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Abstrac t 

Cognitive scientists have often pondered the question of 
perceptua l  spaces ,  tha t  is ,  th e questio n o f  ho w a  certai n 
gamut  o f  familia r  stimul i  migh t  b e organize d i n th e mind . 
We presen t  Trajector y Mappin g a s a n alternativ e clusterin g 
metho d t o th e traditiona l  algorith m o f  Multi-Dimensiona l 
Scaling .  W e sugges t  tha t  give n dat a abou t  th e 
relationship s amon g stimuli ,  Multi-Dimensiona l  Scalin g 
provide s th e on e typ e o f  informatio n (geometric) ,  whil e 
Trajector y Mappin g offer s a  secon d typ e (relational) .  A s a n 
illustratio n w e presen t  th e initia l  result s o f  applyin g bot h 
clusterin g technique s t o subjects '  perception s o f  musica l 
intervals .  Whil e a n interpretatio n o f  th e Multi -
Dimensiona l  Scalin g require s a  prior i  knowledg e o f  musi c 
theory ,  Trajector y Mappin g directl y reveal s th e musi c 
theor y tha t  ha s bee n internalize d b y subjects . 

Introduction 

Cognitiv e scientist s hav e ofte n intereste d themselve s i n th e 
questio n o f  perceptua l  spaces ,  tha t  is .  th e questio n o f  h o w a 
certai n gamu t  o f  familia r  stimul i  migh t  b e organize d i n th e 
mind .  Color s o r  textures ,  fo r  example ,  ca n b e organize d wit h 
a variet y o f  schema ,  an d on e migh t  wel l  wonde r  whic h o f 
thes e th e huma n bein g employs .  Researcher s i n thi s field 
hav e ofte n relie d o n standar d clusterin g algorithm s suc h a s 
Multi-Dimensiona l  Scalin g t o revea l  th e cognitiv e 
structures .  Thi s pape r  wil l  poin t  ou t  a  salien t  deficienc y i n 
suc h algorithm s an d offe r  a n alternativ e approac h calle d 
Trajector y Mappin g (Richard s &  Koenderink .  1993) .  W e 
wil l  the n illustrat e th e difference s betwee n th e approache s b y 
applyin g eac h t o musica l  intervals . 

To provid e a  conceptua l  compariso n o f  a  traditiona l 
clusterin g approac h an d Trajector y Mappin g ( T M ) ,  w e offe r 
an exampl e involvin g 1 0 subwa y station s i n th e Bosto n 
subwa y system .  I f  on e rides  a  subwa y regularly ,  tw o type s 
of  informatio n abou t  th e station s ar e acquired ;  th e 
approximat e distance s betwee n the m (independen t  o f  thei r 
connections) ,  an d thei r  placemen t  alon g eac h o f  th e variou s 
routes .  Th e firs t  typ e o f  informatio n ca n b e calle d 
geometric ,  whil e th e secon d ca n b e calle d relational . 
Figur e 1 .  a  m a p o f  th e stations '  location s an d thei r 
connections ,  contain s bot h type s o f  information . 

The MDS Technique 

Multi-Dimensiona l  Scalin g ( M D S ) .  firs t  discusse d b y 
Torgerso n (1959) ,  Shepar d (1962) .  an d Kniska l  (1964) .  i s a 
classi c exampl e o f  a  clusterin g algorithm .  W h e n applie d t o 
our  subwa y example .  M D S derive s th e geometri c 

informatio n mentione d above ,  namel y th e actua l  location s o f 
th e station s (u p t o a  scalin g factor) .  T h e inpu t  t o M D S i s a 
matri x o f  th e distance s betwee n al l  th e stimuli ,  an d th e 
outpu t  i s th e spatia l  arrangemen t  o f  th e stimul i  tha t  bes t  fits 
th e demand s o f  th e matrix .  Not e tha t  M D S doe s no t  concer n 
itsel f  wit h th e actua l  link s betwee n th e stations . 

