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Abstract

and flows in SL(2, R)

Thomas C. Sideris’
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The affine motion of two-dimensional (2d) incompressible fluids can be reduced to
a completely integrable and globally solvable Hamiltonian system of ordinary differen-
tial equations for the deformation gradient in SL(2,R). In the case of perfect fluids,
the motion is given by geodesic flow in SL(2,R) with the Euclidean metric, while for
magnetically conducting fluids (MHD), the motion is governed by a harmonic oscillator
in SL(2,R). A complete description of the dynamics is given including rigid motions,
rotating eddies with stable and unstable manifolds, and solutions with vanishing pres-
sure. For perfect fluids, the displacement generically becomes unbounded, as t — 4oc.
For MHD, solutions are bounded and generically multiply periodic and recurrent.
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0. Introduction

In this article we explore the affine motion of incompressible planar fluids surrounded by
vacuum. An affine motion is one whose deformation and velocity gradients depend only
on time. Under this assumption, the fluid equations reduce to a completely integrable and
globally solvable Hamiltonian system of ordinary differentiable equations for the deforma-
tion gradient in SL(2,R). The natural phase space is the 6-dimensional tangent bundle of
SL(2,R), which we regard as being embedded in R® with the Euclidean metric. There are
three integrals of the motion corresponding to conservation of energy and invariance under
the left and right action of SO(2,R). We shall provide a complete description of all such
motions in terms of the values of the invariants in two cases: incompressible perfect fluids
(Euler equation) and incompressible magnetically conducting fluids (MHD).

Taking the unit disk as the reference domain, the time-dependent fluid domains arising
from incompressible affine motion are ellipses of constant area. The principle axes of these
fluid ellipses are determined by the eigendirections and eigenvalues of the stretch tensor.
Incompressible affine motion allows for compression along one axis and expansion along the
other, combined with rigid rotation.

Once the deformation gradient and fluid domains are known, the pressure, velocity, and
magnetic field, if present, are recovered through explicit formulae, taking into account the
boundary conditions. The sign of the pressure is preserved by the motion. There exist
special solutions whose pressure vanishes identically. In this case, the equations of motion
are linear, and solutions may be found explicitly.

The affine motion of incompressible perfect fluids in the plane is described by geodesic
flow for the deformation gradient in SL(2, R), echoing the classic result of Arnold on geodesic
flow in the space of volume preserving diffeomorphims [I]. By energy conservation, the
material velocity is bounded. However generically, solutions are unbounded, and in this
case, the diameter of the fluid domains grow linearly in time while approaching maximal
eccentricity. Additionally, there is an invariant manifold of initial data leading to rigidly
rotating fluid disks (eddies) of arbitrary angular velocity. These solutions are represented
by curves in SO(2,R). The manifold of rotational solutions is hyperbolic, possessing both
stable and unstable invariant manifolds. Solutions on these manifolds are semi-bounded,
and they decay exponentially to a rotating disk, as ¢ — oo in the stable case and as t — —o0
in the unstable case. Unbounded solutions are asymptotic to straight lines in the space of
2 x 2 matrices. In the special case of vanishing pressure, solutions coincide with straight
lines in SL(2,R).

The affine motion of incompressible magnetically conducting planar fluids can be viewed
as a simple harmonic oscillator, constrained to SL(2,R), through the addition of a one-
parameter restoring force to the equations of geodesic motion. Here, all solutions are
bounded and, generically, multiply periodic and recurrent. There exist rigid solutions with
fluid ellipses of arbitrary eccentricity. Included among these are rotating disks of arbitrary
angular velocity. For sufficiently large angular velocities, the rotating disk solutions pos-
sess a stable/unstable manifold. Solutions on this manifold are homoclinic to a rotational
solution, with an exponential decay rate, as t — 4o00.

The main results for MHD and perfect fluids are given in Sections[12]and [I3] respectively.
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Up to that point, the exposition for the two cases is presented in parallel. The initial
sections are devoted to the algebraic and geometric properties of the phase space for the
system of ordinary equations describing the motion of the deformation gradient. In Section
these equations are derived from the fundamental fluid equations, and the global existence
theorem is presented. The integral invariants of this system are discussed in the following
section. We then devote considerable time discussing the sets in phase space with fixed
values of the invariants, and Sections [5| through [§] are thus independent of the dynamics.
The point of this discussion becomes apparent in Section[9] The equations of motion can be
projected onto the phase plane, and the essential features of the dynamics can be extracted
from the orbits of the projected system. Perhaps the most technical portion of the paper
involves the reconstruction, in Section of the general flow from the solution in the phase
plane. Here we see the decisive influence of the rotation group SO(2,R) which induces a
monodromy for solution trajectories which pass through it. Notation will be introduced as
needed throughout the paper. For the convenience of the reader, a glossary appears in the
final section.

For initial data satisfying the Rayleigh-Taylor sign condition, local well-posedness for
the incompressible free boundary Euler equations with bulk vorticity was established in [2],
[6], [3], [7], [I1], [4] and for the incompressible free boundary MHD problem in [5], [I0]. The
use of affine deformations is a well-established tool in continuum mechanics, first introduced
in the context of the vacuum free boundary incompressible Euler system in [§], [9].

1. Matrix inner product space and groups

Definition 1.1. By M?, we denote the set of 2 x 2 matrices over R with the Euclidean
inner product
<A, B> = ZAZ]BU = tI‘ATB
0,3
and norm

A = (A, 4).
Lemma 1.2. For all A,B,C € M?,
(AB,C) = <B,ATC> - <A, CBT>.

Definition 1.3. Define the following vectors in M?:

10 1 0 0 1 0 -1
e L e W
Lemma 1.4. The vectors I, K, M,Z are an orthogonal basis for M?. In particular, the set

of symmetric matrices is orthogonal to the set of anti-symmetric matrices.

Definition 1.5. The special linear group is given by

SL(2,R) = {AcM?:detA =1}
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and the special orthogonal group is
SO(2,R) ={U e SL(2,R) : U1 =U"}.
Lemma 1.6. For all A € M? and U,V € SO(2,R),
[UAV| = |A|.
The left and right action of SO(2,R) on M? and on SL(2,R) is an isometry.

The subgroup SO(2,R) will play a special role in the sequel. Here is the first of several
characterizations that we shall repeatedly use.

Lemma 1.7. Elements of SO(2,R) are norm minimizers in SL(2,R). There holds
min{|A|? : A € SL(2,R)} =2

and
SO(2,R) = {A € SL(2,R) : |A]* = 2}.

Proof. Given A € SL(2,R), we have that
det ATA=1,
and so the eigenvalues of the positive definite symmetric matrix A" A satisfy
A1 > A >0 and AMAy=1.

Therefore,
AP =tr ATA =X\ + X > 2,

with equality if and only if ATA = I. Using the polar decomposition, there exists U €
SO(2,R) such that
A=U(ATA)2,

So by Lemma |A]? = 2 if and only if A =U. O
Definition 1.8. Define the one-parameter family of rotations

cosoc —sino

U(o) = exp(0Z) = [ ] , occR

sinoc coso
Lemma 1.9. With the notation of Definition|1.8, we have
SO(2,R) ={U(0) : 0 € R}.

Lemma 1.10.
SO(2,R) = {A € SL(2,R) : [A, Z] = 0}.
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Proof. A matrix in SL(2,R) commutes with Z if and only if it has the form

[“ _b], with a2+ b2 = 1.

b a

O]

Lemma 1.11. The cofactor map cof : M? — M? satisfies

cof A=ZAZ'.
It is symmetric and unitary.
Proof. The identity is easily verified. By Lemma we have that
(cof A, B) = <ZAZT, B> - <A, ZTBZ> - <A, ZBZT> — (A, cof B) .
and
(cof A, cof B) = (A, cof cof B) = (A, B) .

O

Lemma 1.12. For any A € M2, the vectors {AZ, ZA} and the vectors {A,cof A} are
orthogonal.

Proof. By Lemmas [1.2] and we have
(A, ZA) = <AAT, Z> =0 and (A,AZ)= <ATA, Z> =0,
for any A € M2. By Lemmas and together with what we have just proven, we have
(cof A, ZA) = —(Zcof A,A) = —(AZ,A) =0

and
(cof A,AZ) = — (cof AZ, A) = —(ZA, A) =0.

Lemma 1.13. For any A € M?, there holds
Acof AT = AT cof A=det A I
In particular, we have
AT =cof A, forall AeSL(2,R),

and

SO(2,R) = {A € SL(2,R) : A = cof A}.
Remark 1.14. We use the notation A~T = (A~1) T,
Lemma 1.15. For any A € M?, we have
2det A = (A, cof A).
Lemma 1.16. The determinant map det : M — R is C*° and

0
A det A = cof A.
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2. The geometry of SL(2,R)

Lemma 2.1. The vector cof A is normal to SL(2,R) at a point A € SL(2,R), and the
tangent space to SL(2,R) at A is

T4SL(2,R) = {B € M?: (B, cof A) = tr BA™! = 0}.

TaSL(2,R) is a three dimensional Euclidean inner product space in M2.
Proof. This follows from Lemma [1.16 O
Definition 2.2. Define the special linear Lie algebra

sl(2,R) = T/SL(2,R) = {L € M? : tr L = 0} = span{K, M, Z}.
Definition 2.3. Given A € SL(2,R), we define the unit normal vector field

N(A) = |A tcof A=|A|7TA™T.
Lemma 2.4. A € SL(2,R) is normal to TaSL(2,R) if and only if A € SO(2,R).
Proof. This follows from Lemmas and O
Definition 2.5. Define the tangent bundle
D ={(A,B) e M?> x M?: A € SL(2,R), B € T4SL(2,R)}.

Lemma 2.6. D is a smooth 6-dimensional embedded submanifold of M? x MZ2.
Definition 2.7. Given A € SL(2,R) \ SO(2,R) and Z as in Definition define

m(A) = ZA+ AZ,
m(A) = ZA - AZ,

AP 2
Tg(A):|A|4_4 A—|A|2cofA .

We also define 7;(A) = 7;(A)/|m:(A4)].

Remark 2.8. The choice of normalization for 73(A) is motivated by Lemma below.

Remark 2.9. In situations when the base point A € SL(2,R) is fixed, we shall occasionally
find it convenient to write simply 7; instead of 7;(A).

Lemma 2.10. The functions 1;(A) are smooth tangent vector fields, i.e.

7, : SL(2,R) \ SO(2,R) — T4SL(2,R), i=1,2,3.
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Lemma 2.11. If A € SL(2,R) \ SO(2,R), then g;j(A) = (1(A), 7;(A)) defines the metric

on T4SL(2,R) in local coordinates relative to the basis {T;(A)}. Explicitly, g(A) is given by
A2

[Al* —4

g(A) = diag |2|A|> +4, 2|A]> -4,

We also have that
(A,7(4)) =0,i=1,2 and (A 13(4)) =1

Lemma 2.12. If A € SL(2,R) \ SO(2,R), then the set {7;(A)}3_; spans T4SL(2,R), and
for any B € T4SL(2,R), we have

B=> c¢;7(A), with ¢ =(B,7(A)/gi(A).
Corollary 2.13. If A € SL(2,R) \ SO(2,R), then the set {7i(A)}3_; is an orthonormal
frame in TASL(2,R).
The next lemma gives a convenient set of local coordinates for SL(2,R) \ SO(2,R).
Lemma 2.14. Define a mapping A : R? x [1,00) — M2 by
A(s) = U(sy + s2) H(s3) U(s1 — s2), 5= (s1,52,53) € R? x [1,00)
with U(o) as in Definition and

1 (c+1D)Y?2 (o0 —1)1/?
2 (=Y (o +1)Y2]"

Then

i. the range of A is equal to SL(2,R),
ii. 3lA(s)]” = s3,
iii. A(s) € SO(2,R) if and only if s3 =1, and

w. the restriction

A :R? x (1,00) — SL(2,R) \ SO(2,R)

s a local diffeomorphism with

0; A(s) = 1i(A(s)), i=1,2,3.

Proof. Since det A(s) = det H(s3) = 1, we see that A(s) € SL(2,R), for every s € R? x
[1,00). Moreover, by Lemma [L.6] |A(s)[> = |H(s3)|> = 2s3, so A(s) € SO(2,R) if and only
if s3 =1, by Lemma [1.7]
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Let A € SL(2,R). Using the polar decomposition, we can find a U € SO(2,R) such that
A=UVATA. Since VAT A is a symmetric matrix in SL(2,R), there exists V' € SO(2,R)
such that

VIVATA)VT =diag [a, 1/a] =D, with a>1.

1 |1 -1
w=h 1)
we have W € SO(2,R) and WDW ' = H(o), for ¢ = (a® + a~2)/2 € [1,00). Thus, we see
that

Finally, taking

A= UVW)H(o)(W'VT),
with UVW, WTVT € SO(2,R). By Lemma this shows that the mapping
A :R? x [1,00) — SL(2,R)

is surjective.
We next verify the formulas for the derivatives. Since

Ulo)=2U(c) =U(0)Z,

we find that
0;A(s) = 1 (A(s)), i=1,2.

A simple calculation yields
H'(0) = 73(H(0)).

Therefore, by Lemmas and we have that
ag.A(S) = U(81 + SQ)Tg(H(Sg,))U(Sl — 82) = Tg(.A(S)).

Finally, by Lemma {r:(A)}3_, is a frame in T4SL(2,R), if A € SL(2,R)\ SO(2,R).
Thus, we see that the mapping

A :R? x (1,00) = SL(2,R) \ SO(2,R)
is locally invertible. ]

Remark 2.15. The matrix H (o) is a hyperbolic rotation. It will emerge as the main term
in the description of the motion in local coordinates.

