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ON "GENERAL CONSERVATION EQUATIONS FOR MULTIPHASE SYSTEMS:
1. AVERAGING PROCEDURE®” BY M. HASSANIZADEH AND W. G. GRAY

T. No. Marasimhan
Earth Sciences Division

Lawrence Berkeley Laboratory
University of California
Berkeley, California

In their paper on general conservation equations, Hassanizadeh and Gray1
correctly point out (their criterion 1) that when an averaging operation in-
volves integration, the integrand multiplied by the infinitesimal volume must
be an additive quantity. Whether a quantity possesses the additive property
or not should indeed stem from physical considerations. The additivity re=
guirement has considerable significance in diffusion type problems. A funda-
mental consequence of the requirement is that intensive quantities such as
pressure and temperature have first to be transformed to a quanﬁity with addi-
tive property (physically an extensive quantity: volume, heat; mathematically
a "measure") before they can be summed and averaged. This fact has been
conspicuously overlooked by many previous workers2s3¢4:5:6 yno defined, in

general, without introducing the additivity regquirement,

1
<V>—vj«ydv (1)
v

where y is any quantity. Obviously, ydv will not be an additive guantity if ¢
is fluid pressure in a porous medium or temperature. Hence (1) is, in general
only a mathematical definition which may be physically reasonable in some cases
(eege, when y is porosity}. For example, in oxrder that fluid pressure can be

averaged in a porous medium, it has to be multiplied by the storage parameter



and multiplied by dv to obtain volume change. Analogously, temperature has to
be multiplied by volumetric specific heat and dv to obtain heat content. Vol-

ume change and heat content are both additive gquantities.

The importance of the additivity requirement was recognized by this
writer7y who formally considered the concept of additivity in analyzing the
structure of the diffusion equation in the light of set theoretic concepts.
Based on these, he proceeded to define the "set average” or the average of a
guantity over a set of points. Depending on the nature of the set of points
{(one=, two= or three-dimensional) the "set average®™ can be a line average, an
area average, or a volume average. If, instead of a set of spatial points we

consider a set of mass points, the set average becomes mass average.

As pointed out by Narasimhan7, the storage parameter or the capacity
function {(e.gs., compressibility, specific heat) takes on a special signifi-
cance in the light of the additivity reguirement. The storage parameter is
thus a correlation function which relates intensive and extensive guantities

and is thus of fundamental importance in averaging.

The importance of additivity in regard to the physics of volume averaging

has been recognized by other workers also (e.g., Marlea).



REFERENCES

Hassanizadeh, M. and W. G. Gray, 1979. General conservation equations
for multiphase systems: 1. Averaging procedure. Adv. Water Res.,
2(3), 131-144.

Whitaker, S., 1969. Advances in theory of fluid motion in porous media.
Ind., Eng., Chem., 61, 14-=28.

Whitaker, S., 1977. Simultaneous heat, mass, and momentum transfer in

porous medias a theory of drying. 1In Advances in Heat Transfer, 13,
119-203.

Slattery, J. C.; 1969, Single-phase flow through porous media. J. Am.
Inst. Chem. Eﬂgoi 15(6); 866""8729

Gray, Wo G., 1975. A derivation of the equations for multiphase trans-
porte Chem. Engo Scie, 305 229-233,

Bear, J. and G. F. Pinder, 1978. Porous medium deformation in multi-
phase flow. J. Eng. Mech. Div., Am. Soc, Civil Eng., (EM4), 881-894.

Narasimhan, T. N., 1978. A perspective on numerical analysis of the
diffusion equation. Adv. Water Res. 1(3), 147-155. Earlier issued
as Rept. LBL-4482 of the Lawrence Berkeley Laboratory in March 1976.

Marle, C., 1967. Ecoulements monophasiques en milieu poreux. Revue de
1°'Institut Francais du Petrole, XXII{(100 1471-1509.