Severa l  noteworth y assumption s mus t  hol d i n M D S .  Th e 
distanc e matri x mus t  b e symmetric ,  tha t  is ,  th e distanc e 
fro m A  t o B  i s th e sam e a s fro m B  t o A .  Also ,  i t  mus t  b e 
reasonabl e t o assum e tha t  th e stimul i  coul d li e i n a  spac e i n 
whic h a  unifor m distanc e metri c hold s (typicall y  Euclidean) . 
Furthermore ,  th e researche r  choose s th e dimensionalit y o f 
th e fitting  space .  Althoug h th e "stress "  paramete r  provide s a 
quantitativ e assis t  i n choosin g th e dimensionality ,  ther e i s 
no qualitativ e indicato r  tha t  derive s i t  fro m th e inheren t 
structur e i n th e stimuli . 

The TM Technique 

Trajector y Mappin g focuse s o n relationa l  information ,  suc h 
as th e organizatio n o f  ou r  subwa y station s alon g variou s 
routes .  Whil e M D S i s a n analysi s algorith m tha t  ca n b e 
applie d t o a  distanc e o r  similarit y matri x collecte d unde r  a 
variet y o f  experimenta l  paradigms .  T M describe s no t  onl y 
th e heuristi c fo r  dat a analysis ,  bu t  als o th e experimenta l 
paradigm . 
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Figur e 1 :  Thi s crud e m a p o f  a  par t  o f  th e Bosto n subwa y 
syste m contain s tw o kind s o f  information .  Th e geometri c 
informatio n come s fro m th e physica l  distance s betwee n th e 
subwa y stations .  Th e relationa l  informatio n come s fro m th e 
route s whic h lin k th e stop s together . 
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Figur e 2 :  Thes e T M dat a fo r  th e subwa y statio n exampl e illustrat e th e 
Extrapolant—A—Interpolant—B—Extrapolan t  for m o f  T M quintuplets . 
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— dea d en d feasible ,  n o sampl e infeasibl e 

I n th e T M methodolog y a  subjec t  initiall y  survey s th e 
entir e rang e o f  stimuli .  I f  th e experimen t  i s  visual ,  th e 
subjec t  migh t  se e a  compute r  scree n o f  image s o r  a  tabl e ful l 
of  pictur e cards .  I n eac h tria l  tw o stimul i  ar e designate d A 
and B .  Th e subjec t  i s  aske d t o not e a  featur e tha t  differ s 
acros s th e tw o an d t o choos e a  sampl e fro m th e remainin g 
stimul i  whic h show s th e resul t  o f  extrapolatin g tha t  featur e 
further .  I n th e cas e o f  colors ,  a  subjec t  give n re d an d the n 
pin k migh t  extrapolat e t o white .  Th e subjec t  als o choose s 
an extrapolan t  goin g fro m B  t o A  an d a n interpolan t  tha t 
woul d fi t  wel l  betwee n them .  W e as k th e subjec t  t o us e th e 
same changin g featur e i n eac h choice . 

I n th e subwa y example ,  on e migh t  giv e a  subjec t  tw o 
statio n name s an d as k whic h statio n come s nex t  i n he r 
menta l  subwa y map .  Figur e 2  contain s possibl e subwa y 
data .  Not e tha t  althoug h th e subwa y syste m i s a n objec t 
which  on e ca n describ e objectively ,  w e ar e no t  lookin g fo r  a 
factua l  descriptio n wit h T M ;  w e hop e instea d t o deriv e eac h 
subject' s perceptua l  ma p o f  th e system . 