Corollary 2.16. In local coordinates, 3|A(s)|* = s3, and hence, the metric g(A(s)) is a
function only of s3. It has the form

53

g(A(s)) = diag |4(s3 + 1), 4(s3—1), 21|

Remark 2.17. With abuse of notation, we shall sometimes write g(s3) instead of g(A(s)).
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Lemma 2.18. For s € R? x [1,00), the coordinate map can also be expressed as

A(s) = (53; 1)1/2 U(2s1) + <832_1)1/2 U(2s2) M,

and the normalized tangent vector fields have the form

71(A(s)) = 5U(2s1)7,

!
2A(s) = — U)K,

s — 1\ 1/2 s 1/2
HA(s) = 5 [( 1) s + (211 U(232)M] .

Proof. The first statement follows from Lemma by writing

1\ 1/2 1\ /2
H(a)z(a—; ) I+<U2> M,

and then using the fact that

M U®0) = U(-6) M.

Differentiating the new expression for A(s) with respect to s yields alternate expressions
for 7;(A(s)). The formulas for 7;(A(s)) follow after normalization. O

Remark 2.19. The rotation group SO(2,R) can be identified with the circle S!, and the
spheres |A(s)|? = s3, with s3 > 1, can be identified with the 2-torus S* x S?.

Remark 2.20. Note that Lemma [2.18| provides an extension of the normalized tangent vec-
tors 7;(A) to T4SL(2,R) for A € SO(2,R).

Lemma 2.21. In the local coordinates of Lemma[2.1]], the Christoffel symbols depend only
on s3, and they have the form

Iy (s3) = 59" (53)[0530%i(53) + Oragij(s3) — disgip(ss)], s3> 1,
where ¢'(s3) indicates the derivative in ss.

Proof. Since the metric is diagonal and depends only on s3, the result follows from the
general formula

“r(s3) =3 Zgw(%)[ajgke(s?)) + Okge;(53) — Orgjr(s3)]
7

= 39" (53)[6;391;(53) + Orsgi;(s3) — Sisgip(s3)].

Lemma 2.22. The cofactor map acts on the tangent basis as follows:

cof 11 (A) =11 (A),
COf’TQ(A) = —TQ(A),

2 1

cof T3(A) = —WT?,(A) + WN(A).

9
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Lemma 2.23. The orthogonal projection of M? onto T4SL(2,R) is given by
P(A)=1—-N(A)®@ N(A).

Definition 2.24. Given (A, B) € D, we define the shape operator

S(A)B = —dN(A)B = — ZBabaij(A).
a,b @

Lemma 2.25. The shape operator may be expressed in the form

S(A)B = (A) cof B.

1
P
|A]
Moreover, for each A € SL(2,R), the shape operator is symmetric on T4SL(2,R).

Proof. By direct computation and Lemma we have

0 cof A
SUB = =2 Bug T

ab

cof B cof A
OB A B
At ap 4B

1 A >cofA>
=——|cof B—(—,B
Al ( <|A| Al

_ _’;‘ (cof B — (N(A), cof BY N(A))

1
= ——P(A)cof B.
A (A)

From this formula, we see that S(A) maps into T4SL(2,R), and by Lemma the veri-
fication of symmetry is immediate. O

Lemma 2.26. If A € SL(2,R) \ SO(2,R), then the vectors {;(A)} are principal directions
in TASL(2,R) with corresponding principal curvatures

o2
A7 1A AP

Proof. The principal curvatures and directions are the eigenvalues and eigenvectors of the
shape operator. So this is an immediate consequence of Lemmas and O

Definition 2.27. The second fundamental form
II(A) : TASL(2,R) x T4SL(2,R) - R
is defined by
II(A)[By, Ba] = (S(A)Bi, Ba) .

10
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Lemma 2.28. For vector fields V(A), W(A), the Riemannian connection V is given by

0
0Aa

VyaW(A) = P(4) Y Vip(A) 5 —W(A).
a,b

Lemma 2.29. For vector fields V(A), W(A), Y(A), the curvature tensor is the map given
by
Y(A) = R[V(A), W(A)Y (4)
= 1I(A)[W(A), Y (A)]S(A)V(A) = TI(A)[V(A), Y (A)]S (AW (A).
Corollary 2.30. Relative to the orthonormal basis {7;(A)}, the curvature tensor has the

coordinates

(R(7i,7j) T, Te) = Rijre = NiXj (01050 — dindje),

where {\;} are the principal curvatures.

3. The equations of affine motion

Definition 3.1. An incompressible affine motion defined on the unit ball B C R? is a
one-parameter family of volume preserving diffeomorphisms of the form

z(t,y) = Alt)y, ye€ B, teR,

with
A € C°(R,SL(2,R)) N C*(R,M?).

Here, B is the reference domain, and the domain occupied by the material (fluid) at
time ¢ is

Q) = A(t)B = {z € R?: |A(t) 'z|? < 1}.

Note that the fluid domain €(¢) is an ellipse centered at the origin with principal axes de-
termined by the eigendirections and eigenvalues of the positive definite symmetric (stretch)

matrix (A(t)A(t)T)1/2.
Remark 3.2. By Lemma (A(t)A(t)T)Y/? is similar to H(o) where o = $IA(t)]?, and so
the eigenvalues are given by (”Tﬂ)l/2 + (%4)1/2.

The spatial velocity field associated to an affine motion is defined by
u(t,x(t,y)) = Ow(t,y) = A'()y, y € B,

or equivalently

u(t,z) = A(AR) 2z, € Q).

Lemma 3.3. If A € C°(R,SL(2,R)) N CY(R,M?), then (A, A") € C°(R, D). In particular,
A'A7L e CO(R, 51(2,R)).

11
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This leads to the following definition.

Definition 3.4. Define the mapping L : D — s[(2,R) by

L(A,B) = BA™".
Remark 3.5. The spatial velocity gradient of an affine motion z(t,y) = A(t)y is given by
Vu(t,x) = L(A(t), A'(t)).

Lemma suggests that the tangent bundle D is the natural phase space for affine
incompressible motion.
The equations of motion for 2d incompressible MHD surrounded by vacuum are

Dyu=—-Vp+0b-Vb
Dib=0b-Vu
V-u=V-b=0,

in a space-time domain x € Q(t), t € R. Here, D; = 0, +u-V is the material time derivative.
The equations are supplemented by the boundary conditions

p=0 and b-n=0 on 0Q(t),

where dot “-” denotes the inner product on R?. The free boundary is also assumed to
move with the fluid. We do not impose the Taylor sign condition, although that plays a
role in the general theory of local well-posedness.

Remark 3.6. When the magnetic field b vanishes identically, the system reduces to the
incompressible Euler equations.

Let us now assume that the velocity u(¢,z) and the fluid domains Q(t) arise from an
incompressible affine motion x(¢,y) = A(t)y, as described above.
By Lemma the velocity field is divergence free:

V-u(t,z) =tr A'(t)A(t)"1 =0, teR.
Let us write
b(t,z) = B)A®) 'z and — Vp(t,z) = A(t)” T w(t)A(t) e,

with 8, € C?(R,M?). (As motivation, note that if we assume the other unknowns b and
p are also spatially homogeneous, then the PDEs imply that Vp(¢,x) and b(¢, ) should be
homogeneous of degree one in the variable x.)

The equation for the magnetic field implies that

6/ _ A/A_lﬁ
from which it follows that

B(t) = A(t)Ay'Bo, where Ag= A(0), Bo=5(0).

12
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The normal vector to 092(t) at a point = € 0€(t) has the direction of the vector
A(t)~TA(t)" . So the boundary condition implies that for all |y| = 1,

0="b(t,z(t,y)) - n(t,z(t,y)) = Bt)y - At)” "y = Ay Boy - v
It follows that A, 18y is anti-symmetric, and so there exists a constant ¢y such that
Aalﬁo = cpZ.
Thus, we have shown that
b(t,z) = coA(t) ZA(t) .

As a consequence,
V-b(t,z) = cotr A(t) ZA(t) ™t = cotr Z = 0,

so that b is divergence free.
Since A(t)~Tw(t)A(t) "'z is a gradient, the matrix A(t)~ " w(t)A(t)~! must be symmet-
ric. Thus,
Vp(t,z) = —1VIAQ®) " Tw(t)At) 'a - ).

We find that
p(t,x) = L [ANt) —w(t)At) ' - A(t) 2],

for some scalar function A(¢). The other boundary condition implies that
0 =p(t,z(t,y)) = 5A(t) — @(t)y -y,

for all |y| = 1. This forces

and so
p(t,x) = SA([1 — A 2]?).

Finally, from the velocity equation, we derive
A"(t) = XOAR) ™" + At)(coZ)? = AB)A(L)™ " — RA(1).
Thus, we have proven
Lemma 3.7. Suppose that
A € C°(R,SL(2,R)) N C*(R, M?).

Define
u(t,z) = A'(H)A(t) Lz,
b(t,z) = coA()ZA(t) 'z, ¢ €R,
p(t,z) = 5A(1) [1 - [A@B'2l’], A e CO(R,R),
and
Q(t) = A(t)B.
Then u(t,z), b(t,x), p(t,x) solve the MHD system in Q(t) if and only if
A"(t) + BAt) = Mt)A@) . (3.1)

13
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Remark 3.8. An affine solution satisfies the Taylor sign condition if and only if A(¢) > 0.
We shall show later on (in Corollary that the sign of this function is preserved under
the motion.

Remark 3.9. The equations of motion (3.1]) are the Euler-Lagrange equations associated to
the Lagrangian £ : M? x M? x R — R given by

S(A, AN = S|A)2 = LB AP + A(det A — 1).
The scalar function A(¢) in (3.1) is a Lagrange multiplier which will now be identified.

Definition 3.10. Given a parameter value x > 0, define the Lagrange multiplier map
Ag: D — R by
tr[L(A, B)?] + 2k B tr[(BA™Y)2] + 2k

trA-TA-1 trA-TA-1

Lemma 3.11. Fiz x> 0. If A € C°(R,SL(2,R)) N C?(R,M?) satisfies

An(A,B) =

A"() + kA = At) A@)"T, teR,
for some function A\ € CO(R,R), then
)‘(t) = AH(A(t)7 A,<t>)'

Proof. Since

A'(t) = L(A(t), A'(t)) A1),

we have

A"(t) = L(A(t), A'(t))" A(t) + L(A(t), A'(t)) A'(t).
It follows that
L(A(t), A'(t)) = A"())A(t) ™" = L(A(t), A'(t)) A'()At) ™
- (—/@A(t) FA®) A(t)—T) AL — L(A(t), A'(1))?
=kl +Xt) A@t)"TAWM) ™t — L(A(t), A'(1)%
Taking the trace, we obtain
tr L(A®D), A'() = tr A~ TAWD) ™ [AE) — An(A(1), A (1))
By Lemma we have tr L(A(t), A’(t)) = 0, which implies the result. O

Definition 3.12. Given a parameter value k > 0, define the energy map Ej : D — [k, 00)
by
E.(A, B) = 3|BI* + §|A]%.

Remark 3.13. Note that by Lemma E.(A,B) > £|A]? > &, for all (4,B) € D.

14
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Theorem 3.14. Given a parameter value k > 0 and initial data

(Ao, Bo) € D, (3.2)
the initial value problem

A"(t) + kA(t) = A (A1), A'(2)) At)~ T, (3.3)

(A(0), 4'(0)) = (Ao, Bo) (3.4)

has a unique global solution A € C°(R,SL(2,R))NC?(R,M?). Additionally, D is invariant:
(A(t), A'(t)) € D, forall teR,
and the energy is conserved:
Eo(A(t), A(t)) = Ex(Ag, By), forall teR.
Proof. When k = 0, this result was proven in Lemma 4 of [9]. The proof easily generalizes

to the case k > 0, and it will be omitted. O

Corollary 3.15. A curve A € CO(R,SL(2,R)) N C*(R,M?) is a geodesic in SL(2,R) with
the (induced) Euclidean metric if and only if it satisfies (3.3) with k = 0.

Remark 3.16. We include constant solutions as geodesics.
Proof. A geodesic curve is one for which A’(t) is parallel along A(t). That is

Da

A =,

in which the covariant derivative along A(t) is

Dy d
TA o = PAMD) 2.
24 ) = PAW) o
Thus, A(t) is a geodesic if and only if

A"(t) = At)N(A(1)),

for some scalar A(t). The result follows from Lemma O

4. Conserved quantities
Definition 4.1. Define the maps X; : D —- R, i = 1,2, by
Xi(A,B) = (ZA,B) and Xao(A, B) = (AZ, B).

Remark 4.2. We shall frequently write X (A, B) for the ordered pair (X (4, B), X2(A, B)).

15
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Lemma 4.3.
SO(2,R) = {4 € SL(2,R) : X;(A, B) = X2(A, B), for all B € TASL(2,R)}.
Proof. Notice that

S ={A€SL(2,R) : X{(A, B) = X5(A, B), for all B € T4SL(2,R)}
= {A € SL(2,R) : ([A, Z],B) =0, for all B € T4SL(2,R)}.

Lemma implies that [A, Z] € T4SL(2,R), so
S={AeSL(2,R):[A, Z] =0}.
Lemma says this is equal to SO(2,R). O

Theorem 4.4. If A € C°(R,SL(2,R)) N C*(R,M?) is a solution of the IVP (3.2), ;
(3.4), then the quantities

E(A(t),A(t)) and X;(A(t),A(t)), i=1,2,
are mvariant.

