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ABSTRACT OF THE DISSERTATION

Boundary Controllers and Observers for
Korteweg-de Vries, Hyperbolic, and Parabolic PDEs

by

Shuxia Tang

Doctor of Philosophy in Engineering Sciences (Mechanical Engineering)

University of California, San Diego, 2016

Professor Miroslav Krstic, Chair

This dissertation presents the study of some advancements in the control
theory and application of the systems described by partial differential equations.
Three classes of partial differential equations are discussed, mainly concerning three
topics: stability analysis, boundary controller design and disturbance rejection.

Stability analysis is a topic of great interest and importance in the control
area, for which the Lyapunov method and the operator semigroup theory are used
in this dissertation. Stability analysis can serve as a guidance of controller design
with the objective of stabilization, and the most frequently employed approach for
system controller designs in this work is the backstepping methodology. We design

state feedback boundary controllers based on backstepping, and further construct

xxi



output feedback controllers in assistance with the state observers designed to re-
cover the full system states. Moreover, the sliding mode control and the active
disturbance rejection control techniques are applied for the purpose of disturbance
rejection.

In detail, the following three classes of systems are investigated. The first
class consists of the Korteweg-de Vries systems. For a (nonlinear) Korteweg-de
Vries equation, the asymptotic stability analysis is conducted. Two methods, one
relying on normal forms and the other relying on a Lyapunov approach, are em-
ployed based on the center manifold theory. Both prove that the equation is (lo-
cally) asymptotically stable around the origin. A class of linear Korteweg-de Vries
systems with possible anti-diffusion is also discussed, focusing on the backstepping
controller designs. The resulting closed-loop control systems exhibit exponential
decay with respect to the corresponding state norms.

The second is a general class of coupled bidirectional hyperbolic systems
with spatially varying coefficients, concerning stability analysis, controller design
and disturbance rejection problems. This study borrows the controller design idea
from an existing result for the systems with constant coefficients, and extends it
to deal with time-varying coefficients. As a result, finite-time stability is achieved.
With regards to the systems running into control matched uncertainties and dis-
turbances, disturbance rejection and disturbance attenuation are achieved for the
closed-loop feedback systems with sliding mode control and active disturbance
rejection control, respectively.

Furthermore, the application of estimation techniques to a real-world issue
is studied, i.e., the state-of-charge estimation problem in lithium-ion batteries. A
thermal-compensated electrochemical model of lithium-ion batteries is proposed.
Adding thermal dynamics serves a two-fold purpose: improving the accuracy of
state-of-charge estimation and keeping track of the average temperature which is
critical for battery safety management. This model can be included by the third
class, i.e., the parabolic systems with time-varying coefficients. Note that in these
systems, the time dependency of the system coefficients makes the observer design

problem nontrivial. This dissertation can be conducive to future related endeavors.
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Chapter 1

Introduction

1.1 A brief overview of PDE control problems

1.1.1 PDE systems

Most real-world physical systems are modeled by partial differential equa-
tions (PDEs), which include fluid dynamics, electrochemical and chemical reac-
tions, large-scale multi-agent systems, etc.

To have a brief overview, the first-order PDEs generally serve as models
for water waves, traffic flow [1], gas transportation [2], oil drilling [3] and a wide
range of biological systems. Typical first-order PDEs are the transport equation,
the inviscid Burger’s equation, etc.

Diffusion processes such as thermodynamics and chemical reactions can be
governed by the second-order PDE systems. Standard examples of second-order
PDEs, to name just a few, are the Laplace’s equation, the heat equation, the wave
equation and the viscous Burgers’ equation.

Third-order PDEs arise in the study of dispersive wave motion, including
long shallow water waves, plasma waves, and so on. The Korteweg-de Vries (KdV)
equation [4] can serve as a prototype.

The fourth-order PDE systems can be used to model vibration of a uniform
elastic beams and plate deviation, the fluctuation of flame fronts [5] and the motion

of a fluid falling down a vertical wall. The Euler-Bernoulli beam equation, the



Kuramoto-Sivashinsky equation [6] and the Ginzburg-Landau equation, to name
just a few, are all fourth-order PDEs.

The fifth-order Korteweg-de Vries (fKdV) equation [4] is also worth men-
tioning, which can also be used to model different wave phenomena, such as gravity-
capillary waves, shallow water waves over a flat surface and magneto-sound propa-
gation in plasmas. Some well-known equations belong to the families of fKdV, for
example, the Kaup—Kupershmidt equation [7], the Lax equation and the Sawada-
Kotera equation [8].

This dissertation mainly investigates three class of PDEs: the coupled sys-
tems of first-order hyperbolic PDEs; a class of (second-order) parabolic PDEs with

time-varying coefficients and the third-order KdV equations.

1.1.2 PDE control problems

Control problems for the PDE systems arise from a wide range of contexts.
Four of the main fundamental concepts in modern control theory are controllability,
stability, stabilization (also known as “stabilizability”) and observability. Roughly

speaking, these terminologies can be understood in the following ways.

Controllability. Given two ordered states, is it possible for a controller to steer

the control system from the first one to the second one?

Stability. There are several definitions of stability. In this dissertation, the most
frequently used ones are asymptotic stability, exponential stability and finite-

time stability, for which the meanings should be already clear from the names.

Stabilization. Given a system equilibrium which is not stable without applying
any control, is it possible to design a controller such that the controlled
closed-loop system is stable (in the sense of the designated state norm)

around this equilibrium?

Observability. With only partial measurements, is it possible to recover the full

system state?



Moreover, there are other important control terminologies, e.g., reachability. As
core subjects of the control systems theory, they maintain a highly active research
focus.

This dissertation concerns three control problems: stability analysis, stabi-

lization and observer designs to estimate the full system state.

1.2 A brief introduction of PDE control algo-

rithms

1.2.1 Three tools for stability analysis
A. Center manifold method

A normal process for analyzing the stability of nonlinear systems is to first
investigate the corresponding linearized systems. If a linearized system is asymp-
totically stable, then the original nonlinear system is also asymptotically stable;
if the linearized system is unstable, then the nonlinear system is unstable as well.
For some “critical situations” when the linearized system is neither asymptotically
stable nor unstable, the linearization method unfortunately fails to work. This mo-
tivates a need of turning to other approaches such as the center manifold method,
which plays an important role in studying the dynamic properties of the nonlinear
systems near critical situations.

Back to its history, the center manifold theorem was first proved for finite
dimensional systems by Pliss [9] and Kelley [10], and the readers could refer to
[11, 12] for more details. Analogous results are also established for infinite dimen-
sional systems, such as PDEs [13, 14] and functional differential equations [15].
The center manifold method usually leads to a dimension reduction of the original
problems. Then, in order to derive stability properties of the full nonlinear equa-
tions, one only needs to analyze the reduced equation (restricted on the center
manifold). When dealing with the infinite dimensional problems, this method can

be extremely efficient if the center manifold is finite dimensional.



B. Lyapunov method

The Lyapunov methodology is one of the most frequently used approaches
in stability analysis of dynamic systems, which is philosophically meaningful and
practically effective. The key idea of this method lies in the seeking process of
the Lyapunov function, for which the candidates are usually chosen as the sys-
tem energy function, its variants or its generalized version. Lyapunov method can
be applied onto both linear and nonlinear systems. On one hand, if a Lyapunov
function is available, the stability analysis via the Lyapunov techniques would
become relatively straightforward compared with other approaches. Researchers
can benefit from this fact especially when the system under consideration is non-
linear. On the other hand, this method prototypically associates itself with the
Lyapunov function and thus may take too much efforts in finding or constructing

an appropriate Lyapunov function.

C. Operator semigroup theory

Centering on the spectrum analysis of the system operator, the operator
semigroup theory provides another promising method in the stability analysis of
dynamic systems. This method, even though generally considered to be more
tangled than other techniques, is powerful in the stability analysis especially for
the linear systems. When a suitable Lyapunov function is not available or can-
not be easily found, the operator semigroup study can be considered as a direct
substitution. Additionally, it has also demonstrated its ability of providing more

information of the system nature related to its stability.

1.2.2 A technique for boundary controller design

Originally developed as a systematic feedback control approach for stabiliz-
ing nonlinear finite-dimensional systems [16], the backstepping framework has been
applied to control ordinary differential equations (ODEs) for decades as integrator
backstepping [16, 17].

Backstepping was firstly introduced in [18] to stabilize infinite-dimensional



systems. The key point of this technique is the construction of suitable invert-
ible transformations, such as the Volterra integral transformations of which the
spatial causality guarantees its invertibility. In general, one would like the to-
be-determined transformations to map the possibly unstable original systems into
so-called “target systems”, which are usually well damped and thus exhibit de-
sirable stability properties, e.g., exponential stability. The gain functions of the
transformations are required to satisfy some PDESs, by solving which the backstep-
ping transformation can be determined. In the meantime, the solutions to the gain
function PDEs, together with the full state information, can be used to derive the
state feedback controllers. From the invertibility and some regularity properties of
the constructed transformations, the closed-loop control systems driven by these
feedback controllers are then ensured of the same stability properties as the target
systems.

In principle, the state feedback controller requires full state information, i.e.,
full state measurement. However, sometimes full state information is not readily
available. For example, the states inside a closed system domain and the ones in
some severe environments may not necessarily be measured. Even if one is able
to have the complete state information measured, it is still not economic in most
circumstances and is thus not recommended. Therefore, state estimation would
be needed to determine the system state from the output measurements, and this
point of view necessitates a need of designing a state observer to work jointly with
the full state feedback controller, called as an output feedback controller.

PDE backsteppping has been applied for the feedback stabilization of vari-
ous classes of unstable PDEs during recent years. As a result, this method has a
rich body of literatures. To name just a few, [19] designs observers for a class of
parabolic PDEs, [20] works on the output feedback controller design of a hyperbolic
PDE, and [21] builds both state feedback and output feedback control algorithms
for the complex-valued Schrodinger PDE. We refer the interested reader to [22] for
a more detailed study. One can also refer to [23, 24, 25, 26| for further applications

of this approach to other classes of systems including nonlinear PDEs.



1.2.3 Two approaches for system disturbance rejection

System uncertainties and disturbance are common problems, which can
sometimes worsen the system performance or even lead to instability and thus
need to be taken into account. This motivates the controller designs for rejecting
the disturbance. Due to its significant implications, considerable attention has

been gained from a wide community of researchers.

A. Sliding mode control

Sliding mode control (SMC) technique has been studied for decades and is
characterized by its high simplicity and robustness among the existing methods.
Recently, this approach has been generalized to distributed parameter systems.
For example, it is used to deal with the boundary input disturbance in the wave
equation [27] and the Euler-Bernoulli beam equation [28]. Disturbance rejection
and finite time stability is achieved for the resulting closed-loop systems with SMC.

While disturbance rejection is the primary goal and the SMC paradigms do
provide a solution to the disturbance rejection problems, the controls community
still points out that the SMC strategy generally requires the full state information
and sacrifices unnecessary control efforts by always considering the worst case

scenario.

B. Active disturbance rejection control

The aforementioned problem coming from applying SMC to deal with the
system disturbance can be relieved through other methodologies. For example, the
active disturbance rejection control (ADRC) can serve as a potential candidate to
deal with the input matched disturbance in the systems.

The proposition of this ADRC design philosophy dates back to the period
of 1990s, and [29] is strongly recommended for the uninitiated. ADRC uses the
strategy of an estimation-cancellation combination to deal with the system uncer-
tainties and disturbance. In detail, an essential element of ADRC is the extended
state observer (ESO), which is used to track the plant dynamics and unknown

disturbances in real time. Once estimated, the disturbance can be dynamically



compensated and then readily canceled in the closed-loop system with feedback
control signal of ADRC. It is also worth noting that different from the output
feedback control algorithm, the ADRC works jointly and simultaneously with the
ESO instead.

ADRC does not require the full state measurement and asks for relatively
less control efforts compared with the SMC. It has been showed to reduce the
control energy significantly in practice for ordinary differential equation (ODE)
systems [30]. This technique has been generalized to distributed parameter systems
very recently, and since then rapidly growing literatures have been dedicated to
dealing with boundary input disturbance in PDE systems, see, e.g., [28, 27, 31, 32,
33]. Yet, rather than achieving fully disturbance rejection in a finite time, a price
is that it only results in asymptotic disturbance attenuation. This point is not
really a surprise. In other words, ADRC provides us a choice of trade-off between

the energy cost and the outcomes of the control algorithms.

1.3 Organization

The remainder of the dissertation is structured into three parts. Part I
discusses control problems of the KdV systems, including Chapters 2-3. Part
IT investigates the control problems of the coupled hyperbolic systems, including
Chapters 4-6. Part III is concerned about a parabolic PDE with time-varying
coefficients, and this part includes Chapter 7.

In Chapter 2, a study of the stability property is first conducted on the KdV
equation. Then, a general class of linear Korteweg-de Vries equations with possi-
ble anti-diffusion (LKdVAD) is investigated. We conduct a preliminary spectrum
analysis of the LKAVAD, which is followed by the stability analysis of a subclass
of LKAVAD that are exponentially stable.

With the guidance of results from the stability analysis in Chapter 2, we de-
velop controllers for this class of possibly unstable LKAVAD in Chapter 3. Follow-
ing the lines of backstepping method, we build both state feedback and observer-
based output feedback control algorithms. Exponential stability holds for both the



resulting control systems.

In Chapter 4, we consider the stability property of coupled systems of trans-
port PDEs. Starting from a preliminary stability analysis on these coupled sys-
tems, we also discuss a class of cascaded transport PDE systems for which the
exponential stability is derived.

In Chapter 5, we consider the stabilization problem of the coupled transport
PDE systems via backstepping, with the exponentially stable system discussed
in the previous chapter as a prototype of the backstepping target system. De-
signs of both state feedback controller and observer-based output feedback control
paradigms are presented, actuating at the system boundary.

In Chapter 6, we extend the controller design results in Chapter 5 and take
both the SMC and ADRC methods to deal with input matched disturbances. The
backstepping transformation postulated in Chapter 5 is performed on the original
system as a simplifying pretreatment. Disturbance is rejected within a finite time
from the closed-loop system with the SMC, and is attenuated asymptotically from
the closed-loop system driven by the ADRC.

In Chapter 7, we offer an application study of the observer design for a
parabolic PDE with time-varying coefficients, which comes from the accurate state-
of-charge (SoC) estimation problem of Li-ion batteries. The designed observer
converges exponentially to the considered physical model, which helps track the
battery SoC and thus also helps monitor the battery status and regulate the charg-
ing and discharging processes for operational safety and performance enhancement.

In Chapter 8, we summarize and draw concluding remarks for the disserta-

tion. Suggestions for some future works are presented as well in this chapter.
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Korteweg-de Vries Systems



Chapter 2

Stability of the Korteweg-de Vries

Equations

2.1 Introduction

2.1.1 Literature review

The Korteweg-de Vries (KdV) equation

was first derived by Boussinesq in [34, Equation (283 bis)] and by Korteweg and de
Vries in [35], for describing the propagation of small amplitude long water waves in
a uniform channel. This equation is now commonly used to model unidirectional
propagation of small amplitude long waves in nonlinear dispersive systems, see,
[36]. It can also be used to model ion-acoustic waves in plasmas, see, [37]. An
excellent reference to help understand both physical motivation and deduction of
the KdV equation is the book by Whitham [4].

Rosier studied in [38] the following nonlinear Neumann boundary control

problem for the KdV equation with homogeneous Dirichlet boundary conditions,

10
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posed on a finite spatial interval:

Yt + Yz +yya: +ymac;t = 07 t e (O, OO), MRS (O,L),
y(t,0) =y(t,L) =0, y.(t,L) = u(t), t € (0,00), (2.2)
y(0,2) = yo(x), x € (0, L),

where L > 0, the state is y(¢,-) : [0,L] — R, and u(t) € R denotes the con-
troller. The equation comes with one boundary condition at the left end-point and
two boundary conditions at the right end-point. Rosier first considered the first-
order power series expansion of (y,u) around the origin, which gives the following

corresponding linearized control system

Yt + Yo + Yoexe =0, t € (0,00), T (OaL)a
y<t7 0) = y<t7 L) =0, y:v(ta L) = ’U,(t), te (07 OO), (23)
y(0,2) = yo(x), = € (0, L).
By means of multiplier technique and the Hilbert Uniqueness Method (HUM) [39],
Rosier proved that (2.3) is exactly controllable if and only if the length of the

spatial domain is not critical, i.e., L ¢ N, where N denotes the following set of

SRR TR
N = {QW\/HTH; j,lEN*}. (2.4)

Then, by employing the Banach fixed point theorem, he derived that the nonlinear

critical lengths

KdV control system (2.2) is locally exactly controllable around 0 provided that
L ¢ N. In the cases with critical lengths L € N, Rosier demonstrated in [38] that
there exists a finite dimensional subspace M of L?*(0, L) which is unreachable for
the linear system (2.3) when starting from the origin. In [40], Coron and Crépeau
treated a critical case of L = 2kw (i.e., taking j = [ = k in N), where k is a
positive integer such that (see, [41, Theorem 8.1 and Remark 8.2])

(2+P+jl=3kand jleN) = j=1=k. (2.5)

Here, the uncontrollable subspace M for the linear system (2.3) is one-dimensional.

However, through a third-order power series expansion of the solution, they showed
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that the nonlinear term yy, always allows to “go” in small time into the two
directions missed by the linearized control system (2.3), and then, using a fixed
point theorem, they deduced the small-time local exact controllability around the

origin of the nonlinear control system (2.2). In [42], Cerpa studied the critical case

of L € N, where

T2
N = {2%\/ HTH; 4,1 € N* satisfying j > [ and

j2+jl+l27ém2+mn+n2,Vm,n€N*\{j}}. (2.6)

In this case, the uncontrollable subspace M for the linear system (2.3) is of dimen-
sion 2, and Cerpa used a second-order expansion of the solution to the nonlinear
control system (2.2) to prove the local exact controllability in large time around
the origin of the nonlinear control system (2.2) (the local controllability in small
time for this length L is still an open problem). Furthermore, Cerpa and Crépeau
considered in [41] the cases when the dimension of M for the linear system (2.3) is
higher than 2. They implemented a second-order expansion of the solution to (2.2)
for the critical lengths L # 2k7 for any £ € N*, and implemented an expansion to
the third order if L = 2k7 for some k£ € N*. They showed that the nonlinear term
yy, always allows to “go” into all the directions missed by the linearized control
system (2.3) and then proved the local exact controllability in large time around

the origin of the nonlinear control system (2.2).

2.1.2 Organization

The outline of this chapter is as follows. Section 2.2 is dedicated to the sta-
bility analysis for an initial-boundary-value problem of a (nonlinear) KdV equa-
tion posed on a finite interval [0, QW\/m], in which the equation comes with a
Dirichlet boundary condition at the left end-point and both the Dirichlet and
Neumann homogeneous boundary conditions at the right end-point. Then, Sec-
tion 2.3 conducts stability analysis for an initial-boundary-value problem of linear
KdV systems with possible anti-diffusion (LKdVAD). The systems are posed on a
finite interval [0, L], with a Dirichlet boundary condition at the right end. For the
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left end of the interval, a general combination of Robin and Navier-like boundary
conditions is considered. Finally, a conclusion and some possible future works are

given in Section 2.4.

2.2 Stability analysis of the initial-boundary-value
KdV problem

This section is organized as follows. The initial-boundary-value KdV prob-
lem is introduced in Subsection 2.2.1. In Subsection 2.2.2, some basic properties of
the linearized KdV equation and the (nonlinear) KdV equation are given. Then,
in Subsection 2.2.3, we recall a theorem on the existence of a local center manifold
for the (nonlinear) KdV equation and analyze the dynamics on the local center
manifold. The main result follows from this analysis and is concluded in Subsec-
tion 2.2.4. Moreover, Appendix A.l contains computations which are important

for the study of the dynamics on the center manifold.

2.2.1 Problem statement

In this section, we consider the following initial-boundary-value KdV prob-

lem posed on a finite interval [0, L]:

Yt +y:v +yxzm +yya: = 07 te (07OO>7 T € (07L>7
y(t70) = y(t7L) =0, ym(ta L) =0, te (Oa 00)7 (27)
y(0,z) = yo(x), z € (0, L),

where the boundary conditions are homogeneous. For the Lyapunov function
1 ) [t
0

we have

L L
: 1
E(t) = —/ Y (Yo + YYa + Yoze) dz = / Yoo AT = —§y§(t,0) <0. (2.9
0 0

Thus, 0 € L?(0,L) is stable (see (P;) below for the definition of stable) for the
KdV equation (2.7). Moreover, it has been proved in [43] that, if L ¢ N, where
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N denotes following set of critical lengths

SRR
N = {QW\/%; j,lEN*}, (2.10)

then 0 is exponentially stable for the corresponding linearized equation around the
origin
Yt + Yz + Yzaw =0, t € (0,00), z € (0, L),
y(t,0) = y(t, L) =0, yo(t,L) =0, t € (0,00), (2.11)
y(0,2) = yo(x), = € (0, L),
which gives the local asymptotic stability around the origin for the nonlinear equa-
tion (2.7). However, when L € N, Rosier pointed out in [38] that the equation
(2.11) is not asymptotically stable. Inspired by the fact that the nonlinear term
Yy, introduces the local exact controllability around the origin into the KdV con-
trol system (2.2) with L € N, we would like to discuss whether the nonlinear term
yy, could introduce local asymptotic stability around the origin for (2.7).
This section is devoted to investigating the local asymptotic stability of

0 € L*(0, L) for (2.7) with the critical length

L= 27\/; (2.12)

corresponding to 7 = 1 and [ = 2 in (2.10). Let us recall that this local asymptotic

stability means that the following two properties are satisfied.

(P1) Stability: for every € > 0, there exists 7 = n(¢) > 0 such that ||yo||z2(0,0) <7

implies
1yt 2o,y <& VE>0. (2.13)

(P2) (Local) attractivity: there exists g9 > 0 such that ||yol/z2(0,) < €0 implies

im {jy(t,-)llz20,2) = 0 (2.14)

t——+o0

As mentioned above, the stability property (P;) is implied by (2.9). Our main

concern is thus the local attractivity property (Ps).
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Our stability analysis relies on the center manifold approach. Following the
results on existence, smoothness and attractivity of a center manifold for evolution
equations in [44], Chu, Coron and Shang studied in [45] the local asymptotic
stability property of (2.7) with the critical length L = 2k for any positive integer
k such that (2.5) holds. They proved the existence of a one-dimensional local
center manifold. By analyzing the resulting one-dimensional reduced equation,
they obtained the local asymptotic stability of 0 for (2.7). For L = 27r\/7/_3,
we get, following [45], the existence of a two-dimensional local center manifold.
It is predictable that the two-dimensional local center manifold introduces more

complexity than the one-dimensional local center manifold case.

2.2.2 Preliminaries
Some properties for the linearized equation of (2.7) around the origin

The origin y = 0 is an equilibrium of the initial-boundary-value nonlinear
KdV problem (2.7). In this subsection, we derive some properties for the linearized
KdV equation (2.11) around the origin of (2.7) posed on the finite interval [0, L],
where L = 271'\/7_/3 € N, for which there exists a unique pair {j = 2,1 = 1}
satisfying (2.6).

Let A: D (A) C L*(0, L) — L?*(0, L) be the linear operator defined by

Ap = —¢' — ", (2.15)
with
Dom(A) :={p € H*(0,L); ¢(0) =¢ (L) =¢' (L) =0} C L*(0,L), (2.16)

then the linearized equation (2.11) can be written as an evolution equation in
L*(0, L):

= Ay(t,-). (2.17)

The following lemma can be immediately obtained.
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Lemma 2.1. A~ exists and is compact on L?(0,L). Hence, o(A), the spectrum
of A, consists of isolated eigenvalues only: o(A) = o,(A), where 0,(A) denotes
the set of eigenvalues of A.

Proof. By calculation, we get
Ao =1, Vo e L*(0, L), (2.18)

with

1 —cos(x — L)

Y= 1 —cosL

/0 (1—Cosy)90(y)dy+/ (1 —cos(z —y))p(y)dy. (2.19)

Hence we get the existence of A~! and that, by the Sobolev embedding theorem,
this operator is compact on L?(0, L). Therefore, o(A), the spectrum of A, consists

of isolated eigenvalues only. O
The following proposition is proved.

Proposition 1. ([38, Proposition 3.1]). A generates a Cp-semigroup of contrac-
tions {.S (t)},5, on L*(0, L), that is, for any given initial data yo € L*(0, L), S(t)yo

is the mild solution of the linearized equation (2.11), and

HS(t)?JOHH(o,L) < HZ/OHL?(O,L)> vt > 0. (2.20)
Moreover, Re (\) < 0 for every A € o (A).

If Re(\) <0, VA € 0 (A), then it follows directly from the ABLP (Arendt-
Batty-Lyubich-Phong) theorem [46] that the semigroup S(t) is asymptotically sta-
ble on L?*(0,L). Since we only have Re (\) < 0, VA € o (A), the main concern
needs to be put on the eigenvalues on the imaginary axis and their corresponding
eigenfunctions. Following the proofs of [45, Lemma 2.6] and [38, Lemma 3.5] yields

the next lemma.

Lemma 2.2. There exists a unique pair of conjugate eigenvalues of A on the

imaginary axis, that 1s,

o, (A)NIR = {)\ = +iq; ¢ = (2.21)

20 }
2121
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Moreover, the corresponding eigenfunctions of A with respect to A\ = +iq are

@ = C (1 Fips), (2.22)

respectively, where C' is an arbitrary constant, and 1, @ are two nonzero real-

valued functions:

or(z) = © ( (%) ~ 3o (J%) T 2cos (%)) L 22
pa(z) = © (— sin <%x) — 3sin (\/%x) + 2sin (%x)) , (2.24)

with

1 /3
0= E\/;. (2.25)

Remark 2.1. The equations satisfied by ¢; and ¢, are

"

o1+ = —qpa,
©1(0) = ¢1(L) =0, (2.26)
©1(0) = @1 (L) =0,

and
"

wh + 05 = g,
©2(0) = (L) =0, (2.27)
5(0) = (L) = 0.
Remark 2.2. We have

/0 01(x)pa(z)dz =0, (2.28)

and, with the definition of © given in (2.25),

le1llz20,) = ll2llz20,0) = 1. (2.29)

From the results in Lemma 2.1, Proposition 1 and Lemma 2.2, we obtain

the following corollary.

Corollary 1. A = =+i; fﬁﬁ is the unique eigenvalue pair of A on the imaginary
axis, and all the other eigenvalues of A have negative real parts which are uniformly
bounded away from the imaginary axis, i.e., there exists » > 0 such that any of

the nonzero eigenvalues of A has a real part which is less than —r.
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Let us define
M = Sp&l’l{g&l, @2} = {m1g01 + Maws; M = (mh m2) S R2} - L2(O7 L)? (230)

where 1, @9 are defined in (2.23), (2.24) and (2.25). Then the following decom-

position holds:
L*(0,L) = M & M+, (2.31)
with

ML {90 € 12(0, L): /OL (1)1 (z) dz = 0, /OL (1) () A = o} (2.32)

Some properties of the KdV equation (2.7)

By considering the equation (2.7) as a special case (with f =0 and u = 0)
of the equation (4.6)—(4.8) in [41], we give the following definition for a solution to
the equation (2.7), which follows from [41, Definition 4.1].

Definition 1. Let 7" > 0 and yo € L*(0,L). A solution to the Cauchy problem
(2.7) on [0,7] is a function

y € B:=C"0,T]; L*(0,L)) N L*(0,T; H'(0, L)) (2.33)

such that, for every 7 € [0, 7] and for every ¢ € C3([0, 7] x [0, L]) satisfying

o(t,0) = o(t, L) = ¢,(t,0) =0, Vt € [0, 7], (2.34)
one has
T L T L
—/0 / <¢t+¢z+¢m>ydxdt+/o / dyye dardt
L L
dz — 0 dz = 0. 2.3
n / y(r,2)6(r, z) dz / yol2)6(0, ) da (2.35)

A solution to the Cauchy problem (2.7) on [0, +00) is a function
y € C°([0, +00); L*(0, L)) N Lit ([0, +00); H'(0, L)) (2.36)

such that, for every T' > 0, y restricted to [0,7] x (0, L) is a solution to (2.7) on
[0, T1.
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Then by considering equation (2.7) as a special case (with f = 0 and u = 0),
of the equation (A.1) in [40], the following two propositions about the existence
and uniqueness of the solutions to (2.7) follow directly from [40, Proposition 14

and Proposition 15].

Proposition 2. Let 7" € (0,+00). There exist ¢ = &(T") > 0 and C = C(T) >0
such that, for every yo € L*(0, L) with ||yol|r2(0,1) < (T, there exists at least one
solution y to the equation (2.7) on [0, 7] which satisfies

T 1/2
Il = s ot Moz + ([ oy )

< C(T)||yOHL2(O,L)- (237)

Proposition 3. Let 7" € (0,+00). There exists C' > 0 such that, for every
solutions y; and s, corresponding to every initial conditions (10, y20) € (L?(0, L))?

respectively, to the equation (2.7) on [0, 77, one has the following inequalities:

[ [ nattn) e ozt < [ unto) = mofo)? o
X exp (C (1 + HyIH%Q(O,T;Hl(O,L)) + ||y2H%2(O,T;H1(O,L))>> , (2:38)
/OL(yl(tax) — yo(t, 2))* dz < /OL(ylo@) — y20(2))? dz
xexp (C (1+ I B0y + Welizormo) ) s (239)
for all t € [0, 7).
Let us also mention that for every solution y to (2.7) on [0, 7] or on [0, +00),
t— ||y(t, -)||%2(07L) is a non-increasing function. (2.40)

This can be easily seen by multiplying the first equation of (2.7) with y, integrating

on [0, L] and performing integration by parts. One then gets, if y is smooth enough,
d L
dt Jo

which gives (2.40). The general case follows from a smoothing argument. As a

y(t,z)? do = —y,(t,0)% (2.41)

consequence of Proposition 2, Proposition 3 and (2.40), one sees that (2.7) has one

and only one solution defined on [0, +00) if ||y z2(0,2) < €(1).



20

2.2.3 Existence of a center manifold and dynamics on this

manifold
Existence of a local center manifold

In [45, Theorem 3.1], following [44], the existence of a center manifold for
(2.7) was proved for the first critical length, i.e., L = 2w. The same proof applies
for our L (i.e., the L defined by (2.12)) and allows us to get the following theorem.