Ther e ar e thre e specia l  case s tha t  aris e i n thi s paradigm ,  a s 
shown i n th e data .  Th e first  occur s whe n A  an d B  ar e s o 
dissimila r  tha t  th e subjec t  feel s uncomfortabl e choosin g a 
featur e tha t  smoothl y varie s betwee n th e two .  W e cal l  thi s 
th e "infeasible "  case ,  an d a n exampl e migh t  b e tw o subwa y 
station s tha t  ar e a t  th e fa r  end s o f  tw o differen t  subwa y line s 
(connecte d to o indirectly) .  I n th e "feasible ,  n o sample "  cas e 
th e subjec t  ca n easil y imagin e a n appropriat e extrapolan t  o r 
interpolant ,  bu t  finds  tha t  th e experimente r  ha s no t  include d 
i t  i n th e sampl e set .  Th e "dea d end "  cas e occur s whe n eithe r 
A o r  B  represent s a n extrem e i n th e variabilit y  rang e o f  th e 
chose n feature .  I n th e subwa y example ,  A  o r  B  woul d li e a t 
th e en d o f  a  line . 

The analysi s par t  o f  T M consist s o f  outlinin g th e 
dominan t  pattern s i n th e data .  On e ma y divid e th e 
Extrapolant-A-Interpolant-B-Extrapolan t  quintuple s int o 
thre e overlappin g triples ,  fo r  example ,  an d the n identif y th e 
most  prevalen t  triple s acros s th e entir e data .  Dominan t 
triple s tha t  overla p coul d the n b e joine d t o illustrat e th e 
salien t  cognitiv e pathway s throug h th e space .  I n general , 
one seek s t o highligh t  th e commo n path s i n th e data .  Th e 
exac t  approac h take n ca n depen d o n th e dat a se t  itself . 
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Figur e 3 :  Thi s Trajector y M a p show s th e relationa l 
natur e o f  T M output .  Th e "Local "  an d "Express "  pathway s 
represen t  differen t  features ,  e.g .  'al l  th e stop s o n th e re d 
line "  o r  "m y favorit e restauran t  stop s o n th e re d line. " 
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Figur e 4 ;  Th e uppe r  interfac e collect s M D S dat a usin g th e Metho d o f  Triads .  Th e X ,  A ,  an d B  button s eac h pla y ji n interva l 
upo n th e subject' s command .  Th e subjec t  mus t  choos e whethe r  A  o r  B  i s mor e "harmonicall y similar "  t o X  b y clickin g th e 
appropriat e arrow .  Th e lowe r  interfac e collect s T M data .  Th e 1 2 button s eac h pla y a n interval .  Th e subjec t  think s o f  a  featur e 
tha t  varie s acros s th e tw o primar y intervals ,  A  an d B ,  an d extrapolate s b y pickin g a  thir d interva l  tha t  woul d bes t  continu e 
tha t  chang e i\) .  Th e subjec t  als o choose s a n extrapolan t  i n th e othe r  directio n (non e possibl e here )  an d a n interpoian t  (£) . 
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I n th e cas e o f  subwa y stations ,  doin g T M wit h a n 
experience d commute r  woul d likel y yiel d a  trajector y m a p 
ver y simila r  t o th e schemati c subwa y map s see n insid e th e 
station s themselves ,  diagram s tha t  sho w th e route s amon g 
th e station s wit h minima l  indicatio n o f  thei r  tru e geography . 
Figur e 3  show s a  trajector y m a p o f  th e exampl e data .  Not e 
tha t  th e trajector y m a p ha s tw o pathway s tha t  trave l  betwee n 
Har v an d S  S .  Sinc e eac h trajector y represent s a  subject' s 
movin g amon g stimul i  usin g a  certai n feature ,  differen t 
trajectorie s tha t  threa d simila r  stimul i  ca n indicat e differen t 
context s i n whic h th e subjec t  migh t  mov e amon g stimuli . 
i.e .  differen t  feature s o f  th e stimuli .  I n th e subwa y example . 
th e "Local "  coul d represen t  a  subject' s pedanti c recallin g o f 
th e subwa y map ,  whil e th e "Express "  migh t  represen t  th e 
subject' s individua l  travelin g map ;  h e rarel y stop s a t  Cha r  o r 
D tw n stations . 

