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Abstract

Large deviations of affine processes
by

Matthew Varble

This thesis aims to develop a comprehensive picture of large deviations of affine
processes. Affine processes have been studied so extensively, that it would not
be foolish to admit that their theory is somewhat complete. Though some
questions still remain, the thesis of [Cucll] establishes a comprehensive un-
derstanding of affine processes on general convex state spaces. Starting with
the basic definition of an affine process as a time-homogeneous Markov process
with conditional marginal distributions having a characteristic function with
log-affine dependence on the initial state, this paper establishes numerous useful
properties of the process. Among these properties include that affine processes
have cadlag modifications (paths have left-limits and are right-continuous), and
such modifications are themselves jump-diffusions with respect to their natural
filtration. This result allowed [KRM15] to prove the transform formula for the
real and complex moments, which establishes existence of the process and its
finite moments, so long as a system of generalized Riccati differential equations
have some solution (which need not be unique).

Despite this very comprehensive understanding, large deviation asymptotics
of families of affine processes do not have a similar general approach. Seeing

as the class of affine processes is quite general, surely there are large deviation
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principles for certain families of affine processes. The simplest of which include
families of state-independent processes like the Brownian motion or Poisson
process, whose large deviations are understood asymptotically e — 0 as time
and space are scaled linearly with respective factors 1/e and e; this is a simple
consequence of the classical Mogulskii’s theorem (see [DZ10]). More general
results indeed exist, like [KIK14] which proves a large deviation principle for
continuous affine processes on the so-called canonical state space. We are
concerned with large deviation principles of similar asymptotics—those which
could be interpreted as regularizing the noise of a dynamical system—but on
the level of generality that affine processes are already understood.

Though our original intent was to prove a large deviation principle for the
general class of affine processes on convex state spaces, we discovered other re-
markable facts along the way. The following two are of key interest. Firstly, the
measure-change techniques one often uses in large deviations are typically split
into those of a finite-dimensional (twisting/tilting) and infinite-dimensional (ez-
ponential martingale) flavor, but for affine processes one may in fact parameter-
ize the finite-dimensional measure-densities in terms of the infinite-dimensional
ones. This was not a fact seen in [KK14], which—as they mentioned—forced
them to choose a proof using exponential martingales. We show how their
original finite-dimensional approach was sufficient in establishing an integral
form for their rate function. Secondly, seeing as no large deviations result has
been made on the general level of affine processes, there has been no attempt
at understanding the structure of the associated rate functions. In our work

of developing a proof for the principle, we saw the techniques mentioned in



[DRLO4], which ultimately inspired us to develop a calculus associated with
our rate functions. These results remarkably have no dependence on the affine
assumption, and so if a future large deviation principle is to be proved for
asymptotic families of jump-diffusions of the same regularization, this thesis
will have already established semi-closed forms for the associated rate func-
tion.

All this said, we do still prove a large deviation principle for the general
class of affine processes on convex state spaces. While we require usual light-
tail assumptions, we feel the generality is comparable to the treatment of affine
processes in [Cucll] and [KRM15]. In fact, we even choose to present affine
processes with similar generality up until the point of us needing the assump-
tion. At this juncture, we are able to represent the affine processes as special
jump-diffusions, which have representations that are far more familiar to the
larger audience that have studied Ito processes. For those that have only seen
continuous diffusions, we also offer an Appendix which we feel is a great refer-
ence to the calculus associated with jump-diffusions.

It goes without saying that our proof is not without the incredible theory
of large deviations that already exists. We in particular discuss it at the level
of understanding one has from reading [DZ10], but we for the most part cite
[FKO06] and its large deviation results on the Skorokhod space. We also use
[PuhO01] to use a density argument in developing an integral form for our rate

function.
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Notation and conventions

Throughout, unless specifically referenced elsewhere, all notions of this text
are formally defined and explored in [Kal02] or [JS03]. Most of our notation
will coincide with these texts (as well as most other literature), except in re-
gards to some particular conventions. Let us establish some of these here. A
stochastic process X with a marginal-index-set I and state space (X, 2") will

be indifferently recognized as:
e a collection X = (X;)ies of marginals X; : Q — X|
e amap X : QO x [ — X,
e or its curried version X : Q — XI.

With this convention, we find it appropriate to denote filtrations .# = (%;)>0
of increasing o-algebras .#;. Seeing as .# denotes the actual family of o-
algebras, we denote the joined algebra with infinity subscript, Zoo == V5o %
The blackboard notation will generally correspond to a topological space, in-

cluding those objects we typically introduce in analysis.

e The real R, the complex C = R @ iR, the and non-negative R, = [0, 00)

numbers with the usual Euclidean topologies.

e For real normed vector spaces V, W, the space L(V, W) of real linear

maps V — W, equipped with operator norm.

|T| == sup |Tv|

v[=1

We also concisely denote L(V) = L(V, V).



For the a separable metric space X and an interval I C R, the space

D(7,X) of cadlag functions, equipped with the Skorokhod J1 topology.

For topological spaces X, Y, the space C(X,Y) of continuous functions,

equipped with the supremum norm.

For finite-dimensional normed vector spaces V, W and open U C V, the
subspace C'(U, W) of functions f € C(U, W) in which there is a derivative
map Df € C(U,L(V,W)).

St o) = S~ Drw) ol

[v|—0 [v]

=0

For f € C'(U,R), we denote Vf € C(U, V) the gradient,

(v.Vf(u)) = Df (u) -v.

If there is some canonical, ordered basis (e, ..., eqmy) of V, denote the

i-th partial derivative by D;f € C(U,R).
Dif(u) =Df(u)-e, i=1,...,dimV

Lastly, for functions of the form f: R, x V — W, we specifically denote

partial in the first coordinate with a dot, to indicate derivatives in time.

) = 2t o iy L0 = T80

For finite-dimensional normed vector space V and open U C V| the sub-
space C?(U,R) of f € C'(U,R) in which we also have V f € C}(U, V). In
such a case, we denote D?f € C(U,L(V)) the Hessian.

D?f(u) == D(V f(u))

x1



If there is some canonical, ordered basis (e1, ..., eqmv) of V, denote the

second-order ij-th partial derivative D;; f € C(U,R).
D;;f(u) = <e,;,D2f(u) . ej>, i,j=1,...,dimV
For any topological space X and subset A C X, we denote A° and A its interior
and closure, respectively. In the case that this topology on X is induced by

some metric d, we denote B(z,d), B(z,0) C X the respectively open and closed

balls centered at z € X with radius § > 0.
B(z,9) = {m' eX:d(a,z) < 5}, B(z,9) = {x' eX:d(a,x) < 5}

When the topology on X is canonical, we will denote the associated Borel

algebra Z(X). Particular examples of this convention are:

e the Borel algebra #(V) associated to the topology induced from a canon-

ical inner-product (-,-) on a vector space V.

e the Borel algebra #(X) associated to the relative topology of some subset

X of a space V with itself some canonical topology.

In the case that we are dealing with a finite-dimensional real vector space V
with inner-product (-,-), we fix an orthonormal basis ey, ..., eqmy € V and

establish the associated isometric isomorphism V = R
veV <+— (vl,...,vdimw); v'ii=(v,e), i=1,...,dimV

Similarly identify any map f : A — V with its respective component maps

Fioeo fai A R,

f:A—>V +— (fl,...,fd):A%Rd; fila) = (f(a),e;)

xii



Extend the inner-product symmetrically to a bilinear form on V @iV,
(v + iwy, v + iwe) = ((U1,v2) — (Wi, wa)) +i({v1, w2) + (w1, va)),

and define the trace of an operator T' € L(V), as follows.

tr(7) = Z (e;,Te;)

i=1

We adopt that (£2, %, P) is an abstract probability space that—through the
process of enlargement via Kolmogorov’s extension theorem—we without loss
of generality assume it is equipped with identifications of various quantities
X : Q — X into measurable spaces (X, 2") associated with distributions p on
(X, Z"). We typically presume such maps X to be measurable without mention
and will otherwise specify this fact explicitly by using the notation X € ¥/ 2 .
For each probability measure P on (£2, X)), we denote the P-distribution of such

X by Px or pushfoward notation, X4P.
PxI'= (XuP)(I)=P(X el):=P(X '), TeZ
For intuition, we will also denote integration against this distribution as follows.
[ pix @)= [ Prlanse) = [ P f(XW) = Erf(X0)
X X Q

Just as Ep denotes the expectation operator of the measure P, we will denote
Ep(:|¢) the conditional expectation operator of P associated with a filtration
¢. Should we choose a target space (Y, %) and a natural o-algebra Y ~'% from
some quantity Y € ¥/%, we denote Ep(-|Y = -) the factoring of Ep(-|Y %)
through Y.

Ep(X|Y =) = Ep (X\Y*@)(

Y=y
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Also, any quantity X : 2 — X will be identified with the identity map on its

codomain, so that we may abusingly use the convenient expectation notation.

B, f(X) = Fp, f — /X F(@)Px(dz) = /Q F(X(@))P(dw) = Epf(X)

This will particularly be useful for when we discuss Markov processes and their

associated identities.
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Chapter 1

Affine processes

Our first chapter will get us familiar with affine processes. Most of the results
will be simple consequences of [Cucll] and [KRM15], which pretty much com-
prehensively prove everything there is to know about affine processes on convex
state spaces. It is still important for us to have this chapter, for we will need to
have a careful understanding of how the spaces of finite moments change with
respect to time, and these facts only seem to exist in the case of affine diffusions.
Furthermore, the magnificent papers above provide us so much information at
the cost of being very formal. Readers which have not found themselves fa-
miliar with massive texts like [JS03] may not be able to decipher the results
involving semimartingale characteristics in intuitive terms. It is for this reason
that we found it beneficial to provide some calculus-heavy proofs that somehow
demystify these objects. In particular, we translate many of the results of [JS03]
to the special setting of jump-diffusions—those semimartingales in which the
characteristics are differentiable. While certainly less powerful than their gen-
eral semimartingale brethren, jump-diffusions involve deterministic functions

(B, v, ;) which make calculations far more intuitive. Furthermore, they can
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always be understood as weak solutions to stochastic differential equations in-
volving a Brownian motion and a Poisson random measure, which gives them
a somewhat generative flavor. In the case of affine processes, we may remove
one more layer of abstraction, insisting that the functions each take an affine

form in their respective vector spaces.

d
p(zt, .. 2 dv) = mo(dv) + Z z'm;(dv)
i=1

Any result which does not require this affine property is in Appendix A—a
choice which was made less because the information is unrelated to affine pro-
cesses, and more that the extra generality of non-affine differential character-
istics comes at little-to-no cost. In any case, we suggest the reader familiarize
themselves with Appendix A sooner than later, as we use this material very
often throughout the chapters. The remainder of this chapter is organized as

follows.

Section 1.1. Defines an affine process and identifies some relevant notions from

which we begin our investigation.

Section 1.2. Explores consequences of the affine transform formula on real mo-

ments.

Section 1.3. Lifts the notions of the preceding section from marginals to finite-

dimensional distributions.
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Section 1.4. Explores more on the path-based properties—particularly the jump-

diffusion nature—of affine processes.

1.1 Formulation

We start by specifying our affine processes as in [KRM15]. That is to say,
we fix a finite-dimensional real vector space V with inner-product (-,-) and
select a convex, closed X C V satisfying 0 € X and span X = V. Associate this
space with the finite exponentials.

Ux = {u e V@iV :supexp (R(u),z) < oo}
zeX

We may now define the notion of an affine process on X.

Definition 1.1.1. For a probability space (€2, 3, P) with filtration # = (%)i>o0,
an affine process X on X is a stochastically continuous, time-homogeneous
(P, .F#)-Markov process on X in which the bounded moments have the following

log-affine dependence on the initial state.

EPz exXp <’U,, Xt> = exp \I](t7 Uu, .CC)
(1.1.2) t>0, uel

U(t, u,x) = o(t,u) + <w(t, u), x>,
Above, we are denoting (P,).ex the conditional P-distributions of X factored

through the initial state x € X.

Remark 1.1.3. (a) See [KRM15, Remark 2.3] for an argument on how our
assumptions on X are at no loss of generality, X may as well be any

nonempty conver set.
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(b)

(¢)

(d)

Note how (1.1.2) specifies the characteristic function of each transition
kernel of the Markov process X ; thus, should an affine process exist for

choice of ¥, only one will exist, up to distribution.

See how our notation (1o, ) differs from that of [KRM15] and other
papers, which typically use (¢,1). We choose to do this because affine
functions prevail throughout our investigation of affine processes, and we
saw this an opportunity to have more cohesive notation of all such affine

functions.
d
a(z) = ag + Za:iai
i=1

If we have a vector space A and affine map o : X — A determined by
ag,...,aq € A via a(x) = ag + 2?21 x'a;, then our linear assumptions
0 € X and span X =V uniquely determine aq,...,aq € A. In particular,

the map ¥ uniquely identifies its parts 1; : Ry xUx — C fori=0,...,d.

In [Cucll, Theorem 1.2.7], it is shown that, without loss of generality on

conditional distributions (P,).cx, an affine process X can be chosen to have

cadlag paths. Thus, each distribution P, may be recognized as a measure on

the Borel algebra associated with the space D([0,00), X) of cadlag functions

equipped with the Skorokhod topology. By imposing this regularity, the fol-

lowing theorem tells us that an affine process X as in Definition 1.1.1 is a

(P,,.#) jump-diffusion for each x € X. For relevant definitions and results

pertaining to jump-diffusions, we refer the reader to Appendix A.

Theorem 1.1.4. An affine process X on X is a (P,,.%) jump-diffusion in

which the differential x-characteristics (X, a, i) are affine maps of the follow-
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ing form.

d

BX(x) = by + Y a'by,
i=1
d

a(z) = ag + Z r'a;,
i=1

d
p(z, dv) = mo(dv) + Z z'm;(dv)

=1

The associated Lévy-Khintchine map A then also affine,
1
A, @) = (u, (@) + 5{u, alw)u) + / (et = 1= (u, x(v) ) (e, dv)
\%
d .
= Lo(u) + Z x'L;(u)
i=1
x 1 o
Li(u) = (u,bf(z)) + §<u, a;(z)u) + <e v —1—(u, X(v)>>mi(x, dv),
v
and each u € iV induces the following differential equation.

( Yo(t,u) = Lo((t,u)) t>0
Y(t,u) = L(Y(t,u) t>0

(1.1.5)
Qﬂo(o, U) =0
| (0,u) =
Proof: This is simply a restatement of [Cucll, Theorem 1.5.4]. |

Remark 1.1.6. By Remark 1.1.3(d) and linearity of differentiation, the equa-

tion in (1.1.5) is equivalent to the following system of equations.

U(t,u,z) = A(Y(t,u),z) t>0
(1.1.7) VaeX, (&) = ALt ), 2)

U(0,u,x) = (u, )
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Henceforth, we fix X a cadlag affine process with conditional distributions
(P)zex on D(]0, 00), X), induced filtration .# = (.%#;);>0, and moment function
U as in Definition 1.1.1. We will use the truncation function x(v) = v1j,<
and fix the differential y-characteristics (X, «, p) and Lévy-Khintchine map A

as in Theorem 1.1.4.

1.2 Existence of real moments

This section elaborates upon the extension of the transform formula in
(1.1.2) and equations (1.1.5) and (1.1.7) to real moments u € V. Clearly,
should any extension exist for some u € V, the value A(u,z) = W(0,u, )
should be well-defined. Throughout this section, we recall our exploration in
Section A.4 of the Lévy-Khintchine map A and its essential domain of real

moments.
Dy = {u € V: A(u, z) is well-defined for all z € X}

These will allow us to establish existence results of W(-, u,-) for real moments

u € V. The following definition will get us started.

Definition 1.2.1. For each 7 > 0 and u € Dy, we say Q* : [0,7] x X — R
satisfies system(A, 7,u) if the following hold.

Vte[0,7], € X, Q"(t,x)=qy(t)+ (¢“(t),x),
(1.2.2) Q"(t,z) = A(g"(t),z), t€[0,7]

VreX,
Qu(ovx) = <u,x>
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Now define the following sets.

Dy(1) = {u € D, : there exists a solution to system(A, T, u)}

Dy = U ({7’} X Dq,(T))

>0

Theorem 1.2.3. (a) There ezists a map ¥ : Dy x X — R of the form

U(t,u,x) = o(t,u) + (Y(t,u),z)

such that, for each (T,u) € Dy, ¥(-,u,-) is a solution to system(A, 7, u)
dominated by all other such solutions. Moreover, this map satisfies the

following for each (1,u) € Dy and x € X.

(1.2.4) Ep, exp (u, X;) = exp V(t,u,z), t€|0,7]

(b) If 1 >0, u €V, and x € X° are such that Ep_ exp (u, X;) < 0o, then

(T,U) S qu

Proof: With Remark 1.1.6, this is the same as [KRM15, Theorem 2.14].
[ |
Now that we have two characterizations for the space Dy, we seek to un-

derstand properties of it and the associated moment map ¥ : Dy x X — R.
Proposition 1.2.5. (a) For each 7 > 0, Dy(7) is open in DY,

(b) For each 7 >0 and u € Dy(7)NDY, V(-,u,-) from Theorem 1.2.3 is the

unique solution to system(A, T, u).

(c) U is continuously differentiable on DY, x X.
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Proof: Fix 7 > 0 and u € Dy(7) N D]. Because u € Dy(7), V(-,u,-)
exists on [0, 7] x X as a solution to system(A, 7,u). As mentioned in Remark
1.1.6, the function ¢ (-, u) associated with (-, u, ) is a solution to the following

equation,

bt u) = f(t,0(tu) te0,7]
»(0,u) =u

(1.2.6)

where f: Rx D} — Vis defined by f(t,u) := L(u). Seeing as f is continuously
differentiable on R x D} by Lemma A.4.4, we may use [Wal98, I11.13 Theorem

X] to ensure some € > 0 such that the band
Se = {(t,v) €0,7] xV:|v—19(tu) < e}

is contained in R x D} and provides us to each (tp,v) € S, a unique solution

q(+, to,v) to the following initial value problem,

q(t, to,v) = f(t,q(t to,v)) t€ [to,T]

q(to, to,v) =v
which is continuously differentiable with derivatives dy,q(t,to,v) € V (second
coordinate) and Dgq(t,ty,v) € L(V) (third coordinate) satisfying the following
equations.

atoq(ta tU?”) = —f(to,U) + / Df(87 Q(S,to, U))atOQ(Sa tU?”)dS

to

t
Dq(t, to,v) = idy +/ Df(s, q(s,to,v))Dq(s,to,v)ds

to
In particular, for each v € B(u,¢€), we have |[v — ¥(0,u)| = |v — u| < €, and

so (0,v) € S; this allows us to disregard the middle coordinate and have
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q:[0,7] x B(u,€) — V such that ¢(-,v) is the unique solution to
q(t,v) = L(q(t,v)), t € [0,7]
q(0,v) =wv

and the derivative in the second coordinate Dq(t,v) € L(V) satisfies the fol-

lowing equation.

Dq(t,v) = idy +/0 DL(q(s,v))Dg(s,v)ds

From here, we may define @ : [0, 7] X B(u,€) x X — R as follows.

Q(t,v,z) = qo(t,v) + (q(t,v),z)
qQo(t,v) = /0 Lo(q(s,v))ds

Lo(v) == A(v,0)

Because the image of ¢(-,v) on [0,7] remains in D}, on which L is contin-
uously differentiable, gy is continuously differentiable with derivatives ¢o and

Dqq satisfying the following.

do(t,v) = Ly (q(s, v))

Dqo(t,v) = /Ot DL, (q(s, v))Dq(s, v)ds

By linearity, Q(-,v,-) is a solution to system(A,7,v) and so v € Dy(7). We
now have B(u,€) C Dy(7), concluding part (a). Meanwhile, any solution Q“ to
system(A, 7, u) is such that the associated ¢* solves (1.2.6) and so ¢* = q(-, u).
From here, it is thus the case that Q" = Q(-, u, ). This means ¥ from Theorem

1.2.3 is such that (-, u,-) is the unique solution to system(A, u, 7), concluding
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part (b). Lastly, for each x € X, linearity also shows us that U(-,- x) is
continuously differentiable in a neighborhood of (¢,u), with derivative in the

second coordinate DU (-, -, x) satisfying the following.
DU(t, u, ) = Dipg(t,u) + D(t,u) -
= DQO(ta U) + Dq(t> u) R
t
= / DLo(q(s,u))Dg(s, u)ds
0

- (idVJr /t DL(q(s,u))Dq(s,u)ds) -z

0

=+ /Ot (DLo (q(s,u))Dg(s, u) + iaziDLi(q(s,u))Dq(s,u)>ds

" d
=ux+ /0 D <L0 + Z: xiLi> (q(s,u))Dg(s,u)ds

DA(q(s, u), x) Dq(s,u)ds

O

A(w(s,u), x)D¢(s, u)ds
This concludes part (c). |

Proposition 1.2.7. For each compact set K C DY, there exists 6 > 0 such
that K C Dy (6). Moreover, V(- u,-) from Theorem 1.2.3 is the unique solution

to system(A, 6, u) for each u € K.

Proof: Firstly, we recognize that by virtue of K C D{ being compact, we

have some € > 0 such that the associated open set

K= {UEV: inf |u—u’|<e}

u'eK

10
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has closure K¢ contained in D3. Note in particular that this provides us with

a buffer of radius € around each point in Dj.

Bl(u,€) = {u’ eV:|u —ul < e}

U B(u.e) C K C D}

u€Dp

With these sets established, we mitigate the task of finding a solution Q"

to system(A, d,u) to that of finding a solution ¢* to the related equation.

q"(t) = L(g"(t)) te€][0,d]
q"(0) =u

(1.2.8)

For a fixed u € DY, the existence of some d,, > 0 and solution ¢* to (1.2.8) may
be obtained from the usual fixed-point method (see [Wal98, I1.6 Theorem III]).
Indeed, Remark 1.1.3(d) and Lemma A.4.4 provide us a Lipschitz property for

L on B(u,e),

|L(v) = L(w)] < v — w|Cl, v,w € B(u,e)

Cue= sup ‘DL(U,,JZ)‘

uw €B(u,e)

and so a Banach space (B, ||-||s,) defined by

€
Supu’EE(u,e) |L(U’,) |

B, = C([0,0,],V)

| fllg, = sup \f(t)|€—20u,et
t€[0,0u]

0, =1A

is partially equipped with a map 7" : C([0,6,], K) — C([0,6,], K¢) defined by

11
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satisfying a contraction property,

1
|Tf—Tgls, < §||f—9||ﬂa%u,

which induces a unique solution ¢* € C([0, d,], K¢) to the associated fixed-point
equation, T'¢* = ¢*. This solution ¢* is thus a unique solution to (1.2.8).

From here, we define the following positive 9,

5= inf 8, > 1A inf < > 1A < >0
uek uek Supu’eg(u,e) |L(’U/)| SUP,/ R L(U/)’

so that each v € K has a unique solution ¢" to (1.2.8). This induces the

following map Q“ : [0, d] x X — R for each u € K.

