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ALGEBRAIC BOUNDS ON THE RAYLEIGH-BENARD
ATTRACTOR

YU CAO!, MICHAEL S. JOLLYLT, EDRISS S. TITI2, AND JARED P. WHITEHEADS3

ABSTRACT. The Rayleigh-Bénard system with stress-free boundary conditions
is shown to have a global attractor in each affine space where velocity has
fixed spatial average. The physical problem is shown to be equivalent to one
with periodic boundary conditions and certain symmetries. This enables a
Gronwall estimate on enstrophy. That estimate is then used to bound the L?
norm of the temperature gradient on the global attractor, which, in turn, is
used to find a bounding region for the attractor in the enstrophy, palinstrophy-
plane. All final bounds are algebraic in the viscosity and thermal diffusivity, a
significant improvement over previously established estimates. The sharpness
of the bounds are tested with numerical simulations.

1. INTRODUCTION

The long-time behavior of the Rayleigh-Bénard problem was analyzed in [10,17]
for several types of boundary conditions. In that work the authors derived ex-
plicit estimates for enstrophy and the (L?-norm of the) temperature gradient on
the global attractor for the case of no-slip boundary conditions in space dimension
two. They also outlined the functional setting for the case of stress-free velocity
boundary conditions (see (2.2a), (2.2b)), and mentioned that corresponding esti-
mates can be carried out in a similar fashion. In this paper we revisit the 2D,
stress-free boundary conditions case, and as in the case of rigorous bounds on the
time averaged heat transport [18], we find estimates on the global attractor which
are dramatically reduced from those in the no-slip boundary conditions case. We
also derive estimates for the palinstrophy and H?2-norm of the temperature.

One marked difference between no-slip and stress-free boundary conditions is
that in the latter case, the system is not dissipative for general initial velocity
data. This is due to the existence of steady states with arbitrarily large L?-norms,
namely velocity of the form u(x,t) = (¢,0), with zero temperature 6(x,t) = 0
such as the shear-dominated flow investigated in [12]. Since, however, the spatial
average is conserved for these flows, the system is dissipative within each invariant
affine space of fixed horizontal velocity average. This wrinkle does not influence the
estimates on the temperature or higher Sobolev norm estimates on the velocity.

The a prior: estimates are carried out in Section 4. The key to finding sharper
bounds in the stress-free case is to extend the physical domain, as done in [8], to one
that is fully periodic and twice the height of the original. This makes the trilinear
term vanish from the enstrophy balance, giving an easy bound that is O(v~2) in
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terms of the kinematic viscosity. Though the trilinear term persists when estimating
the temperature gradient, we are able to avoid the exponential bound that resulted
from using a uniform Gronwall lemma in [10], by using the algebraic bound on the
enstrophy. We find that on the global attractor the (L?-norm of the) temperature
gradient satisfies a bound that is O(Ra?), for Pr ~ 1, where Ra is the Rayleigh
number and Pr is the Prandtl number.

We then follow the approach in [5] for the Navier-Stokes equations (NSE) to
obtain an estimate for the palinstrophy, with the temperature playing the role of
the body force in the NSE. This leads to curves which bound the attractor in the
enstrophy,palinstrophy-plane, with an overall bound on palinstrophy that is O(Ra®)
for Pr ~ 1. Using this palinstrophy bound, we then follow a similar procedure to
find a bounding region for temperature 6 in the || V0]7., | Af||7.-plane.

We recall from [8] in Section 5 how all of these bounds impact the practicality
of data assimilation by nudging with just the horizontal component of velocity of
the stress-free Rayleigh-Bénard system. The sharpness of our rigorous bounds are
tested with numerical simulations over a range of Rayleigh numbers in Section
6. Simulations are also presented there to demonstrate that the nudging algorithm
works for data with much less resolution than the analysis requires. This is actually
what suggested we might improve on the exponential bounds in [10,17]. All the
bounds here on the attractor are algebraic in the physical parameters.

