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Abstract
At proton accelerators with energ_ieé of tens of GeV and vm.ore,
thé shiélding problems are dominated by the requirement of reducing
the flux.of muons to tolerable levels. This is especially true fér

accelerators making extensive use of extracted proton beams. We

present a technique for calculating the profile of the radiation shield

for muons for a number of practical situations of interest, viz., beam

loss in an internal target area, beam loss during transport of the ex-

' tracted proton beam down a long narrow pipe, and the case in which

the extracted proton beam is dumped in a backstop. Results obtained
from a corﬁputer prqgrém are presented graphically for different pos-
sible shield materials--heavy concrete, iron, lead, and deple'ted ura- |
nium.. The results span four orders of magnitude in muon flux nor-
malized to the rate of interacting protons, so that one can obtain uéeful
results by ihterpolation for a wide variefy of beam loss and desired
shield.ing situations, The prifnary'prbton energies used in the calcula-
tions--ZSl, 70, 200, and 300 GeV--will be recogﬁized as corresponding
to the energies of prbton accelerators at present eifher operating or |

under design,
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1. Statement of the problem; definitions

A previous repovrti) discussed the main factors involved in shield-
ing against muons, and treated in a crude way the calculation of the
extent of such shields in both the absence and presence of magnetic
fields. Although the approach described there invol\}ed many approxi-
mations, it did serve as a useful basis for comparing the volume of
shielding needed, for different assumptions about the nature of the
materials. A prografn to refine these calculations has been in progreés
in connection with the shielding requirements for the 200 GeV acceler- |
ator, and results are reported here for the case in which no magnetic
fieldsiare involved close to the origin of the muons,

1.1 Geometry

We are conﬁerned with two geometrical configurations fhat are of
practical interest. First there is the case of a target placed in a proton
beam passing along a cylindrical cavity surrounded by a thick cylindric.:al.
.v shield (see Fig, 1). This could correspond to targeting in a straight
‘section of the extracted beam or in a field-free region of a Collins
vstraight section of the internal beam. Alternatively, it could corre-

spond to beam loss in the vacuum chamber, transport magnets, or
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collimators in the extracted beam, provided a suitable line integral
were included in the calculation, Second, there is the case of the baék-—
stop, where the proton beam strikes a solid block of material, and we

need to know the extent of the block of material required to constitute

a biologically safe shield against muons. Within certain approximaf

tions the backstop problem can be treated as a special--and simpler--

case of the cavity pr'oblem,v and we therefore concentrate the discussion

on the first case,

1.2 Variables

Certain of the basic variables are shown in Fig. 1. Protons are
assumed to strike a target on the axis. Pions are considered to be
produced at éngle 6 with re spect to the forward direction and, if they

decay to muons, this aﬁgle, to a ve'ryvgood approximation, is pre-

served. (The maximum angle in -y decay is 0.04/P_, where P_'is in

' GeV/C, which is much less than the typical angle, 0, 'o'f'p'roc‘hiction’ for

the pions.) 'The contribution due to kaons is ignored here .and is be-

-lieved, from préliminary calculations, to be a small, é_,lmOSt constant
percentage correction to the results obtained by considering pions

~alone. The energy - of the pions is also assumed to be high enough

that the distinction between momentum and energy can be neglectéd. |
We will consider the flux at a radius r in the shield at a distance L
from the target. For a particle traveling in a straight line from the =

target the distance traversed through solid material is dehoted by S.

‘Thus, for energy-loss calculations, S is the relevant quantity, while

for inverse-square-law attenuation, L is the important variable. The

cavity radius d will be taken as about 0.15 m for the external beam

L ]
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(close-packed shielding) and about 2 m for the internal beam (man-sized
tunnel), The first case will be denoted ''cavity, ' the second "tunnel!
in the pre sentétion of the results, The approximation that 6 is small
enough to set sin § = tan § = 6 and cos 6 = 1 will be maintained throughout,
so that the profile of the shield will not be correctly calculated within
a few meters of the source.
1.3 Materials

The pertinent materials for which calculations are pfesented in
this report are heavy concrete (p = 3.5 g/cm3), iron, lead, and uranium.