Organizing Musical Intervals 

N o w tha t  w e hav e briefl y introduce d th e clusterin g 
algorithms ,  w e offe r  thei r  differen t  approache s t o discoverin g 
subjects '  cognitiv e organizatio n o f  musica l  intervals . 
Variou s studie s hav e examine d th e relationshi p betwee n th e 
perceptio n o f  note s an d thei r  tona l  contex t  o r  h o w a 
perceive r  organize s note s withi n a  singl e tona l  contex t  (e.g . 
Krumhans l  & .  Shepard ,  1979 ;  Dowlin g 1986 ;  an d 
Krumhans l  1979 ,  1990) .  Lik e som e o f  thes e studies ,  w e as k 
what  feature s o r  organizin g principle s a  subjec t  use s t o 
grou p musica l  intervals ,  an d specifically ,  w e as k wha t  T M 
and M D S ca n tel l  u s abou t  thes e features . 

We defin e a  musica l  interva l  a s a  pai r  o f  differen t  note s 
fro m th e traditiona l  Wester n 12-ton e octav e i n whic h th e 
not e o f  lowe r  pitc h occur s first .  Thi s definitio n give s u s a 
tota l  o f  1 2 stimuli ,  an d w e denot e the m a s m 2 ,  M 2 ,  m 3 , 
M 3,  P4 .  T ,  P5 ,  m 6 ,  M 6 .  m 7 ,  M 7 ,  an d O .  Th e "m "  mean s 
"minor, "  th e " M "  mean s "major, "  th e "P "  mean s "perfect. " 
"M2, "  fo r  example ,  represent s a  risin g interva l  o f  a  majo r 
second .  Th e "T "  i s th e triton e (th e physica l  middl e o f  th e 
octave) ,  an d th e "O "  i s th e octave .  Withi n a  give n trial ,  w e 
begi n al l  stimulu s interval s o n th e sam e not e t o maintai n a 
consisten t  tona l  contex t  withi n eac h trial .  Acros s trials ,  w e 
var y th e beginnin g not e withi n a n octav e range . 

The MDS Experiment 

We expose d a  musica l  an d non-musica l  subjec t  t o 66 0 trial s 
usin g a  Yamah a D X - 7 synthesize r  an d a  Macintos h runnin g 
HyperCar d an d MIDI .  Th e uppe r  hal f  o f  Figur e 4  present s th e 
interface .  W e presente d th e subject s wit h thre e button s A . 
B,  an d X ,  eac h o f  whic h playe d a n interva l  whe n clicke d 
wit h th e mouse .  W e aske d subject s t o indicat e whethe r  X 
was mor e "harmonicall y similar "  t o A  o r  B  b y clickin g th e 
appropriat e arrow .  Subject s coul d liste n t o th e interval s a s 
many time s a s the y wante d b y clickin g th e buttons .  W e 
presente d eac h o f  th e 1 2 stimul i  behin d th e X  matche d wit h 
al l  th e possibl e pair s o f  remainin g stimul i  (66 0 trials) . 

T o calculat e th e similarit y matri x fro m th e tria d data ,  w e 
followe d Torgerson' s instruction s fo r  "Th e Complet e 
Metho d o f  Triads "  (1952) ;  th e numbe r  o f  time s tha t  eac h 
pai r  wa s chose n becam e it s similarit y measure .  W e the n 
compute d th e M D S spac e wit h K Y S T 2 (Bel l  Labs )  usin g 

stres s formul a tw o an d th e defaul t  options .  Figur e 5  hold s 
th e averag e o f  th e tw o dimensiona l  result s fro m a  musica l 
and non-musica l  subjec t  (stres s =  0.4) . 

