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ABSTRACT OF THE DISSERTATION

LQG Control Performance under Coding Strategies in Network Control Systems

by

Behrooz Amini
Doctor of Philosophy in Engineering Sciences (Mechanical Engineering)
University of California San Diego, 2020

Professor Robert R. Bitmead , Chair

This thesis deals with a single feedback fixed-rate channel using some coding strategies.
We assess and compare the LQ performance of the different coding methods. The idea of
predictive coding is applied at the transmitter side to improve the efficiency of the channel usage
by transmission of the quantized innovations signal. We observe a plant stability requirement is
necessary to construct the joint density of both the plant and the predictor states at the receiver
side. The Bayesian filter is used to compute the optimal feedback control. We compare the closed-
loop control performance for three cases. In each of these competing cases, a lower complexity
receiver architecture is possible but at the expense of closed-loop control performance.

In addition to predictive coding, we examine specific low-bitrate strategies and evaluate

through their impact on LQ control performance. We consider coding the quantized output signal



deploying period-two codes of differing delay versus accuracy tradeoff. We treat the quantizer as
the functional composition of an infinitely-long linear staircase function and a saturation. This
permits the analysis being subdivided into estimator computations and an escape time evaluation,
which connects the control back into the choice of quantizer saturation bound. By limiting the

subject to specific strategies, we are able to identify principles underlying coding for control.
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Chapter 1

Introduction

Over recent years, networked control problems and communication have gained much
interest. In particular, the state estimation problem over a network has been widely studied.
The problem of state estimation and stabilization of a linear time invariant system has been
investigated with a number of differing communication constraints. Traditionally the areas of
control and communication systems are studied separately as both have almost distinct underlying
assumptions. For instance, in the area of control, one generally assumes perfect communication
within the closed loop and receives data without time delay. On the other hand, in communication
systems, data packets that carry the information can be delayed or dropped because of network
traffic conditions. Further, and as studied in detail here, digital communications introduces
quantization and channel noise. These different assumptions and natures create a barrier for
researchers from the two fields to collaborate with each other. However, as new applications and
technologies emerge, control and communication systems are shaping new horizons for more
entwined and closer research to study.

As we see in some applications, observation and control signals are dispatched through
a communication channel with a limited capacity or some bit-rate constraints. For instance,
advances in large scale networks including sensors and actuators make an interesting area to
explore. In sensor networks, the measurement data from various sensors are sent to the controller
through a data network where data packets might be dropped or delayed if the network has severe

traffic.



In this thesis, the architecture of control and communication systems under study is
simply depicted in the Figure 1.1. We consider a general single digital channel for the study in
which the physical system’s arrangement is geographically distributed, say through the physical

separation of the sensors from the plant.

W, V .
1 ¢ digital
channel Z
Ut Yt t
plant » encoder —.+-++-++-. >— decoder

| se{l,2,..., M}

transmatter symbol receiver

' N

controller

Figure 1.1. The network control system studied in this thesis.

We ideally would like to extend the current arrangement to have a secure ideal channel
between the controller and plant. There is an underlying control objective of the control closed
loop. This is distinct from many reliable communications objective of the communication
subsystem, which might involve retransmission and devotion of bits to error detection and
correct. We start with a closed-loop control performance objective function and apply optimal
control concepts.

The arrangement of the control and communication systems consist of the following

components.

* Plant is a linear time-invariant system subject to exogenous additive stochastic distur-

bances.

* The encoder/transmitter is a causal mapping from the measured output signal y;. At the



transmitter, it determines the usage of the symbols sent through the channel and makes
the efficient or robust use of the channel capacity. The process of coding is focused on

efficient channel or bitrate, largely through removing redundancy in the signals.

* The decoder/receiver is required to be a causal mapping from the received quantized signal.

It yields some reconstruction of y; or the sequence of y;s.

* The codec, encoder-decoder pair, is to facilitate the reconstruction of a close approximation

of the transmitter-side signal by using the bits most effectively.

* The Quantizer (signal to symbol) is the simplest and delay free coder, which maps the
current signal into one of the M = 2° symbols, where b is the number of bits per symbol. It
is a mapping from the set of real value numbers as inputs to the finite set of outputs called
output levels. A linear, midrise, eight-levels/three-bit quantizer with saturation is depicted

in Figure 1.2. Linear here refers to the equal interval sizes assigned to each symbol.

For m-vector signals or indeed for m-tuples of signals, this figure can be replaced by a
partition of the R” yielding one symbol per fundamental set. This latter construction is

called a vector quantizer.

output

A

i i > input

Figure 1.2. Graph of 3-bit/8-step staircase of a linear midrise quantizer-dequantizer pair with
saturation at +.



Generally speaking quantization is a process to convert samples of a real value source
into a digital representation with lower resolution. During this conversion, if we have too
few bits or quantization levels, some information is lost. Loss of information maybe a
reasonable concern, hence the quantization can be done such that the loss of information
being imperceptible by proper designing and applying enough quantization levels. The
primary goal is to make sure that the quantized signal is obtained at the proper resolution
without harmful impact from the information is lost. The multi-element quantizers that we
consider quantize a vector source input signal one element at each time. A quantizer, which
resides at the transmitter, converts a real input signal into a symbol from a fixed alphabet.
Then this symbol is transmitted through the channel, detected, and converted back into
a real-values signal of the same dimension as the input vector. This latter reconstruction

occurs at the receiver through a dequantizer.

The dequantizer (symbol to signal) is the decoder associated with quantizer coder is called
a dequantizer. Typically for a scalar quantizer the dequantized value on a receipt of symbol
would be the midpoint of the interval mapping to a symbol at the quantizer. For vector
quantization, one normally dequantizes by taking the centroid of the symbol’s pre-image.
When a quantizer and a dequantizer are combined, we have a mapping from real input
signal at the transmitters, usual a signal taking a continuum of values, to a real output
signal, which takes one of 2b distinct values, where b is the bitrate. We shall adopt to

convention to refer to the quantizer-dequantizer pair as the quantizer.

In this thesis, we emphasize subtractive dithered quantization. Dithered quantization is a
technique where we add a random signal to the input signal prior to quantization, and this
makes the quantization error possess desirable statistical features as defined in Equation

1.1 where y is an input signal to the quantizer and z is an output signal from the quantizer.

e=Q()—y=z-y (1.1)



If the random dither signal is chosen properly, then the quantization error will be indepen-
dent from the original input signal and, under certain conditions, will also be zero mean
uniformly distributed white noise. In subtractive dither, a dither signal d; is added prior to
the quantizer input at the transmitter and subtracted from the dequantizer, output at the

receiver as shown in Equation 1.2.

Zt:Q()’z‘th)_dt, (1.2)

The goal is to have the quantization error independent from the plant output signal with

favorable statistical properties as we explain in Chapter 2 in detail.

Regarding the quantization as a nonlinear memoryless measurement, Curry ’s Theorem [1]
plays a key role in our analysis. This theorem deals with the optimal feedback control of a
linear system with memoryless nonlinear measurement and quadratic criterion function:

the optimal controller is the LQ-optimal gain times the conditional state estimate.

Throughout the thesis quantizers will play a central role and in Chapter 2, we shall study
quantization in considerable detail with an emphasis on linear mid-rise quantizers. We
introduce and explore the idea of subtractive dithered quantization and establish properties

of the approximation error between the quantizer input and output signals.

In Chapter 4, we also investigate three specific periodic coding strategies as period-two bit
assignment and transmission strategies. The goal is to assess the efficacy of these coding
strategies in terms of their advantages for quadratic-cost optimal output feedback control.
For instance in Strategy I, we use a b-bit-per-channel subtractive dithered quantizer and
send the b bits of the quantizer output through channel and at the receiver, use a Kalman
filter to compute the filtered state estimate, £,|;, and control signal. In Strategy II, at even
times we use a 2b-bit-per-channel subtractive dithered quantizer and transmit the » most
significant bits of the quantizer output through channel and at the receiver use the Kalman

filter to calculate the filtered state estimate and control signal. At the odd times, we discard



the measurement signal and transmit the remaining b remaining bits of the quantized signal

of even times to make the control signal by use of Kalman filter.

A major thrust of Chapter 4 will be to view the quantizer as the functional composition of
an infinite staircase and a saturation. This perspective will allow us to tame the analysis
by considering behavior prior to the first signal excursion beyond the saturation. Then
separately we study the statistics of the first time to saturation, which we label the escape

time.

* The communication digital channel (symbol-in symbol-out) is a physical system capable
of transmitting a symbol from a finite alphabet and having that symbol received at the
other end. In this thesis, we consider a fixed bitrate, error-free communications channel
between the transmitter/plant side and the receiver/controller side. The sampling rate also

will be fixed.

* The controller is based on optimal control and causally produces a control signal, u,, from
the received data. Throughout the thesis, we shall appeal to Curry’s theorem for quadratic

optimal control mentioned earlier.

In this thesis, similar to network control systems, we investigate methods such as predic-
tive coding and other related approaches to achieve more efficient use of available bitrate, and
therefore improves control performance. We focus on feedback control over a single fixed bit
rate channel where in the transmitter side and apply predictor to make innovations signal similar
to whitening filter prior to quantizer.

In Chapter 2, we present the quantization, quantization error and quantization bound
and it is shown the details of input and output to far a midrise linear quantizer. We compare the
quantization errors for infinite (unbounded) quantizer without saturation bound and the saturated
case. For subtractive dithered quantizers, necessary and sufficient conditions are explored to have
the probability density function of the quantization error being uniform. This condition has great

practical results and consequence in the subsequent theorems of the thesis. The characteristic



function of the probability density has a crucial role in this chapter. We show that the subtractive
dithered quantization error is a white noise under certain statistical features or conditions on the
dither.

In Chapter 3 of this thesis we consider a very specific coder: linear predictive coding.
Here, the transmitted symbol is a representation of the the prediction error or innovations signal
at the plant output. This is produced with the aid of a Kalman filter running at the transmitter
side. Such a symbol stream will be white in the Gaussian case and uncorrelated in general for
linear plants. This leads to highly efficient usage of the channel bitrate. We evaluate a number
distinct decoder options at the receiver: an innovations representation of the Kalman filter, and a
Bayesian filter. Their distinction is a central contribution of the thesis. We provide a thorough
evaluation of predictive coding when used as part of a network control system. In particular,
we provide new theory on the role of predictive coding in stabilization and in performance. We
show why we to assume that the open-loop plant system is stable in order to apply predictive
coding, in particular for the linear Gaussian case.

In Chapter 3, we employ Bayesian filter to reconstruct the signal density at the receiver
and we process the signal to compute an optimal control. Bayesian filter uses the sequence of
measurements of control and innovations signal in the receiver side to compute the conditional
density of the transmitter-side state. Bayesian filter offers the possibility of the computation
which is not limit to Gaussian density and it is applicable to the general system having arbitrary
probability density function. Hence, we do not have to restrict our computation to LQG perfor-
mance index and therefore we can extend the cost function to Non-Lq optimal control due to the
prowess of employing Bayesian filter at the receiver.

Then we apply feedback to assess the closed-loop performance objective by applying
predictive coding. In addition, we consider some various simple coding strategies and compare
the LQG costs. The predictive coding is applied to remove the redundancy of measurement
signal and consequently fewer bits are required to communicate via the channel. The main

purpose is to show optimal control based on predictive coding is improving the efficiency of the



channel usage.

We consider three comparative optimal control methods with different control signals for
the closed-loop system in chapter four. The LQG cost functions were compared to apply control
signal based on filtered and predicted state estimate from quantized innovations and filtered state
estimate from quantized outputs. We will see the best performance pertains to the filtered state
estimate from quantized innovations. As known the innovations remove the redundancy from the
signal but it still keeps the information of the original measurement.

The role of full density reconstruction is established as central for nonlinear control
rather than moment based methods. A major contribution is the proof, at least in the linear
case, that feedback control based on transmission of the innovations sequence can not stabilize
an unstable system. The unstable mode is not detectable. A nonlinear, non-quadratic optimal
control problem is examined in detail. Advantages in closed-loop performance are demonstrated
for plant state estimation based on quantized innovations versus quantized outputs or estimator
state estimation.

In Chapter 4, regarding coding, our approach is inductive rather than deductive. This is
a contrast with earlier works which, by and large, have been inconclusive. We treat a limited
coding strategies in a way that we can make conclusions about the output signal. As we show as
long as the controlled output signal is more predictable or correlated, we benefit from coding
strategies. The range and correlation of the closed-loop output is crucial for the suitable choice
of strategy. We have shown that if the controlled output signal is less predictable, Strategy I
is more helpful and coding has less benefits, for instance those similar to minimum variance
control. So the nature of signal plays a key role in picking the right strategy. In addition we see
for the low bitrate the coding has significant impact, but its effects is diminishing by increasing
the bit. The control objective function has a role to play in the efficacy of coding. This occurs
because of its inherent effect on the predictability of the controlled output signal.

The main contribution of this chapter which differentiate from other research is treating

the issue of signal escape time from the quantizer. We compute the residence time through



two methods and then compare the performance of coding strategies. The escape time analysis
permits the consideration of stabilization problems and performance together. The focus on
realization based behavioral descriptors admits new viewpoints compared with asymptotic
moments. The escape time analysis paves the way to stabilize the system and computing
performance simultaneously. Contribution is inductive more than deductive. This is a contrast

with earlier works which, by and large, have been inconclusive.

1.1 Contributions
Dithered quantization

1. The seminal works of Gray and Stockham [2] and Widrow and Kollar [3] on dithered
quantization are synthesized into a coherent whole with a focus on the role played by
the saturation of the quantizer. These earlier authors establish the requirements of the
subtractive dither signals and subsequent statistical properties of the quantization error.

We profit from both aspects in our later studies.

2. But focusing on the consequences of saturation, we are able later in the thesis to concentrate
on the behavior prior to the first saturation, which time we call the escape time. Further,
we evaluate the probabilistic nature of the escape time as providing a finite time during

which control performance can be evaluated using standard methods.

3. The central contribution of this chapter is to provide a thorough and consistent framework
for the subsequent work. Technically, the new results extending the earlier works are

otherwise minor.

Predictive coding and control

1. We provide a thorough evaluation of predictive coding when used as part of a network
control system. In particular, we provide new theory on the role of predictive coding in

stabilization and in performance.



2. The system and its predictor inhabit the transmitter side of the network. Since the predictive
coder itself has a system model, the dynamics of the transmitter side are of dimension 2n,
where 7 is the system dimension. This leads to a rather non-obvious separation between
the receiver-side reconstruction of the plant state versus of the predictor state. A Bayesian
filter is developed to perform this reconstruction and a core contribution of the thesis is in

demonstrating the control performance improvement from state estimation.

3. The role of the full density reconstruction is established as central for nonlinear control

rather than moment based methods.

4. A major contribution is the proof, at least in the linear case, that feedback control based on
transmission of the innovations sequence cannot stabilize an unstable system. The unstable

mode is not detectable.

5. A nonlinear, non-quadratic optimal control problem is examined in detail. Advantages in
closed-loop performance are demonstrated for plant state estimation based on quantized

innovations versus quantized outputs or estimator state estimation.

LQG control performance with low bitrate periodic coding

1. Contribution is inductive more than deductive. This is a contrast with earlier works which,

by and large, have been inconclusive.

2. The control objective function has a role to play in the efficacy of coding. This occurs

because of its inherent effect on the predictability of the controlled output signal.

3. The prowess and novelties of this study help tackle the challenges arise from the quantizer
’s saturation. We introduce the escape time first, evaluate the performance over that
time. Then we decompose the quantizer into two stages - infinite levels quantizer and
saturation - and it paves the way to consider the linear controlled covariances and escape

time assessment simultaneously.

10



Chapter 2

Dithered quantization

2.1 Introduction

Waveforms are continuous-time and continuous-amplitude in nature, so analog-to-
digital conversion is required to create a discrete representation of the waveform. Quantization
is the key to analog-to-digital conversion and is inherently a non-linear mapping which may take
any value from a large set as input (often continuous) to output values in a smaller set but often
with a finite range. Before a signal can be processed by computer, its value must be sampled and
quantized.

In this chapter, we investigate the conditions under which the error between a signal and
its quantization version is uniformly distributed and we focus mostly on this quantization error.
Since the quantization error is a deterministic function of input signal to the quantizer, we study
the conditions which make the quantization error signal independent from the input signal.

First Widrow proved that if a random input signal has certain band-limited properties
of characteristic function of probability density of the input signal, then the quantization error
will be uniformly distributed. This requirement is actually a sufficient condition, but Sripad
and Snyder [4] showed that uniform distribution can be achieved under a weaker condition
which is actually necessary and sufficient. And also under this condition, they revealed [4] that
the quantization error in two dimensional quantization channel are independent. By additional
conditions, the error and input are uncorrelated but still they did not establish any conditions

which imply independence of these signals.

11



In order to obtain the property that quantization error becomes independent of the input
signal, we study dithered quantizers. A dither signal is added to the input signal before entering
to the quantizer. This causes, under certain condition, the quantization error to be uniformly
distributed, white and independent of the input signal.