1.4 Pions

Calculations were made by assuming two different models for
pion production: first, that due to Cocconi, Koester, and Perkins
(CKP), 2) and second, that due to Trilling. 3) Current opinioﬁ indicates
that the CKP formula seriously underestimates the number of high—
energy pions. Recent calculations by Hagedorn and Ranft, 4) based upon
a model of isobar production very similar to that of Trilling, give rea-
sonably good agreement with Trillihg's predictions for the pion spectra.
Results for two choices of spectral functions are given here to enable
one to gauge the magnitude of error in the shielding sizes (and costs) -
arising from the uncertainties in how to extrapolate the pion yield.

1.5 Energy

Results are presented for several primary energies which will
be recognized as those of accelerators at present cperating, under
constructions, or being actively studied for the future,

1.6 Energy loss

For shields that are needed for biological protection we are
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mainly concerned with the average behavior of muons, particularly

with regard to their energy loss. (In certain neutrino experiments the
fluctuations about the mean behavior have to be coflsidered much more
closely.) In addition to collision loss, contributions at high energy due
to nuclear intera._ction,. pair production, and bremsstrahlung are very
significant, 5) and the calculated values of dE/dx used below are shown
in Fig, 2. This figure clearly demonstrates the enhanced effectiveness

of high-Z materials in degrading the energy of the muons.

2. General formulation

The number of protons interacting in the target (or effective tar-
'gét) pé'r 'second is taken to be NO’ These gi\:re .rise to pions éf mofnéntum
p' at angle 6 with respect to the forward direction. We write the double
'diffe'l_f:en.tial distxjibutioh of these pions asv‘dZN/dp".bd'Qv pef ﬁrotén:—Ge‘V/c..
steradian. In driffing a diéfa.nce A before striking the shield and in’;er-
é.ct'ivng shortly thereaftér,v some of the‘pions -dec.ay'tovﬁldo‘nls‘ffavel‘in.g
in the Sariu_e directién. The probability for such decay, assuming Ay

" to be much less than A\p', is
; : A ‘ _ : g4
Decay probability = o where X = 55 m (GeV/c) ", (1)

The decay of pions of momentum p' gives rise to a spectrum of

muons with momentum p described by

R _dn _ 1 , ' .
Muon spectrum—a-ﬁ- Tp for p'>p >kp' - (2)

0 for kp' >p >0, where k = 0.57.
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Thus the momentum spectrum (per steradian, at angle ) of

muons striking the shield is

a’n = N pma)'{ N A dp’ (GeV/c “1srlgect (3)
dpde 0 FHrae %pr (T-kypT (GeV/e) ’

- where Prax equals either p/k or Py (primary beam momentum), which-

ever is less. This is the maximum energy of a pion that can contribute
by decay to a muon of momentum p.

‘We next consider the number of muons crossing an element of

" area dA at a position (r, L) in the shield (see Fig. 1). Since we con-

sider only small values of 6, cos 6 is taken to be unity and the element

~ of area is perpendicular to the beam axis,

If we neglect the Coulomb scattering of the muons in the shield

then the muons emerging through the element dA are those contained

within a solid angle aq = dA/LZ, produced at angle § = r/L and having

r-d
5 -

a range greater than S = Thus only muons above a minimum

© momentum p(S) contribute. We can write a suitable average momentum

loss per meter as 3, so that
p(S) = S = p(r-d)/6 = BL{1-d/r).

The flux of muons at the point (r, L) is then

-'/
i

dn _ B 1 dzn d
dA o dp d$T P -

(s) L®
p P :

) B dp max NOA 'dZN ' -2 4

= -5 7 dprdn dp' m sec . (4)
p(S) L p M1-k)p!
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Setting %% equal to some desired design level, say M, leads to this
equation for the profilé of the shield in (f, 1) coordinates, in the ab-
sence of Coulomb.scattering. For the cavity or tunnel geometry

A=4/6 = Ld/r. F_‘orvthe backstop geometry A is taken to be 1.8 Lo .

where L0 is the n@iclear absorption mean free path (see below).

