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Abstract

In this report, an algorithm for the detection of collision between two vehicles
is presented. The mechanical models used for the vehicles are based on
the theory of a Cosserat point. Here, we find it convenient to establish
the corresponding models using the theory of a pseudo-rigid body. This
theory facilitates the development of our collision-detection algorithm. The
report concludes with four examples of vehicular impact scenarios in order
to illustrate the applicability of the proposed algorithm.

Keywords: IVHS America, Vehicle Dynamics, Collision Dynamics, Safety,
Computer Simulation, Animation and Simulation
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Executive Summary

In the companion report (O'Reilly, Papadopoulos, Lo and Varadi [19]), a
model was developed for a single vehicle based on the theory of a Cosserat
point. This model was intended as a predictive tool for vehicle simulations
at low relative collision speeds. To use this model, it is necessary to develop
the capabilities to detect possible collisions between two vehicles which are
modeled using the formulation in [18]. The focus of the present report is
the development of a collision-detection algorithm which can be used for this
purpose.

To develop the collision-detection algorithm, we find it convenient to em-
ploy the theory of a pseudo-rigid body due to Cohen and Muncaster, and it
can easily be placed in correspondence with the theory of a Cosserat point.
Consequently, the algorithm developed in this report can be used with our
earlier vehicle model.

The report begins with a summary of the theory of a pseudo-rigid body.
For convenience, we also relate this theory to the more familiar theories of
rigid bodies and classical continua. After this summary, an approximate
model of the vehicles’ geometries is developed. This model approximates
each vehicle as a pseudo-rigid (deformable) ellipsoid. Due to the spatially
homogeneous deformation undergone by the pseudo-rigid body, these ellip-
soids remain ellipsoids in any subsequent elastic deformation. The surface of
these bodies is parameterized by two coordinates, and the collision-detection
algorithm provides the points of impact between them. This information 1s
subsequently used in conjunction with the vehicular model to predict the
post-collision response of the vehicles.

To illustrate the algorithm, selected examples are presented and dis-
cussed. The examples pertain to pseudo-rigid bodies where some of the
features of the vehicle model have been ignored: this was necessary in or-
der to validate the predictive capabilities of the algorithm. In the future,
we intend to incorporate the algorithm with the vehicular model that was
developed in [19] in order to simulate the collision of several vehicles.
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0.1 Introduction

In the companion report (O’Reilly, Papadopoulos, Lo and Varadi [19]), a
model was developed for a single vehicle based on the theory of a Cosserat
point. This model was intended as a predictive tool for vehicle simulations
at low relative collision speeds. To use this model it is necessary to develop
the capabilities to detect possible collisions between two vehicles which are
modeled using the formulation in [19]. The focus of the present report is
the development of a collision-detection algorithm which can be used for this
purpose.

In the preceding report, the theory of a Cosserat point was used to
establish a vehicular model. However, to facilitate the development of the
collision-detection algorithm, we find it easier to employ the theory of a
pseudo-rigid body. This theory was developed by Cohen [6] and Muncaster
[10] in the 1980’s. A related theory was also developed, somewhat earlier,
by Slawianowski (see [23], [24] and [25]). Briefly, the pseudo-rigid body is a
deformable continuum capable of undergoing only homogeneous deformation.
The theory of a Cosserat point, which was developed by Rubin and Green
and Naghdi (see [12], [21] and [22]), can be placed in direct correspondence
to the theory of a pseudo-rigid body. Hence, the developments of this report
are applicable to the vehicle model discussed in [19]. The reader is referred to
this report for a comprehensive discussion of the computational advantages
of the vehicle models used here when compared with traditional methods.

This report begins with a summary of the theory of a pseudo-rigid body,
which is presented in Section 2. For convenience, we also relate this theory
to the more familiar theories of rigid bodies and classical continua. After
this summary, an approximate model of the vehicles’ geometries is devel-
oped in Section 3. This model approximates each vehicle as a pseudo-rigid
(deformable) ellipsoid. Due to the deformation captured by the pseudo-
rigid body, these ellipsoids remain ellipsoids in any subsequent deforma-
tion. The surface of these ellipsoids is parameterized by two coordinates,
and the collision-detection algorithm provides the points of impact of the
ellipsoids. This information is subsequently used in conjunction with the
vehicular model to predict the post-collision response of the vehicles.

