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INTO DEFORMABLE FRACTURES 

J. Noorishad and T. w. Doe 

Lawrence Berkeley Laboratory 

University of California, Berkeley, CA 94720 

ABSTRACT 

LBL-12833 

The problem of fluid flow from a well into a horizontal fracture has 

been studied using a nonlinear coupled hydromechanical finite element model. 

such approach is required due to the strong nonlinearity and anisotropy of . 

deformation and fluid flow moduli introduced by the presence of the fracture. 

The resulting nonuniform total stress field invalidates the application of 

conventional fluid flow techniques to the problem. Stable convergent solution 

from the above analysis are verified by a coupled steady state algorithm. 

Results from the two cases; constant head injection and constant flow rate 

injection, depart significantly from that which would be predicted from 

conventional well test solutions. For example, in the transient flow rate 

case, flow rate initially declines, as predicted by the noncoupled solution; 

however, at later time as the pressure front has advanced radially, the flow 

rate increases until steady flow conditions are achieved due to a constant 

pressure outer boundary. 



INTRODUCTION 

Injection of fluids into fractured rocks is a common practical concern 

in many phases of civil, mining, and petroleum engineering. In civil and 

mining engineering the fluid injection problem arises in grouting dam founda­

tions, pressure tunnels, and in permeability testing. In petroleum engineer­

ing, the injection of fluids is of concern in water flooding, well treatment 

and hydraulic fracturing. 

The traditional means of predicting injection flow rate or well pressure 

behavior is by use of solutions of the general transient equations of fluid 

flow in porous or equivalent porous media [Dewiest, 19687 Snow 1968]. Avail­

ability of numerical techniques and computers has extended this analysis 

capability and made the simulation of fluid flow in fractured and/or porous 

media a possible task. In these treatments the deformability of the medium is 

thought to be represented through the concept of specific storage. This 

assumption, inherently requires the existence of a uniform total stress field 

unaffected by temporal and spacial variations of the fluid pressure field 

[Terzaghi, 1925]. Sue~ conditions generally, prevail for regional fluid flow 

problems in saturated porous continua within acceptable range of approxi­

mation. However, the requirements cannot be met where rapid variations of 

pressure field are taking place or when the media possess strong nonlinearity 

and anisotropy with regard to different deformation moduli and fluid flow 

properties [Snow, 19687 Noorishad, 19717 Gale, 1975]. Therefore, the tradi­

tional fluid flow treatments may no longer be applicable in such situations. 

Development of the .general theory of consolidation by Biot [1941] has provided 

the basis on which more realistic attempts of predicting fluid flow behavior 

of deformable media have been made [e.g. Ghaboussi and Wilson, 1971]. In 
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this study a new coupled hydromechanical finite element technique, developed 

by Ayatollahi et al. [1981] and generalized by Noorishad et al. [1981], is 

used to simulate a more realistic behavior of a deep lying fracture subject to 

fluid injection under constant head and constant flow conditions. We have 

found that the form of transient well bore pressure or flow rate curve is 

basically different from conventional treatments. In verifying these results 

the fluid flow equation of the coupled phenomena is reformulated in an 

approximate manner and a finite element algorithm for the coupled steady state 

phenomena is worked out. 

FIELD EQUATIONS OF COUPLED HYDROMECHANICAL PHENOMENA 

Field equations originally formulated by Biot [1941] in his general 

theory of consolidation are the basis for the hydromechanical analysis of the 

fractured porous media [Ayatollahi et al. 1981]. These relationships for the 

isotropic continuum portions of the medium include the stress-strain equation, 

the fluid flow law, and the law of static equilibrium as follows: 

where 

1' •. = l.J 

e·. = l.J 

e = 

p = 

r; = cS + ! p a .. e.. M 
l.J l.J 

= -ae + 1 P 
M 

~ 
k 

p
1

gVz) = v. =-(VP + at TlR. 

a-r .. 
_2:2 + p f. = 0 
ax. s l. 

J 

solid stress tensor 

solid strain tensor 

bulk dilatation equal to en + e22 + e33 

fluid pressure 

(1) 

( 2) 

(3) 
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oij = Kronecker delta function 

a = Biot•s coupling coefficient 

M = Biot•s storativity coefficient 

r;; = fluid volume strain 

k = intrinsic permeability tensor of porous parts 

TlR.. = liquid dynamic viscosity 

PR.. = fluid mass density 

Ps = average porous solid density 

f· 
~ = body force components 

lJ,A = Lame•s elasticity constants 

Similarly for the fracture portion of the medium, the corresponding field 

equations are 

-· T. = o .. c.kuk+ao. 2P 
~ ~J J ~ 

-· 
u2 .!. P = -a;2b + M-

T ·I -T ·I ~ us ~ilLs 
= 0 

( 4) 

