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ABSTRACT OF THE DISSERTATION

SL(2,C) Floer Homology for Knots and Knot Surgeries

by

Ikshu Neithalath
Doctor of Philosophy in Mathematics
University of California, Los Angeles, 2021

Professor Ciprian Manolescu, Chair

We investigate the sheaf-theoretic SL(2, C) Floer cohomology for knots [CM] and 3-manifolds
[AM20] presented as surgeries on knots in S®. We establish a relationship between the 3-
manifold invariants, HP(Y) and HP4(Y) for Y a surgery on a small knot in S?, and the
SL(2,C) Casson invariant defined in [Cur0O1]. We use this to compute HP for surgeries on the
trefoil and the figure-eight knots. We also compute HP for surgeries on two non-small knots,
the granny and square knots. For the knot invariant, we prove that the (7-weighted, sheaf-
theoretic) SL(2,C) Casson-Lin invariant introduced in [CM] is generically independent of
the parameter 7 and additive under connected sums of knots in integral homology 3-spheres.

This addresses two questions posed in [CM].
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CHAPTER 1

Introduction

1.1 Introduction

In [AM20], the authors defined a new invariant of closed, connected, orientable 3-manifolds
Y called sheaf-theoretic SL(2,C) Floer cohomology, denoted HP(Y'). It is defined as the
hypercohomology of the perverse sheaf on the character scheme of irreducible representations,
Zir(Y'), coming from a description of this space as a complex Lagrangian intersection. They
also define a framed version of this invariant, denoted HP4(Y"), which takes into account
the reducible representations. The motivation for these invariants is to develop instanton
Floer homology using the gauge group SL(2,C), rather than SU(2). Unfortunately, various
analytical difficulties arise in such a construction. However, for a complex gauge group, one
expects no instanton corrections to the Floer differential, suggesting that the construction of
Floer homology in this case can be done algebraically, without counting solutions to PDE.
The work of [AM20] realizes this program, using techniques from algebraic geometry and

the theory of perverse sheaves to define the invariants.

In [CM], the authors define a related invariant for knots. Given a knot K in a closed,
orientable 3-manifold Y and a real parameter 7 € (—2,2), they produce a sequence of abelian
groups HP(K') which are knot invariants. As is the case with the 3-manifold invariants, these
groups are constructed using tools from derived algebraic geometry, but they can morally
be interpreted as the Morse homology of the SL(2,C) Chern-Simons action functional on

Y — K, restricted to the space of connections with trace 7 € (—2,2) along the knot meridian.

The Euler characteristic of the knot invariant, x,(K) := > _,(—1)"rky HP?(K), is of

independent interest since it can be viewed as an SL(2, C) analog of the Casson-Lin invariant.



The Casson-Lin invariant, which is defined using gauge theory, counts SU(2) connections
with trace zero along the knot meridian and has been well-studied in the literature; cf.
[Lin92, Her97].

This thesis combines work from two papers. In the first paper, largely contained in
Chapter 3, we investigate the 3-manifold invariant for surgeries on some knots. Chapter 4
contains the second paper, which is joint work with Laurent Coté. The main goal of that
paper is to establish new properties of the T-weighted SL(2, C) Casson-Lin invariant x,(—)

and also partly answer some questions which were stated in [CM].

1.1.1 Results on knot surgeries

Let K be a knot in S® and S°

»/q(J) its p/q Dehn surgery. When S3\ K contains no closed,

incompressible surfaces, we say that K is a small knot. The calculation of HP(S?, (K)) for

p/q
K a small knot and generic values of p/q reduces to the SL(2,C) Casson invariant Agzs,c)
as defined by Curtis [Cur(O1] and explored in her joint work with Boden [BC16]. Specifically,

we have

Theorem 1.1.1. Let K C S® be a small knot, and let Y = SS/Q(K) denote p/q surgery on

K. Then, for all but finitely many values of p,q, we have HP(Y') = Z(AS)L(Q’Q(Y).

Remark 1.1.2. We will often use the notation A to denote a graded abelian group with A

in degree k. A more common notation for this is A[—k].
For example, when K is the right-handed trefoil, we have the following explicit formula:

Theorem 1.1.3. Let SZ’/q(Bl) denote the 3-manifold obtained from p/q Dehn surgery on the
right-handed trefoil in S®. Then we have the following formula for the sheaf-theoretic Floer

cohomology:

(1 a1
Zgo‘)” =2 it p is odd

11
HP(S;’/Q(31)) =< Z(Qo‘)p 5 if p is even, 12 Jp

1 _6ol—
\Zgo‘)” b= 1o0p



Similarly for the figure-eight knot,

Theorem 1.1.4. Let S;’/q(éll) denote the 3-manifold obtained from p/q Dehn surgery on the
figure-eight knot in S3. Then we have the following formula for the sheaf-theoretic Floer

cohomology:

p
1y _
Z(QO()lp 4q|+|p+4q|)—1 pr is Odd

Lip—
HP(SE/Q(41)) = Z(QO()IP 4al+lp+4a) if p is even, p # +4

In [AM20], the authors also define a framed version of sheaf-theoretic Floer cohomology
denoted HP4(Y'). It is defined as the hypercohomology of a certain perverse sheaf on the
representation scheme of Y, Hom(m(Y"), SL(2,C)). We would like to compute the framed

sheaf-theoretic Floer homology, HP 4(S?

L/q(I)), for surgeries on knots. However, the repre-

sentation schemes are usually not zero-dimensional and are often singular. So, we only give
a formula for HPy for surgeries where the character scheme is zero-dimensional, smooth,

and does not contain non-abelian reducible representations.

Theorem 1.1.5. Let K be a small knot and let Y = Sg/q(K) denote the 3-manifold obtained
from p/q Dehn surgery on K. Let p' = p for p odd and p' =& for p even. Assume that the
character scheme Z;.(Y) is zero-dimensional and smooth and no p'™ root of unity is a root

of the Alexander polynomial of K. Then,
HP;E(Y) _ H*(pt)ea%a(p) o H*+2((C]P>1)EB%(|ID\*2+U(P)) D H*+3(PSL(2, (C))GBASL@,C)(Y)
where o(p) € {0,1} is the parity of p.

We use this result to show that there does not exist an exact triangle relating AP for

surgeries on the trefoil.

In light of Theorem 1.1.1, we are interested in computing HP(S?, (K)) when K is not

p/q
a small knot. The character schemes of such manifolds may have positive dimensional

components, in which case the calculation of the SL(2,C) Casson invariant is insufficient
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to determine HP. In fact, when K = K;#K, is a composite knot, we are guaranteed to

have positive dimensional components. We provide a calculation of HP with F = Z/27Z

coefficients for surgeries on the square and granny knots. Recall that the granny knot is

the connected sum of two right-handed trefoils, whereas the square knot is a composite of a

trefoil with its mirror.

Theorem 1.1.6. Let Sg/q(G) denote the 3-manifold obtained from p/q Dehn surgery on the

granny knot, G = 31#37. Then we have the following formula for the sheaf-theoretic Floer

cohomology:

( 1 3 1 1
F\Gq—pl+5\12q—pl—§ @ IF5|12q—1f>|—5

(0)

F\Gq—pl+é\12q—pl—1 o Féluq—p\—l
(0)
HP(S?,(G):F) =
6g—p|+ 3 |129—p|—5 $[12¢—p|+1
Fo = ° SFL,

iy @ FY 0P

if p is odd

if p is even, p # 12k

if p=12k,p/q # 12

if p/q =12

Theorem 1.1.7. Let S;’/q(Q) denote the 3-manifold obtained from p/q Dehn surgery on the

square knot, Q = 37#3%. Then we have the following formula for the sheaf-theoretic Floer

cohomology:

( 1 1 1 3 1 1
516q—p|+5 6g+p|+3 |p|—5 5pl—35
Ry g gl
L16g—p|+216g-+p|+3Ip|—-1 3lpl—1
2 2 2 2
; Fo) SFL

F%l6qu\+%l6q+p\+%lp\*5 o F%IPH:’,
(0) (=1

[Fy ® Floy @ Frn)

1.1.2 Results on the SL(2,C) Casson-Lin invariant

if p is odd

if p is even, p # 12k

if p=12k,p#0

ifp=0

Our first result related to the SL(2, C) Casson-Lin invariant is that this quantity is generically

independent of the parameter 7.



Theorem 1.1.8. Let K be an oriented knot in a closed, oriented 3-manifold Y. Then the
(sheaf-theoretic, T-weighted) SL(2,C) Casson-Lin invariant x.(K) is constant as a function

of T on a Zariski open subset of the complex plane.

Theorem 1.1.8 answers a weaker form of Question 1.5 in [CM], which asked whether
HP?(—) is generically independent of 7. The statement of this theorem merits some clarifi-
cation due to the fact that HP}(—) was only defined in [CM] for 7 € (—2,2). In fact, we will
show in Section 4.3 that the construction of HP}(—) can be generalized to all 7 € C — {£2}.
Moreover, there is an alternative definition of x,(—) which makes sense for all 7 € C and
agrees with the Euler characteristic of HP}(—) when these groups are defined. Our proof of

Theorem 1.1.8 actually works with this alternative definition of x.(—).

As a result of Theorem 1.1.8, we can introduce the following definition.

Definition 1.1.9. Let x¢r(K) € Z be defined as the generic value of x,(K) for 7 € C. We
say that xcor(—) is the (sheaf-theoretic) SL(2,C) Casson-Lin invariant.

Although ycr(—) contains less information than HP?(—), our next theorem shows that

it has the advantage of being additive under connected sums of knots.

Theorem 1.1.10. Fori = 1,2, let Y; be a closed, orientable integral homology 3-sphere and
let K; CY; be a knot. Letting K14 K> denote the connected sum of K1 and Ko (see [CM, Sec.
7.1]), we have

Xorn(Ka#K2) = xon(Kq) + xon(Ks).

Theorem 1.1.10 affirmatively answers Question 1.6 of [CM] for generic 7 € C. This
question asks whether x,(—) is additive for knots in S® and all 7 € (—2,2), so there are always
finitely many cases for which it remains open. However, one could reasonably argue that
HP?(—) is not a meaningful invariant for certain non-generic choices of 7, and that Theorem
1.1.10 therefore addresses the most interesting part of Question 1.6. This is because HP(—)
only counts irreducible representations, and families of irreducibles can sometimes converge
to a reducible representation at certain exceptional points. If p,eq : (Y — K) — SL(2,C) is

such a representation and has trace 7o € C — {£2} along the meridian of K, then HP7, (K)
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does not see p,.q and therefore gives the “wrong” count. This situation could hopefully be

corrected by defining an invariant which also takes into account reducibles.

We remark that a weaker version of Theorem 1.1.10 was proved in [CM, Thm. 7.17].
They showed, for K; C Y; a knot in an integral homology 3-sphere, that x,(#,K;) =
> Xr(K;) for generic 7 € C under the assumption that the character schemes 2 (K;)
are smooth. In principle, Theorem 1.1.10 is a much stronger result since character schemes of
knot complements can be singular in general (in fact, singularities of 3-manifold groups can in
some sense be arbitrarily bad; see [KM17]). On the other hand, from a purely computational
perspective, Theorem 1.1.10 may turn out not to be particularly useful: for a knot K C Y,

one needs to understand 2.7 (K) very well in order to compute x,(K). The only examples

that we have been able to handle turn out to be smooth.

The proofs of these theorems rely on our study of the so-called Behrend function, intro-
duced by Behrend [Beh09]. The Behrend function is a constructible function which can be
associated to any scheme (or complex-analytic space) over C. Roughly speaking, it keeps
track of singular or non-reduced behavior on the scheme; in particular, it is identically equal
to (—1)" on the locus of smooth points of an n-dimensional scheme. The precise definition

is explained in Section 2.2.5.

Given a knot K C Y, the SL(2,C) Casson-Lin invariant x.(K) can be defined in two
ways. The first definition is just the one above, namely the alternating sum of the ranks of
the groups HPI(K) constructed in [CM]. The second one defines x,(K) as the Euler char-

acteristic of the character scheme 27 (K) weighted by the Behrend function (see Definition

irr

2.2.4). The fact that these definitions agree is essentially built into Joyce’s theory of critical
loci, which underlies the construction of the groups HPI(K) in [CM].

The perspective we take is to work almost entirely with the second definition, in terms

of Behrend functions. This is in contrast to [CM], which only considers the first definition.

The usefulness of this perspective is illustrated by our proof of Theorem 1.1.8, Indeed,
Theorem 1.1.8 is deduced as a straightforward corollary of the following result, which is

purely a statement about complex algebraic geometry and may be of independent interest.



Theorem 1.1.11. Fix a complex affine variety X and a morphism X — A'. Then the
function T — xp(X;) is Zariski-locally constant (here xg(—) denotes the Euler characteristic

weighted by the Behrend function,).

The statement of Theorem 1.1.11 appears plausible in light of the general philosophy
that “bad behavior should only occur in codimension > 1”7. However, the proof crucially

exploits deep work of Verdier [Ver76] on stratifications of complex algebraic varieties.

Our proof of Theorem 1.1.10 also relies on y,(K) being defined via the Behrend func-
tion. As mentioned above, Theorem 1.1.10 generalizes Theorem 7.17 in [CM]. The proof of
Theorem 1.1.10 can in fact be carried out along similar lines as the original argument in
[CM], treating the Euler characteristic weighted by the Behrend function as a replacement
for the topological Euler characteristic which was considered in the proof of Theorem 7.17
in [CM]. However, there were some technical challenges to this generalization: the proof of
Theorem 4.2.11 relies on nontrivial results about triangulations of algebraic subsets, and
we also needed to clarify some ambiguities in the literature concerning the definition of the

Behrend function, which is done in the appendix.

In Section 4.3, we prove that the invariant HP}(K) constructed for 7 € (—2,2) in [CM]
can be defined for all 7 € C — {£2}. This actually boils down to proving that a certain
character variety X7 (%) is connected and simply-connected. For 7 € (—2,2), this character

variety is homeomorphic to a certain moduli space of Higgs bundles. This homeomorphism

was exploited in [CM] to analyze their topology.

For 7 € C — {42}, one needs to consider so-called K(D)-pairs, which are a mild gen-
eralization of Higgs bundles. Using again a result of Verdier on stratifications of complex
varieties [Ver76] and a “variation of weights” argument originally due to Thaddeus [Tha02]
which also played a role in [CM], we deduce that X7 (¥) is connected and simply connected

for all 7 € C — {42} as a consequence of the fact, proved in [CM], that this holds for
T € (—2,2).



CHAPTER 2

Background

2.1 The 3-manifold invariants HP(Y) and HP4(Y)

2.1.1 Construction

For a topological space X, let Z(X) denote the SL(2,C) representation scheme of m(X),
defined as

Z#(X) = Hom(m (X),SL(2,C))

Assuming 7 (X) is finitely generated, this set is naturally identified as the C points of an
affine scheme. The character scheme 27 (X) is the GIT quotient of Z(X) by the conjugation
action of SL(2,C).

A representation p € Z(X) is irreducible if the image of p is not contained in any
proper Borel subgroup. The irreducible representations comprise the stable locus for the
GIT action. Let %, (X) C Z(X) denote the open subscheme corresponding to irreducible
representations, and similarly 25, (X) C 2 (X). When X is a closed surface of genus g > 1,

Zir(X) is a holomorphic symplectic manifold of dimension 6g — 6 [Gol04].

To investigate character schemes of 3-manifolds, we take the perspective of [AM20] using
Heegaard splittings. Let Y = Uy Uy U; be a Heegaard splitting of a closed, orientable,
3-manifold Y into two handlebodies Uy and U; with Heegaard surface ¥. Then 2. (U;)
is a complex Lagrangian in Zi,(X) and Zi.(Y) = Zin(Us) N Zine(Ur) is a Lagrangian
intersection [AM20].

In [Bus], the author applies the work of [Joy15] to define a perverse sheaf of vanishing

cycles associated to any Lagrangian intersection in a holomorphic symplectic manifold. A
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perverse sheaf on a scheme X is a certain type of object in D’(X), the bounded derived
category of complexes of constructible sheaves on X. The category of perverse sheaves,
Perv(X), is an abelian subcategory of D’(X). Perverse sheaves have wide application in
algebraic geometry and are often used to study the topology of complex varieties. Given
a function f : U — C on a smooth scheme U, we can define a perverse sheaf of vanishing
cycles, PV € Perv(U), with the property that the cohomology of the stalk of PV at a point
x is the cohomology of the Milnor fiber of f at x (up to a degree shift). The perverse sheaf
associated to a Lagrangian intersection in [Bus] is modeled on perverse sheaves of vanishing

cycles.

In [AM20], the authors use Bussi’s construction to associate a perverse sheaf to a Hee-
gaard splitting of a 3-manifold. Moreover, they show that the perverse sheaf is independent

of the Heegaard splitting:

Theorem 2.1.1 ([AM20]). LetY be a closed, connected, oriented 3-manifold with a Heegaard
splitting Y = Uy Us Uy. Define the Lagrangians L; = 2y (U;) C Zi(2). Apply the
construction of [Bus] to obtain a perverse sheaf Pr, 1, € Perv(Z(Y)) associated to the
Lagrangian intersection Ziur(Y) = Lo N Ly. Then P(Y') := Pp, 1, is an invariant of the

3-manifold Y up to canonical isomorphism in Perv(Z;(Y)).

We call its hypercohomology HP*(Y) = H*(P(Y)) the sheaf-theoretic SL(2,C) Floer
homology of Y. They also define an invariant using the representation scheme that takes
into account the reducibles, called the framed sheaf-theoretic SL(2,C) Floer cohomology of

Y, HP4(Y). To define this invariant, we use the notion of the twisted character variety.

Definition 2.1.2. Let X be a closed surface with a basepoint w. Let D be a small disc

neighborhood of w. We define the twisted character variety as

‘%W(Ea ’LU) = {p < Hom(ﬂ-l(z - {w})’ SL(2’ (C))|p(aD) = _I}// SL(27 C)

The twisted character variety is a smooth, holomorphic symplectic manifold.