The outpu t  o f  th e M D S illustrate s th e pro s an d con s o f 
th e approach .  I t  appear s tha t  th e axe s o f  th e plo t  ma y 
represen t  musicall y significan t  variables ,  suc h a s interva l 
siz e (growin g wit h th e y-axis )  an d traditiona l  tona l 
dissonanc e (decreasin g wit h th e x-axis) ,  bu t  ther e i s nothin g 
explici t  i n th e spac e o r  i n th e M D S algorith m tha t  point s t o 
suc h axes .  Furthe r  work ,  suc h a s experimenta l  validatio n o f 
hypothesize d axi s extrema ,  mus t  b e don e t o suppor t  an y 
particula r  selectio n o f  axes .  Thus ,  th e interpretatio n o f  a n 
M DS plo t  require s externa l  a  prior i  knowledg e abou t  th e 
stimuli . 

We include d th e correspondin g M D S result s fro m 
Krumhansl' s  (1979 )  pitc h judgment s give n a  tona l  contex t 
set  b y a  scal e o r  chor d (stres s =  0.2) .  I t  i s  perhap s 
worthwhil e t o not e ho w simila r  th e result s  are ,  an d tha t  th e 
difference s migh t  b e explaine d b y th e differen t  paradigms . 
One migh t  imagin e tha t  whil e a n M 7 woul d see m consonan t 
afte r  hearin g a  scal e (Krumhansl' s  data) ,  hearin g i t  a s a n 
interva l  amon g othe r  interval s wit h th e sam e toni c migh t 
make i t  see m dissonan t  (ou r  data) .  Th e revers e applie s t o th e 
m7 an d m 3 sinc e thei r  uppe r  note s ar e no t  i n th e workin g 
key ,  whil e the y d o pla y a  rol e a s interval s i n familia r  chord s 
of  th e workin g key . 
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Figur e 5 :  T h e abov e grap h s h o w s th e averag e o f  th e M D S 
output s f ro m th e dat a o f  a  musica l  an d a  non-musica l  subjec t 
(i n black) .  N o t e tha t  althoug h th e axe s m a y appea r  t o 
represen t  musicall y significan t  features ,  suc h a s interva l  siz e 
(growin g wit h th e y-axis )  an d traditiona l  tona l  consonanc e 
(growin g wit h th e x-axis) ,  o n e mus t  experimen t  furthe r  t o 
verif y thi s interpretation .  T h e correspondin g M D S result s 
f ro m K r u m h a n s l  (1979 )  ar e s h o w n i n gra y t o poin t  ou t  th e 
gros s similarit y o f  result s despit e differen t  method s o f 
settin g tona l  context . 
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Figur e 6 :  Thes e T M dat a ar e th e commo n quintuplet s from a  musica l  an d a  non-musica l  subject .  Th e resultin g ma p 
illustrate s TM' s abilit y  t o revea l  feature s base d o n dat a alone ;  th e dat a revea l  thre e mai n pathway s i n th e subjects ' 
perceptua l  spaces .  I n som e sens e th e pathway s confir m traditiona l  musi c theory ,  e.g .  th e "Superexpress "  represent s 
th e subdominan t  majo r  chor d o f  th e workin g key .  Not e als o tha t  subjec U d o no t  weigh t  th e 1 2 equa l  division s o f  th e 

octav e linearly . 
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T h e T M Exper imen t 

We expose d th e sam e musica l  an d non-musica l  subject s t o 
66 trial s usin g simila r  hardwar e an d softwar e a s i n th e M D S 
experiment .  Th e HyperCar d interfac e (show n belo w i n Figur e 
4)  offere d th e subjec t  tw o primar y buttons ,  A  an d B ,  tha t 
playe d th e tw o interval s o f  interest .  A  subjec t  wa s aske d t o 
thin k o f  a  featur e tha t  change d betwee n the m an d the n t o 
extrapolat e b y pickin g a  thir d interva l  fro m th e remainin g 1 0 
tha t  woul d bes t  continu e tha t  change .  W e als o aske d fo r  a n 
extrapolan t  i n th e othe r  directio n an d a n interpolant ,  wit h th e 
requiremen t  tha t  al l  fiv e interval s i n th e resultin g quintupl e 
forme d a  coheren t  sequenc e i n bot h directions ,  meanin g tha t 
th e sam e featur e varie d throughout . 