( 5) 

( 6) 

Equation (4) is the stress strain relationship in which Ti stands for normal 

and tangential stress, Cjk are the components of fracture moduli (stiffness) 

-· matrix, Uk represents the average net tangential or transversal deformation, 

and 2b is the initial fracture aperture. Coefficient a and M are equivalent 

Biot constants for fractures and k is the ·fracture permeability. Equation 

(5) represents the fracture fluid flow law and equation (6) balances the 

forces across the upper and lower faces of the fractures. 
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The above field equations for the porous solid and the fracture along 

with initial and boundary conditions completely define the mixed initial 

boundary value problem of fluid flow in a deformable fractured porous 

rocks [Noorishad et al. 1981]. 

SOLUTION APPROACH 

Complexity of the phenomena of flow of fluids in deformable fractured 

rocks practically inhibits analytical solution attempts. Only simple problems 

involving linear isotropic porous media have been solved. Extension of the 

existing variational finite element method for linear elastic porous media 

[Ghaboussi and Wilson, 1971] by Ayatollahi et al. [1981] and its generalization 

by Noorishad et al. [1981] provides the numerical formulation of the problem 

as follows: 

where 

KU+CP=F 

C TU + E P + 1 *H P = -1 *2, 

K = structural stiffness matrix of the fractured media 

C = coupling matrix 

E = storativity matrix 

H = fluid conductivity matrix 

F = nodal force vector 

2 = nodal flow vector 

(7) 

In above equation g and ~ represent the nodal displacement and pressure vectors and 

1* stands for time integration. 

Transient Solution 

A predictor corrector scheme is used to obtain the time marching solution of 

equation (7). The development of the above equations and the details of the 

solution are explained in references ~ and 1. 
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Steady State Solution 

Simple modification of equation {8) offers a way of directly determining 

steady state solutions for coupled hydromechanical problems. Considering the 

basic assumptions regarding the nature of the dependent variables [Finlayson, 

1972], the term 1*~ in equation (7) could be replaced by Ht P for linear 
- st-'-st 

problems. In the latter expression tst equals a very large time value and 

Pst represents the steady state pressure to be found. Implementing this 

operation in equation (7) results in the following equation 

KU +CP =F 
- -st - -st 

-
CT_Ust - (E+t H)P = -t n - st- -st st& 

A single direct solution of equation (8) provides the steady state results 

for coupled hydromechanical problems in porous elastic solids. 

(8} 

For nonlinear materials, such as fractured rocks, equation (8) is nonlinear 

on the account of the dependency of ! and ~ matrices on the dependent variables. 

Therefore, the term l*HP can only be replaced by t H P which appears to 
- st-'-st-'-8 t 

make the solution complicated. However, the same formulation as in equation (8} 

in which ! and ~, representing the first approximations of final values of 

K and H can be used to start an iteration loop in which all nonlinear 
-st -st 

quantities are updated until convergence to true value of Pat and Ust is 

achieved. At this point, the nonlinear structural stiffness matrix K and the 

system conductivity matrix ~ will have taken their final steady state values. 

This steady state modification, implemented in the computer code, provides 

a useful option for prompt assessment of the late time results of.the transient 

problems such as the ones considered below. 
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APPLICATION TO FLUID INJECTION PROBLEMS 

The problem considered here, as sketched in Figure 1 is that of a hori­

zontal fracture in a low permeability, rigid rock (e.g. granite) located at a 

depth of 100 meters. A o.os m radius well intersects the fracture at its 

center. It is assumed that the fracture encounters a region of high permea­

bility capable of maintaining a constant head at a radial distance of 150 m 

from the well. The rock has a density of 2600 kg/m3. The hydrologic system 

is at ground level hydrostatic equilibrium before fluid injection takes place. 

other system properties are shown in Table 1. TO simulate this problem by 

a two dimensional model certain assumptions have to be made. The overburden 

is replaced by a 10 m slab of rock with a load on its upper surface equal to 

the remaining 90 m of overburden. Due to the very small deformations involved 

not much accuracy is lost by-ignoring the tangential tractions which might be 

mobilized at the top of the modeled slab. TO insure static equilibrium, 

corresponding in situ stress and initial pressures are input in the model. 

The problem is assumed to have axial symmetry, and its outer boundary is 

restricted to vertical movement only. The fracture is modeled by a joint 

element [Goodman et al., 1968] with initial stiffness of Kg= 0.5 GPa/m, 

Km = 1.6 GPa/m and assumed to have a linear behavior in the load-deformation 

range under consideration. TO represent the rock rigidity, the Young's 

modulus is assumed to have a value of 70 GPa. The rock is of sufficiently low 

permeability (lo-20m2), such that under the hydraulic conditions and the 

time periods considered the flow into the rock itself would be confined to the 

10 m slab of the model. 