Q"(t,x) = q5(t) + (q"(t), x)
t
q(t) = / Lo (q“(s))ds
0
By linearity, Q" is a solution to system(A, d,u) for each u € K, and so we have
K C Dy(6). For each u € K C Dy(d), a solution Q% to system(A, d,u) is such
that the associated ¢* solves (1.2.8) and so ¢* = ¢*. From here, it is thus the

case that Q* = Q". This means ¥ from Theorem 1.2.3 is such that U(- u,-)is

the unique solution to system(A, u,d) for all u € K. |

Proposition 1.2.9. For any compact subset K C Dy, there exists Cx > 0

such that the following holds for all (t,u) € K.
|U(t,u,z) = U(0,u,x)| < Ck - t- (14 |z])

Proof: Let K C Dy be compact. By Remark 1.1.6 and Proposition

1.2.5(c), we have that the functions v; for i = 0,...,d are continuously differ-

12
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entiable on Dy,. Thus, we may define the following positive numbers.

Ck,i = sup li(t,u)], i=0,....d

(tyw)eK

CK = maX{CK’o,CKJ\/E, .. .,CK,d\/E} < o0

Using the fundamental theorem of calculus and the fact that U(-, u,-) solves

system(A, 7, u), we produce the following bound for all (t,u) € K.
Wt ) = W(0,u,2)] = [do(t,u) + ((t,u) — u, ),
< |¢0(t,u)| + }@D(t,u) — u‘ -z
t t
= / 1/}0(37 w)ds / %(s,u)ds
0 0

d 1/2
SOK,O't+(ZCI2(,i> -t |x]
i=1

+ - ||

< Ck-t- (14 |z])

|
While we will not need the following result until the next chapter, we find

it important to put it here, as a reality check with our spaces Dy and Dy.

Proposition 1.2.10. We have Dy =V if and only if each uw € V 1is such that

there exists T > 0 in which u is a finite moment of the associated marginal X .
Ep, exp (u, X,;) < oo, z€X

Proof:  For sufficiency, first see that any u € V is such that B(u,1) C
V = Dy is compact. By Proposition 1.2.7, we then have some 7 > 0 so that

u € B(u,1) C Dy(7). Then, Theorem 1.2.3(a) gives us the desired finiteness

13
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condition.
Ep, exp (u, X;) = expU(T,u,z) < 00, z€X
Conversely, if u € V satisfies Ep, exp (u, X;) < oo for all x € X, then it

certainly does for some x € X°, and so Theorem 1.2.3(b) gives us (7,u) € Dy.

Surely, this then means that u € Dy(7) C Dy. |

1.3 Finite-dimensional distributions

With a good grasp of the finite real moments associated with our affine
process X and their correspondence with W, we now leverage these results
to the finite-dimensional distributions. In other words, this section serves to
lift Theorem 1.2.4 on marginals X; to one on finite-dimensional distributions
(X4, ..., Xy,). Let us establish some notation.

For any space A, positive integer n € N, and a € A", adopt the convention

of denoting a = (ay,...,a,) and
ap, = (ag, ..., ap) €A™ 1 <0< m<n.
For each n € N and ¢ € [0, 00)", define the projection map 7, : X[ — X" by

m(€) = &(t) = (&(tr), -, €(tn))-

Denote t F [0,00) to mean that t is additionally a partition of the following
form.

O<t; <--- <ty

For each such partition t - [0, 00), associate the following notation.

to =0

14
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Atk 2:tk—tk,1, 1§k§n

Lastly, for any A C [0,00), denote t = A to mean ¢ = [0,00) and ¢y,...,ty € A.
For each n € N, extend the linear operations of V to V", componentwise.
Similarly, extend the definition of our bilinear form on V@iV to one on (V@iV)™,

like so.

(w,v) =Y (g, vp)
k=1
We now clearly specify the extension of ¥ to finite-dimensional projections

from the perspective of Theorem 1.2.3 and equation (1.2.4). Note that this

specifically permits infinite values.

Definition 1.3.1. To eacht - [0,00), denote the cumulant generating function

of Xy by U(t,-,-) : (V@ iV)H x X — (—o0, 00].
Ep, exp (u, X;) = exp ¥(t, u, )

Note that this extends the definition of W in that we may always consider some

time t > 0 as a partition t = [0, 00).

Before we investigate real moments, let us establish the easier result on
purely complex moments. This will give us intuition for the objects we create

in the sequel.
Lemma 1.3.2. For each t > 0 and u € Ux, we have ¥ (t,u) € Ux.

Proof: This is an immediate result of Definition 1.1.1. For any = € X, we

have the following uniform bound.

exp 3%<¢(7f, u),x> = ‘ew(t,u),x)‘

15
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I efiﬁo(t,U)Jr\I’(t,U@)

= |e7Voltu) "Epgc exp (u, Xy)

IN

6_w0 (tvu) . EPZ

exp (u, Xy)

IN

et sup exp R{u, 2')
z’'eX

Proposition 1.3.3. For any t - [0,00), u € iVH, and 2 € X, we have the

following identity, where we denote n = |t| for brevity.

0, = u,

O = up + V(Atgs1,0k11), k=n—1,...,1
||

U(tu,x) =Y to(Aty, ) + (W(Aty, i), 7)

k=1

Proof: 'We start by recognizing that u € iV means the following identity.

|e<“’“”“">| =expR{up,z) =1, k=1,...,n

In particular, we have 6,, = u,, € Ux; we show 0, € Ux for k=n—1,...

induction and Lemma 1.3.2.

sup exp R(Ox, x) = sup ‘e<9’“’m>‘
reX zeX
= sup ‘e<uk+"/’(Atk+1»9k+1)7ﬂ7>|
zeX

= sup ‘e<“k’m>‘ . |€<7¢)(Atk+179k+1)’37>‘
zeX

= su};g) exp R(Y (Aty11, O y1), 7) < 00
e

16
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Now observe the following identity.

U(t,u,x)
= log Ep, exp (u, X;)

(1.3.4)

k=1

n—1
—log Ep, [ exp ) (ux, Xi,) - exp (0, th>>

n—1
= logEp, | exp Z (up, X¢,) - Ep, (eXP (O, th>\9tn_1)>

k=1

n—1
=logEp, | exp Z (ug, Xy,) - exp V(At,, 0,, Xt"_l))

k=1

- %(Afm ‘9”)

n—1
+ log Ep, <exp Z (ug, Xt,) - exp <<@Z)(Atn, ), th1>)>

k=1

= wD(Atna en)

n—2

+ log EPz <6Xp Z <uk7 th> - €Xp (<un,1 + Z/}(Atna HTL)7 th1>>>
k=1

(1.3.5)

= wO(Atna en)

n—2
+ IOg EPac <exp Z <0k — ¢<Atk+1, 0k+1>7 th> - exp <<‘9n—17 th1>)>

k=1
The final term of (1.3.4) is identical to that of (1.3.5) where we have reduced
k =mn to k = n — 1. Repeating these equalities inductively k =n —1,...,1
will result in the desired identity.

U(tu,x) =Y to(Aty, 0;) +log Ep, exp (61, X,,)
k=2

17
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n

= " wo(Aty, 00) + (V(At1,0)), 7)

k=1

|

As the preceding result shows, the X-affine structure of ¥ allows us to itera-
tively factor the exponentials in our expectation. The problem with extending
this to real moments like in Theorem 1.2.3 is that each of the produced quan-
tities 0 need not produce an integrable exponential on which we apply the
transform formula. The next result is our way of coercing such a property to
occur; the map U, serves to parameterize those moments u € VI which the
resulting @ is in H',f‘zl Dy (Aty), since this is precisely the set on which we may
perform the calculations between (1.3.4) and (1.3.5). This set turns out to be

important in our discussion, so we will reserve it special notation.

||
Dy(t) = [ [ Du(Aty), t+[0,00)
k=1
Proposition 1.3.6. For each t - [0,00), the following map U; is a continuous

injection, where we denote n := |t| for brevity.
Uy Da(t) = VI, UJ0) = (01— U(Atz, 02), .., Oy = (At 02), 60

Moreover, for each x € X and § € Dy(t), we have the following (finite) identity.

lt]

(1.3.7) U(t, Uy(0), x) = Y oAb, i) + (V(At, 0:), x)

k=1
Proof: Fix 0 € Dy(t). By definition, this means that toeach k =1, ..., |t|,
we have 0 € Dy (Aty), and so (Aty, 0x) is well-defined. This ensures that Uy

is well-defined. Now select another point 8" € Dy (t) such that Uy(6) = Uy (8).

18
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The final component of U, ensures that 6,, = /,; by means of induction, we then
get 01 = 0)_, for k =n,...,2, via the equality on the respective component

map.

Op—1 — V(Atg, 0) = Upp1(0) = Up1(8') = 0, — 0(Aty, 0;.)

This indicates to us that U, is an injection, and continuity comes simply from
continuity of each ¢(Aty, ) via Proposition 1.2.5(c).
It now remains to show the identity in (1.3.7). This reduces down to re-

peatedly applying iterated expectations; fix x € X and observe the following.

U(t,Uy(0), )
= log Ep, exp (U(6), X;)

(1.3.8)

n—1
= logEp, | exp Z <€k — (Atgat, Ori1), th> - exp <0n, th>)
k=1

n—1
= logEp, | exp Z <9k — (Atgat, Ori1), th> - Ep, (exp <9n, th>|ﬁtn_1>)
k=1

n—1
= log Ep, | exp Z (O — V(Atpyr, O0p11), Xo, ) - exp W (Aty, by, th_1)>
k=1
= ¢O(Atn, 971,)
n—1
+ log Ep, (exp Z <9k — (Atgat, Ori1), th> - exp <<¢(Atn, ), th1>>>

k=1

(1.3.9)
= 1/}0(Atm 071)

n—2
+logEp, <exp Z (O — V(Atgyr,0k41), Xy,,) - exp <<0n_1, th_1>>>
k=1
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The final term of (1.3.9) is identical to that of (1.3.8), where we have reduced
k =mn to k = n — 1. Repeating these equalities inductively k =n —1,...,1
will result in the desired identity.
U(L, Uy(0), x) = Y oAy, 6i) + log Ep, exp (61, Xy,)
k=2

=" (At 01) + (V(Aty, 07), )
k=1

|
We now turn to the analogue of Theorem 1.2.3(b), in which P,-finite mo-

ments u € VI for initial points x € X° are precisely those u € Dy/(t).

Proposition 1.3.10. Fizt [0,00) and denote n = |t| for brevity. If u € VI

is such that U (t,u,x) < oo for some x € X°, then the following recursion holds.

9n = U, € D@(Atn)
(1.3.11)

ek = Uup + T/J(Atk+1,9k+1) € D@(Atk), k=n— 1, ey 1

Proof: Consider u € VI from which we may not construct the recursion
in (1.3.11). In other words, there exists maximal j € {1,...,n} in the recursion
which fails; i.e. 0, € Dy(Aty) for all k =n,...,j7+ 1 and 0; & Dy(At;). We
now repeat the work as in (1.3.8)-(1.3.9) for a fixed = € X° to get the following

identity.

log Ep, exp (u, X;)

3

~ (uy, th>> -Ep, (exp (Un, th>]ftn1>)

= logEp, <exp (
k=1
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S
[\

= o(Aty, u,) + log Ep, (exp ( (uy, th))

1

e
I

-Ep, (exp (Un—1 + (At uy), th_1>|t%n_z>)

= 77Z)O (Atna en)

3
[\

+ log Ep, (exp ( (uy, th)> -Ep, (exp <9n_1, th_1>|ﬁtn_2>)

B
Il

1

= E VYo (Aty, O))
k=j+1
j_

1
+ log Ep, (exp ( (uy, th)> - Ep, (exp <0j, th>|§tj_1>)

k=1
n Jj—1

= Z Yo(Aty, 0r) + log Ep, <eXP (Z (ur, th>) ‘Epy, | €xP <9j>XAtj>)
k=j+1 k=1

By Theorem 1.2.3, since 0; ¢ Dy(At;), we have Ep , exp (0, Xas;) = oo for
all 2/ € X°, so the above integrand is infinite on the set X;,_, € X°. Seeing
as x € X°, this set is P, non-negligible, and so the quantity is infinite. We
conclude that u & Dy (t), which finishes the proof by contrapositive. [

Our final result of this section explores more on how finite moments u of
X, relate to those @ of the increments X,;, — X;,, X4, — X4, ..., Xy, — Xy, . To

see this, we define the following increment cumulant generating function,
o(t,0,2) = 0g Ep, exp (8, X, — ) = U(t,0,) — {6, 2)

Theorem 1.3.12. Fiz t - [0,00) and xy € X°. The map Uy is a homeomor-
phism from Dy(t) to the collection of u € VI8 for which V(t,u,x) < co. In

particular, this means u € VI satisfies U(t, u, zo) < 0o if and only if u = U(6).
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Moreover, we have the following identity for all x € X/,

I¢]

(w,2) = Ut u,29) = Y ((‘9k7 T, — Tp—1) — P(Aty, ek,xk—1)>, u = U(0)

k=1

Proof: By Proposition 1.3.6, we have that U is indeed a continuous map
from Dy (¢) into the finite domain of (¢, -, xy). Conversely, Proposition 1.3.10
indicates to us that, on the finite domain of W(¢, -, z¢), a recursively-defined map
T; from (1.3.11) exists. Denoting n := |t|, we see that this map is continuous

by induction and continuity of compositions.

Tiw) = (Tia(t)s o Ton (W) ) s Tont) = 0
T (W) = i + w(AtkHa TL(HkH;n))

Observe that T} is the inverse of U;. To see this, fix 0 € Dy(t) and u = U(6).

The final coordinate is obvious,
Eﬂ(gn:n) = Up = U§7H<Q) = 9717
while an inductive hypothesis T} x(uy.,,) = 6k gives us the next step.

E,kfl(gk—lzn) = Ui,kfl(g> + w(Atlﬁ T§7k<gk:n))
= Op1 — V(Aty, Ok) + P(Aty, Ok)

= Ok

Dual to this, fix u € VI for which W(¢,u,20) < oo and define § = T;(u).

Again, we immediately have
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and an inductive hypothesis of U, ;(6) = wy, results in the next step.

Upp1(0) = Op—1 — V(Aty, Or) = Typ1 (1) — (Db, Ty (tye,)) = g

We have now showed that U; is a homeomorphism with inverse 7;. It

remains to show our identity for a pairing u = U;(6).

(u, z) — W(t, u, x0)

=

(Q)7 £> -V (L UL(Q)? wO)

i
L

(O — V(Atggr, Opr1), 21) + (On, T0) — Z%(Atk, Or) — (W(Aty, 01), o)
=1

<.
I
—

O

(Or, ) — oAty Or) — (p(Aty, O), l’k>)

@
Il
—

(O, 72) = WAty O, ) )

<.
Il
—

M-

@
Il
—

(O, x) — xp—1) — P(Aty, O, 931:))

1.4 Affine jump-diffusions

This section shows how the notions of jump-diffusions explained in Ap-
pendix A apply in the affine case. These results are useful because—as we
see in Theorem 1.1.4—affine processes are affine jump-diffusions. Through-
out this section, we take X to be an affine jump-diffusion with differential
Xx-characteristics (X, «, i), but do not necessarily assume X is an affine pro-
cess, in the sense of Definition 1.1.1. Firstly, we prove the uniform-boundedness

property for the affine jump kernel pu.
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Lemma 1.4.1. The jump kernel p satisfies the following uniform-boundedness

property. Any function f € B(V)/B(R) that satisfies
1wl <o
for all x € X then satisfies the following.
T /V |f(v)|p(z,dv) bounded on compact sets

Proof:  Seeing as 0 € X and span X = V, we can take appropriate linear

combinations to get finite integrals for each of the parts my, ..., mgy of u.

FZ-::/]f(v)\mi(dv)<oo, i=0,....d
\%

From here, the result is a simple effect of our affine property and boundedness

of compact sets.

sup
|z|<M

= sup
el <M

d
§F0+M2Fi<oo

i=1

K] F@)lule, dv)

d
Fy+ ) a'F;
=1

|

With this result, we can state succinct versions of the results which exist for
general jump-diffusions. The first of which can be seen as our escape hatch to
representing affine processes X as objects subject to a dynamical system f =

B(£), subject to both continuous and purely-discontinuous martingale noise.

Proposition 1.4.2. If0 € DY, then X is a (P, F) special jump-diffusion for
each x € X. The resulting drift map 5 : X — V in the special semimartingale

decomposition,

X, =a+ (X))l + X +idy * G*

is also affine, making all the special differential characteristics (B, a, p) affine.
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Proof: By combining Lemma 1.4.1 and Proposition A.4.10, we get that

X is special. Now, we perform the algebra to see the affine structure of .

B(z) = A¥(x) + / (v — x(0)) u(z, dv)

Proposition 1.4.3. If the jump kernel satisfies p(x,V) < oo for all z € X,

then X is (P, Z) locally countable for all x € X. In the resulting factorization,
(e, dv) = A@)r(x, dv),

the intensity A 1s an affine map and the jump distribution k is a convex mizture

of probability distributions ko, . .., kq whenever A(z) # 0.

Az) =1o + le k(z, dv) = AEZ) ko (dv) +Z ;ij') ki (dv),

Proof: By combining Lemmas 1.4.1 and A.3.2, we get the desired local
countability. Because 0 € X and spanX =V, we are able to take appropriate
linear combinations to ensure finiteness of the quantities [; :== m;(V) for each

1=20,...,d. This allows us to define our intensity map.

Az) =l + Z 2l = mo(V) + Z zim;(V) = p(z, V)

Now, just as in Remark A.3.3, each non-zero [; will produce a probability

distribution k;(dv) = m;(dv)/l;; otherwise, simply define k;(dv) = d.,. This
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way, we have the factoring m;(dv) = l;k;(dv) for each i = 0, ... ,d. If A(x) # 0,

we see our other desired identity.

k(z,dv) = ﬁu(:c, dv)

d

- ﬁ (mo(dv) +> ximi(dv))
1
(

=1

= (loko(dv) -+ iixiliki(dv))

d )
z i,
= (o) + > =

) 2 3wy P )

Theorem 1.4.4. If 0 € DY, then any h € D(]0,00),V) of finite variation,
compact support, and image contained in D} makes exp(h+X) a (P,,.%) special

Jump-diffusion and
72" = exp (he X = A(h, X) - ()
a martingale for every x € X. Moreover, we may define a new measure Q" by
Q"(dw) = Z"(w) - P(dw)

such that X is a (Q",.F) special jump-diffusion with affine (Q",.F) special

differential characteristics (8", a, u").

B"(s,2) = B(x) + a(x)h(s) + / v(e™ — 1) pu(x, dv)
v
ph(s, z,dv) = e (2, dv)

Proof:  The quantity M = exp (h+X — A(h, X) () is a (P, %) local

martingale by our hypotheses and Theorem A.4.13. To get the remaining
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martingale property, we first note that the compact support of h means that
there exists 7 > 0 such that h(t) = 0 for all ¢ > 7. This makes M = M7, and
so we only need to consider the martingale property on the interval [0, 7]. For

this, we use [SV10, Theorem 2.6], which requires the maps

(s,2) = (h(s),a(z)h(s)), (s,z) /V (e<h(s)’”> —1—(h(s),v)) pu(z, dv)

are bounded on compact sets of points (s, ). This comes from the fact that the
image of h is contained in some compact subset of D} and that A is uniformly
bounded on compact subsets of D3 x X by Lemma A.4.4. The (Q",.%) special
differential characteristics then come from Theorem A.4.16. [ |

Now that we have results on affine jump-diffusions, the question arises if
they are affine processes in the sense of our Definition 1.1.1. The answer is yes,
so long as the associated differential y-characteristics (X, o, 1) and subsequent

Lévy-Khintchine map have an associated solution to (1.1.7).

Proposition 1.4.5. Assume that are differential x-characteristics (5%, a, )
are such that the Lévy-Khintchine map A has a solution V(-,u,-) to the follow-

ing system for each u € Ux.

U(t,u,x) = vo(t,u) + (Y(t,u),z)

U(t,u,x) = A((t,u),z) t>0
VzreX,

U(0,u,x) = (u, )

Then we have the remaining necessary condition of Definition 1.1.1.

Ep, exp (u, X;) = exp¥(t,u,z), t>0, u€ Uy, r€X
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Proof: Fix T >0, u € Ux, and = € X and denote My = exp V(7 —t, u, X3).
We now apply our jump-diffusion version of 1t6’s formula for jump-diffusions
as in Lemma A.1.7, indifferently treating an element of V as one of L(V,R) in

the canonical way.

M, = expU(r,u,z) — exp U(7 — €, u, X)W (7 — {,u, X) - £,
FexpU(r — 0,u, X_)b(r — 6,u) - X,
+ %exp W(r — 0, X)((r — Cu), o X)(r — £,u)) -0
+ (exp U(r — u, X) —expU(r — £,u, X_) — ((r — £, u),idv>> % ¢
= expU(r,u,z) — MA(y(r — £,u), X) - £,
# 3 (007 = L0, 55C0) + 5007 — L) (X0t = ) ) -1
+ M_p(T — Lu) » X+ M_(¢(7 — L), x) * G
+ M_(p(r — L), idy — X) * g
+ M ((exp ((r = €,u),idy) = 1= (¥ = €,u),idv) ) +

Now, we use Lemma 1.3.2 to claim that M is bounded, and so it is special by
[JS03, Lemma 1.4.24], so we may compensate our jump integrals above.
M, = expV(r,u,x) — MA(w(T -/, u),X) ol
21 ({07 = €0, 50 + 30000 = L), aCOUE = L)) -1
+ M_p(r—lu) X+ M_<¢(T — K,u),X> * G
+ M,<exp (W(r —Llu),idy) — 1 — <¢(T —l,u), X>> G

M (exp ((r — L),y — 1= (6(r — L), x) ) %
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= exp¥(r,u,z) + M_tp(1 — ,u)+ X°
+ M,<exp (W(1 — L), idy) — 1) * G

This shows that M is a local martingale; because it is bounded, it is a martin-

gale, and we have our desired transform.

Epexp (u, X;) = Epexp ¥V (0,u, X;) = EpM, = exp ¥(7,u, X,)
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Chapter 2

Large deviations of affine
processes

This chapter concerns proving, for a fixed x € X°, a large deviation principle for
a family (P )eso of distributions P¢, of affine processes eX¢, where each (P%).ex
is the family of kernels respectively associated with e X¢. The parameterization
that establishes these distributions (Pf,)e~o is stated very simply on the level of
parameterizing fixed special differential characteristics (3, «, ) which already
associate with an affine process X := X', To this end, (eX¢).s is a family of
affine processes in which we are effectively regularizing X as ¢ — 0, and our
large deviation principle explains this regularization.

The principle is established with regarding (P%)cso as a family of measures
P¢ on the Borel space associated to our Skorokhod topology on D([0, c0), X).