To illustrate the algorithm, selected examples are presented and dis-
cussed in Section 4. The examples pertain to pseudo-rigid bodies where
some of the features of the vehicle model have been ignored: this was nec-
essary in order to validate the predictive capacity of the algorithm. In the
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Figure 0.1: The reference and current configuration of body B.

future, we intend to incorporate the algorithm with the vehicular model that
was developed in [19] in order to simulate the collision of several vehicles.

0.2 Introduction to Pseudo-rigid Bodies

0.2.1 Theory of Deformable Bodies

Consider a body B which at time ?, occupies a region R, in the Euclidean
three point space E°, and is bounded by a smooth closed surface 9R,. The
same body at time ¢ occupies a region R which is bounded by a closed surface
OR. Let X and x denote, respectively, the position vectors of a particle X
in the reference configuration at time ¢, and present configuration at time ¢,
with respect to fixed orthonormal bases E 4 and e;, respectively, as shown in
Figure 1.
The motion x of the deformable body B is defined so that at time ¢,

x = x(X,1), (0.1)

where x 1s assumed differentiable as many times as desired. The deformation
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Figure 0.2: Momentum balance.

gradient relative to the reference configuration is defined by

Ix(X,t)
F = —ox (0.2)

and its Jacobian J= detF is assumed to be non-zero for all t. The non-
vanishing of J implies the existence of the inverse deformation gradient F~!
and also guarantees the invertibility of the motion described by (1).

Two types of external forces are admitted, namely body forces b per
unit mass and surface forces (or contact forces) t = t(X,#;n) per unit area,
where n denotes the outward unit normal to the surface, as shown in Figure
2. The three basic physical principles in the purely mechanical theory are
conservation of mass, balance of linear momentum and balance of angular
momentum [18]. The last two principles state that the total linear momentum
and angular momentum of each part of the body are balanced in the sense
that their rates of change are equal to the total applied force and torque,
respectively. These are often referred to as Euler’s laws. These laws have
been applied successfully in both rigid-body and deformable-body mechanics.
In the latter case, they lead to local forms usually referred to as Cauchy’s
first and second law, respectively.

The integral forms of the momentum balance laws for a part S of the
body B occupying, in the current configuration, a region P with boundary
surface P are written as:

d
— pvdv:/tda—l—/pbdv:f, (0.3)
dt Jp op P



d

Xvadv:/thda—l—/pxxbdv:M, (0.4)
dt oP P

where f and M, respectively, are the resultant external force vector and
moment vector on 9P with respect to the origin of the orthonormal basis e;.
In addition, p is the mass density in the current configuration and v is the
velocity vector.

A standard argument leads to Cauchy’s theorem for the existence of
the stress tensor: the stress vector t depends linearly on the normal n, i.e.,
t = Tn, where T is the Cauchy stress tensor (also known as true stress).
Upon application of the divergence theorem and Reynolds transport theorem,
one obtains

/1)(diVT + pb — pv)dv=0, (0.5)

where divT =

indices. Recalhng the arbitrariness of P and using the localization theorem,
it follows that

- and the summation convention is enforced for roman

divT + pb = pv, (0.6)

which is Cauchy’s first law of motion. Obviously, equation (6) is a par-
tialdifferential equation. A similar procedure can be applied to equation (4),
yielding Cauchy’s second law of motion in the form

T =T (0.7)

0.2.2 Rigid Body Mechanics
A 1igid body can only undergo a motion of the form
x = QU)X + c(f), (0.5)

where Q is a proper orthogonal tensor-valued function (namely, QQT =
QTQ = I, where I is the identity tensor and detQ = 1) and ¢ a vector-
valued function, both depending on time only (cf. [3], [4] and [28]). The

total mass of B is
m = /pdv = / po AV, (0.9)
R Ro



where p, 1s the mass density in the reference configuration. Next, introduce
the position vectors X and X of the mass center of the body in the reference
and current configuration, respectively, as

mX = / poX dV | (0.10)

mX = /px dv . (0.11)
R

Also, let the relative position vector in the reference configuration be defined

as IT = X — X, such that

/ p Il dV = 0. (0.12)