2. PRELIMINARIES

The Rayleigh-Bénard (RB) problem on the domain Qo = (0, L) x (0,1) can be
written in dimensionless form as (see, e.g., [10])

% —vAu+ (u-V)u+ Vp = feq, (2.1a)
% — KAO + (u- V)0 =u- e, (2.1b)
V-u=0, (2.1c)

u(0;2) = ug(x), 0(0;2) = Og(x). (2.1d)

In this paper, we consider the following set of boundary conditions that are stress-
free on the velocity:

in the wo-direction: us, 0 = 0 at zo = 0 and x5 = 1, (2.2a)
0
8—220&‘5 29 =0 and 29 =1, (2.2b)
in the x;-direction: u,,p are of period L. (2.2¢)

Following [8], in the rest of this paper, we consider the equivalent formulation
of problem (2.1) subject to the fully periodic boundary conditions on the extended
domain Q = (0, L) x (—1,1) with the following special spatial symmetries:

Ul(fl;l, ./L'Q) = ux (xlu _.'L'Q), ’U,Q(xl ) $2) = _Ug(fL'l, _$2),

p(x1, x2) = p(r1, —x2), O(x1,x2) = —0(z1, —x2),
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for (z1,22) € Q. As a result of this symmetry, we observe that smooth enough
functions satisfy

6’11,1 -
’ 8172 a
2.1. Function spaces. We will use the same notation indiscriminately for both

scalar and vector Lebesgue and Sobolev spaces, which should not be a source of
confusion. We denote

(u,v)::/u-v, for u,v € L*(Q),
Q

Ua, 0 0, foraxs=-1,0,1. (2.3)

((u,v))::/QVu-Vv, for u,v € H'(Q),

and
Jul = (u,u)', = ((u,w))2
Note that ||-|| is not a norm unless we restrict the functions to some subspace. We
define function spaces corresponding to the relevant physical boundary conditions
as in [8], where
F1 is the set of trigonometric polynomials in (21, x2), with period
L in the xp-variable, that are even, with period 2, in the xs-
variable,
and
Fo is the set of trigonometric polynomials in (z1,z2), with pe-
riod L in the zj-variable, that are odd, with period 2, in the
To-variable.

The space of smooth vector-valued functions which incorporates the divergence-
free condition shall be denoted by
Vi={ueF X Fp:V-u=0}

We denote the closures of V and F, in L?*(Q) by Hy and H;, respectively, which
are endowed with the usual inner products

(uvv)Ho = (uav)a (¢7¢)H1 = (1/), ¢)

and the associated norms

[ull gy 2= ()2, [l = (0, 9)2
Finally, we denote the closures of V and 3 in H  (Q) by V, and V; respectively,

per
endowed with the inner products

((u, 0))vo == ﬁ(uav) + ((w,0), (¥, )i = (¥, 9)),

and associated norms

1 1/2
2 2
l[ully, = (@ ul” + Jlull ) el = lloll,

where |Q2] = 2L is the volume of .
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2.2. The linear operators A;. Let D(Ag) = Vo N H},.() and D(A;) = Vi N

H2,(Q). Let A; : D(A;) — H; (i = 0,1) be the unbounded linear operators

per

defined by

Due to periodic boundary conditions, we have A; = —A. The operator Ay is a
nonnegative operator and possesses a sequence of eigenvalues with

0=X,1 <Ao< < Aoy <71,

associated with an orthonormal basis {wom}men of Hy. The operator A; is a
positive self-adjoint operator and possesses a sequence of eigenvalues with

O< A i< A< <Ay <oy

associated with an orthonormal basis {w1 m }men of Hy. Observe that we have the
Poincaré inequality for temperature:

o1 < ATHOIF, Vo e,
161* < AT AW, VO € D(A),
where A\; = A\; 1 = 7% min(1/4, L72).

2.3. The bilinear maps B;. Denote the dual space of V; by V/ (i = 0,1). Define
the bilinear map By : Vo x Vo — Vj (and the trilinear map by : Vo x Vo x Vj — R)
by the continuous extension of
bo(u, v, w) := (Bo(u,v),w)yy; = ((u-V)v,w), wu,v,we .
Define the scalar analogue By : Vj x V3 — V{ (and the trilinear map by : Vj x V; x
V{ — R) by the continuous extension of
bl(uu 97 ¢) = <Bl (’LL, 9)7 ¢>V1’ = ((’LL : V)e, ¢)7 u e V7 97 ¢ € ]:2'

The bilinear maps B; (and the trilinear maps b;), i = 0, 1, have the orthogonality

property:

bo(u,v,v) =0, by(u,0,0) =0, wu,veVy 0V (2.4)
Furthermore, due to periodicity on €, i.e., since 49 = —A, we have
bo(u,u, Agu) =0, ¥V u € D(Ap), (2.5)
as well as
bo (v, v, Agw) + by (v, w, Agv) + bo(w,v, Agv) =0, VY v,w € D(Ap), (2.6)

(see, e.g., [17] for (2.5), [9] for (2.6)).