Given a Heegaard splitting Y = U, Uy, U; and a base point z € ¥, we define Y# =

Y#(T? x [0,1]), where the connected sum is performed in a neighborhood of z, arranged so

9



that T2 x [0, 1/2] is attached to Uy and T?x [1/2, 1] is attached to U;. Let ©# = S4(T?x[1/2])
be the new splitting surface and Ui# be the resulting compression bodies. Then, choose a
basepoint w € T? x {1/2} away from the connected sum region. Let fo = w X [0,1/2] and
¢ = w x [1,1/2] be lines in each compression body.

In the holomorphic symplectic manifold 2%, (X%, w), the subspaces Lfﬁ consisting of
twisted representations that factor through 7r1(Ui# — {;) are complex Lagrangian subman-
ifolds. Furthermore, their intersection LO# N L’f can be identified with the representation
variety Z(Y) [AM20]. Analogously to the previous situation, this leads to a perverse sheaf
invariant of the 3-manifold, Px(Y') € Perv(Z(Y')). We denote its hypercohomology HP 4(Y"),
the framed sheaf-theoretic SL(2, C) Floer homology of Y.

2.1.2 Smooth schemes

To compute the invariants HP(Y') and HP4(Y'), we can use the following proposition:

Proposition 2.1.3. Let X C Z;(Y) (resp. X C Zir(Y)) be a smooth topological compo-
nent of the character scheme (resp. representation scheme) of complex dimension d. Then
the restriction of the perverse sheaf P(Y') (resp. Pu(Y)) to X is a local system with stalks
isomorphic to Z[d]. In particular, if X is simply connected, then HP(Y) (resp. HPx(Y))

contains H*(X)[d] as a direct summand.

Furthermore, if [p] is an isolated irreducible character and X = PSL(2,C) is the orbit of

[p] in the representation scheme, then the local system Py (Y')|x is trivial.

Proof. The first part is Proposition 6.2 in [AM20]. The second part is Lemma 8.3 of [AM20].
[

When X is smooth but not simply connected, then there is some ambiguity over the local

system P(Y)|x. This can be circumvented by using Z/2Z coefficients.

Corollary 2.1.4. Assume Z (M) is smooth with topological components X; of complex
dimensions d;. Then HP(Y;Z/27) = @ H*(X;;Z/27)(d;].

10



Proof. This follows from the fact that all local systems with Z/27Z coefficients are trivial,
since Aut(Z/27) is trivial. O

2.1.3 The SL(2,C) Casson invariant

Morally, HP(Y) should be a version of instanton Floer homology using the gauge group
SL(2, C) instead of SU(2). Pursuing this analogy, the Euler characteristic of HP(Y), denoted
M(Y), should be a type of Casson invariant, just as the Euler characteristic of instanton
Floer homology is related to the original Casson invariant, which is a count of irreducible
SU(2) characters. There is another invariant called the SL(2,C) Casson invariant defined
in [Cur0O1] that counts isolated, irreducible SL(2, C) characters. To distinguish it from this
invariant, A\¥(Y") is called the full Casson invariant since it takes into account the positive
dimensional components of the character scheme. When 2;,,(Y") is zero-dimensional, AP and

Asr2,c) agree. In fact, we have

Theorem 2.1.5. Let Y be a 3-manifold such that Z;(Y) is zero-dimensional. Then

HP(Y) = Zf\o); where X = Asp2,0)(Y) is the SL(2,C) Casson invariant as defined in [Cur(01].

Proof. The definition of HP(Y') uses the characterization of Z;,(Y') as a complex Lagrangian
intersection Lo N L; in the character scheme of a Heegaard surface for Y. The stalk of
the perverse sheaf P*(Y) at a point p € Zi.(Y) is the the degree-shifted cohomology of
the Milnor fiber of some function f : U — C, for U an open neighborhood in one of
the Lagrangians, such that the graph I'yy C T™U is identified with L; in an appropriate
polarization of the symplectic manifold near p. Since Zi.,(Y) is zero-dimensional, we know
that f has an isolated singularity at p. Thus, the Milnor fiber has the homotopy type of a
bouquet of spheres. The number of spheres in the bouquet is the Milnor number, denoted
ftp- Then, the stalk is given by (P*(Y)), = Z§). The hypercohomology is HP(Y) = Z(ZO:)“”,
where the sum is over all components of 2, (Y"). The definition of the Casson invariant in
terms of intersection cycles given in [Cur01] is Asp,c)(Y) = X2, np, where the sum is over

all zero-dimensional components of X, (Y'), and n, is the intersection multiplicity of Ly with

L;. But the Milnor number , is equal to the intersection multiplicity of I'ys with L, hence
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the result follows. O]

2.2 The knot invariant HP, (K)

2.2.1 Overview

Fix the data of an oriented knot K in a closed, orientable 3-manifold Y and a real parameter
T € (—2,2). Let Ex denote the knot exterior and fix a suitable Heegaard splitting (X, Uy, Uy)
of Fx, where ¥ is a Riemann surface with two disks removed and the U; are handlebodies.
Now consider the moduli space X7 (X) of irreducible SL(2,C) representations with trace
7 along the boundary circles. As before, the moduli space turns out to admit a natural
holomorphic symplectic structure and the natural inclusions ¢; : L; := X7 (U;) — X7 .(2)
are Lagrangian embeddings.

We again apply the methods of [Bus] to obtain a perverse sheaf Pr ., on (the complex-
analytification of) X7 (Fk). It can be shown that this perverse sheaf is independent of the

wrr

Heegaard splitting (see [CM, Prop. 3.9]), and HP:(K) is defined to be its hypercohomology.

2.2.2 Notation and conventions

As a general rule, we always use the same notation and follow the same conventions as in

[CM].

e All schemes are assumed to be separated and of finite-type over C. Since we are exclu-
sively dealing with subschemes of affine varieties, these hypotheses are automatically

satisfied.
e All subschemes are assumed to be locally closed.

e As in [CM], a variety is a (not necessarily irreducible) reduced scheme. A subvariety

of a scheme is a subscheme which is a variety.

e Following [Ful98, Sec. 1.3], an algebraic cycle on a scheme X is a finite formal sum of

12



irreducible subvarieties with integer coefficients. These form a group under addition

which is denoted Z,(X).

e When we refer to a point of a C-scheme, we mean a closed point unless otherwise
indicated. To lighten the notation, we will not distinguish between C-schemes and
their associated set of closed points X (C) in situations where the intended meaning
seems clear. Thus, if X is a subscheme of Y, we sometimes write X C Y as shorthand

for X(C) C Y(C).

o If Xy,..., X, are subschemes of X, then UX; C X is the set-theoretic union of the
points of X;. In particular, LIX; should be viewed as a topological subspace of X

endowed with the subspace topology — not with the disjoint union topology.

e Given a scheme X, a partition is a collection of pairwise disjoint subschemes {X;} such

2.2.3 Construction

We now give a brief overview of some constructions and objects described in more detail in

[CM] and which we will also be using.

We will be considering Heegaard splittings Uy Uy U; of a knot complement Y — K or
knot exterior Ex. In case Uy Uy Uy = Y — K, we always assume as in [CM] that 3 has
genus at least six, that K intersects ¥ in two points, and that the arcs K N U, are isotopic
rel endpoints to arcs contained in ¥ = 9U;. There are analogous conditions for Heegaard
splittings of knot exteriors; cf. [CM, Def. 3.2.]. Concretely, such Heegaard splittings can be
constructed by choosing a Morse function on Y with a single minimum and maximum on

K, and such that K is preserved by the gradient flow for an auxiliary metric.

To define the knot invariant, we need the notion of a relative character variety. More
precisely, given a finitely presented group I' and some conjugacy classes ¢i,...,¢; C I', one
can consider relative representation schemes which parametrize representations with fixed

trace 7 on the ¢;. These behave essentially like ordinary representation schemes, and a

13



detailed account is provided in [CM, Sec. 2.1]. For Y — K = Uy Us Uy, let Z7(X) be the
relative representation scheme parametrizing representations with fixed trace along the two
boundary punctures. Let Z7(U;) be the scheme of representations having fixed trace along
the knot meridian. Let Z7(K) = Z™(Fx) = 27 (Y — K) be the scheme of representations
of m(Y — K) = m(FEk) having fixed trace along the knot meridian. We use analogous
notation to denote relative representation varieties, and to denote relative character schemes

and varieties.

All of the schemes and varieties described above have an open locus consisting of irre-
ducible representations. We denote them by %;,..(I') € Z(I'), and similarly for the other
cases. We remark that the character varieties X (2), X (U;), X (K) (resp. X7(X2), X"(U;), X7 (K))
can also be viewed as moduli spaces of flat SL(2, C) connections (resp. flat connections with
holonomy having trace 7 along the knot meridian). Our arguments do not rely on this

interpretation, but we have used it informally in the introduction.

2.2.4 Stratifications and constructible objects
Given two vector subspaces F,G C R", we let

I(F,G) := sup dist(z, G),
el
[lzl=1
where || - || is the standard Euclidean metric and the distance is also measured using this

metric.

Let M and M’ be smooth, locally closed submanifolds of R such that M N M’ = ) and
y € M N M'. Following [Ver76, Sec. 1], we say that the pair (M, M’) satisfies property w)
at y if there is a neighborhood U of y in R™ and a positive constant C' such that for all
¢ e UNM and x € UNM we have 6(Tapy, Thz) < Cllz — ¢/||. We say that the pair
(M, M') satisfies property w) if it satisfies this property at all points y € M N M.

Let M, M’ be locally closed submanifolds of a complex algebraic variety V' such that
MNM =@ and y € M N M. We say that the pair (M, M') satisfies condition w) at y
if there is a local real analytic embedding ¢ : U NV — R™ so that (¢(M),p(M')) satisfies
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property w) at ¢(y). We say that (M, M') satisfies property w) if it satisfies this condition
for ally € M N M.

We now introduce the notion of a w-stratification.

Definition 2.2.1 (see (2.1) in [Ver76]). A w-stratification of a variety X (i.e. a reduced
scheme) over C is a partition X = L ,X;, where the X; C X are smooth, connected

subschemes, which satisfies the following axioms:
i) XinX; =0ifi+#j.

(ii) If X;NX; # 0, then X; C X;. (One gets the same notion using the analytic or Zariski

topology.)

(iii) If X; C X, and i # j, then the pair (X;, X;) satisfies the condition w).

A w-stratification of a C-scheme just means a w-stratification of the associated variety. The
notion of a w-stratification is introduced by Verdier in [Ver76, (2.1)]. Unless otherwise
specified, we only consider w-stratifications. We will therefore usually omit the prefix and

refer to w-stratifications simply as stratifications.

Remark 2.2.2. Tt is shown in [Ver76] that w-stratifications are Whitney stratifications (i.e.
they satisfy Whitney’s so-called (b) condition). The converse is in general not true. We have
chosen to work with w-stratifications simply for consistency with [Ver76] since we quote
results of this paper throughout. However, we don’t use any properties of w-stratifications
which aren’t also satisfied by Whitney stratifications, so we could just as easily have worked

with ordinary Whitney stratifications.

Definition 2.2.3. Given a scheme X, a subset C' C X(C) is said to be constructible if it is
a finite union of subschemes, i.e. C' = U, X;(C), where X;(C) C X(C) is a subscheme. A
function f : X(C) — Z is said to be constructible if f(X) is finite and if, for every n € Z,
f~Y(n) € X(C) is constructible; see [Joy06].

It follows from [Ver76, (2.2)] that we can always refine our partition to be a stratification;

in particular, we can assume that the X; are smooth.
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Definition 2.2.4 (see [Beh09] or Sec. 3.3 of [JT17]). Let f : X — Z be a constructible
function. We define the Euler characteristic of X weighted by the constructible function f

as

XX, f) = nx(f 7 (), (2.2.1)

nel

where x(—) is the topological Euler characteristic.

We warn the reader that there is considerable ambiguity in the literature concerning the
definition of the Euler characteristic weighted by a constructible function. First of all, some
authors define (X, f) as in Definition 2.2.4 but replacing the topological Euler characteristic
with the Euler characteristic with compact support. Other authors adopt the following
definition. Given a constructible set C' C X(C) and a partition C' = U™, X;(C) where
the X; C X are subschemes, one defines x,,(C) := Y i xe(Xi(C)), where x.(X;(C)) :=
> wez(—1)PHE(X;(C)) is the Buler characteristic with compact support of X;(C); see [Joy06,
Def. 3.7]. One can then show (see [Joy06, (2)]) that x.,(C) is independent of the chosen

partition. One then sets x(X, f) := >,z nXan ([ (€))-

It is not at all obvious that these definitions all agree in the present context. We have
therefore provided a proof of their equivalence in the appendix. We wish to emphasize that
the argument in the appendix uses the fact that we are dealing with varieties over C (the

analogous equivalences would be false over R).

2.2.5 The Behrend function

Given a C-scheme X, there exists a constructible function vx : X(C) — Z introduced by
Behrend in [Beh09] which is usually called the Behrend function; see also [JS12, Sec. 4.1].

Let us state the definition for affine subschemes of A" as this is sufficient for our purposes.

Let X C A" be an affine scheme over C defined by the ideal I C Clzy,...,x,]. We can
consider the C-algebra R = @, 5, I™/I™*" (where I := C[zy,..., x,]) and let

Cx/an = Spec R.

The C-algebra inclusion Clzy, ..., x,|/I — R induces a projection map 7 : Cx/an — X. We

16



say that Cx/an is the normal cone of X C A"; see [Ful98, B.6]. This is a generalization of

the normal bundle (and coincides with it for smooth schemes).

We define

cxsan = (=)™ mult(C)m(C') € Z.(X), (2.2.2)
Cl

where the sum is over all irreducible components C" C Cx/an; see [JS12, Sec. 4.1]. Here
m(C") denotes the underlying reduced closed subscheme which is the image of C’ under 7.
The multiplicity mult(C”) is the length of Cx/an at the generic point of C’. This is often

referred to as the geometric multiplicity, for instance in [Ful98, Sec. 1.5].

It turns out that the cycle ¢x/s» depends only on X, i.e. it is independent of the embed-
ding of X into A™. Letting CF(X) denote the group of constructible functions on X, there
is a well-known group morphism Eu : Z,(X) — CF(X) called the (local) Euler obstruction
which was originally introduced by MacPherson in [Mac74]. We now define the Behrend

function vy : X — Z by letting vx := Eu(cx/an).

If vy : X — 7Z is the Behrend function, then we write
xB(X) = x(X, vx).

We refer to this quantity the Euler characteristic of X weighted by the Behrend function.

The Behrend function plays an essential role in this work. This is mainly due to the
fact that it can be computed in two ways on the schemes which we will be considering. On
the one hand, the Behrend function can be defined for any finite-type C-scheme in terms of
normal cones and Fuler obstructions, as explained above for affine schemes. On the other
hand, if we consider a C-scheme X whose complex-analytification is locally the critical locus
of a holomorphic function f : V' C C" — C, then for z € V Necrit(f) < X, the Behrend

function can be computed in terms of the Euler characteristic of the sheaf of vanishing cycles
of f.
More precisely, we have the following formula, due to Parusinski-Pragacz [JS12, Thm.
4.7):
vx(z) = (=1)"V (1 — x(MF(x))), (2.2.3)
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where MF (—) is the Milnor fiber of f and z € V N crit(f) — X.

Now, let us consider the perverse sheaf P?(K) introduced in [CM], for a knot K C
Y. Recall that P?(K) is a perverse sheaf on (the complex analytification of) the relative
chararacter scheme 2.7 (K) of K, for some 7 € (—2,2). Recall from the discussion in
Section 2.2.3 (see also [AM20, p. 17]) that a choice of Heegaard splitting (3, Uy, U;) allows
one to write locally 2,7 (K) as the critical locus of a holomorphic function f : V' — C for
some neighborhood V' C X7 (Up). In this case, we have that P*(K)|y is isomorphic to the

perverse sheaf of vanishing cycles of f. Hence, one can compute as in [AM20, p. 20] that,

for x € V Nerit(f) — 2,7 (K), we have

Z(—l)irkﬂi(Pf'(K))x = Z(—l)irkﬂi(¢[—1](z[dim V])a
= (=)™ (X (MF ¢ (x)) - 1)

= (=) (1 = x(MFf(2))).

According to [Dim04, Thm. 4.1.22], if F* is a complex of sheaves constructible with
respect to a Whitney stratification S, then
D (1)K HI(X, F) = x(X, F?) = > x(S5) F*)as), (2.2.4)
1€EZ Ses
where zg — S in the inclusion of an arbitrary point in a stratum S € S and H(—) is
hypercohomology. In particular, letting F* = P*(K), letting X = 2,7 .(K) and fixing a

mrr

stratification S with respect to which P*(K) is constructible, we find that

Xr(K) =Y (= 1)'H(X, PRK)) = Y x(S)X(H(PF(K))as) (2.2.5)
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CHAPTER 3

SL(2,C) Floer Homology for surgeries on some knots

The goal of this chapter is prove Theorems 1.1.1, 1.1.3, 1.1.4, 1.1.5, 1.1.6, and 1.1.7. The
proofs of several of these theorems involve direct computations of the representation and
character schemes of knot surgeries. In the conclusion, we apply our calculations to demon-

strate the non-existence of a surgery exact triangle for HP 4.

3.1 Surgeries on Small Knots and the A\g7 > c) Casson Invariant

3.1.1 Surgeries on small knots

By applying Theorem 2.1.5, we can establish the connection between HP(Y") for Y a surgery
on a small knot in S* and the SL(2,C) Casson invariant, Agr,c)(Y) as given in Theorem

1.1.1.

Proof of Theorem 1.1.1. The group m(Y) is a quotient of 7;(S®\K) by the subgroup nor-
mally generated by the class of the peripheral curve m?¢?, where m is the meridian and ¢ the
longitude. Thus, 2:.(Y) is a closed subscheme of 2. (S*\K). However, dim 25, (S*\K) =
1 when K is a small knot [CCGT94]. Thus, if dim Z25,,(Y") > 0, then we must have that the re-
duced scheme 25 (Y ).eq appears as one of the irreducible components of 25, (S?\ K );eq. Ob-

serve that the 2i.(S3

»/q(1)) are disjoint for different values of p/q, since if mP¢? = mP 4 =1

for distinct ratios p/q and p'/¢’, then we would have m = 1 and the representation would be
trivial because m normally generates the fundamental group. Then, as 25 (S?\K)eq has
only finitely many components, we see that dim %rr(S;’ y ,(K)) = 0 for all but finitely many
p/q. The result then follows from Theorem 2.1.5. O]
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The invariant Agr2,c) has been computed for a range of 3-manifolds, including surgeries
on many families of knots [Cur01][BC16][BC06]. We provide a few examples of how those

results yield formulae for the sheaf-theoretic Floer homology of surgeries on knots.