If we now include Coulomb scattering, we must consider that

particles produced at angié @ undergo scattering and do not contribute
to the flux through the element dA; likewise, particles producedbat
some other arigle g' suffer '.scattering that results in their emergence

- through the element dA undei‘- consideration. A new variable, ¢, .now
enters the problem, namely the éngle between the plane containing the
‘axis and the element dA and the plane containing the axis aﬁd the initial
direction _’6' of the par‘ticlgs ultimately scattered bl_ack through‘ dA In

-~ Fig. .1(b) the defi_nitior.lbof. ¢ is illustrated. The number of muons with
momentum p that would (in the‘ absence of Coulomb scattering) have
‘passed through the element dA' at azimuthal angle ¢ and radial distance

r'=6'/L is {from Eq. 3)

dp', (5)

where p = p(S') and S' = L = 141 - =). | : 'y

20 ' : :
‘Here -d%—,—al\lg— is used to denote the value of the differential spectrum -
at angle ' = r'/L.
: !
. Because of Coulomb scattering some of these muons do not

arrive in the element dA', but instead pass through dA. This contribu-

tion is given by
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an _ d%n 1 1 1 .2
JAdAdp T IpdAT Im 2 exp [-;c?: |z-x :] (6)
- where 0 is the standafd deviation of the projected. multiple scattering
distribution for muons of initial momentum p after they have passed
th?ough a thickneéss S' of matter, Note that 0 depends on p. and r' -
but not on ¢. The total number of muons of all momenta that scatter

away from the direction of dA' into the element dA is obtained by inte -

grating Eq. 6 over the momentum variable, viz.,

P
2 B 3

d™n - d'n a (7)
dAdAT o(S") dAdAdp °P

where S' = (r'-d)/6' = L(1-d/r").

A further integration over the contributing elements of area,
dA' = r'dr'd¢, then yields the total contribution to the particles passing
thréugh dA, This assumes that the area dA is surrounded by scattering
materia.l_, whereas in faét dA may be located on the surface of the shield,
This is not too bad an assumptiop, because by far the greater contribu-
tion to the r' integration comes from points with r' < r. Thus we have,
finally, |

dn » e dZn
= ! '

Sm 27 Pp ( 23 ) ‘
Y A S‘ a¢§ —— | dp. (8)
d 0 p(sn \dAdATdp |
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It is convenient to interchange the order of integration over p and

é. After reordering and substituting from Eqs. 5 and 6, we have:

P | |
w B 2. 20,52 2m 2
dn _ C§ N dr_'§ 1 (x7er y/20 dpS‘ JTr' cos 8/0 dé
d p . : ,

(SY o® 0

Pmax 42N dp'
X f  FHEaeC 2
P ‘ P

muons — sec_1, "~ (9)

where C = Ny/2m\(1-k) L.
Setting this equal to M (the constant desired level at the surface

of the shield) defines the (r, L) equation of the shield profile.

3, Parameters and formulae used in the integrations

‘We now discuss the ingredients of the integral that have to be
chosen in o_rder' to evaluate it. Several expressions have been pi'o—
. : : 2-4)

posed for the doublé differential source function for t_he p_ions.

‘Results are given later for the two cases

2 n T ' -p@/p '
@ T oo /T PR |
CKP: a‘m —> (_T) e : e ’ (103-)
21Tp0
. 2. o -4.8p/Np, -2.60Np 6°
Trilling: S N_ = Ap® e ° .
rilling: =g = AP | o
Bp2 -10.4(p'/pB)2 -3.9p6 ‘
+ —— € ] e : . (1Ob) |

pB | .