The non subtractive dither was studied and developed by Stockham, Brinton, Lipshitz,
Vanderkooy and Wannamaker, but subtractive dither is a clever idea suggested by Roberts (1962)
to overcome the correlation properties of the quantizer. Then Schuchman in his paper [5] derived
the conditions that a dither signal must meet such that the quantizer error is independent of the
input signal for a finite level quantizer.

In 1993, Gray and Stockham published their paper [2] which was a thorough development
of the conditions for random signals in general then they extended the results for input signals
to the quantizers by normalizing the input and dither signals according to the quantization step.
They have a clear and accurate idea by introducing two conspicuous types of quantization errors
for non subtractive and subtractive errors, € and €’ respectively. And they found the necessary
and sufficient conditions for which the signal input is being independent of quantization errors
pertinent to the input signal for non subtractive and subtractive quantizers.

We eventually come across QTSD theorem [3] which is introduced by Widrow. The
theorem reveals the sufficient condition for which the quantization error is independent of the
input signal but it is still incomplete. We will introduce an enriched version of the QTSD
theorem considering other pioneers’ papers in the field and elaborate the necessary and sufficient

conditions that the quantization error being independent of input signal.

2.2 Quantizer Definition

A scalar quantizer is a map Q : R — ., where . is a finite ordered or countably infinite

ordered set, but our focus in this thesis is on finite levels with saturation bound which we explain

12



shortly. Let us consider the set

< = {11,12,13,...,11\4} CR,

of real numbers such that

L <lh<..<ly.

The set .Z is referred to as the alphabet. An M-level quantizer Q is defined by a set of 2M — 1

strictly ordered real numbers: M — 1 breakpoints {yy,...,yy—1} defining intervals
Q1 = (—o0,y1]
02 = (y1,y2]

Om = (Ym—1,+0°°)

and M levels {/1,...,ly} jointly satisfying the interlacing property

Yo=—co <1 <y1<bh <y <---<yy—1 <ly <ym = +oo,

such that Q(y) = I; if y € Q;. If M = 2P for integer b, then the indices, i, for the /;s can be stored

in b-bits. We define the bit rate to be b bits/sample, where

b =log, M bits/sample.

This set of indices i provide an efficient method to store quantized values and is referred to as
a codebook, since the quantizer output can be produce from the table of /; values. The indices
are also referred to as symbols. A uniform or linear quantizer is one where saturation bounds

are defined —¢ < [; and Iy < { such that the intervals [—,y1], (l1,5],- .., (Iu, {] are of equal

13



length and /;s are the midpoints of the interval containing it.

In this thesis, we shall limit discussion to scalar uniform quantizers with integer bitrate;
these are defined by the two quantities { and b, the saturation bound and bitrate. It is possible to
treat vector quantizers, where the input is a vector signal and output is a scalar index decoded
into a vector of the original dimension. We shall not consider general vector quantizers, which
are discussed in [6], but treat quantization of vectores as a vector of scalar quantizers, one in
each dimension or channel.

A quantizer can be considered as the combined operations of an encoder and a decoder,
jointly called the coder. The encoder is a mapping £ : R — . ={1,2,3,..., M}, where . is the
set of symbols, and the decoder is the mapping 2! :.7 — .2, such thatif (2712)(y) =1, =7
then 2(y) =i and 271 (i) = I;. As we see the structure of coder or quantizer in the following

Figure,

channel
o €{1,2,....M} o
s 2y
YER symbol Z€R

quantizer dequantizer

Figure 2.1. Schematic of coder/quantizer.

The actual mapping z = Q(y) is a staircase function with unity slope shown in Figure 2.2
for uniform quantizer. There are several types of quantizers but we are interested in the midrize

uniform quantizer. For instance in Figure 2.2, a three-bit or eight-level quantizer is shown with

14



quantizer bound [— &, {| where { =4,

output
o
A 4

2t : . -

Figure 2.2. 8-level/3-bit midrise quantizer, step size A=1,{ = 4.

In many applications, the number of levels M is chosen to be very large, so the quantized
output is a very close approximation to the original input. If the quantizer has infinite but
countable output levels, M is not finite number, then we call quantizer an infinite quantizer which

does not have saturation bound. We shortly explain the difference between these quantizers.

2.2.1 Quantization Error

Quantization error or round-off error is the difference between an input value and its

output (quantized value).

e=Q(y)—y=z—y 2.1)
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The quantization error € is a nonlinear memoryless function of the input signal y. In case of
uniform quantizer with a bounded input, for instance

yE (_C7C)7

the quantization step size is

20 &
where quantization errors have the values in the range

A2<e<A)2.

If we assume the probability density function of the quantization errors has distributed uniformly
in the above range,

D=

e < %
Pe()’) =

otherwise

then the variance of quantization errors € = Q(y) —y = [; — y, can be calculated by changing
variable as follows

16



so the variance of the quantization error that is uniformly distributed for an interval of width A

from the Equation 2.2 is

, AL

At 2.3
% =10 = 3x 22 2:3)

Equation (2.3) is helpful to see the the standard deviation of the error increases by step size and

also it decreases exponentially by increasing the number of quantizer’s level.

2.3 Linear Quantizers

Depending on the type of quantizer, finite or infinite level quantizer, the quantizer errors
have different structures. For instance, we compare infinite level quantizer and a 3-bit quantizer
for the input interval [—2,2] in the following.

In Figure 2.3 an infinite quantizer is shown, as we see the quantizer error signal is a
periodic function of input signal y because it does not saturate. But in the 3-bit quantizer, Figure
2.4, the saturation happens and we see the quantization error increases once the input signal
jumps out of the quantizer saturation bound [—1, 1]. Both types of error have exact quantization
error within the saturation bound [—1, 1] such that the difference between finite level quantizer
and infinite quantizer level is zero within the bound [—1, 1], but the quantization errors vary

outside of the saturation bound.
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015 Infinite quantizer error function
. T T T

vo| B>

0.1

0.05

error signal value
o

-0.05

-0.1

2015 I I I I I I I
-2 -1.5 -1 -0.5 0 0.5 1 1.5 2

input signal value

Figure 2.3. Periodic quantizer error for infinite quantizer without saturation bound.
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Saturating quantizer error function
T T

1.5 T
M ,
05 |
3
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—_ >
EE
. B0l \N\I\N\l\l\ l
A B 4
T2 8
5
_0.57 -
A E 4
15 L L L L L
-2 -1.5 -1 -0.5 0 0.5 1 1.5 2

input signal value

Figure 2.4. Quantizer error for 3-bit quantizer with saturation input bound [—1, 1].

19



2.3.1 Linear Infinite Level Quantizer

Let us now consider an infinite midrize quantizer as depicted in Figure 2.3, we see the
quantizer error is a periodic function of the input signal to the quantizer, so we can formulate the
probability density function of the quantization error € as a function of the probability density

function of input signal y.

Y pr(nA+e), —A/2<e<A)2
pe(€) ="
0, otherwise.

In this section, a necessary and sufficient condition is given such that the probability density

function of the quantization error is uniform. This was proved by Sripad and Snyder [4].

Theorem 1. [4] The probability density of the quantization error of an infinite uniform is
11 L Pr(CR)exp(<I3),  —A/2<e<Af2

pe(€) = n#0 (2.4)

0, otherwise

where @y is the characteristic function of the random input variable Y to the quantizer.

Proof: The probability density pe(€) can be denoted in terms of the density py(y)

according to

Y pr(mA+e), —A/2<e<A)2
pe(€) = "=
0, otherwise.

By defining

g(e) = i pr(mA+¢g), —A/2<e<A/2,

m—=—oo

and we see g(&) is periodic with period of A, on [-A/2,A/2), but we can easily extend the
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periodicity from finite interval [—A/2,A/2) to (—oo,o0).

Since g(€) is periodic with a period A, so it can be represented by a Fourier series

se)= Y gnew (jZZ”‘g) 5)

n—=—oo

where g(n) are the Fourier coefficients and are computed as

- 1 A2 & —j2mne
g(n) = Z/A/zm;wpy(mA—i-E) exp < A ) de

= (1/A)¢y(—2mn/A), n=0,+1,+2, ...

by substituting the Fourier coefficients in (2.5) and use of the property ®y (0) = 1, then obtains

1 1 —27n j2mne
——+-_V o .0
g(e) A+Af§6 Y( A )eXp< A >

Corollary 2. [4] The density function of the quantization error for an infinite quantizer is

uniform, i.e.,

1/A, —A/2<e<A)2
pe(€) = (2.6)

0, otherwise,

if and only if the characteristic function of the input random variable satisfies

Py (2nn/A) =0 forall n#0. (2.7)

In the case of having two random variables as the input to a two-dimension of infinite uniform
quantizer, we have the following theorem that shows the quantizer errors are independent from

each other.
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Theorem 3. [4] The joint density of the quantization error for an infinite quantizer is uniform,

Le.,

1/A2, —A/2<e <A/2,—-A/2<& <A/2
p81,82(81782) - (28)
0, otherwise,

if and only if the joint characteristic function of the input random variables satisfies

2l 27k
Dy, x, (%%) =0 forall 1#0 and k#0 2.9)

Remark: 1f (2.9) is satisfied, then the two quantization errors €; and & in each channel

are independent and distributed uniformly, through (2.6) and (2.8), we obtain

Pe e (81 ) 82) = D¢ (gl)pEZ (82)‘

2.3.2 Linear Finite-Level Quantizer

Now let us apply general idea of Theorem 1 to a finite level quantizer when no saturation

occurs, then we have the following theorem for M-level quantizer.

Theorem 4. Consider an M-level uniform quantizer with input signal y where no saturation

occurs. Then the probability density of the quantization error is

L Ly @y (2 exp(=2M8) A2 <e<A)2
pe(€) = n#0 (2.10)

0, otherwise

where @y is the characteristic function of the random input variable Y to the quantizer.

We can exactly apply Corollary 2 for a finite level quantizer provided that it does not

saturate.
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2.4 Examples

Quantization error behaves as function of input signal. In the following we consider
signal y = sint as input to 3-bit and 4-bit quantizers, and we compare the quantization error
between both. Note that the structure and magnitude of the quantization error € for input signal
y = sint are similar in both Figures 2.5 and 2.6, but the quantization error in Figure 2.6 is with
an amplitude of one quarter the value of € in Figure 2.5. In addition we clearly realize the

quantization errors depend on the input signal or we see deterministic relation between these.

3-bit Quantizer

signals (units)

time (s)

Figure 2.5. Quantizing sinx with 3-bit .
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4-bit Quantizer

signals (units)

time (s)

Figure 2.6. Quantizing sinx with 4-bit .

The signal y = sint which is quantized with the 3-bit previously, now is studied in the
Figures 2.7 and 2.8, we see the autocorrelation of quantization error and cross-correlation of
quantization error. Both Figures show clear correlation between the error signal and between it

and the signal y = sint being quantized.
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x1073 Cross-correlation of y and €
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correlation value
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o1
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lag

o

Figure 2.7. Crosscorrelation (top) and autocorrelation (bottom) where sint is the input to 3-bit
quantizer.
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x1073 Cross-correlation of y and €
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correlation value
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x107 Autocorrelation of e
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1.6

correlation value

0 100 200 300 400 500 600 700 800 900
lag

Figure 2.8. Crosscorrelation (top) and autocorrelation (bottom) where sint is the input to 4-bit
quantizer.
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In the previous examples which do not saturate, we observe these

the quantization error € is deterministic function of signal y

as the number of quantizer ’s level M increases for the same , the quantization error €

decreases

the quantization error is not a white noise signal

£ €[-A/2,A)2]

the quantization error € and input signal y are correlated.

For the rest of this chapter, the apex of our goal is to look for desired properties of the quantization

error which has the following features
1. The signal {& } be white and zero mean.

2. The signals {y; } and & are uncorrelated and orthogonal, E (y,&+1) = E(y;)E(&+7) =0
for all t and T # 0.

3. The signal {&} has a uniform probability density distribution.[6]
We address later the conditions under which the above properties being achieved. The output of

the quantizer can be computed as the input to the quantizer plus quantization error

Q(yi) =y +&.

In the next section, subtractive dither is introduced. Dither is a random signal that it is added to
the input signal prior to quantization to randomize the quantization error. By applying subtractive
dither, under several conditions, the quantization error becomes independent of the signal being

quantized and quantization error has uniform density.
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2.5 Subtractive Dithered Quantizer

As it can be seen in Figure 2.9, a dither is a random signal that is added to the quantizer
input, and subtracted it from the quantizer output. This requires the receiver to have the same

dither as transmitter.

Theorem 5. [2] Assume a dither signal d is independent of the input signal y and the quantizer

does not overload,|y+d| < £. Then the condition

%(?bo, n#0, @11

is necessary and sufficient for achieving the following properties

e signal input y is independent of the quantizer error
e=Q(y+d)—(y+4d).

* The quantizer error € is distributed uniformly on [—A/2,A/2].

quantizer

Q ? ~-3=Q(y+d)—d

A\ 4

y ?
d

Figure 2.9. [Subtractive dithered quantizer.]

—d

In the following we see how apply the theorem for two different dithers with uniform
and triangular densities.

Characteristic function with uniform density:
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Consider dither with uniform density on [—a,a].

3, X€[—a,d]
Pda(X) =U|—a,a] = (2.12)

0, else.

Then let us find the characteristic function or Fourier transform of this density,

(I)d,a<w) = <g\(pd,az(x))v

:/ pdﬂ(x)ejxwdx,
a ejxw
= d
_a 2a o
— 1 [e—jaa) . ejaa)]
—j2a ’
1

=— X —2j X sinam,
—j2am /

I . )
= —sin(aw) = sinc a,
a@
so we obtain,

Dy, (lf) — sinc lZn%.

1, 1=0,
If a = § then ®,(13F) = sinc I =
0, [==+£1,%2,...
1, 1=0,
If a = A then ®4(I3F) = sinc 2I7 =
0, [==1,%2,...

This suggests that we should pick the smallest support for dither which is % [’TA, %] In the

following examples later, we apply the uniform dither which is depicted in the Figure 2.10.
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fa(y)

B> =

v
<

Figure 2.10. Dither signal with uniform density

Characteristic function with triangular density:

If we sum up two identical uniform densities properly normalized and centered then we
have triangular density. The triangular density is the convolution of two uniform densities and its
Fourier transform is the product of the Fourier transforms and so satisfies the zero property as

said in above theorem.
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Consider v = uj + up where uy,up ~ % [—a,al, then the pdfs convolve

Pv(X) = puy (X) * pu, (%),

1 (o]
=15 | _pu@pulr—odr,

(

0, x < —2a
X+a

1 |2 dT, —2a<x <0,

[, dt, 0<x<2a,

0, 2a < x,

0, x < —2a

1 |x+2a, —2a<x<0,

4a?
2a—x, 0<x<2a,
0, 2a < x,
\
= tr[—2a,2a].

the fourier transform relation also shows that
P, (0) = CIDM(a))Z.

Soif % [_TA, 2] dither satisfies QTSD, then so does tr[—A, A] dither but tr[=, 4] does not.
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fa(y)

| =

v
<

Figure 2.11. Dither signal with triangular density
2.6 Refined Version of QTSD Theorem and Quantizing
Time Series

A subtractive b-bit dithered quantizer, Q(-), is a memoryless function which takes input

signal y, and dither signal, d;, and produces an output signal

7 =Qy +d;) —dy, (2.13)
(2.14)
which is shown in Figure 2.12
+ —
+1 standard quantizer -
dy dy

Figure 2.12. [Subtractive dithered quantization: Q(-)]

and the quantization error is defined

&=2—y =QU+d;) —y: —di, (2.15)
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where Q(+) is a standard quantizer. Such quantizers are examined in detail in, for example, [3].
The QTSD theorem (Quantizing Theorem for Subtractive Dither) shows sufficient condi-
tions to make the quantization error zero-mean white uniform distribution independent of the

signal being quantized.

Theorem 6. Consider a linear, midrise, symmetric, b-bits-per-channel, subtractive dithered

quantizer, Q(+), with saturation bounds +{ in each channel. Assume:

(A) dither d; is a stationary white noise process independent from y; with a probability density

possessing characteristic function ®;(+),
(B) yi+d; € [—C, (], i.e. no saturation of the dithered quantizer occurs.

Then, the quantization error

& = Qi +di) = (v +d), (2.16)
is white, independent from y;, uniformly distributed on [—Z—C,,, 2%} = [—%, %],
if and only if
2ml n2b
Denote the quantizer step size as
¢
A — zb—_],
and
A A
& ~U |i §7§:| s E(&) :Oa
SN
COV(gk) = W =3,. (2.18)
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Proof: Let us first prove that we can show the joint characteristic function satisfies
D, v, (u,v) = D, (1) Dy, (v),
we apply the nested expectation
D¢, v, (u,v) = E [/ E [V, Y]], (2.19)

since d, is independent from Y, and Y}, the conditional expectation evaluated at Y, = y, and

Y, = yi 1s given by
E [ej”£”|Y =y, Yx=w|=E [ej"s”} :

Now for a fixed yj,, the given condition (2.17) imply &, is uniformly distributed on [—A/2,A/2].