This means that there exists a lower-semi-continuous function,
I, : ([0, 00),X) — [0, o],

known as a rate function, with the characterizing property that any target set

I' € #(D([0,00),X)) is such that the probabilities (P (eX® € F>)e>0 have a
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first-order exponential asymptotic that corresponds to variational problems on

L.

. < Tim € v
51é1rfo I,(§) < hren_}glfelog P (eX“€T)

< limsupelog P (eX® € T') < —inf ,(¢)

e—0 ger
Having the full strength of the Borel space on D(]0, 00), X), our admissible sets
I' can include a variety of tests on eX€. For instance, suitable selection of I'
allows us to derive asymptotics of probabilities associated with stopping times,
path-integrals, and finite-dimensional distributions of (¢X€).~o.

A great resource for a systematic approach to the theory of large deviations
is [DZ10]. This text offers comprehension on the subject with both intuitive
and technically abstract perspectives, along with providing a descriptive history
of the subject. While we only use this text to cite Cramér’s theorem, its
perspective paves the path of our argument. In particular, Cramér is credited
with the measure-change argument we use throughout, which generally could

be explained as defining exponential measure changes,

(2.0.1) 7% = exp (A(XE, 0) — B(X*, 9)>

QY% (dw) = Z%%(w) - P (dw),

where A is some linear form and B is appropriately compensating it to make
Epe 7% = 1. The object 6 in the above expression is a parameter suitably
chosen to make the measure Q“?(eX¢ € T'°) effectively small enough to neglect.
We will explain this more in the chapter, but we find it important to state here

that the nature of our linear form A can be associated with a finite-dimensional
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projection of X€¢ or be a linear operator on the infinite-dimensional space of
paths.

The expression (2.0.1) looks familiar to our local martingale in Theorem
A.4.13. Such a measure change is of the infinite-dimensional nature, and is
a commonly used tool in the literature of large deviations which we refer to
as the exponential martingale approach. Note that the dynamics in Theorem
A.4.16 allow for easy calibration our density in (2.0.1). A particular case in
which this tool is used is [KK14], where they prove a large deviation principle
for continuous affine (jump-)diffusions with special differential characteristics
(B,c,0). This approach lends itself to integral expressions which ultimately
find their way in the rate function I,. Having a rate [,(£) involve an integral
of £ is very useful for investigating local properties of the family (eX¢).~o and
will be explained more in depth in the next chapter.

For the finite-dimensional approach, we may simply use inner-products on

V™ as our operators A in (2.0.1).

n

(2.0.2) exp (2w Xp,) = Bltr, ooy, un) )

k=1

Ep expz (U, Xp,) = B(t1, ... tp,ur, .oy uy)
k=1

We refer to this approach as twisting or tilting, as each parameter u;, decides
the distribution of the increment X;, — X, | for calibration of our density. The
Dawson-Gértner theorem [DZ10, Theorem 4.6.1] provides a great abstraction
on how to achieve from here a full principle on the paths. This is because a
stochastic process X = (X;);>o—at its weakest—corresponds to a measure on

the projective space (X0, @ icf0.00) Z(X)), and the theorem concerns itself
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with large deviations of abstract projective limit spaces. One issue with this ap-
proach is that the resulting rate function I, does not have an integral form like
in the exponential martingale approach. In fact, [KIKK14] specifically mentioned
this issue when proving their principle. Another issue is that the projective
limit space corresponds to a product topology on X% which means we can-
not get asymptotics for I' described above. We need to leverage properties of
the Skorokhod topology to then tighten the principle.

We remark in this chapter that, for affine processes, the exponential mar-
tingale and twisting approaches are nearly identical. The affine map ¥ which
characterizes an affine process provides us with a way of resolving (2.0.2) as
a specific selection of parameter ¢ in the exponential-martingale approach. In
this way, our proof is different from [KK14], in that we use this resolution to
derive an integral form for our Dawson-Gartner rate function. A summary of

the proof is as simple as:

prove large deviation principles for finite-dimensional distributions, prove

exponential tightness, conclude large deviation principle on Skorokhod space

which can be compared to Prokhorov’s theorem for weak convergence of mea-

sures on a separable metric space,

prove weak convergence of finite-dimensional distributions, prove tightness,

conclude weak convergence

which was the original intent behind defining the Skorokhod topology (see in
[Sko56]). This comparison is not due to us, for researchers are actively studying

large deviations theory from a weak convergence perspective. Puhalskii has
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actively developed such approaches, and we manipulate a proof from [Puh01]
to get the integral representation of our rate function. For resources on large
deviations on the Skorokhod space, see [FK06], a resource which we use to get
some of our results.

Now that we have introduced the key ideas, the remainder of this chapter

is organized as follows.

Section 2.1. Describes our parameterization (P¢)~o,
Section 2.2. Delineates our assumptions for the result,
Section 2.3. Proves our principle via twisting,

Section 2.4. Resolves the approach of twisting with that of exponential mar-

tingales,

Section 2.5. Simplifies our rate function to an integral form.

2.1 Asymptotic family

Fix family (eX¢).~o of affine processes e X with associated conditional dis-
tributions (P¢),ex such that the differential y-characteristics (8%, ¢, u) relate

through the following parameterization.
(2.1.1)
€ 1 1 € 1 € 1 1
pY(z) = =¥ (ex), af(z) =-a (ex), p(z,dv)=—-p(ex,dv), ze€X
€ €

In effect, for each x € X, the family (P{ )~ is induced by a base distribution

P, := P} associated with base affine process X = X' and base differential
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characteristics (8%, o, u) = (8%, ', ut). This also implies a similar param-
eterization for the Lévy-Khintchine maps A€ associated with (8% a¢ u) in

terms of the base map A from (8%, a, p).
1

(2.1.2) A(u,x) = =A(u,ex), vweV, zeX
€

Using the notation of Appendix A.4, we see that the set D, () of finite points of
A(+, z) is identical to that Dye(ex) of A°(-, ex). So long that X is a cone—which
is to say that X an additive set, closed under non-negative-scalar multiplication—
we have X = €X and so the following sets agree.
Dy = ﬂ Di(x) = ﬂ Dye(ex) = ﬂ Dpe(z) = Dhe
zeX zeX rzeX

Note that a parameterization like (2.1.1) or (2.1.2) may exist irrespective
of the affine property on (5%, «, ). However, affine processes are distinct in
the existence (from Theorem 1.2.3) of an affine map U¢ : Dy — R respective
to X¢,

Ue(t, u, ) = ¥§(t, u) + (P(t, u), z),

in which U¢(-,u, ) is the minimal solution of system(A€, 7,u) (from Theorem

1.2.3) for each (7,u) € Dye,

VeeX U (t,u,x) = A (¢(t,u), z), te0,r]
U0, u, z) = (u,x)

and is the cumulant generating function of each marginal.

Epe exp (u, X7) = exp V(1,u,xz/€), (T,u) € Dy, v € X
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Above, note that the z/e in the last coordinate is because P¢, is the distribution
associated with eX¢ not X¢ The following result shows us that our param-

eterization in (2.1.1) and (2.1.2) applies these cumulant generating functions,

where ¥ := ! and Dy = Dy,.

Proposition 2.1.3. Assume X is a cone satisfying spanX = V. For each

€ > 0, we have Dy = Dye and the following identities.
€ 1 € 1 €
Ue(t,u,x) = E\If(t,u,ex), vyt u) = gwo(t,u), et u) = P(t, u),

Proof:  Start by selecting (7,u) € Dy. This means that u € Dy (7) and
W(-, u,-) is a solution to system(A, u, 7). Observe that this implies the following

identity for all x € X.

01 1 1
a—\ll(t,u,ex) = —U(t,u,ex) = ~A(Y(t,u), ex) = A(Y(t,u),z), te[0,7]
€ € €
1 1
—U(0,u, ex) = —(u, ex) = (u, x)
€ €
This means that %\I/(-,u,e-) is a solution to system(A€, 7,u). By definition,

existence of a solution means that u € Dy(7), and so (7,u) € Dyc. Theorem

1.2.3 then tells us ¥¢(-, u, -) exists and is dominated by the other solution.

—_

Ue(t,u,x) < =U(t,u,ex), tel0,7], xe€X
€

On the other hand, if we have (7,u) € Dye, then u € Dye(7), and so
Ue(-, u, ) is a solution to system(A¢, 7,u). Now, we have the following identity

for all z € X

%E\Ife(t,u, z/€) = eV (t,u,x/e) = eA(V(t, u), ex) = A(W(t,u),z), te€[0,T]
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eV (0,u,z/e) = e(u,z/€) = (u,x),

and so eU¢(+, u, -) is a solution to system(A, 7, u). Again, we may conclude from
this that (7,u) € Dy and that ¥(-, u,-) exists and is dominated by the other
solution.

U(t,u,x) < eV(t,u,xz/e), tel0,7], xeX

In total, we have now shown that Dy = Dy, and inequalities (2.1) and

(2.1) indicate to us that the following functions agree.

1
Ue(t,u,z) = =V(t,u,x), (t,u) € Dy, z€X
€

This means equality of the following affine expressions.
V5t w) + (Yt u), z) = U(t, u, z)
1
= —V(t,u,ex)
€
1 1 1
— 21/10(15, u) + g<1p(t, u), ea:> = g¢0(t, u) + <¢(t,u), x>

Seeing as span X = V, we may take appropriate linear combinations to show

the remaining identities.

1 .
vyt ,u) = E@Dg(t,u), i(t,u) = i(t,u), i=1,...,d
|
Remark 2.1.4. Note that the above proof can be applied to complex moments,

since Theorem 1.1.4 and Remark 1.1.6 indicate to us that each V(- u,-) is a

solution to following equation, for each u € iV.
U (t, u, ) = AE(W(t,u),x), t>0

VreX,
U0, u, z) = (u,x)
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This parameterization also applies to the liftings W¢(t,-,-) of V¢ to finite-

dimensional projections on partitions t - [0, 00).
Epe exp (u, eX[) = exp ¥(t,u,x/€), u€ Vi 2z eX
Denoting U(t,-, ) := Wl(¢,-, ), the below result shows just this.

Proposition 2.1.5. Assume X is a cone with spanX = V. Fiz t F [0,00),
z9 € X°, and € > 0 and define U; as in Proposition 1.3.6. Each u € V!

satisfying u = Uy(0) for some 6 € Dy(t) satisfies

\Ile (tu Uﬁ(Q% .T()) - 1\Ij(£7 UL(Q): 6'IO) < oo,

€

and if no such 0 € Dy(t) exists, both are infinite.
1
\115(27 u, xO) = _‘I}<E7H7 GIO) = OQ.
€

Proof: We start by recognizing two facts. Firstly, from Proposition 2.1.3,

we have an identity of the following sets.

I2] I2]

(2.1.6) Dye(t) = [ [ Duc(At) = [[ Du(Ati) = Dy (),

Secondly, Proposition 2.1.3 also shows us that the Uf associated with X¢ is
identical to that U; of X, as ¢ = . We now show the desired identity by
fixing u € V¥ and considering each case.

First suppose u = U;(0) for some 0 € Dy(t). The identity of (2.1.6) tells us

0 € Dye(t) and so Propositions 1.3.6 and 2.1.3 give us the following,.

\116(2’ u, $0) = U (27 U;(Q)a :L‘())

38



Large deviations of affine processes Chapter 2

I¢]

= Z wg(Atk, Gk) + <¢€(At17 01)’ LU()>
k=1

]
1 <Z¢0(Atk, Or) + (V(Aty, 60,), €x0>)

€
= 1\11 t, U, (8
== (t, Uy(8), exo)

1
= —U(t,u, ex)
€

On the other hand, suppose u is not in the image of Dy (t) under U;. Seeing
as o € X° and X is a cone, we have exy € X°. Applying Theorem 1.3.12, we
then have W(¢,u, exg) = oco. The identity in (2.1.6) also tells us that u is not
in the image of Dy () under U;. Theorem 1.3.12 now tell us W(¢, u, xy) = oo.

We conclude our final identity.
1
\I]G(E’ u, QZO) = _‘P<ta u, 63:0) =00
€

[

Now that we have established parameterizations for just about every object
that relates to an affine process, we establish some intuition on the relationship
between these distributions (P§).so. The first of which is immediate from
our preceding result, but it only makes sense when we consider the countable

sequence €,, = 1/m for m € N.

Proposition 2.1.7. Assume X is a cone with spanX = V. For a fived x € X,
the family (PS™) o corresponds to a mean-field regime. That is to say, if we fix
a probability space (2,2, P) equipped with a sequence of independent quantities

(X(j))jeN each distributing according to P,, then we may realize each €,, X"
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as follows.

1 m )
mX ™ ———E X €N
€ ) , m

Proof: 'We will prove this by showing that the finite-dimensional distribu-
tions agree by identity of their characteristic functions. Fixing t - [0, 00) and

u € VI we apply Proposition 1.3.3 and Remark 2.1.4.
log Ep exp <ig, Z Xéj)> = log <Epm exp (iu, Xt>)
=1

= log (exp \Il(z_f, iu, a:))m

— (L, 2)

|2l

I¢]
- Z wU Atkaek + <’l/} Atla 7x/6m>>

It\

= U (Aty, 1) + (O (Aty,0), 2/ €m)
k=1
= yer (L u, l’/Em)

= log Epem exp (u, X)

We may also intuitively understand the relationship of (Pf),ex from a dy-
namical system perspective. In Theorem A.1.14, we see how jump-diffusions X

always correspond to a weak solution of some stochastic differential equation
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driven by standard Brownian motion W and Poisson random measure p.

(2.1.8)
Xt = Xo‘i‘BX(X)'gt +O'<X)‘Wt+XOC(X,idv> *ﬁt+X/OC(X,idv) * Dy

p(z,T) = / Ir(c(z,v))dv, T € B(V-{0})
VzeX v

a(r) = oo™ (x)
The following proposition gives perspectives on how the processes eX¢ may

relate through these objects in two different perturbed dynamical systems.

Proposition 2.1.9. Fiz a probability space (2,3, P) equipped with standard
Brownian motion W on V and Poisson random measure p on B(Ry x V).
Let o0 : X — L(V) and ¢ : X x V — V satisfy (2.1.8) for the x-differential
characteristics (6%, a, 1), as granted by Theorem A.1.1/. For each x € X, the
family (PS)eso of distributions PS, may be recognized as each PS, being a weak

solution to the respective scaled stochastic dynamical system,
eX; = x—i—ﬂx(eXe)-ft—i—\/EG(X)-VVt—i—Xoec(eXE, \d/E-idV) *ﬁt+x’oec(€XE, \d/E-idV) *Py,
or the time-changed stochastic dynamical system.
eX; =4 BX(eX) by + e (X) « WS + x o ec(eX€, idy) * 7 + X 0 ec(eX*, idy) * p},
Wi = Wye
p([0, 2] x I) := p([0,t/€e] X T)

Proof: By [JS03, 111.2.26], it suffices to check if the characteristics of the
above dynamical systems match those of eX¢. We will instead match those of

the scaled X¢; recall its characteristics, as specified by (2.1.1).

. : 1 . 1
<XE7C’Z, Xs,c,]> _ OéiJ(EXE) . 67 dX (dS, d’U) = —M(EXG’ d’U)dS
€

€
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Let us first address the first system. Note that for any i,5 = 1,...,d, we use

[JS03, Theorem 1.4.40(d)] to resolve the predictable quadratic covariation of

the continuous local martingale part %U(EX )« W of X¢.

o(eX€)- W)i, (%U(GXG) . W)]>

::<)(epi7)(epg>

Note that the accumulated jump process associated from X°¢ in these dynamics
is the following process.
t— Z eX ¢ e-eAX E)
0<s<t
This allows us to see that, for a predictable process H : @ x R, xV — R, we

have the following identities, via changing coordinates.

Il
e3)
!
é“\g
é\
T
-
%
T
™
=
o,
S
o,
Va)

> 1
:EP/ /H<',S,C(€X§_,’U))—dvds v Hew
0o Jv €

o 1
= Ep/ / H(-,s,v)—p(eX: ,dv)ds v (X5, v)
0 €
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Now we address the second system using the same calculations; the continuous
local martingale term of X € in this case is 0(eX)+W, and we have the following

identity.

d
Tia(eX) WY 0jm(eX) - We’m>

1 m=1

M=

((ex) W', ((ex) - Wy ) = {

I
(=1

X )X WL W)

lm=1

3
Il

I
B

0i1(eX)0;1(eX) (6_16)
1

— Zoy (X 4
Ea,](e )

—_
Il

— <Xe,c,i’ Xe,c,j>

Meanwhile, our time-change of the Poisson random measure immediately gives

us our desired characteristic.

Ep (H * qo)g) = Ep/ H(-,s,c(eXg_,v))pE(ds,dv)
R

+><V

o 1
—Ep/ /H(-,s,c(eXE,v))dv-—ds

0o JV €

o 1
= EP/ / H(-,s,v)—pu(eXS_, dv)ds v c(X,_,v)
o Jv €

2.2 Assumptions

We now clearly spell out the assumptions we will need to prove our large
deviation principle. The first of which concerns existence of our affine processes.
As mentioned in the previous section, the base parameters (8%, a, 1) param-

eterize those (5%, af, u€) for each € > 0. This means that selecting the base
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affine process X immediately imposes the laws e X for all other € > 0, should
they exist. Generally speaking, there exist functions (X, a, ) for which there
is no jump-diffusion that makes them differential characteristics. Proposition
2.1.7 indicated that, should distributions (P.).ex exist for an affine process X
with differential characteristics (5%, a, i), then we can construct distributions
P& for each m € N and x € X by taking convolutions (recall, €, = 1/m).
However, we find it important to establish our large deviation principle over a
continuously defined family € > 0. This now motivates the following assump-

tion, which was already implicitly assumed in the previous section.

Assumption 2.2.1. The affine parameters (5%, «, ) are chosen so that each
e € (0,1], affine processes X¢ exist which exhibit the parameters (SX<, ac, u°)

as in (2.1.1).

Remark 2.2.2. (a) If we wanted to show a large deviation principle over

only the family (€, X" )men, then this assumption is unnecessary.

(b) Selecting (6%, v, i) parameterizes each A€, which does specify the systems
(1.1.7) and (1.2.2) associated with complex and real moments, respec-
tively. There are already many results which allow one to say that X°¢
exists in this scenario. For instance, if our state space is X = R x R",
then [DFS03, Proposition 7.4] provides us the existence we require, $o
long as the parameters are chosen to be admissible. Otherwise, one can
specify weaker assumptions on X at the expense of choosing diffusions
(u(-,dv) = 0) or pure-jump processes (o« = 0) on certain factors of the

space; see [Cucll, Section 2.5, Section 3.4).
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Our proof ultimately comes from the parameterizations of our moment func-
tions W€ in the previous section. These relied on X being a cone, so we specifi-

cally mention that here.

Assumption 2.2.3. The space X is a cone and span X =V,
Remark 2.2.4. Note that span X is at no loss of generality, per Remark 1.1.3.

Our last assumption is of key importance. Large deviations are best un-
derstood through moment generating functions, which serve no purpose if they
are not finite. For an initial point xy € X° a large deviation principle holds
for a family (P}, )eso on the projective limit space (i.e. the product topology),
so long as 0 € D3. However, in order to strengthen this result to the Sko-
rokhod topology—a step which is necessary for interesting asymptotics and an

integral-form of our rate function—we need the full strength of Dy = V.

Assumption 2.2.5. We have Dy = V.

Remark 2.2.6. (a) By Lemma A.4.2 and Proposition 1.2.10, this assump-

tion is equivalent to having any of the following statements for anyu € V.

 Jupsi ez, dv) < oo for all v € X,
e There exists T > 0 such that Ep_exp (u, X,;) < oo for all x € X

o There exists T > 0 such that system(A, 7,u) has a solution.

(b) It is easy to see in the proofs where we assume Dy = V versus simply

using 0 € Dj.
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(¢) By imposing even the simpler of the two assumptions that 0 € D3 imme-
diately tells us that all X are special, and so we proceed the rest of the

chapter with a presentation in terms of special differential characteristics

(B, . ).

With this assumption in mind, we state versions of the propositions at the

end of Section 1.2 in our scenario.

Proposition 2.2.7. (a) For each 7 > 0, Dy(7) is open; in particular, there

exists 6 > 0 such that B(0,9) C Dy(T).

(b) Foreacht >0 andu € Dy(1), V(-,u,-) from Theorem 1.2.3 is the unique

solution to system(A, 7,u).
(¢c) For each M > 0, there exists § > 0 such that B(0, M) C Dy/(9).

(d) For each M > 0, there exist 6 > 0 and Cys such that the following holds.
|U(t, u,2)—0(0,u,2)| < Crr-t-(1+]z]), t€[0,0], ue B(O,M), z€X
Proof:

(a) Proposition 1.2.5(a) tells us that Dy (7) is open in DY, which is now V by
our assumption. Also, seeing as Ep, exp (0, X;) =1 < oo for all z € X

0 € Dy(7). Openness of Dy (7) now grants some B(0,0) C Dy(7).

(b) Proposition 1.2.5(b) gives us uniqueness of W(-, u,-) as a solution to
system(A, 7,u) for any u € Dy (1) N DY, which is now the same thing

as u € Dy(1).
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(c) Seeing as Dy = V, we now have B(0, M) C DY, so Proposition 1.2.7 gives
us § > 0 such that B(0, M) C Dy(6).

(d) Fix M > 0. By part (c), there exists § > 0 such that B(0,2M) C Dy (26).
Now, [0, 6] x B(0, M) is a compact subset of Dg,, and so Proposition 1.2.9

gives us our desired C)y.

2.3 Dawson-Gartner

This section proves our large deviation principle from a perspective similar
to that of Dawson-Gértner (see [DZ10, Theorem 4.6.1]), in which we prove
the principle for the finite-dimensional projections, so that we get a principle
on the projective space associated with D([0,00),X) that we may tighten to
the Skorokhod space through exponential tightness. Though we attribute this
approach to the names of Dawson and Gartner, we specifically use results
in [FK06] which instead use results which appeal more to weak convergence

arguments that are comparable to Prokhorov on an exponential scale.

Theorem 2.3.1. For each x € X° and t = [0,00), the family (7P} )es0 satis-
fies a large deviation principle on VI with good convex rate function W*(t, -, z),

the Fenchel-Legendre transform of ¥(t, -, x).

U (L, z, x) = s (<u, z) — V(t,u, 96))

Proof: We first prove a principle on the discrete family (m; #P;m)meN for

€m ‘= 1/m. Note that Proposition 2.1.7 allows us to consider a space (£2, %, P)
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equipped with an i.i.d. sequence (X)) ,;cy of elements distributing from P, and

realize each €, X .
I O
X = x )
€ — le

We now use a specific instance of Cramér’s theorem [DZ10, Corollary 6.1.6]
to conclude that if 0 is an interior point in the finite domain of ¥(t,-, ),
then our principle is satisfied with good rate function ¥*(¢,-,z). Note that
Proposition 2.2.7(a) tells us that 0 € Dy(t), an open set. Denoting some
ball B(0,0) C Dy(t), Theorem 1.3.12 indicates that U;B(0,0) is an open set
containing 0 in the finite domain of W(¢, -, x).