A corresponding relation can be established as

/pﬂ' dv = 0, (0.13)
R

where w = x — X is the relative position vector in the current configuration.
It follows that in the current configuration , the linear momentum G and the
angular momentum H of the body relative to X, are

G:/pfcdv, H:/pﬂxfrdv, (0.14)
R R

respectively. Clearly, equations (12-14) are applicable to both deformable
and rigid continua. Let the angular velocity tensor be defined as € = QQT
and note that the skew-symmetry of € implies the existence of an axial
(angular velocity) vector, such that Qa = w X a, for any vector a. Using
(8), it can be easily seen that

T =QIl, # = Qn = wxnw, w-®w = 0. (0.15)
With the aid of (14)y, the angular momentum H may be expressed as

H = Juw, (0.16)



where the inertia tensor J is defined by

J:/p((ﬂ'-ﬂ')I—ﬂ'(X)ﬂ')dv. (0.17)
R
The principles of linear and angular momentum are

f=G=mx, M=H=Jo + Jo, (0.18)

where use has been made of equations (13-16). Note that in contrast with
(6), equations (18) are ordinary differential equations.

0.2.3 Theory of Pseudo-rigid Bodies

Between the above two extremes represented by rigid and general deformable
continua, one may consider bodies whose motion is governed by ordinary-
differential equations (as with rigid bodies) and which are capable of un-
dergoing certain restricted modes of deformation. Pseudo-rigid bodies fall
within the above framework: they may undergo only homogeneous defor-
mation. Recall that the motion of a general deformable body is defined by
equation (1), hence the deformation gradient F is given by

dx = F(X,t) dX . (0.19)

Since the deformation of a pseudo-rigid body is spatially homogeneous, the
deformation gradient depends on time only, namely

dx = F(t) dX, (0.20)
or after integrating the above equation,
x = F)(X — X) + x. (0.21)

A purely mechanical theory, such as that for pseudo-rigid bodies, should
be consistent with Euler’s first and second law as they apply to general
deformable continua. The equation of linear momentum balance for the
pseudo-rigid bodies can be derived from equation (3) with the aid of the

transport theorem as
f = / px dv
R

= /Rp(i—'c+i'r)dv

= mx. (0.22)



Indeed, the equation of linear momentum balance for the pseudo-rigid bodies
is identical to the respective equation in rigid-body mechanics, in the form
(18).

Regarding angular momentum balance, note that by using (14), the
tensor H corresponding to the skew-symmetric part of angular momentum
can be written as

A

H:/p(ir®7r—7r®7°r)dv. (0.23)

By the definitions of IT and =, it is seen from equation (8) that = = FII, so
that equation (23) can be rewritten as

H = / po (FIIQ FII — FII ® FII) dV . (0.24)

o

Since F is a function of time only, equation (24) takes the form
= F (/ pOH®HdV> FT _ F (/ pOH®HdV> FT . (0.25)
Ro Ro
Defining the Euler tensor E, as,

E, = / p I @I dV, (0.26)

o

the tensor H can be rewritten as
H = FE.F' — FEF7 . (0.27)

Differentiating (27) with respect to time, one may deduce the skew-symmetric
part of angular momentum balance in the form

M = H = FE,F' — FEFT . (0.28)
Next, define the mean Cauchy stress tensor T over the body as
VT = / T dv , (0.29)
R
or equivalently

2VT = /(T I + 1T dv, (0.30)
R



where, using the definition of =,

o

I = —. 0.31
I (0.31)

Using (6), (31) and invoking the divergence theorem, equation (30) leads to

2VT = /(t®7r + T®t)da + /p(b®7r + m®Db) dv
OR R
= /p(5'<®7r+7r®>"<)dv. (0.32)
R
Since # = FII, x = 7 + X, it follows from (32) that
2VT = /(t®7r—|—7r®t)da—|—/p(b®7r—|—7r®b)dv
OR R

- F</ pOH®HdV>FT—F</ pOH®HdV>FT

o

— /p(;"'c®7r+7r®>'"<)dv. (0.33)

With the aid of (13), it can be shown that the last term of the above equation
vanishes identically. Using (26), it may be concluded that

2VT = /(t®7r—|—7r®t)da—|—/p(b®7r—|—7r®b)dv
OR R

— FEJF’ — FEJFT, (0.34)

which constitutes the symmetric part of angular momentum balance. From
(22), (28) and (34), it is seen that the equations of motion for a pseudo-rigid
body are ordinary differential equations.