Theorem 2.1. There exist 6 € (0,£(1)), K >0, w >0 and a map g : M — M+

satisfying
g€ C3¥(M; M), (2.42)
g(0) =0, ¢'(0) =0, (2.43)
such that, with G' defined by
G:={m+g(m); me M} C L*0,L), (2.44)

the following two properties hold for every solution y(t, z) to (2.7) with |yo|l 120 ) <
9,

1. (Local exponential attractivity of G.)
d(y(t,"),G) < Ke™“'d(yo, G), Vt > 0, (2.45)
where d(x,G) denotes the distance between x € L*(0,L) and G:
d(x, G) = inf{|[x = ¥ll20,0); ¥ € G} (2.46)
2. (Local invariance of G.)
If yo € G, then y(t,-) € G, Vt > 0. (2.47)

Dynamics on the local center manifold

In this subsection we study the dynamics of (2.7) on G5 with

Gy = {C(2) € G: Il ooy < O} (2.48)
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Let
Q= {(mhm?) S ]R2; mip1 + mops + g(m1<p1 + m2<p2) € G(;}, (2.49)

then € is a bounded open subset of R? which contains (0,0) € R?. Let m°® =
(m{,m3) € Q, and let y be the solution of (2.7) on [0, +0c) for the initial data
Yo := mYp1 + mYps + g(m¥py + mSps). It follows from (2.40) and Theorem 2.1
that y(t,-) € Gs for every t € [0,+00). Hence we can define, for ¢ € [0, +00),
m(t) = (my(t), ma(t)) € Q by requiring that

y(t, ) = ma(t)er +ma(t)ps + g(ma(t)er + ma(t)ps). (2.50)

Since y € C°([0, +00); L?(0, L)), we have m € C°([0, +00); R?). Let T > 0 and
u € C°(0,T). We apply (2.35) with 7 = T and ¢(¢t,z) := u(t)p1(z) (note that,
by (2.26), (2.34) holds). We get

- / / (it or () + ult)d) () + u(t)gl (2)y(t, ) da dt
+/0 /0 u(t)er(x)(yy:)(t, x) de dt = 0. (2.51)

From (2.26), (2.32), (2.50) and (2.51), we have

T 1 (T L
_ / (ma (£)it) — gms(1)u(t)) dt — / / V2t ) (2)u(t) da dt = 0. (2.52)
0 o Jo
Hence, in the sense of distributions on (0,7),

) 1

L
e = —gma + 5 / (M1p1 + mags + g (Mapr + mags))? ¢ da. (2.53)
0

Similarly, in the sense of distributions on (0,7),

. 1 [*
My = qmq + 5 / (myp1 + maws + g (Mmypr + mggog))Q oy da. (2.54)
0

Hence, if we define F : Q — R?, m = (mq, my) — F(m), by

1 L
—qmg + 5/ (mig1 + maps + g(mapr + mags)) ¢} dz

F(m) := q . (2.55)

1
qmy + 2 / (mapr + mas + g(mapr + mags))*h da
0
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then
m = F(m). (2.56)

Note that, by (2.42) and (2.55),
F € C3(;R?), (2.57)
which, together with (2.56), implies that
m € C*([0, +00); R?). (2.58)
We now estimate g close to 0 € M. Let ¢ € C3([0, L]) be such that
$(0) =¥ (L) = ¥'(0) = 0. (2.59)

Using Definition 1 with ¢(t, z) := 1 (x), (2.59) and integration by parts, we get

1 T L 1 T L
——/ / (W—Hﬂm)ydxdt——/ / P'y? de dt
T Jo Jo 21 Jo Jo
1

+ [ 2 ) = la)) w(o) do = (2.60)
0 T
Letting 7 — 07 in (2.60), and using (2.55), (2.56) and (2.58), we get
L 1 L L
- [ vmde =5 [Tviiaes [ (0@ + a0
0 0
+a—n§1(m0)m1(o) + a—ﬂi(mO)mQ(O))wx —0. (261)

We expand ¢ in a neighborhood of 0 € M. Using (2.42) and (2.43), there exist
a€ M be M+t ce M+ (2.62)
such that
g(apr + Bps) = a*a + aBb + e+ o(a® + %) in L*(0, L) as o + 5% — 0,
(2.63)

2 (aupy + Bip) = 20a+ Bb -+ of|a| + 8) in L(0, L) as |a +[8] =0, (2.64
1

0
873 (cupy + Bips) = ab+ 2Bc + o(|a| + |8]) in L*(0,L) as |a] + |B] — 0. (2.65)
2
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As usual, by (2.63), we mean that, for every ¢; > 0, there exists ¢; > 0 such that

F+ B <q

= ||g(apr + Bys) — (ocza + afBb+ 52c) 220,y < G (a? + 7). (2.66)
Similar definitions are used in (2.64), (2.65) and later on. We now expand the left
hand side of (2.61) in terms of m%, m3, (m?)2, m{m$ and (m3)? as |m?|+|m3| — 0.

For the functions ¢, and 9 defined by (2.23), (2.24) and (2.25), the follow-
ing equalities can be derived from (2.26), (2.27) and using integrations by parts:

L , 10 L , 10
/ p1(z)py(z) do = VoL /O p2(z)pr(z) dv = Nk (2.67)
/0 x)dz =0, /0 02 (x)py(z) de = 0, (2.68)
/0 03( x)dr = —2c, /0 02 (z)¢ () dz = 2v/3¢y, (2.69)
[ ewama@ar=c, [ a@ea@ea= o, @0

where the constant ¢; is defined by

¢ e LTTAAT [ )3 (2.71)
3923927 \ 27\ 7

Looking successively at the terms in (m?)?, m{m3 and (m9)? in (2.61) as

|m9|+|m3] — 0, we get, using (2.55), (2.56), (2.63) — (2.65) as well as (2.67)—(2.70),
L 1 [L L
0 0 0
L L
_/ (V2 + Yuga)bdr _/ Yep1p2 dz
0 0
L
—I—/ <clgol —V3e1ps — 2ga + 2qc> Ypdx =0, (2.73)
0

[t vear 5 [Cngacs [ (Viag - a)var=0. @)

Since (2.72) — (2.74) must hold for every ¥ € C3([0, L]) satisfying (2.59), one gets
that a, b and c are of class C™ on [0, L] and satisfy

a+a" + — 12+ gb =0,

a(0) =a(L) =0, a'(L) =0,
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b+ 0" 4 o195 + Qs + c1o1 — V3e1pa — 2qa + 2qc = 0, (2.76)
b(0) = b(L) =0, ¥'(L) =0, |
f / 3 —qb= O,
¢+ " + 02y + V3erpr — g (2.77)
c(0) = ¢(L) = 0, ¢(L) = 0.

In Appendix A.1, we derive the unique functions a : [0, L] - R, b: [0, L] —
R and ¢ : [0, L] — R which are solutions to (2.75), (2.76) and (2.77). From (2.55)
and (2.63), we get that, as m — 0 € R?,

F(m) (—qmg + V3eymi + exmimy + Aym? 4+ Bymimg + Cymam3 + Dlmg’)
m) =

qmy — cym? — V3eimams + Aym3 + Bam2my + Comym2 + Domi

+oljml?) 279
with
A= ’ !
1= apry dz, (2.79)
0
L L
By ::/ b1} dx—l—/ apapy du, (2.80)
0 0
L L
Ch ::/ cp1p) dx—l—/ bpapy dz, (2.81)
0 0
D, = ’ !
1= cpapy d, (2.82)
0
Ay = ’ :
9 1= ap1py de, (2.83)
0
L L
By ::/ bgolgp’de—l—/ apapy dz, (2.84)
0 0
L L
Coim [ oo+ [ boagan (2.85)
0 0
D, = ’ nd
g 1= cpaipsy de. (2.86)
0

Let us now study the local asymptotic stability property of 0 € R? for (2.56).
We propose two methods for that. The first one is a more direct one, which relies
on normal forms for dynamical systems on R?. The second one, which relies on a
Lyapunov approach related to the physics of (2.7), is less direct. However, there is
a reasonable hope that this second method can be applied to other critical lengths

L € N\ 27N for which the dimension of M is larger than 2.
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Method 1: normal form. Let

z:=mq +imy € C. (2.87)
Then
z24+z z—Z
my = 9 , Mo = % , (288)

and it follows from (2.56) and (2.78) that, as |z| — 0,
2= (iq) z + Py(2,2) + P3(2,2) + o(|2]*), (2.89)
where P;(z,Z) are polynomials in z,Z of degree j. To be more precise, we have
Py(z,2) = <\/§c1m§ + clm1m2> +1 <—clmf — \/gclmlmg)
= —% (\/§+ @> 24 % (\/5 - z) 23, (2.90)
and

Py(2,7) = (A1 + i4y) (Z‘;E (B, +iBy) (z;rz)Q (z;ig)

We can rewrite (2.89) as
3 ,
i=(ig)z+ Y ﬂiﬂgﬁzi! + o(|2]?), (2.92)
i+j=2
and it is known from [47, page 45 and page 47] that (2.92) has the following

Poincaré normal form

€ = (iq) € + p€*€ + o(|€), (2.93)
where
1 1
p= 2 (920911 —2|gul* - 3 |902|2) + % (2.94)
According to (2.90) and (2.91), through a simple computation, we have
g20 = —C1 (\/54- Z) g = % <\/§ - Z> » 902 = 0, (2.95)

1
go1 = Z (3141 + ZSAQ — ZBl + BQ + 01 + ZCQ + —i3D1 + 3D2) . (296)
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Using (2.95) and (2.96), the formula of p provided by (2.94) gives

p = p1+ips, (2.97)
with
1
pP1 = g <3A1 + Cl + BQ + 3D2) s (298)
a1

It follows that we can derive the Poincaré normal form of the reduced equation on

the local center manifold (2.93). Moreover, in Cartesian coordinates, (2.93) is

& = —q&+ (agy — bEy) (5% + 522) +o(lG]* + &%), (2.100)
& = g6+ (a& +b6) (6§ + &) +o(l&l + &), (2.101)

where
§="6& +i&. (2.102)

In polar coordinates, set

r=1/& +&5,0 = arctan % (2.103)

We have, as r — 0,
s .3 3y 4 _ 2 2
7 =pir° +o(r’), 0 = q+ par” + o(re). (2.104)

Now it is clear to see from (2.104) that the origin 0 € R? is asymptotically stable
for (2.56) if p; < 0 and is not stable if p; > 0. From (2.23) — (2.25), (2.79)—(2.86)
and Appendix A.1, we can obtain all the coefficients A;, B;, C;, D; (i = 1,2). Then,
using Matlab, it follows that

1

A straightforward computation leads to the existence of C' > 0 such that, at least

if 7(0) € [0, +00) is small enough, one has for the solution to (2.104),
Cr(0)

el

Vt € [0, +00). (2.106)
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Method 2: Lyapunov function. Let us start with a formal motivation.
Recall that, by (2.9) and with E defined in (2.8), we have, along the trajectories
of (2.7),

: 1
E= —§K2, (2.107)
with
K = y,(0). (2.108)

It is therefore natural to consider the following candidate for a Lyapunov function
V:=F— uKK, (2.109)

where p > 0 is small enough. Indeed, one then gets

. 1 N2 .

Vi= 3K —p (K) KK, (2.110)

. N2 .

and one may hope to absorb —uK K with —(1/2)K? — <K) and get V' < 0 on
G \ {0}, at least in a neighborhood of 0.

We follow this strategy together with the approximation of g previously
found. For m = (my,msg) € Q, let (see (2.63))

§ = myp1 + maps +mia +mimab + mic € C*([0, L)), (2.111)

- 1 L

E = 5/ 7* dx. (2.112)
0

Then, using (2.26), (2.27) and (2.75) — (2.77) (compare with (2.61)), one gets that,
along the trajectories of (2.56), for m € Q and ¢ € C3([0, L]) satisfying

¥(0) =¢(L) =0, (2.113)
one has
- / (& + ") dz + 9/(0) (m2d(0) + mymab (0) + m3c(0)

IR L . 3 . 0 .
—5/ ¢a:y2d$+/ (m1g01+m2<,02—|—ag my + J m2)¢d$
0 0

my Oma
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L
0

L
- / {mi’(/h(pl + Agpg — bey + pra’ + ap))
0

+ mimy(Bip1 + By + 2ac; — W3cr — 2cer + b + pod + apy + byl)
+ m1m3(01901 + 02(,02 + 2a\/§cl + b61 — 26\/561 + (,016/ + QOQb/ + b(p’Q + C(pll)

+m3 (D11 + Day + bV/3c, + 0ol + cpy) + o(jm|?) |9 dz as jm| — 0.
(2.114)

Then, using (2.114) with ¢ := g (which, by (2.26), (2.27), (2.75), (2.76), (2.77)
and (2.111), satisfies (2.113)), along the trajectories of (2.56), we have from (2.28),
(2.29), (2.62) and (2.78)—(2.86) that the right hand side of (2.114) is o(|m|*), and

i3 1~
E=— 5[(2 +o(|m[*) as [m| — 0, (2.115)

with K : Q — R defined by

K = d' (0)m3 + V' (0)mymy + ¢ (0)ms3. (2.116)

Let us emphasize that, even if “along the trajectories of (2.56)” might be mislead-

ing, Eis just a function of m € Q. It is the same for V, K, K which appear below.
Using (2.43) and (2.55), we have, along the trajectories of (2.56),

K = qb' (0)m? + 2q(c'(0) — @' (0))mymg — qb'(0)m3 + o(|m|?). (2.117)

Using (2.55), we get the existence of C' > 0 such that, along the trajectories of
(2.56),
‘f(‘ < Clmf?, VYme Q. (2.118)

We can now define our Lyapunov function V. Let pu € (0,1/4]. Let V :
0 — R be defined by
V:=FE - uKK. (2.119)

From (2.119), we have the existence of 19 > 0 such that, for every m € R? satisfying
|m| < o and along the trajectories of (2.56),

~ 2 .o
V = —§K2—M<K) — uKK + o(|m|*)
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1~ 2\ 2 e\ 2
< — K=y (K) +u? (K) +ofiml")
1. 2\ 2
< —ZKQ—,u<K> + 24*C?*m|*
~ N\ 2
< —u (K2+<K> —2,uC’2|m|4). (2.120)

Let us assume for the moment that, for every m = (my, my) € R?
a'(0)m? + V' (0)mymg + ¢ (0)m3 = 0,
gb' (0)m2 + 2¢(c'(0) — a’(0))myma — qb'(0)m3 = 0,

Then, by homogeneity, there exists 17; > 0 such that

(a'(0)m7 + V' (0)myms + c’(())mg)2
+ (gb'(0)m3 + 2¢(c'(0) — d'(0))mymy — qb’(O)m%)2
> 2 m|*, Ym = (my,my) € R2 (2.122)

From (2.116), (2.117) and (2.122), we get the existence of 7, > 0 satisfying
~ 2\ 2
K? + (K) > mm|*,  Vm € R? such that |[m| < 7. (2.123)

From (2.120) and (2.123), we get the existence of 3 > 0 such that, for every
He (OJ 773)7 ]

V< —gn1|m|4, Vm € R? such that |m| < 7. (2.124)
Moreover, straightforward estimates show that there exists ny > 0 such that, for

every € (07 774)7
- 1
nsml?> <V < —|mf*, Vm € R? such that |m| < 7y, (2.125)
T4

which, together with (2.124), proves the existence of C' > 0 such that, at least if
m° € R? is small enough, the solution to (2.56) satisfies
Clm°|
/14 tm?’
It only remains to prove (2.121). From Appendix A.1, one gets that ¢/(0) ~
0.0118 # 0, then (2.121) holds if m; = 0. Let us now deal with the case my # 0. If

im(t)] < vt > 0. (2.126)

we divide both polynomials on the two equations on the left hand side of (2.121)
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by m?2, then the two resulting polynomials have a common root if and only if their

resultant is zero. This resultant is the determinant of the Sylvester matrix S:

c(0) b'(0) a'(0) 0
g 0 (0) b'(0) a’(0) (2.127)
—t'(0) —2(d'(0) = ¢(0)) b'(0) 0
0 —v'(0) —2(a’(0) = £(0)) v'(0)
Straightforward computations show that
det(S) =a'(0)3[b'(0) + 4¢(0)] + a’(0)*[—20'(0)* + b/ (0)'(0) — 8'(0)?]
+d'(0)[56'(0)2¢ (0) + 4c'(0)*] — b (0)*'(0)* — ' (0)*. (2.128)

From (2.128) and Appendix A.1 (see in particular (A.42) — (A.44)), we have
det(S) ~ —0.0197 # 0. (2.129)

Hence, the two resulting polynomials do not have a common root. Thus, (2.121)

is proved.

2.2.4 Main result

Thus, the following theorem concludes the results in this section.

Theorem 2.2. Consider the KdV equation (2.7) with L = 2w+\/7/3. There exist
§€(0,400), K>0,w>0 and a map g : M — M=+, where M+ C L?(0, L) is the
orthogonal of M for the L?-scalar product, satisfying

g€ C3(M; M), (2.130)
9(0) =0, ¢'(0) =0, (2.131)

such that, with
G:={m+g(m); me M} C L*0,L), (2.132)

the following three properties hold for every solution y to (2.7) with ||y0||L2(0,L) <9,
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1. (Local exponential attractivity of G.)
d(y(t,-),G) < Ke “'d(yo, G), Vt > 0, (2.133)
where d(x, @) denotes the distance between x € L*(0,L) and G:
d(x, G) = inf{[|x = ¥llr20,r); ¥ € G}. (2.134)
2. (Local invariance of G.)

If yo € G, then y(t,-) € G, Vt > 0. (2.135)

3. Ifyo is in G, then there exists C' > 0 such that

C
Iyt s < —lollezos

< , VvVt >0. (2.136)
\/1 + t”?/o”%?(o,L)

In particular, 0 € L?(0,L) is locally asymptotically stable in the sense of the
L*(0, L)-norm for (2.7).

Remark 2.3. It follows from our derivation of Theorem 2.2 that the decay rate
stated in (2.136) is optimal in the following sense: there exists € > 0 such that, for

every yo € G with |lyo||r20,0) < &,

5||ZUO||L2(0,L)

ly(t, M 20,0y = (2.137)

N s

<For the Lyapunov approach, let us point out that, decreasing if necessary ns > 0,
one has, for every p € (0,73),
= 1
V > ——|m/|*, V¥m € R?such that jm| < n3.> (2.138)
73
Remark 2.4. It can be derived from [48, Theorem 1 and Comments] that, for
every L > 0, there are non-zero stationary solutions with the period of L to the

following ordinary differential equation (ODE):
f+ 1+ " =0im0,L],
f(0)=f(L) =0, (2.139)
F1(L) = 0.
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That is, besides the origin, there also exist other steady states of the nonlinear
KdV equation (2.7). Therefore, 0 € L*(0, L) is not globally asymptotically stable
for (2.7): Property (P2) does not hold for arbitrary o > 0.

Let us recall that we need to check whether the local attractivity property
(P,) holds. Let yo € L*(0, L) be such that 190l 720,y < 0 and let y be the solution
to (2.7). It suffices to check that

y(t,-) — 01in L*(0, L) as t — +oo. (2.140)

By (2.40), (2.45) and the fact that M is of finite dimension, there exists an in-

creasing sequence of positive real numbers (,)neny and zy € L2(0, L) such that

t, — +00 as n — 400, (2.141)
Y(tn,-) — 2o in L*(0, L) as n — +o0, (2.142)
z0 € G and |[|z]| 2 1) < 0. (2.143)

Let z : [0, +00) x (0, L) — R be the solution to (2.7) satisfying the initial condition
2(0,-) = 2. It follows from (2.136) and (2.143) that

z(t,-) = 0in L*(0, L) as t — +o0. (2.144)

Let n > 0. By (2.144), there exists 7 > 0 such that

2, M2y < 5- (2.145)
By Proposition 3 and (2.142),
y(tn +7,-) = z(7,-) in L*(0, L) as n — +o0. (2.146)
By (2.145) and (2.146), there exists ny € N such that
1y (tno + 75 )l 20,0y < 1 (2.147)
which, together with (2.40), implies that
1yt Mz <m0 VE>th, +7, (2.148)

which concludes the proof of (2.140).
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2.3 Stability analysis of the initial-boundary-value
LKdVAD problem

When anti-diffusion exists in systems such as Kuramoto-Sivashinsky equa-
tion [49, 50], Ginzburg-Landau equation [51], it can make significant influence on
the system stability. Moreover, the effect of anti-diffusion term in some KdV-type
equations is dicussed in [52].

In this section, we give a brief discussion about stability analysis of the
initial-boundary-value LKAVAD problem introduced in Subsection 2.3.1. A pre-
liminary spectrum analysis of the LKAVAD equations is presented in Subsection
2.3.2. Then, Subsection 2.3.3 discusses the exponential stability of a class of LKd-
VAD equations. Moreover, Appendix A.2 shows that the derived decay rates in

Subsection 2.3.3 are not necessarily optimal.

2.3.1 Problem statement

Consider the stability property of the following initial-boundary-value prob-
lem of the LKAVAD equations:

Ug(t, ) =Uppr(t, ) + Aotz (t, ) + Mg (t, ) + Nou(t,z),z € (0,L),  (2.149)
u(t,0) =qu(t,0), u.,(t,0) = qu(t,0), u(t,L) =0, (2.150)

where u(t,z) € R is the system state; Ay, A1, Ao, q1, g2 are known constants which
can take any values except infinity. When Ay < 0, the second-order term acts as
an anti-diffusion or backwards heat operator, at least locally [52], and may cause

destabilizing effects.

2.3.2 Spectrum analysis of the LKdVAD equations

Consider the energy state space H = L?(0, L). Define the system operator
A : Dom(A)(C H) — H as follows:

Af=F"+Xf" + Mf + Nof,Vf € Dom(A), (2.151)
Dom(A) = {f € H¥(0,L) | £'(0) = 1 f(0). J"(0) = g (0). F(L) =0}, (2.152)
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then the system (2.149)—(2.150) can be written as an evolution equation in #:

du(ta')
=u(t,-). 2.1
LR 2153
1
Lemma 2.3. If( 1 ¢ )eDL 0 | is nonzero, where
0
0 0 =X
D=110 -\ |, (2.154)
01 —X

then A~1 exists and is compact on H. Hence, o(A), the spectrum of A, consists
of isolated eigenvalues only: o(A) = o,(A), where 0,(A) denotes the set of eigen-
values of A. Moreover, each A € o(A) is geometrically simple and satisfies the

characteristic equation

0 :ealL(O'g — 03) (0'20'3 - Q1(02 + 03) + Q2)

+ €7 (05 — 01) (0301 — q1(03 + 01) + o)

+ 7 (01 — 03) (0102 — (01 + 02) + @2) , (2.155)
where
01:—%—1—@—#6 09 = —%—i—woﬁ—aﬂﬁ, 03:—%+w2a+w6, (2.156)
and

a—\/ﬂ—i— 413, 8= \/ \/7'1—|—7'2,w—62/3m (2.157)
/\2

Ade A3 M=

= = ?‘5 (2.158)

6 27 2 7

An eigenfunction f corresponding to X is

o1

f(x) =(02 — 03) (0203 — (02 + 03) + @2) €

+ (03 — 1) (0301 — qi(o3+01) + @2) €
+ (01 — 02) (0102 — q1(01 + 02) + q2) €737 (2.159)
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Proof. (Part 1) Solve

Af, = f, fi € Dom(A), (2.160)
then we get
A7'f=f, VfeH, (2.161)
1 . 1
_ Dz D(z—T)
fi(z) fl(O)(l ¢ q2>e 0 +/0 f(f)(o 0 1)6 0 |dr,
0 0
(2.162)
where
-1
. 1 1
f1(0)=—/0 f(r)(o 0 1)eD(L‘T) 0 |dr (1 " T2>€DL 0
0 0
(2.163)

Hence we get the unique f; € Dom(A) and thus A~! exists and is compact on H
by the Sobolev embedding theorem. Therefore, o(A), the spectrum of A, consists
of isolated eigenvalues only.

(Part 2) For any A € 0,(A), we have

Af = "+ Xof"+ Mf +of = M, (2.164)
f(0) = . £(0), f(0) = ¢2£(0), f(L) = 0, (2.165)

which has at least one nonzero solution. If it has two linearly independent solutions

f1, fo, then there exists constants a,b (a? + b* # 0) such that
afi(0) + bf>(0) = 0. (2.166)
Thus,
f=afi+bf (2.167)
satisfies

Af ="+ 0af" + Mf + Nof = M, (2.168)
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f(0) = f'(0) = f"(0) = f(L) =0, (2.169)

which has only zero solution. Hence, af; 4+ bfs = 0, which contradicts with the
assumption. Therefore, each A € 0,(A) is geometrically simple.

(Part 3) For any A € 0,(A), from (2.164), we have
f(@) = 1677 + 27" + 37" (¢ + ¢5 + ¢ # 0). (2.170)
From (2.165), we get

01 —q1 02—q1 0O03—(q1
0t —qa 03— 05 —qa | =0 (2.171)

o1L o2 o3

€ € (&

and the characteristic equation is (2.155). We can also derive the corresponding

eigenfunction (2.159). O

Remark 2.5. Assume that all the other parameters Ao, A1, ¢1, g2 are fixed, then
by letting A = A — X, it can be observed from (2.155)(2.158) that the RHS of
characteristic equation (2.155) is a function depending only on variable Ag. After
solving this equation, the eigenvalues are calculated from A = \g -+ A, which means

that the locations of all the eigenvalues shift uniformly with choice of Ag.

2.3.3 Exponential stability of a class of LKAVAD equations

Assume that the parameters A\g and ¢; can take arbitrary values, and that

the parameters Ay and ¢y satisfy

/\2 > 0 and )\2 > 4L2>\0, Qo = (q% — )\1 — 2/\2(]1), (2172)

N | —

then the following result can be proved for the equation (2.149)-(2.150).

Lemma 2.4. A is dissipative in H, and A generates a Cy-semigroup et of con-

tractions in H.

Proof. Let f € Dom(A), then

L
<A f 5=~ Con + @)l O0) - / S A — ||
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L
o [ pFd el (2.173)
0

and

A _ ﬁ Y . q_% 2 _1 / 2 A 1112 A 2
Re < AS.T>=— (24 Dot = Dt g [FOF — L7 (L)P = dall £+ ol |
where

1

Hence, A is dissipative in H, and A generates a Cy-semigroup e? of contractions

in H by the Lumer-Philips theorem [53]. O
Indeed, the system (2.149)—(2.150) is exponentially stable.

Lemma 2.5. For each A € o(A), ReX < 0. A generates an exponentially stable
Co-semigroup on H. For any initial value u(0,-) € H, there exists a unique (mild)

solution to (2.149)—(2.150) with (2.172), such that

u(t,-) € C([0,00);H), (2.176)
and

lu(t, )| < e lu(0, )], (2.177)
where p, is defined in (2.175). Moreover, if u(0,-) € Dom(A), then

u(t,-) € C*([0,00); H) (2.178)
is the classical solution to (2.149)—(2.150) .

Proof. From the proof of Lemma 2.4, we have
Re < Af, f >< —p,|f|?>, Vf € Dom(A). (2.179)
Define a Lyapunov function

V() = 2flult, )P, (2.180)
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then we can get
V(t) < =2p,V(t) = V(t) < V(0)e 2t (2.181)

and thus, (2.177) is obtained. Because A generates a Cy-semigroup e, this semi-

group must be exponentially stable. O]

Remark 2.6. As can be inferred from Appendix A.2, exponential stability still
holds in some special cases if the strict inequality Ay > 4L?); in (2.172) is relaxed
to a nonstrict one. Another important fact, as can be also seen from Appendix
A.2, is that the exponential decay rate p, is not necessarily equal to the optimal

decay rate.

2.4 Notes and references

In this chapter, we have proved that for the critical case of L = 27r\/7/_3,
0 € L*(0, L) is locally asymptotically stable for the (nonlinear) KdV equation (2.7).
First, we recalled that the equation has a two-dimensional local center manifold.
Next, through a second-order power series approximation at 0 € M of the function
g defining the local center manifold, we derived the local asymptotic stability of 0 €
L*(0, L) on the local center manifold and obtained a polynomial decay rate for the
solution to the KAV equation (2.7) on the center manifold. Since the KdV equation
(2.7) also has other (periodic) steady states than the origin (see Remark 2.4), it
remains an open and interesting problem to consider the (local) stability property
of these steady states for the KdV equation (2.7). Furthermore, it remains to
consider all the other critical cases with a two-dimensional (local) center manifold
as well as all the last remaining critical cases, i.e., when the equation has a (local)
center manifold with a dimension larger than 2.

We have also conducted a preliminary stability analysis for the LKAVAD
problem, which can serve as a guidance for the controller design and other related
control problems.

Chapter 2 contains reprints or adaptions of the following papers: 1. S.-X.
Tang, J.-X. Chu, P.-P. Shang and J.-M. Coron, “Local asymptotic stability of a
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KdV equation with a two-dimensional center manifold”, Advances in Nonlinear
Analysis, to appear. 2. S.-X. Tang and M. Krstic, “Stabilization for linearized
Kortweg-de Vries systems with anti-diffusion”, in Proceedings of the American
Control Conference, pp. 3302-3307, Washington, D.C., USA, June 17-19, 2013.
3. S.-X. Tang and M. Krstic, “Stabilization of an anti-diffusive linear Korteweg-
de Vries PDE,” IEEFE Transactions on Automatic Control, to be submitted. The
dissertation author is the primary investigator and author of these papers, and
would like to thank Jixun Chu, Jean-Michel Coron, Miroslav Krstic and Peipei

Shang for their contributions.



Chapter 3

Backstepping Control of the

Korteweg-de Vries Equations

3.1 Introduction

3.1.1 Problem statement

This chapter addresses the problem of stabilizing the following class of LKd-
VAD posed on a finite interval [0, L]:

U(t, ) =Ugee(t, ) + Aotgs (L, ) + Mug(t, ) + Nou(t, z),z € (0, L), (3.1)
uz(t,0) =qru(t,0), ug,(t,0) = qgu(t,0), u(t,L) =U(t), (3.2)

where u(t,z) € R is the system state; the external forcing term U(t) is the to-be-
designed control input acting on the right Dirichlet boundary condition. At the left
end, a general case of boundary conditions is considered: a Robin boundary con-
dition and a Navier-like boundary condition. A9, A1, A, q1, ¢2 are known constants
which can take any values except infinity. Ay is allowed to be negative.

The control objective is to exponentially stabilize the system state to zero
in energy state space H = L?(0, L), or more specifically, to force the solutions of

these systems to achieve exponential decay by choosing the control input U(t).

Remark 3.1. The critical cases (¢ = oo or g; = o0) of boundary conditions are

considered in Appendix B.2.

40
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3.1.2 Literature review

Research on the control problems of KAV systems has drawn a large amount
of effort during the past decades. There are mainly three cases in the study of KdV
systems from control point of view, based on the domain/interval of interest. The
first class is posed on a periodic domain with internal control added it to the
equation [54, 55]; the second class is posed on the half real line R* [56, 57]; and
the third one is posed on a bounded interval with boundary controller(s) (see, e.g.,
38, 58]). For KdV sytem control and stabilization, [59] covers a detailed review of
some recent results and open problems, and it could serve as a good reference.

For the KdV systems on a bounded interval such as (0, L), boundary control
properties vary greatly depending on the boundary conditions, see, [59]. A KdV
system with two homogeneous left-end boundary conditions (one Dirichlet, the
other Neumann) and one right-end Dirichlet boundary control input is considered
in [60]. The authors firstly stabilize the corresponding linearized KdV system with
state feedback control, and then extend the results to the nonlinear case. A locally
stabilizing result is obtained as a result. KdV system. Based on this, they derived

a local stabilizing result for the nonlinear system.

3.1.3 Organization

In this section, we employ the backstepping method to design feedback con-
trollers for the LKAVAD. The remainder of this section is organized as follows. The
state feedback stabilizing problem is discussed in Section 3.2. Section 3.3 consists
of two parts. In Subsection 3.3.1, a Luenberger-type observer is designed, and it is
then used in Subsection 3.3.2 to help construct a stabilizing output feedback con-
troller. Both the state and output feedback closed-loop control systems can achieve
arbitrarily prescribed exponential decay rates. Some concluding remarks and pos-
sible future work are given in Section 3.4. In addition, an example is presented in
Appendix B.1 to illustrate effectiveness of the designed state feedback controllers.
Furthermore, two critical cases regarding the left-end boundary conditions of the

LKdVAD are discussed and stabilized in Appendix B.2.



42

3.2 State feedback stabilization

Before proceeding, we summarize the state feedback control design result

for the system (3.1)—(3.2).

3.2.1 Main result

We propose the state feedback boundary controller as

L A2—po
Ut) = / k(L. y)uly, t)e 52 0Dy, (3.3)
0

where the function x(x,y) € R satisfies the following PDE:
Rxmr(xa y) + ’iyyy(xa y) + 2 ("13?33(‘7‘17 y) - Hyy(xa y))

# (5240 (o) + )
_ r@ — l2 ((A2 — 12)(2X2 + 12)
3 9

which is defined on the triangle 7 = {(z,9)|0 < y < = < 1} and satisfies the

- )\1) + Ao — Mo} k(z,y) =0, (3.4)

boundary conditions as follows:

Ny —
wla,a) = 22 g -, (3.5)
— A Ao — 22 Xo — g\ 2
KI($’x):<M03 0+)\1 29#2_ 23‘#2( 23#2) >:v
Ao — fio
+ 71 3 —q(qn — 1)+ g — 1, (3.6)

/\2 + 2,[12

Foyy(,0) — (T + q1> ky(,0)

+ ()\1 + 2)\2; e (MQ ; Ao + Q1) + Q2) k(z,0) = 0. (3.7)

The parameters po and r; are arbitrary, and the parameters py and ry satisfy
o >0 and pg > 4L pg, (3.8)
ro > %(27“% + A — 13 — A\l — 2ug1y) 273 (3.9)

With this controller, exponential stability with an arbitrarily prescribed
decay rate holds for the resulting closed-loop control system, which is stated in the

following theorem.
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Theorem 3.1. For any initial value u(0,-) € H, the closed-loop system (3.1)—(3.2)
with the controller (3.3) determined by (3.4)—(3.9) has a unique (mild) solution

u(t,-) € C([0,00);H), (3.10)
and there exists a positive constant M, such that

_ 1
Ju(t, Mz < Mue ™ (0, )3, pu= a2t~ Ho > 0. (3.11)

Moreover, if u(-,0) satisfies a boundary compatibility condition, then
ult,) € C([0,50): H) (3.12)
1s the classical solution.