2.4. Functional setting. Following [10], we have the functional form of the RB
problem (2.1):

i—? + vAou + Bo(u,u) =Py (0e2), (2.7a)
dé
E +/§A19+B1(u,9) = Uu- ey, (27b)
w(0;2) = uo(x), 60(0;2) = Op(x), (2.7¢)

where P, denotes the Leray projector.
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3. STATEMENT OF RESULT

Theorem 3.1. The Rayleigh-Bénard problem (2.1) with stress-free boundary con-
ditions (2.3) has a global attractor A, within the invariant affine space

Wo = {(u,0) € Vh x V; :/ul(x,t) dz = a} .
Q

The elements in A, satisfy
. 12]

Jul® < -3z T %19 (3.1)
1
12|
HU’H2 < Zmax 1= V2)\1 ) (32)
H6‘”2 S Ymax i= )\lzfnaxp7”2 + Zmax P, (3.3)
1/2
Aoul? < %)< — P Zm/a"ﬂl/Q 3.4
[Aoul® < f([lull®) < gmax 2 + L Vmax > (3.4)
¥ q2/.3 ¥ z
2 < 2y < — ZmaxVUmax maxVmax max '
O gI0) S e = 21 B S (35

where the functions f, g are defined below in (4.28), (4.35), respectively and Pr is
the Prandtl number v/k.

Regions that bound the global attractor in the enstrophy, palinstrophy- and
10112, |A160|*-planes are depicted in Figures 1, 2, below.

4. A PRIORI ESTIMATES

Global existence and uniqueness follows by the standard Galerkin procedure
based on the trigonometric basis functions in the definitions of F; and F3. We thus
proceed with a priori estimates.

4.1. L? bound on temperature. A variant of the maximum principle for tem-
perature proved in Lemma 2.1 of [10] applies to stress-free boundary conditions.
As a consequence for each strong solution (u, ) of (2.7)

6(t)] < |22 + ©ge™"" (4.1)
where || is the volume of §2 and
©0 = [(6(0) = 1)+ +[(6(0) +1)-|

4.2. L? bounds on velocity. We denote the space average of the horizontal ve-
locity over the extended domain by

1
at) = ﬁ/ﬂul(aj,t) dz .

From (2.1) and the periodic boundary conditions on 2, we find that the spatial
average of velocity is conserved, i.e., da/dt = 0. It follows that u, = u — ey
satisfies

du

d—ta + vApua + Bo(u + aer,uy) = ey .
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Since u,, has zero average, it satisfies the Poincaré inequality

Mual® < Jlual® - (4.2)
Note that us also satisfies a Poincaré inequality
Mfus]® < [luz]* (4.3)

but u; does not. Taking the scalar product with u,, and applying (2.4), the Cauchy-
Schwarz, Young inequalities as well as (4.2), we get

1d 2 2 1 2 V)\l |9|2
PYETE Aate] @ < 9 <
5 qltel” +Vlluall™ < o101+ =5 =N

Applying (4.2) once again, together with (4.1) and Young’s inequality, we have

v
|ua|2 + §||ua||2 .

d 1 o
&|Uo¢|2 + vA1|ual® < N (1] + ©5e>"") |

so that
1t
lua (B)[* < e M |ug (0))? + T/ (1] + ©3e~2%) e (=0 g5 (4.4)
VA1 0
and thus,
: oo 19 o
limsup [u(t)]* < —+5 +a”[Q] . (4.5)
t—00 v /\1

4.3. An enstrophy bound. We note that Vu has zero average over {2 by the
periodicity of u. As a consequence, we have the Poincaré inequality