Then we have

sin(uA/2)

2 A =P (2.20)
and by applying the equation (2.19) we obtain
D¢, v, (u,v) = E [e/"] Dy (ju) = Py, (u) Py (u). (2.21)
Equation (2.20) also implies that
D, (u) = E[E[e’|Y,, Y]] = Py (u). (2.22)

From equations (2.21) and (2.22) both imply &, is uniformly distributed on [-A/2,A/2] for all n
and g, and Y} are independent for all n and k.

Now let us show &, is uniformly distributed and &, and & are independent for any / # n.
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We have

q)en,gl (I/l, V) = E[eju£n+jv81]

— E[E[eju8n+jV81|Yn,Yl]].

But we for given Y, =y, and X; = x; the random variables &, and & are conditionally independent,
since d,, and d; are independent and are both uniformly distributed. Thus the conditional

expectation is
E[eM& 7)Y, Y]] = @y (u) Py (v) = Pe, (1) Pe; (v).

Theorem 6 is an embellishment of Theorem QTSD of [3] and theorem 5 present necessary
and sufficient conditions under which the quantization error is an additive white noise independent
from the signal being quantized. We also, note that the characteristic function condition is
satisfied by dither which is uniform % [—A/2,A/2] or which is triangularly distributed tr|—A, A|
for example.

Let us apply subtractive dither to sine wave and reevaluate auto-covariance of quantization
error in Figures 2.13 and 2.14 where these are 3-bit and 4-bit quantizers respectively. We see in
the subtractive dither the quantization error is decreased and also it is white. By increasing the

bits, we see the quantization error is decreased as well.
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Figure 2.13. E(e(r + 7)&(¢)) without SD (top) and with SD (bottom), 3-bit quantizer.
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Figure 2.14. E(e(r + 7)&(¢)) without SD (top) and with SD (bottom), 4-bit quantizer.
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Now let us investigate the cross correlation between the input signal and the quantization
error and compare two cases, with subtractive dither and without subtractive dither. As we see in

Figure 2.15 the quantization error € is dependent on the input signal y.

103 comparison of correlations with <

T
T

-8
—450  —350 —250 —150 —-50 0 50 150 250 350 450
lag

autocorrelation of €4

cross-correlation of y, €

correlation value
o

Figure 2.15. Autocorrelation of € and cross-correlation of y and €.

The correlation between the quantization error and the input signal can be seen in the
Figure 2.16. But the autocorrelation of quantization error is reduced significantly as it is shown
in the Figures 2.15 and 2.16. In the Figure 2.17 we can compare two cross-correlations where
both show the quantization errors is dependent on the input signal but the subtractive case has

less cross-correlation.
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Figure 2.16. Autocorrelation of & and cross-correlation of y and &.
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Figure 2.17. Cross-correlation of y and € and cross-correlation of y and &.
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We need to answer that why there is still correlation for subtractive dither case between
the input signal and quantization error. In order to address this issue we should check whether
the conditions in theorem 6 are satisfied or not. We know the signal input is ¥; = sint, so the

density of the signal which is deterministic signal is fy(y) = 8(y; — sint), hence

@,V = [~ 80(0) ~ sint)edy =

—00

and it is clearly does not satisfy the condition 2.7. So we can not apply Theorem 6. We saw in
the previous example a nonstationary signal y(¢), where its characteristic function is a function
of time and also its being deterministic signal.

In the Figure 2.18, we can apply the result of QTSD Theorem for an example with
strongly correlated random y(t), say a very low-pass filtered white noise process, and we observe

that QTSD Theorem perfectly works.

%107 QTSD demonstration
T T

X-corr(y,y)
X-corr(e,e)
6 - X-corr(y,e) | -

signal units?

i J\

0 MaAan s p AN aanAAaa aAsa A AmmasA. N PEPYY WY N
i s AN AR AN T NAY

1 | | | | | | | | |
-100 -80 -60 -40 -20 0 20 40 60 80 100

lag

Figure 2.18. Autocorrelation of y, autocorrelation of € and cross-correlation of y and &€.
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Chapter 3

Predictive coding and control

3.1 Abstract

This chapter deals with feedback control over a single fixed-rate channel using predictive
coding at the transmitter side. The central thrust is to demonstrate that optimal control based on
predictive coding plus fixed memoryless quantization at the transmitter, designed to improve
the efficiency of the channel usage and exemplified (or perhaps extremized) by the transmission
of the quantized innovations signal, in general requires the construction of the joint density of
both the plant and predictor states at the receiver side and inherits a plant stability requirement,
which is examined. The Bayesian filter is developed. This recursive filter’s state density is used
to compute the optimal feedback control. This is in contrast to the less complicated propagation
solely of the predictor state, which would suffice in the linear quadratic optimal control problem
— a feature that is elucidated. A linear non-quadratic optimal control example is provided to
illustrate the approach and its benefits over control based on the recovered predictor state density
or control without predictive coding. In each of these competing cases, a lower complexity

receiver architecture is possible but at the expense of closed-loop control performance.

3.2 Introduction

Predictive quantization [6] is used in communication systems to whiten the transmitted

digital signal and remove redundancy, thereby improving coding performance. In delay-free
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coding environments, a prediction of the source signal is computed and then subtracted from the
signal to yield a prediction error, which is then quantized. Compared with the original signal, the
prediction error is both closer to white, i.e. less correlated over time, and possesses a smaller
variance, which aids in scaling the quantizer range for improved effectiveness. Such systems
form the basis of familiar schemes such as ITU-T G.721/722/726 Adaptive Differential Pulse
Coded Modulation (ADPCM) standards [7] and Delta Modulation [6]. The ADPCM schema
is depicted in Figure 3.1. The quantizer 2 is fixed and the adaptive predictor and gain serve to
whiten and limit dynamic range fluctuations of the transmitted error signal, thereby improving

distortion between transmitter and receiver. The decoder/receiver mimics the encoder/transmitter

Adaptive
gain

Adaptive
linear
Adaptive predictor

Adaptive
gain

linear
predictor

Figure 3.1. ITU-G.722 Adaptive Differential Pulse-Coded Modulation schema.

to undo its operations and recover an approximation, §;, of the signal s;. ADPCM has been proven
in service in telecommunications systems since at least 1984 and has spawned a number of
variants as commercial lossy speech compressors. ADPCM has been interpreted as a disturbance
rejection feedback control system in [8]. It provides a kindred example in the paper, but without
its attendant gain adaptation, which could bring it closer to [9], nor its limitation to using the
receiver-side signal at the transmitter. It manifests similar stability requirements.

For network control systems, these methods can be applied in the link between plant
and controller to achieve more efficient use of the available link bit-rate and, thereby, improved
control performance because the more effective coding leads to more accurate reconstruction
of the transmitted signal at the receiver. It is this reconstruction and, in particular, plant state
density estimation, which is the focus of this paper. The Bayesian filter is used to calculate the
joint and marginal densities of the plant and predictor states conditioned on the received data.

The general set-up is depicted in Figure 3.2 and will be made precise shortly.
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quantized
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Figure 3.2. Predictive quantization based feedback control set-up.

While the structure and analysis with the Bayesian filter pertains for general nonlinear
systems, the most edifying and best studied case concerns linear plants with Gaussian noise
paired with the Kalman filter as the state and output predictor. In this case, the innovations
sequence is Gaussian, zero mean and white. Quantized innovations state estimation has been
studied in this case in [10, 11, 12, 13], both from the perspective of state estimation and of
control, notably LQG control. We too shall specialize to the linear Gaussian case, since the
analysis is both relatively direct and most informative, because the comparator unquantized
controls are so well known. However, we shall take an immediate departure from the linear
predictive coding approach of signal processing by seeking at the receiver to compute the precise
conditional state density, p(x;|I’, my), rather than to capture the transmitter side prediction or
output, X;;_1 or ¥;;_. Indeed, part of the message is that the plant state density is in general the

important aspect for control; a point which we illustrate with an example.

Pertinent prior literature

Quantization in control under communications constraints is a longstanding subject
with emphases on both stabilization and performance [13, 14, 15, 9]. Studies include adaptive
quantization of the control signal and of the plant output measurement sequence and include
simultaneous coding and quantization. A subset of papers studies dynamic quantization [16, 17]
in which the coding is restricted to a finite-dimensional linear system. Almost universally, the
setting is linear systems control with a quadratic criterion function. From a signal processing and
telecommunications perspective, predictive coding [6] is familiar and involves pre-whitening

of the signal before quantization. In a Kalman filtering framework, such methods equate to
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quantization of the innovations sequence, which inherently is white, Gaussian with minimum
variance. Thus, the innovations is optimally coded and so we seek a static memoryless quantizer
as in ADPCM. This is a restriction that we make on the coder.

Beginning with Fischer [18] the connection between quantization and LQ control perfor-
mance was studied with the optimal quantizer being time-varying, although with an asymptoti-
cally time-invariant dequantizer, with level boundaries depending on the current state estimate.
For Fischer, the quantizer operates on the computed optimal control signal. Fu [19] and Yiiksel
[20] extend these results to causal coding quantizers and Fu identifies some technical errors in
[18]. The focus is on fixed-rate quantizer design and the existence or otherwise of a separation
theorem in this case. The work [21] treats a related output feedback control problem with variable
bit rate coding and random channel delay, deriving bounds for the limiting average codeword
length given a specified bound on the controlled state covariance.

Papers [22, 23] consider the cost-rate tradeoff in linear quadratic control. This problem
seeks the lowest average bitrate, R(b), channel required to achieve a specified LQ performance
b. Stavrou et al. [24] treat a related Kalman filtering problem and seek the minimal data rate
required to achieve a specific distortion or mean squared error between the plant state and the
receiver-side Kalman filter. All three papers start from a vector autoregressive plant model with
fully measured state at the transmitter. They restrict attention to zero-delay coding schemes
which is appropriate for feedback control. Each of these papers arrives at a coding scheme based
on Shannon entropy coding of a quantized innovations, but a different innovations from here.

Each of [22, 23, 24] and ourselves has a single bandlimited forward channel and a high-
fidelity return channel, used in [24] for communication of the receiver state estimate and in
[22, 23] and here to communicate the control signal. Kostina and Hassibi [22] and Tanaka et al.
[23] require stabilizability of the plant system’s [A, B] pair and adjust the coding to accommodate
the plant feedback stabilization as part of their calculation. This is evident in their inherent
satisfaction of Tatikonda’s and Mitter’s [25] and Nair’s and Evans’ [9] lower bound on the bit

rate based on the unstable eigenvalues of A. Here, because we quantize directly the output
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innovations process constructed at the transmitter, we must limit the analysis to stable plants.
This is a property proven in Corollary 10 and explained as it arises in ADPCM. Tanaka et al.
[23] and Stavrou et al. [24] incorporate the communication of the receiver’s state estimate of
the plant state to compute their state innovations, which is then quantized in the coder. We note
too that the encoding strategy in [22] also is based on quantizing then entropy coding the state
innovations between the true plant state and the receiver’s estimate and can accommodate partial
state measurements with Gaussian noise. Initial values, channel noise and quantization error
force the state estimates at the transmitter and receiver to differ. The effect of this is seen in the
additional stability condition in Corollary 10. To improve performance and simplify analysis the
quantizers can be subtractively dithered in each of these works.

Uniform subtractive dithered quantizers of finite support have been analyzed in [26, 27],
where they demonstrated that such quantizers and predictive coding arise in achieving a Gaussian
nonanticipative rate distortion function with a specified mean square filtering error overbound,
provided quantizer overload is avoided. In this context, they treat full-state transmission over
n-parallel AWGN channels with feedback of the state prediction from the decoder. They also
propose an approach to mitigate the effects of overload. This formulation differs from ours in
the full-state communication and in the feedback of the receiver prediction. The computation of
the innovations process before encoding, however, is similar and demonstrated to be close to
optimal for their constrained zero-delay coding problem. For us, we take the predictive coder
with uniform subtractive dithered quantizers in each channel as the starting point. Papers [26, 27]
provide a justification of this as a sensible starting point. The work of [28] connects some of

these coding aspects to the feedback control problem.

3.2.1 Contributions

* The results commence from the noisy plant output measurement rather than the full
state and extend to nonlinear systems with non-quadratic optimal control. The treatment

includes quantized LQG and computed examples.
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* They expose the role of the Bayesian filter and state conditional density, rather than

moment, reconstruction.

* They are based on or limited to predictive coding at the transmitter using quantized output
innovations by a memoryless, fixed-rate quantizer. This solution is necessarily zero-delay
and fixed bit rate, in comparison with the other entropy coded approaches which are

variable rate.

* QOur problem focus is to optimize the plant performance given the communications structure
based on predictive coding. This is in contrast to [22, 23, 24] where the control performance

is specified and communications required to achieve this is then designed.

A number of papers are dedicated to reconstruction of the conditional density of either
the plant state or the predictor state using methods allied with Kalman filtering [10], Bayesian
filtering [11] and particle filtering [12]. These are closest in focus to the current work, although
they are limited to the consideration of linear systems. Once the transmitter-side prediction and
quantization scheme is decided, the problem that we consider is the reconstruction by Bayesian
filter at the receiver of the filtered conditional density of the plant state, as opposed to the
density of the predictor state. We do this in a fully nonlinear context and then specialize to
the linear problem. We provide theory and demonstrate by example the control performance
benefits of using: the plant state density, the filtered density versus the predicted density, and
the quantized prediction error versus quantized output signals. The contribution is to provide a
unifying nonlinear framework in which to treat the predicted and filtered state conditional density
reconstruction and to explore its connection with other approaches from the linear context based

on reconstruction of the predictor state conditional density or its mean value.

Notation

We denote probability density functions (pdfs) by p(-). Gaussian pdfs of mean u and

covariance P are denoted .4 (u, P). The initial pdf of the transmitter state will be denoted Too|—1-
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The data available at the receiver at time # is I' = {7y _, io, . . ., ir }. By the same token, the data
available at the transmitter is E = {7r0|,1 ,€0,- -, & . We presume that, at time ¢, the input signal,

u;, computed at the receiver/controller is available also to the transmitter side.

3.3 Nonlinear Predictive Quantization — Transmitter side

We consider separately the general case of a nonlinear plant at the transmitter side and its
specialization to a linear Gaussian system. The Bayesian filter construction applies to both but
the linear formulation allows us to draw on well understood ideas from Kalman filtering. For
comparison and brevity, we present them side by side. Although the quantized linear innovations

problem has been more widely studied.

3.3.1 Nonlinear plant & predictor

The nonlinear stochastic plant system is described by

Xt+1 :ft<xl‘7ul‘7wt)7 X0, (31)

Vi = hy (X, vy). 3.2)

Here, state x; € R™ input u; € R™ output y; € R process noise w; € R™, measurement noise
v, € R™. Noise sequences {w;} and {v,} are mutually independent, zero-mean and white with
known densities. The plant initial condition, xo, has known density, 7y, and is independent
from w, and v, for all 7.

The measured output and control signals at the transmitter, u; and y;, are the inputs to a

finite-dimensional predictor

514—1 :g_t(gtauhyt>7 507 (3.3)

)V’t = ]t(gt) (3-4)
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The prediction, in turn, is combined with y; to produce a prediction error or innovations signal.

& =Yy —r. (3.5)

Using (3.4)-(3.5), then (3.3) becomes

él+1 :gt(éhutuel)v 507 (36)

since y; can be reconstructed from & and y;,.

3.3.2 Linear Gaussian plant & predictor

The linear plant system is described by

Xt+1 :Axt—l—But—l—w;, (37)

Vi = CX[ +Vt, (38)

where {w;} and {v;} are mutually independent, white noises of known densities and also zero-
mean Gaussian with covariances Q and R respectively. The state estimator and predictor is the

Kalman predictor with state X; and innovations

v

Xt

Xt
& = [C —c] + v (3.9
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The predictor recursion is

Xiy+1 =AX; + Bu; + L &, (3.10)
= (A —L,C)X; + Buy + Lyyy,
— (A~ L)%, + LCx, + Buy + Lyv,, G.11)
Ve = Cxy,

L= AZ,‘,_lCT (CZ,V_ICT + R) - )
where

Zt|z—1 = E{[xt —)thl][xz —ft—l]T|Et_1},

Zt|t = E{[x — X;][x: _il]TlEt_l}-

Here the covariance matrix, X;,_p, is given by the Riccati difference equation commencing from

Xo|—1 [29]. The prediction error or innovations is given by (3.9).

3.3.3 Quantization

The ‘quantizer’ (or combined quantizer-dequantizer pair) in Figures 3.1 and 3.2, is a
known single-valued function of the same dimension, ny, as its input. Typically (and in our
calculations below), the quantization function, 2, maps real intervals to unique fixed digital
signal values in each channel and the dequantization function, 2!, maps these received values

to unique points in their corresponding intervals.
i =Q(&) = 27! (2[a]). (3.12)

Gersho and Gray [6] describe many quantizer designs for communication systems,
covering both scalar and vector quantization including optimization for properties such as

minimal distortion and the Lloyd-Max quantizer, which is adapted to signals with Gaussian
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distributions.
Assumption 1. The quantizer-dequantizer function, Q(-), is known, finite range and memoryless.