In the sequel, we denote the coefficient of first order partial derivative terms
in the gain PDE (3.4) as

p3 = A5

T tM 21 (3.13)

for simplicity, and we drop the subscripts from the norms and inner products when

they are clear from the context.

Remark 3.2.
1. For state feedback stabilization only, the choice of 7, can be relaxed to
the following non-strict inequality

2
71

ry = (r% — p1 — 2gry) =T5 — 5 (3.14)

Moreover, even this relaxed choice of control parameters (3.8) and (3.14) is a
sufficient but not necessary condition to achieve exponential stability of the closed-
loop control system.

2. The exponential decay rate p, can be arbitrarily large by choosing o

large enough.
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3.2.2 Proofs

We first prove existence, uniqueness and regularity of the function x(x,y).
Second, by employing a PDE backstepping transformation, the closed-loop u-
system with the designed controller is converted into an exponential stable target
system. Third, we derive the existence, uniqueness and regularity of the inverse
transformation. Last, we prove well-posedness and exponential stability of the

closed-loop control u-system, which completes the proof of Theorem 3.1.

A. Existence, uniqueness and regularity of the function x(z,y)

We analyze next the existence, uniqueness and regularity of solution to the

k(x,y)-system (3.4)—-(3.7).

Let
K(w,y) = pla,y)e), (3.15)
where
1 )\2 + 2,[1,2
= | == 1

then the system (3.4)—(3.7) is equivalent to the following p(z, y)-system:

Dawz (T, 1) +pyyy($7 y) — % (A2 +3q1) (Pae(,y) — pyy(x7y))

# (i 7 (B2 ) O = 2300 ) Gate) +af0)

4 3
Ao — Ao — 2\ +
s (G ) e o
Ny —
p(z,x) = = 3 e +aq — 7, (3.18)
[ o — o Xy — s 20+ s (Ao — 2\’
Mg+ 2 1 Ay — Ao+ 2 1
+(2Tu2+§(l1+7’1> 23/@4—( 2 5 u2—§CI1) (1 —71) +q2 — 72,

(3.19)

1/ Ay+2 2
Pyy(x,0) + [)\1—1 (%’L@—i‘%)
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29 + -
+ 23 & (Mz 3 2 +CI1> +Q2}p($70) = 0. (3.20)

Introduce a change of variables as follows

E=a+y n=x—y, (3.21)

and denote

G(&n) = p(z,y), (3.22)

then the problem (3.17)—(3.20) is transformed into the following IPDE:

2Gieee(E,m) + 6Geny(€§,m) — 2(A2 + 3¢1)Gen (€, )

Ao+ 2
+2 (ul +5 (QTMQ + ql> (A2 — 2p0 + 3611)) Ge(&m)

N [M ; 112 ((Az - Mz)g(f)w +p2) )\1>

+%—u4m¢m=o (3.23)

for (¢,m) € T1 = {(,1)]|0 < & < 2,0 <n < min(§,2—¢)} with boundary conditions

Ny —
G(£0) = 23'u2+Q1—7“1, (3.24)
l,uo —H2 22X+ o (Ao — o ? ¢
2 9 9 3
Ao + 2 Ay —
+< 2 M2+ q1—|— 1) 23
Ay + 2 1
+ <2TM2 — 591) (@ —71) +q2— 12, (3.25)

2
Gee(§,€) = 2Gey (£, ) + G (&, 6) + {)\1 1 (% + Q1>

2 + — A
w2t (228 ) 4 6169 —o (3.26)
that is,
Gsn(s,0) = diG(s,v) + daGs(s,v) + d3Gey(8,v) + dyGyss(s,v), (3.27)
G(s,0) = ds, (3.28)
Gt<S, 0) = dGS + d7, (329)
Gss(8,8) — 2G4 (8,8) + Guu(s, s) + dgG(s,s) =0, (3.30)
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where
1A — Ay — 20 +
g = LR (o= )@ tpe) Ny (3.31)
6 3 9
1 1 A+2
dg = —5 |:[L1 + Z (QTM + C_Il) ()\2 - 2”2 + 3(]1):|7 (332)
1
ds = g()\2 + 3q1), (3.33)
1
d4:—§, (3.34)
Ny —
ds = 23“2+q1—r1, (3.35)
L{po— Ao Ao — o 2Xo + o —
dg = = A — :
; 2[ A . (3.36)
Ay + 2 1 Ao — A +2 1
d7:(—2 6 M2+§q1+r1) 23'u2+( 2 6 M2—§ )(Q1—T1)+Q2—T2,
(3.37)
A + 2 220+ — A
dg = A1—Z(QTW+Q1) + 23 H2 (#2 3 2+Q1) + q2. (3.38)

Integrating (3.27) with respect to v from 0 to 7, we get

Gso(s,7) =dg —I—/ [le(s, V) 4+ doGs(s,v) + d3G(8,v) + dyGss(s, v)
0

1 b s+ v s—l—v 2otar (o5 s —v
+6/;)G( IR ) ey (2 ac

- _f (S v ; U) 6)\2-20—1111}] dv. (339)

Integrating (3.39) with respect to 7 from 0 to 7, we get
Gs(87 77) = dﬁn
n T
+/ / [le(s, V) + doGs(s,v) + d3Ggp(s,v) + dyGsss(s,v) | dvdr.  (3.40)
o Jo

Integrating now (3.40) with respect to s from 7 to &, we get

(& n) = G(n,n) +dsn(§ —n)
3 T
* / /n / |:le(5’ U) + deS(S’ U) + d3GSU(S7 U) + d4Gsss<3, 'U) dvdrds.
0 0

(3.41)
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To find G(n,n), using (3.26),

2
j—ge@@ 4G (£,6) — dCI(E.©). (3.42)

Using (3.39) with s = £, 7 = &, (3.42) can be written in the form of an integro-
differential equation (IDE) for G(&, &) as

d2

13
+4 / [le(g, V) + daGe(€,0) + dsGeo(€, v) + daGege(€, u)} dv. (3.43)
0

Thus,

G(g,g):(d5 d7)eE€<;)+4d6/j<o 1)6%")(;)(10—

13 o
+ 4/ / [le(a, v) + daGy(0,v) + d3Goy(0,v)
o Jo

1
0

0 —ds
E:(l ) ) (3.45)

From (3.41) and (3.44), an IDE for G is obtained:

+ dyG oo (0, v)}dv( 0 1 )eE(f"’) ( ) do,  (3.44)

where

G(&n) =G°(&,n) + FIG)(&,n), (3.46)

where Gy and F[G] are defined by

GO(&,m) = den(& —n) + ( ds dy )eE" ( ; )

+ 4dg / n( 0 1 )eE(”_") ") o (3.47)
0 0

and

FIG](&,n)
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G(s,v) + daGs(s5,v) + d3Gsp (s, V) + dsGass(s, ’U))} dvdrds

e
4 / / (0,0) + doGo (0, ) + d3 Gl (0, ) +d4Gm(a,v)]dv
0 0

x ( ) B(n-0) ( (1) ) do. (3.48)

The integral equation (3.46) is equivalent to the system (3.23)—(3.26).

Lemma 3.1. Any G(§,n) satisfying (3.23)—(3.26) with (3.8), (3.9), (3.13) also
satisfy (3.46) with (3.47)—(3.48) and (3.31)—(3.38), (3.45); and vice versa.

Next, by the method of successive approximation, we show existence, unique-
ness and regularity of solution to the equation (3.46) with (3.47)—(3.48) and (3.31)—
(3.38), (3.45).

(Existence and regularity) In fact, set
Gn—H (57 77) = F[Gn}<57 77)7 n= 07 17 27 T (349)

and denote

M =2|ds| + sup

<d5 d7>eEn<(1)>+4d6/0n<0 1)6E(”")<(1)>d0

0<n<1
(3.50)
o) [ 1
N=2(e;+ex+es+eq)|1+2 sup < 0 1 )e n
0<o<n<1 0
=2(e1 +ex+e3+ey) (1 — 2d§1/2i sup sinh <dé/2ig>) : (3.51)
0<¢<1
where ¢ denotes the imaginary unit and
€1 = |d1|, €y = |d2|7 €3 = |dg|7 €y = |d4|, (352)
then it can be proved that
)| < M. (3.53)

|GAE )| = |ds|n < |ds| < 2|de|(€+n)"" < M(E+n)~", (3.54)



|Ge, (& m)| = |ds| < M(E+n)7",
Ggg(faﬁ) :Oa

and

& mopT
el G° G° G° dtdrd
| “’””S/n / / (e1|G°(5,0)| + 2G5, v)| + €3 |G (s,0)]) dt dr ds

n ro
+ 4/ / (e1|G%(0,t)| + €2 |Gofo,
o Jo

do

X (0 1>eE<’7—“>((1)>

e
<ME+m) (5 +eates

+ (e1 +4eg +4e3)  sup

0<o<n<l

< MN(&+n),

< (5 +262+2€3> M < MN.

)|+ e3|Goy(o, t)]) dt

n
Gl < [ (@16Men]| +ealGen)] +erGEen)) i

< (e1+ex+e3)M < MN,

|Gee&m)| < /77 /Tel |G(¢, 1)] dt dr < 2¢,M < MN,
0 0

n
‘Gégn(fﬂ])‘ S/ €1 ’Gg(f,t”dt < etM < MN,
0

Forn > 1, £ +n <n+1, and thus it holds that

E+m)" _(E+n)"

(mn+1)! = nl
Suppose that for n > 1,

(E+n)"
n!

|G"(§,m)| < MN™

)

< MN™

Ggg .. .5(5777)
\T/

(0 1>eE<"—"><(1)>

|Ge(&m)] // (e1 |GU(&, 1] + €2 |GUE 1| + €3 | G2(€, 1)]) dtdr

(3.59)

(3.60)

(3.61)

(3.62)

(3.63)

(3.64)

(3.65)
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n W)
Gee.g,&m) N T (3.66)
then we have
13 T
G e )| < / [ [ |erers ot el
+es |G (5,0)] + €4 |G, (s, )@dvdes
n pro
4 G" G" G"
ra [ [ [l ol +alee o)+ alce.)
+e4 |G2, (0, )|}dv X ( 0 1 >6E(”_") ( ; ) do
it (E )
For m = 1,n + 2, we have
T (€ [ €.0)|+ e €
/ / ! 2 ffm 3
+€3 65 5 (f t) —|-€4 55 f(f t) :|dtd’7'
— hamrag
< MN"“M, (3.69)
n!
and
n—+1 K n
Gt (€ < [ erfote. cen]+eog. . clen
+e3|G 55 g(ft)‘i‘ez; 55 g(ft))
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Also, we get
n+1 _
Gt (&m) =0, (371)
——

n+3

Thus, by induction, the estimates (3.64)-(3.67) are proved for any n > 1. More-
over, from (3.53), the estimate (3.64) holds for any n > 0, which shows that the

series
G(&m) = G"(&n) (3.72)

converges absolutely and uniformly in 7;. From (3.46)—(3.48), we can get that
G™(&,m) is C*°, and thus G(&,n) is C*° with a bound

G(&,m)| < MeNE, (3.73)

Remark 3.3. From (3.49) and (3.48), it is reasonable to deduce that we might

—_—

m m m!

integers m = 0,00, m’ = 0 or 1, (infinite terms for each n) to conduct successive

need all the partial derivative estimation Ggf- 5(5777) , Ggf- ¢ (&,1m)|, the

approximation. However, we note from (3.47) that the starting point of iteration
GV is linear in €, and thus it is possible to simplify the proof as above (finite number

of terms for each iteration).

(Uniqueness) Consider any two solutions G1(§,n), G2(&,n) to (3.46), then
AG(&,n) = G1(§,m) — Ga(&,n) satisfies

AG(&n) =FIAG](E,n)- (3.74)
From the result of boundedness (3.73), we have
IAG(€,n)] < 2Me*N < 2MCe*™, (3.75)
where

C =2N+1. (3.76)
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Also, we derive from (3.74) that
)n—l

—1)!
<M(E+n)” (1+2Ne E) < MONE (& + )7 (3.77)

IGs(€n|<|G°€n|+Z|G"§n}<M§+n +ZMN"

n—1
|Gen(€:m)] < |G, £UI+ZIng£n < M(E+n)” +ZMN"§;_77)1)

< MCNEM(E 4) 7 (3.78)

and for m > 2,

m—2 o)
N n=0 Rm/_/ n=m—1 T
= Z Ggg...g(f,n)
n=m—1 \——x——’
T A /MR o N (S Dl
< n_Zm:_lMN T < ;MN D)
= MNeNE < MOeNED (€ 4 )7t (3.79)
m—2 e
~ n=0 \_7:_/ n=m—1 \_?r_/

oo n—1
< > MN" (€+n) = < MCNE(E 1)l (3.80)

Thus, from (3.77)—(3.80), for m > 1,

<2MCe*N (€ + )7, (3.81)

AG&“...g(fﬂ?)

~—

AGeg...¢,(Em)| < 2MCeN (€ +m) " (3.82)

—

m
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With (3.75), (3.81), (3.82), we calculate once again based on (3.74) and get

IAG| < 2MCe*NN (€ + 1), (3.83)

AG&&&({,U) < 2MC€2NN, (3.84)
T

AGee...c,(&m)| < 2MCe*M N. (3.85)
T

Based on (3.74), we repeat the above procedure for deriving (3.83)—(3.85). Then,
the following general form of upper bound estimates is derived: for any integer

J=z1

AG) < 2M062NNj<£—;+'77)j, (3.86)
| 1
AGee...c(&m)| < 2MC€2NNJ_1%, (3.87)
| 1

Note that the induction method is employed in order to derive this general form.

From (3.86),
|AG| — 0 as j — oo. (3.89)

Thus, AG = 0, which gives uniqueness of the solution (3.72) to (3.46).
We have derived the unique C'* function G(&, n), and thus existence, unique-
ness, and regularity of the function p(z,y) and kernel x(x,y) follows, which gives

the following lemma.

Lemma 3.2. The kernel k(z,y)—system (3.4)~(3.7) with (3.8), (3.9) has a unique
C>(T) solution with a bound

|k(,y)| < Me*N?, (3.90)

where M, N are given by (3.50), (3.51) and (3.52), (3.31)—(3.38), (3.45).
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B. Well-posedness and stability analysis of transformed systems

Through a PDE backstepping transformation u +— w:

Ag—H2

w(t,r) = u(t,z)e 3 ”3—/ /{(x,y)u(y,t)e&gwydy, (3.91)
0

where the kernel function s(z,y) satisfies equation (3.4)—(3.7), the class of closed-
loop systems (3.1)—(3.2) with controller (3.3) is mapped into the following class of

stable target transformed systems:

Wi (t, ) =Wepe(t, ) + oWy (t, ) + 1wy (t, ) + pow(t, z),z € (0, L),  (3.92)
w,(t,0) =riw(t,0), we,(t,0) =rw(t,0), w(t,L)=0. (3.93)
Remark 3.4. The transformation v — w is derived by composition of transfor-

mation u — v:

Aa—Hg .

v(t,x) = u(t,x)e s (3.94)

and transformation v — w:

w(t o) = olta) ~ [ et y)olyt)dy (3.95)
0
Define the system operator A : Dom(A)(C H) — H as follows:

Af = f" + pof" 4+ pa f' + pof,Vf € Dom(A), (3.96)
Dom(A) = {f € H*(0,L) | f'(0) = r1f(0), f"(0) = r2£(0), f(L) =0}, (3.97)

then the system (3.92)—(3.93) can be written as an evolution equation in H:

du(Vt)
dt

= Aw(-,t). (3.98)
Then, the following lemma follows directly from Lemma 2.5.

Lemma 3.3. For each A\ € 0(A), ReX < 0. A generates an exponentially stable
Co-semigroup on H. For any initial value w(0,-) € H, there exists a unique (mild)

solution to (3.92)—(3.93) with (3.8), (3.9), (3.13), such that

w(t,-) € C([0,00);H), (3.99)
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and
lw(t, )l < e [lw(0, )], (3.100)
where p, is defined in (3.11). Moreover, if w(-,0) € Dom(.A), then
w(t, ) € C*([0,00); H) (3.101)

is the classical solution to (3.92)—(3.93).

C. Existence, uniqueness and regularity of the inverse transformation

The backstepping transformation (3.91) is invertible, and the inverse trans-

formation w — u can also be as follows:

xT

T Tl R Tl
u(t,z) =w(t,z)e” = —/ Lz, y)w(y, t)dye 377, (3.102)
0

which satisfies

Loz (T, Y) + Lyyy (T, Y) + p2 (taa(,y) — Lyy($»y)) + 1 (e (z,y) + Ly(:):, Y))

Ay — Ay — 29 +
_ [ 2 . M2 (>\1 . ( 2 M2)é 2 M2)) —)\o—i‘uo] L(m,y), (3_103)
N\ —
Wz, ) =71 — g1 — 2 . ac (3.104)
Ao — Ho A2 — fi2 Ao — 12\ 2 + iz
x ) = - )\
Ly (T, x) 3 — + 5 5 x
Ay — Ay —
+ 23#2 (7‘1— 23”2—2q1>+7‘1(q1—7’1)—|—r2—q2, (3105)
Lyy(2,0) — (g2 +71)1y(2,0) + (p1 + pary + r2)e(,0) = 0. (3.106)

Similar results about existence, uniqueness and regularity of the kernel ¢(z,y) can
be proved in a similar way as proving for the kernel x(z,y).
D. Well-posedness and stability analysis of closed-loop control systems

Because the transformation (3.91) is continuous, then there exists a positive

constant C, such that

Jw| < Cillul. (3.107)
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The inverse transformation (3.102) is also continuous and thus there exists a pos-

itive constant C, such that
[ull < C.f|wl] (3.108)
From (3.100), (3.107), (3.108), we then have
[u(t, Il < CuCulu(0, ) [le™, (3.109)

which proves the exponential decay at rate p, for the class of closed-loop control
systems (3.1)—(3.2) with controllers (3.3), and Theorem 3.1 is thus proved with
equivalence between (3.92)—(3.93) and the closed-loop systems from invertibility

of transformation.

3.3 Output feedback stabilization

For the output feedback problem, we consider the non-collocated case here.
The objective is stabilizing the class of LKAVAD (3.1)—(3.2) with boundary control
and non-collocated observation: y(t) = u(t,0). A state observer is first designed,
and then an output feedback controller is constructed based on the recovered full

state information from the observer.

3.3.1 Observer design
A. Main result

We propose the following Luenberger-type observer, which is a “copy of the

plant plus output injection terms”:

Uy (t, @) =Ugee(t, ) + Aoty (T, ) + MUy (t, ) + Aot(t, z)

= bo(@)(u(t, 0) —u(t,0)),2 € (0, L), (3.110)

Uy (t,0) =quu(t,0) — bi(u(t,0) —a(t, 0)), (3.111)
Ui (t,0) =qu(t, 0) — by(u(t, 0) — a(t,0)), (3.112)
a(t, L) =U(t) (3.113)
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with the function

bo(r) = {(x 0) — (fiy + 1)ty (2, 0)

B A e
+ ( 3 + /\1 + 125161 —+ 02) Ii(ZL‘,O) e 3 °F (3114)
and the constants
by = o — 22 ; 2. (3.115)
Mo — [io [ Ao — [i
by = cq + 23#2(23#2_261>
Ao —fia\° 2+ iz Ao —fiz Mo — fio
- A L 11
* << 3 ) 9 Ty T3 ’ (3.116)
where the function &(z,y) € R satisfies
/N'f;rx:r(xa y) + '%yyy(l', y) + /]2 (/%ﬁm(x: y) - /%yy(x, y))
B, :
+ 3 +)\1 (Iix<l',y)+liy<l’,y))
Ao — 1 Ao — [12)(2Xo + [1 . .
_ [ 2 . M2 (/\1 . ( 2 Mz)é 2 M2)) + fig — )\0} /{(x,y), (3.117)
R(x,x) =0, (3.118)
i No—flo Ao —fia (Ao —fia\ 2N + fiz
oz, 1) = — A — L), 11
Re(z, ) [ 3 g + 3 5 (x ) (3.119)
R(L,y) = 0. (3.120)

The parameters jiyp and ¢; are arbitrary, and the parameters fio and cy satisfy

design parameters

fio > 0 and fip > 4L?fio, (3.121)

1 i2 — M2
> (cf — gy — 12 3 2 _ )\1> =cj. (3.122)
Denote

u(t,z) = u(t,z) — ult, x), (3.123)
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then the observer error system is

Ut (t, ) =Ugye(t, ) + Aoty (t, ) + MUy (t, ) + Nou(t, z) + bo(x)u(t,0),x € (0, L),
(3.124)

Ug(t,0) =byu(t,0), Uy (t,0) = bou(t,0), u(t, L) = 0. (3.125)

The following theorem can be obtained to state the effectiveness of the observer.

Theorem 3.2. For any initial data u(-,0),u(-,0) € H, the observer (3.110)-
(3.113), in which the function by(x) and constants by, by are chosen from (3.114)-
(3.122), guarantees that the observer error u-system (3.124)—(3.125) has a unique
(mild) solution

and there exist a positive constant My such that

. ot~ r
(e, ) < Mae™*|[a(-, 0)l, pa = J75/t2 = fio > 0. (3.127)

Moreover, if u(-,0) satisfies boundary compatibility condition, then
a(t, ) € C*([0,00); H) (3.128)

is the classical solution to (3.124)—(3.125). That is, the designed observer (3.110)—
(3.113) exponentially tracks the system (3.1)—(3.2) in the sense of state norm.

We denote in the sequel the coefficient of first order partial derivative terms

in the PDE (3.117) as

~2 >\2
K2 — 72 . 2 4\ 2 (3.129)
for simplicity.

Remark 3.5.
1. For observer design only, the choice of ¢y can be relaxed to the following

non-strict inequality

Co Z (C% — 2ﬂ201 - /11) == C;. (3130)
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2. Similarly as in Remark 3.2, the exponential decay rate p; can be ar-
bitrarily large by choosing jio large enough. On the other hand, similarly as in
Remark 2.6, p; is not necessarily equal to the optimal decay rate of the observer
error system, and in some special cases, exponential convergence of the observer
to the original system still holds if the strict inequality fio > 4L?[ig is relaxed to a

nonstrict one.

B. Proofs

1. Existence, uniqueness and regularity of the function (z,y)

Let
R(x,y) = R(Z,7), (3.131)
where
f=L—vy g=1L—u, (3.132)
then & (z,y) satisfies
Rawa(T,Y) + Rygg(T, ) + 2 (Raa (T, 9) — Ryyg(Z, 7)) + fin (Ra(Z, 7)) + £y(Z, 7))
_[x ; fz <( )(% Ti) )\1) + o — ,&0] R(Z,7),  (3.133)
R(Z,T) = 0,- (3.134)
Ra(Z,7) = :ﬁO;AO +>\1>‘2gﬁ2 - (/\2; ) 2)\2;”} T+cy—by, (3.135)
k(Z,0) = 0. (3.136)

The above PDE is in the class of (B.18)—(B.21) from Appendix B.2 (with ua, 1, o
replaced by fig, fi1, flg, respectively). Thus, existence, uniqueness, regularity and

invertibility of 5(Z,y) and also &(z,y) follow from Appendix B.2.

2. Well-posedness and stability analysis of the closed-loop control sys-
tem

A backstepping transformation

—Ao

a(t,@:w(t,x)e”s”x—/ () (y, £)dye 72
0

g (3.137)
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transforms the system (3.124)—(3.125) into the following exponentially stable sys-

tem:
Wy(t, ) =Wana(t, 1) + fiolan(t, ©) + iy (t, ) + fiod(t, ),z € (0,L), (3.138)

Wa(t,0) =c110(t,0), Wey(t,0) = cotb(t,0), w(t, L) = 0. (3.139)

Remark 3.6. Exponential stability of system (3.138)—(3.139) with (3.121), (3.122)
and (3.129) can be proved in the same way as Lemma 3.3 in Section 3.2.2, with

an exponential decay rate pg.

We can also prove invertibility of the transformation (3.137), and we can
prove the uniqueness and regularity of its inverse as well. Hence, Theorem 3.2 is

proved.

3.3.2 Output feedback stabilization
A. Main result

Consider the observer (3.110)—(3.113) with

L — K
Ut) = / w(L, )iy, H)e T2 0Dy, (3.140)
0

where the constant s and function k(z,y) are determined from Subsection 3.2.1.

Applying the backstepping transformation @ — w:

Aa—pg

w(t,z) = u(t,z)e 3 —/ /i(x,y)ﬂ(y,t)eAQ;#dey, (3.141)
0
we get

Wi(t, T) = Wage(t, ) + poWee(t, ) + 1w, (t, ) + pow(t, )

_ [(ql — by)ky(z,0) — ((q1 _ bl)w

Aa—mg

fg bg) (2, 0) + by()e 5

A2 —H2

_/Ow k(z,y)bo(y)e™ 3 ydy}zb(t,())@ € (0, L), (3.142)

Wy (t,0) = ryd(t, 0) + dyd(t, 0), (3.143)
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Waa(t,0) = rw(t, 0) + dyi(t,0), (3.144)

w(t, L) =0, (3.145)
where

di =q1 — by, (3.146)

dy =(q1 — by) (AQQ“Q —q1+r1> + g — by, (3.147)

The w-system (3.138)—(3.139) and the homogenous part of the w-system (3.142)—
(3.145) are both exponentially stable. Interconnection of the two systems (w, )
is a cascade, and the combined system (3.142)—(3.145), (3.138)—(3.139) is expo-
nentially stable. Hence, exponential stability of the closed-loop (u,@)-system with
output feedback controller (3.140) can be proved, and it is stated in the following

theorem.

Theorem 3.3. For any initial data (u(0,-),4(0,-)) € (L*(0, L))*, the closed-loop
(u, @)-system (3.1)—~(3.2), (3.110)—(3.113), in which the function by(x) and the con-
stants by, by are chosen from (3.114)—(3.122), with the controller (3.140) deter-
mined by (3.4)—(3.9) has a unique (mild) solution

(u(t, ), (-, 1)) € C ([o, ) (LZ(O,L))2) , (3.148)

and there exists a positive constant M,; such that

[(u(t, ), a(- ) < Muae™ | (u(-,0),a(-,0))]], (3.149)
i ! 6L ! [l >0 (3 150)
v — M § —— - — Ty 1o - ) .
p arzt? TR T g et T o
where
0213
> 3.151
" pio — 4y L2’ ( )
and

20 + pip

0= sup |(¢1 — b1)ky(x,0) — ((q1 —by) 3 + g — bz) k(z,0)
0<z<L
Ag—pg

+ bo(x)e 3

" / /f(xay)bo(?/)eM‘"’Hdey‘- (3.152)
0
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Moreover, if (u(0,-),a(-,0)) satisfies boundary compatibility condition, then
(u(t, ), (-, 1)) € C* ([0, 00); (£2(0, 1)) (3.153)
is the classical solution.

Remark 3.7. Exponential decay rate p,; can be arbitrarily large by first choosing

o, fio large enough and then choosing m; large enough.

B. Proofs
Consider the Hilbert space
H = (L*(0, L)) (3.154)
with inner product
< (fr,91), (f2,92) >m= /OL afi(@) fo(x) + gi(2)ga()d, V(f1,01), (f2,95) € H,

(3.155)

where a > 0 is a constant to be determined. Define the system operator A :

Dom(A)(C H) — H as follows:

A(f,g9) = (f”’ + po f" 4 f 4 pof

= [t =m0 = (= 002222 4 =) a0

Aa—pa * >\2*u2y
+bo(x)e 3 " — [ Kz, y)bo(y)e 3 Ydy|g(0),
0

9" + fiag" + fng’ + ﬂog> ,¥(f,9) € Dom(A), (3.156)

Dom(A) = {(f,g) € H*(0,L) x H*(0, L)|f(L) = g(L) =0,
f(0) =11 f(0) + dig(0), g'(0) = c19(0),
J7(0) = r2f(0) + dag(0), g"(0) = c29(0)} , (3.157)

then the (w,w)-system (3.142)—(3.145), (3.138)—(3.139) can be written as an evo-

lution equation in H:

d(ﬁ}(t, ')7 ID(', t))
dt

= A(W(-, 1), @(-1). (3.158)
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By following the similar way as proving Lemma 2.3, this following lemma is derived.
In the sequel we omit the proofs which are straightforward by following similar

procedures as those in Section 2.3.

Lemma 3.4. If

1
(1 r m)e | 0 |#0 (3.159)
0
1
(1 e oe)e™ | 0|0, (3.160)
0
where
00 —po 00 —fi
Di=|10 —w |, Da=|10 - |, (3.161)
01 —p 0 1 —fis

then A~ exists and is compact on H. Hence, o(A), the spectrum of A, consists of

isolated eigenvalues only. Moreover, each A € o(A) is geometrically simple.

Lemma 3.5. A is dissipative in H, and A generates a Cy-semigroup et of con-

tractions in H. For each X € o(A), ReX < 0.

Proof. Let (f,g) € Dom(A), then

Re < A(f7g)7(fag) ~H

]_ QQL 2 ~ ]- ~ 2
<a /Lo—m,ug—f‘R HfHH+ NO_ENQ HgHH

1

1
—a <r2 + pary — Tf + 5#1 — (dg + u2d1)2m2) ‘f(0)|2

. 1 1_ 1
- <02 + f12c1 — 503 Tt —a (d% +my + 4—m2)> 19(0)[%, (3.162)

where constants 6 and m; > 0 are given by (3.151), (3.152), and ms > 0 is to be

determined.
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Choose
To + poTy —T%+%u1
0<mg < 3.163
2= (da 4 pady)? ( )
and
Co + figc) — e + L
0<a< 220750 750 (3.164)
dl + mq -+ m
then
Re <A(f.9), (f.9) >< —puall(f, 9)II?, Y(f,9) € Dom(A), (3.165)
where p,; is defined as (3.150). O

Lemma 3.6. A generates an exponentially stable Cy semigroup on H. For any
initial data (0(0,-),w(0,-)) € H, the transformed (w,w)-system (3.142)-(3.147),
(3.138)—(3.139) with (3.8), (3.9), (3.13), (3.114)—(3.122) and (3.129) has a unique
(mild) solution

(w(t,-), w(-, 1)) € C ([0, 00); H), (3.166)
and
[((t, ), () < e |(w(-, 0), (-, 0))]- (3.167)
Moreover, if (1(0,-),70(-,0)) € Dom(A), then
(w(t,-), w(-,t)) € C* ([0, 00); H) (3.168)
is the classical solution.

Proof. Define a Lyapunov function

1., . - a, . 1, .
L(t) = Sl (@, 1), @, 0) i = Sl Ol + Sl Ik, (3.169)
then we can get
L(t) < = 2p,aL(1). (3.170)

Because A generates a Cy-semigroup e®!, this semigroup must be exponentially

stable. O
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Exponential stability in (w, w)-variables is obtained. Then, from regularity
of the transformations (3.137), (3.141) and their inverses, we obtain exponential
stability in (u,@)-variables, and therefore in stability in (u,@)-variables. Hence,

Theorem 3.3 holds.

3.4 Notes and references

In this chapter, state feedback boundary controllers and output feedback
boundary controllers by means of non-collocated observed state are designed for
stabilizing a class of LKAVAD systems by applying the PDE backstepping method.
The resulting closed-loop control systems are exponentially stable with arbitrarily
prescribed decay rates. Note that the results derived in this chapter can be ex-
tended to the nonlinear KdV equations and derive locally stabilizing results. In
the meantime, a challenging problem is to consider stabilizing the nonlinear KdV
equations.