3.1.2 Large surgeries on small knots

We review the results of [Cur01]. Let M = S\ N(K) be a knot exterior. Let i : OM — M

denote the inclusion and r : 2 (M) — 2 (OM) denote the restriction map.
Definition 3.1.1. A slope v € OM is irreqular if there exists an irreducible representation
p of m (M) such that:

(i) the character [p] is in a one-dimensional component X; of 2., (M) such that r(X;) is

also one-dimensional;
(i) tr(p(a)) = £2 for all « € OM;

(iii) ker(p o i.) is cyclic, generated by [7v].

Definition 3.1.2. A slope p/q is admissible if:
(i) It is regular and not a strict boundary slope;

(ii) No p/-th root of unity is a root of the Alexander polynomial of K, where p’ = p for p

odd and p’ = £ for p even.

With these definitions, we can state Theorem 4.8 of [Cur(O1]:

Theorem 3.1.3 ([Cur01]). Let K be a small knot in S® with complement M. Let {X;} be
the collection of one-dimensional components of Z (M) such that r(X;) is one-dimensional
and such that X; contains an irreducible representation. Then there exist integral weights
m; > 0 depending only on X; and non-negative Ey, Fy € %Z depending only on K such that

for every admissble § we have
1
)\SL(Q,C)(S;’/(](K)) = 5 Z mz||p/// + ngz - Ea(p)

where o(p) € {0,1} is the parity, and || — ||; is the Culler-Shalen seminorm associated to X;.
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There are only finitely many inadmissible slopes and only finitely many strict boundary
slopes [Cur01]. Provided p is not chosen so that some p’-th root of unity is a root of the
Alexander polynomial, where p’ is as in Definition 3.1.2(ii), the above theorem only excludes
finitely many slopes p/q. Thus, by combining Theorem 2.1.5 with Theorem 3.1.3 we obtain

a formula for the sheaf-theoretic Floer homology for most surgeries on small knots.

3.1.3 HP for surgeries on the trefoil

The character schemes of all surgeries on the trefoil are zero-dimensional. They have been
explicitly computed and the SL(2,C) Casson invariant determined in [BC06]. From their

computation and Theorem 2.1.5 we obtain Theorem 1.1.3.

Proof of Theorem 1.1.3. This follows from the calculation of Agp,c) (Y) in Theorem 5.9 of
[BCO6). O

3.1.4 HP for surgeries on the figure-eight knot

Proof of Theorem 1.1.}. Since the figure-eight knot is small, its admissible surgeries have
zero-dimensional character varieties and we can apply Theorem 2.1.5 in conjunction with
Theorem 3.1.3. By the results of [BC12], the SL(2,C) Casson invariant of surgeries on the

figure-eight knot is

1
AsL2,0) (Sp/q(41)) = 5 (I =44l + p + 44]) = Fogy)

for all admissible slopes p/q, where Ey = 0 and E; = 1. This proves the theorem for all but

the inadmissible slopes, which are the strict boundary slopes +4.

To compute the Casson invariant for these surgeries, we begin by computing the character

variety of the figure-eight knot. Using the presentation of the knot group given by
m(8%\41) = (2, y|(2™ yay™ e = y(z~yay ™))
where z is the class of a meridian and
L=y oy o lyzyzly
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is the associated longitude. We can compute the character variety to be
X (S*\41) = {(a,b) € C*|(b—2)(b* — (a* = 1)b+a®>—1) =0}

where a = tr(p(x)) = tr(p(y)) is the meridional trace and b = tr(p(zy~')). The line b = 2
corresponds to the abelian representations. For the irreducibles, the trace of the longitude

is given by
tr(p(L)) = a* — 5a* + 2
The surgery equation L = M** becomes:

tr(p(L)) = tr(p(M**))
a* —5a%2 4+ 2 =a* — 4a®> + 2

a’?=0

From this, we see that the solution is a = 0 with multiplicity two. Hence, Asp2.c)(S14(41)) =
2. Since the character variety is zero-dimensional, we can use this data with Theorem 2.1.5

to obtain the result. O

3.2 HP4 for surgeries on small knots

In this section, we prove Theorem 1.1.5 computing HP(Y') when Y = S}, (K) is a surgery

on a small knot K.

Proof of Theorem 1.1.5. We are assuming that no p'* root of unity is a root of the Alexander
polynomial of K, where p’ = p for p odd and p’ = £ for p even. By Lemma 3.3.2, this
condition ensures that there are no non-abelian reducibles. We first consider the abelian
representations. These representations are those which factor through H,(Y;Z) = Z/pZ.

So, we have

Rop(Y) = Hom(Z/pZ,SL(2, C))
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Letting a denote the generator of Z/pZ, we see that p(a) can be any matrix with eigen-
value a p™ root of unity. There are |p| such roots. When p is even, two of these roots are
+1, and +7 is the unique matrix with that eigenvalue. For the other £(|p| — 2) roots, there
is a conjugation orbit worth of choices, giving a copy of TCP'. Thus, we obtain 2 points and
+(|p| — 2) copies of TCP! in the representation variety. Similarly, for p odd, there is only

one central representation and 1(|p| — 1) copies of TCP".

For the irreducible representations, the Casson invariant Agr,c)(Y) gives the count of
isolated points with multiplicity in the character variety. Since we are assuming that 2. (Y")
is zero-dimensional, the isolated points account for all irreducible. Since we assume the
scheme is smooth, the multiplicities of the points are all 1 and the Casson invariant gives an
honest count of points. The conjugation orbit of each isolated irreducible representation is

a copy of PSL(2,C).

For an irreducible representation p, the character scheme is smooth at [p] if and only if
the representation scheme is smooth at p by Lemma 2.4 in [AM20]. Since we are assuming
that the character scheme is smooth, we conclude that the representation scheme is smooth.

Hence, we can apply Proposition 2.1.3 to compute HP 4. O

For the right-handed trefoil knot, the slopes exlcuded by the hypothesis of this theorem
are those for which p is a multiple of 12. In all cases, the character scheme is smooth and
zero-dimensional [BC06]. Using the value of the SL(2,C) Casson invariant for the trefoil, we

obtain the following corollary

Corollary 3.2.1. Let S;’/q(31) denote the 3-manifold obtained from p/q Dehn surgery on the
right-handed trefoil in S®. Then for p not a multiple of 12, we have the following formula
for the framed sheaf-theoretic Floer cohomology:

HPY(S3,(31)) = H' (p)°% & H(CPV)>® & H*+(PSL(2, C))®%
where the multiplicities are given by

(1, L(lp| = 1), %16 —p| = L), if pis odd
(d17d27d3) = ? 2 2

(2,3(lp| — 2), 5/6¢ — p|) if p is even and not a multiple of 12
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In Section 8, we use this partial calculation to show that there does not exist an exact

triangle relating HP 4 for surgeries on the trefoil.

Remark 3.2.2. When p is a multiple of 12, the smoothness of the character scheme does not
imply the smoothness of the representation scheme because of the presence of non-abelian
reducible representations. One can check that the representation scheme is in fact singular

in these cases.

3.3 The character variety of S3\(3;#3;)

The knot group of the trefoil has the presentations
m(S*\31) =(a, bla® = b*)
=(rsr = srs)
The character scheme is
Z(S\3) ={(y-2)(a®—y—-1) =0} cC’
where z = tr p(r) and y = tr(rs'). The line {y = 2} is Zjeq and {22 —y = 1,y # 2} is Zinr-
The fundamental group of the complement of the knot 3;#3; has the presentation
[ = {a,b,c,dla® =0 c* =d* d=ba>c?)

where the subgroup I'y generated by a and b corresponds to a copy of m;(S3\3;) and similarly
the subgroup I'; generated by ¢, d corresponds to the knot group of the other 3; summand.
The relation a?b~! = c2d~! comes from setting the meridian in I'y equal to the meridian in

I';. Consider the following closed subsets of 2 ('),

Zrea ={[p] | p is abelian}

2 ={1¢] | pln,_, is abelian}

where clearly Z..q C Z;. Since the abelianization of the knot group is generated by the

meridian, we have that Z..q = 2 (Z) = C, where the meridional trace is a coordinate for C.
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Lemma 3.3.1. Let 2°(I') = 2 (I';) denote the natural restriction map. Then the composite
X — X (1) 5 (1) is an isomorphism 2; = 2 (T;).

Proof. 1f p|p‘1_“ is abelian, then it is determined by its value on the meridian. But the value
of p on the meridian is determined by its restriction to I';, since the meridian lies in the
intersection I'y N I'y, establishing injectivity.

For surjectivity, we observe that for any representation p € 2'(I';), there exists an
extension of p to a representation of I' given by setting p|1"‘1_” to be the abelian representation

of I');_;; with the required meridional value. This lies in Z; by construction. O

Recall the following fact:

Lemma 3.3.2. [CCGT94] Let p be a representation of m(S*\K) with [p] € Zred N Zinr-

Then the following equivalent conditions hold:

o A(p?) =0, where A is the Alexander polynomial of K and u is an eigenvalue of p(m),

for m the meridian of the knot.

e There exists a non-abelian reducible representation p' with the same character as p.

The Alexander polynomial of the trefoil is the sixth cyclotomic polynomial, Ag, (¢) =
t2 —t + 1. Thus, the above lemma guarantees non-abelian reducibles at meridional trace
++/3. The same holds for 3;#3; since Az 43, = (Asz,)?. This allows us to establish the

following proposition:

Proposition 3.3.3. Let Ziyw = Zi\Zrea and let S = Z(I)\(Zo U Z1). Then the four
irreducible components of Z (') are %edyyo,irr;yl,irr and S. Moreover, these four compo-
nents pairwise intersect in the same two points, corresponding to characters of non-abelian

reducibles.

Proof. That none of the four closed sets share any irreducible components follows from the

description of the intersections. If [p] € ?ﬂ?om, then by restricting to 2 (I'1), we see that
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[pIr,] € Zrea(T1) N Zie(T'1). Thus, Lemma 3.3.2 implies that [p] is one of two points in Zeq

corresponding to non-abelian reducibles. The other intersections follow similarly.

It only remains to check that each of the four pieces is in fact irreducible. From the
coordinate description of 27 (S%\3;), we see that Z;eq = {y = 2} and the 2, are equal to
{22 —y = 1}. In either case, they are isomorphic to C. The irreducibility of S follows from
Proposition 3.3.4 below. O

Proposition 3.3.4. S is an affine cubic surface with precisely two A, singularities at the

points Sging = §\S = Znar, the two characters of non-abelian reducible representations.

Proof. Let A = p(a), B = p(b), ete. If [p] € S, then p

a central element of 'y, we must have A% = B? = +1. However, if B2 = I, then B = +] and

r, is non-abelian. But since a® = b? is

plr, would be abelian. Thus, we must have A3 = B? = —I, and similarly C® = D* = —I and
A,C # —I. These equations are equivalent to tr(A) = tr(C) = 1 and tr(B) = tr(D) = 0.

Now, since d = ba=2c?, we see that D = BAC~!. Thus, we have the inclusion
Sc.={[p| € Z(F) |tr(A) =tr(C) = 1,tr(B) = tr(BAC™") = 0}

where F3 is the free group generated by a, b, c. Also, any representation of F3 that lies in .%
is a representation of T, so that .# C 2°(T). Since S is open in 2°(T'), S is a union of the

irreducible components meeting S. Thus, S = .7 provided .# is irreducible.

So, we now turn to describing the algebraic set .. Regarding 2 (F3) as the character
variety of the four-holed sphere, we see that .% is a relative character variety; . is the locus
of characters of m1(S? — {po, p2, p3, pa}) with fixed traces along the four boundary circles.
This relative character variety can be computed [FK65] to be the affine cubic hypersurface

in C? given by the equation
f=* 4+ +2 2 +ayz—2—-2=0

where © = tr(AB),y = tr(B7'C) and z = tr(A~'C). Furthermore, the reducible repre-
sentations, which are the points in S\S, correspond to (z,y,2) = (£v3,Fv/3,2). These
are precisely the singular points of the affine cubic surface S. Since the Tjurina number,

dim @(x,y,z) J(f,0:f,0,f,0.f), is equal to 1 at the singularities, they are A; singularities. [
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We record a calculation of the singular cohomology groups of S for use in Section 7.

Proposition 3.3.5. The singular cohomology groups of S are

p
Z i=0

0 i=1
H*(S;Z) =72 i=2

7' i=3

0 >4
\

Proof. Let Q denote the projective closure of S inside of P3. One can check that Q is
smooth at infinity, meaning that Qs,, the smooth locus of @), is the complement of the two

singularities at S\S. By Theorem 4.3 in [Dim92], the homology groups of @ are

H(Q;Z)=<7° i=2

By Poincaré duality,
H,y(Quns Z) = Hy ™" (Qomi Z)
And we can equate the compactly supported cohomology with a relative cohomology group,
H (Qsm; Z) = H™(Q, Qsing; Z)
which can be determined from the long exact sequence
o= HY(Q, Quing; Z) — H"(Q;Z) — H" (Qsing; Z) — - .-

In particular, since Qg is zero-dimensional, we see that H,(Qsm;Z) = H*"(Q;Z) for

n < 2. And
rk H3(Qum; Z) =1k H'(Q, Qsing; Z)
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=1k H'(Q; Z) + |Qsing| — 1

So, the homology groups of Qg are

H*(Qsm;Z) =87 i=2

Let Qs = Q\S. Then S = Quu\Quoo- We have Qo = {zyz = 0} C P2, which is a triangular
arrangement of three lines. The normal bundle of each of these three copies of P! has degree
—1. So, a neighborhood of each sphere inside of S is diffeomorphic to the D? bundle over S?
with Euler number —1. The boundary of this neighborhood is diffeomorphic to S*. Hence,
the boundary of a neighborhood of Q.,, ON(Q«), is a necklace of three copies of S3. We

can then apply the Mayer-Vietoris sequence
oo — Hy(ON(Quo)) — Hi(Qoo) ® Hu(S) — Ho(Qsm) — -

to compute the stated cohomology groups. O

3.4 The A-polynomials of the square and granny knots

We wish to describe the image of the natural map r : 2 (T') — 27(9(S5\(31#31))) given by
restriction to the boundary torus. Coordinates on 2 (0S*\N(31#3;)) = 2 (T?) are given
by the traces of the meridian and longitude. One may consider the double branched cover
d: C*x C* — 2 (T?) where the coordinates on the cover are given by the eigenvalues of the
meridian and longitude, M and L. The definining polynomial for the closure of the pull-back
of the image of r to C* x C* is called the A-polynomial [CCGT94].

For the right-handed trefoil, the A-polynomial is M ¢ + L = 0, whereas for the left-
handed trefoil it is M+ L = 0 [CCGT94]. These equations define the image under r of the

components Z; irr. Zreda is mapped to the line L = 1.
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Lemma 3.4.1. Let S be as in Proposition 3.3.3. Then the defining equation of the algebraic
set d_l(m) in eigenvalue coordinates is L— M™% = 0 for the granny knot (the composite of
two right-handed trefoils) and L = 1 for the square knot (the composite of oppositely oriented
trefoils).

Proof. Let ¢; denote the longitude of the i** summand of 3;#3;. Then, the longitude of
31#31 is £ = lyl1. Also, each of the ¢; commutes with the meridian p in I'. Since p(u) is
non-central, this means that p(¢y) and p(¢;) must commute with each other. In fact, for
the irreducible representations of the right-handed trefoil, we have p({;) = —p(m)~® and
similarly p(¢;) = —p(m)® for the left-handed trefoil.

For p € S, we have that p restricted to either summand is irreducible. So for the granny
knot, we then have p(¢) = (—p(m)~5)? = p(m)~'2 and for the square knot we obtain p(¢) = 1.

These matrix equations give the desired eigenvalue equations. O]
Proposition 3.4.2. The A-polynomial of the granny knot, 31#37, is
Agpgzr = (L= 1)(L+ M~°)(L - M)
The A-polynomial of the square knot, 37#3!, is
Ay = (L= 1)(L + M~°)(L + M°)

Proof. The A-polynomial is a product (omitting repeated factors) of the the defining poly-
nomials for the images of the four components of 2 (I'). Two of the components are copies
of Z°(31), and therefore contribute factors corresponding to the A-polynomial of right or
left-handed trefoil. The reducibles give the factor of L — 1. The factor coming from the

two-dimensional component S was determined in Lemma 3.4.1. O

We will also be interested in the defining equation for the image of the map r : Z;.(I") —
2 (T?), where we only consider the irreducibles. Let us call the defining polynomial for this

curve AW(M, L). Then, by the above discussion, we find
A5l yar =(L+ M~°)(L — M)
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ity =(L+ ML+ M) (L= 1)

3.5 Surgeries on the Granny and Square knots

In this section, we prove Theorems 1.1.6 and 1.1.7. We proceed by calculating the relevant
character schemes, showing they are smooth, and then computing their singular cohomology
groups so that we can apply Corrolary 2.2 to write HP as the (degree shifted) singular

cohomology of the character scheme.

3.5.1 Character scheme of a composite knot

First, we establish a general procedure for computing the (set-theoretic) characters of the
exterior of a composite knot. Although the character variety of 3;#3; was computed in Sec-
tion 5, the description given here will be particularly amenable for computing the character
varieties of the surgeries. The description from Section 5 will also be useful.

Let K and K, be two knots in S? and set K = K \#K,, M; = S?\K;, M = S3\ K. We

have the following pushout diagram of spaces:

M(—’Ml

[T

MQ(i—Q’Sl

where i;(S?) = m;, a meridian for K;, j = 1,2. By the Van Kampen theorem, we have the

pushout diagram of groups:
7Tl(M> — 7T1(M1)

! !