Our formulation makes no other specific assumptions about the quantizer. Although, our
calculations later for linear systems are based on a uniform (linear) mid-rise quantizer and its
mid-point ‘inverse’. We arbitrarily absorb the quantizer into the transmitter side, since we only
care about the quantizer-dequantizer pair in the signal domain without regard to the specifics of
the channel representation. Although, it is straightforward to incorporate other features into the
full formulation, such as channel noise or the ADPCM structure as above.

More generally, the quantizer is a codec, a coder-decoder pair. Since we focus on control,
we limit our study to delay-free coding. We consider memoryless coding for simplicity in
order not to have to incorporate the codec states and to exploit the whiteness of the innovations.
The important feature of quantized innovations signal, {i;}, compared with the transmitter-side
innovations, {&}, is that it has reduced information content, measured by entropy or other
metrics, and this therefore diminishes its utility as a means to compute the optimal control.
Understanding the cost of quantization borne by the control performance in this setting is the
aim of this paper.

The following result, a specialization of the Data Processing Inequality [30], captures

this relationship.

Lemma 7. Denote the following c-algebras: %, = o(I') and & = 6 (E"). Then, since i, = Q(&)
for known Q(-),

S C & (3.13)

Subtractive dithered quantizer for the linear case
A subtractive dithered quantizer, 2,(-), consists of a fixed, finite-range quantizer function

Q(-) with a predetermined dither signal, {d; }, which is known to both transmitter and receiver.
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It is defined

1>

Qd(gt) Q(S["‘dr)—dt. (314)

A linear quantizer is one with equally spaced steps with the center points of the steps mapping
the input value to the same output value. A midrise quantizer has discontinuity at the origin of

the input. We have this result following [3].

Theorem 8. Suppose quantizer Q(-) is a subtractive, dithered, b-bit-per-channel, midrise, sym-
metric, linear quantizer with saturation values +. Suppose, further, that the subtractive dither
signal is white, independent in each channel, and either uniformly distributed % (—¢ /20, /2°)
or triangularly distributed, d; ~ tr(—{ /21, £ /2P=1) | and known exactly to the transmitter and

receiver. If the signal & +d, € [—, (], then the quantization noise
A,
ll’l:ll_gl:"gd(gl)_gla (315)
is white, independent from {&}, and uniformly distributed w, ~ % [~ /2°,{ /2°]. That is,

2
A
E(w) =0, E(y) = 1o 2

Y. (3.16)

3.3.4 Transmitter assumptions
Assumption 2. /. x; € R"™, u, € R™ y, € R™, & € R™%.
2. Control signal u; is known to both transmitter and receiver at time t + 1.

3. {w;} and {v;} are mutually independent, white noises of known densities and, in the linear

case, also zero-mean Gaussian with known covariances.

4. The transmitter-side initial states, xy and & (respectively Xy), have known joint density,
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To|—1, independent from {wy,v,}. In the linear case,

Xol-1| |Zo-1 O
To—1 =N R )
Xo‘_l 0 0

The receiver has knowledge of these densities.

5. In the nonlinear case, if the conditional mean of the plant state is computed at the

transmitter, it is a function of &.

% =E(x Y™ ) =Ex|E™Y =4(&). (3.17)

6. The function g;(-,-,-) in (3.6) causes the predictor state update to be uniformly incremen-
tally input-to-state stable [31]. In the linear case, A in (3.7) and (3.10) has all eigenvalues
strictly inside the unit circle. The origin of this stability condition, at least in the linear

case, is examined in detail in Subsection 3.4.1.

3.4 Quantized Innovations Bayesian Filtering — Receiver
Side

The nonlinear signal model for the sequence, {i;}, arriving at the receiver comprises:

¢ For the nonlinear case,

— Using (4.2), (3.4) and (3.5), & = h(x:,v¢) — j:(&). Then (3.6) and (3.7) yield the
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combined state recursion

A [ X+l fl(xtaulawt)
2+1 = = ,
& 8i(& u, &)
- fl(-xhulawt)
gt(gtuutvht(xtavl) _.](51‘)>
A
= fr(zr, U, we,vy). (3.18)
— Output equation
. . A
ir = Qlhy (x,vy) _]t(ét)] = bi(ze,vr)- (3.19)

* Specializing to the linear Gaussian case with

A 0 Wy
Fr = YNt = H=|C —-C|,
L[C A—L[C LtV[
— state equation
Xr+1
L1 = , (3.20)
Xi41
A 0 Xt Wy
— -+ ,

L[C A— LtC .xvt Ltvl

=Fz+ny, (3.21)
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— output equation

=Q(Hz +v). (3.22)

3.4.1 Open-Loop System Stability Condition

The linear predictive decoder immediately highlights a stability requirement on the source
system (3.7) in order that the receiver-side innovations filter also be stable. As the predictive
codec is envisaged as part of a feedback control scheme, this imposes a restriction on the class of

plants to which such a scheme might be applicable.

Lemma 9. Consider the transmitter-side linear, time-varying system (3.20), with joint state
space R¥™ | together with its predictively-coded innovations output signal, {&} from (3.9). The

subspace

Span " C R,
I,

is unobservable and is associated with the eigenvalues of A.

Proof: Evidently and no matter the value of L,

I,
|:C —C:| = Onyxnxa

I,
A 0 I, I,
= X A.
LC A-LC| |1, I,

Corollary 10. Consider the transmitter-side predictive coding system (3.7)-(3.9),(3.15) with the
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receiver calculating its state estimate using the innovations filter,
.xAt_|_1 :AXA[+BMI+LIZ}. (323)

If system matrix A has any eigenvalues outside or on the open unit disk and X; — X; possesses
non-zero component in the direction of this eigenvector for some t, then the error between

estimates, X; at the transmitter and X; at the receiver, grows unbounded with time.

For stable linear systems at the transmitter, which might consist of the joint stable plant
and its stable predictor, the linear analysis of the closed-loop fails when the fixed-range quantizer
overflows or saturates. Then, the assumptions of Theorem 8 fail and the quantization error ceases
to exhibit the independence properties. Naturally, the Gaussian property of the system noises
guarantees both eventual overflow and non-infinitesimal probability of overflow at any time. The
probability of saturation of a fixed-quantized signal in these circumstances has been studied
using Markov methods by the authors in [32] for both intermittent and quantized data. The
time of first overflow is called the escape time there. A feature of that analysis is that for many
systems, the escape time can be very large, depending on system parameters including feedback
gain K and saturation level .

If A has all eigenvalues in the open unit disk and escape time has yet to occur, then using

(3.10), (3.15), (3.23), we have
Xep1 — K1 =A% — %) — Loy,
and, letting ¢ grow while vainly betting on no escape,

E[%] = E[X] =E[x],

cov[¥ —%] = Y {AJ’L\PLTAJ'T }
=0

Here, L is the limiting value of the Kalman gain, ;. These results are independent of the
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feedback control law other than central dependence of the escape time itself on K.

These results of Lemma 9 and the discussion following for the underlying linear time-
invariant system (3.7) carry over directly to linear time-varying systems by the same argument
[33]. For linear systems with nonlinear measurements, one may appeal to Curry [1], who
shows that the innovations is independent of the control signal, and Lemma 2 to argue that the
unobservability problem persists for these systems. For more general nonlinear systems, it is
less clear how instability of the plant might be manifested in the error between transmitter-side
and receiver-side estimates. Although, Assumption 2.6 would be needed to analyze the estimate
errors locally.

The clear admonition of Corollary 10 is to apply predictive coding solely to the control of
stable systems. The reconstruction of the state estimate from the receiver innovations otherwise
is unstable. This occurs because there is no output injection of £; into the computation of & and
thus i;. To our knowledge, this was first observed in [34].

We also note that the practically implemented G.722 ADPCM standard [7], in the
definition of the adaptive predictor in its Section 3.6, includes specific pole-parameter restrictions
to enforce stability of the prediction model at both the transmitter and receiver; it limits the
number of poles to two and projects the parameters to ensure stability. Thus, we offer four

observations.

(i) Predictive coding does not appear suited to the control of unstable systems. We believe

this to be a novel observation and a reflection of the nature of predictive coding itself.

(i) The practical success of ADPCM indicates that predictive coding has something to offer

in control of stable plants.

(111) The computed feedback control performance, in the example presented in Section 3.6 for a
stable linear system close to instability, is significantly improved (reduced by 56%) using
predictive coding for a finite bit-rate channel over that in which the output signal itself is

quantized.
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(iv) The nonlinear example in Section 3.6 also demonstrates significant improvement — in
this case with a maximization criterion and by a factor of 15 — of the innovations based

approach versus quantization of the output signal.

3.4.2 Bayesian filter

The Bayesian filter uses the sequence of measurements, {u;, i }, to compute recursively

the joint conditional density of the transmitter-side state

X
ﬂz:P(Zzut):p 4 I[

&

For the general nonlinear system (3.18)-(3.19),

t+1 :ft(Zth,Wth),

Iy = ht(ztvvt)a

the Bayesian filter recursion is [35]

pi|ze, T~ p(zT~")

Z Il = R )
p(z|TI') lep(lt|Zz,It71)p(Zt‘Itil>le
. Itfl Itfl
:P(lt|Zt7 : )tPEZt| )’ (3.24)
p(i[I'—1)
plan|l) = / p(z+1z, Y)p(z|l') dz. (3.25)
2t

We have been careful to include explicitly the conditioning on I' in both integrands, since this
plays a role in the case of correlated process and measurement noises, as here.

The recursion commences from 7y = p(z0) and consists of two parts:

» measurement update (3.24) with p(i;|z;,I'~!) derived from the output equation (4.2) via

the function b, (-, ) and the density of v;.
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e time update (3.25) with p(z;,11|z,I') reflecting f;(-,-,-,-) in (3.18) and the joint densities

of Wye, V¢ and it.

For linear Gaussian systems without quantization, the Bayesian and Kalman filters coincide,
although the Kalman filter more efficiently computes just the sufficient statistics of these condi-

tional densities: the mean and covariance.

3.4.3 Reduced-order Bayesian filter

We note that the (full-order) Bayesian filter (3.24)-(3.25) yields the joint density 7;.
The marginal densities, p(x/|I') and p(&|I'), are simply computed from 7; by integration. If,
however, only the predictor state density, p(&|I'), is desired, this can more easily be calculated

by applying the Bayesian filter to state equation (3.6) with measurement equation (3.12).

$ri1 = 8t(€t7ut, &), &o,

i =Q(g&).

In the quantized linear Gaussian case, this corresponds to using (3.10) and (3.12) to
compute the density p(%|I') without the attendant calculation of p(x;|I"). This results in a
reduced-order Bayesian filter which yields solely the conditional density of X;. Such receiver-side
reconstruction of the predictor state is the mainstay of predictive coding in signal processing [6].
Such ideas underpin some approaches to quantized innovations Kalman and Bayesian filtering

[10, 11, 12] and Delta Modulation.

3.4.4 Computational issues

The Bayesian filter is numerically demanding. Notably, the integration in time update
(3.25) presents a challenge to computation, since it involves performing a 2n,-dimensional
integral at each sample point in a 2n,-dimensional space, yielding an operation count of & (16nfg) .
By contrast, the measurement update (3.24) is relatively benign at &(4n2). Increasing the number

of sample points per dimension rapidly causes problems. This is exacerbated by densities in
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x; and X; being poorly conditioned, such as can occur with singular densities for X; and with
very fine quantization. No special numerical ‘tricks’ were applied in the computations in this
paper. The Particle filter may be applied to implement approximately the Bayesian filter using
resampling ideas to manage calculations. This comes with its own set of problems, issues
and fixes [36]. In our examples, we compute the Bayesian filter on a fixed grid rather than by
particles.

The distinction between computation of p(x;|I') and p(X|I') rests solely with the will-
ingness to devote resources to computation at the receiver. They both operate on the same data.
In a control setting, this is also connected to the admissibility of accepting greater computational
delay at the receiver, which itself might preclude any advantage versus the delay in accepting a
prediction-based control signal.

It is certainly worth remarking that the Bayesian filter calculations, notably central
recursion (3.25), lend themselves to highly parallelized implementation, which suggests using

GPUs or other processor architectures to achieve speedup [37].

3.4.5 Density properties

We have the following general results for the nonlinear and linear cases.

Theorem 11. If the conditional mean state estimate is computed at the transmitter, so that

X =E(x,\Et_1),

then the two receiver-side conditional means coincide. That is,

E(x T~ Y =E®|II'). (3.26)

Proof: Lemma 7 shows that 6(I' ') = .%,_| C &_1 = 6(E'~"). The smoothing property
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of conditional expectation [38] then establishes that
E% [T ' =E[ExE I =BT
Theorem 12. In the general nonlinear case, if the innovations sequence, { &}, is white, then

p(H|E) = p(HE~").

Proof: The whiteness property of {& } implies that the received signal, {i, }, also is white

and, since X; is computed causally from E' _1, that X; is independent from & and, therefore, i;.

e Theorem 11 states that, should the objective be to calculate the conditional mean of the plant
state at the receiver, then one might use the reduced-order Bayesian filter to achieve this.

e Theorem 12 establishes that in the case where the prediction errors are white, the conditional
X; density at the receiver (and transmitter) will update only at the time-update stage.

e We appreciate that, while the transmitter side recursion (3.3) is driven by the innovations, &,
derived directly from x;, the receiver side Bayesian filter driven by the quantized innovations
requires stability of g;(-,-,-) as in Assumption 2.6 in order that its predictor state estimate not
diverge too greatly from that at the transmitter. This, underlying predictor stability requirement
is inherent in all works in this field and reflects the estimate convergence condition for two state

estimators both driven by the innovations of one of the estimators.

3.5 Controller

The sequence of quantized innovations, {i }, arrives at the receiver and is used to generate
the feedback control signal, u,;, as depicted Figure 3.2. The Bayesian filter is applied to the
received sequence to yield conditional densities p(x;[T'~!) and p(¥;|I'). We have the following

result from stochastic optimal control.

Theorem 13 (Kumar & Varaiya [39], Bertsekas [40]). For any choice of optimization criterion
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admitting a bounded value function, the optimal causal output feedback control for system

(3.18)-(3.19) is
l/ltopt = 1'5;(71',),
where 1, = p(z|I') and feedback policy & (m) is found by solving the stochastic dynamic

programming equation based on the associated objective function.

The result follows from the Markovian property of (3.18) and involves two computation-
ally challenging aspects; the Bayesian filter for m; and the solution of the stochastic dynamic
programming equation. Inherently, this latter piece is the harder and requires duality of the
controller. For our predictive coding setup, since the plant state x; is not dependent on &;, we can

Say more.

Corollary 14. For system (4.1)-(4.2), with objective function dependent solely on future {x;,u;},

the optimal causal output feedback control solution is
Ul =k (p(x]T)).

That is to say, the predictor state, &, and its conditional density are not explicitly part of
the optimal control solution.
The control signal computation is based on the conditional x; density from the Bayesian

filter. Our central aim is to describe the Bayesian filter for estimating the joint state,

representing the predictively coded transmitter side.

Theorem 15 (Curry [1], Section 5.4, pp. 75-78, Appendix D, pp. 114-116). For the linear state
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system (3.7) with: memoryless nonlinear measurement

Ve = (pt(-xtuvt)y

independent, white but not necessarily Gaussian noise processes {w;} and {v;}, and quadratic

objective function

N+1
Jy=E Z x,{ Owxr + u,{Rkuk
k=t

Y’,U”,n0|_1> : (3.27)
the optimal output feedback control is given by
u;k = KfE(xl|Yt7Utila 7T0|—1 )7

where, K; is the LQ optimal feedback gain computed from the control Riccati equation.

Corollary 16. For linear system (3.7) with quantized innovations measurement (3.12), quadratic
objective function (4.3), and one time-sample delay in the controller, the optimal output feedback

control is given by
up =K EI U ). (3.28)

Proof: Mita [41] establishes the optimality of the LQ-optimal feedback gain with
the predictive state estimate. This translates directly to Curry’s result. For linear systems,

the innovations sequence is white and one may then appeal to Theorem 11 to establish that

E(x 11U o) =E@% [T, U1, mp ) and the result follows.

e Theorem 17 shows that, despite the nonlinear measurements, the optimal LQ control is to feed
back the filtered conditional mean of the state. This would suggest using the receiver to compute
this quantity and then to calculate the control.

e Appealing to the results of [41], we see that, for a single delay controller, the same calculation
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holds but with the predicted state estimate at the receiver, which is simpler to compute.

e Corollary 16 uses Theorem 11 to replace the conditional mean of x; by that of X;, which incurs
substantially fewer computations for its estimation.

e [t is worth noting that the filtered conditional mean of x; is different from its predicted
conditional mean, even though Theorem 12 shows that they coincide for X; when the innovations
is white, as in the linear case.

e This theorem and corollary are specialized to linear systems with quadratic criteria. We shall
see shortly an example, where the optimal controller depends on the complete density of x; and

not just on ¥;. In this case, the feedback controller based on p(x;[T'~!) outperforms that based on

pEIt).
3.6 Quantized Linear Innovations Filtering

We now specialize the development to the case of quantized linear Gaussian innovations,
the Bayesian filter for which is derived in the Appendix. In this section, we do not use a
subtractive dithered quantizer and compute the full Bayesian filter. In the following section, we
apply the subtractive dithered quantizer and avail ourselves of the whiteness and uniform density
of the quantization noise.

