  Th e ba g o f  leave s o f  a  tre e t . 

Example :  lvs{f{g{x,y),x) )  =  bag{x,y,x) . 

ne{b )  Th e numbe r  o f  element s i n a  ba g b . 

Example :  ne{bag{x,y,x) )  =  3 . 

pr{d ,  t )  Th e projectio n o f  a  se t  o f  tree s t  describe d b y th e subtre e descripto r  d . 

Examples :  pr{l,{{a,b),{c,d)} )  =  {a,r.} , 

pr{{l,2),{{f{a,b),c),{f{d,e),c)})={b,e} . 

R Th e term s o f  a  predicat e calculus . 

rep{r,d, u =  v )  Th e replacemen t  o f  th e subter m o f  a  ter m r  tha t  i s  selecte d b y th e subtre e 

descripto r  d  b y th e ter m v  o f  th e equatio n u  =  v . 

Example :  rep{g{c,c)x,2, x =  ch{c,x) )  -  j(c,c)(c/i(c,x)) . 

st[d ,  i )  Th e subtre e o f  th e tre e t  tha t  i s  selecte d b y th e subtre e descripto r  d . 

Examples :  st((),/(a,6) )  =  /(a,6) ,  sf(2,/(a,6) )  =  6 , 

.f((l,2),/((,(a,6),c) )  =  6 . 

su6( u =  u ,  s )  Th e applicatio n o f  th e substitutio n s  fo r  th e variable s i n th e equatio n u  -  v 

t o th e equatio n u  =  v . 

Example :  sub{ y =  xh{x,y) ,  {(i,c) ,  (y,x)} )  ^  x  =  ch{c,x) . 

subs{ u — v )  Th e substitution s fo r  th e variable s o f  a n equatio n u  =  v . 

Example :  {(i ,  c) ,  (t/,x) }  i s  a  substitutio n fo r  th e variable s o f  th e equatio n 

y =  xh{x,y) . 

var{ u =  v )  Th e variable s o f  a n equatio n u  =  v . 

Example :  var{g{c,c) x =  x )  =  {x} . 
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