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ABSTRACT OF THE DISSERTATION
On the mod p cohomology of pro-p Iwahori subgroups
by

Daniel Kongsgaard
Doctor of Philosophy in Mathematics

University of California San Diego

Professor Claus S¢rensen, Chair

Let G be a split and connected reductive Z,-group and let A" be the unipotent radical of
a Borel subgroup. In the first chapter of this dissertation we study the cohomology with trivial
IFp-coefficients of the unipotent pro-p group N = N(Z,) and the Lie algebra n = Lie(Nr,). We
proceed by arguing that NN is a p-valued group using ideas of Schneider and Zabradi, which by a result
of Serensen gives us a spectral sequence ES" = H%(g,F,) = H**(N,F,), where g = F,, ®F, [x 8T IV
is the graded F,-Lie algebra attached to N as in Lazards work. We then argue that g = n by looking
at the Chevalley constants, and, using results of Polo and Tilouine and ideas from Grofte-Klonne,
we show that the dimensions of the [F)-cohomology of n and N agree, which allows us to conclude
that the spectral sequence collapses on the first page.

In the second chapter we study the mod p cohomology of the pro-p Iwahori subgroups I of
SL,, and GL,, over Q, for n = 2,3,4 and over a quadratic extension F'//Q,, for n = 2. Here we again

use the spectral sequence Ef’t = H%'(g,F,) = H*™'(I,F,) due to Sgrensen, but in this chapter

Xiv



we do explicit calculations with an ordered basis of I, which gives us a basis of g = F), ®p [ [
that we use to calculate H**(g,F,). We note that the spectral sequence Ef’t = H%'(g,F,) collapses
on the first page by noticing that all maps on each page are necessarily trivial. Finally we note

some connections to cohomology of quaternion algebras over @, and point out some future research

directions.
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Chapter 1

Introduction

The cohomology of Lie groups has a long history. In the late forties Chevalley and Eilenberg
found that H*(G,R) = H*(g,R) for a connected compact Lie group G with Lie algebra g (cf.
|CEA48]), and since then there has been much research into different types of Lie group cohomology.
In particular, the mod p cohomology of a connected compact real Lie group has been well understood
by Kac since the eighties (cf. [Kac85|), and the continuous mod p cohomology H*(G,F,) of an
equi-p-valued compact p-adic Lie group G was already described by Lazard in the sixties (cf. [Laz65]).
We note here that (except for Lazard’s work) H*(G,R) and H*(G,F),) indicate the cohomology of
G as a topological space, and not continuous group cohomology, which can be thought of as the
cohomology of the classifying space BG.

This dissertation’s main interest is the continuous mod p cohomology H*(G,F,) of compact
p-adic Lie groups G for specific cases of G. Since p-adic Lie groups are totally disconnected, working
with them requires very different methods than what Chevalley and Eilenberg or Kac used for real
Lie groups, and we have to follow the ideas of Lazard (see [Laz65|) and Serre. In particular we need
a p-valuation on G (and on the completed group algebras associated with G), and we work with the
graded “Lazard” Lie algebra g = F), ®p, [ gr G attached to G. We will repeatedly use that Serensen

(in [Ser21|) showed that H*(g,F,) determines H*(G,F)) via a multiplicative spectral sequence
Byt = H¥(g,F,) = H*T(G,F,).

When G is equi-p-valuable, we get that g is concentrated in a single degree, and Lazard showed



that H*(G,F,) = A\ H'(g,F,), while Sgrensen showed that this also follows from the above spectral
sequence. We are interested in cases where G is not equi-p-valuable, and we note that the spectral
sequence of Sgrensen allows us to work purely with G and g without having to worry about the
completed group algebras A(G) = Z,[G] and Q(G) = F,[G].

Before describing our particular results in the following paragraph, we emphasize the following
remark of Sgrensen from [Sgr21|: It is known (due to Lazard) that any compact p-adic Lie group
contains an open equi-p-valuable subgroup (see [Laz65, Chap. V 2.2.7.1]), which gives the impression
that the distinction between p-valued and equi-p-valued groups is somewhat nuanced, which is
true for some questions. But there are many examples of naturally occurring p-valuable groups
G which are not equi-p-valuable, where detailed information about H*(G,F)) is important. For
example unipotent groups (i.e., the Z,-points of the unipotent radical of a Borel in a split reductive
group), Serre’s standard groups with e > 1 as in [HKN11} Lem. 2.2.2|, pro-p Iwahori subgroups for
large enough p, and 1 + mp where D is the quaternion division algebra over Q,, for p > 3 (or more
generally a central division algebra over Q). Sgrensen explicitly calculates H* ((1 +mp)Nrd=1, Fp)
for p > 3 and uses it to describe H*(1 4+ mp,F,), and he notes that 1 + mp plays an important
role both in number theory (in the Jacquet-Langlands correspondence for instance, see |[JL70]) and
algebraic topology, where 1 + mp is known as the (strict) Morava stabilizer in stable homotopy
theory, and H*(1 4+ mp,F,) somehow controls certain localization functors with respect to Morava
K-theory (see e.g. |[Hen07]).

Our work in will build on ideas of Lazard and Serre from their more general (but
not yet finished) description of the case when G is not equi-p-valued, and especially the refinement
of these ideas as described by Sgrensen and Schneider in [Ser21| and [Sch11b|. We will focus on
unipotent groups N originating from split and connected reductive Z,-groups, which is similar to
recent work in the case of Z,, coefficients by Ronchetti (cf. [Ron20]). We note that this work can
be considered a slight refinement of |Grol4| since we retain information about the cup product on
H*(N,Fp).

In we focus on the case of pro-p Iwahori subgroups of SL, and GL,, over Q,
for n = 2,3,4 or over quadratic extensions F//Q, for n = 2. We explicitly calculate the algebra

structure of H*(I, ;) for the pro-p Iwahori subgroups Isp,(q,) € SL2(Zp) and Igr,(q,) € GL2(Zy),



and we note that these are isomorphic as algebras to H*((1 +mp)N"4=! F,) and H*(1 + mp,F,)
respectively. We finish the chapter by mentioning some future research directions and a conjecture

Nrd=1"(resp. 1 4+ mp) for central

on the connection between the mod p cohomology of (1 + mp)
division algebras and Igy,, (g,) (resp. gL, (,))-
Finally, the appendix will end with a very brief description of other research (all joint) that

I have participated in.



Chapter 2

Cohomology of Unipotent Groups

2.1 Introduction

In this chapter we show that the cohomology of certain unipotent groups can be found via a
simpler cohomology calculation for related Lie algebras. This is done using a spectral sequence due

to [Ser21].

2.1.1 Background and motivation

As mentioned in we will focus on describing the continuous mod p cohomology of
unipotent groups N originating from split and connected reductive Z,-groups in this chapter. To be
precise, let N be the unipotent radical of a Borel in a split and connected reductive Z,-group, and let
N = N(Z,) be the Z,-points of N'. In this chapter we will show that N is a p-valuable group (with
a nice p-valuation), which will allow us to show that the Lazard Lie algebra g = F, Q®F,[x) 8T N is
isomorphic to n = Lie(N,). Using an idea of Grofe-Klonne (cf. [Grol4, Sect. 7]) we get that discrete
mod p cohomology of Nz(Z) is isomorphic to the continuous mod p cohomology of N = N (Zy),
and results of Polo and Tilouine (see [PT18|) allow us to compare the discrete cohomology of
ny, = Lie(Nz) and Nz(Z), which by a short argument allows us to compare the dimensions of the
continuous mod p cohomology of N and the mod p cohomology of g = n. This will let us conclude

that the multiplicative spectral sequence

EYt = H%Y(g,F,) = H*YY(N,F,)



due to Sgrensen collapses at the first page, which gives us a description of H*(NV,F)).