The joint state z; is defined in (3.20) and evolves according to the linear dynamics in
(3.21), which defines system matrix F;. The quantized innovations signal, i;, is described by
(3.22), which defines output matrix H. The Bayesian filter generates: the conditional density,
p(z|I"), of this 2n,-dimensional state, the marginal densities of which yield p(x;|I'), to be used
for the optimal controller; and, p(%,|I') = p(%|I'~!) according to Theorem 12.

By the same token, we also consider the n,-dimensional Bayesian filter for the innovations

representation of the transmitter-side state estimator,

it-i—] == A)f; +Bu[ +Lt8t, (329)

it - Q(81)7
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to construct directly p(X|I'), without the attendant complication of producing p(x;|I), nor
indeed of performing the measurement update step. The conditional density p(;|I’) is identical

whether produced via the full-order Bayesian filter or it reduced-order counterpart.

Example system

We consider a scalar example quantized innovations system with: values A =0.99, B =1,
C=1,Q0=cov(w;) =0.1, R= cov(v,) = 0.1; Kalman filter initialization £o_; = 0, Xo_; =
1.3. Depending on the signal, & or y;, being quantized, the corresponding steady-state
standard deviation, O or 0y, is computed and the 3-bit/8-level, linear, symmetric, midrise
quantizer is used with saturation value at {¢ = 50¢ or {, = 50, respectively, where o refers

to the stationary variance.

The quantized innovations Bayesian filter, the quantized output Bayesian filter, and the
unquantized Kalman filter were computed for a number of steps. The resulting predicted and
filtered densities are displayed in Figures 3.3 and 3.4. The densities were propagated at 71
sample points in the range [-2, 2].

Bayesian filter predicted (8]7) densities

25 T T

Predicted
densities
plas|T)
p(as|I)
— (YY)

ol PR (a5 ET) |
-3 g

pdf

05

Figure 3.3. Predicted (8|7) density functions for: quantized innovations Bayesian filter p(xg|I”)
and p(¥g|I”), quantized output Bayesian filter p(xg|Y’), transmitter-side Kalman predictor
PXF (xg|E7). Actual plant state xg depicted by a green square.
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B Bayesian filter filtered (8]8) densities
7
I I [

x value

Figure 3.4. Filtered (8|8) density functions for: quantized innovations Bayesian filter p(xg|I®)
and p(¥g|I®), quantized output Bayesian filter p(xg|¥Y®), transmitter-side Kalman predictor
pXF (xg|E8). Actual plant state xg depicted by a green square. Note change of vertical scale
versus Figure 3.3.

We offer the following observations.
e The predicted densities p(xg|I”) and p(xg|I7) are different, although their mean values are the
same, as guaranteed by Theorem 11.
e The filtered densities p(xg|I®) and p(xXg|I®) are different, as are their mean values.
e The filtered density p(¥g|I®) is identical to the predicted density p(¥g|I’), as guaranteed by
Theorem 12.
e The conditional densities of x; based on quantized innovations are different from those based

on quantized output y;.

3.7 Linear Innovations with Dithered Quantizer

We now replace the standard quantizer by a subtractive dithered quantizer, as described
in Theorem 8, where now the quantization noise is assumed white and uniformly distributed with

zero mean and covariance The Kalman filter provides optimal second-order estimation in

CZ
3x22b"

this case.
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We have the above linear transmitter systems (3.18) and (3.10) with transmitted data

il:€t+vll‘7

=Hz +vi+ ;.

(3.30)

(3.31)

Immediately, one has the receiver-side Kalman filter recursion from (3.21)-(3.30) with usual

accommodation of correlated process and measurement noises. Denote

_ 0
F =FPH" +
LR

Then the recursion for the receiver’s conditional mean and conditional covariance is:

Wit =Fp+ F(HBH +R+Y) i,
Py =FPF — Z,(HPRH +R+¥)"'\7

0 0
0 LRLT

_|_

with initial condition

Xo|—1 _ Poy—1 O
w= """, ="
R 0 0

The conditional joint density at the receiver has

E(Zf+l |It> = U,

cov(z1|I') = P.
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Observations

e The first two conditional moments of p(¥%|I’"!) are computed directly from signal model

(3.10) and (3.30).

X1 =B [T, m -],
= A)%l +Bbll +Ltit, (334)
Myy1 = cov(Xrt1),

= AMAT + L%y [T = (S +9) ' Ty L] (3.35)

The resultant conditional density is unique no matter the method of computation.

e The detailed recursion (3.34)-(3.35) for %, shows that the estimate only adjusts at the time-
update step of the Kalman filter, since p(¥|I') = p(X,|I'"!), which in turn is due to the indepen-
dence of X; and i; from (3.34). This is a manifestation of Theorem 12.

e The two dimension-n, components of the conditional mean are equal per Theorem 11.
E(x I~ =Ex|I').

e While the conditional means of x; and X; at the receiver are identical in this case, their
covariances, and thus their complete conditional densities are different.

e For the case with zero channel or quantization noise, y;,
P, = blockdiag(Z,,_; 0).

In this case, X; is reconstructed perfectly at the receiver, since it is a deterministic function of the
innovations.

e The stability of matrix A is required for the convergence of conditional mean M; in (3.35). This
follows Corollary 10.

e We have deliberately ignored the condition & € [—{, {] from Theorem 8, required to ensure
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that y; be white. The saturation levels on the quantizer are presumed chosen to enforce this with
high probability.
e Additive white channel noise could be included into the analysis in a fashion identical to the

quantization noise, subject to the saturation condition.

3.8 Comparative optimal control examples

We use the scalar example system from Section 3.6 above and consider a sequence of
control problems applied to the subtractive dithered quantized system. The aim is to identify

circumstances where the control benefits accrue with the availability of the filtered state density.

3.8.1 LQG control with dithered quantizer

For the example system presented earlier and LQ cost function

1 N—1
J=1mE<{ — Z x,Tcht—i—u,TRcut ,
N—soo {N =
with Q. = 5 and R, = 0.7, the performance of three controllers was computed using the LQ-

optimal feedback gain and the various conditional mean state estimates.

I. filtered state estimate from quantized innovations
Ur = —KE(x,|It),

[This is the optimal control by Theorem 17.]

II. predicted state estimate from quantized innovations

u, = —KE(x;|I"') = —KE(%|]I' 1),

III. filtered state estimate from quantized outputs

Ur = —KE(.X'[ |Y[)

The achieved LQG costs are given in this table.
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Control law value J

u, = —KE(x|]I') | 0.9311
u, = —KE(%|[I'"!) | 1.4126

Ur = —KE()C,|Y’), 16712

These quantifications indicate the following.

e The optimal control relies on the use of the filtered density and there is a substantial performance
penalty to using the predictive density for this example. This needs to be balanced against the
computational cost of operating the full-order Bayesian filter at the receiver.

e There is, for this example, a substantial performance benefit accruing the efficient use of
the communications channel through the transmission of quantized innovations signals versus
quantized outputs. Again, this comes at a complexity cost in computation at the receiver. But it
shows that a control improvement can be realized via careful signal coding. This is generally

well understood [19, 20] but is quantified by the example here.

3.8.2 Non-LQ optimal control

For the same system, define the performance function

Xt ifx, < 1,
Nt =
0, else.

The one-step-ahead control objective is
uy = argmax,, E [, |I'] .
The solution for the optimal control, given by (3.42) in the Appendix, is

U =1 —E(xN 1) — xsolv,
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where xsolv is the solution of (3.43), an algebraic equation involving solely the Bayesian filter

predicted density function pNF(xNF

] H\I’ ) for the unforced, u; = 0, state. That is, the optimal

control depends on the entire density of the state and not just upon its first moment. The formula
(3.45) for the optimal cost in this case indicates dependence on the covariance.

We present three examples of optimal control of 1, based on the densities: p(x;+1|T'),
p(X11]I") and p(x;]Y"). As seen from Figure 3.3, these densities differ and each is associated
with a different value of the control parameters xsolv. Accordingly, their control performances

differ, even though their conditional means might coincide.

Density xsolv | E[n41|T]

plx1T) | -0.0673 | 0.1623
p(F1T') | 0.0587 | 0.1587
p(x|Y) | -2.8118 | 0.0108

This reinforces the control performance value of the use of the filtered quantized innovations state
density. The xsolv value computed from the X density is inappropriate, leading to diminished
performance. For the quantized output density, the increased variance in the density due to

inefficient coding degrades control performance.

3.9 Conclusion & extensions

We have explored the application of the Bayesian filter for control based on predictively
coded signals. The predictive coding brings efficiency in the use of the channel bits, which
leads to improved state estimation at the receiver and, in turn, to a more accurate state density
for control calculation. We have paid particular attention to the generation of the filtered state
conditional density, the information state, at the controller and identified the inherent performance
difference from the predicted state conditional density.

In addition to new theoretical results concerning the state estimation task with predictive
coding, the demonstration of computed examples illustrates the feasible but high computational

cost of these methods. We analyzed the control problem with dithered quantization which permits
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precise evaluation of control performance in several cases. Extensions of the computational

examples are possible.

* Computation with fully nonlinear and time-varying state and measurement equations, as

illustrated in Figure 3.2, requires some finesse in the following manner.
— The transmitter-side predictor yielding & and ¥, needs to be based itself on a nonlinear
filter, perhaps even a Bayesian filter.

— The conditional densities p(i;|z;) in (3.24) need to incorporate the nonlinearity

hy(-,-,-) in an appropriate fashion in addition to the inclusion of the quantizer.
— The conditional densities p(z;; 1|z;) in (3.25) need to include the nonlinearity f; (-, -, -).
— The innovations sequence no longer need be white. Even in the linear non-Gaussian
case, it is uncorrelated but not necessarily white.

These are standard issues with the application of the Bayesian filter.

* Incorporation of further channel defects such as dropped packets, additive noise, delays are
simple extensions of the Bayesian filter. We have already commented on additive channel

noise above.

* Practical issues arise when implementing the Bayesian filter. Here, because we have
chosen a stationary problem, we have been able to compute the conditional densities on a
static grid in the z;-space. More generally, the Bayesian filter is realized via the Particle

filter [36]. This requires some skill.

The authors are keen to acknowledge the technically sound and very helpful comments and

guidance from the reviewers.

71



3.10 Appendix
3.10.1 Proof of Theorem 8

Theorem QTSD of [3], Section 19.8, pp. 506-512, states that, for a linear quantizer with
quantization interval g, provided the characteristic function, ®,(+), of the subtractive dither

signal satisfies

2
@, (15) —0, forl=+1,42, ..., (3.36)

and
e+de[-{.¢), (3.37)

then the quantization error, € — 2(¢), will be independent of the input signal, €, and uniformly
distributed % (—q/2,q/2).

For the linear quantizer of range 2¢ and 2” levels, g = £ /20!, The characteristic function
of a % [—a,a] density is g ynit(®) = sincaw. Taking a = q/2, Py yir(®) = sincqw /2, which
satisfies (3.36) above.

The pdf of the sum of two independent % (—¢/2,¢/2) random variables is the convolu-
tion of the uniform pdfs and is triangularly distributed tr(—g,q). By the properties of the Fourier
transform, ®4 (@) = CI>L217unif(a)) and (3.36) is satisfied.

We note in passing that Theorem QTSD does not explicitly state the saturation condition

(3.37) on the additively dithered signal. Without it, the theorem fails.

3.10.2 Derivation of the Bayesian filters for quantized linear systems

In Section 3.8, we explore the optimal control performance of three candidate approaches

to state conditional density reconstruction at the receiver.

1. Full 2n-order quantized innovations Bayesian filter, reconstruction of the conditional
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state density p(x;|I'), and computation of the optimal control using this density.

2. Simplified n;h—order quantized innovations Bayesian filter, reconstruction of the conditional

state estimate density p(¥|I'), and computation of the optimal control using this density.

3. The n;h—order Bayesian filter operating directly on the quantized output signal, ¢, = Q(yr),
reconstruction of the conditional density p(x;|w’), and computation of the optimal control

using this density.
We now present the detailed Bayesian filter for each case.

3.10.3 Bayesian filter for quantized innovations

Measurement update

We begin the Bayesian filter recursion from the predicted density p(z|I'~!) with the
current measurement #; in hand. This i; corresponds to & &€ (glowertagupper,]- Then, from (3.21)-

(3.22),

plirlze. ) = p(ir]z),

Eupper, .
= p(v; = St—Cx,—l—Cxt)dV,,
glower,
— IIlVIlCdf(glowert, euppert7HZt,R). (3.38)

The Matlab function mvncdf computes the multivariate normal cumulative distribution function
between lower and upper limits with given mean and covariance. This is then used in (3.24) to

yield the filtered joint conditional density p(z|I').
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Time update

For the time update step (3.25), the system equations (3.18) and (3.11) yield

Wy = Xpy1 — Ax; — Buy,

Lyvy = X141 — LiCx; — (A — L,C)X; — Bu.

Whence, the conditional density

p(zs1,itlz, I

plirlz, 1-1) 7
_ p(zs1,irlz, 1) (3.39)
plir|z:) 7 .

P(Zz+1’ZtaIt) =

since the innovations and quantized innovations, iy = Q(& ), are white. Denominator p(i;|z) is

given by (3.38). The numerator comprises three terms

P(zistsifz, T =W x V T, (3.40)

with

W = p(w; = x;41 — Ax; — Bu,),
= mvnpdf (x;+1 —Ax; — Bu;,0,0),
V = p(Lyv; = X+1 — LiCxy — (A — L,C)X; — Buy),
= mvnpdf (X1 — L,Cx; — (A — L,C)X; — Buy, O,L,RL,T),

T = I(Cxt —CX;+v € (glower,78upper,])-

Here, Matlab function mvnpdf is the multivariate normal probability density function and 1(-) is
the set indicator function. Relations (3.38) and (3.40) comprise the parts of (3.39) of the time

update step (3.25) of the Bayesian filter.
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3.10.4 Bayesian filter for state-estimate density calculation

In place of the 2n,-dimension Bayesian filter (3.24)-(3.25) using relations (3.38)-(3.40),
we may appeal to (3.10) and (3.12) as the basis of an n,-dimensional Bayesian filter for p(¥;|I").

The system equations are

Xey1 = AX; + Buy + L1 &,

it — Q(&‘)?

The driving noise process, {& }, is white and Gaussian with the following density

Further, this whiteness together with the X; update (3.11) ensures that X; is independent from &;.

Thus,

pli|x%;) = p(ir)

= mvncdf (Elower, » Eupper, - 0, CE1C” +R). (3.41)

Also, similarly to earlier,

p(1, i, I

plir|%, =1
P, i, 1Y)
B p(ir)

p()?,+1|i,,lt) =
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3.10.5 Bayesian filter for quantized outputs

This now proceeds directly from (4.1)-(4.2). Central quantities,

pGelxe, Y1) = p(Gielxe),

P(Xtﬂfxt,‘?t) = P(xz+1|xt),

are fully described by, respectively: i (-,-) and the density of v;; and f;(-,-,-) and the density of
We.

For the linear systems case,

p(f’: ‘xt) = mVDCdf(Slower, ) SuppertathaR)a

p(xi41]x;) = mvnpdf (x,41 —Ax; — Buy,0,0).

These expressions extend simply for nonlinear system equations involving solely additive noises.

3.10.6 Optimal control and value E[n,, {|I'] for system (3.7)

The predicted state density generated by the Bayesian filter is p™N© (x?fl IT'), the unforced,

i.e. u; =0, state since u; has yet to be determined. Eventually, x| = x| + 1. Denote

conditional mean i, = E(x}[| [I') and define the centered unforced state x% | = xNF, — 1,41.