Mllul? < Aouf? . (4.6)
Taking the scalar product of (2.7a) with Agu, we have by the orthogonality property
(2.5)
1d 9 9
= —|lu||* + v|Agul® < |(fBea, Agu)] (4.7)
2dt
1 v
< 10l Aol < 516 + %1 Aoul?
hence, by (4.1) and (4.6) we have
d 1 Con
Sl + vl < - (9] + ©3e2)
and thanks to the Gronwall inequality we obtain
€2
1/2)\1 ’
Similar to the no-slip case analyzed in [10,17], if ||u(0)|] < My, [|6(0)] < Mo,

and € > 0 we have from (4.1), (4.5) and (4.8) that there exists to = to(M1, Ma,€)
such that

limsup ||u(t)]|* < zZmax == (4.8)
t—o0

OO <0 +e, Vi1, (49)
9]

lu(t)|]* < V|2)\|2 +a2Q+e, Vt>ty (4.10)
1
Q

P < S se e (411)

V2)\1
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4.4. Bound on the temperature gradient. We start by taking the scalar prod-
uct of (2.7b) with A10 = —A#, integrating by parts and applying the Cauchy-
Schwarz and Young inequalities

|U2|

S0 + 51416 < |(Bu(w,0), 40)] + 20 Fjaop . (aa2)

2 dt
We apply integration by parts to rewrite the trilinear term as

(Bi(u,0), Z /uzﬁ 0020 dx

i,5=1
Z/uzauﬁaedx—l— Z/@uﬁ@@@dx
4,j=1 i,j=1

We then use the chain rule to rewrite the first sum, again apply integration by
parts, and then incompressibility to find

Z / u;0;;00;60 dx = = Z / (4.13)

i,j=1 z] 1
1
=3 / (O1u1 + Oguz) [(819)2 + (820)2} dr=0.
Q
From the above, together with the Holder, Ladyzhenskaya and Young inequalities
then give
|(Bi(u,0), A10)| < 4]|u]| [ VO]|74
< cafull|0][A.6]

cf 2k 2
< Sl 01)? + Z14262 (1.14)

Now combine (4.12), (4.14) and the Poincaré inequality (4.3) so that

d 2c? 2usl?  2¢2 2||ul?

—|10]1? A10)2 < L lu?l0)]? + =25 < L ul?||0))? + 2

1017 + sl 40617 < o + 2k < 2y 22 4 28]
We note that by the Cauchy-Schwarz inequality and (4.1),

16112 < 1611 A16] < |QI"/2| 48]

so that
2][ul?
|Q| Ii/\l

Let R? = zpax +&. From (4.11), (4.15) and Young’s inequality, we have for all
t>to

d C1
EIWH2 el + I\u|\2|\9||2 + (4.15)

d 202 2R?
— 8% < 0l|* + =L 16||>R? +
dtll [ < IQI|| I* + || I Y
2c 2R2
< — o* + =L QIR +
< 2|Q||| %+ | | Y
< - o|* — K*
< 2|Q| (1ol )
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where 0
4ct 4
K4 C1 |Q| R4 |)\|R2 .
We claim that
4ct 49 1/2
limsup [|0()]* < | = IQI2 Zmax T oy Zmax| - (4.16)
t—o00 2/\

To prove this we let € > 0, as above, and consider two possibilities.
Case I  If |0()||* < (1 + 45)1/2K2 for all t > tg, then clearly

limsup [|0(t)]|2 < (1 +4¢)'2K?, Ye>0. (4.17)
t—o00

Case IT:  Suppose there exists ¢, > to such that ||0(¢.)]|? > (1 + 4e)'/2K2. We
would then have that
i|\¢9||2 B g4 Wit >t, such that [|0(8)]2 > (1 + 2¢)/2K?2 .
dt Q]
We conclude that ||6(t)||? is strictly decreasing at a rate faster than —reK*/[(29)|)
for all t > t, such that ||0(t)||> > (1+2¢)Y/2K2. In particular, there exists t.., with
te < tex < 00 such that ||0(t.)]? = (1 + 2¢)Y/2K2. Moreover, for all t > t,, we
have [|0(t)]|? < (1 +2¢)Y/2K?2. As a result, we again obtain (4.17).
In either case we may now take ¢ — 07 to conclude (4.16). Introducing the
Prandtl number in (4.16) and applying the square root inside the brackets we
arrive at the simpler bounding expression

limsup [[0()]|* < Pmax 1= A1 220 P2 + Zmax PT .
t—o0

Thus, the ball B, (¢) C Vi x Vi, defined by

1+ A
Bale) = { ) [l < 200100 40210 25 [O1P < Do}

is absorbing. This gives for each a the existence of a global attractor A, within
the invariant subspace of solutions (u, ) where the spatial average of velocity is
fixed at «. The global attractor is contained in B, (0).