Proof. The first statement is just conservation of energy which was already noted in Theo-

rem [3.141

Given Lemma [1.12] we can easily compute the derivatives:

SXUA@), A1) = 5 (A(0), ZA)
(i, zay + (o, 2y
— (A0, ZA() + Au(AQ). A1) (oo A1) ZA()
=0,
and
%XQ(A( ), A'( (A1), A2

Remark 4.5. Observe that by Lemmal[I.6] the Lagrangian defined in Remark[3.9]is invariant
under the left and right action of SO(2,R):

£(A,B,\) = £(UA,UB, \) = £(AU, BU, \),

for all (A, B,\) € M? x M? x R and U € SO(2,R). Therefore, we can deduce the invariants
X;(A, B) from Noether’s theorem. For example, we have

2 (A0 )
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Corollary 4.6. If A € C°(R,SL(2,R)) N C?(R,M?), then its vorticity W (t) satisfies
W (t) = $[L(A(t), A'(t)) — L(A(1), A'(£)) '] = $X2(A(t), A'(1)) Z.
If A(t) is also solution of the system ([3.3|), then its vorticity is invariant.

Proof. Since W (t) is anti-symmetric, we can write W (t) = w(t)Z, for some scalar function

w(t). Then by Lemmas and we have
2w(t) =w(t

= (A'(t), Z cof A(t))

= (4'(t), A(t)Z)

= Xo(A(t), A'(1)).
This is invariant by Theorem if A(t) solves (3.3). O
Remark 4.7. For 2d incompressible perfect fluids (k = 0), the material vorticity, i.e.

curl u(t,z(t,y)), is independent of time in general, however this does not hold in general
for MHD (x > 0).

Corollary 4.8. Let A € C°(R,SL(2,R)) N C?(R,M?) be a solution of the IVP (3.2)), (3.3)),
(13.4). Set X; = X;(Ao, Bo), i = 1,2. Then A(t) is irrotational if and only if X2 = 0.

5. Invariant sets

Our goal in this section will be to characterize the data in D with given values of the
invariants. For this it is convenient to introduce the following notation.

Definition 5.1. Given parameter values x > 0 and
(E7X) = (EaleXZ) € [’Q’OO) X R27

define
D(X)={(A,B)eD: X;(A,B)=X;, i =1,2}.

and
Du(E,X)={(A,B)eD:E.,(A,B)=FE, X;(A,B)=X,, i=1,2}.

Remark 5.2. By Theorem [1.4] the sets D(X) and D,(E, X) are invariant under the flow of
B3).

17
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Remark 5.3. The family {D(X) : X € R?} foliates D, and for each k > 0, X € R? the
family {D,(E, X) : E > k} foliates D(X).

Lemma 5.4. Fiz x > 0. Let (E,X) € [k,00) x R?. Suppose that A € SL(2,R)\ SO(2,R)
and (A,B) €D .
Then (A, B) € D(X) if and only if

- | X1+ X X) — X
B = ;CiTi(A), with ¢ = gllTA)Q’ cy = ngA)Q, cs € R.
In this case, cs3 = (A, B).
Moreover, (A, B) € D.(E, X) if and only if (A, B) € D(X) and
3
E=5AP+5) gu(A)d. (5.1)
i=1

with ¢; defined above.

Proof. The first statement follows immediately from Lemmas and The second
statement is equally simple

3
E = E«(A B) =3B+ 5142 =13 gu(A)e? + 5|A]%.
i=1

O

Lemma 5.5. Fiz k > 0. Let (E,X) € [k,00) x R%. Suppose that A € SO(2,R) and
(A,B)eD.
Then (A, B) € D(X) if and only if X1 = X2 and

A=U(2s1), B=(3X1)U(2s1) Z+ B U(2s2) M, (5.2)

with 6> 0, s1,s82 € R.
Moreover, (A,B) € D, (E, X), if and only if (A, B) € D(X) and

E=k+1X{+ 5%
Proof. Using Lemma write A = A(s1,0,1) = U(2s1). By Lemma for B €

T4SL(2,R), we have
B = ClU(Q.Sl)Z — oK + c3M.

Note that —K = ZM and take (c3, ca) = B(cos 2s2,sin 2s2). Then
—coK + csM = B(sin2s9Z + cos 259l )M = BU(2s2) M,

so that
B = ClU(Qsl)Z + BU(252)M.

18



J. Roberts, S. Shkoller, and T. Sideris 2d incompressible fluids and flows in SL(2,R)

Now since A € SO(2,R) and (A, B) € D(X), we have
X1 = XQ = XQ(A, B) = <AZ, B) = 261,

which yields the formula ([5.2).
By (5.2), we have

|BI? = 1X7|2U (o) + B%|MU (02)” = 2(3 X7 + 67),
and so if (A, B) € D (E, X), then
E=E.AB)=%B?+5AP =k + 1 X7 + B
The converse statements are easily verified. O

Corollary 5.6. For every X € R2, there exists (A, B) € D(X) such that B # 0.
Proof. This follows from Lemmas [5.4] and O

6. The nonlinearity, revisited

Lemma 6.1. Fiz k > 0. If (A,B) € Dy(E, X), then

2(k —det B) 4E — 2X; Xy

MAB = = T

Proof. Let (A,B) € Dy(E,X) C D, and put L = L(A, B) = BA™!. Then by Lemma [2.1]
tr L = 0, and so the Cayley-Hamilton Theorem implies that

L? 4 (det L)I = 0.
Taking the trace yields
trL? = —2det L = —2det Bdet A~' = —2det B.
Also note that by Lemmas and we have
trA”TAT = |[A7T 2 = |cof AP = |A].
According to Definition this shows that

2(k — det B)

Ay(A, B) = |A|2 )

which is the first statement.
Therefore, the result will follow if we can verify that

2F — X1 X9

—det B) =
(k — det B) VIER.

for (A,B) € Dy(E,X). (6.1)
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To proceed, we temporarily assume that A € SL(2,R) \ SO(2,R). Using Lemmas
and we have

2 1

cof B = ClTl(A) — CQ’TQ(A) — WCBT:S(A) -+ WN(A)

Therefore, by Lemmas and we find that

2
2det B = <COfB, B> = gll(A)C% — gQQ(A)C% — ngg(A)C%.

Combining this with (5.1]) to eliminate the term with c3, we obtain
|A]*(k — det B) = 2E — 1g11(A)?c} + 1922(A)%c3 = 2E — X1 Xo,

as desired.
We now establish the identity (6.1)) for A € SO(2,R). In this case, we have that |A|> = 2,
by Lemma and X; = Xy by Lemma[4.3] so we aim to show that

k—detB=E— 11X}
This now follows from Lemma [5.5] since

2det B = (B, cof B)
= <%X1U(251)Z + BU(2s2)M, 3 X1U(251)Z — ﬁU(Zsz)M>
= 3 X3|U(251)Z) — B°|U (252) M|

= 1X7 —2p?
= —2F + 2k + X{.
O]
Corollary 6.2. For each k > 0, the set
{(A,B) € D: A.(A,B) =0}
is invariant under the flow of .
The next lemma gives another geometric interpretation of the nonlinear term.
Corollary 6.3. There holds
Ac(A,B)A™T = (,2:‘ + <S(A)B,B>> N(4), (A,B)e0D.
Proof. By Lemmas and we have
—2det B = — (cof B, B) = |A| (S(A)B, B) .

The claim follows from Lemma [6.] and Definition 2.3l O]
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7. Energy minimization in D(X)
Definition 7.1. By Corollary , D(X) # 0, so for X € R? and x > 0, we may define
ex(X) =inf{E.(A,B): (A,B) € D(X)}.

Lemma 7.2. If K = 0, then eq(X) = 0, for any X € R2. If X # 0, then the image of D(X)
under Ey is the open interval (0,00). If X =0, then Ey(D(X)) = [0, 00).

Proof. Fix X € R% Let A; be a sequence in SL(2,R) \ SO(2,R), with |4;] — co. Fix c1, co
and take c3 = 0 in (5.1)). We obtain a sequence (4;, Bj) € D(X) such that Ey(A;, Bj) — 0.
Thus, we see that eg(X) = 0.

Now, letting c3 range over all values in R, we observe that

(Eo(Aj, Bj),00) C Eo(D(X)),

for each j. This shows that (0,00) C Ep(D(X)).

If X # 0, then for all (A, B) € D(X), B # 0 and thus Ey(A, B) # 0. This means that
Fo(D(X)) = (0, 50).

Finally, take X = 0. Since (I,0) € D(0), we see that 0 = Ey(I,0) € Eo(D(0)), and we
conclude Ey(D(X)) = [0, 00). O

Lemma 7.3. If > 0, then for any X € R?, e.(X) > x with equality if and only if X = 0.
Moreover, E.(D(X)) = [ex(X), 00).

Proof. Since E. (A, B) > &, for all (A, B) € D, we have that e.(X) > k.
If e, (X) = K, then for any £ > 0, there exists (A, B) € D(X) such that 0 < E.(A, B) —
k < €. It follows that
|B|> <2¢ and |A]? <2+ 2¢/k.

Therefore, we see that for ¢ = 1,2,
|1 Xi| = |Xi(A, B)| < |A[|B] < e'/2(2 + 2¢/r)'/2.

Since € > 0 is arbitrary, we get that X = 0.
On the other hand, if X = 0, then for any A € SO(2,R), we have (A,0) € D(X). Thus,
we see that
k< eg(0) < Ei(A0) = k.

We have shown that e, (X) = & if and only if X = 0.

Take a sequence (Aj, Bj) € D(X) with E.(A;, Bj) \, ex(X). By Lemmas and
we may assume without loss of generality that for each j, B; lies in the span of 7;(4;),
i = 1,2. Since k£ > 0, this sequence is bounded in D(X). By compactness we obtain
an energy minimizer (A, B) € D(X) where B lies in the span of 7;(A), i = 1,2. By
considering the family (A, B + B;) € D(X), where (7;(A),B1) = 0, i = 1,2, we see that
that E.(D(X)) = [ex(X), 00). O

21



J. Roberts, S. Shkoller, and T. Sideris 2d incompressible fluids and flows in SL(2,R)

Lemma 7.4. If Kk > 0 and X1 = Xo, then

(X) = /<;+%X12, %X%S/{
§ 2r) Y2 X1 — K, 1XI> k.

Proof. If A € SO(2,R), then by Lemma [5.5] we see that
min{E, (A, B) : B € T4SL(2,R)} = r + 1 X7.
If A€ SL(2,R)\ SO(2,R), then by Lemma [5.4]

Xt

min{E, (A, B) : B € TASL(2,R)} = §|A|* + YTk F(AP).
Taking the infimum over ¢ = |A|? > 2, we obtain
inf{E,(4, B) : A € SL(2,R)\ SO(2,R), B € T4SL(2,R)}
—inf f(6) = K+ 1 X7, X7 <k
£>2 V26X -k, §Xi>k

Remark 7.5. The function defined in Lemma is C! in X;.
Remark 7.6. When x > 0 and X; = X5, we have

K+ %X% > en(X),

with equality if and only if %X% < k.

8. The reduced Hamiltonian

In this preparatory section we introduce the reduced Hamiltonian and investigate its level
curves in the phase plane. The connection with the dynamics will be made in Section [9]

Definition 8.1. Given values x > 0 and (E, X) € [0,00) x R?, define the polynomials

P.(z;F,X) = — 4kx(2® — 1) + 4E(z* - 1)

—L(X - X)X (@ +1) - (X + X)Xz~ 1), z€ER,

and )
P.(x; E, X
@n(xay;EvX):z_Wa (.%‘,y)ER2.

Remark 8.2. The reader is cautioned that from now on x and y shall represent real numbers,
and not spatial and material points, as in Section

Remark 8.3. We will see momentarily that if (A, B) € D(E, X), then the point (z,y) =
(3|A%, (A, B)) satsifies @, (z,y; E,X) = 0.
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Definition 8.4. Define the mapping P : D — R? by
P(A,B) = (AP, (A, B)).
Lemma 8.5. The range of P is given by
P(D) = {(z,y) e R* 1z > 1} U{(1,0)},
and for all (A,B) € D, P(A, B) = (1,0) if and only if A € SO(2,R).
Proof. This follows by Lemmas [1.7] and O
Definition 8.6. For fixed parameter values £ > 0 and (FE, X) € [e,(X), 00) x R?, define

Cﬁ(EvX) = ?(®H<E7 X))
= {(x,y) = P(A,B) € R? : (A,B) € D(E,X)}.

Lemma 8.7. Fiz values k > 0 and (E, X) € [ex(X),00) x R2. There holds
Cy(E,X) C P(D).
A point (x,y) with x > 1 belongs to Cr(E, X) if and only if
S, (x,y; E, X) = 0.
The point (1,0) belongs to Cy(E, X) if and only if
$.(1,0;5,X) =0 and 9,®,(1,0;E,X)<0 (8.1)

if and only if
X1=Xo, and E>r+1iX7{. (8.2)

Proof. The first statement is a consequence of Definition
Select any point (z,y) = P(A, B) € P(D), with > 1. By definition, (z,y) € Ck(E, X)
if and only if (A, B) € D, (E, X). By Lemma we find that

T
g(A) = diag |4(z +1), 4(z 1), 221
The third coordinate cg defined in Lemma [5.4] satisfies
C3 = <A, B) =Y.
Therefore, Lemma [5.4] implies that (A, B) € D.(F, X) if and only if

(X1 +X2)? (X1 — X»)? xy?
F =
T Rer ) T 8@—1) Tia2-1)

which is in turn equivalent to the desired result @, (x,y; F, X) = 0.
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Now suppose that (1,0) = P(A, B) € Ci(EF,X). Then A € SO(2,R) and X; = X3, by
Lemmas [£.3] and By the Cauchy-Schwarz inequality and Lemmas we have

X? = (ZA,B)® < |ZAP|BP = |AP|B]> = 2|B]> = 4(E.(A, B) - §|AP) = 4(E - ).