It is worth noting that this work started out as an attempt to better understand the proof
of |Grol4, Theorem 7.1|, in particular the part using the result of Griinenfelder (which by a remark
of Polo and Tilouine might have a problem), but the work has since develop in a different direction,
where the coefficients are more restricted, but we obtain a more precise (or indeed any) description

of the cup product.

2.1.2 Notation and setup

Let p be an odd prime (that will be further restricted later).

Algebraic groups. We will work with schemes using the functorial approach and notation
described in |Jan03|. In particular, given an integral domain R, we note that a R-group functor
is a functor from the category of all R-algebras to the category of groups, a R-group scheme is a
R-group functor that is an affine scheme over R when considered as a R-functor, and an algebraic
R-group is a R-group scheme that is algebraic as an affine scheme. For more in depth introduction

to these concepts, we refer to |Conl4b| and |Jan03].

Base change. If R’ is a R-algebra, then any R’-algebra A is in a natural way a R-algebra by
combining the structural homomorphisms R — R’ and R’ — A. We can therefore associate to
each R-functor X a R'-functor X by Xp/(A) = X(A) for any R'-algebra A. For any morphism
f: X — X’ of R-functors, we get a morphism fr: Xpr — X7, of k'-functors by fr/(A) = f(A) for
any R’-algebra A. In this way we get a functor X — Xp/, f — fr from the category of R-functors

to the category of R/-functors, which we call the base change from R to R'.

Fixed Z,-groups and roots. We fix a split and connected reductive algebraic Z,-group G as well
as a split maximal torus 7 C G. Let ® = ®(G,T) be the root system of G with respect to 7. For
any « € ® we have the root subgroup N, C G with Lie algebra Lie N, = (Lie G)o. We fix a Z,-basis
(Xa)aco of Lie N, and note that this choice gives rise to unique isomorphisms of group schemes
To: Gy =N Ny such that (dz,)(1) = X4. We furthermore fix a basis A C ® of the root system, so

we get a decomposition ® = & U P~ into positive and negative roots. Let B = TN and Bt = TN



denote the Borel subgroups of G corresponding to ®~ and ®T, respectively, with unipotent radicals

N and N'*. Finally let N = N(Z,) and let n = Lie(Nf,) be the Lie algebra of N, over F,.

Z-models. Let Gz be the Chevalley group over Z corresponding to G (cf. [Conl4al §1]), and
consider the subgroups Tz, Bz, Nz corresponding to 7, B, N. Let furthermore ny = Lie(Nz) be the
Lie algebra of Nz over Z, and note that N = Nz(Z,) and n = nz ® F),. (Note also that (Gz)z, = G,

so although we abuse notation a bit here, it wont be a problem.)

Total ordering of ®~. For any total ordering of ®~ the multiplication induces an isomorphism of
schemes [[,cqp- Na =, N. For convenience we fix a total ordering which has the additional property
that a3 > ag if ht(a;) < ht(ag). All products indexed by ®~ are meant to be taken according to
this ordering. Here we have the height function ht: Z[A] — Z given by » A Ma@ > D cA Ma-

In particular, since ® C Z[A] the height ht(8) of any root 8 € ® is defined.

Coxeter number and p. Let h be the Coxeter number of G and assume from now on that

p>h-—1.

Weyl group and module. Let ®" be the dual root system of ® and let W be the corresponding
Weyl group with length function ¢ on W. Let furthermore X = X (7) = X(7z) be the character
group of T, and set

XT={eX|(\aY)>0foral aecdt}.

For any A € X, let Vz()\) be the Weyl module for Gz over Z with highest weight A, and let

Vi, (A) = Vz(A) @z Fp.

Lazard theory. We will introduce concepts from Lazard theory in next subsection, but we note

now that we will let g = ), ® 5] gr N be the Lazard Lie algebra corresponding to N.

Cohomology. For any ring R, we denote (using the Chevalley-Eilenberg complex) the Lie algebra

cohomology of any R-Lie algebra g by H*(g, -), while we write H3, (G, -) and H

cts

(H, ) for the discrete

(resp. continuous) group cohomology of a topological group G. Later we will introduce filtrations



and then gradings on the cohomology, in which case we always use the notation H%! = gr® H5** for

any type of cohomology H.

Spectral sequences. Given a ring R, a cohomological spectral sequence is a choice of rp € N and

a collection of
e R-modules Ef’t for each s,t € Z and all integers r > rg

o differentials df«’t: Ef’t — Ef”’tﬂ_r such that d% = 0 and FE,4; is isomorphic to the homology

Of (E’I‘7d7’), i.e.,
s,t ker(dﬁ’t; Eﬁ’t N Eﬁ—i—r,t—i—l—r)

+1 7 . — -1 — -1 :
T 1m(di rt+r E;? rt+r N Ef’t)

For a given r, the collection (Ef’t, di’t) s;tez is called the r-th page. A spectral sequence converges
if d, vanishes on ES" for any s,t when 7 >> 0. In this case Ef" is independent of r for sufficiently

large r, we denote it by ES! and write
Es,t ; Es+t
T oo

Also, we say that the spectral sequence collapses at the r’-th page if E, = E, for all » > 7/, but not
for r < r’. Finally, when we have terms E” with a natural filtration F*E” (but no natural double

grading), we set ES = grs E5tt = pspstt/pstlpstt,

2.1.3 Lazard theory

In this subsection we will briefly introduce elements of Lazard theory as presented in [Schlla].

Let G be any abstract group and let the commutator be normalized as [g, h] = ghg~*h™1.

Definition 2.1. A p-valuation w on G is a real valued function
w: G\ {1} — (0,00)

which, with the convention that w(1) = oo, satisfies



(¢) w(lg,h]) = w(g) +w(h),
(d) w(g?) =w(g) +1

for any g,h € G. '

For the rest of this subsection, let (G,w) be a p-valued group, i.e., a group with a p-valuation.

For any real number v > 0 put
G, ={9€eG:w(g)>v} and G+ ={g€G:w(g) >v},

and note that these are normal subgroups, cf. [Schlla, Sect. 23].
The subgroups G, form a decreasing exhaustive and separated filtration of G with the
additional properties

Gu = m Gl/’ and [Gm GV’] - Gl/—i-u’-

V' <v

There is a unique (Hausdorff) topological group structure on G for which the G, form a fundamental
system of open neighborhoods of the identity element. It will be called the topology defined by w. We
will assume that G is profinte in the topology defined by w. Hence G = 1’&ny> 0 G /G, as topological
groups, and thus G must be a pro-p-group since w(g?) = w(g) + 1 implies that G/G, is a p-group
(finite since G, is open).

We now form, for each v > 0, the subquotient group
gr, G =G,/Gp4.

It is commutative by (c) and therefore will be denoted additively. We now consider the graded

abelian group

grG = @gr,j G.

v>0

An element £ € gr G is called, as usual, homogeneous (of degree v) if it lies in gr, G. Furthermore,
in this case any g € GG, such that £ = gG, is called a representative of .
Note that p = 0 for any homogeneous element £ € gr G since w(g?) = w(g) + 1. Hence gr G

in fact is an F,-vector space. Furthermore, by bilinear extension of the map

gr, G xgr,G—gr, G



(53"7) = [5777] = [g’ h]G(V—i-V’)—i-a
for v,/ > 0, we obtain a graded Fp-bilinear map
[+, ]: erGxgrG — grG

which satisfies

[€,]=0  forany £ € grG.

One can check that [ -, -] satisfies the Jacobi identity, and thus gr G is a graded Lie algebra over F),
cf. |Schllay Sect. 23].

Now, noticing that the map
gr,G —gr, G
9Guy — ng(u+1)+

is well defined and [Fp-linear, by considering for varying v the direct sum of these maps, we can

introduce an Fy-linear map of degree one
m: grG — grG.