The exponential decay rates for the closed-loop control systems derived in
this paper are not always optimal. Thus, for future work, another open problem is
to derive optimal decay rates for the systems. Stabilization of LKAVAD systems
with spatially varying coefficients or with unknown parameters can also be an
interesting problem. Moreover, an ongoing work is to consider control design for

cascaded /coupled LKAVAD-ODE systems, such as

X (t) =AX(t) + Bul(t,0), (3.171)
U(t, ) =Ugee(t, ) + Aoty (8, ) + Mug(t, ) + Aou(t, z),z € (0,L), (3.172)
uz(t,0) =qru(t,0) + CX(t), (3.173)
Uy (t,0) =qau(t,0), (3.174)
u(t, L) =U(t). (3.175)

Chapter 3 contains reprints or adaptions of the following papers: 1. S.-X.
Tang and M. Krstic, “Stabilization for linearized Korteweg-de Vries systems with
anti-diffusion”, in Proceedings of the American Control Conference, pp. 3302-3307,
Washington, D.C., USA, June 17-19, 2013. 2. S.-X. Tang and M. Krstic, “Stabi-
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lization of linearized Korteweg-de Vries systems with anti-diffusion by boundary
feedback with non-collocated observation”, in Proceedings of the American Con-
trol Conference, pp. 1959-1964, Chicago, IL, USA, July 1-3, 2015. 3. S.-X. Tang
and M. Krstic, “Stabilization of an anti-diffusive linear Korteweg-de Vries PDE,”
IEEE Transactions on Automatic Control, to be submitted. The dissertation au-
thor is the primary investigator and author of these papers, and would like to

thank Miroslav Krstic for his contributions.



Part 11

Coupled Hyperbolic Systems with
Spatially Dependent Coeflicients
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Chapter 4

Stability of the Coupled
Hyperbolic Systems with
Spatially Dependent Coefficients

4.1 Introduction

4.1.1 Literature review

Coupled hyperbolic partial differential equations (PDE) systems have appli-
cations in a wide range of physical systems spanning fluid dynamics [61], population
dynamics [62], structure dynamics [63], etc. Specifically, the coupled systems of
first-order linear hyperbolic PDEs can serve as models for the applications of oil
wells [3], transmission lines [2], road traffic [1], open channels [64], the dynamics
of open-channel hydraulic systems [65, 66|, and so on.

We consider in this paper a coupled system of n leftwards and m rightwards
convecting transport PDEs with spatially varying coefficients. This system can be
used to model the dynamics of open-channel hydraulic systems, e.g., estuaries,

rivers and irrigation canals.

68
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4.1.2 Organization

The outline of this chapter is as follows. Section 4.2 is dedicated to a
preliminary stability analysis of a coupled system which consists of n leftwards and
m rightwards first-order PDEs with spatially varying coefficients. Then, Section
4.3 investigates an exponentially stable cascaded system which also consists of
n+m transport PDEs with spatially varying coefficients. Finally, some conclusion

remarks are given in Section 4.4.

4.2 Stability analysis of a coupled hyperbolic sys-

tem

4.2.1 Problem statement

Consider the following coupled system of n leftwards and m rightwards

transport PDEs (see, Figure 4.1)! with spatially varying coefficients:

wi(t,x) + A"(2)u,(t, z) = S (z)u(t,z) + S (z)v(t, x), (4.1)
vi(t,z) — Al(x)v,(t, z) = 8" (2)u(t, ) + S (x)v(t, x), (4.2)
u(t,0) = Qu(t,0), (4.3)
v(t,1) = Ru(t, 1), (4.4)
u(0, ) = uo(z), (4.5)
v(0,z) = vo(x), (4.6)
where
w(t,2) = [u(t,2), wslta), .., walt,a)] (4.7)
o(t.2) = [un(t2), va(t,2), ..., valt.a)] (4.8)

are the system states with t > 0, = € [0,1]. The following spatially varying

matrices stand for the state transport speeds:

A (@) = diag |Xi(x), M(a) . -, Ai(x)| € Ma(R), (4.9)

!The term of v(z,t) in the v-equation (4.2) can also be removed easily, see, [67, Remark 1].



Figure 4.1: Block diagram of the coupled hyperbolic systems.

70



71

Al(w) = diag [Ny (2) , My(x), -+, Ny (2)] € Min(R), (4.10)

where?
0 < MN(z) <Ay(z) < <A (), (4.11)
— A (2) < =Ay(z) - < =N (2) <0, V2 €[0,1]. (4.12)

And the in-domain parameters are also organized in spatially varying matrices:

S (x) = (S (), icmi<ien’ (4.13)
S (x) = (ngv(x))lgign,lgjgm’ (4.14)
§"(x) = (S5'(%))  cicmicion (4.15)
5%(z) = (S5 (x)), icmi<j<m (4.16)
The independent matrices @, R of boundary parameters are given as
Q = {4} € M,n(R), (4.17)
R = {r;} € M,,,(R). (4.18)

All the investigation will be conducted under the following assumption.
Assumption 4.1.
1. A™(z) € C'(0,1; M, (R)), Al(z) € C' (0, 1; M,,(R)), and we denote

j=1,m}, (4.19)
T}

:=min {\](z), (z); z €10,1], i
:= max { ] (z),\j(2); = €[0,1], i

- ]'JnJ
= ]‘7n7

J

1

2. 8"(z) € L>(0,1; M, (R)), §“(z) € L= (0,1; M, n(R)),
S (z) € L*(0,1; M, n(R)), S*(z) € L= (0,1; M,,(R)), and we denote

My := max {|[S*(z)[|, |S* (x)[|}, (4.21)

z€[0,1]

3. Q e M,,n(R), R € M,, ,(R), and we denote
7:=1Q"Ql. (4.22)

Here and in the sequel, || - || denotes the 2—norm of a matrix.

2Isotachic cases (i.e., \I = A7, or, A= /\é- for some ¢ # j) can also be considered, see, [67,
Remark 2].
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4.2.2 Spectrum analysis

To analyze the system (4.1)—(4.6), we consider the state Hilbert space H =
(L2(0,1))"™™. Define an operator A : Dom(A)(c H) — H as follows:

A(f"(2)," ()"
= (=A@ () + §™ () f(2) + S (2)g ()]

[Al(2)g/(x) + §7(2) f(z) + S””(x)g(w)]T)T, Y(f",g7)T € Dom(A), (4.23)
Dom(A) = {(£7.4")" € (H'(0,1))""™; £(0) = Qq(0).g(1) = RF(1)}. (4.24)

Lemma 4.1. If

(R ~I..)e

is nonsingular, where I denotes the unit matriz, then A" exists and is compact

/1 ( (A ()78 (s)  [AT(s)]71 8" (s) ) i
o \—[A'($)]1S™(s) —[A )] 1S (s) (Q)
I

on H. Hence, o(A), the spectrum of A, consists of isolated eigenvalues only:
d(A) = 0,(A), where 0,(A) denotes the set of eigenvalues of A. Moreover, each

A € 0(A) is geometrically simple and satisfies the characteristic equation

/1 <[Af<s>1—1[5““<s> “A [A()]TS M) ) i
o \ —[A©)]718" ()~ ()~ A (Q)ZQ

(R —Im> ¢

An eigenfunction f corresponding to X is

¥

Proof. (Part 1) By solving

/x ([Af(s)]l[S%)—A] [A7(5)] 715" (s) )
><> o \ —IA@ITS ) A ]S s) ~ (Q)Q(O).

A (flT g?>T = (fT gT>Ta (ff g?)T € Dom(A), (4.27)
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we get

AL <fT gT>T _ (f{ > v (f" T) (4.28)

/ ([A% NS ]S >>d3
(;“) ) = SIS (s) —[A(s)] 78 <Q> 4.0
[ ( (A ()] 18" ) [AT)] 1S (s) ) i
e A7) (A )8 (s) (f“)) ar,

—l—/e
0

where
[AT(s)]718™(s)  [A'(s)]718™(s)

9,(0) = —[(R —Im> e/o <_[A1(5)] 1§(s) —[A (S)]lsv”(5)> - (Q)]_l

/1 ( (A ()78 (s)  [AT(s)]71 8 (s) ) Ny
NS ) A8 s) (f“)) i
g(7)
(4.30)

That is, we derive the unique solution (f7,g7)” € Dom(A), and thus, A~! exists
and is compact on H by the Sobolev embedding theorem. Therefore, o(A), the
spectrum of A, consists of isolated eigenvalues only.

(Part 2) For any A € 0,(A), we have
A (f(@) B (—Ar(a:) F(2) + 8™ (@) f(z) + s“”(x)g(x)) _, (f(a:)) (431)
g(z) Al(z)g'(x) + 8" (z) f(x) + 8" (x)g(x) g(z)
f(0) =Qg(0),9(1) = Rf(1), (4.32)
which has at least one nonzero solution (f7,g”)”. If it has two linearly inde-

pendent solutions (£1,g7)7, (f2,95)", then there exist two non-singular constant

matrices A, B such that

Ag,(0) + Bg,(0) = 0. (4.33)
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<f<x>> 4 (m)) B (n(@) (434)
g(x) go(x) 9o ()
satisfies

A (f(x)) _ ( "(@)f' (@) + 8" (1) f () +5””<x>g<x>> _, (m) | (435)
g(@))  \ N@)g'@) + 8" (@)f(x) + 8™ (x)g(x) a()

f(0) =0,9(0) = 0,g(1) = Rf(1), (4.36)

Thus,

which has only zero solution. Hence,

A (fl(@) B (fl(@) —0, (4.37)
9>() 9>()

which contradicts with the assumption. Therefore, each A € 0,(A) is geometrically
simple.

(Part 3) For any A € 0,(A), from (4.31), we have

/([Af( IS ()~ Al [AT(9)] 1S (s) )ds
<f> (@)= \ TIEITEME) A7) - A <f<o>).

g

From (4.32), we get the characteristic equation (4.25). We can also derive the

corresponding eigenfunction (4.26). O

It can be concluded from Lemma 4.1 that the spectrum of the system (4.1)—
(4.6) depends on the system matrices, and that the system is not necessarily stable
in the general cases. In what follows we give an example of exponentially stable
systems, which is a non-local cascaded system of n leftwards and m rightwards
transport PDEs with spatially varying coefficients. The exponential stability of
this cascaded system will provide some insights for controller designs of the coupled

system.
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4.3 Exponential stability of a cascaded hyper-

bolic system

4.3.1 Problem statement

Consider the following system (see, Figure 4.2):

Owu(t, r) + A (2)0,u(t, z) = S (z)u(t,z) + S (x)v(t, x)

+ /0 O ult, €) de + /O " O, )0 (t, ) de, (4.39)
ot 1) — A(2)d,0(t. 1) = Al2)o(t,0), (4.40)
u(t.0) = Qu(t, 0), (4.41)
w(t.1) = 0. (4.42)

where the matrix

- | ;
Az) = 52’1:(95) (4.43)
(Sm 1(33) 5m,m—l (37) O_

guarantees that X
JRNGIRNCE

is nonsingular. The matrices of functions A"(z), Al(x), 8*“(x), S**(z) and the
constant matrix Q satisfy Assumption 4.1. C*, C! are L™ matrices of functions

defined on the triangular domain
T:{(x,£)€R2|0§£§:c§1},
and we denote
Mo = max {107 (2,6) <oy 1€, | =em), (4.44)
where

|+ [[Loe(r) = ess Slqlrp\ . (4.45)



v(t,0)

n hyperbolic PDEs
u(t, )

A
u(t, 0)

2

Figure 4.2: Block diagram of the cascaded hyperbolic systems.
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Note that compared with the system (4.1)—(4.6), this system (4.39)—(4.42) is cas-
caded in the sense that v(t, x)-system evolves by itself and then the state informa-

tion goes into the w(t, x)-system.

4.3.2 Stability analysis

Consider the inner product given by
<(fi, 90)". (f2, 93)" >m
= /01 (e‘””fl(w)T (A" ()] Fal@) + (1 + 2)g,(2)"D [A(2)] M) du,
Y (fi. 91)".(f2. 92)" € H, (4.46)

where the parameter v is chosen as a positive constant large enough to satisfy the

following inequality:
Mg\ [ Mc\? (1
- =) - | == —+1) - 4.4
Y <A> (A) al 20 447

D = diag{dl, dg, SR dm_17 dm} >0 (448)

and the matrix

contains the positive weight coefficients dy, ds, -+, d,,_1, d,, which are chosen

successively as follows:

dm > max {q, (%)2 + % +2(m — 1)} , (4.49)
! 1 Ms\? 1

dm—1 > max {Q—l— /0 (1+2)d2, )\}71(1:)25’2”’”"‘_1@) dz, (f) +o+ 2(m — 1)} )

(4.50)

1 m
) 1
yn— > max {q +/0 (1+ =) | > dfw‘sf,m—z(x) dz,

(%)2 + % +2(m — 1)}, (4.51)
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M 1
dlzmax{ /1+x Zd%)\l 221 dx(}\5> —|—;+2(m—1)}.

(4.52)

Denote |- as the norm induced by the inner product (4.46), then a simple

derivation gives the following inequality stating the equivalence between the ||| ;-

norm and the usual L2-norm:

O 1 (0 P~ (0 D [ e
SN

< Gl (1), 07 (1) gy

where

1
7. " g = | (7 +9"g) o
and
1 . L
Ch = Xmm{e Yodii = 1,m} > 0,
1 N
Cy = Xmax{l, 2d;;1 = 1,m} > 0.

Define an operator A : Dom(A)(C H) — H as follows:
A(FT (@), g7 (@) = (-AT@)f () + 8™ (@) (@) + §™(2)g ()
/ @ OF ) d¢ + | xC%x@)y(&)d&}T,
[Al2)g’ + A)g(0)]") ., ¥(f.9)" € Dom(A),
Dom(A) = {(f",g")" € (H'(0,1))"™; £(0) = Qg(0),g(1) = 0},
for which the adjoint operator is
A (@ (@), " ()T
- ([w@r-vot) + 610 + 15 A @] 90}

T

AN () / (O (€, 2)[TIAT(E)] () de

(4.53)

(4.54)

(4.55)

(4.56)

(4.57)

(4.58)



79

DS @ )] 0l)

- 1ixAl<x>D1 / e [C (&, )] TTATE)] T B(€) dé
- AR - A ) V@) eDom(A), (459

Dom(A*) = { ((,‘bT,th)T S (Hl(O, 1))2;
Q"6(0) = D(0) -~ [ (1+2)AE) DINW] (o) dr, B(1) - o}. (4.60)

Taking the inner product with (¢",4%")” € Dom(A*) on both sides of (4.39)-
(4.42), one gets

il () (D, A0) #(2), o

then the system (4.39)-(4.42) can be written into the following abstract form in

H:
d u u
&<U>:,4<U>. (4.62)

Lemma 4.2. Assume that the constant

1 x
a-[ ]
0 0

then A~' exists and is compact on H.

2
dsdz < 1, (4.63)

/ AL (E, 5) dge AT S

Proof. For any given (f”,g")" € H, we consider the existence of (f1,g7)" €

Dom(.A) such that
A(fi.g0)" = (f".g")" (4.64)
First, for the g, (z)-equation:

Al(x)g) + A(x)g,(0) = g, (4.65)
g:(1) =0, (4.66)
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it can be derived that there exists a unique solution:

g,(z) = / A [A(E)g,(0) — g(6)) de. (4.67)

where

g,(0) = { / A A de - I] B / WEOFg©)ds.  (468)

Second, f,(z) needs to satisfy the following equation:

= A (@) fi(x) + 8™(x) f1(2) + 8" (x)g,(x)

" / C* (2, €) f1(€) de + / C(x.6)g, (€) dé = f. (4.69)
0 0
f1(0> = le(O). (4'70)
Let
Fi(2) = e FAOS™©de p (1) (4.71)

then Fy(z) satisfies
_ Ar(x)efoz[l\r(f)}flsw(ﬁ) dSF/I (l‘) + /Ox Cf(x’ f)ef(f[f\r(n)}*ls”"(n) an1 (5) d¢
~ 1)~ 8" (Wg,(0) ~ [ O, )g1()d¢ 2 ha), (4.72)
F1(0) = Qg (0). (4.73)

This integro-differential equation (IDE) can be easily written into a Volterra inte-

gral:
Fi(z) = Qg,(0) + /0 ) [(TFl)(s) — e~ INQITSTO KA (5)] "L h(s)| ds, (4.74)
where
(TFy)(x) = [A"(z)] ! /0 C'(x,£)el WIS P, (¢) g (4.75)
Consider the operator P : (L*(0,1))" — (L2(0,1))" defined by

(P)(a) = Qau(0) + [ [(Ts) — e KNS O (s)) Th(s) s, (470
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then it is easy to get that
IPF} — PF|l 200 < VColl Fy = Fl (220 (4.77)

Since Cy < 1, the Banach fixed point theorem implies that P has a unique fixed
point F; in (L?(0,1))", and this F'; is the unique solution to the initial-value
problem (4.72)—(4.73). Therefore, (4.69)—(4.70) admits a unique solution f,; and
(4.64) admits a unique solution (£, g7)”. Hence, A~" exists and is compact on

H by the Sobolev embedding theorem. O

Lemma 4.3. A and A* are dissipative in H, and A generates a Cy-semigroup

et of contractions in H.

Proof. Let (f", g™)" € Dom(A), then

Re <A(fT, g’ (f", QT)T>H
=3 WP+ 5 [ e P

| Re / e F(2) T[S ()] T (AT ()] F (2) da

 Re / erg ()78 ()| T[AT (2)] " F(z) da

wre [ [ HeTIC O AT TG ds
#re [ [ 9710w O N @] F as
5900 (D - Q" Q)g(0)

+ Re /01(1 + m)g(O)TA(a:)TD[Al(x)]*lm dx

- %Re/o g(r)"Dg(r)dz, (4.78)

where |-| denotes the Euclidean norm of a vector, and the equalities in (4.57)—(4.58)
have been used.

It can be derived that

Re / e £ (2)T[8 ()| T[AT ()] F (@) da
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<5/ 1em{gT<x>[S“”<x>] A (@) 28" (2)g (@) + £7 () F(a) | do
s%(MT) | ela@ban g [ eip@ra, (4.80)

=
@)
N
C\H QH
('b

. /Oxf OT[C (z, O d[A (2)] " f(z) dz

<3 [ e [ [rone e orn @ e w o fiE + ) )| o

s%(%)/ /|f (R dedr + & / [ @R dagas

<! (%) | Pddx+§/g | f(2)? da

<5 [ [ (Me) ]!f( ) da, (481)
and

8

=
@D
O\H
(‘B
%2

/0 (&)7[C (2, )] dE[A (@) F ) da

IN

/ / [ 2)[C(z, O [N (2)]*Cl(w, ) F () + g7 (§)g(§) | d¢ dw

(M) [ erais@ras +§1 [ e awprar (4.52)

Moreover, we have

IA

1
2
1
2

(1+2)g" (0)A(2)" DAY ()] "' g(x)

1
. x>{gl<o>62,1<x>d2mgz<x>

+ [91(0)03,1 () + g2(0)d3,2(x)] d3

1

)
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+ [91 (0)5m71,1($) + 92(0)(5,71,172(;5) + ...

%l(x)gml(x)

+gm72(0>6m71,m72 (37)] dmfl

01 0)(0) + 0)2(0) + s O (] < |

(4.83)
By rearranging the terms, we have
I(t) := Re/o (1+2)g" (0)A(x)' D[AY(x)] g (z) dx
< [ S (oot + s
Y (1O ) 3o + )| +
+i[| Ol + o)l
e Gm— 2 i,m—2 1/\1( ) gi\T
22 2 1 2
[l s OB (s + (o) |
g(m—n/o 2D ()
‘1"9 / Z(S l/\l ) dz
+|92 z)\l ) da
+’gm—2( / Z 5 i 2 Z)\1(1) da
HlanaOF [ S8 @b e )

Then, by plugging (4.79)—(4.82) and (4.84) into (4.78), the following estimate can
be obtained:

Re (A(fT, "), (F7, a") ")y
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1

)P dr = 560) [ gt (455)

<0, (4.86)

NI
<3 WOR - aw) |

0

where the inequalities (4.49)—(4.52) are used in the derivation of (4.85) and we
have from (4.47), (4.49)—(4.52) that

G = v — (%)2 - <%)2 G 4 1) _3>0, (4.87)
Co(v) == min {ds;i =1,m} — (%)2 - % —2(m—1) > 0. (4.88)

Let (¢, ¥")T € Dom(A*), then it can be derived similarly that
Re((¢", v")", A(¢", ¥")"),
T 1 1 ! —vz 1 !
<" WD - 360) [ e Ip@Pdr — 560 [ [ da
<. (4.89)

Hence, A and A* are dissipative in H. According to the Lumer-Phillips theorem

[53, Corollary 4.4], A generates a Cp-semigroup e of contractions in H. O
The following lemma can thus be proved, see, [65].

Lemma 4.4. The Cy-semigroup et generated by A is exponentially stable. More

precisely, consider the following system

d u u
()

then for any initial data (u”(0,-), v (0, ))T € H, there ezists a unique (mild)

solution
(u"(t,-),07(t, )" € C([0, 00); H). (4.91)

to (4.90), and it holds that

T T TH [Cs oo
t.- ) t’ . S =
H(u (t ), 07 (¢ ) (L2(0,1))™ ™ C’le

(u"(0,-),v"(0,))

il
(L2(0,1))"+m
(4.92)
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where

1
N {Cl(m’ 2max {d;;i =1,m} CQ(V)} -0 (4.93)

Proof. Define the energy of the system (4.39)—(4.42) as

B(t) = 2H< (), 87 ()
1
2),

ey (t,2)[AT ()] () da

= /O (1+ 2)8" (¢, 2) DA\ (2)] 18(¢, ) da (4.94)

then its derivative
B0 = e { [ e oA ) T e
4 Re {/01(1 + )87, x)[Al(x)]lmdx}
<500 [ it de - 2a) / 16,2 o

< —aE(t), (4.95)
where (4.85) has been used. The proof can then be completed with (4.53). O

Remark 4.1. Following the proof of [67, Lemma 3.1], it can be similarly derived
that the solution to the system (4.90) is also finite time stable.

4.4 Notes and references

This chapter presents a preliminary stability analysis for the coupled sys-
tems of first-order hyperbolic PDEs. This, together with the study of exponential
stability of the non-local cascaded hyperbolic system, can serve as a guidance for
the controller design and other related control problems.

Chapter 4 contains reprints or adaptions of the following papers: 1. A.
Diagne, S.-X. Tang*, M. Diagne and M. Krstic, “Stabilization of the Bilayer Saint-
Venant Model by backstepping boundary control”, IEEE Transactions on Auto-
matic Control, under review. 2. S.-X. Tang, B.-Z. Guo and M. Krstic, “Control



86

designs for a coupled hyperbolic system with a matched boundary disturbance”,
in preparation. The dissertation author is one of the primary investigators and
authors of these papers, and would like to thank Ababacar Diagne, Mamadou

Diagne, Bao-Zhu Guo and Miroslav Krstic for their contributions.



Chapter 5

Backstepping Control of the

Coupled Hyperbolic Systems with

Spatially Dependent Coefficients

5.1 Introduction

5.1.1 Problem statement

The class of systems discussed in this chapter (see, Figure 5.1) are

w(t, ) + A (2)u(t, x) = S (x)u(t, z) + S (x)v(t, ),
vi(t, ) — Al(z)v,(t, z) = 8" (2)u(t, z) + 8 (z)v(t, x),

u(t,0) = Qu(t,0),
v(t,1) = Ru(t,1) + U(t)
w(0,7) = uo(z)
(0, ) = vo(z)
where
u(t,2) = [ (t,2), uslt, ), ... (i x)]T
o(t.2) = [un(t,2), va(t,2), ..., valt.a)]

87



Figure 5.1: Block diagram of the coupled hyperbolic control system.
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are the systems states with t > 0, = € [0,1]. The following spatially varying

matrices stand for the transport speeds:

A (2) = diag [Nj(x), My(a) ., -+, Ai(a)] € Ma(R), (5.9)
A(z) = diag [Ny (2), Ay(x), -~ , Ny (2)] € Mn(R), (5.10)
where
0 < A(z) < Ay(x) < -+ < A (2), (5.11)
— A (2) < =Ab(z)--- < =M (2) <0, Vz €[0,1]. (5.12)

And the in-domain parameters are given as

Il R e

—~ —~ —~ —~
¢ o ov ¢
—_ [
ot =~
SN— N— S— N—

Il i

Sl >

Q = {gij}h1<i<ni<j<m, (5.17)
R = {rij}1<icmi<j<ns (5.18)
and
T
U(t) = |Uy(t), Us(t), ..., Un(t) (5.19)

denotes the boundary control inputs. The control objective is to (exponentially)
stabilize this class of coupled systems of n leftwards and m rightwards convecting
transport partial differential equations (PDEs) with spatially varying coefficients.

All the investigation will be conducted under the following assumption,

which is the same as Assumption 4.1.

Assumption 5.1.
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1. A™(x) € C1(0,1; M,(R)), Al(x) € C*(0,1; M,,(R)), and we denote

A== min {\/(z), j(z); = € [0,1], i

j=1,m}, (5.20)
A :=max {\](z), Xi(z); = € [0,1], i ' :

,m
Tm}

=1,n,
=1,n, j

2. 8"(z) € L>(0,1; M, (R)), §*(z) € L= (0,1; M,,m(R)),
S (x) € L*(0,1; M, n(R)), 8*(z) € L= (0,1; M,,(R)), and we denote

Ms = max 15" (@)]. 15" ()]} (522)

3. Q € M,n(R), Re M,,,(R), and we denote

7:=Q"Q. (5.23)

Here and in the sequel, || - || denotes the 2—norm of a matrix.

5.1.2 Literature review

Control problems of coupled hyperbolic systems have received a lot of at-
tention from researchers. Indeed, extensive studies have been conducted towards
the design of control methodologies for this class of systems, see, e.g., [68, 69, 70].
Specifically, several efforts have been made on the stabilization problems for the
coupled systems of first-order linear hyperbolic PDEs, see, e.g., [71, 72, 73], in the
past decades.

In this chapter, the PDE backstepping control method is employed for the
controller designs of the considered systems. Through backstepping, we design a
full state feedback controller, which stabilize the system while requiring the full
state information. In order to unlock the limitation of requiring a full state esti-
mation, we design an exponentially convergent Luenberger observer, which helps
reconstruct the full system state over the domain by employing sensors located only
at the boundary. Then, based on the full state feedback controller and the state
observer, an (exponentially stabilizing) output feedback controller is constructed.

It is worth noting that the specific controller design strategy can be referred

to [74], in which the stabilization problem for a general coupled heterodirectional
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(or, more strictly, bidirectional) system of hyperbolic PDEs with constant coeffi-
cients is solved. The present work can be treated as a generalization of the result
obtained in [74], from the system with constant system coefficients to the one with
time-varying coefficients. In our stability proofs, we employ a novel Lyapunov

function in which the parameters need to be successively determined.

5.1.3 Organization

The outline of this chapter is as follows. A state feedback controller is de-
signed in Section 5.2, in which the system of coupled n + m transport PDEs is ex-
ponentially stabilized by m full state feedback controllers located at the boundary.
In Section 5.3, a state observer is first designed in Subsection 5.3.1 for this coupled
system, which recovers the full system state information with only m boundary
measurements. Then, based on the results from Section 5.2 and Subsection 5.3.1,
Subsection 5.3.2 constructs an output feedback controller, with which exponential
stability is achieved for the closed-loop control system. Finally in Section 5.4, a

conclusion is presented and some possible future work directions are discussed.

5.2 State feedback stabilization

We employ the PDE backstepping method. First, we construct a back-
stepping transformation to map the system (5.1)—(5.2) into a target system with

desirable stability property, which follows from the one constructed in [74].

5.2.1 Target system and backstepping transformation

Consider the following target system (see, Figure 5.2):
oa(t,z) + A (z)0,a(t, x) = S (x)ex(t, ) + S (x)B(t, x)
+ [ cwoatic [ Ceope ds (5.21)
0 0

aiB(t, x) — A(2)9.8(t, x) = A(x)B(t,0), (5.25)
a(t,0) = QB(t,0), (5.26)



92

ﬁ(ta 1) =0, (527)
where
[ 0 e e 0]
A = | (5.29)
_5m71(x) R — ) 0]

and C*, C"' are matrices of functions defined on the triangular domain
T:{(x,§)€R2|O§§§x§1}.

Here, C*, C" and A(z) are all to be determined from the backstepping transfor-
mation introduced immediately later.
In order to map the system (5.1)—(5.6) into the desired target system (5.24)—

(5.27), we consider the following backstepping transformation:

t ¢, = (0 0 ¢,
() () L ot () oo
B(t,x) v(t,x) 0 \G(z,§) H(z,£)) \v(t¢)
Here, the to-be-determined kernels G and H are defined on the domain T.
Comparing the system equations (5.1)—(5.6) and (5.24)—(5.27), we derive

through some calculations and integration by parts that G and H need to satisfy

the following system of equations:

Ge(w, A" (€) — Al(2)Ga(x,€)
—G(2,) [A™(€)] — G(x,§)8"™(¢) — H(x,£)8™¢),  (5.30)
He(z,§)A(S) + Al(z) Ho(x,6)

= —H(z,O[A (O] + G(x,§)5"(§) + H(2,£)87(¢), (5.31)
G(z,2)A"(2) + AY(2)G(z,2) = —S"(z), (5.32)
H(z,2)A(z) — AN(2)H (2, 2) = §""(z), (5.33)
G(z,0)A™(0)Q — H(z,0)A}0) = —A(z). (5.34)

The existence, uniqueness and regularity of the backstepping transformation (5.29)
could be guaranteed similarly as [74], by adding some artificial boundary condi-

tions, for which the proof is omitted here. Then, the continuity of the kernels



B(t,0)
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a(t, )
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Figure 5.2: Block diagram of the target system.
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guarantees the existence of a unique inverse transformation. We write the inverse

transformation as
wt,2))  [ata)) o 0 0 ) ([ale
_ _ dé, 5.35
<v(t,fﬁ)) (ﬂ(t@) /0 <g(:p,§) 7{(%5)) (ﬂ(t,f)) ¢ (>:3)

then we immediately have from (5.29) and (5.35) that the kernels G(z, &), H(x, &)

need to satisfy
0= Glr,6) + Gla.E) /g Hzm)Gn.€) dn, (5.36)
0= H(r,6) + H(r,6) - /}E H(rn)H(n,.€) dy. (5.37)

With the continuity of G(x,§), H(z,§), well-posedness of the solution G(z, &),
H(x, &) to the system of equations (5.36)—(5.37) can be derived. And the solu-
tion can be calculated through the method of successive approximations, see, [22,
Section 4.4].

In the mean time, 6, j(x) for i =2, m, j =1, m — 1 can be obtained, and

the following equations are obtained for C*(x, &), C'(x, €):

C"(2,€) = §"(2)G(r,€) + /g " CMan)G(Em) dn, (5.39)
Cl(r,€) = §™ () H(2,6) + /5 M) H(Em) dn. (5.39)

By the method of successive approximation, it can be proved that the functions

C*(x,&), C'(z,£) are continuous on T. Moreover, we assume that

/0 INGIRINGLIES

is nonsingular,where I denotes the unit matrix.
Hence, the control law U (t) can be obtained by plugging the transformation
(5.29) into (5.4). Indeed, (5.27) implies that

U(t) = —Ru(t,1) + /OI[G(l,ﬁ)u(t,ﬁ) + H(1,&)v(t, &) dE. (5.40)
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5.2.2 Stability of the target system

The exponential stability of the target system (5.24)—(5.27) can be referred
to Lemma 4.4. Note that the novelty, compared with other results in this area, e.g.,
[74], lies in a newly proposed Lyapunov function. In particular, we employ in Sub-
section 4.3.2 a Lyapunov function where the parameters needs to be successively

determined.