Thus, (8.2) is true.
Next, suppose that (8.2)) holds. Choose A € SO(2,R) and using Lemma [5.5| set

B =(3X1) ZA+ By,

with
(A,B1) =(ZA,B1) =0 and 3|Bi|*=FE—r— X7

By Lemma 5.5 (4, B) € D.(E,X), and so (1,0) = P(A4, B) € Cx(E, X).
It is immediate to verify the equivalence of (8.1)) and (8.2]). O

Lemma 8.8. A point (xo,y0) € Cx(FE, X) is a critical point of the Hamiltonian ®(z,y; E, X)
if and only if

20>1, yo=0, and Pu(zeg;E,X)= P.(vo;E,X)=0. (8.3)

Proof. Suppose that (z9,yp) € Cx(E, X) is a critical point of &, (z,y; E, X). Then (xo,y0) €
P(D), so zg > 1. By Lemma [8.7]

‘I’n(ﬁUanO;E,X) = y(%/z - Pﬁ(x07E7X)/2$O =0.
Critical points are characterized by the equations
0z ® (20, yo; B, X) = (Pu(wo; B, X) — 2o Py (20; B, X)) /223 = 0

and
Oy® (0, y0; E, X) = yo = 0.

Thus, we see that (8.3 holds.
If (8.3)) holds, then

D, (z0,y0; E,X) =0 and Vg ,Pu(zo,y0; E,X)=0.
So (20, yo) is a critical point of ®,, and by Lemma[8.7] (zo,y0) € Cx(E, X). O

Corollary 8.9. If (rk,E,X) # 0, then the set C,(E,X) can contain at most one critical
point of ®(z,y; £, X).

Proof. By Lemma critical points in Cy(E, X) correspond to double roots of Py (z; E, X),
a nonzero polynomial of degree at most 3, so there can be at most one critical point. O

Lemma 8.10. Fiz v > 0, X € R2. The set C.(E,X) is a singleton if and only if
E = e.(X). In this case, Cr(ex(X),X) = {(x0,0)}, where (x0,0) is a critical point of
O, (x,y;ex(X), X) and a minimum in P(D).
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Proof. Suppose that E < e,(X). Then Cy(E,X) = (), and so by Lemma [3.7]
O (x,y; £, X)#0, forall z>1, yeR.
Since k > 0, we have ®,(x,0; E, X) — +00, as ¢ — +00, and as a consequence
O (r,y; E,X) >0 forall =z>1, yeR.
By continuity, we obtain
D, (x,y;e4(X),X) >0, forall (z,y)e P(D).

Since
D, (7, Y5 €x(X), X) = 37 + (2, 05 €4 (X), X),

we see that
D, (z,y;ex(X),X) >0, forall (x,y)eP(D), y#O0.

Thus, by Lemma [8.7] we have that
Culex(X),X) C{(z,0) : x > 1}.

Additionally, Lemma assures us that Cy(ex(X), X) = P(Di(ex(X), X)) # 0.
If (z9,0) € Cy(ex(X), X) for some zp > 1, then

0 = Py (0,0 ex(X), X) < Pu(w,y; ex(X), X), (x,y) € P(D).
This says that (x,0) is a minimum value for ®,(z,y;e.(X), X). It follows that
03P (20,0;e4(X), X) =0, if zy>1

and
0:Pp(20,0;e4(X), X) >0, if zp=1.

On the other hand, if zg = 1, then by Lemma [8.7]
0Py (20,0;e4(X), X) <O0.

We conclude that
0: Py (20,0;e4(X), X) =0, forall zp>1.

This shows that (zo,0) must be a critical point of ®,(z,y;e.(X), X). Since k > 0, there can
be only one critical point in Cx(e,(X), X) by Corollary and so this set is a singleton.

Now suppose that Cy(F, X) is a singleton. By Lemma and definition of @, (z,y; F, X),
if (z,y) € Ck(E, X), then (z,—y) € Cx(F, X). So it must be that

Cw(E,X)={(x0,0)}, forsome xz¢>1.
By Lemma we have that

{x>1:P4(z,y; E,X) =0} C Cyu(E, X) = {(x0,0)}.
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This implies that @, (x,y; F, X) does not vanish on the connected open set
(@) 2> 1, o £}
Using the fact that lim,_,oo ®x(z,0; E, X) = oo, we conclude that
Oy (r,y; £, X) >0 forall x>1, x#xy, y€R. (8.4)
Since Cy(E, X) # 0, we have that E > e, (X). We claim that
E < E implies C.(E,X)=0. (8.5)
Given this claim, we would have E < e,(X) so that
E=sup{E: E < E} <e.(X),

thereby showing that E' = e,(X), as desired.
Assume E < E, and let us now proceed to verify ({8.5). Write

. (z,y; E,X) =4(E — E)(2® —1)/2z + ®p(2,y; E, X). (8.6)
By (8.4), the equation implies that
O (z,y; E£,X) >0, forall z>1,y€cR.
Thus, by Lemma [8.7] we discover that
Cu(E.X) € {(1,0)}.

If X # Xo, then ®,(1,0; F, X) = (X7 — X2)? > 0 so that (1,0) ¢ Cx(E, X) and (8.5)
holds in this case.

Next, suppose that X; = X5. Then

®,.(1,0; £, X) = ®,(1,0; E,X) =0,

and by ([8.4]), we see that
9, ®,.(1,0; E, X) > 0.

Thus, by , we find that
0:9.(1,0;E,X) = 4(E — E) + 0,9.(1,0; E, X) > 0.

By Lemma we conclude that (1,0) ¢ C,(E, X), and again (8.5)) holds.
O

For convenience, we summarize the relationship between the exceptional point (1,0) and
the sets Cx(E, X).

Corollary 8.11. Fiz X € R?.
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i. (1,0) € Cx(E,X) if and only if X1 = X and E > k + 1 X}.

ii. (1,0) € Cx(E,X) is a critical point of ®.(x,y; E,X) if and only if X1 = Xo and
E=r+1X?
4*1-

iti. {(1,0)} = Cx(E, X) if and only if k >0, X1 = X5 and E =k + 1 X} = e.(X).

Proof. The statement (i) was shown in Lemma and (ii) follows from Lemma In
the next result we shall see that Cy(E, X) is either empty or unbounded. Thus, (iii) is just
Lemma [8.10) O

Lemma 8.12. At each point (x,y) € C.(E,X) such that V®(z,y; E,X) # 0, the set
C.(E, X) is a locally smooth curve.

The sets C(E, X) are closed and connected subsets of P(D).

If Co(E, X) # 0, then it is unbounded.

If Kk > 0, then Cy(ex(X),X) is a singleton, and for E > E > e.(X), C.(E,X) is a
closed curve enclosing C(E, X) \ {(1,0)}.

Proof. By Lemma [8.7
CN(EaX) \ {(170)} - {(xay) : q)x(‘ray;EvX) =0, z> 1}7

so the smoothness of Cy(FE,X) away from critical points of ®,(z,y; F,X) in the region
{z > 1} follows by the implicit function theorem. If (1,0) € C,(E,X) is not a critical
point of ®,(z,y; E, X), then by Lemma 0,9, (1,0; E, X) < 0, and the implicit function
theorem provides a smooth local parameterization of Cy(E, X) of the form (z(y),y), |y| < 1,
with

z(0) =1, 2/(0)=0, 2"(0)=-1/0,9,(1,0;E,X) >0,

describing a curve contained in P(D).
To prove the other statements, we consider the cases k = 0 and k > 0 separately.
Suppose that k = 0. If E =0 and Cy(0, X) # 0, then by Lemma we have X = 0.
By definition, ®¢(z,y;0,0) = %yQ, and so by Lemma

Co(0,0) = {(z,0) : z > 1},

which is a closed, connected, and unbounded set. If £ > 0, then Py(z; E, X) — oo, as
|z| = oo. By Lemma [8.7]

Co(E,X) CA{(z,y) : ®o(z,y; E,X) =0, x > 1},
so Po(z; E, X)) must have real roots x1(E, X) < zo(E, X). Since
Po(1; B, X) = —(X; — Xp)* <0,

it follows that z1(E, X) <1 < z9(F, X). Ifx1(E, X) =1 < 22(E, X)), then 0,P0(1,y; F, X) <
0, and by Lemma 8.7, (1,0) ¢ Co(E, X) and so

Co(E,X) ={(z,y) : y? = Py(z; E, X)/z, © > x2(E, X)}.
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This also holds when x1(E, X) < 1 < 29(F, X) or when z1(E, X) = z2(F, X) = 1. Thus,
Co(F, X) again is a closed, connected, and unbounded set.

Now suppose that x > 0. Note that P.(z; E, X) — Foo, as ¢ — +oo and P,(1; F, X) =
—(X1—X2)%? <0. Soif Cx(E, X) # ), then P, (z; E, X) must have three real roots (counting
multiplicity) with

ﬂj‘l(E,X) <1< :L‘Q(E,X) < Zlig(E,X)

By Lemma (1,y) € Cx(F, X) if and only if
y=0 and 0,9.(1,0;F,X)=—-1P/(1;E,X)<0.
It follows that
Co(E,X) ={(2,y) : v* = Puo(2; B, X) /2, 22(E,X) <z < 23(E, X)}. (8.7)

Thus, Ck(F, X), k > 0, is a simple closed closed curve and a closed, bounded, and connected
set. -
We note that for £ > E > e,(X), we have

P.(z;E,X) — Py(2;E,X)=4(E - E)(2>—1) >0, z>1.

Thus, the enclosure claim is a consequence of ({8.7]).
The fact that Cy(ex(X), X) is a singleton was shown in Lemma O

Remark 8.13. Observe that (with the exception of Corollary the results in Sections
through [8] are purely algebraic. We now make the connection with the dynamics of the

system (3.3]).

9. Reduction to the phase plane

If A ¢ C°R;SL(2,R)) N C?(R;M?), then (x(t),y(t)) = P(A(t), A'(t)) is a C' planar
curve. We now show that given a solution A(t) of the system (3.3)), its phase plane curve
P(A(t), A'(t)) satisfies a Hamiltonian system.

Theorem 9.1. Fizrx > 0 and (E,X) € [ex(X),00)xR2. Suppose that A € C°(R, SL(2,R))N
C?(R,M?) is a solution of (3.2)), (3.3)), (3.4) with initial data in D.(E,X). Put

(z(t),y(t)) = P(A(t), A'(2)).

Then
' (t) = 9y @p(x(t), y(t); B, X) = y(t)

y/(t) = —81,(1),6(.%(75), y(t); E7 X)7

and the solution orbit satisfies
(x(t),y(t)) € Cu(E, X), (9.2)

for allt e R.
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Proof. By Theorem we have (A(t), A'(t)) € D.(E,X), for all t € R, and thus, (9.2))
follows by definition of C\(E, X).
The first equation of (9.1) holds because

2'(t) = 3lAM)P) = (A®), A'(1)) = y(t)

and 0y®,(z,y; B, X) = y.
To verify the second, we compute using (3.3)), Definition and Lemma

y(t) =)
= (A"(1), A(®)) + | A (D)
= (—RA() + Ac(A), A D)AD) T, AW)) + A ()
), A

= —k|At)]2 + 20 (A(t), A' (1)) + | A (1) |2 (9.3)
= —26[A)|? + 2E,.(A(t), A'(t)) + 2M.(A(t), A'(t))
2F — X1 X

= —4rx(t) +2E + 1)

A short algebraic manipulation using Defnition [8.1] confirms that

2F — X1 X P(x;E,X)— P.(x; E, X
—4I€I‘+2E+ . 1A2 _ x K(xa 3 ) - I{(Ia ) )
T 2x

= —0,Px(z,y; E, X),

for all (x,y) with « > 1, which completes the verification of (9.1]). O

Remark 9.2. Observe that (9.1)) has a Hamiltonian structure. The key result (9.2) will allow
us understand the behavior of the orbits (z(t),y(t)) of (9.1 corresponding to solutions of
(3.3) by studying the sets Cy(E, X).

Remark 9.3. When x =0,
QE(.T — 1)2 + (4E£C - X1X2)

"
= >0
22 -

with equality if and only if z = 1, X7 = Xo, 4E = X2, (cf. Lemma [13.1)).

y(0))

Corollary 9.4. Fizk > 0 and (E, X) € [e.(X),00) xR2. For any initial data (z(0),
t),y(t)) €

Cw(E, X), the IVP for (9.1)) has a unique global solution (z,y) € C* (R, R?) with (x(
C.(E, X), for allt € R.

Proof. Given (x(0),y(0)) € Cx(E,X), use Lemma to find data (Ao, Bo) € D.(F,X)
such that
P(Ao, Bo) = ((0),4(0))-

Let A € CO(R,SL(2,R)) N C*(R,M?) be the solution of (3.2)), (3.3), (3.4) with this data.
By Theorem (x(t),y(t)) = P(A(t), A'(t)) is the desired solution. O
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Remark 9.5. While the quantity ®,(x(t),2/(t); E, X) is conserved along all solutions of the
reduced system (9.1)), we emphasize that only the portion of the zero level set in Cy(E, X)
corresponds to solutions of the full system ({3.3]).

Lemma 9.6. Fiz k >0, (E,X) € [e.(X),00) x R?, with (k, E,X) # 0.

If C.(E, X) does not contain a critical point of @, (x,y; E, X), then it is a smooth curve
in R? consisting of a single orbit of .

If Cy(E, X) contains a single critical point p of Oy (x,y; E, X), then each component of
C(E,X)\ {p} is a smooth curve in R* consisting of a single orbit of (9.1).

If v is a nontrivial orbit of in Cw(E, X), then either v is a closed orbit or its alpha-
and omega-limit sets are subsets of {p}, where p is a critical point in Cy(E,X).