Constant Head Injection 

Steady state analysis - the system is pressurized by injection under 

50 m of constant differential head. Note that the injection head is less 
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Table 1. Data Used for Various Analysis of Fracture Injection Problem. 

Material 

Fluid 

Rock 

Fractures 

Property 

Mass density, P R. 

Compressibility, BP 

Dynamic viscosity, ni 

Young•s modulus, Es 

Poisson•s ratio, vs 

Mass density, Ps 

Porosity, e:: 

Intrinsic Permea­
bility, k 

Biot•s constant, M 

Biot•s coupling 
constant, a 

Initial normal.stiff­
ness, Kn 

Initial tangential 
stiffness, Ks 

Cohesion, C0 

Friction angle, o 
Initial aperture, b 

Porosity, e:: 

Biot•s constant, M 

Biot•s constant, a 

*Used in the uncoupled case. 

Value 

9. 80 x 102 kg/m3 

5.13 x lo-1 GPa-1 

2.80 x lo-4 N sec/m2 

70.0 GPa, 0.7 GPA 

0.25 

2. 5 x 103 kg/m3 

0.15 

lo-20 m2 

1.47GPa, 14.0 GPa* 

1.0, o.o• 

1.60 GPa/m 

0.50 GPa/m 

o.o 

JQO 

1o-4m 

0.50 

1~47 GPa, 14.0 GPa* 

1.0,0.0* 
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than one quarter of the overburden stress on the fracture. The steady state 

pressure profile in the fracture is plotted in figure 2. The resulting steady 

state flow rate is 0.381 m3/sec. 

In a second run the calculated flow rate above is used to simulate a 

constant flow rate injection problem. The results of this run plots precisely 

on the pressure profile curve of figure 2 as is expected, thus adding confidence 

to the soundness of the steady state algorithm. 

Transient analysis - To simulate the transient behavior of the system in the 

above problem, the coupled finite element technique (Noorishad et al. 1981) is 

used. The resulting values of the well flow rates are plotted in figure 3. 

The curve exhibits an initial exponential decline lasting about 10 seconds 

followed by a lengthy slow rise continuing for about a 1000 seconds until a 

steady state trend of much longer duration takes over. The early time behavior 

follows the familiar pattern of the constant injection head fluid flow problems. 

To delineate this behavior, comparison needs to be made between fluid flow 

equations of the coupled (hydromechanical) problem and that of the uncoupled 

or equivalent non-deformable problem. In the coupled theory, the flow equation 

as expressed in equation (2) or equation (6) is of the following form: 

a 1 
V .kV (P+pn gz) = ~(-ae+=)P 

- ~ at M 

Assuming solid grains are incompressible, the Biot coefficient M can be replaced 

by inverse products of porosity £ and fluid compressibility ap, resulting in 

the following presentation of the above equation: 
·-

( 10) 
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Under the condition of uniform total stresses in the fluid flow region, such 

as those assumed in one dimensional theory of consolidation, it is possible to 

write: 

• T = -P (11) 

where T
1 

is the effective normal stress in the fracture. Using the definition 

of compressibility one easily finds 

(12) 

• notice that T , P and e are incremental in nature and represent deviations 

from initial state. therefore, using e from equation (12) in equation (10) 

yields 
a 

V .kVT = -a (13 +€13p)P 
- t r 

(13) 

which is the same as the familiar fluid flow equation with <ar + El3p) representing 

the constant specific storage parameters Ss• Thus, under specific conditions, 

the true fluid flow behavior of a deformable porous elastic continua may 

comparably be obtained by a fluid flow analysis alone, using the conventional 

fluid flow equation. The traditional approach has also been employed for 

analysis of fluid flow behavior of nonlinear material, such as fractured 

rocks, by using an equivalent specific storage for fractures defined as 

S~ = l/C2bKn) [e.g. Snow 1968]. Such extensions of the concept of specific 

storage may hold valid for extensively fractured rocks, with frictionless 

fractures, under special circumstances. However, the combination of anisotropy 

and nonlinearity due to presence of fractures and the consequent pressure-coupled 

total strss field, invalidate application to fluid flow problems in most 

fractured rocks. Tb demonstrate this point, the problem under consider-

ation is solved in uncoupled maner (i.e. fluid flow analysis alone) using an 
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1 
equivalent storage value of S~ = equal to 0.06 MPa-1 (neglecting the 