771<M2) — Wl(Sl)
That is, m (M) = w1 (My)*m(Ms)/(m1 = ms). We have a pullback diagram of representation

spaces:
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HA(M) ——» Z(M)

To analyze 2 (M) = Z(M)//G, we can compare it to a simpler object: the fiber product
of the character schemes 2 (M) X o (s1) Z (Mz). We have the diagram

2 (M)
\

®

T~
%(Ml) X g (81) %(MQ) E— %‘(Ml)

1 b

2 (M) —— 2 27(SY)

where 71 ([p1]) = tr(pi(ma)).

3.5.1.1 Pullbacks and quotients

In order to understand the character scheme of M from the fiber product of the character
schemes of M; and M,, we must determine the pre-images of points under p. We establish

the following lemma:

Lemma 3.5.1. Let ¢ : 2 (M) — Z (M1) X 951y Z (My) denote the natural map as above.
Then for any p = ([p1], [p2]) € Z (M) X 951y Z (M,), we have

" (p) = Stab(m)/(Stab(p, ), Stab(p))
where m = ri(p1) = r2(p2)

Proof. The pre-image of p in Z(M;) x Z(Ms) is Orb(p;) x Orb(ps). The pair (pi, p2) is a
point here that is also in Z(M;) X g1y Z(M;). All other such points can be obtained by
using the action of Stab(m) on each factor, or else using the diagonal action of G. This gives

the set
(Z (M) X551y Z(M3)) N (Orb(py) x Orb(ps)) =G - (Stab(m) - py x Stab(m) - ps)
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=G - (Stab(m) - p1 X p2)
Reducing modulo the diagonal action of G,

G - (Stab(m) - p1 X p2)/G
=Stab(m)/(Stab(p1), Stab(ps))

Thus, ¢~ !(p) = Stab(m)/(Stab(p; ), Stab(ps)). O

3.5.2 Irreducible representations in the character scheme of a composite knot

To determine the locus of irreducible representations 2. (M), we first describe 2 (M) X 4-(s1)

Z (M,) and then use Lemma 3.5.1 to understand the fibers of ¢ over the various components.

Recall that 2" (M) has a stratification 25, C Zrea C 2, where 2, is the locus of
characters of non-abelian reducible representations. The complement 2, = 2\ Z1eq is the
locus of irreducibles. The scheme 2., can be identified from Lemma 4.2. The characters of
non-abelian reducibles are also the characters of abelian reducibles. That is, every reducible
character has an associated orbit of abelian representations, but for those characters in Z,ar,

there is an additional orbit corresponding to non-abelian reducible representations.

Taking the product stratification on 2 (M;) x g1y 2 (Mz) gives nine different strata
of six essentially different types. The following proposition states which strata intersect the
image ¢(Zi(M)) and also identifies the set of irreducible representations in the fiber of ¢

over a point in a given stratum.

Proposition 3.5.2. Using the previously established notation, o(Z-(M)) consists of the

following pieces
o Zie(M1) X 951y Ziwr(M2)
o Zir(M;)
o Znar(M1) X 251y Znar(Ma)

The fibers of ¢ are copies of:
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o C* over points in Xiyr(My) X 551y ZLirr(Ma) with meridional eigenvalue p # +1.
o C owver points in Zip(M1) X g7 (s1)y Zirr(Ma) with meridional eigenvalue = 1.

A single point over points in Zi(M;) with A(u?) # 0.

o C over points in L (M;) with A(u?) = 0.

C* — {1} over points in Zpar(M1) X 2751y Znar( M)

Proof. First, we identify the copy of Zi.(M;) that appears in 2 (M) X 551y Z (Ms). A
reducible character is the character of an abelian representation, and the meridian generates
the abelianization of the knot group. Thus, the isomorphism H;(M;) = m(S), where S!

a meridional circle, yields an isomorphism 2;.q(M;) = 27°(S'). And taking fiber products,
%rr(Ml) X%(S’l) %ed(M2) = %rr<M1>-

Now, we show that image of ¢ consists of the stated pieces. Indeed, the only strata
not included in the list are contained in (Zrea(M1) X 2 (s1) Zred(M2))\(Znar(M1) X 27 (s1)
Znar(M3)). These correspond to representations of the form p; * p where (e.g.) p; is abelian
and py is reducible. However, for an abelian representation, im(p;) = im(pi|,,,) since the
meridian m; generates the abelianization of 71 (M;). Thus, since the p; agree on m;, we see
that im(p; * p2) = im(p2), so that the composite representation is also reducible. Thus, none

of these pairings provide irreducible representations.
For p = ([pm],[p2]) € 2 (My) X 951y £ (Ms), if both [py], [p2] € Ziwr, then Stab(p;) =
{£1}. Furthermore, r1(p;) is an abelian, non-central representation (if p;(m) = £1, then the

entire representation is central because my normally generates 71 (M;)). Thus, Stab(r1(p1)) =

Il

C* for meridional trace not £2, and Stab(ri(p;)) = C x Z/2 otherwise. So, ¢ !(p)
C*/{£1} 2 C* or ¢ (p) 2 C by Lemma 3.5.1.

If [p1] is irreducible but [ps] is reducible, then we can find an abelian lift po, so that
Stab(ps) = Stab(ra(p)), and the fiber ¢~ (p) is a point. For a non-abelian lift of py, Stab(ps)
is trivial. Moreover, the trace of the meridian cannot be +1 for a non-abelian reducible
because A(£1) # 0. Therefore, the stabilizer of the meridian must be C*. The abelian lies

in the closure of the orbit of non-abelian reducibles, so that ¢~!(p) = C for such a point.
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If both are reducible and at least one is abelian, then the overall representation is re-
ducible. If both are non-abelian reducibles, then the stabilizers of each representation are
trivial and the stabilizer of the meridian is C*, giving that the fiber of ¢ is C*. However,
not all of these representations are irreducible. We have that im(p;) C B;, for By, By Borel
subgroups. For some d € Stab(r1(p1)), the composite representation corresponding to d has
image generated by (im(p;),d”'im(py)d). If this image were contained in some Borel sub-
group B, then im(p;) would be contained in two Borel subgroups, so either it is contained in a
diagonal subgroup (but then p; is abelian), or else B = B;. Then, we have d~!im(ps)d C By,
and so by the same argument we conclude B; = d~!Byd. Thus, d € Stab(Bs), which is trivial
in G*. Hence, precisely one point in Stab(r;(p;)) corresponds to a reducible — the rest are

irreducible. So, the irreducibles in ¢~!(p) form a copy of C* — {1}. O]

3.5.3 Character scheme of a connected sum of two trefoils

We now focus on the case when K; = Ky = 3]. The character scheme of the trefoil can be

described as a plane curve:
2 B)={ly-2)(*-y-1)=0} cC

where x is the trace of the meridian. In terms of the Wirtinger presentation, we have
x =tr(p(r)) = tr(p(s)) and y = tr(rs—!). The line {y = 2} is Zjeq and {22 —y = 1,y # 2}
is 2ir. The map 7 is projection onto the x coordinate. The longitude for 37 is £ = sr2sr—4,

and its trace in the z,y coordinates is given by the polynomial
L(z,y) = 2% — 22°% — 2y? — 22y + 8a* + 22%¢* + 2y — 102% + 2

The restriction of L(x,y) toy = 2 is the constant function 2, as expected. On this component,
p() = I. The restriction of L(x,y) toy = 2*> — 1 is L = —a% + 62* — 922 + 2, which can be

deduced from the fact that for the irreducible representations, we have p(¢) = —p(m)~5.

The Alexander polynomial has roots that are primitive 6th roots of unity. So, non-abelian

reducibles occur at the points (:I:\/g7 2) € Ziea- Observe that this is precisely 2, — Zin-

34



The fiber product of the character varieties over the meridional trace map is
2 (3) xe Z(B3) =2 {ly—2)(2a*—y—-1)=0,(z—2)(z* —2—1) =0} c C°

Applying Proposition 3.5.2, we have the following explicit descriptions of the fibers of ¢ over
points in the various strata of o( 2. (K1#K>3)):

¢ ZinxXe Zin={12—-y—1=0,22—-2—-1=0,y # 2,2z # 2}. The fibers of ¢ are C*

unless x = 42, in which case they are C.

o Ziw(M) ={z=22>—y—1=0,y # 2}. Note that since y # 2, we have z # ++/3
and A(m?) # 0. So, the fibers of ¢ are just points. The same holds for 2., (M) =
{y=2,22—2—-1=0,2 # 2}.

o Lo X Znar = {(£V/3,2,2)}. The fibers of o are C* — {1}.

Remark 3.5.3. To compare this description with that of Proposition 3.3.3, we see that

b ‘10_1(551” Xc %rr U %nar Xc %ar) =95

L4 %rr(M2> = %,irr-

Since m(37#37) and 7 (37#3}) are isomorphic, the same description applies to 2. (3]#3}).

3.5.4 Character scheme for granny knot surgeries

Let G denote the connected sum of two right-handed trefoils, and S? 1,(G) the p/q surgery.
We have the following description of Zi. (S}, (G)).

Proposition 3.5.4. %TT(S;’/(]

(G)) consists of 2Asr2,c)(S2

b/q(31)) points and

° ASL(Q’(C)(SE/mZ(gl)) copies of C* when p is odd

. ASL(Q,@)(Sg/Qq(?;l)) — 1 copies of C* when p is even, p # 12k.

o ASL(ZC)(S;’/%(Bl)) — 3 copies of C* and 2 copies of C* — {1} when p = 12k,p/q # 12.
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o § = w_l(%nar X %RGTU %TT Xc %M) when p/q =12

We will describe 27, (53

p/q

(G)) as a closed subscheme of 25,(S*\G). First, we have the

following lemma.

Lemma 3.5.5. Let ¢ : Z;(S°\G) — 27(5°\31) Xc Z(S?\31) denote the map to the fiber

product over the meridional trace. Then
%rr(sg/q(G» = 90_1(90(%rr(53/q(@))))

Proof. A character [p| = [(p1,p2)] € Zi(S*\G) is in the character scheme for the p/q
surgery if the surgery equation p(mP€?) = I is satisfied. For a composite knot, the longitude
¢ is the product of the two longitudes for the constituent knots. Thus, the surgery equation

p1(m)? (p1(lr)p2(ba))* =1

If [p] € o (¢([p])), then it is of the form [p/] = [(p1, 9 p2g)] for some g € Stab(p(m)).
For an irreducible representation, we cannot have p(m) = £I. Thus, Stab(p(m)) is one-
dimensional. Furthermore, since ¢ and m commute, we must have Stab(p(m)) C Stab(p(¢2)).

Therefore, g~ pa(la)g = p2(ls), verifying the surgery equation for [p/]. O]

Thanks to this lemma, it suffices to describe gp(%rr(SI‘;’ ”

(G))). We consider each of the
three different types of points in 25,(31) Xc Zin(31) separately.

Lemma 3.5.6. The locus of characters of Wl(S;’/q(G)) that restrict to an irreducible in
71 (S3\ K1) and an abelian in mi(S?\K3) is Zir(S2, (G))Ne Y Zim(M;)). This space consists

p/a
of Asri2,c)(Sy),(31)) points .

Proof. For ([p1], [p2]) € Zin(M1) C 2 (31) xc Z'(31), p2 is an abelian representation. Thus,
p2(ly) = I. The surgery equation then reduces to p(m?P¢1) = I, which is just the condition
for p/q surgery on the trefoil. So,

| o( Ziex (S2)4(G)) N Zie(M1)| = Asia.0) (S5 /4(31))
Since the fibers of ¢ over these types of characters are just points, we obtain the result. [J
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Lemma 3.5.7. The set of characters that restrict to an irreducible representation on both
factors is given by %W(Sg/q(?)l)) N N Lo Xc Lipr), which consists of

(

AsLi0) (52)5,(31)) = 3lp — 12q| — § copies of C* i p is odd
5lp —12¢] — 1 copies of C* if p is even,p # 12k
5lp — 12q| — 3 copies of C* if p= 12k, p/q # 12
O N (Lo X Zirr) if p/q =12

\
Proof. For irreducible representations of 71(S3\3;), p(¢) is determined by p(m). In fact, we

—6

have p(f) = —p(m)~°. For a point ([p]) = ([p1], [p2]) € Zinr X Zire, we have pi(mi) =

p2(mz), so that p1(€1) = pa(f). Thus,
p(mPL9) = py (mPe})

For p odd, the equation p; (mpﬁfq) = I is just the defining equation for p/2q surgery on the

trefoil. Thus, we obtain /\SL(Q,C)(S;)/zq(?’I)) points. None of these occur at meridional trace

+2, so that the fiber of ¢ is a copy of C* for all of these points.

For p even, p # 12k, the surgery equation
pm)r~1 =1
has an even exponent. Thus, we obtain
1
51120 =p[=2)

distinct characters, where the —2 term serves to discount the roots at p(m) = /. For
p =12k, p/q # 12, two of the characters in this count occur at meridional trace £+/3, so we

subtract 2 in this case. Again, all of the fibers of ¢ are C*.

For p/q = 12, the surgery equation is trivial, so that every representation of this form

provides a representation of the surgery. O]
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Lemma 3.5.8. The set of irreducible representations formed from a composite of non-abelian

reducible representations is

2 copies of C* — {1 if p =12k
Zir(534(C) (4™ (Lo X Zrr) = ”

P

1] else

Proof. For ([p1],[p2]) € Znar Xc Znar, We have tr(p;(m)) = +v/3 and p;(¢;) = I. Thus, the

surgery equation becomes p(m)P = I. This holds if and only if p = 12k. O

For the remaining case of p/q = 12, we have found that the character scheme of 12
surgery on the granny knot, 2i.(53,(G)), consists of 2 points coming from the irreducible

representation in each of the two copies of Zi.(53,(31)) and the surface
S = 90_1(%1211" Xc %ar U <9//i-rr Xc %rr)

Putting this and the preceding lemmas together, we obtain Proposition 3.5.4.

Remark 3.5.9. 12 surgery on the granny knot yields a Seifert fiber space fibered over the
orbifold base S?(2,2,3,3) [KT90]. Thus,

71(S%,(Q)) 2 {(a,b,cla® = b* = = (abc)™?)

3.5.5 Character scheme for square knot surgeries

Let @ denote the square knot, a connected sum of two mirror trefoils, and S;’ y q(Q) the p/q

surgery. We have the following description of %rr(Sg f Q)

Proposition 3.5.10. The character scheme Z5(S;,,(Q)) consists of AsLzc) (S5, (31)) +

Asti2.0)(S2,/,(31)) points and

o 3|p| — % copies of C* when p is odd

L %|p| — 1 copies of C* when p is even, p # 12k

. %|p| — 3 copies of C* and 2 copies of C* — {1} when p =12k # 0
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o § = 90_1(%71” X %MTU %r’r X %rr) when p= 0

Proof. The proof is analogous to that of Proposition 3.5.4. The essential difference is that

~

we also need to consider the representations of the left-handed trefoil. Since S;’/q(fif) =

53

iy q(31L), we can relate the Casson invariants by

Asp2,0)(Spjg(31)) = Asn2.0)(S2,,/4(37))

Thus, the intersection of %rr(Sg f q(Q)) with the two copies of 2;,,(31) give contributions of
Asii2,0)(S5/4(31)) and Aspe,c)(S?,/,(31)) points, depending on whether the copy of Zi(31)
corresponds to the right or left-handed trefoil.

For irreducible representations of the right-handed trefoil, we have pi(¢;) = —p;(m)~5,

whereas for the left-handed trefoil we have ps(fy) = —po(m)S.

So, for a representation of
the composite that restricts to irreducibles on either factor, we find that p(¢) = p(¢10s) = 1.

The equation for p/q surgery reduces to
p(m)P =1

Throwing away the solutions p(m) = +1I and counting solutions up to conjugacy (i.e. divid-
ing by the equivalence p(m) ~ p(m)~"), we find £|p|—3 solutions for p odd, and 3 |p|—1 solu-
tions for p even, p # 12k. For p = 12k # 0, we omit the two solutions with tr(p(m)) = 4/3,
as these correspond to non-abelian reducible representations rather than irreducibles. The
case of irreducibles formed from the composite of non-abelian reducible representations,
which only occurs when p = 12k, is the same as in Lemma 3.5.8. When p = 0, the surgery

equation is trivial, and we have the same situation as for p = 12 for the granny knot. O]

Remark 3.5.11. 0 surgery on the square knot yields a Seifert fiber space fibered over the
orbifold base S?(—2,2,3,3) [KT90]. Thus,

1 (SE(Q)) = (a,b, cla® = b* = ¢ = (abc)?)
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3.5.6 Smoothness of the Character Schemes

Proposition 3.5.12. Let G and () denote the granny and square knots, respectively. The
schemes %M(SE/Q(G)) and %M(SS/Q(Q)) are smooth schemes for all p and q.

Proof. The sets of complex points of these schemes were computed in the previous section.
They consisted of components of dimensions zero, one, and, in the cases of S},(G) and
S3(Q), two. To establish the smoothness of the character scheme near some irreducible
representation p, we must show that the local dimension of the set of complex points at p
equals the dimension of the tangent space to the scheme at p. Recall that for an irreducible
representation p the tangent space is computed by T, Zi(I') = H'(I';adp). Thus, the

proposition follows from the calculation of these H' groups in Lemma 3.5.14 below. O

Lemma 3.5.13. Let p be an irreducible representation of m1(S3\(31#31)) (where 31#3; is
either the square or granny knot, which have isomorphic fundamental groups). Let py and
p2 be the restrictions of p to each of the two copies of m(S*\31). Then,

2 if neither of the p; are abelian
dim H' (71 (S°\(3:1#3,));ad p) =

1 if either of the p; are abelian
Proof. We can compute H'(71(S3\(3:#31));ad p) (we will suppress the 7; from this notation
without confusion, as all spaces in consideration are aspherical) from the following portion

of the Mayer-Vietoris sequence:

0 — H°(S*\31;ad p1) @ HO(S*\31;ad p) — HY(S'ad p) — H(S?\(3:#31) ad p) —
— H'(S*\31;ad py) @ H'(S*\31;ad pp) — H'(S';adp) — ...
(3.5.1)

The p; are the restrictions of p to the two copies of S3\3;, and the S refers to the meridional
annulus along which the connected sum operation is performed. Technically, p restricts to
the complement of the meridional annulus inside of S3\3;, but since removing a subset of
the boundary of a manifold does not change its homotopy type, this is homotopy equivalent

to S3\3; so we ignore the distinction.
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Observe that H'(S';adp) = H°(S';adp) = C. The first isomorphism follows from
Poincaré duality. The second follows from the fact that since p is an irreducible representation
of m(S3\(31#3.1)), it restricts to a non-central abelian representation on the meridian and

the invariants of such a representation are a one-dimensional subspace of ad p.