Proof. Since (k, E, X) # 0, C,(E, X) can contain at most one critical point of ®,(z,y; E, X),

by Corollary
Suppose that C.(F,X) contains no critical points of ®.(z,y; F,X). Then the orbit

through each point of C\,(E, X) is open in Cx(F, X). Since Cx(F, X) is connected, it can
contain only one orbit. If Cy(F, X) contains a critical point p of ®,(x,y; E, X), then the
same argument is valid on each component of Cy(E, X) \ {p}. These nontrivial orbits are

C! curves, by .

Let v be a nontrivial orbit in C(E, X). Since Cy(FE, X) is a closed set, it contains w(7y),
the omega-limit set of . If w(v) # 0, then it is an invariant set for . If yNw(y) #0,
then v C w(y). In this case, v must be a closed orbit. Here’s the proof: We can write

v ={pt) = (2(1),y()) : t € R},

for some solution (z(t),y(t)) of (9.1]). ¢(0) is not a critical point, so by the implicit function
theorem, there exists an £ > 0 and a neighborhood N of (0) such that

{ot):te(—¢,e)} ={(x,y) € R?: B (z,y; E, X) =0} N N.

Since ¢(0) € w(y), there exists a sequence t; — oo such that ¢(t;) — ¢(0). Thus, since
(t) € Cx(E, X) for all t € R, there exists a t; > € such that

o(t;) € {(z,y) € R* : @y (2,y; E, X) =0} N N.

It follows that there exists 7 € (—¢, ) such that v(¢;) = y(7). This proves that v is a closed
orbit.

If g € Cx(E,X)\ v is not a critical point, then its orbit, call it 7, is an open subset
of Cy(F, X). This implies that n Nw(vy) = 0, and so ¢ ¢ w(y). Therefore, we have either
yNw(7y) # B, in which case v is closed, or w(v) N~y = (), in which case w(~y) can only contain
critical points of @, (z,y; E, X) in Ck(E, X). The same argument applies for a(y). O

10. Special solutions

Equilibria

Lemma 10.1. Fiz k > 0. A solution of (3.2)), (3.3), (3.4) is an equilibrium if and only the
initial data satisfies (Ag, Bo) € Dk(k,0).
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Proof. First, we note that
Dp(0,0) ={(A,B) € D: A€ SL(2,R), B =0},

and for k > 0,
Du(k,0) ={(A,B) € D: AeSO(2,R), B=0}.

Moreover, if A(t) = Ap is an equilibrium solution, then A’(t) = 0 = By.

Suppose first that k = 0. If A(¢) is an equilibrium solution, then (A, By) = (4o,0) €
Dp(0,0). Conversely, if (Ao, By) € Do(0,0), then By = 0 implies that Ag(Ag, Bo) = 0, and
so A(t) = Ay is an equilibrium solution of ([3.3]).

Now suppose that £ > 0. Then A(t) = Ay is an equilibrium solution of (3.3)) if and only
if

IiAO = A,.i(AQ, 0) cof Ao.

By Lemma this is equivalent to

4FE,(Ap,0)

KAy =
0 | Ao|*

cof Ag = cof Ayp.

Ao |2

Taking the norm of both sides gives |Ag|? = 2, so that Ay € SO(2,R). Conversely, by
Lemma we see that Ay is an equilibrium solution if Ay € SO(2,R). Thus, when
k > 0, all equilibrium solutions correspond to initial data (Ag,0) with Ay € SO(2,R), i.e.
(Ao,BQ) € DH(H, 0) O

Remark 10.2. By Lemmas and equilibrium solutions of (3.3 are those which mini-
mize the energy over D.

Rigid motion

Definition 10.3. A solution A(t) of the system ({3.3]) shall be called rigid if (x(t),y(t)) =
P(A(t), A'(t)) is an equilibrium solution of (9.1]), or equwalently, if P(A(t),A'(t)) = (z,0)

for some constant x > 1.

Remark 10.4. Equilibrium solutions of (3.3)) are also rigid solutions.

Remark 10.5. If A(t) is rigid with 1|A(t)]> = z, for some constant z > 1, then the fluid
domains are ellipses with principal axes of fixed lengths, i.e. z — A(t)z is a rigid motion

(cf. Remark [3.2).
Lemma 10.6. A solution of the IVP , ,
A e C°(R,SL(2,R)) N C*(R,M?)
with initial data (Ao, Bo) € D (E, X) is rigid if and only if P(Ao, Bo) is a critical point of

O, (z,y; E, X) in Cx(F, X).
In particular, initial data (Ao, Bo) € Dy(ex(X), X), k > 0, yields a rigid solution.
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Proof. If A(t) is rigid, then
P(A(E), A'(t)) = (20,0) = P(Ao, Bo) € Cx(E, X)

is an equilibrium solution of . Thus, (x0,0) is a critical point of ®,.

Next suppose that (zg,0) = P(Ao, By) is a critical point of ®,, in Cy(E, X). By Corollary
(x(t),y(t)) = (x0,0) is the unique solution of with data (z9,0). Let A(t) be
the solution of the IVP , , with initial data (Ag, Bg). By Theorem 9.1
(z(t),y(t)) = P(A(¢t), A'(t)) solves with data (zg,0). Thus, P(A(t), A'(t)) = (x0,0),
and so A(t) is rigid.

The final statement is a consequence of Lemma [8.10 O

Next, we consider the special case of rigid motion in SO(2,R) which will play a special
role in what follows.

Lemma 10.7. Fiz k > 0. The following statements are equivalent:
i. The function A(t) is a solution of in
C°(R,SL(2,R)) N C?(R, M?)
whose initial data satisfies
(Ao, Bo) € Du(E,X), with X1=X», E=r+1X7,
and A(to) € SO(2,R), for some ty € R.
ii. The function A(t) is a rigid solution of in
C°(R,SL(2,R)) N C?(R, M?)
with A(tg) € SO(2,R) for some ty € R.
iii. The function A(t) is a solution of in

C°(R,SO(2,R)) N C*(R, M?).

iv. The function A(t) is given by
At)=U (3X1t+0) =exp [(3 X1t +0) Z],
for some 0, X1 € R.

Proof. We shall prove the implications cyclically.

Suppose that (i) holds. The conditions on the invariants (E, X) imply that P.(1; E, X) =
P.(1;E,X) = 0. By Lemma[8.8] (1,0) is a critical point of ®,(z,y; E, X) in Cx(E, X), and
so it is an equilibrium solution of (9.1). Since A(fy) € SO(2,R), Lemma says that
P(A(to), A'(to)) = (1,0). By Theorem [9.1 P(A(t), A'(t)) is a solution of (9.1)), and by
uniqueness, it must be equal to the equilibrium solution (1,0). Thus, A(t) is rigid.

32



J. Roberts, S. Shkoller, and T. Sideris 2d incompressible fluids and flows in SL(2,R)

Suppose next that (i) holds. Since A(ty) € SO(2,R), Lemmal8.5|says that P(A(ty), A (to)) =
(1,0). Since A(t) is rigid, we have

PA(R), A'(t)) = P(A(to), A'(to)) = (1,0),

for all t € R. Thus, A(t) € SO(2,R) for all ¢t € R, Lemma
Suppose next that holds. Differentiating the identity

we find that A’(t)A(t)" is anti-symmetric. Note that since A(t) € SO(2,R), we have
L(A(1), A'(t) = A () A() ! = A'(DA®)T
is anti-symmetric. Thus, using Corollary and Lemma [4.3] we obtain
L(A(t), A1) = 1 X2Z = 5 X1 Z,

and so, we see that
Al(t) =3 X1 ZA().

The explicit solution is
A(t) = exp [3X1(t — to) Z] A(to) = U (5X1t) U (—3X1to) A(to).
Since A(tp) € SO(2,R), we may use Lemma [1.9] to write
U (—3Xuto) A(to) = U(0),

for some 6 € R. This leads to the desired formula.
If statement holds, then (jij) follows by direct calculation using the explicit formula
for A(t). O

Remark 10.8. Observe that solutions in SO(2,R) are periodic.

Remark 10.9. Even and odd dimensions are fundamentally different. There are no nontrivial
solutions of the equation (3.1]) in the form A(t) = exp(Wt) with W anti-symmetric in odd
dimensions.

Definition 10.10. For each X; € R, define
R(X1) ={(U,1X12U) : U € SO(2,R)}.

Lemma 10.11. For each k > 0 and X; € R, R(X1) coincides with the orbit of a rigid

rotational solution of (]3.3)).
If X = (X1,X1) and E = k+ X7, then R(X1) C Du(E, X).
Additionally, R(X1) = Dy (E, X) if and only if E = e (X).
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Proof. Let £ >0 and X1 € R. Set A(t) = U (3X1t), t € R. By Lemma i), A®t) is a
rigid rotational solution of (3.3). Its orbit

(A(1), A'(t) = (A1), 3 X1 A(1))

is equal to R(X1), since, by Lemma [1.9] A(t) parameterizes SO(2, R).
The second statement follows from Lemma .
Finally, we show that the inclusion is an equality if and only if F = e, (X).
Note that P(R(X1)) = {(1,0)}. Thus, we have

{(1,0)} = P(R(X1)) € P(D(E, X)) = Ci(E, X). (10.1)

If E > e.(X), then C,(E, X) is not a singleton, by Lemma|8.10] and we see that D, (E, X)\
R(X1) # 0.

If, on the other hand, E = e, (X), then Cy(E, X) is a singleton, and implies
that Cx(E, X) = {(1,0)}. If (4, B) € D.(E, X), then P(A,B) = (1,0). By Lemma [8.5]
A € SO(2,R), and by Lemma E, B = leZA since E = eg(X). This shows that
(A, B) € R(X1), and so Dy (E, X) C R(X7). O

Remark 10.12. Later, we shall see that the invariant manifolds R(X;) are hyperbolic, (cf.

Corollaries and [13.9)).

Solutions with vanishing pressure

Lemma 10.13. Let (Ap, By) € D (F, X) with 2E — X1 X2 = 0.
If Kk =0, then
A(t) = Bot + Ap

is the solution of (3.2)), (3.3), (3.4) in C°(R,SL(2,R)) N C%(R, M?).
If kK > 0, then
A(t) = (cos Vkt)Ag + ﬁ(sin VKt) By

is the solution of (3.2)), (3.3), (3.4) in C°(R,SL(2,R)) N C%(R, M?).

Proof. Let A € C°(R,SL(2,R))NC?%(R,M?) be the solution of (3.3 with data in D, (E, X).
If 2E — X1 X5 = 0, then by Lemmas [£.4] and we have that

Ac(A(t),A'(t)) =0, forall teR. (10.2)

The formulas follow directly by solving the IVP for the linear equation resulting from (3.3))
A"+ kA =0.

O

Remark 10.14. The condition 2E — X3 X5 = 0 implies equation ({10.2]) which in turn implies
that the pressure vanishes, by Lemmas and
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Remark 10.15. When x > 0, the solution A(t) is T-periodic, with 2T = 7 /\/k, while
[A(1)[? = 5(1 + cos 2v/kt)| A|* + - sin2v/kt (Ao, Bo) + 5 (1 — cos 2v/kit)| By
is T-periodic. Ck(FE, X) is an ellipse given by:
y? + 4k(z — E/2k)* = 4k + E?*/k — X? — X2,

By the Cauchy-Schwarz inequality and the condition 2F — X1 X5 = 0, we have |X;| <
E/vk = X1Xo/(2y/k). We see that |X;| > 2v/k, and therefore the right-hand side is

nonnegative:

1
4—(X12 —4kr) (X3 — 4K) > 0.
K

Remark 10.16. When « = 0, A(t) is a line in SL(2,R). Cy(E, X) is a parabola given by:

y? —2X 1 Xoz + X7+ X5 =0.

11. Reconstruction

We now show that solutions A(t) of the system can be recovered from knowledge of
its phase plane curve P(A(t), A'(t)) and its initial data (3.2), using local coordinates. The
proof is complicated by the coordinate singularity on SO(2,R).

In order to avoid repetition, we enforce the following standing assumption throughout
this section:

(A) The parameter x > 0 and the invariants (E, X) € [e4(X), 00) x R? are fixed,
and the initial data satisfies (Ag, By) € Dy (FE, X).

Lemma 11.1. Suppose that (A) holds. If Ay € SL(2,R) \ SO(2,R), then there exists
5(0) = (51(0), 52(0), 53(0)) € R* x [1, 00)
such that
Ag=A(s(0)) and  3]Ao|* = s3(0),
where A(s) was defined in Lemma[2.14} Moreover, there holds

X1+ Xo X1 —Xo
Bo = 75 71(Ao) + 7 =72(Ao) + (Ao, Bo) m3(Ao)-
0= () A gy 2 (A0) Ao, Bo) (o)

If Ag € SO(2,R), then
X1 =X, E>r+1X7,

and there exists
5(0) = (51(0), 52(0), 53(0)) € R? x [1, 00)

such that
Ay =U(251(0)), 3]Ag|* =1 = s5(0),
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and
By = $X1 U(251(0)) Z + B U(252(0)) M,
with o
B=(E-r—1xH",
Proof. This is just a summary of the results contained in Lemmas and O

Lemma 11.2. Suppose that (A) holds. There exists a unique curve s = (S1,S2,53) €
C%(R,R? x [1,00)) such that (s3(t),s5(t)) solves (9.1) with initial data (s3(0),s5(0)) =
P(Ao, By) and (s1(t), s2(t)) solves

/ _ X1+ Xo
10 = M@+ 0
(11.1)
X1 — Xy .
st = { s -n TN
0, if Xq = Xo,

with initial data (s1(0),52(0)) defined by Lemma[11.1]

If A € C°(R,SL(2,R)) N C*(R,M?) solves the IVP (3.2)), (3.3), with initial data
(Ao, Bo), then P(A(t), A'(t)) = (s3(t), s3(t))-
Proof. The existence and uniqueness of a solution (z,y) € C°(R,R?) to (9.1 with initial
data P(Ag, Bp) is given Corollary Since the first equation of says that 2/(t) =
y(t), we can label the solution as (s3,s5). The proof of the corollary also shows that
PA(t), A'(t)) = (s3(t), s5(t)).