Then the forced state is decscribed by x;1 = x7 1 Met1 + 1. Thus,

1
xt+1p(xt+1|1t)dxt+la

Efnelt) = [

1=t =t c c/.C t c
= /_ (xz+1 + U1+ ue) p (xz+1’I )dxt—‘,-l

1— _
_ He1=th C C( C ‘It>d C
= Xer1 P (X1 Xi4+1

=1 —u

+ (W1 +up) / pc(xtc+1 ‘It)dxtc—kl

—o00
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Differentiating with respect to u;,

dE[Ni11|T]

d = (Myy1 4 u — 1) po(1 =ty — s |T')
Uy

— (M1 +u) p(1— g1 — ut’It)

1= =t c/.C t c
+/ P 1) dxg .
Setting this derivative to zero yields the optimal control

uP' =1 — 1,1 —xsolv,

=1 —E(N |I) —xsolv, (3.42)

Where xsolv satisfies

xsolv

PN (xsolv|l_;) = / PR ) ax (3.43)

—00

Recall that pNF (x}\fl IT") is the state predicted density produced by the Bayesian filter. Thus xsolv

is the point where the probability density function crosses the cumulative distribution function

for xNF

t+1-

The optimal value function or performance is given by

xsolv

E(nt+1|1t) :/ xf+lpc(xrc+1|ll)dxtc+1

—00
xsolv

(1 —Xsolv)/ PO T Ao, . (3.44)

— 00

If the Bayesian filter predicted state density, pN* (xNF [I'), is Gaussian A" (11, c?) then

E(M1|I) = —

O expl|— ! (xsolv)?
V2n Pl 202
+ (1 — xsolv) normcdf(xsolv,0, o). (3.45)
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Chapter 4

LQG Control Performance with Low Bi-
trate Periodic Coding

Abstract

Specific low-bitrate coding strategies are examined through their effect on LQ control
performance. By limiting the subject to these methods, we are able to identify principles
underlying coding for control; a subject of significant recent interest but few tangible results.
In particular, we consider coding the quantized output signal deploying period-two codes of
differing delay versus accuracy tradeoff. The quantification of coding performance is via the
LQ control cost. The feedback control system comprises the coder-decoder in the path between
the output and the state estimator, which is followed by linear state-variable feedback, as is
optimal in this case. The quantizer is treated as the functional composition of an infinitely-
long linear staircase function and a saturation. This permits the analysis to subdivide into
estimator computations, seemingly independent of the performance criterion, and an escape time
evaluation, which ties the control back into the choice of quantizer saturation bound. An example
is studied which illustrates the role of the control objective in determining the efficacy of coding
using these schemes. The results mesh well with those observed in signal coding. However, the
introduction of a realization-based escape time is a novelty departing significantly from mean

square computations.
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4.1 Introduction

We consider a linear plant with input #; and output y, connected to a controller by a
noise-free fixed-bitrate-b memoryless channel. The measured output is coded for transmission
through the channel and we consider several period-two coding or bitrate assignment strategies.
In each case, the output is quantized with a linear fixed quantizer with saturation bound §. The
coding strategies perform a period-two bit-allocation for the signal being communicated across
the channel. In Strategy I, the b bits of a b-bit quantizer are sent at each instant. Strategy II
applies a 2b-bit quantizer and sends alternately the most significant b bits and the least significant
b bits of the even-timed output sample. The strategies differ in their delays and accuracy; y; has
b bits at each time versus y;; has b bits at time 2¢ and 2b bits at time 27 + 1. No information is
transmitted about y; 1 in the second strategy. A third, intermediate strategy is also examined.
These coding/bit-assignment schemes are evaluated using the LQ performance of the controlled
plant. Using a result from Curry [1], the optimal control will comprise linear state-variable
feedback and a conditional mean estimator using the decoded output.

A quantizer is the functional composition or cascade of two distinct memoryless char-

acteristic; an infinite quantizer and a saturation. This is depicted in Figure 4.1. We divide our

o
y

Infinite-Stair Saturation
Linear Quantizer

|
©
1

il

Figure 4.1. Representation of a quantizer as the functional composition of two memoryless
nonlinearities; an infinite quantizer and a saturation. The analysis treats each component in
succession.

analysis to consider each nonlinear aspect separately. In the case where the quantizer does not
saturate and we use subtractive dithered quantization, the optimal conditional mean estimator is

the Kalman filter, whose state estimate error covariance is computable using standard methods.

80



The quantizer step size appears in the measurement noise term. For each coding strategy this
covariance is simply computed and the LQ control performance derived. Next , the saturation
nonlinearity is introduced by using these second-order signal statistics to compute the expected
time before saturation. This escape time is a function of the closed-loop controlled signal y;. We
use this property to tie to the controller objective function to the selection of the quantizer bound,
. For a given feasible set of escape time, bitrate and control objective, there is a saturation
bound and LQ performance. As the coding strategies change, so too does this performance. For

a given escape time, we compare the quasi-stationary performance.

Contribution of this paper

* By treating a limited set of coding schemes, we are able to draw conclusions about coding
in the output signal path. The range and the correlation/predictability of the closed-loop
plant output play a role in the efficacy of coding. Less predictable outputs, such as those
of minimum variance control, benefit less from coding. This concurs with observations in

signal processing.
* At low bitrates coding can become important.

* The decomposition of the quantizer into two factors admits analysis using the escape time
ideas introduced in this paper. This makes the study of methods possible by separating the

estimator performance from the saturation behavior.

* The escape time analysis permits the consideration of stabilization problems and per-
formance together. The focus on realization based behavioral descriptors admits new

viewpoints compared with asymptotic moments.
Relevant prior work

Borkar and Mitter [42] study a full-state feedback formulation with vector quantization

and coding delay similar to the strategies in this paper. They use the full state measurement
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to compute the process noise and then code this using vector quantization. They define a
delay-accuracy tradeoff denoted by N and indicating the number of noise samples held before
transmission. Longer delay admits multiples of the underlying bitrate when eventually transmit-
ted. When N = 1, their results are similar to our Strategy I and when N = 2 they resemble our
Strategy II. An optimal vector quantizer [43] then encodes the data into the available bits. This
vector quantizer yields the conditional mean process noise reconstruction at the receiver even
though the channel is not error-free. The decoded value is then used to construct the conditional
mean state estimate. Then could apply the same theorem from Curry in [1] to which we appeal
shortly. By limiting the discussion to stable systems, as in our earlier paper [44], they are able to
avoid explicit discussion of the saturation issues with quantization, vector or otherwise.

Fu in [45] studied the coding problem for the control signal of linear quadratic Gaussian
control with a memoryless error-free channel of fixed rate. The paper deals with optimization
over the set of causal encoders and their decoder pairs. Fu looks only at finite-horizon optimal
control and therefore sidesteps the stability and saturation questions. He does, however, develop
a value for the finite-horizon LQG performance, which involves the distortion function connects
the coder and the objective function. In practice, optimizing this distortion appears intractable.
He presents in Theorem 4.1, a corrected version of Fischer’s result [46], a weak separation
theorem where the estimate distortion function D is a function of the control problem and not
just the estimation problem parameters. When he considers the optimal coding problem for even
a simple initial condition case, the solution depends on the control objective and the effect of the
current encoding on future distortions. So his coder needs both memory and look-ahead and the
problem begins to mimic the intractability of stochastic optimal control. In the current paper, by
limiting our discussion to specific coding strategies, we reveal other aspects of a complicated
picture. By limiting our coders to being memoryless, we are able to appeal to the separation
theorem of Curry.

Nair and Evans [47] treat adaptive coding to achieve stabilization with limited bitrate.

They assign on level of an adaptive quantizer to indicate saturation. When this level is received at
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the decoder, the quantizer range is expanded multiplicatively. Effectively, the bitrate required to
stabilize an unstable system is tied to being able to achieve the expansion as a sufficiently rapid
rate to catch the unstable output. This imaginative coding scheme concentrates on stabilization
in mean square and does not address signal limits nor controlled performance.

The impact of quantization on performance at high rates is explored in [48], the state of
the system being quantized prior to transmission to the controller and they assess the performance
of the controller to minimize a quadratic cost.

A similar approach is explored in [49] pertinent for speech coding but close to the current
paper, in particular Strategies I and II. These strategies are applied to speech with an autoregres-
sive model. The performance is evaluated qualitatively by Mean Opinion Score. They show that
down-sampling plus smoothing leads to better coding results for highly-correlated voiced speech
and low-delay coding is preferable for unvoiced speech, which resembles modulated white noise.

Kostina and Hassibi [50] consider LQR optimal control and the question of minimal
channel capacity required to achieve a given bound, b, on the expected LQR cost. They explore
the problem with fully observed and partially observed state. In addition to this capacity bound,
they explore specific lattice codes which achieve the bound. The bound itself depends on both
control and estimation aspects for the partially observed case. They consider an error-free
channel and explore all possible causal codes. Their communications structure is a limited
capacity forward channel from the transmitter to receiver/controller together with a side channel
which conveys the controller’s state prediction back to the encoder. The minimizing codes
transmit quantized versions of the error between the transmitter’s state (or state prediction) and
the receiver’s state prediction. This communications structure obviates the requirement for the
system to be stable. Although, similarly to [47], the logarithm of the determinant of the system

matrix appears in the capacity bound.

4.2 Problem statement

Consider the following optimal control problem.
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* Linear plant system with Gaussian noises:

Xi+1 = Ax; +Bu; +wy, X, 4.1)

Ve =Cxp + vy, 4.2)

Here, state x; € R", input 4, € R?, output y, € R™, process noise w; € R", measurement
noise v, € R™. Noise sequences {w;} and {v;} are Gaussian, mutually independent, zero-
mean and white with known covariances. The plant initial condition is also Gaussian and

independent from w; and v, for all ¢.

* Quadratic performance criterion, minimized over non-anticipatory controls, u;, computed

from the received data at the controller,

N ey e
Jro = ]%1_r>110 NE (lgx,Tcht -I-u,TRcut) .

The communications link between the plant measurement and the control computation

consists of a limited bitrate, b-bits-per-sample, memoryless noise-free channel.

The coder-controller is restricted to the following elements.

The measurement y; is quantized to a fixed number of bits, which can be larger than b.

Some of these bits are encoded into the bitstream forwarded to the controller subject to the

bitrate limit.

For this paper, we restrict attention to period-two bitrate assignment strategies.

The controller computes and applies the control.

4.2.1 LQ Optimal Controller

Denote by {p;} the sequence of decoded signal values available at the controller. Then,

we have the following result from Curry.
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Theorem 17 (Curry [1]). For the linear state system (4.1)-(4.2) with nonlinear, memoryless

measurement

Dt = (Pt(xtavt)a

with {v,;} white and independent from x; and quadratic objective function

N+1
Ji=E ( Z x,{Qkxk + u,{Rkuk
k=t

! t—1
PvU 7”0—1) )

the optimal output feedback control is given by

uf = —K E(x [P, U™ g y),

4.3)

where, P = {p1,p2,....p:}, U ={uy,uy,...,us} and K; is the standard LQ optimal feedback

gain.

Decoding signal p; at the receiver side, the filtered plant state estimate £;; and infinite-

horizon control law u; = —K£,|; are computed with K = dare(A, B, O, R.). The performance is

evaluated with the LQ criterion. Signal p; will be derived from output y; by quantization and

coding.

4.3 Controller Coding Strategies

The problem statement imposes the quantization of plant output signal y,. We restrict our

attention to uniform quantization and limit consideration to subtractive dithered quantizers in

order to facilitate the receiver-side estimation.
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4.3.1 Dithered Quantization

A subtractive b-bit dithered quantizer, Qy(+), is a memoryless function which takes input

signal y; and dither signal, d;, and produces an output signal

Qp (1) = Op(yr +dy) — dy, (4.4)
where Q,(+) is a standard uniform quantizer. Such quantizers are examined in detail in, for
example, [3].

Theorem 18. Consider a uniform, midrise, symmetric, b-bits-per-channel, subtractive dithered

quantizer, Qp(-), with saturation bounds +. Assume:

(A) dither d; is a white noise process independent from y; with a probability density possessing

characteristic function, ®4(-), satisfying ®, (l%) =0forl=+1,12,...,
(B) yi+d; € [—C, ], i.e. no saturation of the dithered quantizer occurs.

Then, the quantization error

bt = Qb()’t) =Yt 4.5)

is: (i) white, (ii) independent from y, (iii) uniformly distributed on [—2%, Z—Cb} .

This theorem, an embellishment of Theorem QTSD of [3], presents conditions under
which the quantization error is an additive white noise independent from the signal being

quantized as studied with details in [2]. Denote the quantizer step size as
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Then, we note the following.

A A
Qb,t ~ % [_575] 9 E(Qb,t) = 07
2 A
COV(qb’I) = m = Sh. (46)

We also, note that the characteristic function condition is satisfied by dither which is uniformly
distributed % [—A/2,A/2] or which is triangularly distributed tr[—A, A], for example. In our

calculations later, we use uniform dither d;.

4.3.2 Period-two Bit-assignment and Transmission Strategies

We consider a fixed-rate, b-bits-per-transmission, channel and propose three period-two
quantization strategies which reflect similar approaches from Signal Processing [51], [52], [49].
The intention is to manage the quantization error with periodic changes to the effective bitrate
and allied signal delay. We will examine the efficacy of these methods in terms of their benefits
for LQ output feedback control.

The presence of the b-bits-per-sample channel militates that the subtractive dithered
quantizer operates on both sides of the channel. That is, b bits are transmitted each sample as
symbol my, from the transmitter. Then at the receiver subtractive dither is applied. This and other
implementation issues of wordlength etc. are discussed in [3]. With our period-two strategies,
both the dithering and the subtraction will be modified. Here MSB,,(x;) and LSB,,(x;) denote
the most significant and least significant n bits of signal x;. While m;, is the b-bit transmitted
message at time ¢, p; or p; denotes the reconstructed/decoded plant output at the receiver for
input into the Kalman filter.

Strategy 1

1: for ¢ even or odd do
2: m; = Qp(y, +dP) is transmitted

3: P — my — dtb at the receiver
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10:

»

10:

11:

12:

X|r < (4.7) Kalman filter Lemma 19

Uy < —K)?,‘t

Strategy 11

. if t = 2k, even time, then

myy = MSBb(QZb (ka + d%]lz)) is transmitted
Pak < myy at the receiver without dither subtraction
Loxfox = (4.8) Kalman filter from Lemma 20

upg < —KEop ok

: else t =2k+ 1, odd time,

mog1 = LSBy(Qap(yar +d57)) is transmitted
DP2k+1 < P+ 2_bm2k+1 — d%,i’ at the receiver

Boky 12641 < (4.9) Kalman filter from Lemma 20

Upk+1 < —KXop 112641

Strategy 111

. if t = 2k, even time, then

mor = MSBy,(Qpir(vor + d’z’,jr )) is transmitted
Do < myy at the receiver without dither subtraction
Foxfox — (4.10) Kalman filter from Lemma 21
Uk <— —KXoppk
else r =2k + 1, odd time,
Maji1 = LSB(Qpyr(var +do))
+27"MSBy_(Qp—r(yak+1 +d5 )
is transmitted
Phy ¢ ok +27PMSB, (i 1) —do"
Pakr1 < LSBy_p(mors1) — do !

k412441 < (4.11) Kalman filter from Lemma 21
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130 uppt1 <= — KXo p1)2641

We note two central features of the time-varying strategies.

e Strategy I uses a quantizer and associated dither of step size 2,]—(:,1 while Strategy II uses
¢

22(b+r)

step size zTg—lv and Strategy III uses alternately — and 2251 .

o Strategies II and III at even times receive undithered b-most-significant-bit transmissions,
since the dither operates further along the bitstream. Accordingly, the quantization error
at even times is not white, nor uniform, nor independent from y,;, even though the
quantization noise for yy; at time 2k + 1 does possess these properties. We shall conduct
our analysis blithely without taking these even quantization error properties fully into

account.

We note that, with Strategies II and III, the state estimate calculation will be non-standard
at the controller, reflecting the periodic information pattern. The associated Kalman filter will
be presented shortly and computes £5¢o¢41 and then £5; 1|2k from the received data. The

derivation of these filters and their properties is a core contribution of the paper.

4.4 Kalman Filters and Covariances for the Strategies

We derive the Kalman filters associated with each of the strategies under the following

assumption.

Assumption 3 (For this and the following sections alone). The quantizer never saturates. That

is, v +d; € [-C, . So, following Theorem 18, the quantization errors:
Strategy I: p; —y;;
Strategy II: pog+1 — yoks

Strategy III: p’y, — yox and pagy1 — Yokt1s
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are independent from {y;}, white, zero-mean, uniformly distributed with covariances Sp, Syp,
Sp+r and Sp_, respectively, where Sy, is defined in (4.6).
Further and without justification, we assume that the other quantization errors, pa; — Yo

in Strategies Il and 111, satisfy the same properties with covariances Sp,.

Assumption 4. Each strategy’s state estimator commences with state estimate Xy and covari-

ance Xo|_1,att = 0.
The following results for Strategies I, IT and III are proved in the Appendix.

Lemma 19 (Anderson, Moore [29]). For Strategy I, the Kalman filter driven by signal p; from

Algorithm I Line 3 is calculated by:

L= Z"t|t71CT (C2t|thCT +R+ Sb>717
£t|t = £t|zfl + Ly (pr — Cﬁt|zfl)a 4.7)
£t+1\t = (A _BK))’C\I|[7

Ty = ALy AT —ALCE,, AT+ Q.