Lemma 5.1. For any given initial data ((a®)”, (8%)7)T = («(0,-), 87(0,))"
e (L2([0,1))"™, the equilibrium (a, BT)T = (07, 07T of the target system
(5.24)—(5.27) determined by (5.28), (5.38) and (5.39) is exponentially stable in the

L2-norm:

1 _—
|| (aT<t7 ')7 IBT(t7 ')>TH?[,2([0,1]))"+’" = /0' aT(ta l’)Ot(t, ‘T) + ﬁT(t7 I)/B(t7 .T) dz.
(5.41)

5.2.3 Stability of the closed-loop control system

With the exponential stability of the target system, and with existence,
uniqueness, regularity and invertibility of the backstepping transformation, the
exponential stability of the closed-loop control system with the designed state

feedback controller (5.40), see, Figure 5.3, can then be derived.

Theorem 5.1. For any given initial data ((u®)”, (v°)7)T = (u7(0,), v7(0,-))" €
(L2([0, 1)), the equilibrium (u”, vT)T = (07, 01)T of the closed-loop system
(5.1)=(5.6) with the designed controller (5.40) is exponentially stable in the sense

of L2-norm.:

()07 () ey = [ 7 () + o7t a)olEa)
(5.42)
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Figure 5.3: Block diagram of the closed-loop control system.
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5.3 Output feedback stabilization

The backstepping controller (5.40) requires a full state measurement across
the spatial domain. In this section we design a boundary state observer for estimat-
ing the distributed states of the system (5.1)—(5.6) over the whole spatial domain
using the measured boundary output y(¢) = wv(t,0), which could help avoid the

full state measurement in a to-be-designed output feedback controller.

5.3.1 State observer design
A. A Luenberger observer

Consider the following state observer (see, Figure 5.4), which consists of a

copy of the plant (5.1)—(5.6) plus output injection terms:

ou(t,z) + A'(z)0,u(t, x)

= S“(z)a(t, ) + 8™ (x)0(t, ) + Py(x)[y(t) — o(£,0)], (5.43)
o0 (t,x) — A(2)0,0(t, )

= SU(z)a(t, x) + 8U(x)o(t, ) + Po(x)[y(t) — 9(t,0)], (5.44)
u(t,0) = Qy(?), (5.45)
o(t,1) = Ra(t,1) + U(t). (5.46)

~ ~T\T . . .. . .
Here, (uT, 'UT) is the estimated state vector, and the output injection coefficients

: 1 T
Pi(z) and Py(z) are to be found so that the estimated state vector (@', ")
converges to the real state vector (u’,vT)T.
T T
Let ( al o7 ) = ( ul — b o7 — o7 ) , then we obtain the following

observer error system:

da(t, ) + A'(2)d,a(t, ) = S™(z)a(t, ) + S (2)6(t, x) — Py(2)d(t,0), (5.47)
— Al(@)0,0(t, ) = 8" (x)alt, x) + 8™ (2)d(t, 1) — Po(2)d(t,0), (5.48)

(5.49)

(5.50)



Figure 5.4: Block diagram of the state observer.
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Thus, our objective now is to determine P;(z) and Py(x) so that the ob-

T

server error (u’,®")" converges to the origin in the sense of £2-norm:

1
l(w® = a" 0" = ") I g e = /0 (u—a)" (u—1)+ (v —0)" (v—0)dz.

B. Backstepping transformation and the target system
We consider the following backstepping transformation:
a(t, At = (0 Mi(x, At
(«g x>> _ <c;< x)) . f ( (x E)) (r;( s>> " (5.5
o(t,x) B(t,x) o \0 N(z,£)) \B(t¢)

where the to-be-determined kernels M and N are defined on the triangular domain
T, map the error system (5.47)—(5.50) into the following exponentially stable target

system:
6t ) + AT(2)0ué(t, ) = §™ (2)é(t, o) / D' (z,0)a(Le) de,  (5.53)
0:B(t,x) — A(2)0,B(t, x) :S““(x)&(t,x)+/0 D'(z,&)&(t,€) d¢,  (5.54)
a(t,0) = 0, (5.55)
B(t.1) = Ra(t.1) /A B(t,€) de. (5.56)

Here, the functions D"(z,¢), D'(z,€) and A(é) are also to be determined later.
Through some lengthy calculations and integration by parts, the following

PDEs are derived for the transformation kernels M (z,&) and N(z,¢) :

— [M¢(2, A (€) + M (2, A Q)] + A'(2) M, (. €)

= §"(zx)M (z,8§) + 8" ()N (x,£), (5.57)
— [Ne(2, OAYE) + N (2, OA(E)]] — Al(x) N (2,€)

= 8" (x)M(x, &) + 8" (2) N (x, ), (5.58)
M (z,z)A'(z) + A (z)M (2,2) = §*(x), (5.59)

N(z,z)AY(z) — A'(2)N(z,2) = §(z). (5.60)
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In the mean time, we derive that the observer gains can be defined by
Py(z) = — M(z,0)AY0), Py(x) = —N(z,0)A'(0), (5.61)

and the functions D" (x, &), D'(z, ) and A(€) are defined by the following equa-

tions:
D' (2,6) + M(z,6)5"(£) + / "M(z.)D(n.&)dy=0,  (562)
D'(,€) + N(z,6)S"(¢ / N(z,m)D'(n,€) dy (5.63)
A(§) = N(1,§) - RM(1,). (5.64)

C. Inverse transformation

The existence, uniqueness and regularity of the transformation (5.52) can
also be discussed by following [74], and then the continuity of the kernels guar-
antees the existence of a unique inverse transformation. We write the inverse

transformation as
a(t, ) u(t, x) (0 M(x,€)\ [ult, )
- = d¢, 5.65
(ﬂ(t,x)) ('D(t,x)) +/0 <O N(x,§)> (@(t,x)) : (5.65)
then we immediately have from (5.52) and (5.65) that
alt,0) =alt) + [ M OB, de
—i—/mM(x,f [ (t,€) / N ()3 tn)dn}d{ (5.66)

B(t,z) =B(t,z) /N B(t, &) d¢

/J\/’:Eg{tf /an tn)dn}d{ (5.67)

Thus, the kernels M(z,€), N (x, &) need to satisfy
0= M(r,€) + M9+ [ Ml n)NG€)dr. (5.69)
=N+ N@ O+ [ NanNeo (5.69)

In order to solve the system of equations (5.68)—(5.69), we could also use the

method of successive approximations, see, [22, Section 4.4].
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D. Stability of the target system and convergence of the designed ob-

server

We could prove exponential stability of the target system (5.53)—(5.56), by
following the idea in the proof for Lemma 4.4 and employing a Lyapunov function

in which the parameters need to be successively determined.

~ T
Lemma 5.2. For any given data <(dO)T, (,BO)T) e (L£2([0,1])"™™, the system
(5.53)—(5.56), with (5.57)—(5.60), (5.62)—(5.64), is exponentially stable in the L>

sense:

~T

”(dT(tv')a BT<t7'))TH?L%[O,H))"““ ::/0 dT(t,x)&(t,x)—i—ﬁ (t,x)B(t,x) daz.
(5.70)

Furthermore, for any given data ((u®)”, (v°)T, (@°)T, (@°)1)T € (£2([0,1]))2(+m),
the observer (5.43)—(5.46) exponentially converges to the system (5.1)—(5.6) in the
L? sense, see, (5.51).

The proof is omitted here for simplicity.

5.3.2 Output feedback controller design

Based on the backstepping controller (5.40) designed in Section 5.2, which
requires a full state measurement, and the observer (5.43)—(5.46) designed in Sec-
tion 5.3.1, which reconstructs the state over the whole spatial domain through the
boundary measurement v(t,0), we could design an observer-based output feedback

controller (see, Figure 5.5):

Ut) = —Ra(t.1) + /01[G<1,g>a(t,g) L H(,€)o(t,6)] de, (5.71)

which works with the help of the observer (5.43)—(5.46).
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Figure 5.5: Block diagram of the closed-loop output control system.
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Theorem 5.2. For any initial data
(), ()7, (@), (8")")" € (L2([0, 1]))*+),

the closed-loop (u?vT, a’, o) -system, consisting of the original system (5.1)—
(5.6), the observer (5.43)—(5.46) defined by (5.57)~(5.61), and the controller (5.71)
with the kernels G and H defined by (5.30)—(5.34), is exponentially stable in the

sense of the L2-norm:

|| (uT(t’ ')7 UT(tu ')7 ﬁ’T(t7 ')7 ?}T<t7 '))||?L2([071]))n+m

- / !t 2)ult, @) + " (Yol @) + @ (¢ 2t 2) + o7 (4 2)e(E o) | de.

(5.72)

The proof is omitted here, for which a Lyapunov function can be constructed

by also following the the idea in the proof for Lemma 4.4, in which a (weighted)
Lyapunov function is employed where the parameters need to be successively de-
termined, and the idea in [22, Section 5.2] as well, in which a weighted Lyapunov

function is constructed.

5.4 Notes and references

By applying the PDE backstepping method, this chapter is devoted to the
stabilization of a class of coupled transport systems. Both state feedback boundary
controllers and output feedback boundary controllers by means of non-collocated
observed state are designed, and the resulting closed-loop control systems are ex-
ponentially stable with arbitrarily prescribed decay rates.

Chapter 5 contains reprints or adaptions of the following papers: 1. A.
Diagne, S.-X. Tang*, M. Diagne and M. Krstic, “Stabilization of the Bilayer Saint-
Venant Model by backstepping boundary control”, IEEE Transactions on Auto-
matic Control, under review. 2. S.-X. Tang, B.-Z. Guo and M. Krstic, “Control
designs for a coupled hyperbolic system with a matched boundary disturbance”,
in preparation. The dissertation author is one of the primary investigators and
authors of these papers, and would like to thank Ababacar Diagne, Mamadou

Diagne, Bao-Zhu Guo and Miroslav Krstic for their contributions.



Chapter 6

Control Designs for the Coupled
Hyperbolic Systems with a
Matched Boundary Disturbance

6.1 Introduction

6.1.1 Problem statement

In this chapter, the coupled first-order linear hyperbolic partial differential
equation (PDE) systems are subjected to an external disturbance which is assumed
to be matched with the Dirichlet control input. The main goal is to stabilize the
system while rejecting or attenuating the disturbance.

More specifically, we are concerned with stabilizing the following coupled
system of n leftwards and m rightwards transport PDEs with spatially varying

coefficients (see, Figure 6.1):

w(t, x) + A" (2)u(t, ) = S (x)u(t, z) + S (z)v(t, z), (6.1)
vi(t,z) — A(2)v,(t,2) = §™(2)u(t,z) + S (2)v(t, z), (6.2)
u(t,0) = Qu(t,0), (6.3)
v(t,1) = Ru(t, 1)+ U(t) + d(t), (6.4)

(6.5)
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v(0,2) = vo(x), (6.6)

where
u(t,x) = [ul(t,x), us(t, ), ..., un(t,x)]T, (6.7)
o(t.2) = [un(t,2), va(t,2), ..., valt.a)] (6.8)

are the systems states with ¢ > 0, = € [0, 1]. The matrices

A (z) = diag [N (@), Ay(a), -, Ai()] € Ma(R), (6.9)
Al(w) = diag [Ny (2) , My(x), -+, Ny (2)] € Min(R), (6.10)
where
0 < AN(z) <Ay(z) < <A (), (6.11)
— AL (2) < =Ay(z)--- < =M (2) <0, Vz €]0,1], (6.12)

and the in-domain parameters are

P e e

o o
—_ =
(O B
~— N~ ~— =

The matrices Q, R are given as

Q = {g; h<i<ni<i<m, (6.17)
R = {rijh1<i<m,1<j<n, (6.18)
and
U(t) = [Ul(t), Us(t), ..., Um(t)r, (6.19)
d(t) = [dl(t), (1), ..., dm(t)]T (6.20)

denote the boundary control inputs and the external disturbances entering at the
input boundary, respectively.

All the investigation will be conducted under the following assumption.
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Figure 6.1: Block diagram of the control systems with input-matched

disturbance.
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Assumption 6.1.
1. A™(z) € C1(0,1; M,(R)), Al(x) € C* (0, 1; M,,(R)), and we denote

:= min {\](z), \j(z); z €[0,1], i

)

j=1m}, (6.21)
= max {\](z),\;(z); = € [0,1], ' .

—Tn, j=Tm
T, j=Tm)

2. 8"(z) € L™ (0,1; M, (R)), §“(z) € L>(0,1; M,, m(R)),

S (z) € L*(0,1; M, »(R)), S*(z) € L*(0,1; M,,(R)), and we denote

Ms := max {||S**(z)[|, | 8" (x)[|}, (6.23)

z€[0,1]

3. Q e M, n(R), R e M,,,(R), and we denote
7:=1Q"Q|. (6.24)

4. d(t) € L>(0,00) N C*(0,0), and we denote

My = esssup{|d(t)|}. (6.25)
>0
Here and in the sequel, | - | denotes the Euclidean norm and || - || denotes

the 2—norm of a matrix.

6.1.2 Literature review

Two approaches are to be utilized in this chapter for dealing with the con-
trol matched disturbances: sliding mode control (SMC) and active disturbance
rejection control (ADRC). Before applying these control algorithms to handle the
disturbance, a backstepping transformation from Chapter 5 is applied to pretreat
the coupled system. As a result, the transformed system is a cascaded one, i.e.,
with a simpler structure. In the meantime, the control problem becomes simplified.
This technique could be referred to [75, 76].

Following the SMC design process, a sliding mode surface (SMS) is first

found, on which the system is exponentially stable. Then, inspired by a derived
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“reaching condition”, the SMC is constructed. Disturbance rejection is achieved
for the resulting closed-loop system with SMC. In particular, convergence of state
trajectories to the chosen infinite-dimensional SMS takes place in a finite time.
Then on the sliding surface, the system is exponentially stable with a decay rate
depending on the spatially varying system coefficients. Since SMC deals with the
worst case, it is enforced by high gain feedback. It is worth noting that the SMC
configuration in [77, 75] comes across a problem of algebraic loops and is thus not
realizable. This aforementioned problem is solved in this chapter by considering
another SMS.

Before building the ADRC, an extended state observer (ESO) is first con-
structed, which serves as a disturbance estimator. Rather than the usual constant
high gain, the designed ESO in this chapter has a time-varying high gain instead.
Then, the designed ADRC works jointly and simultaneously with the ESO, achiev-

ing asymptotic attenuation of the disturbance.

6.1.3 Organization

The remaining parts of this chapter is organized as follows. In Section
6.2, the invertible Volterra integral transformation in Chapter 5 is applied to map
the original coupled systems into cascaded ones, and some preliminary studies are
made on the linear operators associated to these transformed systems. In Section
6.3, an infinite-dimensional sliding surface is first designed, on which the systems
are exponentially stable. Then, a sliding mode boundary controller is designed and
the finite time “reaching condition” is derived for achieving the disturbance rejec-
tion. Existence and uniqueness of solution to the resulting closed-loop systems are
proved as well. Section 6.4 is devoted to disturbance attenuation by the ADRC
approach. An extended state estimator with a time varying gain is designed to
estimate the disturbance. Based on the idea of canceling the disturbance with
the approximated values provided by the estimator, a feedback controller is sub-
sequently constructed. With regards to the resulting closed-loop control system,
well-posedness of its solution is proved. Moreover, the solution is shown to tend

to any arbitrary vicinity of zero as the time goes to infinity. Finally, Section 6.5
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gives some concluding remarks and possible future research directions.

6.2 Preliminaries

In this section, we first transform the coupled system into a cascaded one,
then we conduct some preliminary analysis on the new system through the operator

semigroup theory.

6.2.1 A backstepping transformation

Following Chapter 5, we introduce a backstepping transformation:

at, ) u(t, x) x 0 0 u(t,§)
_ _ de, 6.26
(B(Mﬁ) (’U(tw)> /0 (G(%@ H(%ﬁ)) (WZ&)) ‘ 020
where
a(t,2) = [ar(t,a), azlt.a), ..., anltia)] (6.27)
,8(25,33) = [Bl(t,x), 52(t:$)7 ey Bm<t7$)]T' (628)

The matrices G(x,&), H(z,§) of kernel functions are defined on the triangular
domain T = {(x,{) eER0<E<S< < 1} and satisfy the following system of
PDEs:

GE(J}7§)AT(§) - Al(x Gz(x7§>
[A(©)] - G(2,6)8"(¢) — H(z,£)8™(¢),  (6.29)



110

Similarly as [67], one more artificial boundary condition is needed to ensure well-

posedness of the kernel equations. Here,

[0 . . 0]
A(z) = 52’1.(1”) , (6.34)
[ Om1 () = Omm—1(7) O

where 6; j(z) for i = 2, m, j = 1, m — 1 are decided from the transformation
(6.26) and its inverse, and we assume that fol [A'(&)]TA(€) d€ — T is nonsingular,
where I denotes the unit matrix.

As derived in Chapter 5, the transformation (6.26) is invertible and the

u(t, x) a(t, ) - 0 0 a(t,§)
_ _ de, 6.35
(WZSC)) (ﬂ(t@) /0 <g(:c,§) ?'L(%S)) (ﬁ(hﬁ)) ‘ 05
where the matrices of kernel functions G(x, &), H(x, &) satisfy
0= 6.9+ 6(r.6) ~ | Hz.Gln.0) dn (6.30)
0= H(r.6) + Hie6) - [ HanH.0 i (637

The transformation (6.26) maps the the system (6.1)—(6.6) into the follow-

ing system:

oa(t,z) + A'(z)0,a(t, x) = S (z)a(t, z) + S (x)B(t, x)

+ [ Cwoangacs [ Copo (6.33)
0:B(t,z) — A'(2)0:8(t, ) = A(z)B(t,0), (6.39)
a(t,0) = QB(t,0), (6.40)

B(t.1) = U(t) + d(t) + Ra(t, 1)

_/01 (G(175)+/§1 H(l,n)g(nyf)dn) aflt, €)d¢
- /o1 (H(l’f) * /: H(Lm#H1,¢) d77> B¢, €) d, (6.41)
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where (6.38)—(6.39) is a “cascade” of the B-system and the a-system, see, Figure
6.2. Here, C"(z,&), C'(z,€) are matrices of functions defined on the domain T

and satisfy the following (cascaded) system of equations:
€. =060 + [ ClmGien) dn (6.42)
C(r,6) = S@H O + [ ClenHEn . (6.43)
And we denote

Mc = (inggT{IICT(JJ,S)IL IC" (2, )|} (6.44)
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Figure 6.2: Block diagram of the transformed systems. H; and H, are

operators, of which the meaning is clear from the equation (6.41).
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6.2.2 The transformed system

Let
1 1
U(t) = —Ra(t, 1) +/ (G(l,f) +/ H(1,7)G(n,¢) d??) a(t,§) dg
0 3
1 1
+ [ (H09+ [ HOHOO D) Be9aE+ U0, 65
0 3
where U (t) is a new controller to be designed, then (6.38)—(6.41) becomes

Oa(t, ) + A (2)0.a(t, x) = S (x)ex(t, ) + S™(x)B(t, x)

n / " O, el €) dE + / O 0)B(1,6) de, (6.46)
0B(t, 2) — A'(2)0,B(t,2) = Ax)B(.0), (6.47)
a(t,0) = QB(t,0), (6.48)
B(t,1) = Uo(t) + d(t). (6.49)

A. Abstract form of the transformed system

Consider the state Hilbert space H = (L2(0,1))""™ with the inner product
given by

< (f?7 g?)Tv (.fgv gg>T ~H
= [ (e @ W@ T + (009, ) DI )50 di
v (fi, 91)"(f3, 93)" € H, (6.50)

where the parameter v is chosen as a positive constant large enough to satisfy the

following inequality:

Ms\*> [ Mc\? (1
- - | = —+1]-3>0 6.51
() - (%) G | (021
and the weight matrix

D = diag{dy, d>, -+, dp_1, dpn} > 0, (6.52)
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and the positive constants dy, do, -+, d,,_1, d,, are chosen successively as follows:

d,, > max {q, (%)2 F 1 o(m - 1)} | (6.53)
- ! 2 2 Mg\* 1

dm—1 > max {q—l—/o (1+ x)dm)\1 N )26mm () dz, (T) +-+ 2(m — 1)} ,

(6.54)

dm2>max{ /1+a: Z 1)\1 ZZm o(z) dz,

) ) e

Ms\? 1
dlzmax{ /1+9c Zdl)\l 221 d$<)\5) —|—;+2(m—1)}.

(6.56)

Denote ||-|| ;; as the norm induced by the inner product (6.104), then Section 4.3.2
tells that there exists two constants C, Cy such that the following inequality holds:

CUIFT (), 97 ()1
<[ 7. gm e
<CA(FTE ), g7 Py (657)
Define an operator A : Dom(A)(C H) — H as follows:
A(fT(2), g7 (@) = (A @) F (@) + §™ (@) £ (x) + §*(2)g(z)
/ @O A + [ Caglo dér,

[A()g’ + Aw)g(0)]") . V(f.9)" € Dom(A). (659
Dom(A) = {(f*.g")" € (H'(0,1))""™; £(0) = Qg(0),g(1) =0},  (6.59)

for which the adjoint operator is

A (¢" (2), 9" (2))"
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_ ({Ar(@{_m(fﬂ) +(2) + [ (@)]T[AT ()] ()}

Lenh ) [ e e IO 00 dg} ,

D (S A )] (o))

1 i A @D / e [C (&, )] "TANE)] T B(€) dé
- 1ixA1<x>w<z>—Al<x>w’<x>] ) V()T € Dom(A),  (6.60)

Dom(A*) = { (¢T,¢T)T € (Hl((), 1))2;
Q"6(0) = DY(0) - [ (1+2)AW DIA )] () de, $(1) = o}. (6.61)

Taking the inner product with (¢”, )T € Dom(A*) on both sides of (6.46)-
(6.49), one gets

il ) (), (G) = (),

0 o]
2 Uyt d(t)) , , (6.62
! <( 5 — DAY ) >( ) (¢ >>Dom(A*),XDom(A*) 02

then the system (6.46)—(6.49) can be written into the following abstract form in

H:
d « «
T ( 3 ) = A( 3 > + B(Uy(t) + d(t)), (6.63)
where
() oo
x%lé(:z: — DA (x)

and 6(-) denotes the Dirac distribution.

At

B. Exponentially stability of ¢©* and admissibility of B

Lemma 6.1 (Lemma 4.4). The Cy-semigroup et generated by A is exponentially
stable.



Lemma 6.2. B is admissible for the Cy-semigroup et generated by A.

Proof. Consider the observation problem of the dual system of (6.63):
d [ o o
- = A :
dt \ g* B*

where
B = (o (20(x — 1)D, .>> .

(Part One) Differentiate the Lyapunov function

1

1
Eper, geryr(t) = 5/0 e ol (t, 2)[A"(z)] tat (t, ) do

+3 | 0408700 DN @) B do

with respect to ¢ along the solution to (6.65)—(6.66), then

1

Ejqer, geryr(t) < =87 (1) DB 1) — 5

1 ! )
- 360) [ 1Bt P o

<0

— I

and hence
Ej(Q‘*T7 B*T)T(T) S E(a*T, B*T)T (0), VT > O

For any T" > 0,

T T

| wora=1 [ 1pseopa
0 0
[ T —
< 4 max {di;i = l,m}/ BT (t,1)DB*(t,1) dt.
0

From (6.69),

T
/O B (L )DB (D) At < Biger gy (0) = Bger gorye (1)

G(v) /0 e |a(t, x)|? da

116

(6.65)

(6.66)

(6.67)

(6.68)

(6.69)

(6.70)

(6.71)

(6.72)
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< E(a*T, ﬁ*T)T (0), (673)

and then
T —
/ ly*(t)]° dt < 4max{d;i =1,m} Eger, geryr(0). (6.74)
0

(Part Two) For any given (¢, 4")T € H, we consider the existence of
T
(#1,%7) € Dom(A*) such that

A (o] 1) = (@, 9", (6.75)

which is equivalent to the following cascaded ordinary differential equation (ODE)

system:

&,(x) — vy (z) + (S @A (@) by ()
e / O € DTIA(E)] oy (€) dé = [AT(@)] ', (6.76)
'lpl(x)/ =+ H%’lpl(x)

vx

= M@+ DTS @) A ()] ()

1+«
1

+1+x

[Al(l‘)]lAr(l“)D_l/ e [CHE )] AT () ds. (6.77)
Note that
B A7, 9" = 2D (1), (6.78)

Hence, by lengthy derivations, it can be proved that B*A*~! is bounded on H.
Results from Part One and Part Two show that B* is admissible for the

Cy-semigroup et generated by A*, and so is B for e, n

Lemma 6.1 together with Lemma 6.2 give the following lemma.

loc(ov OO))mf
there exists a unique (mild) solution to (6.46)—(6.49), which satisfies (6.63) and
thus also (6.62).

Lemma 6.3. For any initial data (a’(0,-), B7(0, ))T € HU € (L}
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6.3 Sliding mode control design

6.3.1 Design of a sliding mode surface

Choose the sliding surface surface as

sla™ 87)" _ {(f,g)T c H; /01 vg(x) da = o} : (6.79)

which is a closed subspace of the state space H. Then set the corresponding sliding

mode function for the system (6.46)—(6.49) as

S(aT, ﬁT>T(t> :/o zB(t, ) dz. (6.80)

On the sliding surface surface S< )T(t) = 0,Vt > 0, the system (6.46)—(6.49)

T
aT) B

becomes

oa(t, ) + A (2)0,ax(t, x) = S (x)ex(t, x) + S (x)B(t, x)

/ C(wOale)de + [ O, 0B(E) de. (6.:51)
at/B(t7 l’) - ( )amla(t7 l’) = A('T)/B(t’ 0)7 (682)
a(t,0) = Q,B(t,0), (6.83)
/1 zB(t,x)dx = 0. (6.84)

T T
Define an operator A : Dom(.A)(C gle’ A7) ) — S 87)" as follows:

A(f" (@ o < >>
~([-a + 8" (@) £(x) + §" (w)g(x)

n /0 @) de + [ o€ ac]
[Al2)g’ + A@)g(0)]") . ¥(f.9)" € Dom(A), (6.55)
Dom(4) = {<fT,gT>Te s (1 0,1)" "

=Qg(0 /leAl Alz)g (0)]01:5:0}



119

Al(D)g(1) + /0 2 A (x) dug(0) - /0 AY(@) + 2(A'(@))lg(x) d = 0}, (6.56)

then the system (6.81)—(6.84) can be rewritten as

d o o
5(6):A<ﬁ>‘ o8

Lemma 6.4. Assume that

A1(0)+/01 sA(s)ds—/OlA(s) ds (6.88)
is nonsingular, and
Co, = 32 : ]'Mﬂu W+ A de <1, (6.89)
[71C7 (€, 5) dgels AT IS () dn 2dsdx <1, (6.90)
where
\Il(s):—[/olsA(s)dst/lmA(s } {AI(O / sA(s ds—/ A(s }
X [Al(s) + (s = 1)(A())] + Al(s) + s[A'(s)]', (6.91)

T
then A1 exists and is compact on sla’ 87)"

T
Proof. For any given (f1,g")" € gl 87) , consider the existence of (f1,g7)" €
Dom(.A) such that

A(f1.g1)" = (f".g")". (6.92)

First, the g,(z)-equation
Al(2)gy + A(2)g,(0) = g, (6.93)
Al(1)g, (1) + /0 oA (2) dig, (0) — /0 (A ) + oA (@)) g, (0) dr =0 (6.94)

gives the following integral equation:

a@wwwwﬁ{[%@Mw{AQA@m&ng@mﬁ%@
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b [ e e g as [N,
(6.95)

where

1(0):[ /SA ) ds — /A 1
X{‘K;(>d**A[N<> (5= DAY g dsh (690

That is,

mw=Wm1ﬁTng[zuw

[ 3]
[ /A /OAs)ds] /Olg(s)ds},

where

(Tg,91)(2)
—_UOSA ds+/A dsHA1 / s)ds — /A }
LAM%)( 1A o)
b [N s g as + [N g ) s (6.98)

Consider the operator Py, : (L*(0,1))™ — (L*(0,1))™ defined by

<&n@:mwwﬂmm+[2@m

+ [/OlsA(s)ds—k/le(s)ds}
X {A1(0)+/01 sA(s)ds—/OlA(s)ds] h /Olg(s)ds},

(6.99)



121

then
1Py, 91 — P!hg%H(L?(O,l))m
I ?
<3 / 1)+ [[A G doll91@) = 9@z - (6:100)

It can then be derived that under the assumption (6.89), there exists a unique
solution g, (x).

Second, f,(z) needs to satisfy the following equation:
— A (@) fi (@) + 8™ (x) f1(2) + 8" (x)g,(x)
+/ C'(z,) f1(§) dE + / C'(z,8)g,(&)d¢ = f, (6.101)
0 0
f1(0) = Qg,(0). (6.102)

As proved in Lemma 4.2, under the assumption (6.90), there exists a unique solu-
tion f, to the initial-value problem (6.101)—(6.102).
T
Hence, A~! exists and is compact on S CRV by the Sobolev embedding

theorem. O

Assume that!

my 1= max { L [max I (@ )+x()\11(a:))’|],

z€[0,1]
V2 [
AL(1)

then we define a new inner product in H as follows:

max |\ (@ )+x(A§(x))’|} <1, (6.103)
<(fi. 9" (f2. 92)"
- / (71 (@) A @) Fo@) + (1+ 2)g, () DA ()] g, () ) d,

v (fi, 90)" (f3, 95)" € H, (6.104)

where the parameter v is chosen as a positive constant large enough to satisfy the

following inequality:

() () e

!For example, consider the case when Al( )= %




the weight matrix

122

D :=diag{dy, &y, -+, dpp_1, dp} > 0, (6.106)
and the positive constants d; , dy, -+, dy—o, dn_1, d,, are chosen successively as
follows:

1 Mg\? 1
> q —+2 -1 1
Lﬂn_max{q,l_m)\[<A) —i—v—i-(m )]}, (6.107)

1
dp 1 zmax{q—l—/ (1+£)cf2;52 (x)dx
0

m)\}n(x)z m,m—1

1 v ) 1 Ms\? 1

1—m,\

1 m
ufzzmax{q+/ (1+x)chi2>\ 1 dsz(x):U
0

()2
i—3 i(@)
m

+4Zdjﬁ/o 22(j — 1)

Jj=3

1 m
_ 1
d; > max {q +/0 (1+2) E 2 )\li(x)z(si2’1<x> dz

=2

m 1 1
+ 4 d-—/ 22 (j — 1)
2 iy ),

3j1(x)

1 Mg\® 1
d —+2
x’l—m,\[(é) +U—|—(m

—1>] }

(6.108)

(6.109)

_1)] L

(6.111)

Denote ||-||;, as the norm induced by the inner product (6.104), then it is obvi-

ous that the norm |[|-||,, is also equivalent to the L*mnorm. Indeed, the following
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inequality holds:

C3H(fT(ta ')7 gT(ta '))TH?LQ(OJ))HJH”

T2
< H(.fT(t7)> gT(ta')) H’H
<G g7 Py (6.112)
where

1 . _ R
Cs = 3 min {e™, d;i =1,m} >0, (6.113)

1 _
Cy = Xmax{L 2d;;i =1,m} > 0. (6.114)

T
Lemma 6.5. A and A* are dissipative in s(a’ 87) , and A generates a Cy-

. . ) T gT\T
semigroup e of contractions in gl 87)"

Proof. Let (7, g")" € Dom(.A), then
Re <A(fT, ai’, (", QT)T>7-L
1
<~ WP = 340 [ eI as

~ e [ o) Dyl ar - | [— (M) - L apn - 1)] [ gt ar
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+ Igm(0)|2<—%(cfm—q)>, (6.115)

where the equalities in (6.85)—(6.86) have been used, and we have from (6.105)

that
G(v) = v — (%)2— (%)2 <%+1> _350, (6.116)

Through some length calculations, we obtain
Re (A(f7, "), (7, 9)"),,
1 —v 2 1 ! —vz 2 1 ! 2
< —5e IfFOF = 5G) [ e f (o) de = SG(v) [ [g(e)] de
2 2 0 2 0

<0, (6.117)

where (6.103), (6.107)—(6.111) have been used in the first inequality, and the last
line uses (6.116) and the following inequality derived from (6.107)—(6.111):

Ms
A

2
S 1
G(v) := (1 —my)min{d;;i = 1,m} — ( ) ——=2(m—1)>0. (6.118)
v
T T
Hence, A is dissipative in S (o, 87)" Similarly, it can be proved that A* is also
T
dissipative in S (e, B7)" According to the Lumer-Phillips theorem [53, Corollary

4.4], A generates a Cyp-semigroup e of contractions in S (o, 87)" ]

The following lemma can be proved by following a similar way as the proof

of Lemma 4.4.