4.5. Palinstrophy bound. To estimate palinstrophy on A, we follow [5] almost
verbatim except that the effect of time independent forcing of the Navier-Stokes
equations is played by the bound [|0]|? < Umax- The other difference is that our
velocity is not normalized as in [5]. For completeness, and in order to arrive at an
overall bound in terms of v, k, we distill the essential argument here.

Returning to (4.7), we integrate by parts, and then apply the Cauchy-Schwarz
inequality to get

—||u|| \/ max > 2dtHuH2 + V|A0u|2 < ||u|| \/ max 5,V (u,6‘) € A,
We denote
2= ul?, q=Aul>, ¢=]AYul>, 9=0|. (4.18)

Then whenever

2
[l v/ Fmax < g|AQu|2 , equivalently ¢ > ;\/zﬁmax , (4.19)
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we have
d
—3vg < d—i < -vq. (4.20)
Setting w = Apu in (2.6) and applying Agmon’s inequality, we have
|(Bo(u, u), Afu)| = (Bo(Aou, u), Agu)| < eof Aoul?|Jul] /2| A5 *ul*/> .

We next take the scalar product of (2.7a) with AZu, and integrate by parts to
obtain

1d 3/2

5 3 Aoul® + w146 ul® < (0, Afu)| + |(Bo(u. w), A3u)| (4.21)

3/2 3/2
< (101145 ul + o Aoul? ul /AT *ul /> .
Note that by the Cauchy-Schwarz inequality

Aoul*  ¢* _ 4
— A3/2 2>| 0 _
S T ER

Dimax (4.22)

in the region

2
R := {(z,q) | q> ;\/zﬁmax } . (4.23)
It follows that

01143 2u] = 917212 < X W(zq) eR,

v
2
and hence, as in [5],

d

d—‘i < P(C) 1= —C + 2eaq2 A4 (4.24)
To close the system (eliminate ¢) we find that the maximum of 1) is achieved at

4/3
Cmax = (20—2qz1/4) with a value ¥pax = 3vCnax -

v

We note that

2 2
4 > (max if and only if ¢ > (22>
z 2v
so that by (4.22)
dq _ 3 e e c2 \2
E S 1Z)max - I/l/3 (?qz ) if q S (2_1/2:) (425)
and
d 2 2
d_z <P(q?)z) = —yq; +200¢%? if ¢ > (;—iz) . (4.26)
We see that
d 2 \? 2
d_z <0 if ¢g> <—2z) and ¢ > —v/29max - (4.27)
v v

By considering the steepest descent possible below
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and the most shallow ascent possible above this parabola, we find three bounding
curves ¢ = f;(z), j = 1,2, 3, after solving, in order, three final value problems. The
first combines the (positive) bound in (4.25) with the upper bound in (4.20)

dq C2 4/3 1/3 |Q|

a:_g(ﬁ) (qz)/ ) for ZlSZSZO:Zmax:UQ—)\l
. 2 1/2 q1/2

q(ZO) =dqo ‘= ﬁzm/axﬁm/ax :

The second picks up where the first leaves off and combines the (positive) bound
in (4.26) with the upper bound in (4.20)

d 2¢
d_ng__2q1/2, for 2 <2<z
z oz v

(J(Zl) =q1,

while the third combines the (negative) bound in (4.26) with the lower bound in
(4.20)

de _ a2 ap
dz 3z 3v ’
Q(Zz) =q2,

where ¢1, g2 are determined by the intersections of f; and f5 (defined below) with

the parabolas
2
C9 2 202
q=|(=—=z and ¢=|—z
2v v

respectively. This results in a convex function in z

() = E (;_21/)4/3 (23/3 _ 24/3) +q§/3}3

for 0<2< 29

/2

and concave functions in z

2
1 L L\ /2
fa(z) == = l—2022+ (Vql/ + 20221) <Z—> ,

1

2
1 » L\ /6
f3(z) := 557 [—6@2 + (51/q2 + 602@) (z_g)

A qualitative sketch of these three curves is shown in Figure 1. It is shown in [5]
that the curve ¢ = f3(z) does not intersect the curve ¢ = 2v/20max/v. Let

fi(z) if 21 <2 < zmax
f(2) =< falz) if z<z<z (4.28)
fa(z) if 0<z<2.