Instead of the local Cauchy stress tensor field T used in general de-
formable continua, pseudo-rigid bodies sustain only a mean or average Cauchy
stress tensor T, acting uniformly throughout the domain of the body. Con-
sequently, local constitutive equations of the form T = T(X, F) postulated
for general continua give way to global constitutive equations T = T(F) It
the body B is composed of Green-elastic material, then there exists a strain
energy € per unit mass, such that

Oe

S = poor - (0.35)



where S is the second Piola-Kirchhoff stress tensor and E = %(FTF - I
is the relative Lagrangian strain temsor. For example, assuming that the
material produces a neo-Hookean response,

poe = ptrE | (0.36)
where y > 0 is a material constant. In view of (35), it is concluded that
S = ul. (0.37)

Recalling that the Cauchy stress tensor T and the second Piola-Kirchhoff
stress tensor S are related according to

JT = FSFT | (0.38)

the constitutive law (37) can be expressed in the form

T = 4B, (0.39)

where B = FF7 is the left Cauchy-Green deformation tensor.

The theory of pseudo-rigid bodies provides a convenient framework,
much like classical rigid-body mechanics, for the analysis of changes in the
position and orientation of a body subjected to external loading. In par-
ticular, it represents a generalization of rigid-body mechanics. At the same
time, the theory of pseudo-rigid bodies is capable of predicting gross defor-
mation and associated stresses. In that sense, it represents a restriction, or
a “coarse” version, of the theory of elasticity.

0.2.4 Theory of a Cosserat Point

In the previous report [19], the theory of a Cosserat point was used to estab-
lish the vehicle model. We find it appropriate to outline the correspondence
between this theory and the theory of pseudo-rigid bodies here. Several of
these results are seemingly well known; indeed they can be inferred from
Cohen and Muncaster’s earlier work [10].

We recall that a Cosserat point is a theoretical model for a continuum.
The present configuration of the Cosserat point is defined by the vectors r
and dy, which are vector-valued functions of time. The latter vectors are
known as directors. For the present purposes, N is a free index which has
a range from 1 to K, where K is the number of directors. Corresponding to



these vectors, we define a fixed reference configuration of the Cosserat point
by the constant vectors R and Dpy. The velocity and director velocities of
the Cosserat point are

v=r , wy=dy , N=1,....K |, (0.40)

where a superposed dot denotes the time derivative.
From the developments of Rubin [21] and Green and Naghdi [12], we re-

call the mass conservations, the balance of linear momentum, the K balances
of director momentum and the balance of angular momentum:

m=0 , ¢g¥=0 , ¢M¥=0 |, (0.41)
m(v+y wy)=n (0.42)
m(y™v 4y M) =1V — KV (0.43)
dy xkV =0 . (0.44)

In these equations, m is the mass of the Cosserat point, 3y, yVM = yMN
are its inertia parameters, n is the applied force, 1V are the applied director
forces and k?V are the intrinsic director forces.

To establish a correspondence between the two theories, it is first nec-
essary to assume that K, the number of directors, is 3. It is assumed that
the inertia coefficients y™¥ are zero. We next define the following invertible
tensor:

F=d,oD . (0.45)

where D' = §! Dy, and ¢, is the Kronecker delta. Subsequently the two Euler
tensors for the pseudo-rigid body can be defined in terms of the directors
using the identities

Eo = myik D, ® D, 5 E = myik d, ® d, . (046)
The two final identifications concern the forces. First,
VI=k'®d; . (0.47)

Then, the assigned forces are identified with the surface traction and body
force contributions to the left hand side of the balance of angular momen-
tum for the pseudo-rigid body (see equation (34)). With the aid of some
elementary calculations, it may be shown that the solutions to the equations
governing the motion of the pseudo-rigid body will be identical to those ob-
tained using the corresponding equations for a Cosserat point.

10



0.3 Impact of Two Pseudo-rigid Bodies

The kinematic constraints imposed on contacting bodies is of utmost im-
portance in the analysis of vehicular collision. In this section, contact is
considered by constructing a simplified vehicle geometry, by detecting po-
tential collisions, and by numerically finding the location of the contact and
the direction of contact forces.