© The Trilling forr’nula3) and also that proposed by Hagedoi'n and
; Ranft4) predict many more high-energy pions from high—énerg"y proton

collisions than does the CKP formula,
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The rms value, 0, of the Coulomb scattering distribution is

given (see, for example, Ref, 1) by

2 S 2 |
0% = (0.045)"p _y dy_ meterz, ' (11)
0 0 (pg+By)

where oF is the muon momentum after traversing the thickness S, and
B is the rate of momentum loss in GeV/c per meter. In general f8 is
a function of both y and g If B can he effectively trecated as a con- -
stant, Eq. 11 can be written
2 pe\2  fp P ‘
2 _(0,045)"p 1 f <f> f
g% = p: |1 -l—] +2\—]tn — 1. (12)
Xy ;3-3_ t Py Pi 1

This form gives adequate accuracy provided a suitable effective value
of B is chosen, viz. the average over the distance S through matter in’
which the muon momentum is reduced from p; to Py This is the form
used in our computer program.

The values for the various constants used in evaluating Eqs, 10,

14, and 12 are given in Tables I and II,

Table I. Constants used in the flux formulae,

CKP Trilling
Pp (GeV/c) n_ T Py - on_ A B
25 1.04  3.36  0.22 | 1.32 3.30 4.16
70 1.33  7.68 0.22 | 1.84 3.30 4.16
200 C4.69  16.20  0.22 | 2.91 3.30 4.16
300 1.87 214.75 0.22 | 3.55 3.30 4.16
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Table II. Constants used for different materials,

Material plg/m’) L, (gm/m%) X, (g/m°)
(x 10) (x 10%) (x 10%
Heavy concrete 3.49 134 12.85
Iron 1.8 134 13.8
Lead - 11.34. 202 5.8
Uranium - 18.7 : 210 - 5.5

The value to be inserted for A in Eq. 9 depends upon the geometry

of the situation., The following expressions were used in the calculations:

' (1) Cylindrical cavity or tunnel: A=d/g,

where d = radius of cavity or tunnel,

6 = angle of production of the pions;

(2) Backst‘op:. A= 18 Ly
where.Lb.i' nuclear absorption m.ean free path in the -
| Backstop material (é_ee Table II), |

Thus for thé cylindrical éavify we é.ésume théf fhé pions are zsﬂgsobrbed v
the moment they strike the material of the __shield, and that only; 'thve'v
distance between  the target and .the point of impact need be considered
for occurrence of the n - 4 decay. Because we further assume that
major interest in the shield thickness is near the forwafd direction,
the approximation sin § = 6 is made. Thus the flux calculation should
be useful out to angles 6 ~ 30 to 40 deg, which is far beyond the‘point
~where the production formulae, Egs. 10a and 10b, are valid.

In the backstop geometry it is not obvious that A.can be taken as

+a constant (for a given material). The justification for this is based
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upon the cascade calculations by Riddell. 6) He used the Trilling for-
mulae (Eq. 10b) for the production of pions by hucleons, and other cal-

5)

culations by Trilling”’ for the production of nucleons by nuc:leon's, and
calculated the flux of pions and nucleons at various depths in homogeneous
absorbers of different atomic weight. By integrating over pion energy
and the probability of decay to a muon, and finally integrating over the
thickness of the absorber, one can derive a differential momentum
spectrum for the muons that are produced. The results of such a cal-
culation for copper (L0 = 418 cm) are shown by the solid curve in Fig.v 3.
Also shown for comparison (dashed curve) is the flux ofrr'vnuons produced

when pi‘oris emerge from a point target and are allowed to decay for .1;

meter downstream from the targét, viz.,

dn dZn L S _
dp =S T 10 N
2y

whel.‘e'th.e. iﬁtegrand 1s gf.ven by Eq. 3 with A = 1 meter, and%};—a—ﬁ is
ta‘lken“f‘ro.m Eq 10b. Both curves are véry similar in shape, but dis-
pla.c'éd from éach other by a factor of three. We therefﬁre have assumed
that Eq. 3 is a valid description of the x%nuon flux, provided‘ a éuitable-
constant effective value for A is inserted. For copper, ‘A=33cm = 1.8
LO’ and because the decay p-robability scales linearly with ab.sorptio'n

. mean vfree path in this model, the value A = 1.8 LO is used for vothgr’
materials. All the muons are assumed to be born at the pbin’c of imvpact B
of the protons with the shield rather than distributed over the first 'few
mean free paths. This is justified because the length 1.8 _Ld is negligibl’e '.
. compared with the typical dimensions of the shield at small anglés