To prove (3.4), suppose there is an element in 4, such that ¢(0) > f(2(0)). The
solution through any element in A, exists for all negative time. If ¢(t) > f(2(¢))
for all ¢t < 0, since ¢(t) increases with negative time, as long as z(t) < z2, we have
q(t) > min{q(0), go}. By the upper bound in (4.20), z(¢) would then exceed z3 in
finite negative time. Thus, we must have ¢(t) < f(z(t)) at some t < 0. But forward
in time, the region ¢ < f(z) is invariant, contradicting the assumption that the
initial condition satisfied ¢(0) > f(2(0)).
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We now find an overall bound on palinstrophy in A4,. A straightforward calcu-
lation shows that substituting

Co21 2 . 26222 2
Q= (7) into ¢o = fa(z2) =

v
reduces to
25
Z9 = azl .
Similarly, using
2 . 221\ 2
90 = —V20Umax in q = fi(z1) = (A) ,
v 2v
leads to
3/4
3 42/3
21 < 5’23/3 + 4—/3Z(];/3193r1/a3x S Zmax + Vl/zzrln/;xﬁgn/:x
Cy
so that
22 22
[Aoul® < g2 S G = 5% + “;a"ﬂ,ll{fx . (4.29)

4.6. A bound on |A;6|. From (4.12) and (4.14) we have

2 2
=2 ol - 2 < Lpope + nlaso? < 2o + 2L
Thus, if
2

o = % (alupiore + 25
it follows that

_3mer < Lyop2 < —Lejasep (4.30)

2 —dt -2

We next take the scalar product of the temperature equation with A2 = A20

and using the fact that Agu = —Auwu, write

1d

5 7|10 + RLATZ01 < [Aoul| A16] +|(Bi(u, 0), A76)] . (4.31)
We need to move two derivatives in the trilinear term in order to ultimately obtain

a bound for it in which the highest order norm is |A:{,/ %0|. We integrate by parts to
write

2

Qg k=1

2 2
= — Z / uﬁzﬁaja,f& dx — Z 8Ju18198J8,§0 de=T+11I.
Q Q

ij,k=1 ijk=1



RAYLEIGH-BENARD BOUNDS 12
2
q = |Aoul

(5)°

q2

I3
1
q0
v
2%
‘ z = |lul?
z9 Z1 IQ‘

IJ2A1

FIGURE 1. Qualitative sketches of the curves bounding A,.

We then integrate the first summation by parts

2 2
I= Y /Q w; 0070070 dz + ) /Qa,-uiai,jeage de =1, + 1

ijk=1 i,j,k=1

and split the resulting first summation as

2 2
=Y [wodionoars Y [ woooro o1, + 5,

ij=1 ijAk=1

Proceeding as in (4.13), we find that I,, = 0. Integrating by parts again, we have

2 2
2 2 2 2
Lo=— Y /Q Duid200%0 da — Y /Q w0200,020 d

ijAk=1 ijAk=1
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Since the the first sum is zero by incompressibility, we have by symmetry that
I, = —1,,, and thus I,, = 0. Integrating by parts one more time, we have

Z / 07100070 dz + I, .

i,5,k=1

After gathering what remains, we use Agmon’s and Ladyzhenskaya’s inequalities
to estimate the trilinear term as

|(B1(u,8), Z /82%39@9 dz +2 Z /8u18”98k9 dz|

1,5,k=1 i,7,k=1
< c|Aoul[|6]/2| A 260112 A10] + cl|ul| /2| Agu|V/2]|6]| 2| A16] /2| AT 6]/

|Al‘9|3/2 3/2711/2 C4 172 3/4¢+1/4
SC4|A0U|T|A1 o]"/* = Wf] /A S
where n = |A102, ¢ = |A¥?6)2 and for convenience in what follows, we take
¢y = 2max(c, c3).