2bKn 

much smaller fluid compressibility contribution). The results, checked also 

by Jacob-Lohman [1951] analytic solution, plot much higher than the coupled 

analysis curve indicating need for a much smaller specific storage value in 

the analysis. With some trial and error, using a specific storage of 2.0 

GPa-1, an uncoupled solution, which plots closely under the coupled curve, 

is obtained. These solutions and comparison with the coupled analysis results 

point to the fact that although the fracture tends to behave in regard to 

fluid flow in the very early period, like an equivalent porous material, its 

storage is not represented by the l/(2b.Kn), but rather by the deformation 

behavior of the rock-fracture system. This porous media-like behavior is 

rapidly violated in later time by the effects of deformation on the intrinsic 

fracture permeability, necessitating a coupled stress-flow analysis of such 

problems. Consequently, the early behavior of the coupled results and the 

fact that it follows almost the same general pattern as the fluid flow solution 

for some time (although, no direct way of predition exist as shown earlier), 

can only be attributed to the fact that fracture permeability does not change 

much during early period. However, as the pressure fron,t expands into the 

fracture, the rock deforms. The increase in flow due to fracture deformation 

counteracts the decrease in flow caused by increasing flow path length. These 

two effects are balanced at about 10 seconds, after which the fracture deforma-

tion effect dominates until the pressure front reaches the boundary and steady 

flow is achieved. This part of the transient flow rate behavior, which is 

exagerated in the log scale,· lasts almost a 1000 seconds. Final behavior of 

the model is marked by small but consistent oscillations about a constant 

value of about 0.381 x 1o-3m3/sec. The steady state flow rate obtained 

earlier closely approximates the final results of the transient analysis. 
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The above transient analysis has been repeated for a much softer rock, 

having a Young's modulus of 0.7 GPa. The same general behavior, though much· 

less striking as shown in figure 3, is observed. It appears, in such cases 

involving soft rock, small variations of inflow rate and rapid stablization 

should be expected. 

Constant flow rate injection 

A transient wellbore pressure analysis for a constant flow rate injection 

problem has been made using the same system geometries as described above for 

the constant head case. The analyses are made using a flow rate of 0.381 x lo-3 

m3/sec, and both deformable and non deformable conditions are applied for 

the fracture. In the latter case, a storage coefficient of 2.0 GPa-1 (as in 

the earlier problem) is used. The transient pressure curves are shown in 

Figure 4. As with the transient flow rate case, the results of the conventional 

fluid flow and the coupled stress and fluid flow analysis follow the same 

pattern for the very early behavior but deviate as pressure front advances 

radially in the fracture. In the deformable fracture, the increase in permea­

bility with time is accompanied by decreasing wellbore pressure until steady 

flow is finally reached. 

CONCLUSION 

The primary conclusion of this work is that pressure dependence of 

permeability through fracture deformation may have a major effect on the 

behavior of fluid injection phenomena. In well testing simulations, the 

inclusion of deformation results in drastic changes in the form of transient 

flow rate or pressure curves that ~y invalidate use of conventional well test 

type curves. The deformation of the fracture depends on the state of the 

effective stress tensor in the rock rather than the pressure alone. Hence, 
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the deformation of the fracture--and the accompanying deviations from nonde-

formable media type curves--occurs when the pressure front from the injection 

has advanced some distance from the well. 

Unfortunately, there is not any solution technique available for verifying 

the coupled stress-flow model. However, using an approximate reformulation 

of the flow equation in the coupled method, an explanation for early time 

behavior of the flow rate, in the constant head injection problem, is presented. 

An important by-product of this attempt is that fluid flow analysis of 

fractured rocks can not generally be performed by employing the conventional 

methods which use the concept of specific storage. Definition of fracture 

specific storage, based on its deformation moduli [Snow, 1963], is not realistic 

even under favorable conditions. 

Employing an algorithm ~eveloped here, the steady state coupled hydrome-

chanica! problem is solved directly and the same steady flow rate and pressure 

profile as those resulting from the transient analyses are obtained. This 

correspondence can be offered as evidence for the validity of the modeling 

technique. 

A basic result of our modeling effort in constant pressure injection is 

that a time lag exists between the application of the pressure and the outset 

of fracture deformation in very rigid rocks. Aside from well test applications, 
I 

this time lag may have implications for stability of dam foundations or induced 

seismicity under reservoirs. The time lag effect would suggest that potential 

problems may exist when traditional analysis results indicate otherwise. 

Existence of mixed and geometrically complex boundary conditions and 

variable rock properties will naturally alter the behavior of pressure and flow 

rate from those described in the simple models presented in this paper. 
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Nonetheless, parametric coupled hydromechanical studies may provide a good 

insight into such rock behaviors. 
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Fig. 3. Transient well flow rate versus time for (a) nondeformable fracture, 
(b) deformable fracture overlain by rigid rock (E=7.0 GPa) and (c) 
deformable fracture overlain by soft rock (E=0.7 GPa). 
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