The last map in (3.5.1) is the sum of two maps, each of the form H'(S\3;;adp;) —
H'(S';adp). When p; is irreducible, this is the derivative at [p;] of the natural map
Zie(S2\31;ad p;) — 27 (S;ad p), where S* refers to the meridional circle. From our descrip-
tion of %rr(53\31) as a plane curve, we observe that the meridional trace map is non-singular

at all points. Thus, the map on tangent spaces is surjective.

We now consider the case when the p; are both irreducible or both non-abelian reducibles.
In this case, H°(S5%\3;;ad p;) = 0. When p; is an irreducible representation, we observe that
dim H'(S3\3;;ad p;) = 1 because the character scheme is smooth of dimension 1. When p;
is a non-abelian reducible, we can compute dim H'(5%\3;;ad p;) = 1 directly, as there are

only finitely many non-abelian reducible representations up to conjugacy. From this data,

(3.5.1) yields dim H'(S3\(3,1#3;);ad p) = 2.

When p; is abelian and p, is irreducible, H°(S3\3;; ad py) = 0 and the map H°(S3\3;;ad p;) —

H°(S*;adp) at the start of (3.5.1) is an isomorphism. For an abelian representation,

dim H*(S3\3;;ad p;) = 1. Thus, we compute dim H*(S3\(3,#3;);ad p) = 1. O

Lemma 3.5.14. Let G and @ denote the square and granny knots (and let 3143, denote
either). Let p be an irreducible representation of Wl(S;’/q(?)l#?)l)). Let p1 and py be the
restrictions of p to each of the two copies of m(S3\31). Then,

;

) p/q=0 for the square knot
dim H' (71 (S, ,(31#31));ad p) = <

0  if either of the p; are abelian

\
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Proof. We can compute H'(S? 14(31#31);ad p) from the following Mayer-Vietoris sequence:

S H'(S;),(31#31);ad p) — H'(S*\(31#31);ad p) @ H'(D? x S', ad p) L HY(T?adp) — . ..

(3.5.2)

Since p must restrict to a non-central abelian representation on the boundary torus, we have
H?(T?%* ad p) = H°(T? ad p) = C. From the Euler characteristic, we compute dim H'(T?; ad p) =
2. Similarly, p restricts to a non-central abelian representation on the solid torus (if it sent
the core of the solid torus to a central element, then in fact p would be central on the entire

boundary torus, and in particular on the meridian). So, dim H*(D? x S';ad p) = 1.

We claim that f has rank 1 when p/q = 12 for the granny knot and p/q = 0 for the
square knot and neither of the p; are abelian representations, and in all other cases, f has

rank 2.

Let s : 27(D?* x S') — 2°(T?) be the restriction map. The map on cohomology groups
HY(D?* x S';adp) — H*(T%*adp) can be identified with dsp,), the derivative of s at [p].
Similarly, we can identify the map H'(S3\(31#31);ad p) — H'(T?%; ad p) with the derivative
at [p] of the restriction map r : 2. (S®\(31#31)) — 2 (T?). Thus, we can write f as
f=(dr ®ds).

By a standard application of Lefschetz duality and the long exact sequence of the pair
(Y,0Y), where here Y = D? x S* or S3\(3,#3,), we know that rank(dr) = rank(ds) = 1
[Sik12]. Thus, the rank of f is 2 unless the images of r and s have the same tangent spaces
at [p], in which case the rank of f is 1. We claim that this equality of tangent spaces occurs
only when p/q = 12 for the granny knot and p/q = 0 for the square knot and neither of the

p; are abelian representations.

Let t : C*xC* — 2°(T?) be the map from the eigenvalue variety to the character variety.
With the coordinates (M, L) on C* x C* for the meridional and longitudinal eigenvalues,
t(M, L) is the class of a representation with p(m) = diag(M, M~') and p(¢) = diag(L, L™').
Away from the central representations, ¢ is a degree two covering map. Thus, we can consider

the tangent spaces to t~!(im(s)) and ¢~*(im(r)) in order to prove the claim.

The curve ¢t !(im(s)) is the surgery curve {MPL? = 1}. The closure of the curve
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t~1(im(r)) is the vanishing locus of the A-polynomial of the knot (ignoring the factor coming

from reducibles). Recall our calculation of the A-polynomials from Section 6,

i3rgr#3{(Ma L) =(L+ M °)(L—-M""?)

sy (M, L) =(L+ M) (L + M®)(L - 1)

The factor of L+ M ¢ (which is the A-polynomial of the right-handed trefoil) comes from
representations that are irreducible on a 3] summand and abelian on the other summand.
Similarly, L + M?® is the A-polynomial of the left-handed trefoil. The last factors come
from the composites of two non-abelian representations. For such representations of the the
granny knot, we have L; = Ly = —M % and L = L,L,, so that L = M~'2. For the square

knot, L; = L;", so that this component is mapped to the line L = 1.

Now we see that the only situations in which the tangent space to the vanishing locus
of the A-polynomial coincides with the tangent space to the surgery curve are when p =
12,q = 1 for the granny knot or p = 0, ¢ = 1 for the square knot and p is a composite of two

non-abelian representations p;. This proves the claim.

From (3.5.2), we see that
dim H' (S, ,(31#31); ad p) = dim H' (5%\(3:#31); ad p) + 1 — rank(f)

The result follows from combining the above formula, our computations of the rank of f,

and Lemma 3.5.13. O

Theorems 1.1.6 and 1.1.7 now follow from applying Corollary 2.1.4 to the calculation of
the respective character varieties in Propositions 3.5.4 and 3.5.10 and the determination of

the singular cohomology of these character schemes from Proposition 3.3.5.

Remark 3.5.15. We use HP with Z /27 coefficients in Theorems 1.1.6 and 1.1.7 only to avoid
determining the relevant local system. Indeed, the character schemes of surgeries on 3;#3;
include some components isomorphic to C* and C* — {1}, while the other topological types
of components that appear are simply connected. We conjecture that the local systems are

in fact trivial on all of the components and that Theorems 1.1.6 and 1.1.7 hold over Z.
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3.6 Further Discussion

3.6.1 Exact triangles

In analogy with other Floer theories [OS04][Scal5][F1lo90], one may conjecture the existence
of a surgery exact triangle for HP4. That is, one may hope that there exists a long exact

sequence
HP(S*)[1] = HP(S,,1(K)) = HPx(Sy(K)) — HP 4(S°)

However, since HP 4(S?) is supported in degree zero, such a long exact sequence would imply

that HP 4 (S} (K)) and HP 4(S3

»11(K)) are isomorphic except possibly in degrees —1,0, and 1.

Yet the data from Corollary 3.2.1 shows that this is not the case. For example, HP 4(S3(31))

has rank 2 in degree —3, whereas HP4(S3(31)) has rank 1 in degree —3.

One can also ask whether a surgery exact triangle exists for HP. The data in Theorem
1.1.3 can be used to show that such a triangle cannot exist for the trefoil. However, one
would not even expect such a surgery exact triangle for HP since for other Floer theories
such exact triangles are not usually formulated for the versions that exclude reducibles. For

example, there is no surgery exact triangle for HF,; in Heegaard Floer homology.

3.6.2 A conjecture

In [BC16], the authors define an SL(2,C) Casson knot invariant by

o1
/SL(Q,(C)(K) = lim _)‘SL(Z(‘C)(SS/q(K))

q—o0 q
where p is fixed and the limit is taken over all ¢ relatively prime to p. In particular, this

quantity is independent of p. We can make the analogous conjecture for HP and HP .

Conjecture 3.6.1. Let K C S? be a knot and S;’/q(K) it p/q surgery. Then the quantities

lim ~ tk(HP"(S%,(K)))

q—00 q

and

lim 11rk(lEr’P’;‘;(5’;’/,1(-}()))

q—o0 q

44



are well-defined invariants of the knot K.

For example, by Theorems 1.1.6 and 1.1.7 we can verify this conjecture for HP of surgeries
on the granny and square knots. We obtain the numerical data

lim lrk(HPO(Si/q(G))) =12

q—0 q

lim lrk(HP_l(S;’/q(G))) =6

q—r0 q

and

lim ~ rk(HPY(S2,(Q))) = 6

q—o0 q

lim 1rk(Hp—l(Sj,”/q(cg))) =0

q—o0 q
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CHAPTER 4
The sheaf-theoretic SL(2,C) Casson-Lin invariant

The goal of this chapter is to prove Theorems 1.1.11, 1.1.8, and 1.1.10 and to extend the
definition of HP.(K) to all 7 € C — {£2}. Theorem 1.1.11 is purely about algebraic geom-
etry, and our proof follows the work of Verdier in [Ver76]. We deduce Theorem 1.1.8 as a
consequence of Theorem 1.1.11. We prove Theorem 1.1.10 by analyzing a certain C* action
on the character scheme of the connected sum of two knots. To extend the definition of
HP.(K), we check that X7 (X) is connected and simply connected for all 7 € C — {£2}
and for ¥ with genus at least 6. We prove this by first applying a theorem of Verdier that

allows us to extend the same result from the case of 7 € (—2,2), which was shown in [CM],

to generic values of 7, and then an analysis of moduli of K (D) pairs to extend to all 7.

4.1 Generic independence of the weight

The purpose of this section is to prove Theorem 1.1.8 from the introduction. In fact, most of
the effort is directed at proving Theorem 1.1.11, which is purely a statement about algebraic

geometry. We deduce Theorem 1.1.8 as an easy corollary in Section 4.1.5.

4.1.1 Setup and algebraic preliminaries

Given a scheme X over C, recall that yg(X) is the Euler characteristic of X weighted by

the Behrend function.

Let X C A™ be an affine C-scheme corresponding to the ideal I C Clxq,...,z,]. Let
X% C X be an open embedding. For 7 € A! a (closed) point, let X° C X, be the (scheme-

theoretic) fiber of the morphism to A! induced by the projection (1, ...,z,) — 1.
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The proof of Theorem 1.1.11 will occupy the next three sections.

Let us view C[zy, ..., x,]/I as a C[z]|-algebra via the natural map taking x +— x;. Observe

that there are then isomorphisms

(Clay, ..., x0)/I ®cp) Clz]/(x — 7)) = Clay, ..., x0) /(I 21 — T) (4.1.1)
= Clza, ..., 2./ L1,
where the second map takes (zy,29,...,2,) — (7, 22,...,2,) and I, is the image of [ in
C[ZQ, ey Zn]
Hence we have that
X, = Spec(Clzg, ..., z,)/1I;) C AL
Let us set
R=Epr/rm
m>0
and observe that R is naturally a C[z1, ..., z,]/I-algebra via the inclusion of the zero-graded
piece.
Let
C = Cx/an = Spec R,
be the normal cone of X C A™ and consider the map
¢: P I/ 1" @ Clal/(x —7) - @ 17/ 1. (4.1.2)
m>0 m>0
Proposition 4.1.1. Suppose that x1 — 7 is not a zero-divisor in Clzy, ..., x,]/I' for any .
Then ¢ 1s an isomorphism.
Proof. We have a natural isomorphism
P /1 @cp Clal/(x — 1) = @ I/ T (I + (z1 — 7)), (4.1.3)
m>0 m>0
which allows us to rewrite ¢ as the natural projection map
o Pr/rmi+ (e —7) - @I/t (4.1.4)

m>0 m>0
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This map is clearly surjective. To check injectivity, choose a@ € I™ and suppose that the
composition

I™ = I I + (21 — 7)) — 7)1

annihilates a. Then there exists 8 € I"™"! such that  — 8 € (21 — 7). Hence a — 3* €

(1 — 7) N I™. The proposition now follows from Lemma 4.1.2 below. O

Lemma 4.1.2. Suppose that 1 — 7 is not a zero-divisor in Clzy, ..., x,]/I" for any 1 > 0.

Then in Clzy, ..., x,], we have (x1 — 1) N I™ = (xy — 7)I™ for all m > 0.

Proof. We only need to check the nontrivial inclusion. Any element (z; —7) N 1™ is of the
form (xy — 7)7 for some v € Clxy,...,z,]. But (x; —7)y € I"™ implies that (z; —7)y =0
in Clzy,...,2,]/I™. By hypothesis, this implies v € I"™ and therefore (x; — 7)y € (21 —
)™, O

Our next task is to check that the assumptions of Proposition 4.1.1 and Lemma 4.1.2 are

satisfied generically.

Lemma 4.1.3. Suppose that f € Clxy,...,x,)] is a zero-divisor of Clzy, ..., x,]/I' for some

1 >0. Then f (viewed as an element of the 0-graded piece of R) is a zero-divisor in R.

Proof. By hypothesis, there exists g € Clxy,...,x,] such that g ¢ I' but fg € I'. Let
0 < k < [ be the largest integer such that g € I* but g ¢ I*T1. Observe that g can be viewed
as a non-zero element of the k-graded piece of R. Viewing f as an element of the 0-graded

piece of R, we have 0 = fg € R. Hence f is a zero-divisor in R. O]

Corollary 4.1.4. For all but finitely many 7 € C, the element x1 — 1 € Clxy, ..., x,] is not

a zero divisor in the quotient ring Clxy, ..., z,]/I" for any 1 > 0.

Proof. Observe that R is generated in degrees 0 and 1 as a C-algebra, so R is in particular
a finitely generated C-algebra. In particular, R is a Noetherian ring and it therefore has
finitely many associated prime ideals whose union is precisely the set of zero-divisors of R.
If we suppose for contradiction that the corollary is false, then it follows from Lemma 4.1.3

that (x; — 7) is a zero-divisor in R for infinitely many values of 7 € C. Hence there exist
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11,72 € C with 7y # 7 such that (x; — 1) and (z; — 7») are both elements of the same
associated prime ideal. Since (zq7 —71) — (z1 — 7o) = (72 — 71) is a unit, this gives the desired

contradiction. ]

Corollary 4.1.5. There is a Zariski open set Uy C A" such that (4.1.2) is an isomorphism
for all T € Uy. We therefore have the following commutative diagram of schemes, for all

T E Z/{l.‘
—— CXT/A"—l

C,
l l (4.1.5)
X

s X

Proof. The fact that (4.1.2) is an isomorphism for 7 € U; follows from Proposition 4.1.1 and
Theorem 4.1.4. The restriction of (4.1.2) to the zero-graded piece is just the isomorphism

(4.1.1), so we get the above diagram of schemes by taking Spec(—). O]

4.1.2 Passage to a cover

In general, the irreducible components of C' are not in bijection with the irreducible com-
ponents of the fibers O associated to the projection C — X — A!. However, the next
proposition shows that this property becomes true in an open subset after passing to a suit-
able branched cover of A, and that the fibers can moreover be assumed to have generically
constant multiplicity and dimension. These facts are well-known in algebraic geometry, but

we provide a detailed argument for completeness.

Proposition 4.1.6. There exists an open set U C A and a finite étale cover ¥ : U — U
such that the following holds: if we let Q, ..., Q% be the irreducible components of Cy, then
for all p € U, the irreducible components of C, are precisely Q;,...,Qg. Moreover, the

multiplicity and dimension of the Q; is independent of p € U.

The proof is an immediate consequence of the next three lemmas. Before stating these

lemmas, it will be useful to make the following remark.

Remark 4.1.7. If p : U — U is a finite étale map between smooth C-schemes of dimension 1,

then given an open subset U’ C U, the map p restricts to an étale map ply : p~H(U') — U'.
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If V C U is an open subset, then after taking a possibly smaller open V' C V C U, we can
assume that p restricts to an étale map onto its image. Indeed, observe that U -V is closed.
Hence p(Ud — V) is closed (since finite morphisms are closed) and p~' (p(Ud — V)) is also closed.
We can then set V' =U — p~(p(U — V).

Lemma 4.1.8. There exists an open set U C A' and a finite étale cover ¢ : U — U such

that the irreducible components of the generic fiber of Cy; — U are geometrically irreducible.

Proof. Let n € A! be the generic point and note that k() ~ C(z). By applying [TSPA18,
Tag 054R], there is a finite extension K/k(n) such that Ck is geometrically irreducible over
K. Observe that K has transcendence degree one over C. Hence, according to [TSPA18, Tag
0BY1], this extension is induced by a dominant rational map f : ¥ — Al where X is an
algebraic curve over C. By the theorem on generic smoothness on the target [Vak, 25.3.3]
(and the fact that f is dominant), there is an open U C A! such that f|;-1 is smooth.
Since f is evidently of relative dimension zero, f|;-1¢ is étale. The lemma follows with

U:= f(U) and ¢ := f. O

Lemma 4.1.9. Let Cy; — U be as in Lemma 4.1.8. After possibly shrinking U (cf. Theo-
rem 4.1.7), we can assume that the following holds: if we let Q', ..., Q% be the irreducible

components of Cy, then for all p € U, the irreducible components of C, are precisely

L,

Proof. Let C),...,C% be the irreducible components of the generic fiber Cx. For 1 <
i < g, let C" be the smallest closed irreducible subscheme of Cj; whose generic fiber is
Ci.. According to [TSPA18, Tag 054Y], we can assume after possibly shrinking ¢ that the
irreducible components of the fiber C), for any p € U are precisely {C]’;j }iiy where 1 <i < gq.
It now follows from Lemma 4.1.8 and [TSPA18, Tag 0559] (geometric irreducibility spreads
out) that n; = 1 for all 7. This completes the proof. (Note that geometric irreducibility plays
a crucial role, since the analog of [TSPA18, Tag 0559] is false for irreducible schemes which

are not geometrically irreducible). O
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Lemma 4.1.10. Let Cj; — U satisfy the conditions of Lemma 4.1.8 and Lemma 4.1.9.
After possibly shrinking U, we can assume that the multiplicity and dimension of the Q; 18

independent of p € U.