Lemma 6.6. The Cy-semigroup e generated by A is exponentially stable. Thus,
T

for any initial data (a7 (0,-), B*(0, ))T e §e". 87) , there exists a unique (mild)

solution to (6.81)-(6.84) such that

(@T(t,), B7(t.)" € C([0,00); H). (6.119)
T
Moreover, the system (6.81)-(6.84) is exponentially stable in sla’ 8")"

T
Transforming S (e 8")" and S )T(t) through (6.26) gives the follow-

(o, 87

T
ing sliding surface surface S (v"v")" and the corresponding sliding mode function
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S ur, oy (t) for the original system (6.1)-(6.6) :
= {(fT,gT)T € H;

/01 ) [9 @)~ [ 160+ Hx0g(0) d&} dz = o}

(6.120)

and

Sur o) = [ ofottn) ~ [[1600.0ute.6) + B o .6))d¢] o

(6.121)

On §(" ”T>T, the original system (6.1)—(6.6) becomes
Owu(t,x) + A'(z)0,u(t,x) = S"(x)u(t,z) + S (x)v(t, x), (6.122)
ov(t,x) — AY(2)0v(t, r) = 8 (z)u(t,z) + S (z)v(t, z), (6.123)
u(t,0) = Qu(t,0), (6.124)

/0 :c['v(t,x)— /0 (G, Oult €) + Hz, ot )] de| dr = 0. (6.125)

From Lemma 6.1 and the equivalence between the two systems (6.81)—(6.84) and
(6.122)—(6.125), exponentially stability of the system (6.122)—(6.125), i.e., the sys-
tem (6.1)—(6.6) on the sliding surface, is also obtained.

T
Lemma 6.7. For any initial data (u”(0,-),v" (0, ))T e s v") , there exists a
unique (mild) solution to (6.1)—(6.6) such that

(u"(t,),07(t, )" € ([0, 00); H). (6.126)

T
(uT. ¥7)

Moreover, the system (6.1)—(6.6) is exponentially stable on S

6.3.2 State feedback controller

To motivate the controller design, differentiating (6.80) with respect to ¢,

we get

S(aT7 ﬁT)T(t) = /0 l‘ﬁt(t,SC) dz
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_ /0 1 2[AN(2)0,8(t, ) + A(z)B(t,0)] dz

= A D[UL(t) +d(t)] — /0 [Al(x) + 2(A'(2))]8(t, ) dx —{—/0 zA(x)B(t,0) dz.
(6.127)
Choose
Ua(1) =[A1<1)]‘1{ [ )+ a@@) 80 ao - [ aw@pieo dx}
S(aT7 BT>T(t)

- K " Tz (6.128)
Sy 0 NS 1 ()]
where the positive constant K satisfies
1) 1<i<mIM,
s max{\;(1); 1 <i<m} a (6.129)
Vmin{A(1); 1 <i <m}
then
S

for Sz ,ryr(t) #0. (6.131)

Thus, the following holds:

2

% S, yryr ()
= 2Re |Siyr i1 () S, gy (t)]

— 9Re [mﬁla)d@)}
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— 2K |:S(’U,T, UT)T (t) Al(1>s(uT’ ’UT)T (t)

< 2 ’S(UT, UT)T(t)’ L VE>0ac, (6.132)

where

c= \/min{)\i(l); 1 <i<m}K —max{\(1); 1 <i<m}My;>0. (6.133)

The inequality (6.132) is the finite time “reaching condition” for the system (6.1)—
(6.6). Note that, different from dealing with ODE systems, at present we do not

know yet whether S (T, vT)T(t), ie., S ( r(t), always exists. This following

aT, g7)
lemma will give a rigorous proof.

Lemma 6.8. There exists a unique, continuous, nonzero solution to (6.130) on

some interval [0, Tinax].

Proof. Suppose that for some Ty, > 0, S( r(Ty) = So # 0, then (6.130) is

aT, g7)
equivalent to:

t

S . gryr(1) = S0+ A1) / d(r)dr

To

— KA'(1)

(6.134)
Define a closed subspace of C' [T 0, 1o + 5213\149 |So\] by
Q—{Sec Ty, Ty + —2 15| :
- 0,40 szQ 0f] »

by — by
ba

b
1So|, V t € {TO,TOJF szQ\SO|] } (6.135)

S(Ty) = So, |S(t)| >

where

1
My+ K ] (6.136)

My = max{A(1); 1< i< m} Vmin{N(1); T<i <m}




and (by, be) € (N*)? satisfies

! <i<
by > by 1+Kmax{)\() 1<i<m}
Vmin{A(1); 1<i <m}

Consider a mapping F' on €2 by
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min{Al(1); 1 <i<m} | M

| max{Ai(1); 1§i§m}} 1 )

(6.137)

(FS)(t) = Sy + A1) / Cd(r)dr — KA(D) / [_T S(r) g dr,
o | S(7)

) A(1)S(7)

(6.138)
then
(FS)(t)] > |So| — max{\(1); 1< i < m}My(t —To)
_emax{N(l); 1<i<m}
K i) 1sicm
= |So| — Mq(t — Tp)
> be_zbl|SO|, VS € Q, (6.139)
that is, F'QQ C €. Denote
1(8) = [$T) AW)S(7) v (6.140)
then
(FS1)(t) — (FS:)(1)]
1 t 51(7') SQ(T
< KA )/TO T(S(n) TS|
L[ 84(r) — Sa(IX(Sa(r)  Sa(r)[X(Si(r)) — T(Sa(r)]
= KA Q) / (5, (7)) T (52(7)) TS TS |
| "1 1Si(r) — Sa(7)
< KAQ) / (5, (n)
N ‘ Sy(r)[X(S(r) — Sa(r)]? ‘ o
T8 () X (Sa(r )X (S1(7) + X (S2(r))]
| "1 1Si(r) — Sa(7)
< KAQ) / (5 ()
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max{\(1); 1 <i<m} |Sy(r) — Sa(r)|? ] "
1T(S1(7))| min{A(1); 1 <i < m}[|S1()] + |Sa2(7)]]
max{\(1); 1 <i<m}
min{Al(1); 1 <i < m}]

+

< Kmax{\(1); 1 <i<m} [1 +

t
X/
To

< Kmax{\(1); 1 <i<m} [1 +

S1(7) — Sa(7)

TS0 |

S0

max{\(1); 1 <i<m}] b

min{\}(1); 1 <i< m}] by Mg

y 1 by
vmin{\(1); 1 <i <m} (ba —01)[So

= My||S; — Salla, (6.141)

‘!\51—52%

where ||S||q = HS’||C[ , and we have from (6.137) that

T07To+b2b#ﬂ\so|}
Mo max{A(1); 1 <i<m} N max{A(1); 1 <i<m} by

P N () T<i<m} | mindA(1); 1<i<m}] (b— b1)Mg
<L (6.142)

Then, the mapping F' is a contraction mapping on 2. By the Banach fixed point
theorem, the proof can be completed.
O

The corresponding closed-loop control system (6.46)—(6.49) becomes
Oa(t,x) + A (z)0,ax(t, x) = S"(z)ax(t, x) + S (2)B(t, x)
+ [ cwoats [ Cwopnot (61
0 0

0,8(t,x) — A(2)0,8(t,z) = A(z)3(t,0), (6.144)
a(t,0) = QB(t,0), (6.145)

8(t.) =W [ W) o) 1B ar - [ aa@p 0l
S(aT7 ,BT>T<t>

— (K +¢) +d(t)

1/2
5 gy (TN )

s [Al(l)]_l{/ol[Al(x)+x(A1(x))’],B(t,x) dx—/Ol:rA(x)ﬂ(t,O) dm}
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+d(t) for S (ur. BT)T(t) £ 0, (6.146)
where
d(t) = [dl(t), da(t), ..., dn(t) " (6.147)

The system (6.143)—(6.146) can be written as

i(5)-4(5)
+ B{ [Al(1)] ! [ /0 1[A1(x) + z(A(2))]B(t, x) dz — /0 1 zA(z)B(t,0) dw} + El(f)},

(6.148)

where the operators A and B are defined in (6.58)—(6.59) and (6.64), respectively.

From Lemma 6.1 and Lemma 6.2, the following lemma is obtained.

Lemma 6.9. For any initial data (o (0, -), B (0, ))T € H, there exists Tax > 0,
depending on initial data, such that the system (6.143)—(6.146) admits a unique

solution
(@(t,).B7(t,"))" € C([0, Tad: H), (6.149)
and
1
/ zB(t,z)dxr =0 (6.150)
0
for all t > Tyax. Moreover,
1
S nr(t)= [ zB(t,z)dx (6.151)
(ar, oy O = |
is continuous and monotone in [0, Tyax)-

From (6.128), the sliding mode boundary controller for the system (6.1)-
(6.6) is thus defined as follows:

U(t) = - Ru(t.1) + / G(L,E)u(t.€) + H(LEw(t.€)] e
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n [Al(l)]-l{ [ )+ s(ala))
<ot~ [0 0u(t.9) + Hw 0o, ao

_ /01 2A(2)v(t,0) d:p}
S ur, o1y (1)

— (K +¢) 73 (6.152)
[sm e (OTA'(1)S o vT)T@)}
Then, the resulting closed-loop system (see, Figure 6.3) is
Oyu(t, r) + A (2)0,u(t, z) = S (z)u(t, z) + S (x)v(t, z), (6.153)
dv(t,z) — AY(2)0v(t, x) = 8”(z)u(t, z) + S (z)v(t, z), (6.154)
u(t,0) = Qu(t,0), (6.155)

o(t1) = d(t) + / G(L)u(t.€) + H(L Ew(t,€)] e
" [Al(l)]l{ JRISCERNEN
Y [v(t, 0~ [ 16l ult.6) + Hiwgo(t.o) e ds

_ /0 L eA () (t.0) dx}
S(uT, vT)T(t)

— (K +0¢)
S, wryr T VS r oy (0]

g for Sr yr(t) £ 0. (6.156)

By the equivalence between the system (6.143)-(6.146) and the system
(6.153)-(6.156), the following theorem can be proved, which includes the result

in Lemma 6.7.

Theorem 6.1. For any initial data (u”(0,-), v (0, ))T € H, there exists Tpax >
0, depending on initial data, such that the system (6.153)—(6.156) admit a unique

solution

(' (£, ), 0" (£,)" € C([0, s H) (6.157)
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Figure 6.3: Block diagram of the closed-loop systems with SMC.
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and

Stumyr(t) = / x[v(tw)— / (G, Ot &) + H(x, vt )] de | dr = 0
(6.158)

for allt > Tax. Moreover, S(uT UT)T(t) is continuous and monotone in [0, Tax]-
On the sliding mode surface S, ,ryr(t), the system (6.153)~(6.156) is exponen-
tially stable.



134

6.4 Active disturbance rejection control

An ESO with a time varying high gain is to be firstly presented, based on
which the ADRC can be then designed.

6.4.1 Extended state observer with time varying gain

For any
( ’ ) € Dom(A*) (6.159)
P(z) |
with
() = [va(e), vale). .. )] (6.160)

it is required from (6.61) that the following equality is satisfied:

D(0) = /01(1 + 2)A(z)T D[AY(z)] b (z) da, (6.161)
which is equivalent to
01(0) = di 3 J (L4 2)o(@)d; (@) o) da
va(0) = 5" 32 [0+ )ha(a)d; (M) (o) do

;

(6.162)

Vanal0) =dyly 3 i1+ 2)bya(e)d; (@) i)

Yno1(0) = dily [ (14 2)0mmo1 (2)dm (N () () da,
| ¥m(0) =0.

Note that it is always possible to choose a function ¢ € H'(0, 1) with a fixed value

of ¢(0) to satisfy
o(1) = 1. (6.163)

Hence, following the equations (from the bottom line to the top line) in (6.162),

one can successively choose ¥, (), ¥m_1(z), - -+, ¥o(x), Y1 (x) such that

P(l) =e;,Vj=1,2,--- ,m. (6.164)
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Choose
0 .
( > € Dom(A"), k=1,m (6.165)

where

Yi(1) = ex, (6.166)

respectively, and the function w(t) is a positive C'' function that satisfies

|ww(t)| < My for all ¢ > 0 and some M, > 0, (6.167)
im @ =
tl—m w(t)‘ 0. (6.168)
Denote
V(@) = [y (2), (). .. )] (6.160)
then it is immediately derived from (6.166) and (6.169) that
w(l)=1. (6.170)
Let
a 0
k() = )
o << 8 ) ( $u(@)= () >>
= [ 1+ 0B DAY B (0 d (6.171)
a 0
o) = , A
" <<B> (wkw<t>>>
=— /0 B(x)"D [z,bk(x)w(t) + (14 2)¢)(2)w=(t) | dz, (6.172)
then we can get from (6.62) that
y(t) = y°(t) + 2D[Uy(t) + d(t)]w(t), (6.173)
where

y(t) = yl(t)v y2(t)a I ym(t) ) (6174)



y'(t) = [yg(t), y(t), ..., ygn(t)]T.

Design an extended state estimator as follows:

§(t) = 2D [Uo(t) + d(t)] () + 4°(0) + (D) (w(0) — §(1))

%[&(t)w(t)] — r(1)’D N (y(t) — (1)),

where the time-varying gain function r € C(RT R™) satisfies

7(t) > 0,

i r(0) = oo,
(1
M < M,,Vt > 0, for some M, > 0,
r(t)
d
o 1)

e (i)
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(6.175)

(6.176)

(6.177)

(6.178)
(6.179)

(6.180)

(6.181)

In what follows, it will be clear that this estimator serves as an approximation

of d(t). Besides the spatial dependency of some PDE coefficients, the analysis

becomes more involved due to the time-varying high gain.

6.4.2 Active disturbance rejection control design

Design the following state feedback controller to (6.46)—(6.49):

then the closed-loop system becomes
oa(t,z) + A (z)0.a(t, x) = S (x)ex(t, x) + S (x)B(t, x)
o : ,6)d e, : ,€) d¢,
+ [ cwoatoir [ Caopoa
aiB(t, x) — A(2)0.B(t, ) = A(z)B(t,0),

a(t,0) = QA(1,0),
B(t,1) = —d(t) +d(t),

(6.182)
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6.4.3 Solution to the closed-loop systems

Let
g(t) =r(t) (y(t) — 9(1), d(t) = d(t) — d(t), (6.189)
then
y(t) = %@( ) — r(t)g(t) + 2r(t) Dd(t)e (1), (6.190)

and the system (6.183)—(6.188) is equivalent to the following system:

ora(t,x) + A (z)0,ax(t, x) = S (x)ex(t, x) + S (x)B(t, x)

+ [[ewoanoas [ Clwopeo (6.101)
2,8(t,x) — AY(2)0,8(t,z) = A(z)B(t,0), (6.192)
a(t,0) = QB(t,0), (6.193)
B(t,1) = d(t), (6.194)
i) = "0  r030) + 200 D)), (6.195)
< [ae(0)] = —r(0D5(0) + 5 )= ()] (6.196)

This is a cascaded ODE-PDE system. First, for the ODE subsystem (6.195)—
(6.196), the following lemma can be proved.

Lemma 6.10. The solution to the ODE subsystem (6.195)—(6.196) satisfies
. T
<g}(t)T, d(t)T> =0 (6.197)
in the sense of the Fuclidean norm.

Proof. The < )7, d(t) w(t ))-subsystem (6.195)—(6.196) can be rewritten as

d{ @ y(t) W) )
o | r(®) , 6.198
dt ( d(t)w(t) > " ( d(t)w(t) ) i ( Lld(t)=(t)] ( )

where the matrix

F = ( - 2D ) . (6.199)
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Since F' is Hurwitz, then there exists a unique 2m x 2m positive definite matrix
P such that
PF+F'P=-1 (6.200)

Consider the following Lyapunov function

V(t) = ( g dt)Tw(t) )P( g dt) w(t) )T, (6.201)

(6.202)

where Apin(P) and Ayax(P) denote the minimal and maximal eigenvalues of P,
respectively.

Taking the derivative of V' along the solution to (6.198), we have

T

V(t) = ( g d)Tw(t) )P( y(t)y" & {El@)%(t)] )

, (6.203)

where C5,Cy are two positive constants and the last step used (6.180). Then,
(6.202) and (6.203) give

V(t) < — T<t)

C ‘% [d(t) = (t)] ’ VV ().

(6.204)
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From (6.179), there exists 7' > 0 such that

2 max(P)

T(t) Z )\min(P)

C5,Vt>T. (6.205)

By plugging (6.205) into (6.204), one gets

%\/V(t) < 4)\max( )V + >\mm(P) ‘jt [d(t) = (t)] ' Vit>T
(6.206)
Solving
d 1 Co d ,
" V(t) = _4Amax(P)r<t) (t) + D) ‘E [d(t) = (t)] ' Vit>T,

one obtains
\/V( _ \/V - f; mr(ﬂ dr

/ 5 4>\max(P) )dT
2 mll’l

% [d(s)"w(s)] ‘ ds, Vt>T,

(6.208)

and

. Cs . ! — [t L r(r)dr d T ‘
lim /V(t) = —————— lim e Js Dmax(®) — |d(s)" w(s)||ds
V) = ) % )y 35 (4 ()]

- T é’l‘ 7— T
_ Ce lim f;e o Ty (M d ‘d [ (S)Tw(s)} | ds
2 )\min(P) t—o0 e~ ft mr(‘r) dr

Co L a07=(0]
2/ Amin(P) = =y (1)

=0, (6.209)

where (6.179) is used in the first line, the L'Hopital rule is used in the third line,
and (6.167), (6.168), (6.179), (6.181) are used in the last line. Then, from the
comparison principle [11, Lemma 3.4], it holds that

lim /V(t) =0, (6.210)

t—o00
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which, together with (6.202), further imply that

lim (1) = 0, (6.211)
Thus,
Jim (y(6) — 90)) = Jim 245 — o (6.212)

where (6.189) is used. Moreover, we have from (6.202) and (6.206) that

_ —f; mr(’r) dr
()] < ¥ ViT)e -
Amin(P)w(t)
Cs f; e IS () dr |% [d(s)Tw(s)} } ds

_.I_
2Amin (P)w (1) e I ey () dr

L ViE>T.

(6.213)

Since

/V<T)ef f,lt, mr(ﬂ dr

im
t—o0 Amin(P)w (%)

-0 (6.214)

and

[he i mmmrar iz [d(s) ()] | ds
t—00 w(t)e ft m rmdr

4T o (t

— lim [ [4() w(lﬂ

e (1) — @) 7 (t)

) ()7 +d(H)T =5

<o (t

(t)

t o ) 1
20 D ()

=0, (6.215)

where (6.167), (6.168), (6.179) and (6.181) are used in deriving the two limits, then

we obtain

lim d(t) = 0. (6.216)

t—o00

The proof is therefore completed. O
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Second, the convergence of the system (6.191)-(6.196) and also of the
closed-loop system (6.183)—(6.188) can be proved.

Lemma 6.11. For any initial data (a(0,-)T, B(0, ~)T)T € H, there exists a unique

solution
(a(t, )7, 8(t,)7)" € C([0,00); H) (6.217)

to the closed-loop systems (6.183)—(6.188). Moreover, the solution tend to arbitrary

vicinity of zero in the following sense:

[ Y]

t—o00

. + [g(t)| + |d(t) — &(t)]} =0. (6.218)

Proof. From (6.197), for any given € > 0, there exist ¢, > 0 such that ‘gl(t)‘ < €
for all t > t5. The (a7, ,BT)T—subsystems (6.191)—(6.194) can be written as

d [ « o -
= ( 5 ) = A( 5 ) + Bd(t). (6.219)

From Lemma 6.3, there exists a unique solution to the system (6.219):

t
>+/ eA(t_T)Bgi(T) dr
0

t
)—1—/ M Bd(7) dr
to

to ~
4 Alt—to) / e Bd(7) dr. (6.220)
0

With admissibility of B, it can be derived that

2

(Lfoc(o,to))

~ 112
m SOtOtngH 7Vt0 207
(L>2(0,t0))™

to - 2 ~
/ eATBA(T)dr|| < O ||d
0

H

(6.221)

where (Y, is a constant that is independent of d. With exponential stability of e,

it can be derived that

¢
/ M Bd(7) dr

to

t
/ AT B(0 o d)(t)dr
0 0

H ‘ H
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<N HdH < Ne (6.222)

(L2 (0,00))™ ’

where N is a constant independent of El, and d; ¢ dy denotes the s-concatenation
S
of d1 and d22

(dyody)(T) = (6.223)
Since from Lemma 4.4, we know that there exist three positive constants C7, Cs, a

such that
e < o) Cemer, (6.224)
1

then from (6.220), (6.221) and (6.222), we obtain
(oo )=o)
7t B(:O)

With the arbitrariness of €, the proof is completed. n

<€—a/2t + Ctoe—a/2(t—to)||&||(Lw(0’t0))m + Ne.

(6.225)

By the equivalence between the transformations (6.26) and (6.35), exponen-

T
tially stability of the closed-loop < u(-, )T w(, )T > -system (see, Figure 6.4) is
obtained. The closed-loop construction and the result are summarized in the fol-

lowing main theorem.
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\)

Figure 6.4: Block diagram of the closed-loop systems with ADRC. Hj is an
operator of which the meaning is clear from the equations (6.171)(6.175).
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Theorem 6.2. For any initial data (u” (0, ), v (0, ))T € H, there exists a unique

(mild) solution
(w”(t,),07(t,)" € C([0,00); H)
to the following closed-loop system:
Owu(t, ) + A (2)0,u(t, ) = S (z)u(t, z) + S* (x)v(t, z),
ov(t,z) — AY(2)0,v(t, v) = 8" (z)u(t,z) + S (z)v(t, z),
u(t,0) = Qu(t,0),
v(t,1) = Ru(t,1) + U(t) + d(t),
y(t) = 2D |Uo(t) + d(t)] +1°(0) + () (y(t) - §(0).
(

d(t) = r(t)*D (y(t) — §(1)).

where the boundary controller is

U(t) = —Ru(t.1) + / G, E)ult, &) + H(1,E)w(t,6)]dé — d(1),

and

y(t) = (1), 2(0), - ym(t)]
y'(0) = |00), 30, -, u%(0)]
with
w(t) = [0+ 0B DI B ds
- /01 B(z)TD [m+ (1+ z)m} dz.

(), k =1,m is chosen as in Section 6.4.1.

Moreover, the solution tend to arbitrary vicinity of zero as t — oo:

bty ety ) ||+ 1801+ () - £z<t>|] ~0.

lim
t—o0 H

(6.226)

(6.233)

(6.234)

(6.235)

(6.236)

(6.237)

(6.238)
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6.5 Notes and references

In this chapter, a coupled system of first-order linear hyperbolic PDEs sub-
ject to boundary input disturbance is stabilized by the approaches of SMC and
ADRC, respectively. Disturbance rejection and finite time stability is achieved for
the resulting closed-loop control system with SMC, while disturbance attenuation
and asymptotic stability are achieved for the resulting closed-loop system with
ADRC.

One possible future work would be stabilization of linear coupled hyperbolic
systems with non-matched boundary output disturbances.

It is also of great interest and importance to consider the application of
this result into systems for which the models are amenable to this framework,
e.g., the Saint-Venant Exner model and the bilayer Saint-Venant model. Also,
coupled systems of first-order quasilinear hyperbolic PDEs have been topics of
active research [70], and it is interesting to consider this class of systems with
disturbance.

Chapter 6 contains reprints or adaptions of the following papers: 1. S.-X.
Tang and M. Krstic, “Sliding mode control to stabilization of linear 2 x 2 hyperbolic
systems with boundary input disturbance”, in Proceedings of the American Control
Conference, pp. 1027-1032, Portland, OR, USA, June 4-6, 2014. 2. S.-X. Tang,
B.-Z. Guo and M. Krstic, “Active disturbance rejection control for 2 x 2 hyperbolic
systems with input disturbance”, in Proceedings of the IFAC World Congress, Vol.
19, No. 1, pp. 11385-11390, Cape Town, South Africa, August 24-29, 2014. 3.
S.-X. Tang, B.-Z. Guo and M. Krstic, “Control designs for a coupled hyperbolic
system with a matched boundary disturbance”, in preparation. The dissertation
author is the primary investigator and author of these papers, and would like to

thank Bao-Zhu Guo and Miroslav Krstic for their contributions.
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Chapter 7

State-of-Charge Estimation from
a Thermal-Electrochemical Model

of Lithium-Ion Batteries

7.1 Introduction

7.1.1 Motivation

Due to its high power and energy storage density, its lack of memory ef-
fect and low self discharge, lithium-ion technology is a common choice among the
rechargeable battery family [78, 79]. Besides its wide employment in portable elec-
tronics, lithium-ion batteries are now being adopted in electrified transportation
[80]: Electric Vehicles (EVs), Plug-in Hybrid Electric Vehicles (PHEVs) and Hy-
brid Electric Vehicles (HEVs). Lithium-ion technology is being considered for grid
energy storage as well.

The key indicator for the amount of electrical energy available in batteries
is the State-of-Charge (SoC) which, simply put, is the ratio of instantaneous bat-
tery capacity to its maximum capacity [81]. Thus, in order to predict the available
power and energy in the battery during operation, online estimation of the SoC
serves as an important factor for regulating both charging and discharging. Be-

sides, it is generally required that the SoC remains within appropriate bounds all
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the time for safety reasons. Hence, a reliable and accurate estimation of the SoC

is required for proper battery management.

7.1.2 Literature review

Accuracy of the SoC estimation depends highly on the quality of the se-
lected model. Thus, one is encouraged to compare the different models available for
describing the battery dynamics. Models for lithium-ion batteries can be divided
into two classes. The first class consists of empirical models, in which the most fre-
quently used ones are Equivalent Circuit Models (ECMs) [82]. ECMs use electric
circuit elements such as voltage sources, resistances and RC networks to approxi-
mate the dynamics of the battery. Currently, most Battery Management Systems
(BMS) employ ECMs for various tasks: power and energy estimation, cell balanc-
ing, thermal management, State-of-Health (SoH) estimation and charge/discharge
control. SoC estimation methods with ECMs have been studied extensively. To
name a few, Extended Kalman Filter (EKF) [83], Unscented Kalman Filters (UKF)
[84], particle filters [85], linear parameter varying methods [86], polynomial chaos
theory [87, 88], geometric observer [89] and sliding mode observer [90].

The second class of models are based on first principles. These electro-
chemical models [91] account for the main underlying physics in the battery, more
precisely, they offer an explicit description of the battery dynamics in terms of
the main electrochemical parameters and variables. The need for accurate SoC
estimation as well as visibility of important electrochemical states and parame-
ters, specially in high power and high energy applications, motivates the study of
estimation based on electrochemical models. The widely employed Doyle-Fuller-
Newman (DFN) model has been shown to accurately model the main phenomena
in lithium-ion batteries [81]. However, the complexity of the model is too high
for online estimation application or to conduct an observability analysis [92, 93].
Among the various approximations and reductions to the DFN model, the Single
Particle Model (SPM) [94, 95] has been a regular option for online SoC estima-
tion. The SPM is formulated by idealizing the lithium diffusion in the solid phase

of each electrode as diffusion in a single spherical particle and assuming the elec-
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trolyte concentration to be uniform in both space and time. Thus, SPM is simple
enough for the observer design [96, 97] and observability analysis.

Still, the SPM has several limitations, for example, being accurate only
for low current [81]. Another limitation is that SPM is restricted to the cases
with small variation in internal temperature, which comes from the fact that SPM
ignores the dependence of the battery parameters on temperature. Indeed, lithium-
ion batteries meet issues such as an increase in internal resistance and decrease of
capacity, as functions of battery internal average temperature [98]. By preserving
the temperature dynamics this limitation can be overcome.

Incorporating the temperature dynamics into the SPM results in a coupled
Ordinary Differential Equation (ODE)-Partial Differential Equation (PDE) model,
and the PDE backstepping approach [18] is employed to design an observer for
this model. This method has been used for stabilization of unstable PDE systems,
see [22], in which backstepping boundary controllers and observers are designed
for some unstable parabolic, hyperbolic PDEs, etc. It has also been applied for
stabilizing some coupled PDE-ODE systems [99, 100].

7.1.3 Organization

This work can be considered as a continuation and completion of an ini-
tial effort for SoC estimation from a thermal-electrochemical model of lithium-ion
batteries in [101]. The rest of this chapter is organized as follows. In Section
7.2, a temperature-compensated SPM model is presented, and the corresponding
SoC estimation problem is formulated in Section 7.3. In Section 7.4, a full state
Luenberger observer is developed for estimation of the electrode lithium concentra-
tion through boundary state measurement, via the backstepping technique. The
observer error system is proved to be exponentially stable with an arbitrarily desig-
nated decay rate, for which the well-posedness is derived by applying the abstract
evolution equation theory. It is worth noting that solving the kernel function sys-
tem for the backstepping transform is not trivial because of its dependence on the
temperature [102, 103]. Under some more relaxed assumptions and simplifications

than [101], the existence and regularity of the solution to the system is proved in
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this section. The SoC estimation accuracy is verified by the numerical simulation
results presented in Section 7.5. Finally, a conclusion and some possible future

works are given in Section 7.6.

7.2 The SPM-T model

In this section, the working mechanism of lithium-ion batteries is briefly
introduced first, followed by an overview of the DFN model. Then an SPM-T
model [101] is developed for the purpose of SoC estimation, which is a simplification

of the DFN model and can be treated as a temperature-compensated SPM.

7.2.1 Working principles of lithium-ion batteries

A lithium-ion battery consists of three main regions: negative electrode,
separator and positive electrode. Each electrode includes active materials, conduc-
tive fillers, a current collector and a binder. A porous configuration is fundamental
in the lithium-ion batteries. The porous structure in the electrodes provides a large
surface area and allows small distances between lithium ions and active material
surfaces for reactions to occur, while the porous materials in the separator forbid
the flow of electrons between the negative and positive electrode but allows the
movement of lithium ions dissolved in the electrolyte. The active materials, inter-
calated in the lattices of the corresponding electrode, are insertion compounds, i.e.
these are host structures in which lithium can be reversibly inserted or extracted.
Electrolyte fills all remaining parts of the battery.

During discharging, lithium ions move from the interstitial site of the lat-
tices in the negative electrode, through the electrolyte and the separator, to the
one in the positive electrode.

As a result, the battery gives out power. During charging, lithium ions
move back from the positive electrode to the negative one. At the same time, the
battery absorbs power and energy from external power sources. In both cases,
electrons flow in the opposite direction to the ions, through the outer circuit to

which the battery is connected [104].
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7.2.2 The DFN model

The DFN model is derived based on the porous structure all through the
lithium-ion batteries [98, 81]. In the DFN model, each electrode is viewed as
superposition of active materials, inert filler and electrolyte; justified from the
porus configuration. As shown in Fig. 7.1, the battery is formulated as a Pseudo
Two-Dimensional (P2D) model. One dimension represents the path along the
spatial direction x from the anode through the electrolyte to the cathode, and the
other dimension represents the path along the radial direction rg of the ions into

and out of the active material, by considering that spherical diffusion is symmetric.



Table 7.1: Nomenclature.

Variables
Cs Lithium concentration in the solid electrode
Ces Lithium concentration at the surface of the particle
Ce Lithium concentration in the electrolyte
Cs Volume averaged lithium concentration in the solid phase
Ji Molar flux of lithium at the surface of the particle
s Electric potential in the solid electrode
R Electric potential in the electrolyte
n Reaction overpotential
U Open-circuit potential
n Exchange current densities
te | Electrolyte current density normalized by cross-sectional area
T Internal average temperature
Tomb Ambient temperature
1 External current density normalized by cross-sectional area
V Terminal voltage

Volume averaged flux
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Table 7.1: Nomenclature, continued.