We know that (s3(t),s5(t)) € Cyx(E,X), for all t € R. If X; # Xo, then s3(t) > 1,
by Lemma so the right-hand sides of are well-defined known functions. The
solutions s; and s are obtained by integration. O

Remark 11.3. The value of s3(0) is consistent in Lemmas and

Lemma 11.4. Suppose that (A) holds. Let s € C°(R,R? x [1,00)) be the curve constructed
in Lemma[11.3 If, on some open interval I, there holds ss(t) > 1, then Aos(t) solves (3.3)
on I.

Proof. Define

A(t) = Aos(t).
Since s € C? and s3(t) > 1 on I, we see by the definition given in Lemma that

A e CI,SL(2,R))NC*(I,M?) and s3(t) = 3|A(t)]*.
Thus, we have that

A(t) € SL(2,R) \ SO(2,R), tel,
by Lemma It also follows that
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and so by definition, we have
PA), A'(t)) = (s3(t), s5(t)), te€ Ll
By Corollary (s3(t), s4(t)) € Cw(E, X), and so
(A(t), A'(t)) € Du(E, X) =P YCL(E, X)), tel. (11.2)

In the following calculation, we suppress the dependence of functions upon the indepen-
dent variable ¢ in order to simplify the formulas. All calculations are valid on the interval
I where we have assumed that s3 > 1. Since the metric g(A) depends only on s3 = %]A\Q,
we shall write g(s3) for g(A) = g(A o s), with abuse of notation.

Using the Christoffel symbols from Lemma and the second fundamental form of
Definition a standard geometric calculation yields

3

3
A// _ Z S//—i- Z F 8 Sk 7—1<A) + Z H[Tj( _)’Tk(ﬁ)]SQSZN(A)
jk=1

i=1 k=1
By Definitions and we have that for any A € SL(2,R) \ SO(2,R)

1 2
933(A) msA) ¥ 14]

A= N(A) and cof A=|A|N(A).

It follows that

A" + kA — Ay (A, A) cof A

3 3
=3 |s ; A)s)s, TZ(A)+933(A)73(A)

=1
3
S T (A), (D)5 + |2 Al (A2 | N(A)
k=1

From this we see that A satisfies (3.3) on I if and only if the system

s”—i—ZF A)slsy =0, i=1,2
],k 1
K
—|— F s sh+———=0
J;1 " gss(A)
3 2K
Z H[Tj(A>ka(A)]S;‘3;c + @ - ‘A|A,€(f_1, AI) =0
Gik=1

holds on I.
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By (I1.2), (A, A") € D, (E, X), so Lemmal6.1] tells us that

I 2F — X1 X5
AH(A, A/) == 272
53

Using Lemmas and we find that our system is equivalent to

" 9&(83)

si + gu(s3)5;5§ =0, i=1,2 (11.3)
(13
= Ins8) gy G(s8) (gaay Ga(s3) (0 B (11.4)

S S
2933(s3) " * 2g33(s3) " 2933(s3) " ° g33(s3)
911(83) , ;y2 . 922(53) , ;.0 933(83), ;.0 K 2FE —X1X
— _—— =0 11.5
955 (51)" + 253 (59)" + 252 (s3) +83 252 ) (11.5)

where as mentioned above g(s3) = g(A) = g(Aos) and ¢'(s3) indicates the derivative in s3.

The equations hold thanks to the definitions . Again using , we find
after some computation that is equivalent to the equation ®,(s3, s5; E, X) = 0, which
holds by Lemma [8.7] since (s3, s5) € Cx(E, X) and s3 > 1. Finally, is equivalent to
the equation

/
Sg + a:cq)n(s& Sg; K, X) + 933(83) ¢/€(837 8/3; E, X) =0, (11'6)
933(53)
which holds by (9.1) and the fact that ®,(s3,sh; E,X) = 0. Thus, we have verified that
A = Ao s solves (3.3)) on I. O

Remark 11.5. Define the Lagrangian

and the Hamiltonian

3 2
p.
H(s,p) = H(sz,p) = % L — + KS3.
(50 =3060p) = 4 3 LS
Then (11.3)), (11.4) are equivalent to
d
ﬁﬁsg(s, sy — Lg,(s3,8) =0, i=1,23. (11.7)

With the Legendre transformation p; = g;i(s3)s;, (11.7) is equivalent to

82 = }C(Ii(sap)v p; = _J{Si(sap)v 1= 1>2>3'

We note that
933(83) P (83, 85; B, X) = H(sz, X1 + X2, X1 — X2, g33(s3)85) — E.

Thus, the equation phy = —H, (s, q), is equivalent to (11.6)).
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Theorem 11.6. Suppose that (A) holds, and let
A€ C°(R,SL(2,R)) N C*(R,M?)
be the solution of (3.2), (3.3), (3.4) with initial data (Ag, Bo). Let s € CO(R,R? x [1,00))

be the curve constructed in Lemma[11.2.
If (1,0) ¢ Cr(E, X) orif (1,0) € Cx(E, X) is a critical point of @, (z,y; E,X), then

A(t) =Aos(t), forall teR.

Proof. By Corollary we have (s3(t),s4(t)) € Cyx(E,X), for all ¢ € R. If (1,0) ¢
C.(E, X), then s3(t) > 1, for all t € R.

If (1,0) € Ck(E,X) is a critical point of @, (z,y; E, X), then (1,0) is an equilibrium
solution of (9.1). Thus, if (s3(to), s5(to)) = (1,0), at a single time ¢, then s3(t) = 1, for all
t € R. Otherwise, (s3(t),s5(t)) € Cx(E,X)\{(1,0)}, and we obtain s3(t) > 1, for all t € R.

If s3(t) = 1, for all t € R, then A(t) € SO(2,R), for all t € R, so X; = X2, by Lemma
[4.3] By Lemma [I0.7, we have that

At) =U(53X1t +0),

for some 6 € R. Since
U(#) = A(0) = U(2s1(0)),

we may take 6 = 251(0).
On the other hand, we can calculate the function s;(t) directly from (11.1f), and we find

s1(t) = int + 51(0).
Since s3(t) = 1, the formula in Lemma [2.14] reduces to
Aos(t) =U(si(t) + s2(t)) L U(s1(t) — s2(t)) = U(2s1(1)).

This shows that A(t) = A o s(t), for all ¢t € R, when s3(t) = 1.
Now let us assume that s3(¢) > 1, for all ¢ € R. Define

A(t) = Ao s(t).
By applying Lemma on the interval I = R, we see that
A€ C°(R,SL(2,R)) N C*(R,M?)

is a solution of (3.3])). B
We now check the initial data of A. By Lemma we have

A(0) = Ao s(0) = Ap.
By Lemmas [2.14] and we have
3 3
H(0) = (AosV(0) = 3 sl O)m(A o 5(0) = 3 s4(0)7:(Ao).

=1 i=1

39



J. Roberts, S. Shkoller, and T. Sideris 2d incompressible fluids and flows in SL(2,R)

From ([11.1)), we see that

X1+ X X1 - Xy
s1(0) = ——-"2 and sh(0) = —+—.
1(0) g11(Ao) 2(0) g22(Aop)

Moreover, s4(0) = (Ao, By), by definition. Thus, from Lemma we find that A’(0) = By
_ Having shown that A solves (3.3) with the same initial data as A, we conclude that
A =Aos= A, by uniqueness of solutions to the IVP. ]

Lemma 11.7. Suppose that (A) holds. Suppose that (1,0) € Cx(E, X) and (1,0) is not a
critical point of ®(z,y; E, X). Let

A e C°(R,SL(2,R)) N C*(R,M?)

be a solution of (3.2), (3.3), (3.4) with initial data (Ao, By).

If k =0, then there exists a unique tg € R such that
P(A(to), A'(to)) = (1,0).

If K > 0, then P(A(t), A'(t)) is periodic with minimum period T > 0. Morevoer, there
exists a unique ty € R such that 0 € [to,to +T) and

{te e R:P(A(X), A'(t)) = (1,0)} ={tj =to + T : j € Z}.
Proof. By Lemma[9.6] C\.(E, X) consists of a single smooth orbit
(@(t), y(t)) = P(A(t), A'(1))-

Thus, by Lemma there exists g € R such that (z(to),y(to)) = (1,0). If kK = 0, this
orbit is unbounded, so it is not closed, and %y is the unique time with this property. If
k > 0, then the orbit is closed and therefore periodic with minimal period 7" > 0. Since T'
is a minimal period, we have that the set {t9 + jT'}, j € Z, coincides with the set of times
t where (x(t),y(t)) = (1,0). We can redefine ty, if necessary, so that 0 € [to,to + T). O

Theorem 11.8. Suppose that (A) holds, and let
A€ CO(R,SL(2,R)) N C*(R,M?)
be the solution of (3.2)), (3.3)), (3.4) with initial data (Ao, Bo). Let s(t) € CO(R,R? x [1,00))
be the curve constructed in Lemma .
If (1,0) € Cx(FE, X) and (1,0) is not a critical point of ®(x,y; E, X), then
A(t) = (cof)"A(s(1)),

where n(t) = 0,1 is the piece-wise constant right continuous function with n(0) = 0 and
Jump discontinuities on the set {t;} from Lemma .
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Proof. Define A(t) = (cof)*®A(s(t)). The goal is to prove that A = A, using the same
uniqueness argument as in the proof of Theorem [11.6

Note that s € C%(R), and so A o s € C°(R;SL(2,R)). Since the cofactor map leaves
SL(2,R) invariant, we see that cof A o s € C9(R;SL(2,R)), as well. Thus, A is continuous,
except possibly at the points {¢;}. However, at the points {¢;}, we have s3 = 1, and so by
Lemma [1.7, A o s(t;) € SO(2,R). By Lemma Ao s(t;) = cof Ao s(t;), so we see that
A € C°(R;SL(2,R)).

Examining the definition of Ao s, we see that this function could fail to be differentiable
at the times t; when s3(¢;) = 1, because of the term /s3(t) — 1.

Let us suppose first that xk = 0. Then by Lemma there exists a single time tg € R
such that s(tg) = 1. Assume that 0 € [tp, 00) so that

i cof Aos(t), t<t
Ao s(t), t > .

(If 0 € (—o0,1p), then the cofactor would be applied on the other interval.) Now s3(tg) = 1
is a minimum value for s3, so s4(tp) = 0 and s5(¢o) > 0. Since (1,0) is not a critical point of
®,.(z,y; E,X), Px(z; E, X) has a simple root at z = 1, by Lemma [8.8 Since (s3(t), s5(t))
satisfies (9.1), we have s5(to) = —P.L(1; E, X)/2 # 0. Thus, s4(to) > 0, and we can write

s3(t) —1=a(t)(t —t)>, aeC? a(ty)=1s"(t) > 0. (11.8)

Thus, a(t) is strictly positive in a neighborhood of t = ty. From this we see that the function

Val)(t - to) = {_\/33(75)7_1’ if £ < to

ss(t)— 1,  if ¢t >t

is C? in a neighborhood of t = ty. (If ty € (—00,0), then the signs of the two terms above
would be reversed.) This shows that

Vs + 1 alt)(t—to)
Va(t)(t —to) s3(t) +1

Sl

~ Jeof H(s3(t)), ift<tg (11.9)
T Hs), ittt
= (cof)"() H (s5(t)).

This function belongs to C? for ¢ near to. Finally, we conclude that
A(t) = U(s1(t) + s2(t)) (cof)" W H (s3(t)) U(sa(t) — s2(1))

belongs to C%(R, M?).
If k£ > 0, then the set {t;} is countable and a repetition of the argument of the previous
paragraph near each ¢; again shows that A € C?(R,M?).
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Next, we show that A solves .

Suppose that s3(t) > 1 on some open interval I. Then by Lemma Aos €
CY(I;SL(2,R)) N C?(I,M?) solves on I. Since the cofactor map leaves solutions of
invariant, we see that cof A o s also solves on I. Therefore, A solves except
on the at most countable set of isolated points {t;}. Having shown that A € C*(R,M?), it
follows that A solves on R.

It remains to verify that A and A share the same initial data.

If Ayg ¢ SO(2,R), then according to Lemma our choice s(0) gives A(0) = Aos(0) =
Ap. Also, by Lemmas and we have

A'(0) = (Ao0s)(0) = si(0)7:(Ao) = Bo.
=1

If Ag € SO(2,R), then P(Ag, By) = (s3(0), s5(0)) = (1,0). By Lemma [11.1], we have
Ap =U(2s1(0))
and
By = (5X1) U(251(0)) Z + 8 U(2s2(0)) M,

with
B=(E—r-1x2)"%
Since s3(0) = 1, we have ¢ty = 0, and so

A(0) =Aos(0) =U(2s1(0)) = Ap.
Going back to the formula (11.9)), we have

Vsst)+1  Valt)t
Alt) = %U(ﬂ(t) + s2(t)) U(s1(t) — s2(1)),

Va(t) t s3(t) +1

for 0 <t < T, where by (11.8)), (11.6))
a(0) = 3s7(0) = —20,2.(1,0; B, X) = 1 P/(1; E, X) = 26°.

Since X1 = X2, we have s2(t) = s2(0), by (11.1). As in Lemma this can be written as

s 1/2 o 1/2
Aty = (3(’2“) U(2s1(8)) + ¢ (;t)) U(255(0)) M.