We can and will therefore view gr G as a graded module over the polynomial ring [F,[7] in one
variable over [F,,. Furthermore the Lie bracket on gr G is bilinear for the Fy[r]-module structure, i.e.,

gr G is a Lie algebra over the ring F,[r]. For more details, we refer to [Schllal Sect. 25|.

Definition 2.2. The pair (G,w) is called of finite rank if gr G is finitely generated as an I, [r]-
module. [ )

Note that G being of finite rank does not depend on the choice of the p-valuation, and assume from
now on that (G,w) is of finite rank. Note that gr G is finitely generated and torsionfree over the

principal ideal domain F,[n], and thus by the elementary divisor theorem gr G is free. We call
rank(G,w) = rankg [ gr G

the rank of the pair (G, w).



For any g € G note that we then have a group homomorphism

c:7— G

m— g™,

Since G/N, for any N < G, is a p-group, we obtain ¢~ 1(N) = p®NZ for some ay > 0. It follows that

¢ extends uniquely to a continuous group homomorphism

¢ Ly — im Z/p"NZ — lim G/N = G

N<G N
which we always will write as g* := é(x). More generally, for any finitely many elements g1, ..., g, € G,
we have the continuous map
Ly — G
(2.1)
(@1, zp) > gyt grT

which depends on the order of the g; and therefore is not a group homomorphism. However we

introduce the following notation, where v, denotes the usual p-adic valuation on Q,.

Definition 2.3. The sequence of elements (g1, ...,g,) in G is called an ordered basis of (G,w) if

the map (2.1)) is a bijection (and hence, by compactness, a homeomorphism) and

w(git - gr) = lrilligr(w(gi) + vp(x;)) for any x1,..., 2, € Zy. ’'y
Definition 2.4. For any g € G'\ {1}, we put o(g) = 9G4+ € grG. [

By [Schlla, Remark 26.3|, we note that for g € G\ {1} and = € Z,, \ {0}
w(g®) =w(g) +vp(z) and  o(g%) = zx . o(g), (2.2)

where Z is the image of p~?(®)z in FX (i.e., the first non-zero coefficient of z = Y772 axp*). We note
that an ordered basis (g1, ..., ga) of (G,w) corresponds to an ordered Fp[n]-basis (o(g1),...,0(g4))
of gr G, cf. [Schllaj, Prop. 26.5]|.

Finally we let g = F) ® | gr G = F) ®F, gr G/m gr G, and note that this is a Lie algebra

over [, with an [F,-basis of vectors § =1 ® o(g;).
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2.1.4 Cohomology theories and the spectral sequence

One of the main results we use in this chapter is the spectral sequence introduced in [Ser21,
§6.1], so in this subsection we aim to introduce the concepts needed to use this spectral sequence.
We also mention a translation between continuous and discrete group cohomology for the groups we
work with.

Let R be a ring and let g be a R-Lie algebra with R a trivial (left) g-module. Then we use
the cochain complex C*(g, R) = Hompg(/A® g, R) to define Lie algebra cohomology, i.e., the cochain
complex

0 —— R -2 Homp(g, R) 2 HomR</\Qg,R) LI

where the coboundary map 0, is given by
On(F) (@1, ywn) = D> (=0 f([wi,zy) 21, By By ),
1<j

where Z; means excluding z;. For more details we refer to |[CE56, Thm. 7.1] or |[Fuk86, Chap. 1 §3],
and note that we are considering the trivial action on R, which simplifies the formula slightly (cf.
[Fuk86, Chap. 1 §3.2]).

Now consider R = F,, in the following and suppose that g = @ gl @--- is a graded Lie
algebra. Then A" g is also graded by letting

gra</\g> - P dAng

Letting I, be a Z-graded (concentrated in degree 0) g-module, we get a grading

Homp, </”\ g, Iﬁ‘p> = @ Homg (/"\ g, IB‘p>
s€Z,

where Hompr denotes the homogeneous [F),-linear maps of degree s, cf. [FF74, Lem. 4.2]. One can

check that this passes to bigrading of Lie algebra cohomology

Hs,t(g7 Fp) — st <grs Hom]pp (/\ g, ]Fp)) .

See [Fuk86, Chap. 1 §3] for more details.
In the spectral sequence described in [Ser21] §6.1], we take ro = 1 (i.e., the spectral sequence

starts from the first page) and Ef’t = H*'(g,F,), where g = F, ® gr G indeed is (positively) Z-graded.

11



Let now G be a topological group and IF,, a G-module. Then we will define two types of
group cohommology: continuous and discrete.
Continuous group cohomology H} (G, F,) is the cohomology of the complex C*(G,F,) =

C(G*,F)) of continuous maps G x G x --- x G = Fp, ie.,

01

0 —— F, C(G.F,) 2 c(G2,F,) —2 C(G3,F,) — 2 ...

where the coboundary map 9, is given by

n

an(f)(gla s 79”) = f(927 s agn) + Z(_l)if(gh < 9iGi4 15 - - agn)a (2'3)

i=1
where n-th term is interpreted as (—1)"f(g1,...,9n—1), cf. [Sor21, §3] or [Ser02, §2]. Note again
that our formula is slightly simpler since we only consider the trivial action on [,
Discrete group cohomology HY. (G,F,) is the cohomology of the complex C*(G,F,) =
Homg(Z[G*],Fp), ie.,

0 F, —2 Homg(Z[G],F,) —2+ Homg(Z|G?,F,) —2 -,

where the coboundary map J,, is given by (2.3), see e.g. [Ser79, Chap. VII|. Note that this discrete
cohomology can be viewed as continuous cohomology if we equip G with the discrete topology.
Note that |[Ser21| gets the spectral sequence we are interested in by using an isomorphism to

translate H 2

(G,Fp) to HH*(Q(G),FF,) (essentially what is known as Mac Lane isomorphism) and
introducing a Z-filtration and grading on HH*(€2(G),F,), which is used in the spectral sequence.
Here Q(G) = Fp[G] is the completed group algebra. We will skip the full details of this translation
and just note that we get a Z-filtration and grading on H*(G,F),), which with k = [, gives us the
following, cf. [Spr21, Thm. 5.5-§6.1].

Theorem 2.5. Let (G,w) be a p-valuable group and g =T, Qr,[x) 8t G its Lazard Lie algebra. Then

there is a convergent multiplicative spectral sequence collapsing at a finite stage,

EYt = H%(g,F,) = HH(G,TF,).

cts

This means that each sheet E, has a multiplication E, ® E, — FE, compatible with the

(s,t)-bigrading and satisfying Leibniz formula. Furthermore H*(E,) = E,;1 as algebras. Le., the

12



multiplication on Eu is compatible with the cup product on H*(G,F)y) in the sense that the following

diagram commuites.

s,n—s s’ ,n'—s’ s+s' n+n’'—s—s’
EX @ EY y B30T

% E

gr® H2 (G, Fy) ® gr®’ HEL(G,Fp) —— gr*t HI (G, ) &

Remark 2.6. We note that [Fer+07, Thm. 2.10] implies that H} (N,F,) = H} (N,F,) for all n

(with N = N (Z,) as above), if we can show that N is a pro-p group which is poly-Z, by finite.
Definition 2.7. A group G is poly-Z, if it has a normal series
G=G12G22---2Gp,=1

such that each factor group G;/Gj41 is isomorphic to Z,.
A group is poly-Z, by finite (virtually poly-Z,) if it contains a poly-Z, subgroup of finite
index. [

Note that |Conl4bl Prop. 5.1.16(2) and Cor. 5.2.5] (as seen in the proof of [Conl4b, Cor. 5.2.13] or
[Con14b, Thm. 5.4.3]) gives us a composition series of A/ such that the successive quotients are G,
which implies that N = N (Z,) is poly-Z, by finite since G4(Z,) = Z,. Thus, assuming that N (Z,)

is a pro-p group, we get that

n
Hcts

(N,F,) = H} (N,F,)  for all n. (2.4)
A

2.1.5 Main result

We show first that IV is p-valuable, which implies by [Ser21}, §6.1] that we get a convergent

multiplicative spectral sequence

EPYY = H%Y(g,F,) = HSHH(N,F,). (2.5)

cts

We note that g = n and then use ideas of |Grol4, §7| to transfer results from |[PT18| about (the

dimension of) H"(nz,F,) and HY, (Nz(Z),Fp) to H"(n,Fp,) and HJ (N (Zy),Fp), giving us that

Z dimg, H**(g,F,) = dimg, H"(n,F,) = dimg, H};

cts
s+t=n

(N,Fp).
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This implies that (2.5]) collapses on the first page, and thus H*"~*(n,F,) = gr® H{,(N,F,). Noting
that B3 = E', we get that the cup product on E{* = H**(n,F,) (from H*(n,F,)) is compatible

with the cup product on H}

gis(IV,IF,) in the sense that the following diagram commutes.