Using this in (4.31), we find

a0+ KIAZ2012 < | Agul|A10] + — | Agu| | A1 0]3/2| A3/ 29|1/2

2 dt /\1/4

1

2
L\ Agul| A, 0]3/%| A3/ %6)1/2 .

= )\1 N
Thus, invoking our palinstrophy bound qmax, we have

d
—n) < B(E) 1= —2KE + —-qi 2P eV
dt )\1/4

We find that

) 4/3

_ C4 2/3
@(g) < Prax = 171 Amax]
7 (37)

and that

4/3
* 2c
Q) <0 VE>E ==9n, where 7:=( /\1‘;4> aals .
KAy

In terms of zg, our enstrophy bound on the attractor, (4.30) holds for

Zmax 4
12 g3(0) == =5 ( s + — N ) : (4.32)
Once again, by the Cauchy-Schwarz inequality, we have
A 6‘|2 772
A2 > A e, >
| 1 | = ||9H ’ Le., 5 =9
Thus for 5
% <&, equivalently n <~9,
we combine
d d K
< ith —19 < —— .
dtn Dax  with dtﬁ =73 (4. 33)
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and solve
% - _ (Umax) = Mo := Zmax catd + i where =471/3
Qv Yo 5 T(Vmax Mo : 12 4VUmax )\1 ) o Y

to find a straight-line solution
n=g1(9) =1 — 7V — Imax) -
We then find the intersection of this line with n = ¢ to be at (¢1,71), where
C4Zmax//f2 + Yo 4Zmax
7+ TR (Y +70)
For n > «1 we combine

191 = ) and m = ’}/191 . (434)

d 2 4 5/4
S < dm2/9) = —2k L 4 — A iz 1

-— ith d 9 > 3
dt 9 )\i/4qmax191/4 W1 E > —5577
and solve
dy 4 S gt
d’l9 - 31977 3)\1/4K/qmax191/4
to find
_ N U UR VR e RV R
n=g2(V) = o m' +y (077 =99, ;
where 8
~ C4 12
FY - max *
)\}/411 :

As we argued in Section 4.5, if an element in the global attractor were to project
in the ¢, n-plane above

17 =max {g1(9), g2(9), g3(})} , (4.35)

then by (4.33) the solution through it would, in finite negative time, have to enter
the region below the curves in (4.35). Yet, this region is invariant. We conclude
from (4.34) and (4.29) that we have an overall bound on the global attractor of

Z z
|A19|2 S Uit S Tlmax ‘= m;ixﬁmax +719max + % :
K K )\1
A qualitative sketch of the region bounding the global attractor in this plane is
shown in Figure 2.

5. IMPLICATIONS FOR DATA ASSIMILATION

Suppose reality is represented by a particular solution to an evolution equation

dv
dt - F(’U) 9
where the initial data v(0) is not known. Instead continuous data of the form I v(t)
is known over an interval, t € [t1, t2], for a certain type of interpolating operator I,
with spatial resolution h. The nudging approach to data assimilation amounts to
solving the auxiliary system

dv

i F(?) — pIn(o —v) , (5.1)
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n =140

L P

n

MU

9 =1|9]?

791 19max
FIGURE 2. Bounding region in the [|0]|?,]|A16]*-plane.

using any initial condition, e.g., 99 = 0. It was shown in [2,3] that if g > 0
is sufficiently large, and correspondingly, h sufficiently small, then, in some norm,
[lo(t)—o(t)]|g — 0 at an exponential rate, as t — oo. In fact, computations indicate
that this approach works with data that is much more coarse than suggested by
rigorous estimates (see [1,6,7,11]). Flexibility in the choice of interpolant is one
of the main advantages of injecting the observed data through a feedback nudging
term, rather than into terms involving spatial derivatives [2,14]. Numerical errors
are shown to be bounded uniformly in time for semi-discrete [15] and fully discrete
schemes [13] for (5.1).

Now consider this approach for the stress-free Rayleigh-Bénard system (2.7)
using data from only the horizontal component of velocity. This means solving the
auxiliary system

da

E + VAQ'[L + BQ(’&,, ’ﬁ) = PU (éeg) — /L]P)glh(’ﬁl — ul)el,

then
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at an exponential rate. Also shown there was that if
1
MZKzNK1+;|\9||2|A19|27 (5.3)
then the stronger convergence
lu(t) = ()]l + 10¢) = 0(t)| =0, as & — oo,

holds at an exponential rate. The bounds in this paper on ||0||, |Aou| and |A;0] are
all algebraic, suggesting that data assimilation by nudging with just the horizontal
velocity could be effective for the stress-free Rayleigh-Bénard system. We present
computational evidence to this effect in the next section.