0<t<T. Since A is C?, it is enough to compute its right derivative at ¢ = 0:
A'(0) = U(251(0)) Z 254(0) + B U(2s2(0)) M = By,
by (11.1)), as desired. O

Corollary 11.9. A solution A(t) of (3.3)) is symmetric if and only if si1(t) = jn/2, for
some j € 7.
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12. MHD

In this section, we focus on the case where £ > 0. The next result summarizes the properties
of the orbits Cy(E, X) of (9.1) when x > 0. Recall that these orbits are contained in the
set

P(D) =A{(z,y) x> 13 U{(1,0)}.
Lemma 12.1. Fiz k > 0.
i. If X1 # Xo, then:
a. Crlex(X),X) = {(x0,0)} where xog > 1 and (x0,0) is a critical point of the Hamil-
tonian @, (x,y;e.(X), X), and

b. for all E > E > e (X), Cu(E, X) is a nontrivial closed orbit of the system (9.1)) in
P(D)\ {(1,0)} enclosing Cx(E,X). (See Figure|])

Figure 1: Level curves C,(E, X) in the case X; # X, with K = 1/4, X; = —Xy = 1,
E=en(X), 1,1.2, 1.4,

e}
W
&~
W

1. If X1 = X9 and %X% < K, then:

a. ex(X)=r+1X3,
b. Cu(ex(X),X) ={(1,0)} and (1,0) is a critical point of the Hamiltonian ®(z,y; ex(X), X),

c. forall E > E > e (X), Co(E,X) is a nontrivial closed orbit of the system (9.1]) in
P(D) containing {(1,0)} and enclosing Ci(E,X)\ {(1,0)}. (See Figure[d)

1. If X1 = X9 and %X% > K, then:

a. 3k < en(X) = (26)2|X |-k < E,=r + 1X3,
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Figure 2: Level curves Cy(FE, X) in the case X1 = X9, k > %Xlz, withk =1/4, X1 = Xy =1,
E = ey (X), 1.05 ex(X), 1.1 4(X), 1.15 ex(X).

1.0 1.1 1.2 1.3 14 1.5

b. Crlen(X),X) = {(0,0)} where zg > 1 and (x,0) is a critical point of Py (x,y; ex(X), X),

c. forall B, > E > E > e.(X), Ci(E,X) is a is a nontrivial closed orbit of (9.1)) in
P(D)\ {(1,0)} enclosing Cw(E, X),

d. Cx(Ey, X) is a nontrivial closed curve in P(D) containing {(1,0)} and enclosing
Cu(E, X)\{(1,0)} for Ex > E > e.(X), (1,0) is a critical point of the Hamiltonian
O, (z,y; Ex, X), and Cy(Ey, X) \ {(1,0)} is a homoclinic orbit,

e. forall E > E,, E > E > e.(X), Cu(E,X) is a nontrivial closed orbit in P(D)

containing {(1,0)} and enclosing C(E,X) \ {(1,0)}. (See Figure[3)
Proof. This is an application of Lemmas [7.4] and O

Remark 12.2. Cases and of Lemma can also be characterized by X; = X3 and
E>k+ %X% or E = ey (X), respectively, by Lemma

Theorem 12.3. Let k > 0 and (E, X) € [ex(X),00) x R%. Let
A € C°(R,SL(2,R)) N C?(R,M?)
be a solution of (3.2), (3.3), with initial data (Ao, By) € Dy(E, X).
i. The solution A is constant if and only if X =0 and E = k.

ii. The solution A is non-constant and rigid if and only if X # 0 and either E = e, (X)
or Ag € SO(2,R) and E = rk + X} > eq(X).

Proof. This is an application of Lemmas [10.1], [10.6] and [10.7] O
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Figure 3: Level curves Ck(F, X) in the case X1 = Xo, k < %X%, for the values k = 1/4,
X1 =Xy =2, E=ey(X), .95E,, E,, L.1E,, E, = k + ; X{.

The next results concern the homoclinic orbit in case (iiid) of Lemma [12.1].
Theorem 12.4. Let k > 0. Suppose that (E, X) € [ex(X),00) x R? satisfies
X1=Xo and E=r+1X]>eq(X).

Let A € C°(R,SL(2,R)) N C%(R,M?) be a solution of the IVP (3.2)), (3.3)), (3.4) with initial
data (Ag, Bp) € Du(E,X) \ R(X1), (c¢f. Lemma . Then there exist phases 0+ such
that for 0 < A < %(Xlz — 8k)Y/2, the solution satisfies

. &’ .
Jim M2 [A() U (3X0t+04)]| =0, j=0,1.

Proof. The assumptions on the parameters put us in case (fiid) of Lemma and in
particular, we have x < %X%. The Hamiltonian ®,(z,y; E, X) has a critical point at (1,0),
the set C(E, X) \ {(1,0)} is a nontrivial homoclinic orbit, and since Ag ¢ SO(2,R),

{PA(1), A'(t) : t € R} = Cu(E, X) \ {(1,0)}.
Set (x(t),y(t)) = P(A(t), A'(t)). Then we have
z(t) \¢1 and y(t) /0, as t— oo,

and
z(t) 1 and y(t) \(0, as t— —oc.

We shall prove the result for ¢ — 0o, the other case being nearly the same.
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Using Definition (9.1), and the condition on (F, X), we find that

2(8): 1/2
0 =yl = - ()

. X2 —dr(x(t) +1) 1/2 B
= < (0 ) (z(t) —1), t>1.

Fix 0 < A < 3(X? — 8x)'/2 and choose t; > 1 such that

(12.1)

<X12 —4r(z(t) +1)

1/2
2)\, t>1o.
rom BELNED

Then
o' (t) < =2X\(x(t) — 1), t > to,
and we obtain the estimate
0<az(t) — 1< (z(to) — 1) exp[—2A(t — to)], t > to.
Applying this in yields
|2'(t)] S exp[=2A(t — to)], ¢ = to.

Using the notation from Lemma it follows that

xz(t)+1 z(t)—1
i i z —1 VT
H(z(t) - 1)| = | %

ﬁ[ (af(t)—]‘_dtj \/M \/Mfl

2 2

S exp(=At),

for t > tg, j =0, 1.
We now use Theorem to reconstruct A(t). Define (s1(t), s2(t)) according to Lemma
Then since X1 = X2, we have s3(t) = s2(0) and

X1

Sl(t) = 80(0) —|—/0 me’

t
—XT
= %Xlt-i- 80(0) + leXl/O :1:7

where

Thus, we have

dJ

-7 [s1(t) — (X1t + ;eg]‘ Sexp(=At), t>tg, j=0,1.
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It follows that

(Z; [U(2s1(t)) — U(3 X1t +04)] ‘
= jtjj [U(2s1(t) — 5 X1t —04) — I U(5X1t + 04)

Sexp(—At), for t>ty, j7=0,1.
By Theorem [11.6] we obtain
A(t) = Ul(s1(t) + 52(0)) H(x(t)) U(s1(t) — 52(0)).
The desired estimates follow after writing
A(t) = U(5 X1t +04) = U(si1(t) + 52(0)) [H(x(t)) — 1] U(s1(t) — 52(0))
+U@2s1(t) — UG Xit +64).
O]

Remark 12.5. The total phase shift is given by the expression
(0.9]
-1
0, —0_ = —1X1/ wo) =14,
o (o) +1
Corollary 12.6. Let k > 0. Suppose that
X1=Xo and E=r+1X]>eq(X).

Then R(X1) C D (E, X) corresponds to the orbit of the rigid rotation U (%Xlt). The set
D(E, X)\ R(X1) is a stable and unstable manifold for R(X1). Every solution orbit (A, A"
in Du(E, X)\ R(X1) is homoclinic to R(X1), that is,

lim M dist[(A(t), A (), R(X1)] = 0,

[t| =00
for some A > 0.

Proof. This follows from Lemma, and Theorem O
Remark 12.7. | Jx, cg R(X1) is a normally hyperbolic invariant manifold.

Theorem 12.8. If A(t) is a solution of the IVP (3.2)), (3.3), (3.4) such that the quantity
$|A(t)|? is T-periodic for some T > 0, then the solution has the form

A(t) = Ulwit) A(t)U (wat),
where A(t) is is T-periodic if (1,0) ¢ Cx(E, X) and 2T-periodic if (1,0) € Cx(E, X). The
frequencies are defined by
2 [T X1+ X

wi twe = —

T Jo 911(A(t))dt
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and
07 Xl - X2

wp —wy =19 2 X, - Xy

T Jo g22(A(t))

Proof. Define (s1(t), s2(t)) as in Lemma and wi, we as above. Since g;;(A(t)) is T-
periodic, ¢ = 1,2, the functions

dt, X1 # Xo.

sh(t) +s5(t) —wr and sy () — s5H(t) — we
are T-periodic and have mean zero over the interval [0, T]. Hence, their antidervatives
s1(t) + s2(t) —wit and  s1(t) — s2(t) — wat
are T-periodic. It follows that
U(s1(t) + s2(t)) U(—wit) and U(si(t) — s2(t)) U(—wat)

are T-periodic.
Now going back to Theorems and we find that

A(t) = U(—wit) A(t)U(—wat)
is T-periodic if (1,0) ¢ C.(E, X) and 2T-periodic if (1,0) € Ck(E, X). O

Remark 12.9. The result shows that there is monodromy when the solution A(t) passes
through SL(2,R).

Remark 12.10. Note that the result holds for rigid solutions. In this case, the quantity
|A(t)] is constant and thus T-periodic for all 7' > 0. Any value of T > 0 can be used in
computing the frequencies.

Theorem 12.11. Let A(t) be a solution of the IVP (3.2)), (3.3]), (3.4]) such that the quantity
|A(t)| is T-periodic for some T > 0.
For every N € N, there exists /(N) € {1,...,N?} such that
|A(20(N)T +t) — A(t)| < 87|A(t)|/N, for all teR.

If A(t) is rigid, then either A(t) is periodic or the range of A(t) is dense in the sphere
of radius |Ag| in SL(2,R).

Proof. By Theorem [12.8] we may write

A(t) = U(wit) A(t)U (wat),
in which A(t) is 2T-periodic. (If A(t) does not pass through SO(2,R), then we know that
A(t) is T-periodic.)
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For every x € R, there is a unique k € Z such that
{z} =z — 27k € [0,27).
Consider the set of N2 + 1 ordered pairs

{ ({12jT}, {ws2jT}) - j = 0,1,...,N? }

contained in the square [0, 27) x [0, 27). Partition this square into N2 congruent subsquares
of side 27 /N. By the pigeonhole principle, two of these ordered pairs belong to the same
subsquare. It follows that there exist k, £(N) € Z such that 0 < k < k + ¢(N) < N? and

{wi2kT} — {wi2(k + ¢(N))T}| <27 /N, i=1,2.
Thus, there exist m; € Z such that
|wi20(N)T + 27m;| <27 /N, i=1,2.
Define
T = OJZ‘QE(N)T + 2mm,;.
For i = 1,2 and ¢t € R, we have using Definition and the mean value theorem
|U(wi2(N)T +t) = U(t)| = |U(w;i2¢(N)T) — I|
= |U(m) =1
= V2[(cos 7; — 1)% + sin® ;] /2
=2(1- COSTZ‘)I/2
< 2|7
<4m/N.

For any t € R, we have

AQUN)T 4 t) = U(wi (20(N)T 4 ) A(2U(N)T + t)U (w2 (20(N)T +t))
(W120(N)T)U (w1 t) A(t)U (wat)U (wo20(N)T)

U
U(m)A()U (7).

We now estimate as follows

[AUN)T +t) — At)| = [U(m) AU (12) — A(t)]
= [[U(m1) = IJA()U(72) + A(D)[U(72) — ]|
< |U(m) = I[A@)|[U (72)| + [A@D[|U (72) — 1
< 2(47/N)|A(2)].

This proves the first statement.
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If A(t) is rigid, then |A(t)| = |Ao|, and so by Theorem [12.§]
A(t) = U(wit) AgU (wat) = U({wit}) AU ({wat}).
If w; and wy are rationally dependent, then A(t) is periodic. The curve

t = ({wrt}, {wat})

represents linear flow on the torus. If w; and we are rationally independent, then it is well-
known that the image of the curve is dense in the square [0,27) x [0,27). By Lemma
the set

{UA)V : U,V € SO(2,R)}

coincides with the sphere of radius |Ap| in SL(2,R). Thus, the range of A(¢) is dense in this
sphere. ]

Remark 12.12. The only solutions A(t) for which |A(t)| is not periodic are those which
are homoclinic to a rigid rotation. Thus, the result shows that, generically, solutions are
recurrent.

Remark 12.13. Since
JA(t)| < [2Bo(A(), A'(1)]?

and the energy is conserved, Theorem [12.11] shows that

|A(2U(N)T +t) — A(t)] S 1/N, forall teR.

13. Perfect fluids
Lemma 13.1. Fiz k=0 and (E,X) € (0,00) x R%. Let
A€ C°(R,SL(2,R)) N C?*(R,M?)

be a solution of the IVP (3.2)), (3.3), (3.4) with initial data in Do(E,X). The quantity
z(t) = 3|A(t)|? satisfies

2E(z(t) — 1)?2 + 4Ez(t) — X1Xo

(13.1)

Moreover, ' (t) > 0, for all t € R, and if there exists tg € R such that 2" (ty) = 0, then
xz(t) =1 for all t € R.

Proof. Equation ((13.1)) is just a restatement of (9.3)) in the case k = 0. Using the Cauchy-

Schwarz inequality, we obtain

[ X1X0] = | X1 (A(t), A'(1) X2(A(1), A'(1) | < JA®)P|A' (1)
= 4x(t)Eg(A(t), A'(t)) = 4Ex(t).
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From this we see that 2”(t) > 0, for all ¢t € R.

If 2 (tg) = 0 for some tg € R, then E(z(to) — 1)? = 0. Since E > 0, we have z(to) = 1.
This implies that A(tg) € SO(2,R), so we must have X; = X3 by Lemma But then
2" (to) = 0 implies that 4F = X?. By Lemma A(t) is a rigid solution in SO(2,R) for
all ¢ € R, and therefore, z(t) = 1. O

Lemma 13.2. Fiz k =0 and (E, X) € [0,00) x R2.