Now that we have established a large deviation principle for (m; #P;m)meN,
we seek to establish one for (m; #P;)€>o. We start by defining a map € — €
which discretizes the nature of ¢ > 0; denoting [r] € Z the integer part of

r € R, define € := [e7!]7!. The following quick inequalities relating € and ¢,
E—&<e<e

make it easy to directly show (7 #Pi)oo satisfies a large deviation principle;
for each T' € B (VIt),
o * < . . €m
glélrfo U*(t,z,z) < hmHLIOIgf €m log WL#P:C r

= llIerilglf €logm , Pl

< liminf(e + €*) log WL#PE/,F

e—0

= liminf e log WE#PiF

e—0

< limsup € log ﬂi#PiF

e—0
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< lim sup € log WL#PiF

e—0

= limsupe,, log WL#PE:WF < —inf U*(¢, z, 7)

m—s00 z€el
To obtain a large deviation principle for our family (m #P§)€>0, we show
regularity e — m P} to lift the principle for the discretized family ( #Pi)€>0.
This notion in the literature is known as an exponential approximation, which
is explored in [DZ10, Section 4.2.2]. From [DZ10, Theorem 4.2.13], it suffices
to construct a probability space (£2, X, P) such that elements (eX€).~ on this

space with distributions (P%).so satisfy the following exponential equivalence

property.
limsupelogP(\eXf — EX{| > 5) = —00
e—0 B -
The scaled-dynamics realization from Proposition 2.1.9 will do just this. |

Cramér’s theorem—the tool we leveraged to prove the above principle—is

proven by using measure changes induced by densities of the following form.

exp ((u, Xi) — V(¢ u, XS))

Observe that Theorem 1.3.12 gives us a perspective of how this measure de-
pends on the increments; a valid moment v € VI for the above expression

must satisfy u = Uy(6) for some 6 € Dy(t), and the following.

It|

exp ({u, X5) = (6w, X)) =exp D (0, X5, = X5, ) — 0" (A, 01, X))
k=1

We denote the above quantity Z¢4?, its associated measure change by

Qet(dw) i= Z°42(w) - P(dw),

—~x

and observe the nature of how they make our increments distribute.
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Proposition 2.3.2. Fize >0, x € X, t - [0,00), and § € Dy(t). For each

C=1,...,|t| and 0 € V with 0,46 € Dy(Aty), we have the following moments.

Bgeeo(exp (0, X, — X;, )., )
— oxp (" (Ao, 0, + 0, X, ) = 9" (A, 01, X, )

This furthermore means we have the following conditional expectations.

to_ 1|€ Loy

Eg;,g,g (eX —eX; £1:e—1> = Vo, 0(Aty, 0p,20_1)

Proof: Denote n := |t| for brevity. We first show the following conditional

expectation for any m =n —1,...,1.

th—1

(233)  Epe (2.7 ) =[] ((0n, X5, — X5, _,) — (At 04, X5, ),
k=1

by iteratively projecting onto F¢ ..., F¢ . For any H € %, /#B(R,), we

1

have the following.

HHeXp ek,’; tk X€ > - SOE(Atbek?Xtﬁk—l)))

— EP€ H H eXp ek-, tk: XG > (Atk7 0k7 tk 1))

/\/\

Eps (exp (0, X5, = X; )T, ) exp (= ¢ (Ab, 0, X)) )
n—1

—EPe(HHexp Gk, XG > (Atk79k7 tk 1))>

k=1

= Epc (HHexp (<9k,ka Xi ) — o (Aty, Op, X{ 1)))

k=1
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which indicates that (2.3.3) is true. Now choosing H € .7, /%(R), we apply

(2.3.3) for m = ¢ and m = ¢ — 1 to see that the following holds.
Eqote ( exp (0, X[, — Xfé_l)H>

= Epe (exp (0, X;, — X;£_1>HZE,LQ>

14
= Bp ((exp (6, X7, — Xi, ) H [T exp (00, X, — X5, ) = ¢ (A, 0, X))
k=1
/-1

= EP; (H H exXp (<9k7 Xtek - Xtek_1> - @G(Atk’ ek’ X;k—l))
k=1

Ep; ( exp <9£ —+ 9, X;e — X7 >‘yt£71) exp ( — ()Oe(Atg, «95, thil))>

ti—1
-1
— Bpe (H [T exp (00, X5, — X5, ) = ¢ (Aths 00, X, )
k=1

oxp (SOG(AtZ’ 9@ + 9’ XtEZ—l) - S0€<At€7 967 Xtez—1)))
= Epg (exp (¢ (Atg, 0+ 0, X;, ) — o (Aty, 0y, X:g_l))HZE’LQ>

_ Egi,g,g<exp (¢ (Aty, 0, + 0, X5 ) — o (Aty, 00, X5, ) H)
This gives us our first desired identity.

EQ;’LQ ( exp (0, X{, — X{,_ ) |fif[_1>
= oxp (p“(Aty, 0, + 0, X5, ) — o (At 00, X, )
Now that this identity is established, we appeal to Propositions 2.2.7(a), 1.2.9,
and 2.1.3 in specifying an open ball B(6,d) C Dy (Aty) on which we may apply
derivatives to get the following identity.
Bgere (X, = X, 17 )

= eBoeo (X5, - X7, |75
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ti—1

= Bqein (vg exp (0, X — X, omol )

= eVaEQZLQ ( exp (0, X, — X;e—lﬂytz—l) ’9:0

= eVyexp (905 (Atg, 00+ 0, X, ) — o (Ate, O, Xf£_1)> )9:0

= Vyexp <¢(A% O+ 0,eXy, ) — p(Ate, O, eXf£_1)> ’9:0

= vogSO(AtZ; 9f7 EXtEg_l)

Seeing as the above quantity is measurable with respect to the o-algebra gen-

erated by X; ,, we have our desired identity.

Bgero (X, - eX;

te—1

eX; = gm_l) = Vo0 (Aty, 0, €X7, )

Understanding these measures QG’L’Q will be important for our next section,

-
where we relate the seemingly alternative exponential martingale method to
studying large deviations. We now proceed from that short tangent back to

our large deviation principle.

Proposition 2.3.4. For each x € X, the family (PS)eso is exponentially tight
on D([0, >0), X).

Proof:  First note that each family (m; #P;)E>0 of finite-dimensional dis-
tributions is exponentially tight by Theorem 2.3.1. This is because each p > 0
produces a compact set K, = U*(t,-, )70, p] C VIl (by goodness of the rate

function) clearly satisfying the following.

lim sup € log Wi#P;(K;) < — inf U*(t,z,x) < —p
e—0 Tz€K]
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By [FKO06, Theorem 4.1] (rather, an adaptation of it involving a continuously
parameterized family), our desired exponential tightness is obtained if we pro-
duce to each €¢,0,\,7 > 0 a random variable 7.(J, A\, T") with the following

dominating property over all ¢t € [0,T], s € [0, 0],
(2.3.5) Ep, (exp ("N (JeX,, — eXi| A1) |ﬁf> < Ep, (exp Ye(6, A, T)|ff),

such that the following equalities are true for all A > 0.

(2.3.6) lim lim sup € log Ep, exp (¢ "A(JeX§ — eX§|A 1)) =0
=0 0
(2.3.7) lim lim sup € log Ep, exp.(d, A\, T) = 0
=0 50

To show this fact, first note that, by Proposition 2.2.7(d), to each A > 0 there

exist 6y, > 0 and C) > 0 such that the following inequality holds.
(W (t,u,2) = U(0,u,2)| < Cr-t- (L+]z]), te€0,6)], ue B0,Ad), z€X

We then define the following function f.(-,d,A) : X — R for each ¢ > 0, A > 0,
and 0 € [0,6,].

1
fe(',6,0) = lode—l—z-C',\wS' (1+ |z])

We now define 7.(5, A\, T') := fe(eXf, 0, )\).
Note that for all A\,e,t > 0, § € [0,6,], and s € [0, 9], we use Proposition

2.1.3 to get the following.

Ep, (exp (e "N (leXy,, — eXi| A1) L?f)

)17)

< Ep, (exp (671)\‘€Xt€+5 —eX{
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<SR (‘e (Vi aVaet exi, - exi) )17
(=0 i=1

= i Zd: exp <5_1\11<3, (—1)AVde, eXf) - 6_1<(—1)€/\\/36i, eXtE>>
(=0 i=1

< 2d-exp <%-C’>\'6- (1+|€Xt€|)>

(2.3.8)
= exp fe(eX{,0,))

Note that (2.3.8) makes (2.3.5) true.

Ep, (exp (e "N (JeXs, s — eXi| A 1)|ﬁt€>
< exp fe(€X[, 6, )
= exp (6, A, T)

= Ep, (exp Ye(6, A, T)|Fff)
For (2.3.6), we also use (2.3.8).

lim lim sup € log Ep, exp (e "A(|eX§ — eX§| A 1))

=0 50

= lim lim sup e log Ep_Ep, (exp (e "X (JeXs — eX§l A 1))|550€>

=0 0

< lim limsup elog Ep, exp f.(eXg, 0, \)

=0 50

= lim lim sup <610g2d+ Cyh-0-(1+ |m|)>

=0 0

=0

Using Proposition 2.2.7(a), to each A > 0, there exists 65 > 0 such that

B(0,6)) C Dy(d4). Now, for any & < 6yAd,/(2Cxv/d), we again use Proposition
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2.1.3 to get the following.

elog Ep, ( exp e (9, A, T)>
=elogEp, <exp fe(eX,0, )\))

= clog2d + Cy - § + elog Ep, exp (e 'C\d|eX[])

1 d
<elog2d+ Cy-6+elog» > Ep, exp((—1)'e ' CrdVde’, eX)

(=0 i=1

< 2elog2d+Cy -0+ max elog Ep, exp <(—1)£€_IC)\5\/E€i, eXf>

< 2elog2d + Cy -6+ max \I/(t, (=1)‘ChoVde, x)

0=0,1

This gives us (2.3.7). |
Theorem 2.3.9. Foreachx € X°, the family (P%)cso satisfies a large deviation

principle on D(]0, 00), X) with good rate function I, : D([0, 00), X) — [0, 00| as

follows.

sup U (¢, £(1), £(0))  €(0) = =
(2.3.10) L&) = { A

00 otherwise

Above, A¢ C [0,00) denotes the points of discontinuity of &.

Proof:  Provided we have some ¢ I [0,00) the vector ¢ associated with
prepending 0 to t,

i: (O,tl, P ,tm),

induces the following finite-dimensional distributions.

7y, P = 8, @, P
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For these partitions, it is easy to see from Theorem 2.3.1 that the large devia-
tions principle for (7; #Pg)oo has good rate function as below.

\IJ*(L Z, $0)7 Top=1T
(w0, 21, ..., 2p) —

00 otherwise

By [FKO06, Theorem 4.28], we now use Theorem 2.3.1 and Proposition 2.3.4 to
get a large deviations principle for the family (P )0 with good rate function

L. |

2.4 Exponential martingales

Now that we have our principle, we discuss how various exponential martin-
gales Z¢" induce changes of measure alternative to those Z¢*2 which themselves
inspire a different flavor of proof. We start by defining the building blocks of

these exponential martingales.

Hy = {h € D([0,00),V) : h has compact support and finite-variation }

G :ID(]0,00),X) x Hp — R,
G )= (€0 1(0) ~ [ es)ants) = [ A(a), g(6))as

Proposition 2.4.1. For each ¢ > 0 and h € H,, we have the following iden-

tities, where E(H) denotes the Doléans-Dade exponential of H.

Zeh — exp (%G(GXE, h))
= (000 = [ ane) - [ ac(his) x0)as)

= exp (he X5 = A (R, X) < Lo
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— g(hOXE’C — (e(hvidv> _ 1) * ’qVXE>

o0

Furthermore, Z" is integrable and t — Ep_(Z".%,) is a martingale.

Proof: We start by establishing the first two identities. Realizing h as a
predictable, finite-variation process, we apply integration by parts (see [JS03,

Proposition 1.4.49(b)]) to get the following identity.
—G eX*, h (<6X5, 0)) — / eX<_dh(s / A((s),eX5)ds)
0
/ X: dh(s / A(h(s), X5)ds
= (X§, h(0)) — «hoo — A(h, X) « U
=heX —A(0, X))l
The remaining identity is a special case of that from [JS03, Theorem I11.7.24],
but we will perform the Ito calculus here for completion’s sake. Note that
Theorem 1.4.4 tells us that exp(h+X¢) is a (P, .#) jump-diffusion, and (A.4.15)
from Theorem A.4.13 gives us its special semimartingale decomposition.
exp (h X7) = ((exp (e X) - A, X))+ £+ ((exp (e X)) - X

+ exp (h . Xi) <€<h,idv> . 1) % the
Note that this allows us to define the process H inside the alleged Doléans-Dade

exponential.

H="he X"+ (€<h,idv> _ 1) qX‘

Observe that, by definition of the Doléans-Dade exponential and the special

semimartingale decomposition of X¢,

1 e
Xi = Eﬁ(eXe)o€+X6f+idV*q~tX ,
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. . 1
Ol ooy — — X€) o/l
< ) > GO‘(E )+ ¢,
e 1
G (ds,dv) = ~pu(eX®, dv)ds,
€
we have the following.
1 : :
log&(H), = H, — Hy — §(HC, H, + (log(1 +idg) — idg) * ¢/

=heX"+ (e<h’id"> — 1) * G

1 c €,C i : €
= (b X he X, = (e — 1 — (h,idv)) * ¢
=heXp¢— (e — 1 — (h,idy)) * ¢~

1
2

= he X{— B(X) b, — (h,idy) * G — (™) — 1 — (h,idy)) * ¢

<h, Oée(Xe)h> i gt + <h, ldv> * (ZZ/XE

1 e
— §<h, O{€(Xe)h> . gt + <h, ldv> * g;tX
=heX; — A(h,X) l;
Note that this is one argument that Z¢" = £(H),, corresponds to a (P,.%)
local martingale, since H is (see [JS03, Theorem 1.4.61(b)]). In any case, the

martingale nature comes from Theorem 1.4.4. [ |

The above proposition prescribes another change of measure. For each

€ >0, h € Hyp, and z € X, define
Qg (dw) = Z°"(w) - P¢(dw).
Let us explore the distribution of €X¢ over these spaces.

Proposition 2.4.2. Fix e > 0, h € Hp, and v € X. The process X€ is a

(Qh, .F¢€) special semimartingale with the following decomposition.

1 €
Xp = afet 5" (o eX) ol X{ ot idy = %

Y
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where the drift 3", diffusion o, and jump predictable compensator ¢ (above,

X€

we have X" = ¢*° — §*°) are as follows.

B"(s,x) = B(x) + a(x)h(s) + / v (e — 1) p(, dv)
v
c,i €,C,] 1 €
(X9, XO0) = (X ) ¢
e 1
¢ (ds, dv) = eV Z (e X dv)ds
€

Moreover the distributions Q" weakly converge to a degenerate measure 0¢, at

the solution &, to the following dynamical system.

En(t) = B"(t,&n(t)) >0
£h(0> =X

(2.4.3)

Proof: The (QS", 7€) dynamics of X simply come from Theorem 1.4.4.

As far as weak convergence is concerned, this is immediate from the exponential
tightness of our family and convergence of finite-dimensional distributions. W
From here, a large deviation principle may be approached by concentrating

probability on a ball and using Chebyshev-like bounds on Z".

elog P (eX € B(E,0)) = elog Eqen ((Z9") M pes) (X))
1
= elogEqen ( exp (— EG(GXE, h)) 13(515)(6)(6))

<— inf G, h
- €eB(&9) <£ )

Showing lower semi-continuity of G(-, h) would then result in us being able to
say

lim elog P (eX € B(£,0)) < —G(&, h),
d—=0
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for all h € H,, and so we’d have

lim elog P (eX € B(£,6)) < — sup G(&,h)
d—0

heH

Meanwhile, the lower bound would be approached by showing H, is suitably
rich to have a dense family of limit functions &, as in (2.4.3) of Proposition
2.4.2, on which supyicqy, G(&n, 1) = G(&r, h), and so a large deviations lower

bound is attained from the following bound.

elog P (eX® € B(&,,9)) = elog EQ;,;L((Ze’h)*llg(ghﬁ)(eXe))
1
= elog EQ;h(exp ( — EG(€X6, h))lB(gh’(;)(EXE))

>— sup G(&,h)+elog Qgh(eXE € B(&,,9))
§'€B(&n,9)

> —G(&n, h) + elog QY (eX° € B(&,9))

= — sup G(&, ') +elog Q;h(eX6 € B(fh,é))

heHy

The benefit of this approach is that our rate function & +— sup,cq,, G(§, h)
has an integral form. Instead of proving the large deviation principle in this
alternative fashion, we reconcile the measure changes that appear in each of
the approaches.

It is readily evident that Q5" is a generalization of 9;’5’9, as we are replacing

summations in Z°*¢ with integrals in Z¢".

lt|

ZE,LQ — eXpZ <<6/€7 Xtek — XtEk,1> - 806 (Atka eka Xtekfl)>
(2.4.4) k=1

Z4h = exp ( /O " h(s)dxe — / A (h(s), X;)ds)

0
The summand (0, X; — X;, ) relates to the integral term h(s)dX§, while

¢ (Atg, by, X, ) relates to A°(h(s), X¢)ds. To explicitly resolve these two
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expressions, we disambiguate the operations in Z“*¢ involving X°.

G(-1,8) : D(0,00),X) — R,

lt]

G(6,4,0) =Y (00 6(t) = E(ti 1)) — W (A, 00, E(15 1)) )

k=1

We now have a common notation for factoring X¢ through each density.

1 1
790 = exp <—Q(eX€,§, Q)), ZM = exp (—G(eXe, h))
€ €
We now state the main theorem of this section, which resolves the twist-
ing/tilting approach of measure changes QG’E’Q in Proposition 2.3.2 with the

exponential martingale approach of measure changes Q%" in Proposition 2.4.2.

It relies on the following parameterization of maps h(-,t, ) over ¢ - [0, 00) and

0 € Dy(t).

I2]

(2.4.5) h(t,1,0) =Y 1, o) (O (Aty, 0;)
k=1

Theorem 2.4.6. For each t F [0,00) and 8 € Dy(t), we have h(-,t,0) € Ha,

and for any semimartingale H,
G(H,t,0) = G(H,h(-,1,0)).
Thus, for any € > 0 and x € X, we have the following identities.
ZE’LQ _ Zﬁyh(nLQ)’ 9;2@ _ Qgh(nt,ﬁ)

Proof: Tt is clear that h(-,t,h) is compactly supported on the intervals
of t. Meanwhile, Proposition 1.2.5(c) tells us that h(-,¢,0) is differentiable
everywhere but potentially the nodes of ¢, and so it is of finite variation. This

concludes h € H,.
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Seeing as ¥ is X-affine and stochastic integration is linear, we can use a

simplified version of It6’s formula below (again using Proposition 1.2.5(¢c)).

lt]

Q(H7 tv Q) = Z <<9k7 Htk - Htk,1> - @(Atlm eka Htk,l))

k=1
[] tr
k=1 tk—1

14 tr . tk
= ( - / W(ty —t, 0k, Hy)dt + / Y(ty —t, Qk)dﬂt)
1 te—1 tk—1

i (/ Yty —t,0,)dH, — /tk A(Y(te —t,Gk),Ht)dt)

te—1

/ " hies oy - / ) A(h(t,t,Q%Ht)dt)

te—1 tp—1

I
e
7N

= h(,t,Q) * HOO - A(h(,t,Q), H) 'eoo

From here, as we did in Proposition 2.4.1, we apply integration by parts to

complete the equality.
G(H,1,0) = h(-,t,6)  Ho — A(h(-,£,60), H) - Lo,
— (h(0.£.0). o)~ [ Hodh(s.£.8) = [ A(hC£.0). H)ds
= G(H,h(-t,0))
Evaluating this identity at eX“ now gives us the remaining equalities. |

Remark 2.4.7. Note that a conditional cumulant ¢ and Lévy-Khintchine map

A may be defined for any jump-diffusion, despite not generally being X-affine.

o(t,0,x) = Ep, exp (0, X — z),
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<u5 >+ <u6 u>+/v<<”>—1—<u,v>>u(x,dv)

Furthermore, we may always construct (local) measure changes like 7% and
hin (2.4.4) and postulate an equivalence like Theorem 2.4.6.

It]

eXp Z <<9k7 th - th—1> o SOE (Atl‘“ O, th—l)>

—e::( / $)dX, — / A(h ds)

This is the very result which would generally prove that the approaches of twist-
ing/tilting and martingales are in fact identical. However, our construction in

(2.4.5) clearly uses 1, an object that only exists in the affine context.

Corollary 2.4.8. For each t = [0,00) and 8 € Dy(t), the distributions gff’g
converge weakly to the degenerate measure O¢,, at the solution &g to the dy-
namical system in which &4(0) = = and for each k = 1,...,|t|, we have the

following equation.

§rolt) = B(&o(t)) + a(&o(t)) Ut —t,06k) t € [tk1,tk)
+ [ (et 1) (gua(t), o),

Proof:  This is simply substituting h(-,,0) for h in Proposition 2.4.2. H

2.5 Integral representation of rate function

So far, for each x € X° Theorem 2.3.9 provides us a large deviation prin-
ciple for (P¢).~o with good rate function I, as in (2.3.10). This section is con-

cerned with simplifying the nature of I, to take a more explicit integral form,
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comparable to existing principles for other families of stochastic processes.

() = /OOOA*(S(t%é(t))dt £(0) =z, £ € A([0,00),X)

00 otherwise

I,

To show this, we start by defining a map I which composes the initial state
through our rate functions (I, ).ex, to remove the finiteness condition of each
I, in (2.3.10).

1(€) = Ie) (&) = sup ¥ (t,£(1),£(0))

;I—Ag

In the following results, we will-without mention—assume evaluations of I(§)
for £(0) € X°, so that we can use Theorem 1.3.12. Note that this is at no loss
of generality, since we are resolving our rate function I, for a large deviation

principle that already requires x € X°.

Lemma 2.5.1. If ¢ ¢ A(]0,00),X), then I(§) = occ.