H"=3(n, Fp) ® Hm = (n, Fp) ’ Hs+sl’n+nl_s_s/(n> Fp)

% E

gr® H (N,F,) ® gr¥ H" (N,F,) — gr*ts' H'T" (N, F,)
2.2 The p-valuation

In this section we will prove that N is p-valuable group, which we will need in multiple

arguments later. It should be noted that this section, with the exception of [Proposition 2.10] is a

slightly rewritten version of [Sch11b| which expands on some of the arguments. Also, the proof of

[Proposition 2.10|is based on |[Zabl0, Lem. 1.

Note that as a set N is the direct product N = [ cq- Ta(Zp), which allows us to introduce

the function
w: N\ {1} - N

H Ta(aq) — min (vp(aq) — ht(a)),

acd—
aced—

(2.6)

where v, denotes the usual p-adic valuation on Z,. Here it is important to note that we write any

g € N uniquely as product

g = H xa(aa)

acd—

by taking the product following the total ordering > of ®~ defined above. Now, with the convention

that w(1) := oo, we define the descending sequence of subsets
N = {g € N [w(g) = m}

in N for m > 0, following the notation used for p-valuable groups. The goal of this section is to

show that this w is a p-valuation by a careful analysis of the sequence of subsets given by N,,.

Remark 2.8. If we are willing to restrict from p4+1 > h to p — 1 > h, then we can restrict the

p-valuation of the pro-p Iwahori subgroup of G introduced in to a p-valuation on N. We
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prefer the above p-valuation because it will introduce a grading on g that will directly correspond to
the grading (by height) on n, whereas the restricted p-valuation is a scalar multiple of this p-valuation

on a basis. A

We first note that clearly Ny = N, (),, Ny = {1}, and

N,, = H T max 0m+ht(a)) p)

acd®—
) (2.7)
= H za(p™ IZp) T H To(PZp) H Ta(Zp).
acd™ acd™ acd™
ht(a)=—1 ht(a)=—(m—1) ht(a)<—m

In our analysis of this sequence it will be helpful to introduce the following two other
filtrations of N. Firstly we will consider the filtration by congruence subgroups
N(m) = ker(N(Zp) — N(Z/p™Z)) H To(p™Zy) (2.8)
aed—
for m > 0. Secondly, using the descending central series of the group G(Q,) defined by C1G(Q,) =
G(Qp) and C™HG(Q,) = [C™G(Q,), G(Q,)], we consider the filtration given by

Nimy = NN C™G(Q,)

for m > 1. By |BT73, Prop. 4.7(iii)| we have that

New = [I #a(zy), (2.9)
acd®™
ht(a)<—m

and we note that the natural map

H Ta(Zp) = Nim)/Nms1)

is an isomorphism of abelian groups, and that all the subgroups N(m) and N(m) are normal in V.
We are now ready to prove the following lemma, which will help us when showing that w is

a p-valuation.

Lemma 2.9.
(i) Ny, = nggm N(m—i)N\N, for any m > 1, is a normal subgroup of N which is independent

of the choices made.
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(ii) [NK,Nm] C Negm for any £,m > 1.

(141) Ny /N1, for anym > 1, is an Fp-vector space of dimension equal to |[{o € &~ |ht(a) > —m}|

(iv) Let g € Ny, for some m > 1. If g € Npy1o, then g € Npyy1.

&

Proof. (i) Using ([2.8) and (2.9)) we note that

I 20" Z,) S N(m—i)n N and I 2a(Zy) = N(0) N Ny
acd™ acd™
ht(a)=—1 ht(a)<—m

for 1 <i <m, so by (2.7) it is clear that Ny, C [[;<;<,, N(m —7) N N(;). We also note, by (2.8)
and (2.9), that

(N(m —1i) N Nggy) (N(m —i—1) N Njyy)

S II #®™ ) (N —i=1)0 Ny
bl i

for any 1 <i < m, so

H N(m—i)ﬂN(,-)

1<i<m

¢ II @'z ]I
acd™

2o (pZp) (N (0) N Nimy)
ht(a)=-1

acd™
ht(a)=—(m—1)
=N,

by induction, (2.7) and (2.9). This shows the equality and that N, is normal clearly follows.

(ii) We first recall the following formulas for commutators

lgh, k] = g[h.klg"[g.k] and [g,hk] = [g, h]hlg, k]h ™" (2.10)

Now, using ([2.10)), and the fact that all the involved subgroups are normal, it is enough to show
that

[N(£)N N(l), N(m)n N(J)] CNU{l+m)N N(H—j)'
This further reduces to showing that

[N(E),N(m)] - N(K—i—m) and [N(Z),N(j)] - N(iJrj)-
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The right inclusion is a well known property of the descending central series, so it follows from our

definition of N(,,). For the left inclusion it suffices, by (2.8) and (2.10), to show that
[a;a(peZp), xg(p™Zp)] € N(£+m)

for any «a, f € ®~. To show this inclusion we recall Chevalley’s commutator formula, cf. [Conl4b)

Prop. 5.1.14],

[wa(a), 25(0)] € Tats(Casi1abZy) [ wiarjs(capija’VLy),
1,521
i+5>2
where ¢, g4 j € Zp and on the right hand side we use the convention is that x5 = 1 if iac+j3 ¢ .

From (12.8) and Chevalley’s commutator formula the inclusion follows.
(iii) We note that

Nm-i)nNgy =[] za0™'Zp)

acd™
ht(a)<—i

for 1 < i < m, so the statement follows from and .
(iv) For any 1 < ¢ < m we consider the chain of normal subgroups
Nit2(Nim N Ng11)) € Ninp1t (Nm N Nigy1)) € N1 (N 0 Nigy)
between N, 2 and N,,. By and an argument like in we get that
[Nint1(Nim N Ngy)s Nint1(Nm 0 Nig))] € Nip2 (N 0 Nigyy),
so the quotient group

N1 (N O Ngy) /N2 (N O Nigy1))

is abelian. Now looking carefully at the groups as sets, we see that

N,, N N(g) _ H To (pmax(O,m—‘rht(a))Zp)
acd™

ht(a)<—¢
and thus (using Chevalley’s commutator formula and the fact that ht(ia + j5) < ht(a + 3) <
ht(a), ht(5) to move the products for the ht(a) = —¢ term)

Nm+1(Nm N N(g)) = H xa(pmax((),m—i-l—l-ht(a))zp)

acd™
ht(o)>—¢
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H Lo (pm_ezp)

acd™
ht(a)=—4¢

H To (pmax(O,m—&-ht(a))Zp)‘

acd™
ht(a)<—¢

Similarly

Nm+2 (Nm N N(£+1)) = H Loy (pmax(o,m—l-Z—l-ht(a))Zp)

aced™
ht(o)>—¢

H To (pm+2—€Zp)
acd™
ht(a)=—¢
H To (pmax(O,m—&-ht(oc))Zp)’

acd™
ht(a)<—(4+1)

and since the quotient group

N1 (N O Ngy) /N2 (N 0 Nigy1))

is abelian, we see that it is isomorphic to

H Tq (pmax(O,m—i-l—f—ht(a))Zp)
ot Ty (pmax(m+2+ht(a))Zp)
ht(o)>—¢ ht(a)=—¢

Lo (pm_ZZp)
X H xa(pm“_ZZP) :