Proof. Lemma 4.1.9 gives a bijection between the irreducible components of the generic fiber
Ck and the irreducible components of the fibers C,, for p € U. The present lemma is simply
a consequence of the fact that both dimension and multiplicity “spread out”; that is, after
possibly further shrinking U/, we can assume that the bijection constructed in Lemma 4.1.9
preserves dimension and multiplicity. The relevant reference for dimension is [TSPA18, Tag
02FZ]; for multiplicity, one can apply [Gro64, 111, 9.8.6] to the structure sheaf of C. Note
that the notion of geometric multiplicity in [Gro64, III, 9.8.6] agrees with our notion of

multiplicity since we are in characteristic zero; see [Gro64, 11, 4.7.5]. O
Proof of Proposition 4.1.6. Combine Lemma 4.1.9 and Lemma 4.1.10. O]

Note that the image of each @' under the map Cyj; — Xj; is irreducible (since the image
of an irreducible set under a continuous map is irreducible). It is also closed: this follows by
combining [Ful98, B.5.3.] and the fact that ) : i — U is an étale cover. We let V? be the
image of C" and conclude that V* is an irreducible subvariety of X,; when endowed with the
canonical reduced closed subscheme structure. Observe also that the fibers Vpi are irreducible

for p € Y. Indeed, the Q}, are irreducible, so this follows from the fact that V! = 7(Q}).

4.1.3 Stratification theory

All stratifications which we consider in this section will be assumed to be w-stratifications in
the sense of Definition 2.2.1. In particular, this implies that our stratifications are Whitney

stratifications and that the strata are smooth, connected, locally closed subvarieties.

Definition 4.1.11 (cf. (3.2) in [Ver76]). Given a morphism f : X — Y of complex algebraic
varieties and a stratification S of X, we say that f is transverse to S if f restricts to a smooth

morphism on each stratum.
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As observed in [Ver76, (3.6)], if f: X — Y is transverse to a stratification S, then given

any y € Y, the fiber f~(y) inherits a stratification by restriction of the strata.

It will be convenient to record the following lemma, whose proof is a routine verification.

Lemma 4.1.12. Suppose that V' C V is a (locally closed) subvariety of V. Suppose that S
is a stratification of V' such that V' is a union of strata. Then S|y is a stratification of V'

(in particular, S also satisfies the azioms of Definition 2.2.1).

We consider 7 : X;; — U satisfying the properties of Proposition 4.1.6.

Proposition 4.1.13. After possibly replacing U with a smaller open Uy C U (cf. Theo-

rem 4.1.7), we can assume that X;; admits a stratification S with the following properties:

(i) The stratification S is transverse to 7.
(ii) The subvarieties X}, V', ...,V of X;; are a union of strata.

(iii) For each x € U, there exists a ball B, C U such that #~(B,) is homeomorphic
to X, X B,. Moreover, this homeomorphism is compatible with the projection and

preserves the natural product stratification.

Proof. For ease of notation, we write f =7 : X;; — U. We will argue exactly as in the proof
of Proposition 5.1 in [Ver76]. Applying the Nagata compactification theorem, we can factor
f: X5 = U as an open embedding i : X, — Xj; followed by a proper map f: X7 — U.
Given an open set V. C U, we write f|y or f|y for the restriction of f or f to f~*(V) or
T_l(V) respectively.

According to (2.2) in [Ver76], we can choose a Whitney stratification S of Xj; so that
X2, V1, .. V9 and X are a union of strata. Next, (3.3) in [Ver76] shows that one can find
an open V C U so that f is transverse on ?71(1)) to SN fﬁl(V). Finally, Verdier shows in
(4.14) of [Ver76] that there are trivializations of f|,, with the desired properties, i.e. which
are compatible with projection and preserve the stratifications. Since X; is a union of strata,

it follows that these also give local trivializations for f|y, as desired. n
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Since X, V',...,V* are each a union of strata (and since Vi= X7 NV is therefore

also a union of strata), we obtain the following corollary of (ii) and (iii):

Corollary 4.1.14. If we let 7° : XLQ{ — U be the composition ng — X;; — U, then (iii)
holds for Xg,fro,Wg in place of Xy, 7, X,. If, fori=1,...,v, we let @ : V' — U be the
composition V' < Xy; — U, then (iii) holds for V', 7", V! in place of Xy, 7, X,. Finally,
letting Vi := Xgl NV and letting 70 : Vi — Xy, — U be the obvious composition, then (i)
holds for f/i, 70, V; in place of X7, 7, X,.

4.1.4 Completion of the argument

We now have the ingredients in place to prove Theorem 1.1.11. For 7 € A!, it follows from

Beh09, Prop. 1.5(i)| that Vxo = Vx_|Xx0. Hence, we have
[ ) p T T T )
(X)) == x (XY, vxo) = X(X2, vx, |xo)- (4.1.6)

According to Theorem 4.1.5 and Proposition 4.1.6, up to replacing U; and U by a possibly
smaller open set Us C Uy NU, we can assume that for all 7 € ¢ and p € U satisfying ¢(p) = 7

there is a diagram

Cp T C; T CXT/Anfl

l l l (4.1.7)

X, — X, —— X,

We then have, by (2.2.2) and Proposition 4.1.6,
q .
pr = Eu (Z a&p)V;) s
i=1
where

ai(p) = (=1 @) mult(Q1) = (—1)T™ Vs mult(QY). (4.1.8)

We conclude that

XB(X2) =x (Xg, Eu() ai(p)VZ)‘Xg> : (4.1.9)

i=1
By appealing to the complex-analytic definition of the local Euler obstruction (see [Mac74,

Sec.3] or [JS12, p. 32]), we see that the local Euler obstruction of a cycle at some point x
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only depends on an analytic neighborhood of . Hence we have

Eu(d_ai(p)Vy)lxg = Eu(Y  ai(p)(Vy N X))
= Z a;(p) Eu(‘ofzf), (4.1.10)

{7ex}

where ¥ C {1,2...,q} and j € ¥ iff V7 ﬂXg = (), and where we let ‘O/;,j = VN X). Note
that the second line follows from the fact that Eu(—) is a homomorphism from the group of

algebraic cycles on XS to the group of constructible functions; see [Ful98, p. 376].
Next, it follows from [Beh09, 1.3(ii)] that
XX D) Bu(Vy) = D a;(p)x (X Eu(V))) = >~ a()x(V; Eu(V})).  (4.1.11)
jES jex jex
Proposition 4.1.15. After possibly replacing U with a smaller open subset Uy, we can

assume that the function p — a;(p) is constant for p € U foralli=1,...,q.

Proof. Noting that V! = 7(Q}) = 7(Q"),, it follows from [TSPA18, Tag 05F7] that dim V] is
constant on an open subset of . The result now follows by combining (4.1.8) and Proposition

4.1.6. U

We will also need the following lemma:

Lemma 4.1.16 (Lem. 1.1(3) in [PP95]). Assume that an irreducible variety Y is embedded
i C" and a nonsingular subvariety Z intersects a Whitney stratification of Y transversally.

Then Eu(Z NY)(x) = Eu(Y)(z) forallz € ZNY.

Proposition 4.1.17. After possibly replacmgl;{ with a smaller openUs C U, we may assume
that the function p X(‘O/If,Eu(\o/;)) is locally (and hence globally) constant for p € U and

i=1,...,v.

Proof. Tt follows from Proposition 4.1.13(ii) that V* is a union of strata of the stratification
S of Xj;. Lemma 4.1.12 then implies that the restriction of S to Vi is a stratification which

we call S, According to Proposition 4.1.13(i) and the comment following Definition 4.1.11,
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the fiber f/pi inherits a stratification from S¢ which we call S; Note that the strata of S; are

of the form S, for S € Si.

According to [Bra00, Prop. 2], the constructible function Eu(V?) is constant on each
stratum of S'. It follows that Eu(VpZ)] s is constant for any S’ € S;, If 8" =S, for some
stratum S € &', then Proposition 4.1.13(i) and Lemma 4.1.16 imply that Eu(\o/;)|s/ =

Eu(V?)|s is constant.

It now follows that

= > X(Sp) Eu(V)[s. (4.1.12)

According to Theorem 4.1.14, the topological Euler characteristic of the fiber x(.S,) is
independent of p € U, for S € Si. Tt follows that (4.1.12) is independent of p € U, which is

what we wanted to show. O

Proof of Theorem 1.1.11. By combining (4.1.9), (4.1.10) and (4.1.11), we find that

XB(X7) =D a;(p)x(V{, Eu(1)). (4.1.13)

jJEE
Setting V = U, it follows from Proposition 4.1.15 and Proposition 4.1.17 that this expression

is constant for p € V. O

4.1.5 Proof of Theorem 1.1.8

Fix a presentation I' = (g1,...,gm | 71,-..,7). As explained for example in [CM, Sec. 2.1],

g1 g1 g1 g1 gm gm am ‘
11> X125 T21, X225 - - - s L11 , L12 , X1, X

one can associate to this presentation a C-algebra A(T") with generators x
whose spectrum is the representation scheme Z(I'). The group scheme SL, acts on Z(I")
by conjugation. Letting R be the ring of functions of SLs, this action is induced by a
map 4 : A(I') = A(') ® R. The ring of invariants is A(T")%"2 is the character scheme is

Spec A(T)5=,
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Note that A(I')52 is a finitely-generated C-algebra, so we can fix a generating set

Xi,..., X, and we can moreover assume that X; = 2] + 235. The surjective ring map
Clzy, ...,z — A()52 sending x; — X; induces an isomorphism
Clzy, ..., zn)/T — A2, (4.1.14)

where [ is the kernel of the surjection. This gives an embedding of schemes
2 (T) — A"
There is also an open embedding 2;,..(I') <— 27('); see [AM20, p. 7]. After composing with

the projection A" — Al sending (z1,...,z,) — 21, we get a morphism 2 (T') — Al.

According to Theorem 1.1.11 applied to Z5..(I'") € 2 (") C A", there is a Zariski open
V C Al such that x5(Zi(T');) is constant over all 7 € V. To complete the proof of Theorem

1.1.8, it follows from (2.2.5) that it is enough to prove that Z2;..(I'), = Z;7.(T") for all but

irr

finitely many 7 € A'. This is the content of the following proposition.
Proposition 4.1.18. (i) Z(T'), = Z7(T') for all but finitely many values of T € Al

(ii) %W(F)T = %:r

(T') for all but finitely many values of T € Al.

Proof of (i). For 7 € A', let hy = 2} + 255 — t. Thus h, is the image of #; — 7 under the

isomorphism Clzy,...,z,]/I — A(T)5 described above. Consider the surjective map
A2 = (A(D)/hrA(D)) 2 = A(D)>H /(R A(D))P2,
which induces the quotient map

A2 /(h A(T)52) — A2/ (R A(T))5"2. (4.1.15)

We wish to show that the morphism in (4.1.15) is injective for all but finitely many

7 € Al. We closely follow the proof of [CM, Prop. 5.3]. To this end, observe that it is
enough to establish the following containment:

(h A(T))™2 C h, A(T)"2, (4.1.16)
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Let R be the coordinate ring of the group scheme SLy. Let pu : A(T) — AT) ® R
be the C-algebra morphism inducing the SLy-action on Z(I') = Spec A(I"). By definition,
f € A(T)S2 if and only if u(f) = f® 1.

Suppose for contradiction that (4.1.16) is false for infinitely many values of 7. Then there

exists g € A(T') such that h,g € (h, A(T"))%2 but g ¢ A(T')5"2. Hence

0 = p(hrg) — p(hr)p(g) = (hrg @ 1) — (hr @ Dpu(g) = (h, @ 1)(g @ 1 — p(g)).  (4.1.17)

Since g ¢ A(T")5%2, we have that g®1— pu(g) # 0 which implies that (h, ®1) is a zero-divisor
in the ring A(I') ® R.

Since A(I') ® R is Noetherian, it has finitely many associated prime ideals. Moreover,
it is a general fact that every zero-divisor must be contained in one of these ideals; see
[Vak, (5.5.10)]. By combining this fact with the previous paragraph, it follows that we can
find s, s’ € A with s # s’ such that (h,®1) and (hy ®1) are contained in the same associated
prime ideal. However, observe that (hs ® 1) — (hy ® 1) = (hs —hgy ® 1) = (§ —s® 1) =
(s" —s)(1 ®1). This is a contradiction since (s’ — s)(1 ® 1) is a unit. O

Proof of (i1). The argument is similar to the proof of [CM, Prop. 5.5]. It follows from (i) that,

for all but finitely many values of 7 € A!, the composition Z;7.(T') — 27 (T) = Z'(T), is
an open embedding. On the other hand, Z,..(I'), C 2 (I'), is also an open embedding. It’s
clear that both open embeddings have the same closed points (corresponding to irreducible
representations p such that Tr(p(g)) = 7). Hence the claim follows from the fact that any

two open subschemes which have the same closed points coincide. ]

4.2 Additivity of (sheaf-theoretic) SL(2,C) Casson-Lin invariant

The goal of this section is to prove Theorem 1.1.10, which states that the SL(2, C) Casson-Lin

invariant xcr(K) is additive under connected sums of knots in integral homology 3-spheres.
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4.2.1 The structure of the character variety

Following [AM20, p. 5], we will partition the SL(2, C) representations of a finitely-presented
group I' into five classes. Let B C SL(2,C) be the Borel subgroup of upper-triangular

1 a
matrices and let Bp C B be the subgroup of matrices of the form + for a € C. Let
0 1

D c SL(2,C) be the group of diagonal matrices. Every representation I' — SL(2,C) is of

exactly one of the following types:

(a) The irreducible representations. These representations have trivial stabilizer.
(b) Representations which are conjugate to one in B but not in Bp or in D.

(c) Representations which are conjugate to one in Bp but not in {4 1d}.

(d) Representations which are conjugate to one in D but not in {+£Id}.

(e) Representations with image in {#1d}.

We say that representations of types (b)-(e) are reducible and that representations of

types (d) and (e) are abelian.

Let us now specialize to the case where I' = 7 (K) for K C Y a knot in an inte-
gral homology 3-sphere. We fix 7 € C — {42} and consider the relative character variety
X7(K). The points of X7(K) correspond to irreducible representations p : I' — SL(2,C)

with Tr(p(m)) = 7 for m € I" a meridian.

It will be useful to introduce the following terminology.
Definition 4.2.1. Let K C Y be as above. Let G(K) C C be the set of values 7 € C—{+2}
with the property that 7 # e*/? 4 ¢~*/2 whenever e is a root of the Alexander polynomial

of K, where @« € C. We say that representation p : m (Y — K) — SL(2,C) is good if
Trp(m) € G(K) for m € m(Y — K) a meridian.

It is a remarkable fact first observed by de Rham (see [CCGT94, Sec. 6.1]) that a good

representation is reducible if and only if it is abelian.
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Lemma 4.2.2. Let K C Y be as above and suppose that 7 € G(K) C C — {£2}. Then
there is a (scheme-theoretic) decomposition Z7(K) = Z5,(K) U %], (K) where Z7,(K) is

wrr

the image of Z7(Z) under the abelianization map m (Y — K) — H{(Y — K;7Z) ~ Z.

Proof. The surjective map m (Y — K) — Hi(Y — K;Z) ~ Z induces a closed embedding of
relative representation schemes ¢™ : Z7(Z) — %7 (K). Let C™ C #Z7(K) be the union of all
irreducible components of Z7(K) which contain a non-abelian representation. Since im ¢”

and C7 are closed and cover Z7(K), it’s enough to show that they have empty intersection.

Suppose for contradiction that there is an abelian representation p € C7. Then p belongs
to an irreducible component C] C C7 which contains an non-abelian representation. Since
all representations in Z7(K) are good, CJ contains an irreducible representation p’. Let
7 Z(K) - 27(K) be the natural projection map and note that the closure 7(CJ) is
irreducible. It follows that there is an irreducible component Dy C 27 (K) which contains
7T(—C’g), and hence contains both p and p/. But this impossible in view of [CCGT94, Prop.
6.2], which states that if an abelian representation lies on a component of the character

variety which also contains an irreducible representation, then this abelian representation is

bad.

We have shown that Z7(K) = Z7,(K)UCT, since both components are open and closed.
It’s clear that C7 = %]

7.(K) since both open subschemes have the same closed points.

Finally, the fact that the closed embedding Z7(Z) — %7, is an isomorphism (i.e. also an
open embedding) is straightforward; cf. [CM, Prop. 7.6]. H

The connected sum operation for knots is described in detail in [CM, Sec. 7.1], and it

will be useful to review this description in order to set our notation.

Let K1 C Yy and K, C Y, be oriented knots in integral homology 3-spheres. Let B, C Y3
and B, C Y, be small closed balls with the property that B; — K; is diffeomorphic to
{(z,y,2) | I(z,y,2)|| < 1,(x,y,2) # (£,0,0)} for i = 1,2. Let B; C B; be the (open)
interior. Let C; := (Y} — B;) and let ¢ : C; — Cy be an orientation reversing diffeomorphism

which sends {C) N K;} — {Cy N K} and preserves the orientation on the sets {C; N K}

induced by the orientation of K;.
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Definition 4.2.3. Let Y = Y #Y5 := Y, Uy Y5 be obtained by gluing Y7 — B, to Y, — B; via
¢ and let K = K 1# Ky := (K1 — B;) Uy (Ks — B;) be the induced knot. We say that K C Y
is the connected sum of K; and K5. While this construction appears to depend on choices,

it can be shown that K C Y is well-defined up to equivalence of knots.

For the remainder of this section, we assume that K; C Y; are fixed and let K = K1 #K>.

By van Kampen’s theorem, we have

’/Tl(Y - K) = ’/Tl(Yi - Kl — Bl) *7r1(52—p1—p2) 7T1<}/2 — KQ — Bg) (421)

= 7T1<Y1 - Kl) *11(S2—p1—p2) Wl(}/? - K2)

Here, we have identified (Y} — By) = 9(Yz — Bs) = (S* — p — q) via ¢, for p,q a pair
of distinct points on S2. We can assume that the above fundamental groups are computed

with respect to some reference basepoint € S? —p — g.