(sin 6 = g),
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4, Results

A computer program was written for the Lawrence Radiation

Laboratory CDC 6600 to evaluate the muon flux SA in units of,mﬁbns
-1

, as given by Eq. 9lwith NO =1,

A partlcular value of L was inserted and the flux calculated at a shield

(meter) (1nc1dent proton) -1 (sec)

- radius r; thereafter an iterative process was used whereby ‘r AWa's'
‘varied 'until dn/dA equaled the desired value M Since N, will be in
the region of 1013 protons Sec"'i, 'an.d the tolerance value for f.a.str
muons is of the obrder éf 10° muons meter "2 seco'nd_'l, the (r, L) equa~

tion of the shield profile was printed out for values of M = 10—9, 10_§,

7 1076,
In evaluatlng Eq. 9 the leftmost 1ntegral over r' should in. prln—
c1p1e be taken from r'=dtor'=w, where d =0 for the backstop case.

In fact, this integral was evaluated numerically by a trapezoidal rule

from r' =d to r' = R, where R was taken to be 20 cm greater than r,

the radius of the shield. The coptribution to the integral from values '

'of r' > r is small and the value 20 cm is not critical. The azimuthal '

integral in Eq. 9 can be written

0(2)’

2t - 2 S .
S‘ ST cos 6/0 dé = 2nl (XX
0 v Y

where 'Io(z)' is the usual symbol for the modified Bessel function. This -

was evaluated by a standard library subroutine.

It is of interest in understanding the' behavior of the muons in the

shield to isolate sepa.rately the effects of Coulomb-scattering diffusion -

and of production-angular divergence. Arrangements were made in

&)
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the program whereby the effect of Coulomb scattering was made negli-
gible and the profile' of the shield calculated, as;uming all latefal angu-
lar spread was due to the initial angular spreé.d of the pions. On the
other hand, the profile could also be calculated on the as sumption that
all production angles weré zero and the only lateral diffuéion was due .
to scattering. Examples of such calculations for backstops of four
materials and for M = '10.—8 are shown in Fig, 4, where the CKP pion-
production spectrum was used, It ié clear from these curves that theﬁ
relative importance.of the two effects varies throughout the. shieid |
length, but that they b(')vt‘h remain comparable to each other. Near the
front of the shield the lateral dimension is determined mainly by pro- _
~duction angle. The scattering effects help in allowing a shorter overall.
length of the shield. The remaining graphs (Figs. 5 through 38) show
shield profiles calculated from Eq. 9 by using the CKP and Trilling

production distributions at four flux levels (M = 1070, 1077, 1078, 107%).

They are organized as follows: '

Figure numbers  Incident proton momentum

(BeV/c)
5 through 11 : 25
12 through 20 70 |
21 thrdugh 29 200
30 through 38 300

The profiles refer to calculations for a backstop and a long
cylindrical cavity of inner radius d = 0.45 cm. The latter is a geometry

appropriate to the transport of an extracted proton beam down a pipe
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with close -packed shielding around it. In addition, results are shown
for d = 2.0 m for barytes concrete only, which is a geometry appropriate

to the shielding of a proton beam in a fairly large tunnel.
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This report was prepared as an account of Government
sponsored work. Neither the United States, nor the Com-
mission, nor any person acting on behalf of the Commission:

A.

Makes any warranty or representation, expressed or
implied, with respect to the accuracy, completeness,
or usefulness of the information contained in this
report, or that the use of any information, appa-
ratus, method, or process disclosed in this report
may not infringe privately owned rights; or

Assumes any liabilities with respect to the use of,
or for damages resulting from the use of any infor-
mation, apparatus, method, or process disclosed in
this report.

As used in the above, "person acting on behalf of the

Commission" includes any employee or contractor of the Com-
mission, or employee of such contractor, to the extent that
such employee or contractor of the Commission, or employee

of such contractor prepares, disseminates, or provides access
to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.