Proof: Fix some £ € D([0, 00), X) with £ € A([0,00),X). That is to say,
there exists some 7 > 0 for which & ¢ A([0,7],X). For any p > 0, we now
use Proposition 2.2.7(d) to produce some § > 0 and C;, > 0 such that the

following bound holds.
|U(t,u,z) — W(0,u,x)| < Cs,-t- (1+]z|), t€]0,8], ueB(0,p), v€X

Because £ € A([0, 7], X), there exists € > 0 and a partition ¢” - [0, 7] such that

g

S At <o n (Cop(1+ sup \g(t)\))_l

1 te(0,7]

g

S lew) — €t > e
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The countable nature of A¢ allows us to further impose that ¥ = Ag. This,

along with Theorem 1.3.12, results in the following inequality.

sup U*(£,£(2),£(0))

t-[0,00)

> sup U* (7, £(t"), £(0))

p>0
It

>sup sup 3 (00, 60) — €(11)) — o(AF 01 £(171)) )

p>0 0Dy (t) .

g

— SUPZ sup | (<9k,§(t§) - f(t£71)>

p>0 k=1 0Dy (AtZ

~ (w(a06(y) - @*(Ojek’f(’fﬁ—ﬂ)))
[t

> S (ple(t) — €(tt_)] — Cu- 12 (1+ e
>0 k=1

>e-supp—1
p>0

Lemma 2.5.2. For each § € A(]0,00),X), t F[0,00) and 8 € Dy(t), we have

an identity similar to that of Theorem 2./.6.

G6.1.0) = Gl6.h(-1.0) = [ ({(t.£.8).E0) ~ An(t.£.0),6(0) ) e

Proof:  Similar to as in Theorem 2.4.6, we use Propositions 1.2.5(c) and
2.2.7(a) and apply the fundamental theorem of calculus and integration by

parts.

It]

G t,0) = Z (<9k;£<tk) — &(th-1)) — @(Atkaekaf(tkfﬁ))

k=1

65



Large deviations of affine processes Chapter 2

tk — g, Hk, \I/(tk — lg—1, 9/@7 g(tk—l))>

(9

— 1,0k, &(¢))dt

(P(ty —t,0,),£@)) — Ay tk—t,ek),f(t))>dt

I
= \ ”M‘“ i M‘“ ”M‘“ i M—

(

/tk

/ (t — 1,06, E()) + (W(ty — t, Qk),f(t»)dt
>

[ (o

(t,t,0), — A(h(t,t,0),&(t )))dt
h(0,t,6),£(0)) — / £(t—)dh(t,t,0) — /OOOA(h(t,z,Q),g(t))dt
G (& (1, 0))
m

Proposition 2.5.3. For each £ € A([0,00),X), we have the following upper

bound.

1(6) < / TN ()£ dt

Proof: Fix t F [0,00) and u € V. Observe that if ¥ (¢,u,£(0)) = oo, we

immediately have the following inequality.

(u, €8)) — W (t,u, £(0 )):—oo§0:/OwA*(é(t),§(t))dt

Otherwise, Theorem 1.3.12 tells us that u = Uy(f) for some § € Dy(t). By
Lemma 2.5.2, we now see the same inequality.

[¢]
(u,&(t)) — V(L u,&(0)) = <<9k,§(tk) —&(tk-1)) — ¢<Atk»0ka§<tk—l)))

k=1
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G,
_ /O <<h(t,ﬁ, Q)7£(t)> — A(h(t,t, Q)7§(t)))dt
S/OOA*(S(t),é(t))dt

0

[l

,0)

Thus, we have the following upper bound.

1(€) = sup U*(¢,£(),£(0)) = sup sup ((%f(t)} — W(L%é’@)))

tEAg t+[0,00) ueVlt|
< OOA* ' d
< / (E(t). £(t))t
[ |

Lemma 2.5.4. Fiz 7 > 0 and h € C([0,7],X). For each € > 0, there exists a
partitiont & [0, 7] and 8 € Dy (t) such that we have the following approximation.
ts[%g) |h(t,t,u) — h(t)| < e

Proof:  Denote M = sup,co, |h(t)| and fix € > 0. We start by using
Proposition 2.2.7(d) to guarantee dp > 0 and Cp; > 0 such that the following
bound holds.

Ut u,z) = V(0,u,z)| < Cy-t- (1+]z|), t€[0,6), ueB(O,M), zeX
From here, we use the affine structure of ¥ to see the following inequality.
[t u) —u| =3CuVd-t, (t,u) € [0,8] x B(0, M)

Seeing as h € C([0,7],V), it is uniformly continuous. Fix §; > 0 such that all

s,t € [0, 7] with |t — s| < d;, we have the following inequality.

|h(t) — h(s)| < e/2
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Fix an integer N € N large enough to impose the following inequality.

T

e NG AS
N S 6Cuva 0/\01

Now define partition ¢t by t, = k7/N for k = 1,...,N. This way, for each

k=1,...,N,and t € [ty_1,t;), we have
‘h(t, t, h(t)) — h(t)‘ - ‘w(tk — 4 h(ty)) — h(t)‘
< ‘w(tk —t.h(ty)) - h(tk)) + |h(t) — h(D)|

< 3CuVd- (t, —t) +¢/2

< €.
[ |

Proposition 2.5.5. For each £ € A(]0,00),X), we have the following inequal-
1ty.
192 [ a(E.ew)ar
0

Proof: ~ We proceed in a way similar to that of [Puh01]. Define a map
f:[0,00) x V— R as below.

f(£,0) = (0,£(1)) — A0, £(1))

For a fixed € > 0, t € [0,00), we define the following set.

I = {GEV: (supf(t,@’)—e>+/\% < f(t,0) < 1}

0’ev €
Continuity of f(t,-) and the least upper bound property guarantees I['§ is

nonempty and measurable. Thus, we may construct a measurable selection
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h : [0,00) — V for ', which is to say h is Lebesgue measurable and the

following holds.
(2.5.6) f(t,h() ely, tel0,00)

We now use Luzin’s theorem to approximate hlj 1/ with h e C([0,1/€],V) to

the following extent.

(2.5.7) / dt < €
h#h

Now, we combine our inequalities from (2.5.6) and (2.5.7) to see that

1/e ~
/O (f(t, h(t)) v O)dt
— /Ol/ef(t, h(t))dtJr/B#h <<f(t,ﬁ(t)) vo) — f(t, h(t)))dt

> /01/6 ((s;;gf(t,@)—e) /\%)dt—/}#h%dt
(2.5.8) = /01/6 ((A (g(t),g(t)) - e) A %) dt —e

By Lemma 2.5.4, the fact that each f(¢,0) = 0, and continuity of each f(¢,-),
we may now use Fatou’s lemma to guarantee some ¢ - [0,00) and 8 € Dy(t)

such that

(2.5.9) /1/6 f(t.h(tt,0)dt > /l/e (f(t, h(t)) v o)dt —€

Combining (2.5.8) and (2.5.9), we now see that

/01/6 F(t.h(t,t,0))dt > /01/5 <(A (£, () =€) A 1) & 2

€

By Theorem 1.3.12 and Lemmas 2.5.1 and 2.5.2, the above inequality gives us

the following.

L(&) > U (t,£(),£(0))
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> (<0k,§(tk)> — W(Athekag(tk—l)))

Taking € — 0 now yields our desired result.

@@>zlmA%ams@ﬁn
[ |

Theorem 2.5.10. For each x € X°, the family (P)cso satisfies a large devia-
tion principle on D([0, 00), X) with good rate function I, : D([0, 00), X) — [0, 0]

as follows.

OOA* . ’ d A o). | _,
@511) L) = /0 (£@).€1))dt € € A([0,00),X), £(0)

00 otherwise

Proof: ~ Theorem 2.3.9 gives us our large deviation principle with rate
function I, as in (2.3.10). Fix £ € D([0, 00), X). If £(0) # x, then we already
have I,(§) = oo. Otherwise, I,(§) = I¢0)(§) = 1(£), and so Lemma 2.5.1 tells
us I,(§) = oo if &€ & A(]0,00),X). If £ € A(]0,00),X), then Propositions 2.5.3

and 2.5.5 tell us that

A@%zémA%dﬂfﬁnﬁ-

This concludes that I can be written as in (2.5.11). |
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Chapter 3

Large deviation rate functions

We dedicate this final chapter to interpreting the rate function (2.5.11) from
Theorem 2.5.10 and deriving a semi-closed form for A* which illustrates more
on the nature of our distributions (Pf).~o. Before doing this, let us establish
some intuition with what our integral form already tells us.

Firstly, we recognize that a large deviation principle introduces a first-order

exponential asymptotic; the principle shows us that the following limit holds,

lim lim € log P¢ (EXE c B(§,6)> — —,(9),

§—0¢e—0

and so we may introduce a correction term o(e, ),

1
Po(eX® € B(¢,0)) = exp ( — —L(€) + ole.0) ),
€
which satisfies growth smaller than 1/e, in the explicit sense of the following
limit.
lim lim eo(e,0) = 0
6—0€e—0

By ignoring this expression o(¢, §), we are concerning ourselves with a first-order

exponential approximation of the following probabilities.

(3.0.1) P <€X6 € B(f,é)) A exp ( — %Ix(§)>
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To this end, I, interprets properties of £ that the family (eX€).~ is systemat-
ically trending towards/against. Should I,(§) be large, the decay of (3.0.1) is
faster, demonstrating that ¢ exhibits some property that the family (eX€)c~q
does not tend to satisfy. Thus is the notion of I, governing a principle for what
behaviors make a path & largely deviate from the typical behavior of (€X€)~o.

The integral nature of I, indicates to us that there are local properties that
the family (eX¢).~o systematically exhibits which lends to faster/slower decay
from some £. Take, for instance, if we perturbed some £ only on some interval
[t, 7], coercing the values of A*(£(s),&(s)) to be larger on this interval s € [t,7].
This will increase the value of I,.(§), indicating that it was this behavior on
the interval [t, 7] that produced a deviation from the behavior of our family
(€X)es0. Knowing this, it is imperative that we derive some form for A*.
Doing so will allow us to see local properties that the family (eX€).so exhibits.

Unfortunately, the X-affine nature of A provides us no simplification in

evaluating A*.
AN (z,z) = (u, &) — A(u, x)
. 1
= () = (P (@) = 5wl = [ (=1 (wx0))ule,do)

However, by looking to existing rate functions from the literature [DRL04,
D710, KK14, GZ18], we will be able to build an intuition and a toolbox for de-
veloping a semi-closed form for Ax. We find this result remarkable for multiple

reasons.

1. The representation of A* will feel familiar to already-known results

2. The representation of A* will generalize the results we list
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3. The representation (though not the large deviation principle) of A* and
the corresponding rate function [, exist independently of the affine as-

sumption.

This chapter is very example heavy, and so we find it to be the most intuitive
of the chapters. By the end, we hope rate functions, as well as large deviations,
will be better understood from a general perspective. All this said, let us now

proceed to our final chapter, which is organized as follows.

Section 3.1. Introduces an important large deviation principle for stochastic

processes with independent increments.

Section 3.2. Introduces tools which allow us to lift the preceding principles to

stochastic processes with state-dependence.

Section 3.3. Introduces a trick which allows one to evaluate rate functions in

the case of there being multiple sources of randomness.

Section 3.4. Establishes our main result of developing a semi-closed form for

A

Section ?7?. Discusses the intuition and potential extensions of our result.

3.1 Mogulskii’s theorem

A surprisingly powerful theorem in the theory of large deviations of stochas-

tic processes is that of Mogulskii (see [DZ10, Theorems 5.1.2 and 5.1.19 and
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Exercise 5.122]). Fixing a family (V});en of independent quantities distributing

with common distribution x with light tails,
(3.1.1) Au(u) = log / e (dv) < 00, uEV
\%

this theorem provides a large deviation principle for the laws associated to
quantities Y¢ as below.

[t/e]

Yi=e>» V;, tel0,7]

j=1
It states that the associated laws (P€).so satisfy a large deviation principle
on the space L>°[0,7] of bounded functions [0,7] — V, equipped with the
supremum norm. The rate function, like ours, is an integral of the Fenchel-

Legendre transform of A,.

| My o) =0, ¢ ago.r v

£ 0
00 otherwise

Very minor adjustments can actually make this theorem similar to the context

of our principle. Firstly, the principle may be lifted to the space L2 [0, 00) of

loc

locally bounded functions [0, c0) — V, equipped with the weighted supremum

norm,

(£,¢) = sup e '[¢(t) — '),

t€[0,00)

for this metric is consistent with &, — £ if and only if &,|(0.;7 = &]0,-) uniformly
for all 7 > 0, which is the same as the projective limit space induced by the

restriction maps.

o e e 10, 00)

loc

(& )r>0 € lim [0, 7]

74



Large deviation rate functions Chapter 3

Applying Dawson-Gértner [DZ10, Theorem 4.6.1], the rate function over this

space is as follows.

sup /T AZ(f(t))dt £(0)=0, £ € A([0,7),V) for all 7 >0
é”;_) >0 J0

00 otherwise
From here, we recognize that each process Y€ is cadlag; if v is supported on X,
the process takes values in D(]0, 00), X), and so we may restrict our principle
(see [DZ10, Lemma 4.1.5(b)]). Our rate function then takes the same form

(recall the local definition of absolute continuity A([0, c0), X)).

sra oo | ] mEE qo=0 ce a0

00 otherwise
Example 3.1.3 (Brownian motion). Applying Mogulskii’s theorem when our
increment distribution k is Normal(0,idy), the integral in our rate function in

(3.1.2) becomes the following.

(3.1.4) /OOO %}g’(t)fdt

Furthermore, for a Brownian motion W, the process \/eW ends up being expo-

nentially equivalent to Y¢,

limsup elog P(|\/eW — Y| > §) = —o0,

e—0

which makes the family \/eW satisfy the large deviation principle with rate
function (3.1.4); this result is known as Schilder’s theorem (see [DZ10, Theorem

Note that (v/eW)cso is a family of affine processes covered Theorem 2.5.10.
We have eX¢ = \/eW , where the base process X has special differential char-

acteristics (0,idy,0). The easiest way to see this is by considering Proposition
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2.1.9 with initial state v = 0. Our theorem also immediately resolves (2.5.11)

the same rate function.

1 1

AN (&, 2) =sup | (u, &) — =(u,idy - u) | = =|7|
ueV 2 2

Example 3.1.5 (Poisson). One may apply a very similar argument for when

our increment distribution r is Poisson(1). In this case, the integral in the rate

function in (3.1.2) evaluates to

(3.16) | (Ewox é0) —éo+ 1)ar.

so long as £(t) > 0 for Lebesque-almost-every t > 0 (otherwise, it is infinite). In
the case that £(t) = 0, we are taking the continuous extension of the integrand,
i.e. 0log(0) := 0. Similar to the work of Schilder’s theorem, we may show, for a
standard Poisson process N, €N. ;. is exponentially equivalent to this Y€, which
makes the family satisfy a large deviation principle with rate function (5.1.6).
In fact and exercise of our reference text, [DZ10, Ezxercise 5.2.12], suggests the
reader to show just this.

Again, such a family (eN.sc)eso is covered by Theorem 2.5.10. To see this,
consider a base affine process X on (R, B(R)) with special differential charac-

teristics as below, where §, denotes the degenerate distribution at 1 € R.
Ble) =1, afz)=0, p(z,dv)=0d(dv)

Setting the initial state x = 0 and looking at Proposition 2.1.9, we may say

that €eX€ can be realized as follows.

EXte =14+ El[oJ](idR) * ﬁ;
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=t + El[oJ](idR) * p; — 61[071}(idR) * ﬁ;
t/e
— b+ ep([0,t/d] x [0,1]) — / / el (v)dvds
0 R

= ep([0, /€] x [0, 1])
As stated in [JS03, Theorem I1.4.8], this Poisson random measure p is a Pois-
son point process with Lebesque intensity. This means that, for each t > 0,
N; = p([0,t] x [0,1]) distributes Poisson(t), and Ny — Ny = p((s,t] x [0,1]) is
independent of Ny = p([0, s],[0,1]) for each 0 < s < t. In other words, N is a

standard Poisson process and
eX; = ep([0,t/€] x [0,1]) = eNye.

As with the normal increments, our rate function (2.5.11) resolves this imme-

diately.

A*(i,7) = sup (uac —u— /R (e —1— uv)dl(dv))

ueV
= sup (u:}:—e“+1>
ueV
zloge —ax+1, ©>0

00, otherwise

3.2 Transformations

While Mogulskii’s theorem specifies that the processes (Y ¢)e~o—by design—
have independent increments, we may use transformation arguments to produce
large deviation principles for families of processes with state-dependent incre-
ments. The two ways of leveraging this are via the contraction principle or

measure-change arguments.
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The contraction principle states that mapping the quantities F/(Y¢) via a
continuous map F' produces a large deviation principle for the family (FuP€).~o
of measures FuP¢ associated with these respective quantities F'(Y) (see [DZ10,
Theorem 4.2.1]). Seeing as this section serves as a survey for intuition on
rate functions, we will digress from discussing the specifics of continuity of F'
on restricted spaces and/or exponentially equivalent families in our example

below.

Example 3.2.1 (Diffusions). We can leverage Example 3.1.3 to a family of
processes (€X)eso,

X =+ B(eX) b+ e W,

where the drift 8 :V — V is bounded and Lipschitz. Having a map Fg which

implicitly solves the equation,

(3.2.2) Faw)=¢&, &)=+ B(§) b+ wi,

will make Fg(\/eW) = eX€ for each € > 0, so the contraction principle states
that the distributions of (eX)eso satisfy a large deviation principle in which

the rate function Ig is derived from that Iy from Ezample 5.1.5.

15(¢) = inf { I (w) : Fp(w) = £},
I () = /Ooo %\W(t)fdt, w(0) =0, w e A([0,00), V),

0, otherwise

When Fg(w) = &, equation (3.2.2) tells us £(0) =  and & = £ — B(£), and so
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we have the following.

. | 3lé-ptewn|a €0 = ¢ e ao.0. ),
5(€) = 0
0, otherwise

Similarly, we may introduce a bounded, Lipschitz diffusion o = oo* : V — 1L(V)

in which each a(x) is invertible, so that the dynamics become as follows.
(3.2.3) eX =1+ (eX) b+ Ver(eX )W,
Having a map Fg which implicitly solves the equation,

Fﬁ,a(w) = ga S(t) = 5(5) ¢ gt + 0—(5) * W,

will allow us to repeat the above argument to get a large deviation principle for
(€X)eso with rate function Ig.; when £(0) =z, £ € A([0,00),V), we get the

following.

Lm@%ZA S0~ lew) ) alew) ™ (&0) - Blew) ) ar

The true details of this result, attributed to Freidlin-Wentzel [DZ10, Theo-
rems 5.6.3 and 5.6.7], are rather complicated, and the above argument is just
a heuristic. Also, note that this result does not apply to the general class of
affine diffusions, as 3, a are generally not bounded or Lipschitz, and o need not
be invertible. However, [KK1/]—a paper which inspires parts of our proof—
first proved that affine (jump-)diffusions with special differential characteristics
(B,a,0) satisfy a large deviation principle with rate function similar to that
above. Our rate function (2.5.11) from Theorem 2.5.10 immediately resolves

an identical representation.

ueV

(i) = s (08} = (1. 500) — §(wa(o)u))
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B %<($ — B(x)), o) (& — 5(30))>, & — f(x) € image a(x),

00, otherwise

Above, a' € IL(V) denotes the pseudoinverse of a € L(V).

The above result leveraged a large deviation principle for Brownian mo-
tions (1/€W )0 to one on state-dependent diffusions (€X€).~¢ via the mappings
eX¢ = F(\/eW) for each ¢ > 0. The analogue of the Brownian motion W for
jump processes—in the sense of homogeneous independent-increments—is the
Poisson process N. To introduce state-dependence to our sequence (eN./c)eso

from Example 3.1.5, we may perform a measure-change argument.

Example 3.2.4 (Continuous-branching/Hawkes). Consider our sequence
(eN./e)eso derived from a Poisson process N, as in Exvample 3.1.5. Denoting P
and F ¢ the distribution and filtration, respectively, of each J = eN. ., we may

construct a measure Q.. < P¢| z¢ for each T >0, in which %JE has Q¢ intensity

%)‘(Je) for affine function \.
AR5 Re Mw) =lthe

The martingale that induces this change of measure is familiar from Theorem
A.J. 16, selecting h(s,x) = log AN(z). The Lévy-Khintchine map associated with

27 is Au,z) = L(e* — 1), and it resolves to the following.

Z¢ = exp (% log A\(J<)+ J + %(1 — A(J9)) -f)

The associated measure QS (dw) = Z¢(w) - P|zc(dw) makes LJ¢ have the de-

sired intensity %/\(JG). The large deviation principle associated with (QS)eso
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then comes from that of (P°

z¢)es0- The change in rate function comes from
exponential corrections of our martingale term. Indeed, we observe that if J¢
is uniformly within 6 > 0 of some absolutely continuous increasing & on some

compact interval [0, 7|, then we have the following inequalities.

/OT (1 - A(ﬁ))dt N /OT (1 - )\(f(t)))dt‘ < 0,67

/T log A(J¢_)dJ; — / log A(£(t—))dJ;

0 0

log A(JE) — log)\(f(t))‘ S

< sup
te(0,7]

< 2o(en) +9),

’/OT log A(&(t—))dJy — /OT 1Og>\(§(t—))d§(t)' <log A(&(7))6

/OT log A(J¢_)dJg — /0 "log )\(g(t—))dg(t)' < %5@(7) + 5) +log A(£(r))6

Then these give us the following identity, revealing the rate function.
}31_1)% lg%EIOg QT(J |[0,T} S B(gv 5))
= lim lim e log Ep ( exp (- [ log AT+ [ (1= A(JD)ds ) Lyep e
= / log A(&(s—))d&(s) +/ (1 —A(f’(s)))ds
0 0
: h
+lim (o7 + 13 (E() + ) + log A(E(n)d)

+ limlim e log P (N./c|jo) € B(&,4))

6—0e—0

_ /O (g(s) log A(£(s)) — A(£(s)) + 1>ds — /0 (f(t) log £(1) — €() + 1)d5
_ /OT (5(3) log <>\(€§(2))> — 5(3) + A(f(s)))ds

From here, we lift our large deviation principle back to the interval [0, 00) by

another application of Dawson-Gdrtner.
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Of course, many technical details are missing in the above argument, but we
again reiterate that this is merely to gather intuition on rate functions. For a
rigorous proof involving such analysis, we refer the reader to [GZ18], where they
prove a large deviation principle for an asymptotic family of nonlinear Hawkes
processes. In any case, we again note that Theorem 2.5.10 covers the large
deviation principle and rate function mentioned above. A continuous-branching
process X with intensity A\(X) has special semimartingale decomposition as

below,

X=1xq¢" =15 +15¢" = MNX) L+ 1%¢"

which lends itself to the following special differential characteristics (B, a, ),
B(z) = Mx), a(@) =0, plr,dv) = Az)é(dv)

and so the corresponding integrand in (2.5.11) evaluates the following function.

A* (i, 2) = sup (ux —u(z) - /R (™ —1- uv))\(a:)él(dv))

u€eR

= sup (ux — Az)e* + )\(x))

ueR

) :fclog(%)—i—l—/\(x), #>0, Az)>0

0, otherwise

We may even extend this to Hawkes processes (€X€)eso induced by base

PTOCEsS,

X :r(,u—Xt) <0+ N, N intensity A\(X),

for this process X has affine special differential characteristics.