Parameters
L Length
Dy Diffusion coefficient of lithium in the solid electrode
D, Diffusion coefficient of lithium in the electrolyte
coax Maximum lithium concentration in the solid electrode
Ry Radius of the particle
Qla Anodic transfer coefficient
Q. Cathodic transfer coefficient
Toff Effective reaction rate in the solid electrode
Ry Film resistance of the solid-electrolyte interphase (SEI)
R, Contact resistance between the electrode and current collector
€s Volume fraction of the active material
€o Volume fraction of the electrolyte
Qs Interfacial surface area
F Faraday’s constant
R Universal gas constant
N (Nominal) total lithium ions in the battery
o Electronic conductivity in the solid electrode
K Tonic conductivity in the electrolyte
t9 Transference number of the ions w.r.t. the solvent velocity
fe/a Mean molar activity coefficient in the electrolyte
pe Average density
cp Heat capacity
heell Heat transfer coeflicient
E Activation energy coefficient
Super- and subscripts
+ Positive electrode
— Negative electrode
sep Separator
s Solid electrode
e Electrolyte
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This DFN model consists of several PDEs and ODEs, describing the math-
ematical relations among the input current, output voltage, SoC, temperature and
other factors that influence the battery performance.

Diffusion dynamics of lithium ions in the solid phase of each electrode comes

from Fick’s law and is described as follows:

dct 1 0 " ,OcE

S

W(t,m,rs) = Ears D (T'(t))r; ar. (t,z,7r) |,

t>0, z € (05,L%), rye (0,R)), (7.1)
6c;t + 7+
= (t,z,0)=0, t >0, z € (0%,L"), (7.2)
oc; (t,r, RF) = —;ji(t ), t >0,z € (0%, LF) (7.3)
ars ) Y S DgE(T(t)) ) Y Y Y ) N
cE(0,2,74) = c5(x,7y), o € {Oi, Lﬂ T € [0, Rsﬂ , (7.4)

where the temporal variable is ¢, the spatial variables are z and r,. The states
of the PDE model (7.1)—(7.4) are ¢ (t,x,7s) € R, which denote the solid phase
lithium-ion concentration. Diffusion coefficients are considered to be of functions
with an Arrhenius-like dependency on the battery cell internal average temperature
T(t) [92]:

T@)=T(0)

DE(T(t)) = DE(T(0))e P TOTO) (7.5)

Pore wall molar ion fluxes at the surface of the particles are denoted by j=(¢, ) and

are related to the overpotential 7(¢, ) by the following Butler-Volmer equation:

+
¥(t,a) = D) [oryt _ ity (7.6)
where
iat(t,x) :r;—Lﬁ(T(t)) [c;ts(t, x)}ac [ce(t, x) (c;t’max — c;ts(t, x))]aa, (7.7)
cs(t,x) 2 (t, z, RY), (7.8)

and the overpotential equation 7(¢, ) for the ion intercalation reaction is

n(t,x) =¢s(t,x) = ge(t, ) — UF(cii(t,2), T(t) — Ry (T() Fi*(t,2).  (7.9)
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Moreover, the functions 75(T(t)) and Ry (T(t)) are also considered to have an
Arrhenius-like dependency on the battery cell internal average temperature 7'(¢):

T(t)—T(0)

rE(T()) = i (T(0))e " 7070 (7.10)

B . TO-T@©)
Ry TETO) (7.11)

Ri(T(t) = R (T(0))e

The following internal average temperature equation can be referred to [98, Section

12.3.7] and [105]:

panCpE@) :hcell (Tamb(t> — T(t)) - I(t)V(t)
OUT (el (t,x), T(t) — U (e (t,2), T(t))]
- T(t)
ar
+ RJI(t)? t >0, (7.12)
T(()) = amb(0)> (7'13)
where
3 s
cE(t,r) = @/0 r2cE(t, x,rg) drs. (7.14)
Charge conservation in the electrodes gives the following equations for the ionic
current:
D 4 5y = —a F*(t2) (7.15)
8x ’ - s .7 ) ) .
De (4 vy = a-Fj~(t.2) (7.16)
ax Y - Ys .] ) 9 .

where af = 3¢ /RE are the specific interfacial areas. Boundary conditions for the
equations (7.15)—(7.16) are given in [81].
Equations for lithium concentration c.(t, z) in the electrolyte, solid electric

potential ¢4(¢, x) and electrolyte electric potential ¢, (¢, x) are:

dce 0 dce 11—t
W(f,fﬂ) = % De%(t, 117) + EeF Ze(t,fﬂ) s (717)
99 I(t) —ie(t, )

By (HT) = =, (7.18)

o
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0o,
2 (1, 2) =

io(t, ) N 2RT(t)

dIn fe/a dlnc,
K F (t,:p)) (t,z), (7.19)

1—t)) x (1

( ) ( * dInec, Ox
where the Kirchoff’s law and Ohm’s law have been used in (7.18). The readers
could also refer to [81] for more details of the equations (7.17)—(7.19), such as the
corresponding initial and boundary conditions. Note that here positive current
corresponds to battery discharging and negative current corresponds to battery

charge.

7.2.3 The SPM-T model

Despite of the fact that full DFN model accurately models many aspects of
the lithium-ion cells working mechanism, it is too complex to design a full state
observer for online estimation. Thus, it is necessary to consider simplified models
for the sake of implementation.

The SPM-T model is derived after making the following assumptions and

simplifications:
e the electrolyte concentration is uniform in space and time,
e the lithium-ion diffusion is uniform in the z-direction.

As a result, the battery is formulated as a one-dimensional model, consid-
ering only the radial direction of the ions into and out of the active material. In

the coupled SPM-T model, the SPM subsystem is postulated as follows [106]:

dct 1 0 n ,OcE

_ S +
i (17 = g |DETOIG ()| 1> 0 e (0 RY), (7.20)
+
gff (£,0) =0, t > 0, (7.21)
aCsi + 1 o+
Br. (t, Ry) = DT (t), t >0, (7.22)
cE(0, 1) = c:fo(rs), rs € [0, RE]. (7.23)

The states of the system (7.20)—(7.23) are cZ(t,r;) € R, with the temporal variable
t and the spatial variables ry. The diffusion coefficients DE(T'(¢)) satisfy (7.5). The
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Figure 7.1: DFN Schematic. Lithium ions move from the negative electrode to

the positive electrode during discharge and in the opposite direction during
charge. In the DFN model, the three-dimensional problem is reduced to a
Pseudo-Two Dimensional (P2D) one, and all intercalation particles are assumed

to be spheres with a uniform, averaged radius.
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average concentration is

Ry
cE(t) = %/{) r2cE(t, ry) drg. (7.24)

The Butler-Volmer equation relating the the pore wall fluxes j* at the surface of

the particles to the overpotential n(t) becomes

JE() = @ [e R () _ e—%ni@} , (7.25)
where
i (t) = reg(T(8)) [e(®)]™ [ee (™™ = e(0)]™ (7.26)
ci(t) £ ¢ (8 RY), (7.27)
and
(1) =¢5 (1) — US(eis(t), T(8)) — FR (T(1))57(#), (7.28)

with r5(T(t)), RE(T(t)) satisfying (7.10) and (7.11), respectively. Here, c.o de-
notes the electrolyte concentration at equilibrium. Assuming «, = o, = «a, then

nE(t) = Rgﬁﬂt) sinh ™! (%E?(t) ji(t)) . (7.29)

Moreover, the relations between the pore wall fluxes ;& at the surface of the par-

ticles and the current I(¢) become linear:

1(t) 1(t)

() =~y = (7.30)
The T-equation becomes
dT
PanCPE(t) =heeit (Tamb(t) — T'(t)) + 1)V (1)
+I() | UMl (6),T®) — U (&5 (1), T (1))
—T() OU (e (1), T<t))a; U~ (e (1), T(?))]
+ R(t)*, t >0, (7.31)
T(0) =Tomb(0). (7.32)

The system states are the solid phase lithium-ion concentrations cZ(¢,7;) € R
in the PDE (7.20)—(7.23) and the internal average temperature 7'(¢) in the ODE
(7.31)-(7.32).
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Figure 7.2: SPM Schematic. In this simplification, each electrode is modeled as
a single spherical particle; representative of all particles in the electrode.
Furthermore, lithium concentration in the electrolyte is assumed to be uniform in

both time and space.



160
7.3 Problem statement

7.3.1 Estimation objective

The input to the SPM-T system is the applied current density I(t), and the
model output is the terminal voltage V'(t), i.e. the potential difference measured

across the current collectors at the external boundaries of the electrodes:

V) =6 () - 65 1)
—r) -0 - (R B EON) g

+ U (cl(t), T(t) = U (cis(t), T(1)), (7.33)

where the equality (7.28) is used. Thus, the following system output function is
derived from (7.29) and (7.33):

_ (R? (T®) | B (T(t”) I(t) + U* (eh(6), T() = U (1), T(1))

atL+ a-L—-

2 i (T(t), ci(t), e (t), I(t)). (7.34)

) ss ) ’ss

The objective is to estimate the SoC in each electrode of the battery, which is
defined by:

3 R cE(t, )
+ — 2%s )
SoC=(t) = (Rg[>3/0 (s dr. (7.35)

s, max

7.3.2 Output function inversion

A Luenberger observer is to be constructed for the positive electrode which

uses the corresponding boundary state measurement. Note however that boundary

+

(1) appear in the output function V' (¢) in a nonlinear fashion. Therefore,

values ¢
in order to proceed the observability analysis and design the observer, one needs
to recover the surface concentration in one of the electrodes. For this purpose, an
inversion of the output function with respect to this boundary value is required.

Note that the leading term in the output voltage function is the open circuit
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potential. For the cases when the open circuit potential functions are invertible
(with respect to the surface concentration) in both electrodes, the decision can be
made based on which mean value of the partial derivative is bigger. In what follows,
we consider the output function inversion with respect to the surface concentration
in the positive electrode.

Write V(t) as a function of c¢Z(t), ¢&(t) and I(t)

Substituting (7.34) into (7.12) gives

550 T (£) =hean (Tam (1) — T(1))

T 107 [ () oo (smrs) |

() R0 ) g

atL* a~ L~
+1(t) [UH(cl(t), T(t) = U™ (es(8), T(1))]
+ I(t){w(éi(t%T(t)) —U (e (1), T())

2 D), T(t)g; U~ (e (1), T(t))] } (7.36)

+

In order to derive an expression for T'(t) in terms of cZ(t), ¢£(¢t) and I(t), the

following approximations and assumptions are made. First,
R]?(T(t)), r(T(t)) are approximated by R?(Tamb(t)), 75 (Tamb (1)), Tespec-
tively, and all terms U*(-, T'(t)) are approximated by U= (-, Tymp(t)). Then,

9 U+ 7:’ 7Tam -U~ 757 7Tam . . . . .
et o b(th & O T ®) is assumed to be a state-invariant, possibly time-

varying, function, although in general it is dependent on the state = (¢). Note that
the approximations and assumptions are made here only for the ease of analysis.

Rewrite the equation (7.36) as

o S () = X(DT(0) + (), (7.3
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AUl (), Tamn (1)) — U™ (&7 (1), Tamn(t))]

iy — , (7.38)
o) =T () — (FT ) Je LonlO) g
(1) [0 (e4(0), T (1)) — U (6(0). Ton (1))
(1) [0 (& (0), T (1)) — U™ (& (1), Tau(1)] (7.3
then for the temperature, it holds that
1) =1t Oy L [ B0 g
£(A(0), (1), (1), T (1) (7.40)

Substituting (7.40) into (7.34) yields the following simplified output function:

V(t) = — O%g(c;ts(t),cf(t),](t),Tamb(t))

" [Smh_l (22'31<t> ai(?+) i (21 (0 a[(?) ]
) (R; (Tal1)) |, Bs <Tamb<t>)) ”

atLt a- L~
+ U (el (), 9(cc(t), & (1), I(t), T (1))
— U (ex(), 9(cie(t), & (1), I(t), T (1))
Shy(ci(t),ex(t), 1(t)). (7.41)

Write V(t) as a function of ¢ (¢) and I(t)

In order to further simplify the output function, we establish relations be-

tween ¢ (¢) and each one of c(t), ¢ (t), ¢, (t). Consider the following approximate

polynomial solution profiles of the electrode diffusion dynamics [107] *

SRE _ RE .
— —sgt GE(t), (7.42)

G0 =Gt - 35 E 0+ 55 70)

!'Note that (7.42) is obtained by assuming the following polynomial solution profile:

+ 39 topt 99 i + Ep— sy (1)
Cs (t,’l") :?css(t) - 3qs (t)Rs - ch (t) + (_35Css(t) + 1Oqs (t)Rs + 35Cs (t)) (Ri)Q
105 + 4+ + 105 4+ T;L
+ ( 4 css(t) 7qs (t)Rs 4 Cs (t) (R§E>4
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where the volume averaged fluxes ¢z (t) satisfy

S = -2l - B, (7.43

and T'(t) is calculated from the following further simplified model:
e S (6) =hean (Tams (1) — T() + IOV () + RIW?, (744
T(0) = Tomp(0). (7.45)

Note that this simplification is also only required for analysis and the complete
thermal equation (7.31) can be used for simulations.

Now, since the total amount of lithium ions
N =etLTel (t)+ e L7E (1) (7.46)

is generally assumed to be conserved, then the average negative electrode concen-

tration can be related to the average positive electrode concentration as follows:

e (t) = ach(t) + 3, (7.47)
where
et LT N
S — . 7.4
@ e~ L’ b e L~ (7.48)

Here, the value of N could be calculated from the model initial data.

From (7.42) and (7.46), it could be obtained that

) =a (0 - SE R0+ g O) 5 (49

and

_ __ . R .
Css(t) =G (t) + 35 ds (t) - my (t)

Moreover, the following terms are neglected from the temperature equation (7.31)—(7.32):

O™ (& (1), T(t) — U (& (1), T()]]

I{)|UT (el (), T() = U (e (). T(t)) = T(t) a7
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= (c;g(t) — %qi(t) + %Df;(s;(t))fr(t)) + 5
+ 50~ iy O o

Therefore, from (7.41), (7.42), (7.49) and (7.50), we could obtain a further simpli-

fied version of the output function:

V(t) = ha(ci(t), I(1)). (7.51)

SS

Inversion of the function hs;

As long as the function (7.51) is a one-to-one correspondence w.r.t. ¢ (),
uniformly in (), one could invert it to derive the boundary concentration in the

negative electrode? as

cE(t) = ho(V (1), I(1)). (7.52)

7.3.3 Normalization and state transformation

We perform normalization and state transformation to simplify the system
and also the observer structure. Let r = 5/ R for normalization and proceed the
state transformation c(t,r) = rsct (¢, rs), then the PDE subsystem (7.20)—(7.23) is

transformed into 3

%(t,r) — —Dig:)(:))%(t,r)? t>0, re(0,1) (7.53)
c(t,0) =0, t>0 (7.54)

2Note that the state observer can be designed for either the positive or the negative electrode.
One could make the decision based on the ease of invertibility of the output function with respect
to the boundary value.

3The normalization transformation

,_ DHI(),
(RY)?

employed in [97] is not considered for use in this paper. The reason is: T'(¢) is not known a

priori in this case, and needs to be measured/derived at each time step. Thus, the corresponding

inverse transformation could not be trivially obtained, and it would be difficult to transform the

normalized system into the original coordinates.



165

L0 1) — eft,1) = _D;ésf(t)) RIS (7.55)
c(0,7) = co(r) = Rfrct (0, RIr), r €]0,1]. (7.56)

Our estimation objective is now to design an observer for this normalized and

transformed PDE system.

7.4 State observer design

With inversion of the output function in Section 7.3.2, the boundary con-
centration in the positive electrode is available for an observer design. Meanwhile,
T(t) is calculated from the simplified equation (7.44)—(7.45), and thus the function
DF(T(t)) could be treated as known. Furthermore, assume that I(t), U*(-, T(t))
and V(t) are piecewise (real) analytic. In what follows, we only consider the proof

piecewisely so that both I(¢) and V/(t) are analytic in each separate time interval.

+
t@U

57 are also analytic in each corre-

Then, from (7.12) and an assumption tha
sponding time interval, we could prove by induction that the n-th order derivative
of T'(t) is differentiable for any nonnegative integer n, and that 7'(¢) is analytic as
well in each time interval. Without loss of generality, consider ¢ € [0, ¢,,.x] Where
tmax 1S an appropriate finite time.

A Luenberger-type observer for the normalized and transformed PDE sys-
tem (7.53)—(7.56) can be designed:

ac _ DHT()) 6%¢

at(,r)— )2 w(t,r)—l—pl(t,?“)(c(t,l)—é(t,l)), (7.57)

e(t,0) =0, (7.58)
%(t, 1) —é(t,1) = —D;g(t» afgb + pro(t)(e(t, 1) — é(t, 1)), (7.59)
¢(0,7) = éo(r), (7.60)

where ¢y(r) denotes the initial condition of the observer, and the boundary state
error injection functions py(¢,r) and p1o(t) are to be determined to guarantee the

stability of the following observer error system:
oc _ DH(T()) 0%¢

§< ) = Ww(t,r) —pu(t,r)ét, 1), (7.61)
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&(t,0) =0, (7.62)
£ (0,1) — (1, 1) = —po0)(1, 1), (7.63)
&(0,7) = co(r) — eo(r) = o(r), (7.64)
with
é(t,r) =c(t,r) —c(t,r). (7.65)

In order to find the output injection gains, the PDE backstepping method [22] is

employed. We would like to find an invertible transformation

1
é(t,r) =w(t,r) — / p(t,r,0)w(t,e) de (7.66)
so that w satisfies the following exponentially stable target system
ow DF(T(t)) 0%w .
E(t, T) = Ww(t’ 7“) + )\w(t, 7”), (767)
w(t,0) =0, (7.68)
ow 1
—(t,1) = —=w(t, 1 .
5, (1) = —gw(t,1), (7.69)
w(0,1) = 1wo(r), (7.70)

where wy(r) denotes the initial condition to be determined for the target sys-
tem, and A < rtn>i(1)1{D; (T(t))}/(4(R)?) is a free parameter to be chosen, which
determines the convergence rate of the observer (7.61)—(7.64) to the system (7.53)—
(7.56).

The following lemma states the exponential stability of the w-system (7.67)—
(7.70).

Lemma 7.1. If

A<

1
s min{ D7 (T'(%))}, (7.71)

then for any initial value wy(-) € L*(0,1), the w-system (7.67)—~(7.70) has a (mild)
solution w(t,) € L?(0,1) and is exponentially stable at w = 0. Moreover, if the

boundary compatibility condition is satisfied, the solution is classical.
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Proof. Consider the state Hilbert space H = L*(0, 1) with the usual inner product.
For every t € [0,tnax], define a linear operator A(t) : Dom(A(t)) C H — H as
follows:
DI(T(t))
(BS)?
1
Dom(A(t)) = {¥(t) | 4(0,1) =0, ¥r (t,1) = =S¥ (£, 1)}. (7.73)

2y (1) + M, Vo € Dom(A(t)), (7.72)

Then the system (7.67)—(7.70) can be written into the following abstract equation:

%w) — AW(L), 0 <t < o, (7.74)
»(0) = . (7.75)

Note that Dom(.A(%)) is dense in H and independent of ¢, and it can be proved that
A(t) is for each ¢ the infinitesimal generator of an exponential stable semigroup.
Indeed, all the assumptions (P1)—(P3) in [53, Section 5.6] are satisfied. Thus, from
[53, Section 5.6, Theorem 6.1], there exists a unique evolution system corresponding
0 (7.74)—(7.75) and (7.67)—(7.70) as well.

Furthermore, if considering the Lyapunov function

V(t) = %/0 @ (t,r)dr (7.76)
then we could get
V() < -2 ( (;f)’;) A) V) (7.77)

where Poincaré inequality is employed. Thus, from (7.71), exponential stability of

the w-system (7.67)—(7.70) is proved. O

By straightforward but lengthy calculations, we derive that the kernel func-
tion p(r, ¢, t) needs to satisfy the following PDE system:

pe(t,r, L) = % [(prr(t, 7 0) — pu(t, 7, 0)] — Ap(t, 7y 1), (7.78)
p(t,0,0) =0, (7.79)
p(t,r,r) = (77)° AT (7.80)

2D (T(t))
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p(07 T, L) = pO<T7 L)? (781)

for which the domain is 7 = {(t,7,¢) | 0 <t < tpax, 0 <o <7 <1}, and py(r,¢)
denotes the initial condition for the kernel system. Also, we derive that the output

injection gains need to satisfy

p(t,r) = —% (pb(t, r,1) + %p(t, T, 1)) , (7.82)
pro(t) = ; - %A. (7.83)

7.4.1 Well-posedness of the kernel function p(¢,r, )

Lemma 7.2. The initial data po(-,-) is an analytic function in T = {(r,1) | 0 < <
r < 1}, and the system (A.55)—(A.56) admits a unique analytic solution p(t,-,-)
inT.

Proof. We first transform the system (A.55)—(A.56) into an equivalent integral

equation, and then apply the method of successive approximation.

Let
E=r+i, n=r—1 (7.84)
and
q(t,&m) = p(t,r,0), (7.85)
then we have from (A.55)—(A.56) that
DT
att g =17 g 1.6~ date o) (7.56)
_ (B
q(t,€,0) = m)\f, (7.88)
q(0,§,m) =p (0, €+_777 ﬂ) : (7.89)
2 2
The equation (7.86) can be rewritten as
(BY)?
qfn(tafan) = LT (Qt(tvan) + /\Q(t7£777)) . (790)

- ADI(T(1))
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Integrating (7.90) with respect to n from 0 to n and using boundary condition
(7.89), we have

(R ()

w8 =ps ey T DTG

) [ attsn) e pnas. @

Integrating (7.91) with respect to £ from —n to £ gives the following integro-
differential equation (IDE):

_ o (ry)? (RO (¢ [
q(t,&n) = Wk(f +n) + IDHTW) /—n/o (q(t, . B) + Aq(t, a, 5)) df da,
(7.92)
where (7.87) is used. Let
C= (7 )2E . (7.93)
ADH(T (to))e" ¢ “T@
and
f(t) = €"pt 7@, (7.94)
then we look for a solution of (7.92) in the form of
q(t,&,m) = Zq (t,€,m), (7.95)
where
¢'(t,&.m) = AC(§ +n)f (1), (7.96)
and
€ rn
e =i [ [dtas earaslasda. (19)
—nJo

Recall that T'(t) is analytic, and since it is physically impossible for the temperature
to reach zero Kelvin, i.e., T'(t) # 0, then it is reasonable to assume that (t) is an
analytic function in ¢ € [0, tyax], and thus there exists a constant C; such that for

every nonnegative integer k, the following bound holds:

| F®(t \—' T ‘ < O (7.98)
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Since the composition of analytic functions is analytic, then ¢°(¢, £, n) is an analytic

function in ¢ € [0, tax] and it can be derived from (7.96) and (7.98) that
10,¢°(t,€,m)| < ACCFHYNE + ), VieN, (7.99)

with respect to (&,7), uniformly for ¢ € [0, tyax)-
Assume that for any integer n > 0,

m+2n)! "y (€ + 1)
2np! pl(n+ 1)

O (1€ m) ATy 4 A (7.100)

then, for any integer m > 0, from (7.97), we derive
‘8m ~n+1 t 5 n ‘

—lop {Cf(t) / n / "t @, B) + A" (t, 0, £)] dB da}

e m . & om_ ,
> [<i>32”‘1f(t)/ /0 (07T q" (L, v, B) + Mg (¢, v, B)] dﬁda]

1=0

m m+n+2 BYallse! A n
c {<i>cf (m — i)IAC [Cf+ — H](cfH)

=0
(i+2n+1)! }5"“ nHE+ )
2nn! (n+1)Y(n+2)!

=C

3

IN

m 2n + 1) | &€+ )
< n+2 ~m+n+2 n+1 m — <Z +
S ACTPROPI(Cp 4 A) ; ( . ) (m == (n+1)(n +2)!

m+2(n+ )1 E Iy H(E + n)
20t (n+ 1! (n+ 1)l (n+2)

= ACTHECTI(Cp 4 A ( (7.101)

where the following equalities have been used:

/ / OIUCED) 454 = SN LD (7.102)

al(n+ 1)L (n+1)(n+2)!”
N (m+j+1)!
; <Z> (m — )i+ j)! = T (7.103)

By induction, (7.100) is proved for any integer n > 0.
Fixing m = 0 in (7.100) gives

(2n)!€"n" (€ + n)
2rn! nl(n 4+ 1)

1" (t,&, )| §/\O”+IC}‘+1(CJ: + )" (7.104)
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Then the series Y ¢"(t,&,n) could be proved to be absolutely and uniformly con-
n=0
vergent. Indeed, the following bound holds:

lq(t, &)l <D 1g" (&)
n=0

—~ 2rn! nl(n+1)!
= ACCy(E+m) Y di(&mn), (7.105)
n=0
where
2n)! 1
o1(&,m;m) = [CCH(Cp + N)én)" (2,33, MRCESIE (7.106)
Since
. gu§mn+1) (2n+1)
N s IR S A A ey oo’ ooy
=0<1, (7.107)

(o.9]
then from D’Alembert’s (ratio test) criterion, the series Y ¢1(&, ;) is convergent.
n=0

Then, the existence and uniqueness of ¢(t,£,n) and p(t,r,¢) is established, which

are piecewise smooth. Moreover, the following bound holds for p(¢,r,¢):

p(t,r,0)| < 2ACCyr i Ga(r, 15 m), (7.108)
=0
where
G2(r, 15n) = ¢1(&, M5 ). (7.109)
0

7.4.2 Invertibility of the transformation (7.66)

Indeed, the continuity of the kernel p(t,r,:) guarantees the existence of a

unique inverse transformation. We write the inverse transformation as

w(t,r) =¢(t,r) +/ p(t,r 0)é(t, ) de, (7.110)
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then we could derive from (7.66) and (7.110) that the kernel p(t, 7, ¢) need to satisfy

p(t,r 1) = p(t,re) +/ p(t,r,o)p(t,o, ) do. (7.111)

In order to solve the equation (7.111), we could follow a similar (successive ap-
proximation) procedure as in Subsection 7.4.1, see also, [22, Section 4.4]. Similar
well-posedness result of its inverse could also be obtained, and these derivations
are omitted here.

Note also that the initial condition wy(r) for the target w-system (7.67)—
(7.70) is determined by ¢éo(r) and po(r,t) = p(0,7,¢). Indeed, from (7.64) and
(7.110), wo(r) can be calculated as

Wo(r) = co(r) — éo(r) + / po(r, t)[co(t) — éo(e)] de. (7.112)

7.4.3 Exponential convergence of the designed observer

To conclude, some simplifications and assumptions are made for the ease of
analysis. While deriving the equation for V(¢), it is assumed that
1. the functions R?(T(t)), r (T (t)) are approximated by Rf(Tamb(t)), i (Tamb (1)),

respectively, and all terms U= (-, T(t)) are approximated by U= (-, Tomp (t));

5 the term V@ (t)7Tamb(t);;U7(E;(t),Tamb(t))]

possibly time-varying, function;

is assumed to be a state-invariant,

3. lithium diffusion in the electrodes is simplified by using a polynomial solution
profile (7.42)—(7.43), along with a simplified temperature equation (7.44)—(7.45).
In the observer design, the simplified temperature equation (7.44)—(7.45) is em-
ployed. Furthermore, I(t), U(-,T(t)) and V() are assumed to be piecewise ana-
lytic, and % are also assumed to be analytic (in the corresponding time intervals).
Consider an appropriate time interval [0, ya,]. With the well-posedness of
the kernel function for the transformation (7.66) and also from the invertibility of

the transformation, the following main theorem of this paper could be proved.

Theorem 7.1. Under the above simplifications and assumptions, if

1 o
< e P T (7.113)
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then for any initial value ¢(0,-) € L?(0,1), the observer error ¢-system (7.61)-
(7.64) is exponentially stable at ¢ = 0 in L* norm, which means the designed

observer (7.57)—(7.60) is exponentially convergent to the system (7.53)—(7.56).

7.5 Simulation results

All the model parameters used in the simulations are listed in Appendix C.1,
and both Open-Circuit Potential (OCP) functions for the electrodes are presented
in Appendix C.2. Note that the OCP functions depend on the internal average

temperature, and here a linear approximation is employed:
OU=(0%, Top)

UE(0F,T) = UX(0F, Top) + 57 (T — T, (7.114)
where
+
0% (t) = Ciﬁfl (7.115)

S

and the ambient temperature is assumed to be constant:
Ty = 298 [K] = 24.85 [°C]. (7.116)

The magnitude of the input current is characterized by the C-rate (per unit area)

of the battery and is computed as follows:
min {e LTel™me e [~ max ' (7.117)
3600

Although the observer is derived under all previous assumptions and simplifica-

C—rate=F

tions, it is shown in this section that by using the original equation for T'(t) and
keeping the state dependency in all parameters and functions, the observer is still

effective.

7.5.1 Simulation tests

Two simulation tests are performed to evaluate the effectiveness of the
proposed observer. For both simulations, the lithium concentration in the positive
electrode is initialized as 50% of the maximum value, which corresponds to 4.06V
for the output voltage. And the tuning parameter X in the designed observer is set

as —1 in both tests.
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Test One

Figures 7.3-7.7 correspond to the first simulation test, which uses a square
wave current input, as depicted in Figure 7.3. The current consists of repeated
cycles of: one hour of 1 C-rate constant discharging, followed by 90 minutes of zero
input, then 1 C-rate constant charging and ending with 90 minutes of zero input.
Only the first 250 minutes of the simulation results are shown in the figures.

Figure 7.4 presents the estimate of lithium concentration in the positive
electrode, initialized by 66% of the maximum value, which corresponds to 3.8V
for the output voltage. Then, both the true and the estimated SoC are shown
in Figure 7.5, where the initial error is due to incorrect initialization of lithium
concentration in the positive electrode. As one would expect, convergence of the
output voltage coincides with convergence of the SoC, and this is shown in Figure
7.6. By setting A = —1, convergence is achieved in less than 50 minutes. A faster
convergence is anticipated by choosing a smaller value of \.

Figure 7.7 compares the values of internal average temperature in both the
SPM-T model and the observer. Note that, since the internal average temperature
is monitored in an open-loop fashion, one needs to correctly initialize its value. This
requirement can be achieved. Indeed, even if the initial value is not available, as
long as the simulation starts from an equilibrium, the internal average temperature

of the battery coincides with the ambient temperature after some settling time.

Test Two

Figures 7.8-7.12 correspond to a simulation test using a current input ob-
tained from the Urban Dynamometer Driving Schedule (UDDS) and scaled to a
current profile within the range of +£4 C-rate of the battery. This current pro-
file, as shown in Figure 7.8, is representative of current demands in automotive
applications.

Figure 7.9 presents the estimate of lithium concentration in the positive
electrode, also initialized by 66% of the maximum value, which corresponds to
3.8V as well for the output voltage. Effective estimation result of the SoC is

shown in Figure 7.10. As seen from Figure 7.11, convergence of the output voltage
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also coincides with convergence of the SoC. In this case, convergence is achieved
after 60 minutes. Finally, Figure 7.12 compares the values of internal average

temperature in both the SPM-T model and the observer.

7.5.2 Numerical implementation

Numerical implementation of the SPM-T model follows the equations pre-
sented in Subsection 7.2.3. A finite-volume method is first used for the spatial
discretization of the advection-diffusion equation (7.20)—(7.23), and then for time
discretization of the resulting system of ODEs, the Euler-backward method is used.
The observer is implemented using the same discretization procedure. Note that
in the numerical implementation of the observer, lithium concentration in the neg-
ative electrode is approximated by the polynomial profile presented in [107], as
described briefly in Subsection 7.3.2.