Here the subgroup

N1 (Nm N Ngt1)) /N2 (Nim 0 Ngg1))

corresponds to
H xa(pmax(o,m—i-l—l-ht(a))zp) y H T (pm—i-l—lzp)
Ty (pmaX(O,m—i-Z—f—ht(a))Zp) T (pm+27gZp) .

acd®™
ht(a)>—¢ ht(a)=—¢

It follows that Np1(Nm N Nig41))/Nm+2(Nm N Nig41y) is the p-torsion subgroup of Ny, 11(Npm N

N))/Nmt2(Nm 0 Ngy1))-

Now let g € Ny, for some m > 1. For £ = 1 we have g € Ny, = Ny 1 (N NIN(1)), since Ny =
N, and clearly g” € Ny,12(NmMNN(2y) because g” € N(o) by Chevalley’s commutator formula and .
Since Np,11 (NmﬁN(g))/Nm+2 (NmﬁN(Q)) is the p-torsion subgroup of Nm+1(NmﬁN(1))/Nm+2(Nmﬂ
N(g)), it follows that g € Ny1(Ni N Nig)) and thus g? € Npya(Npm N Ngy) by Chevalley’s
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commutator formula and (2.9)). By induction on ¢, we thus get that g € Nyt 1 (NN Npy1)) = Nip1-
Here the last equality follows from the fact that Ny, 11y € Nyy1 by (2.7) and (2.9). O

With this lemma, we are now ready to prove that w is a p-valuation on N.

Proposition 2.10. The function w from (2.6 is a p-valuation on N, i.e., it satisfies for any
g,h e N:

(a) wlg) > 711,

(b) w(g™h) > min(w(g),w(h)),

(c) w(lg,h]) = w(g) +w(h),

(d) w(g?) =w(g)+ 1. L

Proof. We note that (a) is obvious by our definition of w, (¢) follows from and (d)

follows from |[Lemma 2.9||(iv)}

It only remains to show (b), which we will do by following the proof idea of |Zab10, Lem. 1],
i.e., we are going to use triple induction. Here we note that all products [] cs- Za(aa) are in
ascending order in @~ (so descending in height). For ease of notation, we prove equivalently that
w(gh™) > min(w(g),w(h)) for g,h € N.

At first by induction on the number of non-zero coordinates among (ag)gee- in [[scq- 75(ap)
we are reduced to the case where h is of the form h = xg(ag) for some § € ®~ and ag € Zy,. To
see this let h € N\ {1} and write h = [[5c4- 25(ag) in our unique way (according to the ordering
of ®7), and let a be the smallest element of ®~ for which a, # 0 so that h = z4(as) - . Then

gh™' = g(h)~' - z4(as)~! and thus strong induction will imply that

w(gh™") = min(w(g(h') ™), v(aa) — ht(a))

> min(w(g),w(h’), v(as) — ht(a)) = min(w(g),w(h)).

Fix h = zg(ag) and let now g be of the form g = [[;_; Za, (aa,) With a1 < ag < -+ < @,

in . If B > ., then gh™' = [[iZ] Za, (Gay) - Tar(@a,)T5(—ag), so (b) is clearly true if 8 > ay
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(by the definition of w), and if 5 = «,, then z,, (aq, )zs(—ag) = zg(aq, — ag) and (b) follows from
vp(a — b) > min(v,(a),vy(b)) for a,b € Zy,.
On the other hand, if 5 < «,, then we write
ghil = H Tay, (Aay,) -xg(—ag)

k=1

r—1

= [ [ 2arlaa) - 25(=ap) - za, (aa,) - [za, (~aa, ), 25(ap)]:
k=1

Now we use descending induction on 3 in the chosen ordering of ®~ and suppose that the
statement (b) is true for any g and any b’ of the form h' = zg (ag) with 5 > . Note that the base
case is trivial and recall that &~ is finite and totally ordered. Note furthermore that Chevalley’s
commutator formula gives us

[war(aa), zp(ap)) = [ wiarsjor(carpijowal) (2.11)
o/ +jp ed™
4,7>0
for any o/, ' € ®~, where ¢y g j € Zyp. Also, we have ht(ia’ + jf') < ht(a/ + ') < ht(a), ht(8),
so we can apply the induction hypothesis for z,, (aq,) and each xiarﬂﬁ(camﬁ,i?j(faar)ia%) in
(

[Zq, (—aa,,25(ag))], since a, > B and all terms on the right side of (2.11]) are larger than 3 (and

a;) in the ordering of ®~. We thus obtain

w(gh™) > min<. min_ w(@ia,1j6(Carpij(—0a) a})),
i g™
+ip (2.12)

r—1

(e, (a0} ([T oy (a0) 250 ).

k=1
Now, for 4,5 > 0 with ia/ + j3' € &,
W(@iar 455 (Car 1,3, Ty @) = Vp(Car,,5,j0s Ty ) — ht(ic + ')
> vp(car,gr,i,5) + vplagy) + ”p(a%/) —ht(a’ + ')
> Up(aa’) - ht(o/) + Up(aﬁ’) - ht(ﬁl) (2.13)
= w(zw(aa)) +w(zs (ag))
> min(w(ﬂsa/(aa/)),w(q:/g/(aﬁ/))).
So taking o/ = ;- and ' = 8 and using in (2.12)), we get that

r—1

(o) 2 min (za, (00, ) (sl o [L oo -aa(-a2)) ). (210

k=1
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Finally induction on r will imply that
r—1 r—1
o (T 2oe{a0) - 25(-02)) 2 i (so(T] 0 00,)) s(as))
k=1 k=1

= min(|_min_ (o, (an,)). w(z5(a5)).

which by (2.14) implies that

w(gh™) = min( min w(za, (00,),@(z5(a5))

= min(w(g),w(h)),

thus finishing the proof. O

We have now shown that N = N(Z,) is a p-valuable group with the p-valuation w introduced
in (2.6)), which is the main result of this section. Before continuing, we will clarify what this means
based on Lazard theory as described in [Section 2.1}

We note that

gr N == @ Nin/Ninta

m>1

is a graded FF)-vector space, and recall the following well known result, cf. [Laz65| or |Schlla,

Sect. 25].
Proposition 2.11. gr N is a Lie algebra over the polynomial ring Fy[r| in one variable m where
[9Ne1, ANmy1] = [g,h|Neymy1  and  7(gNmt1) = ¢" N2,

and as an Fy[r]-module gr N is free of rank |®~|. &

2.3 Spectral sequence and cohomology

Recall that N = N(Z,), g = Fp @, (-] gr N and n = Lie(Nf,). In this section we will first
look at the spectral sequence from [Ser21| (cf. [Theorem 2.5), i.e.,

EYt = H%(g,F,) = HSH(N,F,),

cts
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and note that we can work with the left side using that H*'(g,F,) = H*!(n,F,). Afterwards, we
will use results from |[PT18| to argue that the spectral sequence collapses on the first page.
We will start by showing that g = n, for which we will need the following lemma, which is

again from [Sch11b].