Blx)=r(p—2a)+Nx), alz)=0, pz,dv)= A x)d(dv)
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The rate function then involves the following expression,

A* (i, 2) = sup (ux —u(r(r—2) — A@)) - /R (™ —1- uv)/\(x)él(dv)>

= ilelg (u(m —r(p— x)) — Ax)e" + )x(x))
_ tlog (%) — &+ MNx), Mz)>0, & —r(p—2x)>0,
0, otherwise

which is similar to the linear case of [GZ18].

3.3 Coupling

The previous result did not include any examples in which the jump distri-
bution was non-degenerate. Intuitively speaking, there is no way to naturally
transform a Poisson process to a compound-Poisson process, for the distribution
of the jumps introduces a new source of randomness. This intuition coincides
with our difficulties in evaluating our rate function (2.5.11) for such processes.

Consider the simple example of a compound-Poisson process X driven by
standard Poisson process N and independent jumps (Vj)gen distributing with

common distribution « satisfying the light-tails condition (3.1.1).
N
Xi=> Vi
k=1
This process has special differential characteristics (3, a, i) as below,
Ble) =% a@)=0, prdv)=r(dv),

where & := [[, vk(dv) denotes the mean of k. Associating an asymptotic family

(eX)eso with this base process X will result in the large deviation principle
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of Theorem 2.5.10, where the rate function (2.5.11) will involve the following

expression,

N (i) = sup (<u,a;~> R — /V () —1 - (u,v>)m(dv))
= sup ((u i () 4 1>

where we recall A, is the cumulant generating function associated with . The
arbitrary nature of this function means that resolving even a semi-closed form
for the above expression is a difficult task.

Our expression A* is determined by the special differential characteris-
tics (B, a, p) associated with X, which—if we are familiar with the theory
of semimartingales—serve as the predictable projections of a semimartingale.
This somehow suggests to us that A* is insufficient in understanding the devi-
ations of X, since the jump times of N are totally inaccessible. This raises the
question of if somehow coupling (X, N) will provide us more information. From
the technical perspective of g-algebras, the answer is no, since X determines
N. However, as moot of a discussion as this is from a technical perspective, it
turns out to head us in the right direction.

We will see in the below examples that coupling (X, N) will give us semi-
closed forms for our rate function. For illustrative purposes, these examples
will again include heuristics on how to prove a principle and derive the rate
function without Theorem 2.5.10. However, these arguments are no longer
backed by results in literature, for we are now entering uncharted territory. We
reiterate that these results need not extend past heuristics, for Theorem 2.5.10

already provides us the principle.
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Example 3.3.1 (Compound-Poisson). Returning to the example above, let

us consider the following family (eX¢).so determined by base path X .

Nt/e
eXf=¢€ E Vie
k=1

To understand the deviations of this object, we observe how it appears to be a

composition of two processes.

[t/e]
, €AT = ez Vi,  €Nf = €Ny

k=1

eX; = €Ay = ((EAE) o (eN€)>

t
Note that the deviations of €A¢ are understood by Mogulskii’s theorem, while e N
are understood from FExample 5.1.5. Moreover, these processes are independent,
so it is easy to see that (¢ A%, eN)~o satisfies a large deviation principle with

rate function in which the finite points evaluate as the following integral.

L) = [ (0ogi0) i) + 1+ 8.0) )

From here, (eX¢,eN€)eso should satisfy a large deviation principle via the con-

traction principle of €eX = €A o eN€. The rate function is then as follows.

Ixn(€&,m) = inf {Iap(v,m) : £ =7von}

1
and

From here, we recognize that the condition & = v on implies v = gzz:l
so substituting this in Iap and making a time-change t < n=1(t) (on only the

final term) will reduce to the following expression for finite points.

(332)  Ixn(&n) = /0 b (ﬁ(t) log7j(t) — i(t) + 1+ ﬁ(t)A,’;(%))dt

This integrand should make intuitive sense when we recognize that (§,7n) serves

as a proxy for (X, N). The first three terms accumulate rate for deviations in
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the arriwals of N, while the last term is accumulating rate for deviations in the
jump sizes. The term &(t)/7(t) is a deviation of X normalized against one in
N, which is effectively a deviation from a jump Vi. Dewviations of a jump Vi, are
measured by AY, and they are arriving at a rate of N, hence the final expression
in the rate function. For more detail on how a large deviation principle could
be proven with this type of argument, we refer the reader to [DRL0O4]. In fact,
Theorem 4 in this paper inspired us to use coupling as an argument.

In any case, we may still refer to Theorem 2.5.10 for a rigorous argument.
Denote (Q, %, P) the space that includes all these quantities, F the filtration
associated with N, and X¢ = (X N.ye). 1t is clear that X¢ is a pure jump
process,

X = dyxr, * qi)€€7
and that any predictable H : Q xR, x (VxR,) — Ry is such that the following
holds.

Ep (H X q;) _ Ep/ H(s,AX,,1)dN,.
0

—Ep/ H(-, es,AX.,, 1)dN,

_EP(EP(/ H(- es, AX, 1)dN, |52N))
—Ep(// H (- es,v1,1)dN, (dvl))
:/0 /VH(.,es,vl,m(dvl)ds

> 1
:/ /H(-,s,vl,vz)—/{(dvl)csl(dvg)ds, 54— €S
0o Jv €
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This means that we have the following predictable compensator,
~X€ ~ 1
G* (ds,dv) = —k(dvy)d;(dvy)ds
€

which by our light-tails (3.1.1) and Proposition 1.4.2 means that Xe is special
and has the following decomposition.
- . AAXA'C . ,,,Xe 1 . ,,XA'e
Xe= 1dV><R+ *qp + 1dV><]R+ *q = E <l + Ideuh * gy
1

This means that the special differential characteristics (B¢, o<, u) of Xe¢ are as

follows.

. 1 [~k o/n e 1
pe(z) = - , a’(2)=0, p(z,do)= gm(dv1)51(d02)
1
This parameterization, along with our light-tails (5.1.1) means that we have the

hypotheses of Theorem 2.5.10. Note that the associated Lévy-Khintchine map

A is as follows.

A(a,z) = (u1,R) + ug +/ <e<u1’”1>+“2 —1—(uy,vy) — u2112> k(dwvy)d1(dug)

VXR+

— eAnlun)tuz _

The integrand of our rate function 2.5.11 thus involves the following expression.

A (2,2) = Sup (<u17j31> — Uiy — Ml 1)
U +

Setting the gradients to zero results in the system of equations.

0= l"l — €An(ul)+u2VA,{(U1)
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0=y — eAN(U1)+U2

Some immediate results come from this; firstly, the second equation gives us

that ©o > 0 and the following.
(3.3.3) iy = el oA (uy) = @y log @y — Uy

Dividing the common expressions between the two equations results to the fol-
lowing.

VA (up) = —

Ty
Seeing as A is convex, this is the unique solution to its Fenchel-Legendre trans-

form. ‘
N () = (un, /) = )

T

Scooting the expressions around, we get
: k(11 :
(ur, &1) = szﬁ(.—> + EoA(uy),
)
which when combined with (3.5.3), we get the following.

(U1, 1) — Uty — e tuz L — o log iy — iy + 1 + A% (ﬂ)
Ho)

Observe that this results in the same integral as (3.5.2).

Example 3.3.4 (Compound-Hawkes). We can also consider a family (eX¢).o

of compound-Hawkes processes with affine intensity A(x) = ly + l1z.

N¢
eX; :x—i—r(,u—eXE) -Et—i—eZVk,
k=1

1
N¢ intensity —\(eX°),
€
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(Vi )ken independent and commonly distributed by k on B(R.)

A proof for a large deviation principle of (eX€, eN€)~o could use the steps of

Examples 3.2.4 and 3.3.1, summarized as below.

1. Use Example 3.3.1 to establish a large deviation principle for the fam-

ily (eK¢,eN)e=o where N€ is a Poisson process with rate 1/¢ and K¢ =

Z,i\; Vi is the accumulated jump process. The integral in the rate func-

tion will be as (3.3.2).
pois _ > : : . . * ’Y(t)
st = [ (iteosite) = i + 1+ o (47) Jar

2. We observe that defining the map F,

t

Fy(t) = p+ (z = pe ™ + / e dy(s),
0

will be such that eX® = F(eK®) gives us our path-properties as above.
To see this, fix an arbitrary finite-variation vy with v(0) = 0 and define

& = F(v). Observe that applying the fundamental theorem of calculus and
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Fubini’s theorem provides the following equality.
(3.3.5)
t
€)=t (@ =+ [ eI
0
t
=z+ ((z—pe " —(z—p) + / (1 + (e777) — e Em) ) dy(s)
0
t t
=z —r(x—pe el +y(t) — / / re” ") drdy(s)
:m—l—r<u—(u+(x—u)e ) <l +(t) //re”s)dv s)dr
t
ot [ (= (o @ e = [T () )dr 4ot
0 0

=x +/0 r(p—&(T))dr 4+ y(¢)

=z +7r(p—&) b +()
Thus, if we use the contraction map (v,n) — (Fv,n), we will get a large

deviation principle for (eX¢,eN€). Note that if an absolutely continuous

v 1s such that Fy =&, then (3.5.5) tells us

E(t) = r(n—&1) + (),
and so the integral in our rate function now evaluates as follows.

0l S0y

Iy (& n) = /Ooo (ﬁ(t) log (t) (1) + 1+i(D)A; (

3. At last, we apply our measure-change argument as in Example 3.2.4 to
change the intensity of N€ to %)\(EXE). The work is the exact same, and so

our rate function associated with (eX€ eN®).sq will become the following.
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Instead of working through the numerous details of the lengthy argument above,
we can again use Theorem 2.5.10 and its rate function (2.5.11). By work nearly
identical to the end of FExample 3.3.1, we can see that the special differential

characteristics of X = (X, N¢) are as below.

R r(k —x1) + NMxp)R . o
B(2) = \ey) , B@) =0, wp(E,0) = Az1)k(dvi)di(dvs)

Our associated Lévy-Khintchine map is then the following A.

A, 2) = ui (r(p — 1) + R) + uaX(z1)

o

=wur(p—m) +e

(6“1“1+“2 —1— vy — UQUg)ﬁ(dvl)él(dvg)
2
An(u1)+u2 . 1

Almost identical calculus to Example 5.3.1 also provides us with the following
expression, which agrees with 3.5.6.

> — To + A(z1) + :tQA:(:tl - T(';L — £B1)>

X2

P . €
A (z,2) = gy log (/\(;1)

3.4 Semi-closed form of rate function

We have now gathered enough familiarity with rate functions that appear in

the large deviations literature and the various tools we may use to lift existing
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principles to new ones. This will allow us to more easily understand the nature
and derivation of our semi-closed form for (2.5.11) in Theorem 2.5.10. Let us
now elaborate on the family on which we derive our semi-closed form; it is
assumed that X is selected with our assumptions of Section 2.2 that we needed
for Theorem 2.5.10.

Firstly, in order for us to perform the tricks of coupling we explored in the
previous section, we need to couple our arrivals and/or accumulated jumps.
We will need these objects to be locally integrable, so we impose that our
base process X 1is locally countable in the sense of our definition in Appendix
A.3. In particular, suppose that our base process X has special differential

characteristics (3, «, i), where p has the finiteness condition below.
(3.4.1) iz, V) <oo, zeX

Note that Proposition 1.4.3 thus provides us with a factoring
(3.4.2) w(x,dv) = Mz)k(z,dv)

into an intensity function A\ € Z(X)/%(R.) and conditional jump distribution
k from (X, (X)) to (V,#(V)). Denote to each pu(z,-) the notation from

Sections 3.1 and 3.3.

K(, ) ::/Vv/{(m,dv), Az, () ::/Vew’”)/f(x,dv)

Note that our finiteness assumption (3.4.1) and our light-tails assumption Dy =

V (along with Lemma A.4.2) give us the following properties.

k(z,) <00, Agpy(u) <oo, ze€X
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We also have local integrability of the following process by our finiteness as-

sumption (3.4.1).
(3.4.3) NX =1x¢"

Note that this is a stronger restriction than local integrability of the compen-

sated jumps
(3.4.4) X4 = idy * ¢,

which we already have from the special property of X.
The remainder of this section will assume X = (X, X, X4 NX) is speci-
fied from an affine process X with the properties discussed above. We will also

factor our kernel (P,).ex even further to one (st) derived from the regu-

zeX
lar conditional P,-distribution of (P,,.#) time-homogeneous Markov process
(X¢, X4 NX). We will see in the coming results that X and its associated ker-

A

nel (P;); . and filtration .7 still satisfy the assumptions of Section 2.2 needed

to apply Theorem 2.5.10; furthermore, its coupling structure will allow us to

derive a semi-closed form for (2.5.11). This is a process on
X =XxVxVxRy,,

which is a subset of vector space
V=V xVxVx R,

when equipped with componentwise operations. We henceforth denote ele-

ments 9 € V with components,

~

V= (U17 U2, U3, U4)7
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and equip V with the inner-product below.
(0,0) = (v1, wi) + (va, wa) + (vs, w3) + Vawy

We will also indifferently treat such tuples as column vectors, so that operators
on L(V) can be seen as 4 x 4 block-matrices of operators on L(V) and L(R)
(with the natural blocking). If we want to go a level deeper within coordinates,

we will use the following notation.

Lemma 3.4.5. The space X is a cone in 'V with operations taken component-

wise.

Proof: This is obvious, as each of the factors X, V| R, that appear in our

product is also a cone. [ |

Proposition 3.4.6. For each & € X, the process X is a (pw, F) special jump-

diffusion with affine special differential characteristics (5’, &, 1) as below.

B(xy) alry) afz) 0 0
R 0 alzy) alzy) 0 0
ﬂ(iﬂ) = ) 6‘(‘%) - ( ) ( ) )
(3.4.7) 0 0 0 00
A1) 0 0 00

f(z,do) = Mxy)k(zq, dvy) 0o, 1(dve, dus, dvy),

Moreover, denoting A the associated Lévy-Khintchine map, we have Dy = \Y
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and the following.
A, 2) = {ur, Blen)) + 5 + 00 (e + 102))

+ A(1) exp <A/-c(x1,')(u1 + uz) + U4> — A1)

— (uy + ug, A(z1) K (21, -))

Proof:  The fact that X is special simply comes from the following de-

composition.
X x4+ B(X) by + X© +idy * G
~ X°¢ .I‘Q—l-XC
X: pu—
Xd x3+ldx\/*gix
NX ZL‘4—|—1>I<th

$1+6(X)'€t+Xc+ldv*th
ZE2+XC

x3 +idy * ¢;*

B(X) Xe idy
) 0 X¢ ol
=X + * €t + + * qt
0 0 idy
A(X) 0 1

Observe that the first term establishes the drift 3 as in (3.4.7). The diffusion

& in (3.4.7) is verified by the following identities.

<XC’M,XC’U> _ <Xc’i,Xc’j> _ aij(X) .& <XC’2i,XC’3j> _ <Xc,i’ 0> 0’

<Xc,1i7Xc,2j> _ <Xc,i7XC,j> = a(X) - ¢, <Xc,li’XC,4j> - <Xc,i’ 0> 0,
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<Xc,2i,Xc,2j> _ <Xc,i,Xc,j> = oy (X) -0, <Xc,2i’Xc,4j> _ <Xc,i’ O> —0,
<Xc,li’X0,3j> _ <Xc,i,0> —0, <X0,3i’Xc,4j> _ <0’0> —0,
<Xc,4i’XC,4j> _ <0’0> _ O
Lastly, for any predictable H : 2 x R, x V — R, , we have the following.
EP1<H*q§o) :EPZ/ H('787U17070171)qx(d87d@)
]R+><V
= Epz/ /H(~,s,vl,0,vl,1)u(Xs,dU1)ds
o Jv
= Epz/ /H(-,s,vl,O,vl,1))\(X5)/i(Xs,dvl)ds
o Jv
= EPI / / H(, S, @))\(XS)H(XS, d’l)l)do,mJ(d'UQ, dUg, d?)g)ds
0o JV

This concludes that, QX(ds,dﬁ) = (X, dd)ds, where /i is as in (3.4.7). This
work shows that X is a (f’ sex0 7 ) special jump-diffusion; its special differential

characteristics are also affine.

bo bi
. 0 1o
Blz) = + at
0 i=1 0
lo l;
ag Qo 0 0 ag Qo 0 0
ap ap 0 0 ¢ la a 0 0
a@) = " £ e
0 0 00 i=1 0O 0 0O
0 0 00 0O 0 0 O
d
ﬂ(fif, df)) = My (dvl)507v171(dv2, dUg, dU4) + Z a:hm,-(dvl)(so,vhl(dvg, d’U3, dU4)
i=1
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The associated Lévy-Khintchine map A associated with it satisfies D A= V. To

see this, observe the following inequality for any Z € X and @ € V.

/ em’@,&(:ﬁ,d@) = / e<“1+“3’”1>+u41|ﬁ|>1(v1,O,vl, Dp(zq, doy)
[o]>1 \%

26“4/e<“1+“3’”>u(m1,dv)
v

Because we have u(x;,V) < oo and Dy = V, Lemma A.4.2 tells us (using
it twice) that the above expression is finite and that D = V. We may also

simplify A to the desired expression.
A A~ 1 .
A, &) = (@, B(@)) + 5 (i, a(@)a) +/ <e<“’”> — 1= (i, )g(:z:, d)
%
= (u1, B(21)) + wsA(z1)
1 1 1 1
+ §<u1, a(xl)u1> + §<u1, a(xl)U2> + §<U27 a(xl)u1> + §<U27 oz(xl)u2>
—i—/ <e<“1’”>+<“3’”>+“4 — 1 — (uy,vy) — (usz,v) — u4))\(x1)/1(x1,dv)
v

= (u1, B(x1)) + %<u1 + ug, (1) (ur + uz))

+ A(x1)<K,e<“1+“3’”>ﬂ(x1, dv))e“4L — A1) — (ug + us, >\($1)m>

=, B)) + 3t + 12, () o + 2))

+ A(x1) exp (A,@(xh.)(ul + u3) + u4> — A1) — (ug + ug, A(z1)k(21, )
|

Unfortunately, despite X having affine characteristics, this is not enough
to ensure it is an affine process. We technically need existence of a solution ¥
to its associated system 8t\il(t, u,T) = A(z@(t,ﬂ), %) as in Proposition 1.4.5. Tt
is partially solved by the state-independence of A in the coordinates o, x3, 4,
but we cannot find a way to leverage the equation associated with A. Thus is

the following assumption.
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Assumption 3.4.8. Assume that X is such that the associated special dif-
ferential characteristics (5, a, p) and the associated parts b;,a;, m;, l; for i =

0,...,d induce a solution to the following equation, for each u € Us.

i=0,....d

~

0udi(t, ) = ({0, ), b0) + 5 ((1,0) + s, au (8, ) + o)

; / (etwartmrn g (¢, 8) + us,v) )my(dv)
\%

Uo(t,u) =0, ¥;(t,u) =y,

Remark 3.4.9. 1. When we are dealing with the canonical space X = R x
R™, then X = R x R", up to reordering the factors. In this scenario,
we have admissibility conditions on the special differential characteristics

which impose existence of the solution, for each . € Us.

2. Note that we already have a solution to the following equation for each

u € Ux, by existence of X as an affine process and Theorem 1.1.4.
1=0,...,d

it ) = (06 0), ) + 5 (6 (8, 0), axw (0, )

+ /V (e<w(t,u),v> — 1= ((t,u),v))m;(dv)
ol(t,u) =0, ¥;(t,u) = u

Theorem 3.4.10. Let X be an affine process as introduced above with As-
sumption 3.4.8 satisfied. Then X is a base affine process with which we may
parameterize eX¢ with distribution as in Section 2.1. Fizing © € X° and de-
noting f’; the distribution associated with eX¢ starting at &, we have a large

deviation principle for (f’;)e>0. The rate function I; simplifies to the following

98



Large deviation rate functions Chapter 3

semi-closed form, where we denote the components of an arbitrary functz’oné

by &= (&,w,7,m).
L@ = [ 3{e0.a(e0) o))

+ /OOO (ﬁ(t) log (A&_(Q)Q — () + A(g(t)))dt

RN () + AE))R(E(2), -
b [0 g (LA

In the evaluation above, we are insisting 0log0 =0, 0- Ay )(-) =0, and thaté
satisfies the following properties below, where statements involving t are taken

S

Lebesgue-almost-everywhere; otherwise I;(§) = oo.
o £(0) =,

e £ € A([0,00),X), w e A([0,00),V), v € A([0,0), V), andn € A([0,00),R}),

Proof: Assumption 3.4.8 is another way of rewriting the system in Propo-
sition 1.4.5, as in Remark 1.1.6. This makes X an affine process, so Lemma
3.4.5 and Proposition 3.4.6 tell us that X satisfies the assumptions of Section
2.2. Thus, the parameterization eX¢is a family described by Theorem 2.5.10,

~

and so we have a large deviation principle for (P;)Oo. Again using Proposition
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3.4.6, we see that the integrand evaluates the following function.

= sup ((ul, :t1> + (uz,i“2> + <UJ3,$'3> + ugy — <U1, 5(%))

1
— §<u1 + ug, o) (ur + u2)) — A(z1) exp (A,{(zl’.)(ul + ug) + u4>

+ A1) + (ur + ug, M), )>)
(3.4.11)

. . : : 1
= sup ((ul,xl — B(w1) = &9 — F3) + <ul g, &5 — Sa(w)(u + U2)>
uev

+ <U1 + us, Stg + )\(581)/{(931, )> + U4i4
— A(z1) exp (An(m,')(ul +uz) + U4> + )\(5’51))

We now evaluate the expression depending on different scenarios.

1. Suppose we had @7 # [(x1) + @9 + 3. Observe that the expression
in (3.4.11) can have all expressions but the first summand canceled, if
u; = —us = —uz and uy = 0. This shows us the following.

A*(@,2) = sup (<a, @) — [\(a,:e))

acV

> sup (@, £> — A(ﬂ, i))
a=(u,—u,—u,0)
u=p(&1—p(x1)—E2—13)
pER
. . . 2
=supp|i; — B(x1) — &2 — £L‘3‘
pER

= OO

2. Now assume &o ¢ image a(x1). Observe that the expression in (3.4.11)

can have all expressions other than the quadratic term canceled, if we

100



Large deviation rate functions Chapter 3

set u; = u3 = uq4 = 0. Denote wg,wj € V the projections of &5 onto
image(a(x1)) and its orthogonal complement, respectively. Select wy € V

such that wy = %oz(m)@z,

. 1 -
9 = Wy + wQL = §a(x1)w2 + wQL,

and observe the following.