Since the class of the meridian generates 71(S? — p — ¢), we find that the representations
of m (Y — K) are pairs of representations (p1, p2) € Z7(m1 (Y1 — K1) x Z7 (7m1(Ys — K3)) such
that p; and py agree on the meridian. In fact, by combining Lemma 4.2.2 and (4.2.1), we

get the following fiber product presentation for the relative representation scheme:

A (K) = (Hap(K1) U X,

wmrr

(K1) Xgr(z) (Zop(K2) U Z;,,(K2))
= (Zay (K1) X @) Zi(K2)) U (%7, (K1) Xr(z) By (K2)) (42.2)

a

U (2,(K1) X g7 (z) X (K2)) U (2],

rr irr

(K1) X (z) Zfhn(K3)) -

rr

Lemma 4.2.4. Suppose that 7 € G(K;) NG(Ky) C C— {+2}. Then the open subscheme of

wrreducibles X7

wmrr

(K) C Z"(K) consists precisely of the union of the second, third and fourth

components in the above decomposition.

Proof. 1t’s clear that the second, third and fourth components consist of irreducible rep-
resentations. Hence we only need to show that the first component does not contain an
irreducible representations. Equivalently, we need to argue that an irreducible representa-
tion of K cannot restrict to an abelian representation on both K; and K,. This property

was proved in [CM, Prop. 7.3]. O
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Following [CM, Def. 7.4], we introduce the following definition:

Definition 4.2.5. Let K = K # K, be as above. An irreducible representation p : m (Y —
K) — SL(2,C) is said to be of Type I if it restricts to an irreducible representation on K;
and to an abelian representation on K; for ¢, 5 € {1,2}, i # j. An irreducible representation
is said to be of Type II if it restricts to an irreducible representation on both factors. We also
(K) or 237,

refer to a connected component of %], (K) as being of Type I or Type II if its

rr
closed points are all of Type I or Type II respectively. So for instance, in the decomposition

(4.2.2), the second and third terms are of Type I and the fourth term is of Type II.

The Type I locus of 27(K) admits the following description:

Lemma 4.2.6. The image of the Type I locus (%,, (K1) X s (z) B (K2) ) U( 25 (K1) X (2) X (K2))

under the projection map ™ : Z7(K) — Z7(K) is isomorphic to the disjoint union of
é%?f (}(1) and é%?T (}(é).

irr irr

Proof. We only show that the image of %, (K1) X4+ (z) %5,

wmrr

(K3) is isomorphic to 2]

irr (12)
since the other case is analogous. According to Lemma 4.2.2 and (4.2.1), the map Z7(Z) —
AT, (K,) is induced by the composition m(S* —p—q) = m (Y1 — K;) > Hi(Y1—K;Z) ~ Z,
which is an isomorphism. The desired claim now reduces to a straightforward algebraic fact:
let A, B, B’ be C-algebras and suppose that SL(2,C) acts on the underlying vector spaces.
Given a morphism B — A and an isomorphism B — B’ which both commute with the
SL(2,C) action, there is an induced action of SL(2,C) on the tensor product A ®p B’ and

an isomorphism of invariant rings (A ®p B')SH2C) — ASLEO) O

4.2.2 A holomorphic C*-action

Let (3, p;, ¢, U;, U!) be a Heegaard splitting for ¥; — K;. Following [CM, Sec. 7.4], we can
construct a Heegaard splitting for Y — K = (Y1#Y2) — (K 1#K>) as follows. Let D, C X
and D, C X' be open balls around ¢y, p, having smooth boundary and closure diffeomorphic
to the unit disk. Fix a diffeomorphism ¢ : D, — D,, which extends smoothly to the
boundary. We let Uy#,Us and Uj#,US be obtained by gluing the handlebodies via . Let
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Y#Y be obtained by gluing ¥ — D, and ¥ — D,,. Observe that (D,,) =y (D,,) C E#X' is

a separating, simple closed curve which we call c.

The goal of this section is to establish the following proposition.

Proposition 4.2.7. For 7 € G(K;) NG(Ky) C C—{£2}, there exists a holomorphic action

of C* on an open subset U C 7.

(3) such that the Lagrangians Ly and Ly are contained in
U and preserved by the action. The induced action on the Type Il locus of Z;7.(K) = LoN Ly

1s free.

The action which we will exhibit was already considered in [CM, Sec. 7.4], but it will be

useful to give a more detailed construction following [Gol04].

4.2.2.1 A holomorphic action of (C,+)

We assume throughout this section that 7 € G(K;) N G(K3) C C — {£2}. We begin with

the following lemma.

Lemma 4.2.8. There ezists a holomorphic, SL(2, C)-equivariant action of the additive group
(C,+) on %;,.(X), which therefore induces a holomorphic action on Z;.(X).

wrr

Proof. From van Kampen’s theorem, we have the following description of 7 (X):

WI(E - {P1,Q2}) = 7T1(21 - {p1,Q1}) *m1(8Dg, ) 771<22 - {p2,CI2})-
We fix an isomorphism Z = m(90D,,) be sending 1 — c. For i = 1,2, we let ¢; : Z —
(33; — {ps, ¢;}) be the maps inducing above pushout diagram.

Identifying ¢ with its image under ¢;, note that c¢ is a meridian for K;. The points of

X" (X)) can therefore be viewed as pairs (py, p2) € Z7(31) X Z7(X2) such that p;(c) = pa(c).

Let F: SL(2,C) — sl(2,C) be the projection onto the trace-free part. That is, F'(A) =
A — Ltr(A)I for A € SL(2,C). The additive group (C,+) acts on £7 () by

tx (p1, p2) = (exp(tF (p1([p1]))) pr exp(—tF (p1([]))); p2) -
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This action is evidently holomorphic. It is well-defined on Z7(X) due to the fact that
exp(tF(p1(c)) € Stab(pi(c)) for all t € C.

We claim that the action also restricts to Z],,.(X). To prove this, it suffices to check that
it sends reducibles to reducibles. If (py, p2) is reducible, then let 0 # v € C? be a generator of
the line preserved by this representation, i.e. v is an eigenvector of every matrix in the image.

In particular, it is an eigenvector of p;(¢), which means it is an eigenvector of exp(tF'(p1(c))).

Thus, the line is also preserved by the representation exp(tF(p1(c)))p1 exp(—tF(p1(c))).

The SL(2, C)-equivariance of the action follows from the conjugation equivariance of exp
and the projection F. It follows from the equivariance of the action that it passes to the

quotient Z;7 (3). O

4.2.2.2 The induced C* action

Given a representation p € Z7..(X), the function ((p) := det F\(p(c)) is clearly algebraic and

wrr

invariant under conjugation. It therefore defines a function on %7

irr

(3) (i.e. an element of
the ring of functions of this scheme).

It’s straightforward to check that ((p) € C* due to our assumption that 7 # +2. We can
therefore choose a ball B. C C* centered at ((p) € C* and let U := (~'(B,) C Z;7.(X). We

also choose a square root on B, C C* which will be fixed for the remainder of this section.

Observe that the (C,+) action described in the previous section preserves U C 2.7 (3).

Let us now analyze the stabilizer of its restriction to U.

Lemma 4.2.9. Given [p] € U, the stabilizer of [p] under the (C,+) action contains (7 /+/¢(p))Z.
If p=(p1,p2) € Z7(X1) X Z™(X3) and py, p2 are both irreducible, then the stabilizer is exactly

(m//<(p)) 2.

Proof. By direct computation, one checks that exp(tF(p(c))) = £1d if and only if ¢ €

(m/\/¢(p)Z.

As we noted at the beginning of Section 4.2.1, the irreducibility of p; and ps implies

that their stabilizer under the conjugation action of SL(2,C) is £1d. Suppose now that
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t* [(p1,p2)] = [t*(p1,p2)] = [(p1,p2)]. It follows by irreducibility of py that ¢ * (p1, p2) =
(p1, p2). This then implies, by irreducibility of p1, that ¢ € (7/+1/((p))Z. O

Corollary 4.2.10. The restriction of the (C,+) action to U induces a holomorphic C*

action.
Proof. Given A € C*, define

1
A-lpl = Q—C(p)logo\) * [p)].

It follows from the previous lemma that this action is well-defined (i.e. independent of the

choice of logarithm). O

Proof of Proposition 4.2.7. We will treat the case of Ly as the other one is analogous. If
p € L;, then Tr p(c) = T because ¢ is a meridian of K. It follows that p € U. To see that the
action preserves L, observe that a representation p € Ly can be viewed as a pair p = (p1, p2)
where p; € Z7(U;) and pi(c) = pa(c). Evidently, for t x (p1, p2) is of the same form for t € C
so the claim follows. Finally, the fact that the action is free on the Type II locus of Z;7.(K)

irr

is an immediate consequence of Lemma 4.2.9. O

Let us now consider the inclusion Z/n < C* sending [k] + e*™*/" Tt follows from
Proposition 4.2.7 that the C* action we have described is free on the Type II locus. It

follows that the induced Z/n action is free.

Corollary 4.2.11. The Euler characteristic of the Type II locus, weighted by the Behrend

function, s zero.

Proof. Let us write Xy C 2,7 (K1#K5) for the Type II locus. By definition we have
x5(Xu) =3,,cz mx (v~ (m)). According to [JS12, Prop. 4.2], the Behrend function depends
only on the complex-analytic structure and is in particular preserved under isomorphisms
of complex-analytic spaces. Hence, the Z/n-action preserves the sets Xy(m) := v=*(m); in

particular, Z/n acts on each Xyi(m).
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The Z/n action on Xjj(m) is evidently free and properly discontinuous. Hence the quo-
tient projection Xy(m) — Xp(m)/(Z/n) is a covering map. Note that Xi(m) = v=1(m) is
a pre-stratified subset of C", in the sense of [Mat70]. It follows by the main result of [Gor7§]
that Xy (m) admits a triangulation of dimension at most n. Hence Xyj(m) is naturally a
countable, locally finite CW complex. It then follows by an argument due to Belegradek
[IB] that the quotient Xy(m)/(Z/n) is homotopy-equivalent to a CW complex. Hence by
[McCO1, Sec. 5.1], we have a Serre spectral sequence for homology associated to the fibration
(Z/n) — Xu(m) — Xu(m)/(Z/n). It follows from the existence of this spectral sequence
that x(Xy(m)) is divisible by x(Z/n) = n for every n. Hence x(Xu(m)) = 0. Hence
x5(Xm) =0. O

We now have the necessary tools to prove Theorem 1.1.10.

Proof of Theorem 1.1.10. We can assume that 7 € G(K;) NG(K,) C C — {£2}. Note that
the quotient map Z7(K) — 2 7(K) preserves the decomposition (4.2.2). It now follows

from Lemma 4.2.4 that we have a scheme theoretic decomposition

-

(K)= 27

irr

(K1) U Z;T

irr

(Ks) U X1

It follows from the definition of y g(—) that it is additive under disjoint unions of schemes.

Hence
XB( 2o (K)) = xB(Z5, (K1) + xB(Z3,(K2)) + x5(Xu) = x5(Zi, (K1) + x5(257,(K2),

where we have used Theorem 4.2.11. The desired conclusion now follows from (2.2.5). O

4.3 The SL(2,C)-Floer homology of a knot in families

In this section, we prove that the 7-weighted sheaf-theoretic Floer homology groups HP(—)
constructed for 7 € (—2,2) in [CM] can in fact be defined for all 7 € C—{£2}. As discussed
in the introduction, the statement of Theorem 1.1.8 implicitly relies on this fact. As another

application, we observe that the groups HP:(K) are canonically the stalks of a constructible
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sheaf F(K) € Db(C — {£2}) for a wide class of knots K C Y. We describe F(K) explicitly
when K C S is the figure-eight knot.

4.3.1 Overview of the argument

Given data K C Y and a choice of Heegaard splitting (3, Uy, Uy) for the knot exterior Fy as
in Section 2.2.3, the construction of P} ; in [CM, Sec. 3] works for all 7 € C—{£2}. (When
T = %2, the arguments used to show that the Heegaard splitting gives smooth symplectic
manifolds and smooth Lagrangians break down; see for instance Propositions 3.3 and 3.4 in
[CM].) The only place where one uses the assumption that 7 € (—2,2) is in proving that
P}, 1, is independent of choice of Heegaard splitting. This is done in [CM, Prop. 3.9], where
one crucially needs the fact that X7 (¥) is connected and simply-connected if ¥ has genus
at least 6. This fact is established in the appendix of [CM] by exploiting a correspondence

between character varieties of punctured surfaces and appropriate moduli spaces of parabolic

Higgs bundles, whose topology is easier to analyze.

Most of this section is devoted to proving that X7 () is connected and simply-connected
for all 7 € C under the same assumption that 3 has genus at least 6. This is the content of
Proposition 4.3.6. As explained above, it then follows immediately from the arguments in

[CM] that the perverse sheaf P?*(K) is well-defined for all 7 € C — {£2}; see Theorem 4.3.7.

The proof begins with the observation that the varieties X7 (X) are the fibers of the
projection map X;..(3) — C described in Section 2.2.3 which takes a representation to
the trace of its holonomy along the boundary circles. It was already proved in [CM] that
X7, (¥) is connected and simply-connected for 7 € (—2,2). The key step is then to appeal
to a theorem of Verdier (Theorem 4.3.2) which implies that all but finitely many fibers
are homeomorphic. It particular, all but finitely many fibers are connected and simply-

connected.

The conclusion can be extended to the remaining finitely many fibers by essentially re-
peating the arguments of the appendix of [CM] in a slightly more general setting. Specifically,

one exploits the correspondence between X7 (X) and the moduli space of so-called K(D)-
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pairs, which are a slight generalization of the parabolic Higgs bundles considered in [CM].
These moduli spaces depend on a choice of “weight data”, which determine the stability
conditions but do not affect the underlying bundles. One then shows by varying the weights
that each fiber is homeomorphic to infinitely many other ones, and the conclusion follows.
(For a few special cases, one needs to be more careful, as one only gets a homeomorphism

in the complement of a set of large codimension. This sort of phenomenon also occurred in

[CM].)

4.3.2 Application of a Theorem of Verdier

Let S be a compact and Riemann surface with empty boundary of genus g > 2 and let
p,q € S be a pair of distinct points. Let ¥ := 8 —p — ¢. Let ¢, and ¢, be loops around p

and q respectively, with respect to some arbitrary fixed basepoint.

We choose a presentation
m(X) ={a1,..., a4, b1,...,by,¢1,¢2 | H[ai, bi|cice = 1d}.

Let Z(¥) be the representation scheme of S. Using the above presentation for m(X),
the ring of functions of Z(X) can be constructed as follows (see [CM, Sec. 2.1]): start with
the polynomial ring in 2g + 2 variables

then mod out by the relations {x§;2$; — 25,29, = 1} where « ranges over the generators of
m(2). Finally, mod out by an additional polynomial coming from the relation [ [,]a;, bi]cica =

Id.

Let A be the resulting ring. The complex algebraic group SLs acts by conjugation. Let

us call the ring of invariants A%.

Using the fact that SLy is linearly reductive, the coordinate ring of 2 7(X) is exactly
A/ (@} +a%h — 72 + 2By — 1) = A9/ (@} + 2y — 725 + 2% — (2 + 2))
= A%/ (2%} + a5y — (a7 + 253)) Rcp) Clal/(x - 7),
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where the tensor product is formed via the map Cl[z] — A sending x +— z{} + x5}.

On the other hand, using again the fact that SLs is linearly reductive, the ring A% /(27 +

xgh — (273 + x53)) is the ring of invariants of A/(x{} + x5, — (272 + x53)). Let
W = Spec (A/(af} + a5 — (] +233))) -

There is an open locus W;,,. C W corresponding to irreducible representations.

Lemma 4.3.1. We have Z;7.(S) = Wipp X1 {7} := (Wipr) -

Proof. As demonstrated above, the coordinate rings of 27 (S) and W x 1 {7} are identical,
so they are the same scheme. The irreducible representations in either scheme are precisely
those that are irreducible as representations of m1(S). That is, Wy, = W N Z5,..(S). Taking
fibers over 7, we find that (W), = W, N 25 (S) = Z7(S) N 2 (S) = Z;7.(S). O

We will need the following result of Verdier.

Theorem 4.3.2 ([Ver76], Cor. 5.1). Let X,Y be complex algebraic varieties (separated and
of finite type). Let f : X — Y be a morphism. Then there is a dense Zariski open set
U CY such that fly := f~Y(U) — U is a locally trivial topological fibration (in the analytic

topology).

We are led to the following corollary.

Corollary 4.3.3. There is a Zariski open set V C Al such that X7 (S) is connected simply-

wrr

connected, and of dimension 6g — 2 for all T € V.

Proof. Since W, is an open subset of a finitely-generated complex algebraic variety, it is
separated and of finite type. So the theorem implies that it is a locally trivial topological

fibration over some Zariski open subset V C C.

It was shown in [CM, Appendix I] that X7 (S) is connected, simply-connected and of

wmrr

dimension 6g — 2 for all 7 € (—2,2). Since (—2,2) NV must be nonempty, it follows by
Theorem 4.3.2 that X (S) is connected and simply-connected for all 7 € U C C. O

wmrr
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4.3.3 Moduli spaces of K(D)-pairs

We will now upgrade Theorem 4.3.3 by proving that X7 (¥) is in fact connected and simply-
connected for all 7 € C — {£2}. The argument makes use of a diffeomorphism between
X7 (3) and certain moduli spaces of so-called K (D)-pairs, which are a modest generalization
of Higgs bundles.

We note that Theorem 4.3.3 already allows us to make sense of HP}(—) for generic T,
which is all that one needs for the purpose of Theorem 1.1.8 and Theorem 1.1.10. However,

we have chosen to include this section for completeness and in view of the possibility of

studying HP?(—) in families that was alluded to in the introduction.