The dynamic contact problem distinguishes itself from its static coun-
terpart in that the inequality constraint conditions stemming from impen-
etrability hold not only for the displacements along the contacting surfaces
but also for their time rates. The impenetrability constraint [26] may be
expressed in equality form during persistent contact as

(X2 + w) — (Xi + w)]-m(X,t) = 0, (0.48)

where uy = uy(Xy,t), uz = uy(Xy,t) are the displacements for bodies By
and By and n; is the smooth outward unit normal to the boundary 0R; of
B in the current configuration. The material time derivative of (48) results
n

(B — ay)-my + [(Xy + wy) — (X4 + wy)]-fy = 0. (0.49)

Taking into account that the unit normal n, lies in the direction of the vector
connecting the contacting points, it can be readily shown that

[(Xz + 112) — (X1 + ul)]'fll = 0. (050)
This, in turn, implies that (49) reduces to

(8 — @) ny = 0. (0.51)

In the context of this work, the vehicle is approximated by an ellipsoid
and modeled as a three dimensional pseudo-rigid body as shown in Figure
3, where A, B and C are principal semi-axes of the ellipsoid. Consequently,
a typical vehicle consists of main body whose surface is approximated by an
ellipsoidal, in addition to the suspensions and the tyres, as discussed in [19].
The choice of ellipsoidals greatly simplifies the ensuing computations and
provides a geometric description which is consistent in its level of approxi-
mation with kinematic assumption of spatially homogeneous deformation, as

11



Figure 0.3: The representation of an ellipsoid in Cartesian coordinates.

\—The original e]lh'qpsoidSJ
3, \ B

Two fictitious spheres

Figure 0.4: The detection of potential contact.
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stated in equation (21). Clearly, the high-order surfaces can be considered,
preferably in connection with the admittance of non-homogeneous deforma-
tions.

The impact history is identified by distinct stages, namely, (i) pre-
impact, (ii) impact and (iii) post-impact. In order to provide a crude check
of potential contact, the two ellipsoids are superscribed by fictitious spheres,
as shown in Figure 4 in the spirit of well-known pin-ball algorithm [2]. Sub-
sequently, the equations of motion are advanced in time using a higher-order
accurate Runge-Kutta integration scheme discussed in the companion report
[19]. At each discrete time, contact between the two vehicles is checked using
the condition

d < R + Ry, (0.52)

where d 1s the distance between the mass centers of B3| and Bs in the current
configuration and the radii of two fictitious spheres, R; and R,, are the
maximum principal semi-axes of the two ellipsoids, respectively.

If (52) holds, then two vehicles are in potential contact. Since the time
steps used in the simulation are generally small, the penetration region (if it
exists) can be reasonably well approximated by a point, which is referred to as
the contact point. Once the two bodies are in potential contact, the analysis
focuses on the exact ellipsoidal geometries. This approach is particularly
important from the standpoint of computational efficiency, as it permits a
“fast” check of potential contact without resorting to the exact geometries

of the bodies.

The equation of an ellipsoid along its principal axes is
(1 — a)? P b? | (xs—¢)’

- =t o =1 (0.53)

where a, b and c represent the position of center of mass of ellipsoid with
respect to the Cartesian coordinate system with basis vectors e, e, and e3,
as shown in Figure 3, and x = z;e;.

A point on the surface of the ellipsoid can also be represented paramet-
rically [15] by its position vector as

R = (¢ + A cosu cosv)er + (b + B cosu sinw) ey
+ (¢ + C sinu) ez, (0.54)

13



Figure 0.5: Parametric representation of an ellipsoid.

where u € [—7/2,7/2], v € [0,27] are the surface coordinates of the ellipsoid
and a; (¢ = 1,2,3) lie in the principal directions of ellipsoid (cf. Figure 5).
Thus, the parametric representation of two bodies can be expressed as

Ri = (¢, + A, cosu, cosv,) ey + (b, + B, cosu, sinv,) e,
+ (¢, + C, sinu,) es, (0.55)
and
R, = (a, + A, cosu, cosv,) e, + (b, + B, cosu, sinv,) €
+ (ca + C, sinu,) ey . (0.56)

where e;, 2 = 1,2, 3, are the principal directions of By and e/ are the principal
directions of B; in the reference configuration.