A*(@,4) = sup ((a, @) — A(4, :z;))
acV
> sup (<d,i> — A(ﬂ, i:))
4=(0,u,0,0)

u:pwé‘
pER

, 1
= sup <Pw2L>~T2 - éa(ml) : Pw2L>
pER

1 .
—sup (3t o) pui)) + (put )
pER 2

112
= sup plwy |
pER

= O

3. Now suppose A(z1) = 0. Then, (3.4.11) shows us that evaluating at
uy = ugy = uy = 0 will cancel all terms not involving x3.
/A\*(i,f) = sup <<22, :£> — A(d, i)) > sup (<€L,i> — ]\(a, i))
acy a=(0,0,u,0)

u=pI3
pER

.12
= sup ||
pER

=0

4. Now suppose A(z1) < 0. It is clear that selecting u; = uy = uz = 0 in

(3.4.11) cancels many of the terms unrelated to &, which lends us to the
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following argument.

(3, #) = sup ((a,:%> _ A(a,&:)) > sup (<a,;z=> _ A, :z:))
aeV ﬂ:(Oé(])éO,p)
p

. (p M) (1 - e”))

pER

— lim (p:fc4 + Mz1)(1 = 6”))

p——00

= O

5. Now suppose A(z1) > 0 and 4 < 0. Again using the same selection as

the preceding part, we have another infinite value.

(3, 2) = sup ((a,fc} _ A(a,i«)) > sup (<a,§;> i, @))
aev ﬂ:(oéolé&p)
o

~ sup (,m @) (1 - e”))

pER

= lim (pi:4 + A1) (1 - 6p>)

p—00

= O

6. Now suppose 1 = [(x1) + @2 + &3, T2 € image(a(zy)), M(x1) > 0, and
24 > 0. Using Lemma A.4.4, we are able to take the gradients of the

expression in (3.4.11) to get the following system of equations.

0= — B(z1) — 1) (w1 + ug)
— A(zp) exp <A,,u(w1,,)(u1 + ug) + u4> VA, (w1 + us)
+ Az )Rr(x1, -)

0= &9 — az1)(ur + us)
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0= £i3'3 — )\(.1'1) exXp (Aﬁ(rl,.)(ul + Ug) + U4> VAH(xl,.)(Ul + lbg)

+ Ax1)k(x1, )
0=ad4 — A(zq) exp (AH($17.)(U1 + ug) + u4>
These equations yield the following via simple algebra.
Uy + Uy = Oé(iL‘l)Tft'Q

T4 = )\(:L'l) exp <A,{(xh.)(U1 + U3) + U4>

3.4.12 ;
( ) j}4 log ()\'(rgl)> = i?4A,€(x17.) (Ul + U3) + U4i‘4
T3+ May)k(xy, -
> (;4) (@) _ VA (o (U1 + us)

Seeing as Ay, ) is a convex function, the last equality of (3.4.12) corre-

sponds to the unique extreme point of the Fenchel-Legendre transform.

T3+ May)k(z1, )
Ty

<U1 + ug, > - AK($1,~)(U1 + Ug)

_ A (x':a + A(?l)@)

K’(xlv’) Ty
Combining this equality with those of (3.4.12) now gives us the following
identity.
<ﬁ79:"> - A(ﬁv 5%) = (u1, &1) + (ug, T2) + (u3, T3) + ugdy — (u1, (1))
1
— §<u1 + ug, a(x)(ug + uz))
— A1) exp (A,i(xl,.)(ul + ugz) + u4>
+ M) + <U1 + sz, A(z1)k(1, )>
1 .
— §<a’c2, Oz(xl)ij:2> + 14 log (%) — &4+ A(xq)
i‘g + /\(l'1>I{(ZE1, ))

Lyq

+ Ao (
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Observe that since A(,:&) convex, the critical point we have solved is a

global extremum, evaluating A*(:i, z).

7. The last case we must consider is when @, = [(x1) + @9 + &3, T2 €
image(a(x1)), AMx1) > 0, and &4 = 0. For this, we start by greedily

optimizing in the uy coordinate in (3.4.11).

+ <u1 + ug, Ty — %a(ml)(ul + u2)>
+ <u1 + us, &3 + Ax1) (21, )> + A(zq)

+ sup ( — Az1) exp (An(m,-)(ul +ug) + u4>>}

ug €ER
= sup [<U1,i1 — B(w1) — dp — i3)
u1,u2,u3€EV

+ <U1 + Ug, Tgy — %a(xl)(ul + U2)>
+ <U1 + ug, 3 + Mz1)K(T1, )> + )‘(wl)}

From here, we are left with yet another convex function we intend to opti-

mize; observe that the critical point now easily evaluates our expression.

0=z — 6(.231) - O{(ZL‘l)(Ul + u?) + )‘(xl)"i(xb )
0 =9 — ax1)(ug + us)
O = .i'g + )\(l’l)/ﬂ(l’h )

~

(i, 8) — A, 8) = %@2, o) i) + M)

Thus, this expression solves A*(i, Z). Note that this expression is iden-

tical to the previous case, when taking convention that Olog(O = 0 and
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0- A,{(.7.)(~) =0

These cases simplify the nature of A* in (2.5.11), finishing the proof. [

3.5 Interpretation

We finish our discussion by interpreting the last result. As discussed in the

introduction, this result gives us the following approximation,

(e € BED) ~ e (= £10)

~

SO Ix(f ) gives us an exponential rate of decay of probabilities of the family eXe
being near é In terms of components é = (&, w,v,n), the function I; thus
reads properties of &, w,y,n and communicates to us how unlikely they are to
be exhibited by eX€, eX¢, eX, and eN“X‘, respectively. Our semi-closed
form in Theorem 3.4.10 tells us a lot.

Let us first elaborate on the conditions of £ which allow fx(f) to evaluate
as a (possibly infinite) integral. Should any of these properties not be satisfied,
we would have fx(é ) = 0o, which means super-exponential decay of eXe being
within a neighborhood of f . That said, we interpret these conditions as mini-
mum requirements on é to even be considered possible. Throughout, notice we

establish an intuition with é being a proxy for eXe.

o {(0) =14
Seeing as we f’;—almost—surely have eX¢ = #, we insist £(0) = 2.

~

e £ € A([0,),X).
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This tells us that the paths of eX¢ become smoother as ¢ — 0. This
should make sense when we look at Proposition 2.1.9, where eX°€ is a

dynamical system with perturbations on the scale of e.

o £(t) = B(E()) + w(t) + (D).

Note that this is the same thing as saying,

§(t) =z + B(&) + b+ w(t) +7(1),

(when we include the initial condition above) which is the exact condition

each eX¢ satisfies.

eXf =1+ B(eX )+ b+ eX;° + X1

e w(t) € image («(£(1))).
Seeing as ea(eX€) « ¢ is the predictable quadratic covariation process

associated with eX°, we see the following moments of an increment

€,C €,C
6Xt+T - EXt .

€,C €,C
Ep, (EXHN —€eX;

Ff) =0,

) ) ) ) t+At
EPI ((eX;’:Xt o EX:J,,C) (EX;ﬁgt - GXte’]’C) ‘yte) = EPeXf / EOéij (EX;)dS
t

Thus, on an infinitesimal level, the increment w(t) of our continuous noise
w can be thought of as distributing Normal(0, a(£(¢))), which begs the

question of w(t) € image («(£(t))).

e A(£(1) > 0.
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Note that we have the following identity,

‘ ‘1
N&X —/ “MeXE)ds = 1% ¢~ // (eXs,dv)d
0o € VE

=Lxg — Lxg™
:1*QEX7

which tells us N¥° has intensity 2A(eX€). On the infinitesimal level,
the increment 7(¢) of our arrivals 7 should arrive Poisson (A(£(t))) with

positive intensity A(£(2)).

e 7(t) > 0.

. € . . . . €
Seeing as N°X° is a counting process, its increments of e N“X* are non-

negative, and so should those in the infinitesimal sense, 7(t) > 0.

Following this, for those f that are possible, in the sense of satisfying the
preceding properties, we may interpret the integral form of I;(€) intuitively.

We mentioned in the points above that

() = B(ER)) +w(t) +4(t)

is a proxy for our dynamics associated with eX¢ and that our derivatives can

be interpreted as increments.

w(t) «» Normal (0,@(5(1&))), n(t) < Poisson (A({(t)))

Meanwhile, since # is a proxy for an increment of X9, we recognize that the

following identity,

eXPt = idy * @
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. € . e XE
= idy * ¢ —idy * g

t
¢ 1
:/ vg™* (ds, dv) —/ /ev—u(eXg,dv)ds
[0,¢] xV o Jv €
t

t
= [ aex.an - [ Mexoers,
0 0
gives us a similar infinitesimal interpretation.

(1) + A(E(1))K(E(1), )
0(t)

arrives at rate 7)(t) with distribution x(£(%), ")
In total, we have the following categories of deviations.

w(t) continuous deviations, Normal (O, o€ (t)))

n(t) jump-arrival deviations, Poisson ()\(5 (t)))

jump-size deviations, H(f(t), )
f(t) combined deviations, ﬁ(g(t)) + &(t) + A(t)

Each of these interpretations explains its respective integral term, as we

explain below.
e The continuous deviations w in our rate function take the integral,
<1/, +.
ICORIGO)EONER
0

which takes larger values whenever w(t) is a rare sample of Normal (O, a(é (t))) :

the likely path here is w(t) = 0.

e The jump-arrival deviations 7 in our rate function take the integral,

/ooo (’7“) 8 (A&(Q)ﬂ A A(é(t)))olt,
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which takes larger values whenever 7)(t) is a rare sample of Poisson (A(&(t)));

the likely path here is n(t) = A(£(2)).

e The jump-size deviations (¥(t) + A(£(¢))((¢), -)) /n(t) take the following

integral.

e 7(t) + AE@))w(E(R), -)
R e
This takes larger values when (%(¢) +A(£(2))x(£(t),-)) /n(t) is a rare sam-
ple of k(£(t),-), and the prefactor 7(t) serves to express the increased

rarity of unlikely jumps occurring with high-frequency.

We also would like to mention that Theorem 3.4.10 can take many equiv-
alent forms, depending on which quantities we couple with €¢X¢ and which
parameters «, p are non-zero.. For instance, as demonstrated by the redun-
dancy,

§(t) = B(E(1)) +w(t) + (1),
we may have considered the smaller tuple (eX€, eX ed NeX “) and the subsequent

rate function would have the following substitution in the first integral.

(3.5.1) w(t) = E(t) — B(E(L)) — 4(1),

Note that in the case of y = 0 (diffusions), each of X and N“X° constantly
take zero-value, and so we need no coupling; the principle for eX¢ already has
a closed form. This is hinted at in (3.5.1), which suggests the ultimate rate

function.

s = E0-8e0) — [ 5(é0-Blew).als®)' (60 - () Jar
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Similarly, we may have considered another tuple (e X¢, X, N“X*) and the sub-

sequent rate function would have the following substitution in the last integral.

(3.5.2) () = &(t) = BE)) — @)

Note that in the case of & = 0 (pure-jump processes), eX“¢ constantly takes
zero-value, and so we only need coupling (X, N“X°), as hinted at in (3.5.2).
This covers the case of our compund-Poisson and Hawkes processes. Lastly, we
could have alternatively coupled (eX¢, eX idy * ¢°*", N“X) so that the final

integral term will clean up a bit,

/O ) 1A e (%)dt

with our proxy & = (&, w, p,n) now satisfying the following.

E(t) = BEW®)) +w(t) + o(t) — A(E®) w(ED). )

All of these different perspectives can be proven directly or explained immedi-

ately with the contraction principle.
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Appendix A

Jump-diffusions

In order to discuss jump-diffusions on a finite-dimensional real vector space,
one must have a decent understanding of semimartingales. A great text for a
comprehensive study of this is [JS03], which we will refer to in our proofs. In
terms of notational differences, we choose our probability space (2,3, P) and
filtration .# = (%#;)1>0, where #, C X denotes the joined space. Furthermore,
we do not explicitly write processes to take values in R?, but rather some vector
space V with dimension d := dimV and inner-product (-,-). Surely—due to
our isometric isomorphism V = R%—any componentwise or linear notion, such
as integration or differentiation may be taken as equivalent. Furthermore, we
sometimes specify that a stochastic process X has a Borel state space X C V, as
this is the case when studying affine processes. We find it important to highlight
the following important notation of objects introduced in [JS03, Chapters I-11].

e Given (P,.%) locally square-integrable martingales M, N : Q@ x R, — R,
denote (M, N) the predictable quadratic covariation.

e Given H, X : O x R, — R with H being .# predictable and (P,.%)
locally bounded and X a (P,.#) semimartingale, denote the stochastic
integral process as follows.

t
H.X, = / H,dX;
0

We may lift this concept componentwise and linearly. This allows us to
choose the codomains of H, X to various combinations of V and L(V, W)
when evaluating H + X, so long as such a combination allows for H; - X;
to make sense.

111



e Denote ¢/ : R, — R, the identity map to allow a concise notation for
Lebesgue integration.

t
H'Et:/ HSdS
0

Throughout, we will often use the following fact without mention; any
cadlag process H is such that H; = H,;_ at all but a countable amount of
times ¢t € R, and so

t t
H_‘gt:/ Hs_dS:/ HstZH‘gt
0 0

e For a random measure ¢ : Q x Z(R, x V) — [0, 00| and (suitably inte-
grable) process H : Q@ x R, x V — R, we denote the stochastic integral
as follows.

H qr = / HS(U)Q(dS,dU)
[0,t]xV

Denote its (P,.%) predictable projection by ¢ and the compensated mea-
sure ¢ = q¢ — . We will frequently use, without mention, that ¢ is char-
acterized by the property that any .# predictable H : @ x Ry xV — R,
is such that
EP(H * qoo) = Ep (H * cjoo)

Also denote H x ¢ the compensated local martingale process for suitable
H € Gic(q), as constructed in [JS03, Definition I1.1.27]. Lift these inte-
gration notions to vector-valued H componentwise. Instead of choosing
a canonical variable for integrating expressions in this form, we use the
identity maps idy or /.

f,idy) * g, = / f(s,v)q(ds, dv)

[0,t]xV
e Given a semimartingale X, denote X°¢ its continuous local martingale
component and ¢~ its jump measure.
A.1 Formulation
As in [JS03, Definition I11.2.18], a (P, .%#) jump-diffusion X on state space

(X, (X)) is a (P,.Z) semimartingale in which the y-characteristics (BX, A, ¢*)
have the following decompositions.

t t
(A.1.1) B,;X:/ BX(X,)ds, At:/ a(X,)ds, ¢~(ds,dv) = pu(X,,dv)ds,
0 0
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where the functions have the following properties.
e (X : X — V is Borel measurable, 5X € A(X)/AB(V).

e a: X — L(V) is Borel measurable, a € #(X)/AB(L(V)), and a(x) is
self-adjoint and non-negative for each x € X.

o 1: XX AB(V)— [0,00] is a transition kernel from X to V, and it satisfies
the following properties for each z € X.

(A.12) u(e, {0}) =0, /V(M [of?) u(z, dv) < o

In other words, our jump-diffusion X has the following canonical semimartin-
gale representation (see [JS03, Theorem I1.2.34] for definition).

X = Xo+XX) €+ X+ x*q" + (idy — x) x ¢~
(A.1.3) (X XY = a;;(X) +
(jX(ds,dv) = M(Xsadv)dS

Remark A.1.4. (a) Note that we differ slightly from the definition we ref-
erence by imposing a time-homogeneity formulation. There is no loss of

generality in doing so, because we may always extend the state to Ry x X
V14 Xt = (t, Xt)

(b) Note that (A.1.1) can be written concisely by using the identity ¢ on R .

B;( :5X(X>'€t7 At :O((X)°€t’ qAX([Oat]adv) :M(Xadv>.€t

(c) If we have a jump-diffusion with x-characteristics in (A.1.1), we call
(8%, a, ) the differential y-characteristics. We see from (A.1.3) that X
and BX relate between different truncation functions x, X with the simple
identity.

(A1) @) =)+ | (20 - )l o

\4

(d) The conditions on o(x) and p(z,dv) are immediate consequences of (A.1.1).

For the most general setting, see the corresponding result for any semi-
martingale, in [JS03, Proposition I11.2.9].
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Example A.1.6. Fiz a probability space (2,2, P) and filtration .F = (F )i>o.
Just as with (R4, B(V)), we say that W is a standard (P, %) Brownian

motion on (V,B(V)) if it is a continuous (P,.Z) martingale with predictable

quadratic covariation as follows.

t o=

0 otherwise

v, w), = {

It is clear that W is a (P,.F) jump-diffusion with differential x-characteristics
(0,,0), where a(x) = idy for all x € X.

Similarly, we say that p is a standard (P,.%) Poisson random measure
on BR,. x V) if its (P, F) predictable projection is the Lebesgue measure
p(ds,dv) = ds ® dv (identifying measures on B(R?) as those on B(V)). By
[JS03, Theorem II.4.8], this p is the same as a Poisson point process with
Lebesgue intensity, which has infinitely many jumps on any nonempty interval
of time. The accumulated jumps idy * p form a (P,.%) jump-diffusion with
parameters as follows.

5@) = [ x@)dv, @) =0, ulodv) =
\%
because we have the following decomposition.

idy *p=xx*p+ (idy — x) *p
=X *p+x*p+ (idy — x) *p
= Xl +xxp+(idv —x) *p
Note that the infinite activity of p means that the last term cannot be compen-
sated.

We will see at the end of this section that these two objects W and p are
the fundamental building blocks of all jump-diffusions.

The following Lemma will be repeatedly used as a shortcut of 1t6’s formula
and various identities that always apply with jump-diffusions.

Lemma A.1.7. Let X be a jump-diffusion with differential x-characteristics
(BX,a, 1) and f € C*V,R). The composition f(X) has the following semi-
martingale representation.

£ = F(X0) + (DFCX) - 55(6) ) -1 + %tr (D2 (X) 0 a(X)) - £
+Df(X-) - X+ (DF(X-) - x) + 3

+ (PO Fidy) = F(X) =DF(X) - x) + 4
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Proof:  Apply 1t6’s formula [JS03, Theorem 1.4.57] and use the predictable
covariation identity in (A.1.3) to get the following.

d d
FOX0 = F(X0) + 30D (X ) Xi 5 37 Dy f(X) - (X4, X°9),

ij=1

+ 3 (00 - £(X0) = D DAKAX,)

0<s<t

= f(Xo)+Df(X_)+ X; + % Z Dy f(X_)- (aij(X) * e)t

(X idy) = F(X0) = DFX) -idy ) g

Using the iterated stochastic integral formula [JS03, Remark 1.4.37], we may
simplify the above equation to the following.

F(X)) = f(Xo) + DF(X_)+ X, + %tr (Duf(X) 0a(X)) -4,
+ (SO Fidy) = F(X) = DX -idy ) g

Now substitute our representation of (A.1.3) and repeat the iterated stochastic
integral to get the following.

F(Xe) = f(Xo) + DF(X_)+ (Xo+ BX(X) £+ X+ x % ¢~ + (idv — x) *¢7),
+%tr (DQf(X,)oa(X)) .0,

+ (F(X_+idy) = F(X_) = Df(X_) -idy ) +¢°

= F(Xo)+ (DF(X) - BXX)) + e+ 5 tr (DPF(X )0 0(X) ) 1

+Df(X_). X°
+DA(X) - (x* ), + (F(X+idy) = F(X) = DF(X) - x) g
Furthermore, since X_ = X on all but a countable amount of jumps, we may

rewrite the Lebesgue integrals.

(AL8) F(X) = F(X0) + (DFX) - 5¥(X)) + e+ 5 tr (DPF(X) 0 (X)) -4
+Df(X) - X+ DX ) (x*7¥),
+ (F(X_+idy) = F(X) = DF(X) - x) g
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For the remaining equality, we construct localizing sequence (T,),en of F
stopping times,

(A.1.9) To(w) =inf{t>0: X;(w) >n} An, weQ, neN,
to see that Df(X_) is (P,.%) locally bounded.

IDf(X.T)

< sup [Df(z)]

|z|<n

Thus, by [JS03, Proposition I1.1.30], we may rewrite the following.

Df(X_) (x*G"), = (DA(X2)-x) * G,

which when substituted into (A.1.8) gives us our desired identity. [

In the above lemma, the final term in the semimartingale decomposition of
f(X) is typically not able to be compensated into a local martingale. If we did
have local integrability of the following quantity,

~ X
*q -,

fX- +idy) = f(X2) +Df(X2) - x

then by [JS03, Proposition I1.1.28] we could rewrite f(X) into a canonical
special semimartingale decomposition.

(A.1.10)
F(Xe) = f(Xo) + LX)+l +Df(X_)+ X+ (f(X_ +idy) — f(X_)) ="

Lf(r) = Df(x) - %) + 5 tr (Df (@) 0 ()

+ [ (#a+0) = £@) = DF(@) (o))l v
v
So long as f is bounded, we can guarantee this special semimartingale property.

Proposition A.1.11. Let X and f as in Lemma A.1.7, and further impose
f is bounded. Then the composition f(X) is a special semimartingale with the
decomposition as in (A.1.10).

Proof:  Seeing as f is bounded, [JS03, Lemma 1.4.24] tells us that f(X)
is a special semimartingale. By [JS03, Proposition 1.4.23], it is then the case
that the following term is locally integrable.

(F(X_+idy) = F(X) = DF(X ) x) +

By our discussion above, this suffices to conclude (A.1.10). |
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This operator £ in (A.1.10) gives a nice closed from for suitable f(X), and
so we reserve it the term of generator associated with X. Note that we do
not mark dependence on Y, as any other truncation function y will produce
the same operator; see Remark A.1.4(c) and note that the displacement from
pX and X would be the same as that in the integral term. One particular
setting in which this result is useful is establishing a Lévy-Khintchine formula
for jump-diffusions.

Proposition A.1.12. Fiz a jump-diffusion X with differential x-characteristics
(BX,a, ). Then, for each u € iV, the process exp ((u,X) — Au, X) K) s a
complex-valued (P, .F) local martingale, where A : iV x X — R is the associated
Lévy-Khintchine map.

Alu,z) = (u, B¥(z)) + é<u,a(m)> —I—/ (e — 1 — (u, x(v))) u(w, dv),

A\

Proof:  For a fixed u € iV, note that the map f,, defined by f,(v) =
exp (u, v) is bounded. Thus, by Proposition A.1.11, we have

fu(Xt> = fu(XO) + ‘Cfu<X) 'Et + Mt;

where M is a (P,.%) local martingale. Observe that the partial derivatives of
f are as follows,

(A.1.13) D;fu(z) = fu(z)us, Dyj fu(z) = ful@)uiuy,
so we have the following equation.
LFu(r) = Dfule) - 54() + 5 tr (D*£ulx) 0 o))
u —Ju -D . ,d
+ [ (Ale+ )= 1) = DF@) - x(0)) e
1
= fu(@)(u, BX¥(2)) + éfu(x)<u, a(z)u)
u w(v) =1 —(u, ,d
1@ [ (o) = 1= (@) )l )
= fu(z) - A(u, )
Denoting A = f,(X) = exp (u, X) and B = exp ( — A(u, X) + £), we now use
the fact that B is # predictable and of finite-variation, so [JS03, Proposition

1.4.49(b)] gives us the following.

exp ((u,X) — A(u, X) -€>
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:AtBt
:AOBO+A_'Bt+B'At

— exp (u, Xo) + A_ - (( — B-Alu, X)) .e)t +B- (fu(Xo) FLE(X) 0+ M)t
— exp (u, Xo) — (A-B-A(u,X)) l+ (B Fu(X) -A(u,X)) b+ B+ M,
= exp (u, Xo) + B+ M,

This identity and [JS03, Remark 1.4.34(b)] concludes the proof. |
It turns out that each of the preceding results is sufficient in characterizing
a semimartingale X as a jump-diffusion.