Throughout this section, we need to appeal to the general theory of parabolic vector
bundles and Higgs bundles. The relevant definitions are introduced in Section 8.1 of [CM]
and we have chosen not to repeat them here for the sake of concision. We now introduce a
class of objects which are very similar to Higgs bundles and were not considered in [CM]. A
good reference for these is [Mon16] (but the reader should be warned that the objects which

we refer to as K (D)-pairs are just called “parabolic Higgs bundles” in [Mon16]).

Definition 4.3.4 (cf. Sec. 8.2 of [CM]). Fix a Riemann surface S and let D = p; +--- +
pn for some collection of n distinct points. A K(D)-pair on (S, D) is the data of a pair
(E,, @) consisting of a parabolic vector bundle F, and a (not necessarily strongly) parabolic
morphism ¢ : F, — FE, ® K(D), where K is the canonical bundle. The morphism ® is often
called a Higgs field. We usually denote K (D)-pairs by boldface letters E = (E,, ®).

We remind the reader that parabolic Higgs bundles are defined in the same way as K (D)-
pairs, except that one requires ® to be a strongly parabolic morphism; see [CM, Sec. 8.2]. In
fact many authors including [Mon16] refer to K (D)-pairs as parabolic Higgs bundles. There
are many other inconsistent conventions in this theory, so we remind the reader that we will

always follow the conventions of [CM, Sec. 8].

For the remainder of this section, we specialize to the case of a Riemann surface S and

a divisor D = p + ¢ for two distinct points p,q € S. Let w denote the data of weights
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0 < a(p) < axp) <1land 0 < ay(q) < as(q) < 1. Let ¢ denote the data of a pair of

matrices v, v, € 5l(2,C).

We consider the moduli space wHiggs®*(S,w, 2, Og,¢) which parametrizes isomorphism

classes of stable K (D)-pairs (E,, ®) satisfying the following conditions:

o (E,, ®) has rank 2,

Res, ® = v, and Res, ® = v,

the weights are given by w,
e det(E,) ~ Og,

o ITrd =0.

We define wHiggs* (S, w, 2, Og, ¢) analogously, though we warn the reader that this is
not in general a fine moduli space. We remark that the notation wHiggs(—) is intended to
be compatible with the notation of [CM, Sec. 8.2] and [Mon16]. The prefix “w” stands for
“weak” and reflects the fact that the Higgs field of a K (D)-pairs satisfies a weaker condition

than for an ordinary Higgs bundle.

For a € (0,1/2), it will be convenient to let w(a) denote the data of weights 0 <
a<l—a<latpandgq Ifa=0 welet wla) = w(0) denote the weights 0 =
ar1(p) = as(p) = au(q) = as(q). If @ = 1/2, we let w(a) = w(1/2) denote the weights
1/2 = au(p) = aa(p) = au(q) = aa(q). For t € [0,00) we let ¢(t) be the data of weights

v, = 14 having t as an eigenvalue.

For our purposes, the importance of K (D)-pairs is mainly due to the following theorem.

Theorem 4.3.5 (see Thm. 4.12 in [Mon16] and c.f. Thm. 8.4. in [CM]). For 7 € C, choose
0<a<1/2andt >0 so that T = Tr(diag(e'e*™*, e~ te 2™)) = ele®™™ 4 e~te™?™ Then

there is a real-analytic diffeomorphism

X7 .(2) ~ wHiggs’(S,w(a), 2, Os, ¢(t)).

rr
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In the proof of the next proposition, it will be convenient to view the choice weights as
an additional piece of data on a fixed K (D)-pair. From this perspective, when one changes
the weights, one does not change the underlying set of K (D)-pairs but one changes their

slopes; i.e. one changes the stability conditions.

Proposition 4.3.6. For all 7 € C, the relative character variety X],(X) is connected and

simply-connected.

Proof of Proposition 4.3.6. According to Theorem 4.3.3, the proposition is already proved
for all values of T contained in a (Zariski) open set ¥V C A! which contains the interval
(—2,2).

Fix 7 € C and choose (t,a) € Rxg x [0,1/2] so that efe?™® + ¢~te™?™ = 7. Observe
that there exists o € (0,1/2) so that 7/ = e'e®™ + e~te=2™" ¢ V. We now consider three
possibilities.

Case I. @ € (0,1/2). Given a K(D) pair (E,,®) of rank 2, parabolic degree 0 and
weights w(a), it’s not hard to check that the stability conditions are constant under varying

a € (0,1/2). We can therefore define a map
b : wHiges® (S, w(a), 2, Os, ¢(t)) — wHiggs®*(S,w(a’),2, Os, ¢(t))

by sending (E,, ®) to itself and replacing the weights (a, ) by (o, a’). Since this map is
evidently invertible, it is an isomorphism. We conclude that the left hand side is connected

and simply connected since the right hand side is.

Case II: « = 0. Fix z € ¥ — p — q. We define a map
%Uo : WnggSS(Sv UJ(O), 27 OSa C(t)) — WnggSs(Sv C.U(O.//), 27 OSa C(t))

by sending (E,, ®) — (E, ® O(—=z), ®) and replacing the weights (0,0) by (o, a).

This map is an embedding, but it fails to be surjective. Indeed, (E,, ®) may admit a
sub-bundle (E~,®7) of parabolic degree —1 + 2a < 0, having weights 0 < a < 1 at p,q.
Such a bundle is not in the image of 1)y, and one can easily check that these are the only

bundles which can fail to be in the image of .
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Let B = wHiggs*(S,w(a),2,Os, ¢(t)) —im(th). We just saw that B is contained in the
locus & of the moduli space which consists of extensions of K (D) pairs 0 - E- — E —
E* — 0 where E~ has parabolic degree —1 + 2a. Since wHiggs*(S,w(a), 2, Os,¢(t)) has
dimension 6g — 2 by Theorem 4.3.3, it follows that im(1)) also has this property whenever
dim(B) < 6g — 5.

The dimension of the space of extensions K (D) pairs can be computed as in [CM, Sec.
8.4], so we only sketch the details. Let £ be the space of extensions. Let X’ be the set of
pairs (E—,®7), (ET,®%) where E*, E~ have rank 1 and the underlying line bundles have
degree —1. There is a natural forgetful map £ — X and the dimension of £ is bounded

above by the sum of the dimension of X and of the fibers.

The dimension of X’ is computed in [BY96, p. 3] to be 2¢g + 1. The fiber over a fixed
pair (E—,®7), (ET,®") is the space of extensions of this pair. Since each pair has different
weights, this space is parametrized by the first homology group of an appropriate double
complex as in [CM, Prop. 8.12]. The dimension can be computed as in [CM, Sec. 8.4] and
one gets an upper bound of 4g+1 on the dimension of £. (This is essentially the same answer
as in [CM, Thm. 8.9], up to an additive constant which is independent of g). In particular,
our assumption that g > 6 implies that dim(B) < dim(€) < 6g — 5 as desired. (This is in
fact true once g > 4, but the requirement that g > 6 is needed in [CM, Prop. 3.14]).

Case III: @ = 1/2. We use the same map as in Case I. The map is an embedding, but

fails to be a surjective as in Case II. The problem occurs again with sub-bundle of parabolic

degree —1 + 2a, and the subsequent argument is then the same as in Case II. O

Corollary 4.3.7. Given a knot K in an oriented, closed 3-manifold Y, the perverse sheaf
P?(K) constructed in [CM)] is well-defined (i.e. independent of the choice of Heegaard split-
ting) for 7 € C — {£2}.

Proof. As explained in Section 4.3.1, the proof is entirely similar to the construction in

Section 3 of [CM]. O
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4.3.4 SL(2,C) Floer homology in families

As an consequence of Theorem 4.3.7, it makes sense to study the behavior of HP;(K) in
families for a given knot K C Y. As discussed in the introduction, one expects that these
groups should restrict to a local system on a Zariski open subset of the complex plane. This

expectation can already be verified for a wide class of knots considered in [CM].

More precisely, for a fixed 3-manifold Y, one considers [CM, Sec. 5.2] the class of all
knots K C Y whose character scheme 2 (K) is reduced and of dimension at most 1; see
Assumptions A.1 and A.2 in [CM, Sec. 5.2]. For Y = S3, this includes all two-bridge knots,
torus knots and many pretzel knots. Letting now 7 : 2°(K) — Al be the map taking a
representation onto its trace, it follows from the discussion in Section 5.3 of [CM] that there is
an open set U C A! such that 7 restricts to a smooth and proper morphism on the preimage
of U. (More precisely, one can take U is the set of points 7 € A! satisfying Assumptions

B.1-B.4, which is shown to be a cofinite set).

Letting X;,..(K), be the fiber of 7 € A under 7, there is then a canonical identification
HPI(K) = H* (X (K),); see [CM, Cor. 5.8]. It is well-known that the cohomology of a
smooth a proper map forms a local system on the base, so we conclude that there is a local
system Fi(K) € D*(U) with F(K), = HP:(K).

Let B(K) = C — {42} — U (a finite set) and define F,(K) € D*(E(K)) to be the unique
sheaf whose stalk at each point 7 € E(K) is HP:(K). We then find that

F(K) = jFi & i.F» € D'(C — {£2})

is a constructible sheaf whose stalks compute HP(K), where i : E(K) - Cand j: U — C

are the inclusion maps.

It would be interesting to construct F(K) systematically, and for all knots, as the push-
forward of a suitable sheaf on the character scheme Z2..(K) under the projection map

considered above.
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An example: the figure-eight

According to [Por], the character variety (which agrees with the character scheme) of the

figure-eight knot is

X)) ={(z.9) | y—2)(y* = (2* = L)y + 2> = 1) = 0}, (4.3.1)

where {(y —2) = 0} is the component of reducible representations and x is the trace of a

meridian.

Let F(4,) = {#£1,4+/5}. For 7 € C — E(4,), we have

27, (1) = X, (41) = {(r,y) | 42 — (P = Dy + (2 = 1) = 0} C C. (4.3.2)

For 6 € [0,27] and 0 < € < 1, let us consider the loop 7(f) = 1 + €. The points of

X7 (41) € C move around as 6 goes from 0 to 27 and can be computed by the quadratic

formula. Noting that 7(0)? — 1 = 2ee? + 2% ~ 2, we compute that the relevant roots

are approximately
—2ee” + \/4e2ei? — 8eetd

5 ~ —ee®? 4+ /2¢ic/?,

This implies that the points of X;&e)(41) C C get interchanged as 6 varies from 0 to 27.

It follows from the above discussion that the local system F(4;) € D*(C — {£1,+v/5}) has

fibers Z? concentrated in degree 0. Fixing a reference fiber, we have seen that the monodromy

0 1
around +1 is given by the matrix . By a similar argument, one can check that the

10

monodromy around {—1,4+/5} is given by the same matrix up to conjugacy.

4.4 Appendix

As explained in Section 2.2.4, there are many definitions in the literature of the Euler char-
acteristic weighted by a constructible function. The purpose of this appendix is to prove

that these definitions are all equivalent. This is the content of Theorem 4.4.8.
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4.4.1 A new convention

It will be convenient in this appendix to consider ordinary Whitney stratifications (which
we will call b-stratifications), rather than the more restrictive w-stratifications defined in
Definition 2.2.1 which we have mainly considered. The reader may note that we only defined
w-stratifications in the complex algebraic category (in particular, the strata were required to

be complex algebraic). In contrast, we will define b-stratifications in the smooth category.

Remark 4.4.1. Vedier’s condition w) also makes sense in the smooth category, so we could
also have defined w-stratifications in the smooth category in Definition 2.2.1. However, since
this appendix is the only place in which we want to consider non-algebraic stratifications, it
seemed more natural to include the requirement that the strata be algebraic as part of our

definition.

For convenience, we only consider b-stratifications of subsets of R™, for n > 1.

Definition 4.4.2 (see Sec. 1 in [Ver76]). Let (M’, M) be a pair of locally closed, smooth
submanifolds of R” for some n > 1 such that M N M’ = () and y € M N M’. We say that the
pair (M’, M) satisfies Whitney’s condition b) at y if the following holds: for any sequence
(Tn, yn) € M x M’ such that

e r, — yand y, — v,

e the sequence of lines p(z, — y,) has a limit L in P(R"),

e the sequence of tangent planes Ty, has a limit 7" in Grass(R"),
then we have L C T

We now state our notion of a b-stratification. We emphasize that this is not the most
general definition (for instance, could allow locally-finite strata), but it is sufficient for our

purposes.

Definition 4.4.3 (cf. (2.1) in [Ver76] and Sec. 1.2 in [GMS8S8]). A b-stratification of a
subset X C R" is a partition X = U} ,X;, where the X; C X are locally closed, smooth

submanifolds, which satisfies the following axioms:
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i) XinX; =0ifi#j.

(ii) If X;NX; # 0, then X; C X;. (One gets the same notion using the analytic or Zariski

topology.)

(iii) If X; C X, and 4 # j, then the pair (X}, X;) satisfies the condition b).

Recall that the w-stratifications introduced in Definition 2.2.1 are in particular b-stratifications.

4.4.2 Equality of Euler characteristics

Let X be a closed subset of R". Let X = U ,S; be a b-stratification which we call S.
We say that an arbitrary subset C' C X is S-constructible if C' = U;exS; for some subset
Y Cc{L,2,...,n}. Let D = D(C) = max;ex, dim(S;) and let d = d(C') = min;ex dim(S;). We
say that D — d is the length of C.

For j = d,d+1,...,D, let C; = Ugdim(s,)=;Sk- It follows from the second axiom of
Definition 4.4.3 that the subspace topology on C} coincides with the natural topology on C;

as a disjoint union of smooth manifolds Sj.

Definition 4.4.4 (see p. 41 in [GMS88]). Fix a point x in a b-stratified set X C R". Let
S denote some stratum and let 7" be a smooth submanifold which is transverse to every
stratum of X, which intersects S at x and nowhere else, and such that dim S + dim 7T = n.

Let By(z) := {z | ||z —z|| < 0} with the distance measured in the standard Euclidean metric.

For 0 < §d < 1, let N(z):=TnNXNBs(x)and let fk(zx) :== TN X NIBs(x). For § small
enough, the homeomorphism type of these spaces is independent of T',§, and of the choice
of x. Moreover, they are canonically b-stratified as transverse intersections of b-stratified

spaces.

Lemma 4.4.5. There is a closed neighborhood C; C U; with U; C C and a locally trivial
projection map w : U; — C;. The fiber F; over a point x € C; is naturally a subspace of
N(z) and is §'-constructible, where S’ is the induced Whitney stratification on N (x).

Proof. According to [GMS88, p. 41], there is a closed neighborhood Uj C X of C; and a locally
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trivial projection map 7; : Uj — C; whose fibers are homeomorphic to N(z) for z € Cj.
Moreover, this fibration is locally homeomorphic to R/ x N(x) by a stratification-preserving

homeomorphism. The lemma now follows simply by letting U; = (73- NC. O

Corollary 4.4.6. The projection U; — C; is a (weak) homotopy equivalence (and hence an

ordinary homotopy equivalence, since these are all CW complezxes).

Proposition 4.4.7. Suppose that one of the following two hypotheses holds:

(i) All the strata have vanishing Euler characteristic,

(i) all the strata are even-dimensional.

Then for any S-constructible subset C' = U;exS;, we have
X(C) =D x(5) =D xelSi) = xe(O), (4.4.1)
i€x i€x

where x(C) =3, (=1)'HXC). (In case (i), all these numbers are all zero!)

Proof. We work by induction on the length of C. If C' has length 1, then C is a union
of smooth manifolds, which have vanishing Euler characteristic in case (i) and are even

dimensional in case (ii). The desired result then follows from Poincaré duality.

Suppose now that the result has been proved for all S-constructible sets C' of length
n—1=D(C)—-d(C)=D —d.

Let C' = U;j>4C;. Then C = Cy U C’. By Lemma 4.4.5, Cy has a closed neighborhood
U; (in general non-compact) such that U; — Cy is a locally trivial fibration over Cy. Since

int(Uy) Uint(C") = C, we have a Mayer-Vietoris long exact sequence for singular homology

o= Hy(Uy — Cy) — Hip(Cq) ® HL(C") — Hy(C) — ...

Suppose that (i) holds. Then x(Cy) = 0. Hence x(Uy — Cy) = 0 since Uy — Cy is a locally
trivial fibration. Since x(C’) = 0 by induction hypothesis, we conclude that x(C') = 0. This

proves the first equality of (4.4.1) in case (i).
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Suppose now that (ii) holds. We first claim that x(U; — Cy) = 0. Indeed, according
to Lemma 4.4.5, Uy — Cy is a locally trivial fibration and according to [Sul71], the fiber
F, satisfies (i). We have already shown that this implies that y(Fy;) = 0. It follows that
X(Uqg — Cy) = 0. The desired claim follows again from Mayer-Vietoris. This proves the first
equality of (4.4.1) in case (ii).

The second equality of (4.4.1) is a direct consequence of Poincaré duality. The third
equality can be proved by the same argument as the first. One now needs to use a version
of Mayer-Vietoris for compactly-supported cohomology (see for instance [Mat, Sec. 3.4]), as
well as a multiplicativity property for Euler characteristic with compact support of locally
trivial fibrations which can be deduced from the argument of [Dim04, Cor. 2.5.5] using
[Dim04, Cor. 2.3.24]. (We note that there is a typo in the description of the Ey page of the
spectral sequence of [Dim04, Cor. 2.3.24] which should be EY? = H?(Y, R1f,F*)). O

Corollary 4.4.8. Let X be a complex-algebraic variety which admits an embedding into C™.
Let f: X — 7Z be a constructible function. Then all notions of the Euler characteristic of X
weighted by f mentioned in Section 2.2.4 coincide. More precisely, we have:

XX ) =Y n-x({F ) =D Fls - x(S) =D fls - xe(S) =D n-xe({f 7 (n)}).

nez Ses Ses nez
(4.4.2)

Proof. Since f is constructible, it follows from Definition 2.2.3 and the comment following
it that we can choose a w-stratification X = U, X; (which is hence a b-stratification) by
subvarieties which we call S, and such that the sets {f~'(m)}nez are S-constructible. The
second and fourth equalities then follow from Proposition 4.4.7. The third equality is a

consequence of Poincaré duality, since the strata are even-dimensional manifolds. O
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