Next, introduce a rotation tensor Q that requires three parameters for
its specification. Euler provided a very clear way of constructing Q as three

14



simple rotations, according to which

where Q = QJE; ® E; and

cos # cos 1 cos 8 sin ) — sin #
( Qij ): sin ¢ sin # cos 1) — cos ¢sin )y sin ¢ sin #sin ) + cos ¢ cosp  sin ¢ cos §
cos ¢ sin f costh + sin ¢sinp  cos ¢ sin #sin ) — sin ¢ cos 1 cos ¢ cos
(0.58)

The angles ¢, § and ¢ are known as the Euler angles (see, for example, [14])
and E; are the basis vectors of a fixed orthonormal basis.

Given the above setting, the equations of the two bodies (55) and (56)
can be referred to a common basis E; whose origin is attached to the center of
mass of By and which translates, but does not rotate, with B;. We choose the
initial configuration as the reference configuration of two bodies and consider
the Euler angles, the positions of mass center and the principal semi-axes for
the By and B, as the initial conditions of the vehicular impact simulation
system.

The reference configuration of two ellipsoids are

R, = X,(u,,v,) Ey + Yi(u,,v,) Es + Z,(u,,v,) Es , (0.59)

Ry = X,(us,v,) Ev + Yo(us,v,) Ey + Z,(us,v,) Es . (0.60)

Clearly, R; and R, are functions of uy, vy, and ug, vy in their respective
reference configurations.

Given that both bodies are modeled as pseudo-rigid, it follows from (21)
that

X1 = F1 (X1 — Xl) + }_(1, (061)

X9 = F2 (X2 — Xz) + }_(2, (062)

where Fy(#) and Fy(t) are the deformation gradients for By and B, respec-
tively. Since the common basis is attached to, and translates with, the center
of mass of By, Xy and X; vanish identically. In addition, X, is given by the

15



initial conditions, while X5 is function of time only. Using (59-62), the sur-
faces of By and B, are respectively parametrized in the present configurations
as

ry = a,(u,0,) By + y(uy,v) Ex + 2 (u,,v,) Es (0.63)

ry = X5(Usy0s) By + yu(ts,v.) Eo 4+ 25(us,v,) Es | (0.64)

where ry and ry are the position vectors in the current configuration.
The points of potential contact on the two surfaces are defined so that
the distance S between them,

S(u17v17u27v2) = ||I'1 - I'2|| ) (0.65)

attains a minimum. The extrema of S are found by solving the system of
non-linear algebraic equation

85_0 85_0 85_0 85_0 (0.66)
aul N ’ (91)1 N ’ auz N ’ (91)2 N ’ ’
numerically.

After determining the values of uy, vy, us and vy corresponding to surface

points which render & minimum, one can easily obtain

81‘1 81‘1 81‘2 81‘2
Ayl — 9 Ay = 9 Ay — 9 Ay — 9
(91)2

— — — 0.67
Juq Jduy Juy ( )

where a,1, a,1, a,2, and a,y are the tangent vectors at the potential contact
points along the coordinate curves v = uy, v = vy, u = uz and v = vy on
the surfaces of By and B, in their current configurations. The corresponding
unit outward normal vectors n; and n, are

A1 X Ayl
n — ———— 0.68
1 ||aleau1|| 9 ( )
n, — A2 X Aug ) (0.69)
[z X ayz||

16
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Figure 0.6: The locations of possible contact points.

At this stage, contact penetration of the two surface points can be
checked using

(re—ry)-ny; <0. (0.70)

Given the ellipsoidal geometry of the two bodies, equations (66) may
converge to a set of solution for uy, vy, us and vy that corresponds to pairs of
points such as I-I, J-J, K-K’, P-K’ and K-P’, as shown in Figure 6. Typically,
equations (66) are solved using an iterative scheme such as Newton’s method
(cf. [1], [20] and [16]), where the solution which is obtained depends critically
on the initial guess for uy, vy, us and vy. An appropriate pair of contact points
can be identified by checking the corresponding distance S. Since only I-I,
J-J and K-K’ are valid pairs of contact points, the criterion

S < min (1“17 Bl, Cl, Az, Bz, Cz), (071)

can be used to filter out the pairs P-K’ and K-P’. One may then substitute
the solution into (63) and (64) to obtain the position vector of the contact
points. As argued previously, since the time step At is small any one of the
remaining solutions is considered valid to within an error of order At.