Theorem A.1.14. The following statements are equivalent for a stochastic
process X on state space (X, B(X)).

(a) X is a (P,.F) jump-diffusion with differential x-characteristics (5%, c, 11).
(b) For each bounded f € C*(V,R), the process f(X;)—Lf(X;)*l; is a (P, .F)
local martingale, where

Lf(x) = Df(x) - () + 5 tr (Df(a) o ()
+ [ (a0 = @) = Df@) (0 e )

(¢) For each u € iV, the process exp ((u, X) —A(u, X) -+ €> is a (P, #) local

martingale, where A is our Lévy-Khintchine map.

Au, ) = (u, BX(z)) + %<u,a(x)> +/ (et — 1 — (u, x(v)))p(x, dv),

A\

(d) Denoting (P,)zex the P-conditional distributions of X factored through
the initial state Xy and selecting Borel functions o, c to satisfy,

o: X —=1LV) oo*(x) = a(z)

(A.1.15) c'XxV oV Iu(x7r) = /VlF(C(l’,U))dU

each P, is a solution to the equation associated with a standard Brownian
motion W and Poisson random measure p, where ' = idy — x.

Xp = a4 BX(X)+le+0 (X)Wt (xoo(X-, idy)) #p,+ (X 0c(X -, idv)) *py
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Proof: ~ This is simply restating [JS03, Theorems 11.2.42; 11.2.49, and
I11.2.26] in terms of our identities from the previous propositions and lemmas.
The choice of standard intensity dt ® dv for the Poisson random measure is

such that the jump factor dv satisfies the atom-free and infinite properties in
[JS03, Remark I11.2.28(3)]. [

Remark A.1.16. In the final part above, the push-forward map ¢ may put
mass on 0,

/Vl{O} (c(a:,v))dv > 0,

to thin or delete jumps coming from p (of which there are infinitely many).
Howewver, this contradicts the condition (A.1.2) that p(x,{0}) = 0 for all z € X.
Ezplicitly, the push-forward in (A.1.15) happens on the space Vo :=V — {0},

pu(x,T') = /le(c(x,v))dv, I' e B(Vy)

to allow for such thinning.

A.2 Special jump-diffusions

We now turn our focus to (P,.#) jump-diffusions which are additionally
special in the sense of them having a semimartingale decomposition in which
the finite-variation term is predictable. When looking at the canonical repre-
sentation of a jump-diffusion X with y-characteristics (5%, a, p1), it is clear how
to make this predictable.

Xi=Xo+ B(X) b+ X7+ x x ¢ + (idy — x) * ¢~
= Xo + BX(X) « by + (idy — ) * ¢~ + X7 +idy * ¢~

(A2.1)
=X (B0 + [ (0= x@)CX 0 ) b+ X+ idy 7

In such a case, it is nice to define the function g : X — V,
(A22) B(o) = 34(@) + [ (o= x(0))u(z.do),
\%

so that (A.2.1) may be simplified to a concise special semimartingale decom-
position.
Xy = Xo+B(X) £+ X +idy * G*
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We call the triplet (3, «, ) that results from (A.2.2) the special differential
characteristics and its components 3, «, i the drift, diffusion, and jump kernel,
respectively.

The calculus of (A.2.1) begs the question that (idy — x) * ¢ can be com-
pensated which is not generally the case—otherwise, the term special would be
a misnomer! The next result specifies conditions on which we may perform the
above calculus.

Lemma A.2.3. Let X be a (P,.%) jump-diffusion with differential x-characteristics
(8%, a, ), such that u satisfies the following condition.

T / v — X(v)’,u(x, dv) is bounded on compact subsets
v

Then, X is special with drift f as in (A.2.2).

Proof: By choosing a % localizing sequence (7),)nen as in (A.1.9), our
hypothesis gives us the following integrability.

Th
EplidV - X‘ x4y = Ep/ / |v — X(U)‘u(Xt, dv)dt
o Jv

<n- sup /V v — x(v)|p(z, dv)

|z[<n

< 00

Now, [JS03, Proposition 11.1.28] allows us to compensate as we did in (A.2.1)

|

Seeing as (idy — x) * ¢ may be compensated for special jump-diffusions X,

all the characterizing objects of Theorem A.1.14 may be rewritten in terms of
our drift g—effectively, ¥ becomes the identity.

Lf(x) = Df(x) - 5(a) + 5 tr (D?f(x) 0 ()
+ [ (Fas0) = @) = Df@) o)t o),

Alu,z) = (u, B(x)) + %<u,a(aﬁ)> + /V (et — 1 — (u,v)) p(x, dv),
Xy = a4 B(X) b+ 0(X_) e Wy + c(X_,idy) * by
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A.3 Locally countable jump-diffusions

We see that a (P, .#) jump-diffusion X is special if the accumulated large
jumps (idy — x) * ¢® may be compensated. To this end, being special is a
condition on the jumps away from the origin. We now turn our focus to jump-
diffusions X in which the jumps near the origin behave nicely. For any jump-
diffusion X, we may count the jumps with the jump process N*X.

(A.3.1) N = Z Iax.z0 = 1x¢q}

0<s<t

For many jump diffusions, it may be the case that we P-almost-surely have
N = oo for all t > 0. We way that X has (P,.#) locally countable, so long as
NX is (P,.7) locally integrable. Below, we state how to verify this using the
differential characteristics.

Lemma A.3.2. Fiza (P, %) jump-diffusion X with differential x-characteristics
(8%, v, ) satisfying

T u(m,V) 1s bounded on compact sets,

then X s locally countable. Moreover, we may define X\ : X — R, and proba-
bility kernel k : X x B(V) — [0,1] by the following factoring.

M) = (e, V), p(r, dv) = Ax)s(z, dv)
Also, N has (P,.Z) intensity A\(X).

Proof:  Select the sequence (7T),)nen as in (A.1.9). Note now that, since
the constant function 1 is predictable,

Tn
EPN%L = Epl * q:,)i = Epl *(jﬁl = Ep/ (X, V)dt < n - sup p(z,V) < oo
0

|z|<n

This means that N¥ is locally integrable, making X locally countable. More-
over, by [JS03, Theorem I1.1.8],

t t
NX—/ )\(Xs)ds:l*qX—/ /M(Xs,dv)ds:l*qx—l*ch
0 0 Jv

is a (P, %) local martingale, which finishes the proof. [
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Remark A.3.3. (a) Such objects A,k always exist with our assumption of
the Lemma. Seeing as  is a transition kernel from (X, (X)) to (V, B(V)),
we have our desired measurability.

A= p(, V) € B(X)/BRy)

Constructing k should be obvious algebra, so long as we have no zero
measures; otherwise, we may define

e 0) = 5 0) - s ) + 551,

where 0., is the degenerate measure at ey € V. This ensures that any
k(- T) € B(X)/AB([0,1]) and any k(z,-) a probability measure on HB(V).
Also, when u(x,-) is the zero measure,

pu(, dv) = 0 = A(z) - b, (dv) = A@)r(z, dv),
and otherwise,

p(z, dv) = p(z, V) Z((Z’ i;})) = \Nz)k(z,dv).

(b) We call X\ the intensity map and r the (conditional) jump distribution

(c) As far as we know, there is no widely accepted source which explores
Jump-diffusions to the extent of declaring a notion like locally countable,
as we have. This means that there is likely some clash of terminology,
should such a concept already exist.

A.4 Real moments of jump-diffusions

We now turn our focus to the real moments of (P,.#) jump-diffusions and
the extension of our Lévy-Khintchine map A,

A(u,z) = (u, BX(2)) + %<u,a(w)> + /V (e —1 — (u, x(v))) u(w, dv),

to evaluate real moments u € V. The above expression may be infinite, as
the final term includes an unbounded integral over a possibly infinite measure.
That said, we find it imperative to denote the following sets of finiteness.

(A.4.1) Da(z) = {u eV :Aluz) < oo}, Dy = () Dalx)

zeX
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The following results will explore the nature of the maps A(+, z) : Da(x) — R for
fixed differentiable y-characteristics (5%, v, 1), where our truncation function y
is defined by x(v) = v1jy<1. Note that there is no loss of generality in selecting
this truncation function, since they all evaluate A identically.

Lemma A.4.2. For any x € X, we have the following equivalence.

u€ Dp(z) < el py(x, dv) < 0o
[v|>1

Proof: To each u,v € V, Taylor’s theorem gives us 7,, € [0, 1] such that

1
el =1+ (u,v) + 567“’““’”) (u, v)*.

This allows us to see that, for each € X, A(u,x) and f o>1 € (wo)y(x, dv) differ
by finite expressions.

‘A(u, x) — / eV pu(x, dv)
lv|>1

X 1 u,v
= [(u, /X(x)) + é(u,a(:v)u) +/ (e< ) — 1 — (u,v)) p(z, dv) A»l z,dv)

lv|<1
/ p(x, dv)
v|>1

’/ e”“““”)(u v’ (e, dv)
lv|<1 2
1

; <§elul n 1> | @bt

Thus, one can be defined as a finite displacement of the other. [ |

< (u, BX(z)) +

(u, a(z)u

N — N~

< [{u, BX(x)) +

(u, a(x)u)

Lemma A.4.3. For each x € X, Dy(x) is convez.

Proof: ~ We use our characterization of Dj(x) from Lemma A.4.2. Let
u,u’ € Dy(x), v € (0,1), and use Holder’s inequality to see the following.

/ e(u’+’y(ufu’),v>lu(x’ d'U)
v|>1

- / T () g )
v|>

() (], eeor 1)
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0 1—y
= (/ e<“’”>u(a:,dv)> (/ e<“/’”>u(a?,dv)>
[v|>1 [v|>1

< o0
An arbitrary convex combination now satisfies yu + (1 — y)u’ € Dy (). |

Lemma A.4.4. For each x € X, the map A(-, x) is continuously differentiable
on Dp(x)°, with derivative DA(-, z) : Dpy(x)° — L(V,R) as follows.

(A.4.5)

DA(u, z)w = <ﬁx(:v) + a(x)u +/

(e<u’”>v — x(v)) p(z, dv), w>, u € Dy(z)°
v

Proof: Fix x € X, u € Dp(x)°. Let € > 0 such that B(u,€) C Dy(x). For
all0 <d <eandi=1,...,d, we now have the following identity

(A.4.6)
Au+ de;, x) — Au, )

= (e;, BX(x)) + (e;, a(x)u) + %(5@, a(x)u)

)
1
+/ - <e<“+5ei’”> — elwv) _ <5ei,v>>u(az, dv)
o<1 0
1
- / 5 <e<“+‘5e"’”> — e<“’”>>u($, dv)
[v|>1

Evaluating the limit of (A.4.6) as 6 — 0 is now a matter of exchanging the limit
with integration; we will do this by using the dominated convergence theorem.
For the first integral, Taylor’s theorem provides us vy, 71 € [0, 1] such that
the following hold.
1
elutoent) — 1 4 (y + Je;, v) + §(u + Je;, v)2erolutdeny)
1

el =1+ (u,v) + §(u, v)2entue)
This shows us that, for all 0 < § < € and |v| <1,
1 (u+de;,v) (u,v)
(e et )|

< <(|u! + 6)26‘u‘+6> lv]2.

(u+ dey, v>267°<“+66“”> + %(u, v>2e”<u’”>

DO | —

This dominating function is integrable,

/v|<1 <(|U|+e)2e|u|+6>|v|2u(x,dv) < <<|u|+6)2€|u|+6> /V(M|v|2)u(x,dv) .
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so we may apply the dominated convergence theorem.

1
(u+6e, vy (uw) )
(151_1% U|<15< e (5el,v>>,u(x,dv)
: 1 u €;,v
= [ (e e et

(A.4.7) :/U|<1 <e<””>v vz> (x,dv)

For the second integral, we again use Taylor’s theorem to establish for each
0 <0 < €/2, some 75 € [0, d] such that

elutoeiv) _ o(uv) 4 (Se;, U>€<u+756i7’v>

This way, we have the following dominating function.

1
‘g(e(qu&ei,v) . e(u,v))‘ S

. (utvseiv) | « |o). | (W) +elvil/2
(e;,v)e < |vile

The claim is that this dominating function is integrable. To see this, first note
that because we have the following limit,

| p{u,v)+elvi| /2 )
T A OO |
v] =00 e{w,v)+2€lv|/3 Jv]—00 e€lvil/6

=0

There exists M > 0 such that for all |v| > M,

w,v)+€|v;| /2 u,v)+2€|v;|/3

v e < el

We now see that

/| joi et (2, do)
v[>1

= / |vl-|e<“’”>+€‘”"|/2y(x,dv) +/ lv; |e u,v)+-e€lvi|/2 w(z, dv)
1<v|<M |v|>M

< / MM o gy 4 / w26l /30 )
1<v|<M |v|>M
1

< Mellulte/2M / (APl do) + / elut2ees/3.0) (2 du)
\% lv|>1

< Q.
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We again use the dominated convergence theorem to deduce the following.

1
1 _< (u+de;v) <u,v)> ,d
lim o e e p(zx, dv)
= lim ! <e<“+56i’“) — e<“’”>)u(x do)
|’U|>1 6—0 ’
(A.4.8) = / ety (z, dv)
[v|>1

Combining equations (A.4.6), (A.4.7), and (A.4.8) now yields our desired iden-
tity.

D;A(u, x) = <ei, fX(x) + a(z)u + /

\%

(0 = x(0) ) (e, av))

Continuity of D;A(u, z) for u € Dy (z)° involves very similar dominated conver-
gence theorem arguments as above. From here, it is clear that A is continuously
differentiable with the form in (A.4.5). |

As we have seen in Lemmas A.2.3 and A.3.2, if we have local boundedness
of certain integrals of a jump kernel p, we can leverage these to (P,.%#) local
conditions of the associated jump-diffusion X. Throughout the remainder of
this section, we impose the following uniform-boundedness principle for the
kernel .

feBNV)BR), / |f(0)|p(x,dv) < oo for all z € X

(A.4.9) v

= T+ / | f(v)|p(x,dv) bounded on compact sets
v

With this assumption, we get some nice results on finite exponential moments
of X.

Proposition A.4.10. Fiz a (P,.%) jump-diffusion X with associated differ-
ential x-characteristics (BX,c, ). Suppose we have the regularity condition
(A.4.9) above. If 0 € DY, then X is special.

Proof: If 0 € DY, then there exists some § > 0 such that B(0,5) C Dy.
Observe the following implication of this fact, for each x € X.

/V‘v — X(v)’u(x,dv) = / |v|p(x, dv)

lv|>1
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Our regularity condition (A.4.9) now allows us to apply Lemma A.2.3 to con-
clude X is special. [ |

Proposition A.4.11. Fiz a (P,.%) special jump-diffusion X with special dif-
ferential characteristics (B, o, p). Suppose we have the regularity condition
(A.4.9) above. If uw € Dy, then exp (u, X) is special, and

exp ((u, X) — A(u, X) + ()
is a (P, %) local martingale.

Proof:  Using Lemma A.1.7 for the function f,(v) = exp (u,v) and its
derivative identities as in (A.1.13), we get the following.
(A.4.12)

exp (u, X3) = exp (u, Xo) + exp (u, Xy) ((u, B(X)) + 1

2<u,a(X)u>> .0,
+Dfu(X_ ) X+ (exp (u, X_)(u, idV)> * G
+ exp (u, X_) - (exp (u,idy) — 1 — <u,idv>> . g

Note that localizing our final term on the sequence (7},),en of stopping times
in (A.1.9), we get the following.

Ep) exp <u,X_)<exp (u,idy) — 1 — (u, idV)>

* q\’l)gn
Tn
—Ep / / [exp (u, X (exp (,0) = 1= {u,0)) (X, do)ds
0 Y
<n-sup <6<“’“>/ e 1~ <u,v>|u(fv,dv))
\%

lz|<n

Seeing as u € Dj, the integral in the above quantity is finite, and so (A.4.9)
gives us finiteness of the supremum. Using [JS03, Proposition I1.1.28] now
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allows us to compensate the jump term in (A.4.12).

exp (u, X¢) = exp (u, Xo) + (exp (u, X) -A(u,X)) b+ Dfu (X)) X°
+ (exp (u,X_>(u,idV>> * G

This is a representation of exp (u, X) as an initial term, predictable term of
finite variation, and a local martingale. Thus, it is a special semimartingale.
From here, we may perform the product rule on exp ({u, X) — A(u, X) ) as
we did in Proposition A.1.12 to show that the process is a local martingale. W

Theorem A.4.13. Fiz a (P, %) special jump-diffusion X with special differ-
ential characteristics (B, a, pu). Suppose we have the regularity condition (A.4.9)
above. For each (P,.%) predictable H of finite-variation with image contained
in DY, the process exp(H « X)) is special and

exp (H-X — A(H, X) -e)
is a (P, %) local martingale.

Proof:  Perform 1t6’s formula [JS03, Theoerem 1.4.57] in addition to its
jump-diffusion variant in Lemma A.1.7 and various stochastic integral identities
[JS03, Remarks 1.4.36, 1.4.37, Theorem 1.4.40(d), Proposition II1.1.30(b)].

exp (H - X))

=cexp(H-X_):(H-X),+ % exp (H+X_)+((H-X)*,(H+X)"),

+ > (oo (H-Xo + A(H X)) —exp (H- X, )
peest —exp (H+ X, )A(H - X),)

— ((exp (H-X_) - H) - X, + %exp (H - X)(H,a(X)H) -,

+exp (H-X_) <e<HyidV> 1 (H, 1dv>) .
(A414) = ((exp (H-X)- (H,B8) + %exp (H - X)(H,a(X)H)) -,

+ (eXp (H-X_)- H) C XE+exp (H+ X_)(H, idy) * G

+exp (H-X_) <e<HvidV> 1 (H, idv)> « X
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Now, choosing our (P,.%) localizing sequence (T},),en as in A.1.9, we have the
following bound.

Ep|exp (H - X_) (™49 — 1 — (H,idv) ) « G5 |

—Ep/Tn/‘eXp H - X, << ()’”)—1—<H(s),v>>‘u(Xs,dv)ds

<mn-sup sup ellHE / ’eH(S ) — (H(s),v)|p(z, dv)

|z|<n s€[0,n]

Seeing as A(-, z) is continuously differentiable, it is uniformly bounded on D§.
This, along with the fact that H is bounded (it has finite variation) and as-
sumption (A.4.9) allow us to conclude that the preceding expression is finite.
Thus, we may compensate the final jump integral in (A.4.14).

(A.4.15)

exp (H - X.) = ((exp (H-X) - AGH, X))+ b+ ((exp (H+X) - H )+ X;

+ exp (H . X_) <€<H’idv> — 1> * thX

The decomposition of exp(H « X) into a predictable finite-variation process and
a local martingale implies that it is special. Now, we write M as the local
martingale term above, A = exp(H + X), and B = exp(—A(H, X) +¢). We now
recognize that B is predictable and finite-variation and use [JS03, Proposition
1.4.49(b)] to conclude our proof.

exp (H+ Xy, — AN(H, X) « {y)
= AB,

=A_+B +B-A

= (A-B-—A(H, X))+,

+B- ((exp(H-X) - A(H, X)) -€+M>t

=(A-B-—AH,X))l,+ (B-A-AH,X)) b, + B+ M,
:B‘Mt

|

In the case that the local martingale in the preceding theorem satisfies suf-

ficient integrability, we are able to introduce a measure change with which the

dynamics of X are still understood. Note that the following theorem states

this, with careful language delineating the fact that special differential charac-
teristics depend on the underlying measure.
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Theorem A.4.16. Fiz a (P,.%) special jump-diffusion X with (P,.F) special
differential characteristics (B, a, ). Fiz h:[0,00) x X — V such that h(¢, X_)
1s of finite variation. Define

72" = exp (h(€, X )+ X = A(A((, X), X) - £),

and assume (Zth>t€[0,7'] s uniformly integrable for each T > 0. Then, to each
7> 0, we may define Q" on (Q,.%,), via

Qi (dw) = Z!(w) - P(dw),

such that X is a (QF, (Fi)tep) special jump-diffusion with (QY, (Fi)epo.)
special differential characteristics (8", a, u").

B"(s,z) = B(x) + a(z)h(s,r) + / v (e™n0) — 1)z, do),

v
(s, z, dv) = e P00 (2 du)ds

Proof: ~ Note that Theorem A.4.13 gives us the (P,.#) local martin-
gale property, so our P uniform-integrability assumption serves to give us
a (P,.#) uniformly-integrable martingale Z" on [0,7]. Now, evaluating the
(QF, (Fi)iepp,r)) dynamics of X amount to applying Girsanov’s theorem for
semimartingales. Specifically we use [JS03, Theorem I11.3.24] and verify that
our proposed differential characteristics align with the identities of [JS03, T11.3.28].
For any .% predictable H : Q x R, x V — R, , we apply [JS03, Remark 1.4.36]
to see that the following identities hold.

Ep((Z"H) % ¢*)

= EP/ ZZH(W&U)QX(dSudU)
Ry xV

Ep /R+><V exp (h(ﬁ, X)X, —A(h(¢,X), X) -ES)H(~,s,v)qX(ds,dv)

- Ep/ exp (h(f, X ) Xy +A(R(6X)-X), = AR(L,X), X) -zs)
o -H(-,5,v)¢™ (ds, dv)
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s

= Ep/ Zh M X)) (s ) (X, dv)ds
R+><V

= Ep/ Zhehs X)) [y (. s ) (X, dv)ds
R+><V

This first part indicates that our u" is as described. Now, let us establish
the drift by looking at the continuous predictable projections. First, we re-
call (A.4.15) and the calculations below it to note that Z" has the following
continuous local martingale component.

ZM = exp ( — A(h(t, X), X) -e) : (exp (h(0, X_)+ X_)h(¢, X_) -X;)
= Z"h(l,X_)+ X}
Note that we applied our usual calculus operation [JS03, Remark 1.4.37] above.

Using this calculus operation once more, in addition to that in [JS03, Theorem
1.4.40], we get our desired predictable quadratic covariation.

<Zh’C,XC’j> — <Zﬁh(£, X_) 'XC,XC’j>

ZMhi(6, X )+ X¥9, X )

Eﬁ\&

=1

]~

Z"hi(0, X_) - <X Xx© >

=1

-

Zﬁhz(‘g, X_) ° (OéU(X) ° 6)

=1

a |l

Zﬁhl(g, X)C(U(X) o/
i=1

Z"a(X)h(l, X) ¢
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