To sho w th e capabilit y  o f  T M ,  w e chos e t o analyz e thos e 
quintuple s o f  dat a whic h wer e identica l  acros s subjects . 
Thes e dat a appea r  i n Figur e 6 .  Quintuple s wer e linke d b y 
joinin g a t  leas t  tw o o r  mor e overlappin g member s o f  eac h 
quintuple .  Thes e linke d quintuple s determin e th e path s alon g 
th e octave .  Th e trajector y ma p i n Figur e 6  wa s the n derive d 
usin g onl y th e path s tha t  include d th e mos t  frequen t  links , 
als o t£ikin g int o accoun t  th e specia l  cas e marker s (se e 
Richard s &  Koenderin k fo r  detaile d procedure) . 

Jus t  a s i n th e subwa y example ,  th e dat a reveal s severa l 
feature s tha t  on e ca n var y acros s th e stimuli .  Th e 
"Superexpress" ,  fo r  exampl e (name d thu s becaus e i t  contain s 
th e fewes t  stimuli) ,  turn s ou t  t o b e th e subdominan t  majo r 
chor d o f  th e workin g key .  Th e "Express "  i s a  large r  subse t 
of  note s whic h primaril y suggest s th e majo r  scal e o f  th e 
workin g ke y o r  o f  th e subdominan t  majo r  key .  A s a  whol e 
th e ma p point s ou t  tha t  althoug h subject s ca n differentiat e 
eac h o f  th e division s o f  th e octav e (th e "Local") ,  th e 
interval s ar e no t  equall y weighted .  (I f  on e kne w n o musi c 
theor y whatsoever ,  on e migh t  assum e tha t  a n octave ,  a 
physicall y define d phenomenon ,  ha s equa l  an d independen t 
divisions. )  Th e P 4 an d M 6 ar e pivo t  point s o n al l  thre e 
paths ,  a s oppose d t o th e centere d Triton e o r  th e 1/ 3 octav e 
markers ,  th e M 3 an d th e m6 .  T M thu s reveal s tha t  som e o f 
th e subjects '  ow n interna l  musi c theor y correspond s i n par t 
wit h genera l  musi c theory . 

Conclusion 

Havin g see n th e differen t  type s o f  informatio n offere d b y 
M DS an d T M ,  i t  i s  natura l  t o poin t  ou t  tha t  bot h method s 
can b e combine d i f  one' s goa l  i s finding  a  representatio n tha t 
offer s bot h geometri c relationship s an d th e contextua l 
connection s (a s doe s th e origina l  subwa y ma p i n Figur e 1) . 
What  w e woul d lik e t o emphasize ,  however ,  i s  tha t  T M ca n 
offe r  a n alternat e metho d t o thos e researcher s wh o hav e 
traditionall y use d M D S t o establis h a  geometri c spac e an d 
the n applie d variou s othe r  technique s o f  estimatin g wha t  th e 
primar y relationa l  axe s o f  th e spac e ar e (th e mai n feature s o r 
contexts) .  I f  one' s mai n interes t  i s  thes e features ,  T M offer s 
th e efficien t  solutio n o f  elicitin g the m directl y fro m th e data . 
Richard s &  Koenderin k hav e use d T M i n studie s wit h colo r 
and visua l  texture s (1993) ,  an d we' d lik e t o conclud e tha t  i t 
coul d assis t  musi c studie s a s well ;  T M no t  onl y reveal s th e 
cognitiv e relationship s amon g stimul i  withou t  requirin g th e 
symmetr y an d unifor m distanc e metri c assume d fo r 

traditiona l  M D S,  bu t  als o ca n hel p discer n whic h aspect s o f 
traditiona l  musi c theor y hav e bee n absorbe d b y th e mind s o f 
musician s an d non-musicians . 
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