0.4 Illustrative Examples

The implementation of the impact algorithm between two pseudo-rigid ellip-
soidal bodies was conducted using Mathematica [29]. The relevant files are
available on request by contacting the authors at oreilly@me.berkeley.edu or
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panos@me.berkeley.edu. In the sequel, four cases are presented. The first
two cases verify that the algorithm could detect the contact points of two
bodies. The remaining two cases show how the algorithm can be used to
examine the pre-collision and post-collision motions of two colliding vehicles.
These examples are clearly not exhaustive of the capabilities of the algorithm
and are intended for the purpose of illustration.

Figure 0.8: Top view of the head-to-head contact of two vehicles.

The first case, which is shown in Figures 7 and 8, is a head-to-head
contact of two ellipsoids. The principal semi-axes for two ellipsoids are

A = 40(m) , By = 20(m) , Ci = 1.0 (m), (0.72)

Ay = 40(m) , By = 20(m) , Cy = 1.0 (m). (0.73)

In this case, the rotation tensors of the two ellipsoids are identity tensors.
The position of the geometric center of ellipsoid 1 is at origin and that of
ellipsoid 2 is

As expected, the algorithm predicted the correct contact point and unit
outward normal vectors at the contact points (cf. Figure 8).
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Figure 0.10: Top view of the head-to-side contact of two vehicles.

The detection of the position vectors of the contact points and the unit
outward normal vectors at the contact points for the head-to-side contact of
two vehicles is the second case considered (cf. Figures 9 and 10). The Euler
angle 1) was changed to #/2 from the previous example, and the position
vector of the geometric center of ellipsoid 2 was changed to (0,6,0). The
other parameters remained the same. As expected, the algorithm predicted
the correct results.

A sequence of graphics, shown in Figure 11, shows the pre-collision, col-
lision and post-collision of two vehicles for a specific set of initial conditions.
The two vehicles in this, the third, example initially move with velocities

In this situation, the vehicle model described in [19] is used to simulate the
behavior of ellipsoid 1. The other ellipsoid is, again, assumed to be rigid and

its motion unaffected by the collision. The principal semi-axes for the two
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Figure 0.11: Side view of the pre-collision, collision and post-collision of two
vehicles in a head-to-tail collision.

ellipsoids are

A = 15(m) , By = 10(m) , Ci = 1.0 (m), (0.76)

Ay = 15(m) , By = 1.0(m) , Cy = 1.0 (m). (0.77)

The position vectors of the center of mass of two ellipsoids at t = 0 are,
respectively,

The initial deformation gradients for body bodies are

+ E;QE,;, (0.79)
FZ(O) — E1 ® E1 —|— E2 ® E2 —|— E3 ® E3 . (080)
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Figure 0.12: Side view of the pre-collision, collision and post-collision be-
havior of two vehicles which are involved in a head-to-tail collision with an
initial 0.5 meter deviation.

The numerical simulation data is adopted from the companion report [19]
and the results are shown in Figure 11. In this simulation, as expected, the
velocity of the first body, which is deformable, is altered by the collision.

In the final case, all parameters are the same as previous case except
that the position vector of the center of mass of the first ellipsoid was shifted
to

%, = 0.5E; — 0.0406E; . (0.81)

The motions of two vehicles in this impact scenario are shown in Figures 12
and 13.
0.5 Concluding Comments

In this report, the development and application of an algorithm to detect the
possible collisions between two pseudo-rigid bodies was outlined. As pseudo-
rigid bodies, and equivalent Cosserat points, were used to develop a vehicle
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model in the precursor to this report [19], the proposed algorithm can be
used in conjunction with this vehicle model. In this respect, the algorithm
is a principal component of a model which i1s capable of modeling platoons
of vehicles. We intend in subsequent reports to use the algorithm presented

here in this manner.

22



0 5 10 15 20

Figure 0.13: Top view of the pre-collision, collision and post-collision behav-
1ot of two vehicles which are involved in a head-to-tail collision with an initial
0.5 meter deviation.
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