Lemma 2.12. gr N = Fy[n] ®p, n as graded Lie algebras (where 7 has degree 1). )

Proof. We first note that the elements X,, where X, is our fixed Z,-basis of Lie N, reduce modulo

p to an Fy-basis {X 4 }aco- of n. On the other hand all

o (2a(1)) € gr_pyay NV,
with 24(1) € N_y(a), form an F[r]-basis of gr N, cf. [Sch11a] Proposition 26.5. Hence the map

Fp[7] ®p, n — gr N

f®Xq— f.a(ma(l))

is an isomorphism of graded modules. Chevalley’s commutator formula (cf. [Conl4b, Prop. 5.1.14|)

says that there are p-adic integers co 3 = ¢q,8,1,1 such that [ X, Xg] = ¢4 3 Xq4p and

[2a(1), 25(1)] € Tats(Ca,8)N-nt(a)—nt(8)+1 = Tats(1)“? N_pt(a)—ht(8)+1>

where Xyp =0 and 2445 =1 if o+ 3 ¢ ®. This implies that the image of the above map is a Lie
subalgebra, and thus that the map is an isomorphism of Lie algebras. We note that n is graded by

the height function, which corresponds to the grading on gr N by the definition of w in (2.6). O

Now gr N = Fp[n] ®p, n implies that g = ) ®F, [x] Fp[7] ®F, n = n, where both g and n is
graded by the height function. From this it clearly follows that H*!(g,F,) = H5'(n,F,). (Note that
this can also be seen directly by looking at the Chevalley constants.)

By |PT18| §2.10] (using that p > h — 1) and the Universal Coefficient Theorem (as used in
[PT18, §3.8]), we get an F),-vector space isomorphism

H"(ng, Fy) = H"(n, Vi, (0) = €D Ve, (w-0),

weW
L(w)=n
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where Vg, (0) = F,, with the trivial action (concentrated in degree 0). Similarly, by the corollary in
[PT18, §3.8], we have an Fp-vector space isomorphism
gr Hgsc(NZ(Z)’FP) =gr Hgsc(NZ( V]Fp @ V]Fp w - O
weW

L(w)=n

Here the grading on cohomology will not be important, since we just need that
dimg, H" (nz,Fp) = dimp, HY .(Nz(Z),F)). (2.15)
We now equip Nz(Z) with the discrete topology and claim that
Hioo(N2(Z),Fp) = Hi (N2(Z), Fp) = Hi (N (Zyp), Fp).

Here the first equality is clear since Nz(Z) is equipped with the discrete topology. To see the
isomorphism, first note that Z is a discrete group, Zj, is a profinite group, and the homomorphism

7 — Zy has dense image in Z,. So we have homomorphisms

n
Hcts

(Zp,F,) — H}

cts

(Z,Fp)

for all n > 0 from |Ser02, Sect. I §2.6]. Now both H

cts

(Z, -) and HY(Zy, -) are the functor of taking

invariant, both HY(Z, -) and H.(Z,, - ) are what |Gro14] calls the functor of taking “coinvariants”
(giving the group of continuous crossed-homomorphisms of G into -, cf. [Ser02, I. §2]), and all
H%(Z, - ) and H}((Zy, - ) vanish for n > 2, so Z is “good” in the sense of [Ser02, Section I §2.6

Exercise 2|. Thus [Ser02, Section I §2.6 Exercise 2(d)| implies that the homomorphisms

n
Hcts

(N(Zy), Fp) = Hes(N(Z),Fp)  n >0,

induced by the homomorphism N (Z) — N (Z,), are all isomorphisms. To see this one can consider
a filtration of N (Z) with subquotients isomorphic with Z, and its parallel filtration of N (Z,) with
subquotients isomorphic with Z,, as in |Grol4, Sect. 7], which will make it follow directly from [Ser02,
Section I §2.6 Exercise 2(d)].

Hence

dim[pp H" (Ilz, ) dlmyp Hdsc (Nz( ) ) = dim]}?p H(?ts (N(Zp), Fp).
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Now n =nz ®F,, and H"(g,F,) = H"(n,F,) (since g = n) is the cohomology of the complex

C*(n,F,) = Homp, (/.\ n, IFp)

while H"(nz,F,) is the homology of the complex

C*(nz, F,) = Homg, ( /\ nz, IF,,) .

Here A®nz is a free Z-module and (A*nz) ® Fp = A*(nz ® F,) = A®n, so we have natural

isomorphisms

Home, ( /\ nz,F, ) = Homg, ((/\nz) @ F,, F, ) = Hom, (A n,F,).

These isomorphisms are clearly compatible with the differentials, so C*(n,F,) = C*(nz,F,), and

thus H"(n,Fp) = H"(nz,F,). Hence
dimg, H"(n,F,) = dimg, H" (nz, F,) = dimg, H"(N(Z,), F,).
Now dimy, H"(n,Fp,) = dimg (g,Fp) and N = N(Z,) implies that
> dimg, H'(g,F,) = dimg, H"(g,F,) = dimg, H"(N,Fp),

s+t=n

so the multiplicative spectral sequence
EPt = H%Y(g,F,) = H**(N,F,)

collapses on the first page, since the dimension of E;"" is non-increasing as r increases. Since the

spectral sequence collapses on the first page, we get that Ef’t = Eigf, SO
er* H'(N,F,) = H*'(g,F,) = H*'(n,F,),

giving us a good description of H"(N(Z,),F,). Furthermore, we can describe the cup product, by
calculating it in H*(g,F,) or H*(n,[F,), cf. [Theorem 2.5/ for the details. I.e., we have shown:

Theorem 2.13. Let N = N(Z,) be the Z,-points of N', where N is the unipotent radical of a Borel
in a split and connected reductive Zy-group, and let and n = LieN]Fp. Then w from (2.6) gives a

p-valuation on N, and if we let g = Fp, Qg 7 gr N be the Lazard Lie algebra of N, then g = n.
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Furthermore, there is a convergent multiplicative spectral sequence

EYt = H%Y(g,F,) = HSLY(N,F,)

cts

collapsing at the first page, so gr® H"(N,F,) = H%!(g,F,) = H>'(n,F,), and the cup product on
H*(g,F)) is compatible with the cup product on H*(N,F,) in the sense that the following diagram

commutes.
Hs’nfs(% Fp) ® qsm=s (97 Fp) ——— HstsnAn e (97 Fp)

% E

gr® HI (G, Fp) © gr* HI (G, Fp) —— gr*t HAI (G, T,) 3

2.4 Example: N C SL;(Z,)

In the case of G = SL3 (in this case h = 3, so p > 3), we can take T to be the diagonal

matrices in SLs (det = 1), B upper triangular matrices in SL3 and

1 * =*
Nz{()l* }QSLH.
0 01

Furthermore we can take ®~ = {1, ag, a3 = a1 + as} with
1 10 1 a O
Xo,=[0 1 0], Ty (A)a)= [0 1 0],
0 01 0 0 1
1 00 1 00
Xapy =10 1 1/, Tay(A)(a)= (0 1 al,
0 01 0 01
1 01 1 0 a
Xay =10 1 0}, Taz(A)(a)=(0 1 0,
0 01 0 01
for any Z,-algebra A and a € A. Here ht(a;) = ht(ag) = —1 and ht(as) = —2, and explicit

calculations show that, in N = N(Z,), g1 = ©a,(1),92 = Zay(1), 93 = Tas(1) is an ordered basis
of (N,w). Thus (cf. [Schllal Prop. 26.5]) 0(g1),0(g2),0(g3) is a basis of the Fy[r]-module gr N,
and &1,&2,&3 1s a basis of g = F), ®p - gr IV, where {; =1® o(g;). Furthermore g = g' @ g2, where

g' = span(&1, &2) and g® = span(&).
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The only non-trivial commutator among the g;’s is [g1, g2] = Tay(—1) = g5 1 which implies
(cf. [Sch1la, Rem. 26.3]) that o([g1, g2]) = —0o(g3) and thus [£1, &) = —&3. In particular [g, g] = g%

Now Hl(g,F,) = Homg(g/[g, 9], F,) = H 12(g,F,), and, since A’ g=g" AglAg?is degree
4, H3(g,F,) = H47(g,F,). A version of Poincaré duality (cf. [Fuk86, Chap. 1 §3.6-7]) gives
us that H' x H? — H? with H=12 x H*!' — H~*" is only non-trivial for (s,t) = (—=3,5), so
H%(g,F,) = H *%(g,F,). By considering the maps dy": ES' — EFT""17" we see that the spectral
sequence collapses at the first page, so this gives us a description of H*(N,F,), and we note that
the only non-trivial cup product is H'(N,F,) x H*(N,F,) — H3(N,F,).