For the numerical implementation of the kernel function p(r, s,t) and the
computation of the observer gain, a trapezoidal approximation of the IDE (7.92) is
used to obtain an ODE, which is then discretized in time with the Euler-backward
method. As mentioned in Section 7.4, time normalization ¢ = DF(T'(t))/(RT)*t
by the temperature-dependent function is not preferable; however, a normalization
by some constant can always be done. In the above simulations, normalization is
performed by

r_ Dj(Tamb)

T b (7.118)

where the temperature profile in the previous normalization function is replaced

by the constant ambient temperature.
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Figure 7.3: Current profile. Repeated cycles of 1C-rate constant discharging,
resting and 1 C-rate charging.
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Figure 7.4: Estimate of lithium concentration in positive electrode.
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Figure 7.5: True and estimated SoC. Initial error in SoC estimation is due to

incorrect initialization of lithium concentration in the positive electrode.
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Figure 7.6: True and estimated voltage.
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Figure 7.7: True and estimated internal average temperature.
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Figure 7.8: Current profile. The current density profile is obtained from th
Urban Dynamometer Driving Schedule (UDDS) and scaled to input values no
larger that + 4C-rate.
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Figure 7.9: Estimate of lithium concentration in positive electrode.
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Figure 7.10: True and estimated SoC. Initial error in SoC is due to incorrect

initialization of lithium concentration in the positive electrode.
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Figure 7.11: True and estimated voltage.
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Figure 7.12: True and estimated interval average temperature.
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7.6 Notes and references

This paper discusses the problem of SoC estimation for the lithium-ion
batteries based on a thermal-electrochemical model. In this regard, an infinite-
dimensional Luenberger observer is proposed. For the transformation between the
observer error system and the exponentially stable target system, well-posedness of
the time-varying PDE backstepping kernel functions are rigorously proved. Then,
exponential stability of the observer error system is established, which proves ef-
fectiveness of the designed observer. We consider this result as an additional step
in the effort to design estimation (and control) algorithms for lithium-ion batteries
from electrochemical models, without relying on the discretization of the PDEs in
these models.

Compared with estimation based on the SPM alone, the proposed observer
has the advantage of taking into account the temperature dependence of model
parameters. Simultaneously, the internal average temperature can be monitored
in an open-loop fashion. The observer has also the advantage of requiring only one
design/tuning parameter as compared with the possibly large number of tuning
parameters required in estimation methods based on finite dimensional approxi-
mations of the battery model, such as EKF, UKF and particle filters.

Some simplifications are made in this paper, and their relaxation could be
considered as a future research direction. Note that some system coefficients are
actually state-dependent, and the relaxation would result in a challenging problem.
Observer design for the battery internal temperature or the distributed tempera-
ture is also a problem worth investigating; this is an estimation problem for the full
state of a coupled PDE-ODE systems. Another possible extension is to retain the
concentration dynamics in the negative electrode and design one observer for each
electrode [108]. One could even consider multiple active materials in the electrodes
[109] or adding models for degradations (e.g. capacity fade) to the observer [110].

Chapter 7 contains reprints or adaptions of the following papers: 1. S.-X.
Tang, Y.-B. Wang, Z. Sahinoglu, T. Wada, S. Hara and M. Krstic, “State-of-charge
estimation for lithium-ion batteries via a coupled thermal-electrochemical model”,

in Proceedings of the American Control Conference, pp. 5871-5877, Chicago,
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IL, USA, July 1-3, 2015. 2. S.-X. Tang, L. Camacho-Solorio, Y.-B. Wang and
M. Kirstic, “State-of-charge estimation from a thermal-electrochemical model of
lithium-ion batteries”, Automatica, under review. The dissertation author is the
primary investigator and author of these papers, and would like to acknowledge
Leobardo Camacho-Solorio, Satoshi Hara, Miroslav Krstic, Zafer Sahinoglu, Toshi-

hiro Wada and Yebin Wang for their contributions.



Chapter 8
Conclusion

This dissertation presents studies of three classes of partial differential equa-
tion (PDE) systems: Korteweg-de Vries (KdV) systems, coupled systems of first-
order hyperbolic PDEs and parabolic systems with time-varying coefficients, which
comes from the application of a real-world issue, i.e., state-of-charge estimation of
Li-ion batteries.

Investigation in this dissertation centers on the problems of stability anal-
ysis, controller design and disturbance rejection, for which some useful control
principles and tools are used. In detail, we have used the following three methods
for the stability analysis: the center manifold method, the Lyapunov approach and
the operator semigroup theory. Backstepping technique is employed all through
the paper for the controller and observer designs. We have also modified the stan-
dard version of sliding mode control (SMC) algorithm and generalize the active
disturbance control (ADRC) paradigm to deal with the control matched distur-
bance.

Looking into the future, the following are a few potential research directions,
listed according to each of the three main parts in this chapter.

As seen from Part I, asymptotical stability analysis for the other cases when
the nonlinear KdV equation has a second order or even higher center manifold is
an ongoing research subject. And it remains an interesting topic to deal with the
control matched disturbance within the linear Korteweg-de Vries equations with

anti-diffusion (LKdVAD) system, hopefully via the SMC or the ADRC.

188
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One possible extension from Part IT would be to study the control problems
related to the nonlinear coupled transport PDE systems. Some applications of the
theoretical results can also be considered, such as the Saint-Venant Exner model
and the bilayer Saint- Venant model, which are both nonlinear.

Inspired from the results in Part III, the stability analysis, control design
and disturbance rejection problems can all be considered for the parabolic PDEs
with time-varying coefficients.

Moreover, other types of PDEs such as the Euler-Bernoulli beam system

can be discussed as well.



Appendix A

Appendices for Chapter 2

A.1 On the Solution a, b and ¢ to Equations (2.75),
(2.76) and (2.77)

Set
f+(@) == a(@) + c(x), f-(z):=a(z)—c(x), (A1)

and

)l (z) — pa()gh(x) — V3erpr () — crpa(x), (A.2)

9+(9C) = o1(2)¢) (z) + o) gh(x) + V3eror () — cripa(a),
—( e1(2)@i ( (z)ps () —
g9(x) == e1(x)gh(z) + &) (2)p2(x) + 101 () — V3Berpa(x).

First, adding each equation of (2.77) to the corresponding equation of (2.75), we
have the following ODE for f, (z):

(A.3)

Second, subtracting each equation of (2.77) from the corresponding equation of

(2.75), we obtain

{ 2qb(x) + f(x) + f"(x) + g-(z) =0,

(A.4)
f-(0) = f-(L) =0, fL(L) =0,

190
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which gives

1

b(x) = —2—q(f’_(l’) + f(x) + 9-(2)). (A.5)

Substitute (A.5) into (2.76), then the following ODE for f_(z) is obtained:

PO (@) + 210 (x) + f2(x) + 42 () + g (x) + g () — 2qg(x) = 0,
f-(0) = f-(L) = fL(L) = f"(L) =0, (A.6)
FL0) + £7(0) =0, f7(L) + f(L) =0,
where the second and third lines are borrowed from (A.4), and the last three lines
are obtained from (A.5) and the boundary conditions of (2.26), (2.27), (2.76),
(A.2), and (A.4).

Employing the method of undetermined coefficients, we get the following

(unique) solution to the nonhomogeneous ODE (A.3) is

Z Cyifr(x)+cyqicos <\/%x>+ Cy12Sin (%x) ~+ 401 COS <\/%x)
4 ) 4 5

+ €431 COS (ﬁx) + C43281n (\/—_ ) + €441 COS ( 219&)

+ Ciy8in (ix) + €451 COS (— ) + C161 COS ( J x) , (A.7)
V21 Vit V21

where the fundamental solutions f;(x), [ =1,2,3 are
fra(x) =1, fia(x) = cos(x), fiz(x) = sin(z), (A.8)
and the constants are
301@ —3\/501@ @2\}_287
C+11 1 T N3 C+12 = 1 T \3’ dy = 1 T \3’ (A-9)
(751) — (&) (&) + (&) (751) — (&)
—2¢,© 2/3¢,0 10
Cy31 = 1 ) 1( )37 d32 - ( 1 )+1( )37 d41 = ( 1 ) ! ( 1 )37 (A]'O)
(7o) — (G —() + (Ua v~ (Ua
\/301@ @2\}_% @2\7_;%
Ct42 1 1 37 451 = 1 1 \37 61 - 1 1 \3° (Al]-)
—(71) + (557 (72) — () (72) — (&)
and
A
o, = detAa) g (A.12)

det(A+) ’
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Here,
f+1(0)  f42(0)  f43(0)
Ay = f+1(L) f+2(L) f+3(L) )
Jia(L) fia(L)  fis(L)

(A.13)

and each A,; is the matrix formed by replacing the [-th column of A, with a
column vector —b, where

b= (b ba b)) - (A14)

and
(A.15)

bi1 = cp11 + Ccro1 + Cy31 + Char + Cos1 + Cyets

1 ) 1
byo = cy11 COS (\/?L) + cp128in (EL> + C401 COS (
4 4
4+ cizpcos | —L | +cy3o8in | ——L | + ¢4 cOS
+31 ( o ) +32 ( N ) +41 (
+ Ciy498in (LL) + c451 COS (i + C.61 COS (
+42 \/ﬁ +51 \/ﬁ +61

b ——Lc sin (L[)—FLC cos (—L)—ic sin (iL
+3 \/ﬁ —+11 \/ﬁ \/ﬁ +12 \/— +21 21

s,‘w
—_

~
N——

1
21 ) V21
4 (4 (5
_EC+31S1H <ﬁL)+ C+32CO \/—_ )—\/—_C+4181D (EL>
D 5 A
) ) ()
(A.17)

Similarly, the method of undetermined coefficients gives the following (unique)

solution to the nonhomogeneous ODE system (A.6) is
Z C_if-i(x) + c_q1 cos (Lx) + c_198in (Lx) + c_g1 COS <ix)
! 11 NGl ~12 /a1 —21 /a1
4 ) 4 )
+c_31cos | —x | + c_39sIn E + c_41 COS \/ﬁx

21

) 8 10
+c_yo8in | —x | +c_51¢co8| —x | +c_g1cos | ——=z |, A.18
42 ( 51 ) 51 (\/ﬁ ) 61 \/ﬁ ) ( )



where the fundamental solutions f_;(x),l =1,---,,6 are

foa(x) = e cos (frz), foo(x) =e*"sin(frz),

fos(z) = e % cos (Bix), fu(z) =€ “%sin(fix),

f-5(x) = cos (Ba), f-6(x) = sin (Baz)

with

[

o (20 +v/57)° — 7 (20 + V/57) *

2V/7

(20 + V/57)® +7 (20 + v/57) °
Nﬁ

(20 +v/57)° +7 (20 + v/57)°

62: \/ﬁ )

Jun

b =

-

and the constants are

—-30%% + éLqG)Q\/%—1 +9¢c,©

C-11 = ;
(P — 2+ () — a2
. —9\/§q01@
12 = ,
() — 2 + () — 4P
@2 21182 _ 4 @2 32
C-21 5 X
(77— 2(7)* +(¢—2—1) —4q
307210 — 4q@21—221—6qc1@
C-31 = )
() — 2+ () — 7
6\/_qcl@
C_32 = 71 2
(757)% = 255 + (57)* — 4q
—36? g?‘; + 4q®2\;—% — 3qc10
C—q1 )
()~ 2 )+ () g
. —3\/§q01@
42 = ,
(G 2+ () 1P
22048 2 16
Rk
(=2 + () — 4P
21250 2.5
= O POy
()% = 2(gg)* + ()2 — 4¢?
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(A.19)

(A.20)

(A.21)

(A.22)

(A.23)

(A.24)

(A.25)

(A.26)

(A.27)

(A.28)

(A.29)

(A.30)

(A.31)
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and
o det(A_l) B
O_l_m, I=1,--- 6. (A.32)
Here, the matrix A_ is defined by
A= (04,1 ay a3 a4 a_j 04,6> (A.33)
with
f=1(0)
fa(L)
L
a = S ),,, Jl=1,--- 6. (A.34)
JL1(0) + f4(0)
J4(L)

1)+ £
Each A_; is the matrix formed by replacing the [-th column of A_ with a column

vector —b_, where
T
b_:<b_1 b_g b_3 b_4 b_5 b_ﬁ) <A35)
and

b_l =C_11 t+C_91 +C_31 +C_g1 +C_51 + C_g1, (A36)

b_o = c_qj COS (%L) + ¢_198in (\/%L) + ¢_91 COS (\/%L)
4 . 4 5)
+ c_31 cos (ﬁL) + c_398in (EL) 4+ c_y41 COS (\/?L)
+ c_y49 SIn (LL) + c_51 COS (iL) + c_g1 COS (1—0L) (A.37)
V21 V21 V21 )’

—_

—_

1

b_3 = — ——c_q18in ( L > 1 C_19 COS <LL>
V21 V21 V21 21
2 2
RV T (E )

[\)



— %0_31 sin <\/42_1L) + \/42_10_32 cos (%L)
5 . ) 5 5
— ﬁc_u sin <\/ﬁL) + \/ﬁc_@ cos (?L)
8 , 8 10 ) 10
— ﬁC_g,l sin (\/ﬁL) — mc_ﬁl sin (EL) ,
20 1 20 4
4 —mc,u cos (EL) + m—mc,gg coS <?L>
20 5)
— \/?0_42 cos (EL) ,
20 . 1 20 1
5 = — 21@6_11 sin (\/ﬁL> + 21@0_12 cos (?L)
— 34 c glsn<iL>
21v/21 21
20 ) 4 20 4
— 21@0731 sin (\/ﬁL) + 21@6732 cos (ﬁL)
20 5 20 5)
21\/50,41 sin (\/ﬁL> — 21@6742 cos (EL)
344 . 8 790 ) 10
21@0_51 sin <\/ﬁL> + 21\/ﬁc_61 sin <EL) ,
b_g = — %0_11 cos (%L) — %0_12 sin (%L)
— %0_21 cos <%L>
80 4 80 ) 4
— ﬁc,gl cos (ﬁL) — ﬁc,@ sin (\/ﬁlj)
+ @6,41 Cos (LL) + @0,42 sin <LL>
212 21 212 21
2752 8 7900 10
512 C_51 COS <\/ﬁL> 51 C_g1 COS <EL> i
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(A.38)

(A.39)

(A.40)

(A.41)
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Therefore, we derive from (A.1) that

a(x)

(f+(x) + f-(2))
[Z Chifr(@) + Y Cof(x)

1 1
+(c +c_q1)cos | —zx | + (c +c_1p)sin | —=x
( +11 11) (\/ﬁ ) ( +12 12) (\/ﬁ )
3

2
+c_91co8| —x | + ¢ cos | —=x
2 <\/21 ) & <\/21 )
c C_31) COS x c C_39) SN
+31 31 51 32 32

N = DN

4
Vel
+(C+41 + 0_41) COS (il) + (C+42 + 0_42) sin (ix)
V21 V21

6 8
+cCy51c08 | —x | +c_51co8 | —=x
+51 ( oIl ) 51 ( N )
+cy61 COS (ix) + c_g1 cOs <£x) } (A.42)
+61 \/ﬁ —61 \/ﬁ ) .

—_

{Z Cyifr(z) — Z Coif(z)

+(ci11 — c_11) cos (\/%x) + (€412 — €_12) sin (%z)
—C_91 COS (%x) + €421 COS (%x)
4 . 4
+(cy31 — c_31) COS (ﬁx> + (ci32 — ¢_32) sin (El)
5 . 5
cos (ﬁx> + (C142 — €_42) sin (E

~—

+(Cpa1 — Cp1

+C451 COS (\/%x) — C_51 COS (\/%m)
+ci61 COS (ix) — C_g1 COS (£m> ] (A.43)
+61 /ol —61 Neri : .
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From (A.5), we obtain

(o) ()
21\/_c 12+3\/_01@> COs(\/12_1 )
) =()

+

C_ C S11 —X
21\/21 s V21
4
—2vV3¢,0 _
21/21 21C 52 5 )COS(\/ x)

+

21\/_ \/_@2+C1 )Sm(\/z_l)

21v2l 2+ V3a® )COS< )
% (757) + Grares 7)o (7377)
RCICEC I8 R

A.2 Some discussions on the decay rate estima-

(517
“(av
3
“(av
(v
“(av

tion p,

If choosing q; = g2 = 0, then for the class of LKAVAD equations (2.149)—
(2.150) with
1

Ao >0, ho < e (A.45)

only stability (p, = 0) can be derived by following the proofs in Section 2.3.
However, from the following lemma, asymptotical stability also holds for the target

systems.

Lemma A.1. For each A € 0(A), ReA < 0. Moreover, A generates an asymptot-
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ically stable Cy-semigroup on H.

Proof. Following the proof of Lemma 2.4, we can get that for each A € o(A),
ReX < 0. Let A € 0(A) be on the imaginary axis and f € D(A) be its associated

eigenfunction of A, then we have
Re < Af, f>=0, (A.46)
hence,
f(L)=0, dg=M\ =X =0. (A.47)
That is, there exist y(z) € A3(0, L)\{0} and X on the imaginary axis such that

y" — Ay =0,z € (0,L) (A.48)
y'(0) =y"(0) = y(L) = y/(L) = 0. (A.49)

Denote by 2z € H3(R) its prolongation by 0, then
2" — Xz =y(0)dy — y"(L)do, in D'(R), (A.50)

where 0,, denotes the Dirac measure at zy. This is equivalent to the existence of
complex numbers ¢, ¥, A (with ¢ # 0, ¥ # 0) and a function z € H3*(R) with
compact support in [—L, L] such that

2" — Xz = @b, — Yor in D'(R). (A.51)
Take Fourier transformation, then

(M + Aai€ + (i€)?) — e in D/(R) ((1€)° — A) 2(6) = 6(i€)* — e ™ in D'(R),

(A.52)
and (setting A = —ip?)
2 —iLg
2(¢) = —i%. (A.53)
Thus, there exist p € C and (¢, ¢) € C*\{(z,y)|x # 0,y # 0} such that
2 —iLg
fle) = e (A 54)

53_p3
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is an entire function in C. Because the roots of £3 — p3 are p, wp, w?p, this holds

only if they are all also roots of ¢¢2 + ¥e~"4. Then we have

e P = —%pz (A.55)
e Hwp — —?prZ (A.56)
(G
e e = —?w4p2. (A.57)
(G
Substitute (A.55) into (A.56) and (A.57), then
¢ 2)w ¢ 5,
—Zp = 2w A58
(-5 v (4:55)
¢ ) 6 i
(-5 v (459
Multiply both sides of the above two equations, then we can get
2 vy 2 ¥
=——,—w—or —w —. A.60
p 5 Y% 5 (A.60)

However, by substituting (A.60) into (A.58), we get contradictions for all three
cases, which proves that for each A € 0(A), Re\ < 0. Moreover, from (2.181),

V(t) < V(0), (A.61)

then A generates an asymptotically stable Cy-semigroup on H by the Arendt-
Batty-Lyubich-Phong theorem. O]

Remark A.1. If furtherly choosing Ao = Ay = A\g = 0, then the class of LKdVAD
equations (2.149)—(2.150) has been proved to be exponentially stable in [111]. Thus,
from Remark 2.5, we derive exponential stability of the target systems with Ay =

M=q=q =0, \g<0.



Appendix B

More Discussions for Chapter 3

B.1 An example

Consider the state feedback stabilizing problem of the following subclass of
LKdVAD control systems (3.1)—(3.2) (with da =\ =1 = ¢ =0, L =1) as an

example:

u(t, ) =tgee(t, ) + Aou(t, z) (B.1)
uz(t,0) =0, uz(t,0) =0, u(t,1) =U(t). (B.2)

Set the control parameters as ps = p; = 1, = r9 = 0, and thus the target systems

(3.92)—(3.93) are as follows:

wi(t, ) =Waee(t, ) + pow(t, )
w,(t,0) =0, wy(t,0) =0, w(t,1)=0.

Through spectrum analysis, we get that, for
Ao > 6.3297 (an approximate value), (B.5)

the open-loop systems (B.1)—(B.2) (with U(¢t) = 0) have eigenvalues on RHS of

the complex plane and thus are unstable. However, by choosing

jo < 6.3297, (B.6)

200
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all the eigenvalues of target systems are on LHS of the complex plane (see, e.g.,
TABLE 1) and thus the equivalent closed-loop control systems with controller
(3.3)-(3.9) are asymptotically stable. What’s more, for puy < 0, the closed-loop
systems can be proved to be exponentially stable, as shown in Remark A.1, and
the exponential decay rate can be arbitrarily large by choosing pg to be small

enough.

Remark B.1. The eigenvalues of (B.1)-(B.2) (with U(t) = 0) and (B.3)—-(B.4)
are (Inf)® + Ao and (Inf)3 + o respectively, where 6 are roots of the following
equation:

0 i 0—1-;\/51' i 0—1—2\/51'

= 0. (B.7)

That is, the eigenvalues of target systems are open-loop eigenvalues shifted to the
left along the real axis in the complex plane by the same distance \g — pg, which

is consistent with statement in Remark 2.5.

To derive the control kernel function, from (3.46)—(3.48), first we have

Gol6m) = "= (e + ). B3

Then, we can get the following formula:

(5] k+1-3i
G*(&,m) = Z (aw’knsng@ + Z ;g p I - 77J)>

i=0 j=1
(5]

k13 £\
e Z bij (_) (B.9)
=0 K

1=0

ol

for k > 1, where all coefficients a; ¢ s, a; jx, bi j are constants and [z] denotes the
integer not larger than x. The corresponding series expression for the control kernel

function x(x,y) can thus also be obtained.

B.2 Critical cases

Two critical cases regarding the left-end boundary conditions are considered

in this section, one for ¢; = 00, g1 # 00; and the other for q; = 00, ¢y # oco. Only



202

Table B.1: Real parts of first seven eigenvalues and closed-loop system.

Real parts of | uncontrolled system with | closed-loop system with
first 7 eig. Ao = 100 o = —100
Ist eig. 93.6703 -106.3297
2nd eig. -61.1000 -261.1000
3rd eig. -645.9000 -845.9000
4th eig. —1.9467 x 103 —2.1467 x 103
5th eig. —4.2501 x 103 —4.4501 x 103
6th eig. —7.8423 x 103 —8.0423 x 103
Tth eig. —1.3010 x 10* —1.3210 x 10*
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state feedback stabilizing results are covered here, however, extension to output

feedback stabilizing problems is also achievable.

Case 1
Consider the following class of LKAVAD:
(@, 1) =Ugge (T, 1) + Aoy (2, t) + Mg (2, t) + Nou(z,t),x € (0,L) (B.10)
u(0,t) =0, u,(0,t) =0, u(L,t) =U(t), (B.11)
which is a critical case with ¢o = 00, q; # o0.

Remark B.2. Note that when A\ = A\g = 0,\; = 1, the open-loop system of
(B.10)—(B.11) is the linearized version of the KdV equation (2.7), under a coordi-

nate change x — L — x.

Choose an exponentially stable target systems as

W (2, 1) =Wape (T, 1) + Aowee (T, 1) + Mwy(z, t) + Mow(x,t),xz € (0,L) (B.12)

w(0,£) =0, wa(0,¢) = 0, w(L,t) =0, (B.13)
where ) ,
)\2 = 0, )\1 = + /\1,/\0 < m/\g (B14)
Remark B.3.

1. Exponential stability of system (B.12)—(B.13) with (B.14) can be proved
by following a similar way as Lemma 2.5 in Subsection 2.3.3. With a decay rate

estimation

cr 1
P = 7372~ A0 >0, (B.15)

the exponential decay rate can be arbitrarily large by choosing Ay large enough.
2. For a special case (A2 = 0,\; = 1) of the target system (B.12)—(B.13),
we know that the decay rate estimation (B.15) is only optimal for some values of

L [38], [60], for example, if

K2+ Kl + 12
LE{QW,/%

(k1) € NQ} : (B.16)
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In order to obtain a state feedback controller, we use the proposed trans-

formation u — w:

A2—Aa v A2—Ag
wler ) = (e e~ [ k(e y)uly. 0™y (B.17)
0
with the kernel function k(z,y) € R satisfying:

k:xa:a:(x y) + kyyy(x y) + Ao (km(w y kyy ) + A\ (k (I, y) + k?y(l‘, y))

_ {M — ((AZ )t ) ) - /\0} 7,7) (B.13)
k(z,z) =0 (B.19)
ko(z, ) = (AO ; oy y 22z e % ( ) ) (B.20)

k(z,0) =0, (B.21)

By following a similar way as the proofs in Subsection 3.2.2. A, the following

lemma can be proved.

Lemma B.1. There exists a unique C* solution to the kernel function k(z,y)-
system (B.18)—(B.21). For the inverse transformation w +— u:

A2—A2

u(z,t) = w(x,t)e” 3 x—/ l(a:,y)w(y,t)dye_&?%, (B.22)
0

kernel function l(z,y)-system:

bawa (T, Y) F Lyyy (2, Y) + Ao (baa (,9) = 1y (2, 9)) + M (22, ) + 1y(2,))

_ {% (,\1 (M- )\2);2)\2 + /\2)> — )Xo+ )\0] oz, y) (B.23)
S (B.24)
o= [ttt () B o
42,00 = (B.26)

also has a unique C* solution.

From invertibility and continuity of transformations (B.17), (B.22) and ex-

ponential stability of system (B.12)—(B.13), the following theorem holds.
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Theorem B.1. For any initial value u(-,0) € H, there ezists a unique (mild)

solution
u(,t) € C([0,00);H) (B.27)
to the closed-loop system (B.10)—(B.11) with the following controller:
L A2=A2 (0],
U) = [ kLol 00 Dy, (529
0

in which the kernel function k(x,y) is determined from (B.18)—(B.21) and (B.14).

And there exists positive constants M1, p,1 such that
Ju(-, )] < Mure ™ [lu(-, 0)]- (B.29)
Moreover, if u(-,0) satisfies boundary compatibility condition, then
u(-,t) € O ([0,00); H) (B.30)

1s the classical solution.

Case 2
Consider the following critical case (with ¢; = 00, g2 # 00) of LKAVAD:

U(, 1) =Ugga (T, 1) + Aoy (2, ) + Mg (2, 1) + Aou(z,t), 2 € (0, L) (B.31)
u(0,t) =0, uz(0,t) =0, u(L,t) =U(t). (B.32)

We firstly choose the parameter
A2 >0 (B.33)

and denote

)\2 _ )\2
A\ = % + A1 (B.34)

Then, for any positive constant a > 0, choose the parameter

A
No < min {0, ax, — 1AL (B.35)
o
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Thus, the following target systems are exponentially stable in the state energy

space H'(0, L):

Wi (2, 1) =Wape (T, 1) + AowWae (T, 1) + Mwe(z, t) + Aow(x,t),x € (0,L)  (B.36)
w(0,8) =0, 1wy (0,8) = 0, w(L,t) = 0. (B.37)

Remark B.4.

1. We can not get exponential stability of the target system in the state
energy space L?(0, L) here, but only get the stability result in H'(0, L), which is
in a weaker sense.

2. In the proof for exponential stability of the target system, several inequal-
ities are used, such as Young’s inequality, Poincare inequality and the following

inequality:
[l (L, ) = |wa(0, )] < 2w l|wee]) (B.38)
which comes from Agmon’s inequality.

In order to obtain the state feedback controller, we use the proposed trans-

formation u — w:

w(z,t) = ulz, )e” 5" — / Kz, y)uly, t)e™s vdy, (B.39)
0

with the kernel function k(z,y) € R satisfying:

Kewa(T,y) + kyyy(x>y) + A2 (koo (2, 9) kyy Y)) + A (ke(2,y) + ky(xa Y))
_ [Az — ((AZ St ) ) + X - Ao] z,y) (B.40)

Ao — Ay
3
Ao — A Ay — A Ao — A\ 220 4+ A
kx($,$)=[03 0+>\129 2_(23 2) 29 21‘
B Q(AQ — A)(2Xs + A2)

9
2X0 + Ay

3

k(x,z) =2 (B.41)

(B.42)

ky(2,0) = k(z,0). (B.43)

By the method of successive approximation, the following lemma can be proved.
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Lemma B.2. System of equations (B.40)—(B.43) has a unique C* solution, and
system of equations for kernel function l(x,y) of the inverse transformation w — wu:

A=A

x—/ Uz, y)w(y, t)dye 57, (B.44)
0

A2—A2
3

u(z,t) = w(x,t)e”
with the kernel function satisfying:

Loaa (T, Y) + Lyyy(xv Y) + A2 (tee(7,y) — Lyy(ma Y)) + A1 (te(,y) + Ly(:[, Y))

Ao — A A2 — A2)(2Xg + A
:{ 23 Q(Al—( 2 Q)SS s 2))—A0+Ao]a(:p,y) (B.45)
t(x,x) =0 (B.46)
Ao — Ao A=A (A=) 20 + Ao
= - B.4
te(x, ) [ 3 A1 9 + ( 3 ) 5 x (B.47)
t(xz,0) =0 (B.48)

also has a unique C*° solution.

From continuity of transformations (B.39) and its inverse (B.44), and ex-

ponential stability of system (B.36)—(B.37), the following lemma holds.

Theorem B.2. For any initial data u(-,0) € L*(0, L), there exists a unique (mild)
solution to the closed-loop system (B.31)—(B.32) with Ay > 0 and the controller

U(t) = /O k(L y)uly, t)dy, (B.49)

in which the kernel function k(z,vy) is determined from (B.40)~(B.43) and (B.33)-
(B.35), such that

u(-,t) € C(]0,00);.A), (B.50)
and there exists positive constant Mo, peo Such that
lu-, )l < Meze ™" [Ju(-, 0)]]. (B.51)
Moreover, if u(-,0) satisfies boundary compatibility condition, then
u(-,t) € O ([0, 00); A) (B.52)

1s the classical solution.



Appendix C

Parameter Values and OCP
Functions in Chapter 7

C.1 Parameter values

In the simulations, we use parameters of a lithium-ion battery with negative
electrode LiCg and positive electrode LiCoO,. All parameter values are from [112]

and the references within, and are listed in Table C.1.
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Table C.1: Physical parameters.

Electrochemical Parameters | Negative Electrode | Positive Electrode
L [m] 96 x 10~° 60 x 10~°
Dy(Tonapy) [m?/5] 3.5 x 1071 3.0x 1071
¢ Imol /m?| 28600 51000
Ry [m)] 8 x 107° 5x107°
Toft (Tamb) [A - m?5 /mol’?] 3.85948 x 1074 3.85948 x 1074
Rf(Tamb> [Q . m2] 0 3.5 x 1073
€ [ 0.4 0.6
as [1/m] 1.5 x 10° 3.6 x 10°
ag [+ 0.5
a. [ 0.5
Ceo [mol/m?] 1000
N [mol/m?| 1.796
Thermal Parameters -
Ep, [K] 3000 3000
E. . [K] 24000 24000
Eg, K] 8000 1800
Tomb [K] 298 (24.85 [°C])
R. [Q - m?| 3 x 1072
p™e [kg/m?| 0.4983
cp [J/(kg - K)] 1000
hcell [W/(m2 : K)] 2
Physical Constants -
F [s- A/mol)] 96485
R [J/(mol - K))] 8.314472
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C.2 OCP functions

The OCP functions U* used in the simulations are borrowed from [112],
where the authors fitted the data from [113, 114, 115].
For the positive electrode LiCoO, ,

U (0%, Top) =2.16216 + 0.07645 tanh(30.834 — 54.48066™")
+2.1581 tanh(52.294 — 50.2940")
— 0.14169 tanh(11.0923 — 19.85436™")

+0.2051 tanh(1.4684 — 5.48886™")
—0% + 0.56478>

+ 0.2531 tanh <

0.1316
0+ — 0.525
— 002167 tanh [ ———2=2 1
0.02167 tan ( 0006 ), (C.1)
and
out, . n N2 3
(07, Tuwy) = 019952 + 0.928376* — 1.36455 (97)" + 0.61154 (%)’

/1 5.661480% 4 11.47636 (9")” — 0.82431 (9")" + 3.04876 (9")*] . (C:2)

For the negative electrode LiCyg ,

U™ (07, Tomy) =0.194+ 157" +0.0351 tanh (%)
—0.0045 tanh <90_1—2§49) — 0.035 tanh (%)
— 0.0147 tanh (9;)5—335) — 0.102 tanh (%)
— 0.022tanh (%) — 0.011 tanh (9_&)%62‘1)
+0.0155 tanh (%) 7 3
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and

U~
-7 (07 o) = [0.00527 +3.299270 — 91.79326 (7)” 4 1004.91101 (67)°

—5812.27813 ()" + 19329.75490 (9~)° — 37147.89470 (67)°
+38379.18127 (67)" — 16515.05308 (9—)8]

/ [1 — 48.092876~ + 1017.23480 (67)” — 10481.80419 (™)’

+59431.30001 (§7)" — 195881.64880 (§~)° + 374577.31520 (¢~)°
—385821.16070 (§~)" + 165705.85970 (0*)8} : (C.4)
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