We have Cy(0,0) = {(x,0) : 1 <z < oo}, and each point (x,0) € Cy(0,0) corresponds
to an equilibrium solution of .

If X1 =X #0 and E = %X%, then Co(FE, X) is the union of an equilibrium solution
{(1,0)} of and two semi-bounded orbits. (See Figure

In all other cases, Co(E,X) is a single orbit which is unbounded as t — +oo. (See

Figures |4 and @
The point (1,0) belongs to Co(E, X) if and only if X1 = X5 and E > 1X3.

Figure 4: Level curves Cy(F, X) in the case X1 = Xo =1, F = E,/2, E,, 2E,, E, = iX%.

S}
~
v

Proof. As already shown in Lemma the sets Cyp(E,X) are unbounded, and the set
Co(E, X) consists of a single orbit unless it contains a critical point of ®g(x,y; E, X). This
occurs when (E, X) = (0,0) and when X; = Xy, E = X7, by Lemma Lemma
gives the condition for (1,0) € Cy(FE, X). O

Theorem 13.3. Let A € C°(R,SL(2,R)) N C?(R,M?) be a solution of the IVP (3.2),
(3-3), (3-4) with initial data (Ao, Bo) € Do(E, X). If sup,~q |A(t)|? = oo, then there exist
Aso, Boo € M? such that fort >0, j =0,1,2,

dJ

T3 [A®) = (Boct + Ax)]| S (1471, (13.2)
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Figure 5: Level curves Cy(E, X) in the case X1 = —-Xo =1, E=1/8,1/4, 1/2.

oo )2
31/4
1/8

N~

If Ay, B € M? is any pair such that
lim |A(t) — (Boot + Ao)| = 0,

t—o00

then (Aso, Boo) = (Aso, Boo).
The vectors Aso, Boo satisfy

Eo(As,Bx) = 3|B|* = E >0, X(Aw,Bw) =X,
and
X1 X5

Boo,cof Aso) =det Boo =0, det Ao = .
( co ) e 0 e 5F

If det By = 0, then (Aso, Boo) = (Ao, Bo) € D(E, X) and
A(t) = Bot + Ao.

Proof. Suppose that A is a solution in D, (E, X) with sup;~ |A(t)|?> = co. Set (z(t), y(t))

(13.3)

P(A(t), A'(t)). Then sup,~z(t) = 0o, and so there exists tg > 0 such that z'(t9) > 0. Since
x(t) is not identically equal to 1, Lemma implies 2”(t) > 0, for all t € R. Tt follows
that 2/(t) > 2/(tg) > 0, for t > ty, and consequently, x(t) — oo, as t — oo. From (13.1)),

there exists t; > 0 such that
Z'(t)>E>0, t>t.

After integration, this leads to the lower bound
z(t) > $E(t—t1)* +y(0)(t —t1) + 2(0), t>t,
and thus,
ABP 2 (1+1)? t>0.
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Since A(t) solves (3.3), we obtain from Lemma [6.1] that
A" SIABITP S (1 +)7% t>0.
Thus, by Lemma 6 of [9], we can write
A(t) = Boot + Ao + A1 (1),
with

B, = By —|—/ A"(s)ds,
0

As = Ay —/ / A"(o)dods,
0 s

Ay(t) = /t h / A (0)dods.

Note that our estimate for |A”(¢)| implies that

dJ .
dtjAl(t)‘ 5(1—}_75)717]7 t207 .]:07 1727

thereby proving ([13.2)).
If (13.3]) holds, then using (13.2]), we find that

lim |(Boo — Boo)t + (Ase — As)| = 0,
t—o0
and uniqueness of the states (As, Boo) follows from this.
Applying ([13.2), we find
E = 3|A(t)]? = 3B + A{(1)* = 3B/ +O(t™"), >0
Sending ¢ — oo shows that E = 1B |2
For the other invariants, we have
X = X(A@t), A (t)) = X(Boot + Asc + A1(t), Bos + A1 (1))
= tX(Boo, Boo) + X (Ao, Bso) + O(t ™).
By Lemmas and we see that X (Buo, Bs) = 0, and so letting ¢ — oo we obtain

X = X (A, Boo).
Since A(t) € SL(2,R), we get from Lemma [1.15]

2 =2det A(t)
= (A(t), cof A(t))
= 1? (Buoo, cof Boo) + 2t (Aue, cof Boy)
+ (Aoo, cof Agg) + 2t (Boo, cof A1 (1)) +O(t™1)
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= 2t? det Bo + 2t (Ao, cof Boo)
+ 2det Ao + 2t (Boo, cof A1(t)) +O(t™1).

This implies that
2 det BOO = <B007 cof BOO> = 07 <AOO7COf BOO> = 07
and

2det Ao + 1tlim 2t (Boo, cof A1 (t)) = 2.
—00

Using the formula for A;(t), I'Hopital’s rule, (3.3), Lemma and ([13.2), we find that

cof By

. T 1.3 T 143 _
E&ml(t) _ tlil& A = tlggo Y UGE (2E—X1X2)W.

From this follows
2F — X1Xy  X1Xo

B2  2E
If det By = 0, then by Lemma [6.1] we get 2FE — X7 X5 = 0. Lemma [6.1] then says that

Ao(A(t), A'(t)) = 0, for all t € R. So the equations of motion simplify dramatically to
A"(t) = 0, and from this we see that A(t) must be linear in ¢. O

det Apo =1 —

Remark 13.4. If (Ao, By) € D and det By = 0, then A(t) = Bot + Ap is a geodesic line in
SL(2,R), by Lemma [10.13

Remark 13.5. In Theorem if det By # 0, then Ao ¢ SL(2,R), and hence (Ao, Boo) ¢
D.

Remark 13.6. An analogous result holds when sup,( |A(t)|? = oo.

Theorem 13.7. Let A € C°(R,SL(2,R)) N C?(R,M?) be a non-rigid solution of the IVP

32), 3.3). in Do(E, X).
If supysg |A(t)[? < 0o, then X1 = Xo # 0, E = 1X7, the orbit (A(t), A'(t)) belongs to
the set
W9(X1) ={(A,B) € D,(E, X) : (A, B) <0},

and there exists a phase 04 such that for every 0 < A < %’Xﬂ,

dJ
-7 (Al —U (3 X1t +04)]| S exp(—At),
forallt >0, 7=0,1.

Proof. Since the solution A is non-rigid and semi-bounded, Lemma implies that X| =
Xo#0and F = inz. By Lemma we have

z(t) 1 and y(t) /0, as t— oo.
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Thus, y(t) = (A(t), A'(t)) <0, t € R, and so the solution orbit (A(t), A'(t)) lies in W*(X1).
Since the phase plane orbit (z(t),y(t)) lies in Co(E, X), we have ®g(x(t),y(t); E, X) = 0,
t € R. Using Definition (9.1), and the condition on (F, X), we find that

(1) = yt) = X2 2(t) V2(at) 1), tER
Given 0 < X\ < |X1|/2, choose ty large enough so that
1X1]2(t) V2> 2), t >t

Then
(1) < =2X\(x(t) — 1), t>to.

From this we obtain the estimates
0<z(t) — 1 < (x(to) — 1) exp[—2A(t — to)],

|2/ (t)] < exp[=2A(t — o)),

for t > ty. The rest of the proof proceeds exactly as in Theorem [12.4]
O

Remark 13.8. There is an obvious companion result in the case when sup,q|A(t)> < oo
for the set
W*(X1) ={(A,B) € D.(E,X) : (A, B) > 0},

with X; = Xp and E = 1 X7.

Corollary 13.9. For 0 # X1 € R and E = 1X7, the sets W*(X1) and W*(X1) are stable
and unstable manifolds for R(X1).

14. The picture in T4SL(2,R)

Several special situations have emerged: the existence of stable and unstable manifolds for
R(X7), the existence of solutions with vanishing pressure, and the existence of rigid solu-
tions. Here we shall attempt to visualize the corresponding tangent directions in T4SL(2, R)
for a fixed point A € SL(2,R).

Let us first assume that A € SL(2,R) \ SO(2,R). By Lemma we can represent an
element B € T4SL(2,R) using the normalized frame {7;(A)} from Definition as

B = ZCZ‘ %Z(A),

in which
X1+ X X — X
Vit V922
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The metric g was given in Lemma Thus, we have

X1=3(Vo1 a1+ g2z 2) and Xp = L(\/911 c1 — /922 2). (14.1)

We also have
E=E.(AB) =3B +5|AP =1 o+ 5]A] (14.2)
%

By Lemma [6.1] solutions with vanishing pressure are characterized by the condition
E= %X 1X2. Using expressions ([14.1]), we find that

E = %(911 C% — 922 C%)

From ((14.2)), this leads to the relation

— WC?)) = 2K.
Thus, the set
{B € TASL(2,R) : E.(A, B) = $X1(A, B)X2(A, B)}

is a two-sheeted hyperboloid when x > 0, and a cone when k = 0. The region of positive
pressure is connected, and the region of negative pressure has two connected components.

The critical point (1,0) for corresponds to the family of rotating solutions. The
homoclinic orbits produce a stable/unstable manifold characterized by the conditions X; =
Xoand E =k + inz. Here, we have co = 0, and so

EF=r+ %6911 c%.
Thus, in local coordinates, the set
{B € T4SL(2,R) : E.(A,B) = k+ 1 X1(A, B)?, X1(A, B) = X5(4, B)}

is given by
2920 ¢f — 5 = Egao.

This describes a hyperbola in the 71, 73 plane with two branches, each contained within
one of the components of negative pressure. The limiting solution is a rotation of the
form U(%Xlt +0), by Lemma Since X7 and c; have the same sign, we see that the
branch with ¢; > 0 corresponds to counterclockwise rotation in the limit. When x = 0,
the hyperbola degenerates to a pair of lines through the origin. Parameter values c¢3 < 0
along these lines correspond to stable directions while values ¢s > 0 correspond to unstable
directions.

By Lemmas and the set
{B € T4SL(2,R) : (A, B) is initial data for a rigid solution of (3.3)}

is equal to
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{B € T4SL(2,R) : (z,y) = P(A, B) satisfies y = 0, Ps(z; E,X) =0, Pl.(z; E,X) = 0}.
The condition Py(z; F, X) = 0 is the same as (14.2)). Now y = c3 = 0, so we have
E = %(C% + c2) + k.
The condition P.(z; E, X) = 0 is equivalent to
2

8Ex = 4k(3z% — 1) + %9110% + %92202-

We find that the local coordinates (c1, c2,0) of B must lie on the ellipse

2 2

c c
-1 + 2 ,{/2.
g11 g22

This intersects the hyperboloid of data with vanishing pressure at four points. The ellipse
shrinks to the origin as k — 0. See Figures [6] and [7}

Figure 6: Distinguished directions in T4SL(2,R) for a fixed A € SL(2,R) \ SO(2,R), with
k = 1/2. The branch of pressureless directions in the half space ¢; < 0 is not shown.

Homoclinic

Vanishing pressure Homoclinic

When A € SO(2,R), we have
3
B=) c¢#(A) with ¢ = (B,7(A)).
i=1
This yields

c1 = %Xl, co = 7% (B,U(252)K), c3= % (B,U(2s2)M) ,
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for an arbitrary so € R. We have

3 3
E:n—l—%Zc?:/ﬁ—i-iX%jL%Zcf.

The pressureless solutions are described by the equation
C%—C%—C§:2K,,

which is consistent with taking the limit as A — SO(2,R).

The rigid solutions are given by F = k+ iX% , or equivalently co = c¢3 = 0. The segment
lc1| < 4k along the 71(A) axis arises as the limit A — SO(2,R). The portion |c;| > 4k
corresponds to the limit set of the homoclinic orbits.

Figure 7: Distinguished directions in T4SL(2,R) for a fixed A € SL(2,R) \ SO(2,R), with
# = 0. The cone of pressureless directions in the half space ¢; < 0 is not shown.

Unstable \’.

Stable

Vanishing pressure
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15. Glossary of notation

Symbol Reference Description
M2 vector space of 2 x 2 matrices over R
(+y ) Euclidean inner product on M?
SL(2,R) special linear group
SO(2,R) special orthogonal group
I.K.M,Z orthogonal basis vectors in M?
U(o) parameterization of SO(2,R)
cof cofactor map
T4SL(2,R) 2.1 tangent space at A € SL(2,R)
sl(2,R) .2 special linear Lie algebra
N(A) 0.3 unit normal to T4SL(2,R)
D 2.5 tangent bundle / phase space
7i(A) 0.7 tangent vectors at A € SL(2,R) \ SO(2,R)
7i(A) 2.7[2.18)  unit tangent vectors at A € T4SL(2,R)
g(A) 2.11 metric on T4SL(2,R)
Als) 2.14 local coordinates on SL(2,R) \ SO(2,R)
F;k(s) 2.21 Christoffel symbols
P(A) 2.23 projection of M? onto T4SL(2,R)
S(A) 2.25 shape operator
II(A) 2.27] second fundamental form
Vv W 2.28 Riemannian connection
L(A,B) 13.4] velocity gradient map
Ak (A, B) 3.10 nonlinearity / Lagrange multiplier
E.(A, B) 3.12 energy
Xi(A, B) 4.1 invariant quantities
D(X) 5.1 invariant set
De(E, X) 5.1 invariant set
ex(X) 71 minimum energy
O (z,y; B, X) 3.1 Hamiltonian for phase plane dynamics
Pi(z; E, X) 3.1 used in defining @,
P(A, B) 3.4 projection of D into phase plane
Cw(E,X) 361 level set in phase plane
R(X1) M invariant manifold of rotational solutions
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