We note that we skipped some of the details above since we will go through many examples
of this kind of computation in so we refer to there for more of the details in this type of

argument.
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Chapter 3

Cohomology of pro-p Iwahori Subgroups

3.1 Intoduction

In this chapter we will calculate the cohomology over perfect fields k& (or just k =1T,) of a

collection of pro-p Iwahori subgroups of SL,, and GL,, over Z, or O for quadratic extensions F'/Q,.

3.1.1 Background and motivation

In this chapter we will focus on describing the continuous mod p cohomology of pro-p Iwahori
subgroups of SL,, and GL,, over Q, for n = 2,3,4 or over quadratic extensions F'/Q, for n = 2.

We start by introducing the techniques we use throughout this chapter, and then we explicitly
calculate the algebra structure of H*(I,F,) for the pro-p Iwahori subgroups Igy,,(qg,) € SL2(Z;) and
Ig1,(0,) € GL2(Zp), and we note that these are isomorphic as algebras to H*((1 + mp)Nd=1 )
and H*(1 4+ mp,F,) respectively. This part heavily relies on results of Sgrensen and Fuks (see
[Ser21| and |[Fuk86]). Afterwards we fully describe the cohomological dimensions (but not the cup
products, which are quite complicated) of the pro-p Iwahori subgroups of SL3(Q,), GL3(Q,), SLa(F")
and GLy(F), where F is a quadratic extension of Q,. We also roughly describe the cohomological
dimensions of the pro-p Iwahori subgroups of SL4(Q,) and GL4(Z,), but we note that we run into

some problems here. In particular the multiplicative spectral sequence

EYY = H%Y(g,F,) = H*Y(I,F,)
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of Sgrensen (see [Sgr21]) collapses on the first page in all the previous examples, but for pro-p
Iwahori subgroups of SL4(Qp) or GL4(Q)) we no longer (trivially) get this. Here g = F) ®p (- gr [
is the graded Lazard Lie algebra associated with 1.

This work can be seen as a continuation of the recent work on the mod p cohomology
of pro-p Iwahori subgroups. E.g. the work by Schneider and Olivier (see |[OS18} |OS19; [Sch15|)
working with pro-p Iwahori-Hecke modules and the work by Koziol (see [Koz17]) computing H'(I, )
as a H-algebra (where H is the pro-p Iwahori-Hecke algebra and 7 is a mod p principal series
representation of GL,,(F') for some p-adic field F'). Work by Cornut and Ray (cf. [CR16|) finding a
minimal set of topological generators of the pro-p Iwahori subgroup of a split reductive group over
Z,, is also relevant, since the number of generators can be used to find the cohomological dimension
of HY(I,FF,). Overall all of this work can be seen as part of the search for a mod p and p-adic local
Langlands program.

We finish the chapter by mentioning some observations on the nilpotency index of our
calculated cohomology rings and discussing future research directions and a conjecture on the

Nrd=1"(yesp. 1 +mp) for central division

connection between the mod p cohomology of (1 + mp)
algebras and Igr,, (q,) (resp. IGLn(Qp))- Finally we note that working with the Serre spectral sequence

might allow us to generalize to all Igy, (q,) for all n.

3.1.2 Setup and notation

Let p be an odd prime (further restricted later) and let k be a perfect field of characteristic

Field extension of Q,. We fix a finite extension of F//Q), of degree ¢ with valuation ring O and
maximal ideal mp = (wp) C Op. Let e = e(F/Q)) be the ramification indexr and f = f(F/Q,) the
inertia degree of the extension F'/Q,. Let furthermore v be the valuation on F' for which v(p) =1,

and thus v(wp) = 1.

exp and log. Given finite field extension F/Q, with valuation ring O and maximal ideal mp

with pOp = m§, we get by [Neu99, Prop. (5.5)| (noting that we will ensure that 1 > <7 later) that

28



the power series

2 3 2 3
x xr z z
exp(z) = 1d+a+ o+ o+ and log(l42)=2— 5+ 5 =,

are two mutually inverse isomorphisms (and homeomorphisms)

&P 1)
mprp . UF
og

Note that this implies that a Z,-basis of mp translates to a Z,-basis of U 1(,1) =1+ mp via exp.
Big-O notation. For elements of Op we write x = y + O(p") if and only if x — y € p"Op.

Matrices. Let E;; denote the matrix with 1 in the (4, j) entry, and zeroes in all other entries, and
write 1,, for the identity matrix in M, (F). Let A = (a;;). We write A = diag(ay,...,ay) for the
diagonal matrix in M, (F) with entries a;; = a; in the diagonal, and A = diag;, ; (a1,...,ax) for
the diagonal matrix in M, (F) with entries a;,;, = ay for £ = 1,...,k, ones in the other diagonal

entries and zeroes in all other entries. Finally, we write AT for the transpose matrix of A.

Dual basis. Let V' be a k-vector space with basis B = (e1,...,eq). Then we let B* = (e}, ..., e})
be the dual basis of Homy(V, k) defined by e(e;) = d;5, where §;; is the Kronecker delta function.
Now consider two vector spaces V and W with bases By and Byy. Given a linear map d: V — W
with matrix A when described in these bases, it is a well known fact from linear algebra that the
dual map d*: Homg (W, k) — Homyg(V, k) has matrix AT when described in the dual bases B}, and

By, We will often use this without mention and abuse notation writing d and d" for these matrices.

Smith normal form. Let R be an integral domain and consider only non-zero matrices over R in

this paragraph. Given an n x m matrix A, there exist invertible m x m and n x n matrices S and T

such that
ap 0 vee 0
0 a
- W
SAT = . 0. :
0
[ P ‘0 0



and the diagonal entries a; satisfy a; | a;41 for i = 1,...,r — 1. This matrix is called the Smith
normal form of the matrix A. Given n x m matrices A, B, we write A ¥ B if A and B have the
same Smith normal form. This notation will mainly be used when B is already a matrix in Smith
normal form. Finally we introduce the notation A = SNF,,«.»(a1,...,a,,0,...,0) for the n x m
matrix with a;; = a; for ¢ = 1,...,r and zeroes in all other entries as above. In next subsection, we

will note that the Smith normal form will be useful for our cohomology calculations.

Remark 3.1. In the case R = Z, the Smith normal form of a matrix can be found using the following

row and column operations, which are invertible over Z.

(R1): swap rows R; and R; (C1): swap columns C; and C}

(R2): multiply row R; by —1 (C2): multiply column C; by —1

(R3): replace row R; by R; + kR; (C3): replace column C; by C; + kC;
for some row R; # R; and for some column C; # C; and
kel keZ.

We will not do these calculations by hand in this chapter, and will instead utilize implementations
in Sage and SymPy that can find the Smith normal form of a matrix over Z. Here it is important to
note that the SymPy implementation does not allow the use of the rules (R2) and (C2), so we get a
small difference between the results of the calculations in SymPy and Sage, but it will only be a

difference of sign on some entries in the diagonal. A

Lazard theory. For an introduction to Lazard theory see or |Schlla] for more details.
In particular, note that the Lazard Lie algebra generalizes from [F), to general k of characteristic p.
We will let g = k ®p, [r] gr I be the Lazard Lie algebra corresponding to the pro-p Iwahori subgroup I.
Furthermore, recall that a sequence of elements (g1,...,¢,) in G is called an ordered basis of (G,w)
if the map Zj, — G given by (z1,...,7,) = gi" -~ g;" is a bijection (and hence, by compactness, a

homeomorphism) and

w(gl---g¥r) = 112iigr(w(gi) +v(z;)) for any x1,..., 2, € Zj.
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Algebraic groups. We will work with schemes using the functorial approach and notation
described in |[Jan03|. In particular, given an integral domain R, we note that a R-group functor
is a functor from the category of all R-algebras to the category of groups, a R-group scheme is a
R-group functor that is an affine scheme over R when considered as a R-functor, and an algebraic
R-group is a R-group scheme that is algebraic as an affine scheme. For more in depth introduction

to these concepts, we refer to |[Conl4b| and |Jan03].