Lemma 20. For Strategy II, the Kalman filter driven by signals py; from Algorithm II Line 3

and poi+1 from Line 8 is calculated by:

At even times, t = 2k :

Lo = ook 1CT (Capok—1CT +R+Sp) ',

Tokjor = Forjok—1 + Lok (Par — Cokppr—1)s (4.3)
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At odd times, t =2k+1 :

Lots1 = Zoggoi—1CT (CEapp1CT + R+ S2p) ™,

Boprtjorrt = A (Rorr—1 + Lok 1 (P21 — Chokpr—1))

— BK Xk (4.9)

Loky2p2k41 = (A—BK)Ry 12415
2 2T 42 2T
Loryopkr1 = A Lok 1A” — A Lo 1Cloppp 1A

+AQAT + 0.

Lemma 21. For Strategy IlI, the Kalman filter driven by signals p,i from Algorithm Il Line 3,

Py Line 10 and poy.y Line 11 is calculated by:

At even times, t = 2k,

Lot = ook 1CT (CEapok1CT +R+Sp) ',

Bk = Xokor—1 + Lok(P2k — Clorppr—1), (4.10)
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At odd times, t =2k +1,

Ly = Zopok—1CT (CZopox1CT + R+ Spr) !,
Ry 1jox = Aok 1 +ALy (o — Chogok—1)
— BK X1
1ok = AZaxr1 AT — AZg 1 CT X
(CEatpps—1C" +R+Spir) ™ Clpp1AT + 0,
Lokt = Sy uC (CEyquC” +R+Sp-r) 7,
Ropr1 ok 1 = Koy ok T Lok1 (P2rr1 — CRy iy 2k)5 4.11)
o221 = (A= BK) S q 120115
Yok+2)2k+1 = AZ/Zk-H \ZkAT - AZ/ZI(—H |2kCT x

(CTou1paCT +R+Sp—) Ty A’ +0.

Although both covariances limy_,eo Xopjo—1 and limy,e Xppy 2 may have different
limiting values for Strategies II & III, the value of the former suffices for the rest of the

calculation.

Corollary 22. For Strategy I, Z;”w 2 1imy_se k-1 and £ 2 limy_se Ly satisfy

257700 = da’f‘e(AT,CT7Q7R+Sb)’ (4 12)

Corollary 23. For Strategy II, le]’“’ £ limy_se Lokjk—1> 27 2 limg_ye okpk and il =

Ieven
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iMoo Xog 12441 Satisfy

> = dare <A2T CT. AQAT +0.R+ 52b> ,
e =20 —Zp CT(CE7CT + R+ 8p) 7 CEf}™, (4.13)
i =Zii — X CH(CETCT + R+ 80) ' CZf™.

Corollary 24. For Strategy I, Xf;7" 1imy_yeo £ Loyop_1, Xj7 S limyge Eogop,

) A g .
and ZHIodd = limg e Zlk—i-l [2k-+1> satisfy

Z;]I;o = dare <A2T7g17AQAT +Q7g27 |:0 AQCT:| ,e’ye(n)) ;
St = i1 — Zti CT(CELCT + R+ Spy,) ' CIRY (4.14)
it = Zhii = ZhrCh(CENrCT + R+ Sp—,) T CELT,

where

R+ Sps 0
G =|ct ATCT|, %= :
0 COCT +R+S,_,

4.5 Control performance analysis

The limiting performance of three strategies may be computed using standard covariance

methods.

Definition 1. The i, j-block (n x n) entry of matrices Wy, below is denoted by ¥x (i, j) for

X =1,11,111.

Theorem 25. Subject to Assumption 3, the performance for Strategy I given by
J; = trace|Q.¥(1,1)] + trace[KT R.K¥;(2,2)], (4.15)

calculated through these steps:
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(i) K = dare(A,B,Q.,R.),

(ii) £V = dare(AT,CT,Q,R+S}),
(iii) L=0"CT (CEP°CT +R+S) ",
(iv) W = dlyap (A1, MP1MT),

where

A —BK I 00

«%]— P ‘/1/1: Y
LCA (I-LC)A—BK LC L L
0 0 0

E(xex))  E(xtl))
Z1=10 R 0|, ¥iI= . kf
E(Xpxy ) ERrpeky)
00 5 \ KAk |k

Theorem 26. Subject to Assumption 3, the performance for Strategy II, given by

Ji = %trace{QC[‘I’H(l, 1) —|-1P11(3,3)]} +

%tmce {K"R.K[¥1(2,2) +¥u(4,4)]}, (4.16)

calculated through these steps:
(i) K= dare(A,B,Q.,R,),
(ii) T = dare (4¥,CT,AQAT +Q.R+Sn)
(i) Loen = E57°CT (CEL7CT +R+5,) .
(iv) Loga = Z07CT(CZP™CT + R+ Sy) !,

(v) ¥ = dlyap (Mo, NP2 M)
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where

My =FEFBRhE, M= |RBRBG, FGy FFG, Gyl
0 0 0 0
0 0 0 0
Py = ;
0 0 R+S, R+Sy
_0 0 R+Sy R+52b_
Xok
Rak|2k ) .
Y =E Xy szk\Zk iyt x2Tk+l\2k+1
X2k+1
| ket 1241 |
0
0 0
0 0
Gi=| |, G=|0|,G=|0]|, Gi=
i 1
Ly Ly
0_
_ 1 0
0 0 0 A—BK
Fl - ) F2: 0 1 ’
0 0 A —-BK
i (I—LoC) LoC
_ 1 0 0
0 I 0
0 1 0
F3: 0 0 1], F4:
A —BK 0
(I-L,C) LiC 0
i 0 —BK A]
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Note, the two-step update is described by the recursion

X2k X2 Wok—1
Xokj2k Xok—2)2k—2 Wk
=M + M
X2k+1 X2k—1 Vok + qok
| $oket 112641 | | £k 11261 | | [ Vok + 241 | |

Theorem 27. Subject to Assumption 3, the performance for Strategy III, given by

1
Jir = Etrace{Qc[‘Pm(l , 1) +lP111(3,3)]}+

1
Strace {K"RK[¥111(2,2) +¥111(4,4)] }, (4.17)

calculated through these steps:
(i) K= dare(A,B,Q.,R,),
(ii) P = dare (A2T,%1,AQAT +0,%, [O AQCT} ,eye(n)) ,
(ifi) Loven = ZP=CT (CEP=CT +R+Sp) ",
(iv) Logar = EP=CT (CZP=CT + R+ Spy,) ",
(v) Logaz = ZP=CT(CZP=CT +R+S,_,)~",

(vi) Wi = dlyap (///3,%/3323%T) )
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where

Mo = FyF3 R Fy,

C/V2 = |43, Gy FuGs FuF3Gy Gyl s
0 0 0 0 0
00 0 0 0
P3=10 0 R+S, R+Sp., 0
O 0 R + Sb+r R + Sb+r 0
0 0 0 0 R+ Sp_,
X2k+1
_ Kok 12641 R r
Yur=E i x2Tk+1\2k+1 Xy xék|2k
X2k
al
L Xokj2k
1 0
0 0
I 0 Loaaz
Gl - I G2 Leven 0 Y G3 - bl G4 - I
0 0 0
0 Loaar
_0_ - 0 -
r 1 0
A —-BK 0 0
F = s Fo= | LpyenC - (I —LeyenC) | » 3=
0 A—BK 0 O
- LoaaiC (I —LogaiC)
1 0 0 0
P Loddgc (I — LoddZC)A 0 —(I — Lodd2C)BK
4= )
0 0 1 0
| 0 0 0 I |
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The two-step update is described by the recursion

X0)t 1 Xok—1
Kokt 12641 For—1)2k-1
= //3
X0k Xok—1
%) %)
A2k X2k —22k—2 ]
Wok—1
Wk

+M3 Vor + qp 2k

Vok + qb+r2k

Vok+1 + qb—r2k+1

4.6 Escape time analysis

The performance analysis from earlier sections is based on direct second moment calcu-

lations subject to the validity of Assumption 3, i.e. that the controlled system output
% =y +d,

satisfies |z;| < {. For Gaussian y;, or indeed for any y, with density of unbounded support, the
signal y; +d; is guaranteed to exceed this bound infinitely often. Our aim in this section is to
quantify the average residence time of the dithered controlled output signal inside the saturation
bound. If this residence time is long, then the earlier linear analysis will remain valid on average
for a long time and can be used to characterize performance, since the stabilizing control yields a
quasi-stationary closed loop subject to no saturation. This will be validated by computational
experiments in Section 4.7.

We make the following definition.
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Definition 2. The escape time, Ty, is the first time that z; ¢ [— &, ].

Our aim is now to calculate the mean escape time as a function of {. This will demonstrate
that the choice of { to yield a particular mean escape time depends on the choice of state feedback
control gain K. The state estimation covariance analysis of Section 4.4 did not explicitly depend
on K. But now, via its effect on §, the control problem affects this covariance.

If we have ergodicity of the stochastic process {z } then the long-term sample average
frequency of z; falling outside [—{, {] is equal to the ensemble average computable from the
density of z;. If the Gaussian process {y;} is ergodic, then since {d, } is white and stationary, the
signal {y; +d,} is ergodic. We have the following theorem from Caines [53] who cites earlier

sources going back to Maruyama and Grenander.

Theorem 28. [53] A necessary and sufficient condition for a discrete-time stationary Gaussian

process to be ergodic is that the spectral distribution of the process is continuous.

If y; is the output of a stable linear system driven by white, independent, zero-mean

Gaussian noises n; and r; with covariances Q and R respectively, that is,

él‘-i-l = F€;+Gl’l;,

yi=Hp+Jn,
then its power spectral density is given by
@, (®) =JRIT +H(/°I - F)'GQG" (e /®1 —FT)~1.

If the eigenvalues of F are within |z| < 1 and JRJT > 0, then y, is ergodic by Theorem 28, as is

the signal z;.
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For our LQG problem, y; is generated with

A —BK I 0
F = , G= ,
LCA A—-BK—-LCA LC L

H=|c of, J=1I,

which F has all eigenvalues inside the unit circle by construction subject to the conditions in the

following theorem.

Theorem 29. [54] Subject to Assumption 3, provided R. > 0, R > 0, [A, Q.] detectable, [A, Q|
stabilizable, the dithered controlled output signal, z; = y; + d;, is asymptotically stationary and

ergodic. So

1
lim — Y ¢ = Prilal > §), (4.18)
=1

T—oo

where 14 is the indicator function of event A.
Once we have ergodicity of the closed-loop signal z;, then we have the following result.
Theorem 30. For ergodic z, if Pr(|zx| > {) = B, then the expected escape time is E|Tosc| = %
These are the steps and important parameters of the analysis.

1. Choose a desired average escape time E|[Tes|. The escape probability is f = B rlesc} .

2. Initiate the line search for { depending on coding strategy and using one of

o ¥(1,1) from (4.15), or
* ¥ (1,1) and ¥y;(3,3) from (4.16), or

b lP[]](l, 1) and ‘P][[(3,3) from (4.17),

compute Z, the covariance of z;. Then solve
B _
e mvncdf (—hew-1m, 0m, Z) ,
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where mvncdf is the multivariate normal cumulative distribution function.

4.7 Numerical examples

We compare coding strategies in the following examples through certain steps.

1. With given {A,B,C,Q,R,Q.,R.}, compute the linear feedback gain K, via Theorem 25

Step (i).
2. Fix the mean escape time, Tegc-

3. For each coding strategy, compute the corresponding quantizer bound, ¢, using the iteration

described below Theorem 30.
4. Compute the performance of each strategy using Theorems 25-27, as appropriate.

4.7.1 Escape time and quantizer bound

We compute the residence time through two methods, the analytical method based on
Theorem 30 and the simulation. In addition, we compare the performance of coding strategies.

Let us define the parameters as follow
* R, control weights in LQ output feedback control.
* A — BK, closed-loop pole of LQ.
* {, quantization bound.
* 7,, mean escape time computed via Theorem 30.

* Temp, €mpirical mean escape time from simulation.

J1,J11, corresponding performances for strategy I and II.
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In the simulation for computing, Temp, We make the average over 20000 iterations of computing
the very first time that the output signal jumps out of the quantizer bound for 5000 sample limit
with the following parameter for the scalar system. Then we compare the performance of two

different strategies with a fixed time 7 = 1000 and the parameters as follow

=
Il

0.9999; B=1; C=1; Q = 1;

R=1; Qc = 1;

for 3-bit quantizer

Rc A-BK C Ta Temp JI JII

1e5 | 0.9968 | 43.14 | 1000 | 2320 | 325 309
le4 | 0.9900 | 24.67 | 1000 | 2194 104 101
1e3 | 0.9689 | 14.50 | 1000 | 1813 | 34.136 | 34.135
100 | 0.9049 | 9.15 | 1000 | 1317 | 11.81 12.43
10 | 0.7298 | 6.62 | 1000 | 1040 | 4.78 5.56

1 0.3819 | 5.68 | 1000 | 990 2.64 3.45

0.1 | 0.0839 | 549 | 998 | 977 2.10 292

for 2-bit quantizer

Rc A-BK C Ta Temp JI JII

le5S | 0.9968 | 48.14 | 1000 | 2354 | 474 315
le4 | 0.9900 | 27.74 | 1000 | 2159 | 137 103
1e3 | 0.9689 | 16.44 | 1000 | 1780 | 42.22 | 35.04
100 | 0.9049 | 10.43 | 1000 | 1413 | 14.34 | 12.97
10 | 0.7298 | 7.54 | 1000 | 1213 | 594 | 5091
1 0.3819 | 6.40 | 1000 | 1164 | 3.43 | 3.73

0.1 | 0.0839 | 6.12 | 998 | 1146 | 2.81 | 3.18

As we may conclude from the above example, the coding strategy is picked based on the nature
of the controlled output signal. If the output signal has random or unpredictable nature, Figure

4.2, the coding has less benefits and we stick with Strategy I. In contrast, the coding strategy
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Figure 4.2. Controlled output signal y(t) with 3-bit coding and R, = 0.01, corresponding to
roughly minimum-variance control and hence to low amplitude, near-white y;,. Coding provides
little benefit.

has advantages if the output controlled signal is more regulated or predictable such as Figure
4.3. In this case, as we have higher resolution or accuracy including a delay in updating the
measurement, Strategy Il outperforms Strategy I in which the measurement is updated each
time but with less accuracy. When the control objective is minimum variance, the output signal
resembles to a white noise signal and the quantization bound has smaller size, so the coding has
no benefits. Once we move away from minimum variance control objective the output signal y;
has larger amplitude, furthermore the output signal y; is correlated.

We may wrap up the following results from this example,

If R, is small, no benefit is obtained from coding.

If bits, b, is large then coding has limited benefits.

The quantizer bound, {, is smaller for the better regulated signal y;.

The controller with smaller R, leads to smaller and whiter signal y;.
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Figure 4.3. Controlled output signal y(t) with 3-bit coding and R, = 100, corresponding to
higher amplitude, correlated y;. Coding provides tangible control benefit.

4.8 Conclusion

We have explored three very specific periodic coding strategies of the plant output signal
and their effect on LQ performance subject to an expected escape time. The interaction between
the control law and the estimation problem occurs through the selection of the upper bound, £,
of the dithered quantizers. The general conclusion is that the more correlated is the controlled
output, the more benefit is achieved by coding. So that minimum variance problems should
exhibit less gain from coding than should those with heavier control penalty. The computational
examples show that these coding schemes is of most value when the number of bits is small.
These are generalizable conclusions to other more sophisticated codes and reflect observations in
signal processing, but without the connection to a control objective.

The novelties of the approach lie in the treatment of the dithered quantizers and the
introduction of the system escape time as a tool for analysis. The decomposition of the quantizer
into two parts — infinite quantizer plus saturation — together with the escape time permits the
consideration of linear controlled covariances and the distinct escape time analysis. These

study of escape time is distinguished from other studies which seek to manage asymptotic or
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infinite-horizon average properties.

4.9 Appendix

Proof for lemma 20:
Let us start with initial state estimate £|_; and covariance X, the Kalman filter is calculated
by:

At even time, t = 2k : (Low resolution measurement)

Lok = Lo 1CT (CEopoi—1CT +R+S,) 7",

Lok = Lokor—1 + Lok (P2k — Clokppr—1),

At odd time, t =2k + 1 : (High resolution measurement) We receive the less significant part of

the quantized y;; and construct the 2b-bits measurement 2o 2x+1 = 25 2kP25p, 24 through concate-

nation,

Pakst & P +2 Pmypyy — d3}

Lokt = Zook—1CT (CEapppr—1CT +R+52)

Rkt 12kt 1 = AXoppi 11 + Bugg,

Rttt = A (Roror—1 + Lok 1 (P2k1 — Chokpa—1))

— BK X0k
fo212641 = (A= BK)Xop 126115
Loky2)2k+1 = A222k|2k71A2T — A2L2k+1C22k|2k71A2T
+AQAT + 0.