6. COMPUTATIONAL RESULTS

The computations presented below were done using Dedalus, an open-source
package for solving partial differential equations using pseudo-spectral methods (see
[4]). The time stepping is done by a four-stage third order Runge-Kutta method.

We solve (2.1) with L = 2 in the physical domain Q4 = (0,L) x (0,1). The
physical parameters of viscosity and thermal diffusivity are related to the Rayleigh
and Prandtl numbers through

Pr 1
V=15, k=-—F———e.
Ra vVRa - Pr
We take Pr = 1 so that in our dimensionless variables Ra := (vk)~! = v2 and use
np Fourier modes in the x;-direction and nc Chebyshev modes in the zs-direction.
The numbers of modes used are ngp X ng = 256 x 128, 1024 x 512, and 2048 x 1024
for runs at Ra = 10°,107, 10® respectively.

6.1. Sharpness. Each plot in Figure 3 shows the projection of a solution after a
transient phase in a plane spanned by the norms bounded by our analysis. The
solutions are plotted over the time period 200 < ¢ < 1000 for Ra = 10%,107 and
over 200 < t < 1485 for Ra = 108 (time units in the RB system (2.1)). The initial
condition in each case is (ug,6y) = (0,0) so the average « of the horizontal velocity
is zero.

It is not surprising that our rigorous overall bounds as well as the curves in
Figures 1, 2 are orders of magnitude greater than the norms of these solutions.
Plotting the bounds and curves together with the solutions is not revealing. Instead,
to gauge a trend in sharpness, we plot in Figure 4 the ratios

Zmax ,l9max qmax T]max (6 1)
max z max 19 max4q max4mn '

The slopes of the ratios suggest, at least over this range of the Rayleigh number,
that the bounds for |lul|?, ||0]|?> are inflated by roughly a factors Ra and Ra®/2,
respectively. That the ratios for n and ¥ are nearly parallel from Ra = 107 to
Ra = 10® is consistent with the factor of ¥inax in Nmax. A similar observation holds
for shallower slope of the ¢ ratio from Ra = 107 to Ra = 10® and the factor of 193,1/&2)(
mn qmax'
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FIGURE 3. Projections after a transient period

6.2. Data assimilation. Nudging is carried out at Ra = 10° using the interpolant
operator I, at every m'™ nodal value in each direction, i.e.,

h(m;np,nc) = max(hp(m), he(m)),
where m is a positive integer, and
mL

hirm) = =, ho(m) = max{|ay" — o™i =01, [n/m] — 1},

where (x%) are the Chebyshev grid points in the xs-direction of the physical space.
The nudging parameter is fixed at p = 1.

Figure 5 shows that at h = h(16) the solution to the data assimilation system
converges to the reference solution at an exponential rate. At h = h(32) the error
appears to saturate around 10~2 during rapid oscillations (see Figure 6). We found

that at h = h(64) the nudged solution does not converge to the reference at all (not
shown). This demonstrates a critical value of h.
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FIGURE 4. Ratios in (6.1)

Data assimilation by nudging works much more effectively than the rigorous
analysis can guarantee. The value of ;1 and corresponding resolution h of the data
suggested by the conditions (5.2) and (5.3) are based on compounded, conservative
estimates derived using general inequalities which are not saturated by 2D convec-
tive flows. In addition, as demonstrated in (6.1), our algebraic rigorous estimates
for ||0||, |Aoul|, and |A10| in this case of stress-free boundary conditions, though
much better than the exponential bounds previously known, are still considerably
artificially inflated. Numerical nudging tests in [7] for the Rayleigh-Bénard sys-
tem with no-slip boundary conditions suggest that better bounds on the attractor
might hold in that case as well, though proving that would require yet different
techniques.
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FIGURE 5. Data assimilation at Ra = 10° and Pr = 1 with h(16).
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FIGURE 6. Data assimilation at Ra = 10° and Pr = 1 with h(32).
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