Proof for Lemma 21:

Let us start with initial state estimate £y _; and covariance X _,at 7 = 0, the Kalman filter is

calculated by:
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At even time, t = 2k,

Lok = Zopppi—1CT (CEopai—1CT +R+S,) 7",

Lok = Lokjor—1 + Lok(P2k — Clokppr—1),
At odd times, t =2k +1,

Phy = pak+2 "MSB, (my11) — d%,
Ly = o1 CT (CZoyok—1CT + R+ Spiy) ',
Ry 110k = Aok 1 +ALy (P — Chogok—1)
— BK X1

Dok = ALk 1AT — ATy CT X

(CZotok—1CT +R+Spir) ' Copppp1 AT + 0,
Paks1 = LSBy_,(moyr1) —db ),
Lojt1 = Z/2k+1\21<CT(CZ/2/<+1\2/<CT +R+Sp,) ",
B2k = By 1ok + Lokt (P2t — Cyyyp)
Kor2okt1 = AXopp1prt1 T B,
foks2i2k41 = (A= BK)Zpiq 120115
Toks2pkt1 = ALy \21<AT - AZ/2k+1|2kCT X

(CZys o CT +R+Sp) ' Ehy AT + 0.

Proof for Corollary 22:

Can be found at [29] but the difference is quantization noise S, is added to the measurement
noise, and it is replaced by R+ S}, in all calculation.

Proof for Corollary 23:

Let us start with X = 22k|2k71
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(1) Low resolution measurement
Your = £ —2CT (cxcT -
K2k = ( +R+S,) ' CX (4.19)
(i1) High resolution measurement
Torprs1 = EZ—ZCT(CZCT +R+S5)7'CT (4.20)
(iii) Time 2k + 1 filtered measurement
o1k = ALogoi AT + 0.
(iv) Time 2k + 2 prediction and let k — oo

T
Lorr2pkrl =ALypjur1A” +0,

T
= ATy 1A” +AQAT +Q,

5P = A22Pe A — A2EheCT
(CED=CT 4+ R+ 8y) ' Cxl=AY +

AQAT + 0.
where

lim 1 = Ifj” = dare (47,C7, 404" + Q. R+5 ).
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(v) Substitute Zﬁ’l’w into (4.19) and (4.20)

X" = dare (4,C", AQAT + Q.R+ S5
e =% — X4 CT(CECT + R+8,) 7 X},
X7

odd

=yb P (CEl CT + R+ Sy) 12D
Proof for Corollary 24:

The period-two update consists of two pieces starting from the same initial data,

(B2kp2k—15Z = Zokpok—1)-

Even times — No need to keep track of this in the computation of the covariance Xo 141

since this is calculated based only on

/
o = Cxop +Vor + Gor2k

2k+1 = Cxop1 +Voua1 + Go—r2k41-

It is, however, important for the Lyapunov computation.

Odd times — We skip over the even step and use both 25, and zp¢+ to update Xok|ok—1- Start as

usual.

Xok41 = Axpp + Bugy +woy,
Dok+1 = Axpp + wax,
I pE—
2o = Cxop + Vor + Gp4r2k;
k41 = CAxp + CBugy + Cwor + Vg1 + Gb—r2k+15

Cokr1 = CAxop + CWok +Var1 + Gb—rok+1
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where denote {1 = zox+1 — CBuyy and calculate joint conditional density,

P2k+1 AXop2k-1
pdf 2 |12 = Chopr—t | 4 |
Cort1 CAZopok—1
AYAT +Q AXCT AXATCT +QCT
M= CcxAT CECT + R+ Sy, CczATcT
CAXAT +CQ CAXCT CAXATCT +CQCT +R+S,_,

hence,

cov(xp1| 2% = AXAT +Q— |AXCT  ATATCT +QCT | %

-1

CECT +R+Spy, CrATcT
X
CAXCT CAXATCT +COCT +R+ Sy,
CTAT
CAXAT +CQ

by taking limits as

kh_r>13022k|2k—1 = Lopopkt1 = 2,

cov(xopia| 2T = A x cov(xpy | 2T x AT + 0,
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T =A2AY 1 AQAT + 0~ |AZ5CT  A2ATCT 4 AQCT | X
-1
CXCT +R+ Sy, CrATCT

CAXCT CATATCT +COCT +R+S,_,
czA?

)

CAYAY +CQAT

— A22AY 1 AQAT + O — (A2Z [cT ATCT] + [o AQCT} ) X

-1

C R+ Sb+r 0
Yy |:CT ATCT:| + X
CA 0 COCT +R+S,_,
C 42 0
CA CoAT

and we use DARE to calculate,
X} =dare (AZT, [CT ATCT} AQAT + 0.7, [0 AQCT] ,eye(n)> ,
and similar to proof of Corollary 23

o ,00 ,00 ~T ,00 ~T —1 ,°
iltoen = Ztir — 2131 € (CZfi7CT +R+Spyr) CILY,
St = Ztir — 2t €T (CZCT + R4S, )~ CEpyr,
where,

R+ Spyr 0

0 COCT +R+S,_,

Proof for Theorem 25:
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Truncate every sample to b bits, transmit
2t =Cxr + v+ qpy-
Kalman filter is stationary and satisfies

Y =dare (AT,CT,Q,R+Sb) ,

L=X-2C" (CZC" +R+S}).
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Closed-loop equations

Xrp1 = Ax — BK)?,V + wy,
L1t = 1) HLCX1 + vt b
- C)?,H‘t),
- (A)et|t - BK)@V)
+ L [C(Ax; — BK&y, +w;)]
+L [VtJrl + b1 —C(A— BK))?,H )
= [(I - LC)(A — BK) — LCBK]%,
+ LCAx; + LCw;,
+Lvir1 +Lgpssa,
= LCAx; + [(I — LC)A — BK]| %,

+LCw;+Lvir1 +Lgp sy,

Wt
I 00
+ Vi41
ILC L L
%,H—l_
Let us denote
A —BK I 00
, B= :

]
I

LCA (I-LC)A—BK IC L L
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0 0 0
2=10 R 0|, ¥/ =dlyap (s, MPN"),

0 0 S

hence the performance calculation,
J; = trace[Q. W;(1,1)] + trace[KT R.KW¥;(2,2)],

where,

E (xkx,{) E (xkflgk)
¥, =
E(&axt)  E®epkiy)

Proof for Theorem 26:
Truncate y; to b bits at even times ¢ and then to 2b bits at odd times 7. The quantization variances
S, and Sy, respectively.

Start with xp,_1, £ 12k~ 1 and Xz o 1. Compute

Lot = o1 CT (CLoyo—1CT + R+ Sp) 1,

Loty 1 = Zokok—1CT (CEappu 1 CT +R+S2) ™.
State and predictor update

Xop = Axgk—1 — BKXp12k—1 +Wak—1-

fokpok—1 = (A —BK) Sy 1j2t—1,
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so rearrange these equations,

Xok—2
Xok2k—1 0 0 0 A-BK| |fx—2pk—2
X2k 0 0 A —BK X2k—1
| Fok—1]2k—1
0
+ Wok—1
1

Filter update with low resolution measurement, z;, o.

Fojor = Sorjok—1 + Lok (2,26 — Cloppok—1);

rearrange the equation in matrix form,

Rokfor—1 1 0 R
X2k|2k—1
X2k = 0
Xok
Xakj2k (I—LuC) LyC
0 0

+10 | v+ | O | G2

Loy Loy

Filter update with high resolution measurement,

k41 = 22k D 20p,2k = Cxo +Vor + G2ks 15

Forok1 = Xokfpr—1 + Lok 1 (22641 — Chogpok—1),
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Xok 0 I 0] |21
Bk | = 0 0o I X2k
Xok|ok+1 (I —Ly+1C) Log1C O | Roppk
0 0
T 0 | vt | O |4g2+1-

Lojtq Lok

State and state estimate update.

Xok+1 = Axok — BKXypox + Wk,

Kot 12641 = ARk 1 — BKXop -

denote,
X2k 1 0 0
) X2k
x2k|2k 0 1 0 R
- X2k|2k
X2k+1 A —BK 0
A Xok[2k+1
[ Sokrtjkt1| |0 —BK A
0
0
+ Wok-
1
0
Now define

. [ee] (] _1
lim Lo = Leven = 257 7CT (CEZL"CT +R+S,)

k—bo0

lim Logy1 = Loga = P (Cel CT + R+ Sy) 7,
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I 0
0 0 0 A-BK

F = , Fr= 0 I ,
0 0 A -BK
(I - LSVGHC) Levenc
I 0 O
0 I 0
O I O
F; = 0 0 I|,kH= ,
A —BK O
(I = LoadC) LoaaC 0
0 —BK A
0
0 0
0 0
Gl = ) G2 - 0 ) G3 = 0 ) G4 -
1 1
Leven Lodd
0
Then, the two-step update is described by the recursion
X2k X2k—2 Wok—1
Rokjok Rok—22k—2 Wk
| V4 | + M
X2k+1 X2k—1 Vok + G2k
| k4112641 | | k-1 )2k—1 | | [ Vok T2k | |

with

%2:F4F3F2F1; r/VZI FAF3E,Gy Gy FaF3Gy, FyGs -
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Whence,

X2k

Y, —E Fakpok T T T T
= Yok Xokppk X2+ P12k | |
X2k41

| X2kt 112k+1 ]

00 o 0]
00 0 0 .
W) =dlyap | Mo, N M|
0 0 R+S, R+Sxu
_O 0 R+Sy R+SZb_
and
1
-]I] = Etrace{QC[qlll(17 1) +T][(373)]}+
1 T
Etrace {K"RK[¥1(2,2) +¥11(4,4)]},
Proof for Theorem 27:

From X = Yoy 51, compute the filter gains

Lot = ook 1CT (CEapok1CT + R+ Sp) ',
Ly = o1 CT (CZopok—1CT + R+ Spir) ',
Lokt1jak = Ao AT + 0,
=AZAT —AXCT (CECT + R+ Sp.,) " 'CZAT + 0,

Lokt = o 12kCT (CEp1akCT +Sp-r)
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2
denote the quantization noises S =

3x22b
2 2
Sb+r = C—a Sb—r = C—
3 % 22(b+r) 3 x 22(b—r)
X2k—1
[ Rk—1ppret
Let us start with | and then,
X2k—2
xAl
| A 2k—2)2k—2 ]

Xk = AXop—1 — BKXop_1pk—1 + Wak—1,
Xokok—1 = AXpk—1)2x—1 — BKXpk 1241

= (A—BK)Zy 1211

)eék|2k = (I = LokC)foppu1 + Lokzag
= (I — Loy C)fapok—1 + LoxCoxok
+ Logvor + Lokqp 2k,

Roppox = (= Ly C) oo -1 + Loy Coxop
+ Lyyvar + Logqb 4 r2k:

X211 = AXog — BK)?ékpk +wog,

ok 12k = Aoy, — BK Sy
o1k 1 = (L= Lok41C)opq1)2x + Lok 122611,
= (I = Log41C) ARy oy
— (I— Lo 1C)BK Ry
+ Lok+1Cx0k+1 + Lok+1V2k+1

+ Lok 19b—r2k+1-
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The short sequence.

X2k—1
Xk | (A —BK 0 O |Z-1z1
Xok|2k—1 0 A-BK 0 0 X2k—2
o1
[*ok—2)2k—2 ]
1
+ Wok—1,
0
X2k 1 0
X2k
Bouo LyC (I —LyC)
, ) ) Rokfor—1
Xok|2k Ly C (I-LyC)
0 0
Vok + qb 2k
+ Ly O )
, Vok T Gb+r2k
0 L,
X2k+1 A —BK 0 1
X2k
£ 0 0 1 0
U2k | _ %mk X Wok
X2k 1 0 0 , 0
KXok 2k
o1
EETTYY I AU A 0]
X2k+1
Lokr1ier |
X2k
o1
L *ok|2k
1 0 0 0

0 0

Lo C (I —Ly41C)A 0

0 0 0
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X2k+1

af
Xok|2k

X2k

|
|42k |2k |

(Voks1 + Go—r2k+1)



denote

klim Ly = Leyen = ZP’OOCT (CZP?OOCT +R+ Sb) - )
—$o0

lim Ly, = Loga1 = Z7°CT (CEP~CT + R+ Sp.,) !,

k—ro0

l}im Lottt = Loaaz = ZP*CT(CEP=CT + R+ S—,) ",
—>00

A —-BK 00 I
FIZ 5 GIZ )
0 A—BK 0 O 0
1 0 0 0

FE 2= LevenC (I _Levenc) 7G2 = Leven 0 ’

Loda1C (I —Loaa1C) 0  Logdi
A —BK 0 1 0
0 0 1 0 Loddn
F; = , G3= , Gy = ° ;
1 0 0 0 0
0 1 0 0 0
1 0 0 0
F LoaanC (I — LoddQC)A 0 —(I — LoddZC)BK
4 p—
0 0 1 0
0 0 0 1
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Then, the two-step update is described by

- - - - Wok—|
X2k+1 X2k—1
Wk
Kokr 12641 Kor—1)2k-1
= M3 +43 Vor + qp 2k
Xk X2k—1
Vok T qb+r2k
£ £ ’
242k | | *2k—2)2k—2 ]
Vok+1 + Gb—r2k+1
with
%3 = F4F3F2F| ,

%: |:F4F3F2G1 Gy FuFG) G4:|a

X2k+1

okt 1)2k+1

= T oT T a7
Yur=k£ XUl Xokrrp2r+1 X2k Korpr| |
X2k
ol
Xok|2k
T
Wi = dlyap (///3,JV3@3JV3 ),
0 0
0 0
Py =

R+Spyr R+ Spis

o o o o
o o o R o

0
0

R+S, R+S,., 0 |,
0
S

0 0 R4S,
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1
Jir = Etrace {O[¥r(1,1)+¥11(3,3)]} +

1
5trace {K"RK[W11(2,2) +Prur(4,4)] } .

Proof for Theorem 30:
Suppose Pr(|zx| > §) = B, then Pr(|zx| < {) =1 — B, fort = 1,2, ... and assuming the events to

be independent,

Prl(z1] < £) N (lz2] < ). (lawl < O)] = (1-B)™.

The probability that the process escapes at time 7' is computed as (1 — B)T_l B and the expected

time is

E[t] = B+2(1—B)B+3(1-B)*B+4(1—B)°B+..,

=B1+2(1—=B)+3(1 =) +4(1—-B)*+..],

d —1
:ﬁ%[l_(l_ﬁ)]a
_gd |1

i 7]
_1
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Chapter 5

Conclusions and future directions

A comprehensive survey of prior research in quantization process is reviewed with
the goal to apply in control systems, and various conditions are studied to catch the proper
stipulations to ameliorate the side effects of quantization error. Eventually we refine the results
of previous achievements to treat the quantization error as white noise. This results play a
conspicuous role in the rest of our study surely. We have introduced and applied subtractive
dither quantization in a network control systems.

We have presented a complete assessment of predictive coding when used as a part of
network control system. We have shown that feedback control based on transmission of the
innovations sequence can not stabilize an unstable system because the unstable mode is not
detectable.

We have investigated the application of Bayesian filter for control systems based on a
predictive coding method. The predictive coding conveys efficiency in the use of the channel bits
and capacity. This leads to develop state estimation at the receiver and, in turn, to a more accurate
state density at the receiver. We assessed the LQG control performance for the controlled closed
loop feedback and the performance of three controllers was computed using LQ-optimal feedback
gain and the various conditional mean state estimates. We have concluded the controller is based
on filtered state estimate from quantized innovation outperforms the controller is produced from
the filtered state estimate. Clearly the worst performance pertains to the controller produced from

the quantized output. Hence we have shown the predictive coding has a significant advantage in
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network control system and it could be very useful. In particular geographically distributed large
scale network control systems. Of course this requires to be balanced against the computational
cost of operation Bayesian filter at the receiver.

We have explored very specific periodic coding strategies of the plant output signal and
their impact on linear quadratic performance subject to an expected escape time. We realized the
more correlated is the controlled output, the more benefit is obtained by coding. The conclusion
is that the coding is of most value when the number of bits is small. Through some basic coding
strategies, we have shown the control objective function has a key role to play in the efficacy of
coding depending on the nature of the controlled output signal.

The novel commodity of this study traced back to treat the quantization’s saturation
via introducing the escape time first and assess the LQG performance over that time. We have
decomposed the quantizer in two stages as infinite levels quantizer and saturation. So it offers us
to investigate the linear controlled covariances and escape time at once. The study of the escape
time is distinguished from other studies which seek to focus on infinite-horizon average or to
manage asymptotic properties.

The future and subsequent directions could be: we would introduce more complicate
communication channel and the second channel from the controller to the plant. Incorporation
of further channel defects such as packet-drop, delays are simple extensions of the Bayesian
filter, additive noise and more complicated channel codings. The coding methods to be studies
could cover, not just more sophisticated codes tuned to the control output signal properties, but
error-correcting codes when the channel introduces errors. From a practical point, when we
implement Bayesian filter, we have chosen a stationary problem to be able to compute on a static
grid, while more generally Bayesian filter is realized through Particle filters.

Generally the innovations sequence no longer need to be white. Even in case of linear non-
Gaussian, it is uncorrelated but not necessarily white. In addition we can extend the computation

with fully nonlinear, time-varying state and measurement equations.
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