Fixed groups and roots. We fix a split and connected reductive algebraic F-group G, and
consider the locally profinite group G = G(F'). We then fix split maximal torus 7 C G and let
T = T(F). In T we have a maximal compact subgroup 7° and its Sylow pro-p subgroup 7.

Let ® = ®(G,T) be the root system of G with respect to T, and let (X*(T),®, X.(T),®")
be the associated root datum. Fix a system of positive roots ® and let A C ®T be the simple
roots. For any o € ® we have the root subgroup U, C G with Lie algebra Lield, = (Lie G),. We let
Uy = U, (F) and choose an isomorphism z: F = U, such that tre(z)t ™! = zo(a(t)r) for t € T

and x € F. For r € Z>o we let Uy, = 2o (mY).

Remark 8.2. In this chapter we write U instead of N since we try to stick to the notation of

surrounding literature. A

Coxeter number and p. Let h be the Coxeter number of G and assume from now on that

p—1>eh.

Pro-p Iwahori subgroups. We follow the definitions of |[OS19] with G, T and U, as above. Let I
be the pro-p Iwahori subgroup of G (associated with a positive chamber as in [OS19|, but we do not
need the exact definition). We note by |OS19, Lem. 2.1(i)| and the proof of |[OS19, Lem. 2.3| that I
has the following factorization: Multiplication defines a homeomorphism
I Uan xT" x ] Uao — 1, (3.1)
Qed- acd+
where the products are ordered in an arbitrarily chosen way. For a more detailed introduction to

these pro-p groups we refer to |[OS19].
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Pro-p Iwahori subgroups of GL,(F) and SL,(F). In this chapter, we will only work with
pro-p Iwahori subgroups of GL,(F) or SL,,(F'), which simplifies the definitions. When G = GL,, or
G = SL,,, we can always take T the diagonal maximal torus, and we can take I to be the subgroup
of G(Op) which is upper triangular and unipotent modulo wp. In this case we have that U, for
a € &~ correspond to entries below the diagonal and U, for a € ®* corresponds to the entries

above the diagonal.

p-valuation on I. By a recent preprint by Lahiri and Sgrensen (cf. [LS22, Prop. 3.4]), we know

(since p — 1 > eh) that I admits a p-valuation w satisfying the properties:

(a) w is compatible with Iwahori factorization (3.1]) of I (cf. [LS22, Def. 3.3]).

remp ifaed,
(b) w(za(@)) = v(z) + ) where
re 0 iface o,

(c) w(t)=1 -sup{neN:te T} fort e T..

Ordered basis of I. Let {bi,...,b/} be a Zy-basis of O, where ¢ = [F : Qp]. Then

(za(b1),...,za(be)) is an ordered basis for Uy o when o € ®F, and (zq(wrbi), ..., za(wrby))
is an ordered basis for U, when o € ® . Furthermore, when G is semisimple and simply
connected, we have that the simple coroots {a" : @ € A} form a Z-basis of X,(T), and thus
(Y (exp(wpby)), . . . ,Oz\/(exp(wpbg)))aeA form an ordered basis of T'. By |LS22, Cor. 3.6], given
orderings of ® and ®~, and assuming that G is semisimple and simply connected, we now get: the

sequence of elements
o (xa(wpbl),...,xa(wpbg))aeq),,
. (av(exp(wpbl)),...,av(exp(wag)))aeA,

° (l’a(bl)a oo 7$a(be))a€<1>+

forms an ordered basis of (I,w) (with w from the previous paragraph) which is a saturated p-valued

group. Here, |[LS22| notes that the p-valuation from the previous paragraph on this basis is given by
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(cf. [LS22] Prop. 3.4])

w(za(wpbe)) = = + hte(:) ae d
w(a’(u)) = % acA (32)
w(zalbe)) = hte(}?) aedt.

We note that the above argument uses that exp: mp = (wp) — U}l) = 14 mp takes a basis
to a basis, and noting that {wpbi,...,wrbs} is a Z,-basis of mp = wpOp.

When G = SL,,, we have that ® = {e; —¢; |1 < 4,5 <n,i# j} and can take
A= {al =E&1 —€2,02 =&2 —E&3,...,Qpn-1 = En-1 —Sn}m

where ¢; is the map that takes a diagonal matrix to its i-th diagonal entry. In this case o (u) =
diag(1,...,1,u,u""1,...,1) = diag;;,1(u,u™"), where the non-trivial entries are the i-th and
(7 + 1)-th entries. Since the second non-trivial entry of these matrices are always just the inverse of
the first entry, we will abuse notation and write diag; ;,,(u) = diag; ;41 (u,u™"'). This together with

the above gives us the following ordered basis (in the listed order and with a chosen ordering of

{(i,7) : 1 <i,j < n}) in the case G = SLy:

° (1n +wpbi B, .., 1 + waZEij)l§j<i§n’

i (diagi,i-i-l (exp(wal))v s 7diagi,i-ﬁ-l(eXp(waZ)))i:l n—1°

geeey

° (1n + blEij, ey + szij)1§i<j§n'

Here the p-valuation described in (3.2)) is given by

1 j—i

w(1y + @pbp Bij) = St i<
. .
w(diag; ;1 (exp(@pbn))) = o 1= 1,...,n—1, (3.3)
J—i o

on the above ordered basis.

Finally note that an ordered basis of GL, can be obtained from an ordered basis of
SL,, by adding non-trivial elements of the center, which in the above corresponds to adding
(exp(wpbl)ln, . ,exp(wpbg)ln) to the middle item above (adding the root 1 + -+ - 4+ &;,), and the

p-valuation on these is still %
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Cohomology. We denote (using the Chevalley-Eilenberg complex) the Lie algebra cohomology of
any k-Lie algebra g by H*(g, - ), while we write H*(G, - ) for the continuous group cohomology of
a topological group G. Here we let the entries distinguish between different types of cohomology
without any ambiguity. As in [Section 2.1, we introduce filtrations and then gradings on the

cohomology and use the notation H*! = gr® H*** for any type of cohomology H.

Spectral sequences. A cohomological spectral sequence is a choice of g € N and a collection of
e k-modules E;f’t for each s,t € Z and all integers r > 7g

e differentials d5': ES' — EST'T17" guch that d?> = 0 and E, is isomorphic to the homology

Of (Ehdr)7 i.e.,
st ker(di’t; Eﬁvt _ Eﬁ+r,t+17r)

1 . — — — — :
r+ 1m(d§ rit+r 1: Eﬁ rit+r—1 _>Eﬁ,t)

For a given r, the collection (E;?’t, di’t) s;tez is called the r-th page. A spectral sequence converges
if d, vanishes on ES" for any s,t when 7 >> 0. In this case Ef" is independent of r for sufficiently

large r, we denote it by E%! and write
Es,t S E8+t
T [ ol

Also, we say that the spectral sequence collapses at the r’-th page if E, = E, for all » > 7/, but not
for » < 7’. Finally, when we have terms EZ with a natural filtration F*EZ (but no natural double

grading), we set B3 = gr® ESHt = Pspstt/pstlpstt,

3.1.3 Smith normal form and cohomology

It is well known that the Smith normal form of matrices are useful when calculating

(co)homology over Z as follows.

Fact 3.3. Given a complex

dl\ dz\ ¢
zn By gm 2 g

where di and dy are Z-linear maps with dy o d; = 0, the homology at the middle term is given by

ker(dy)/im(d1) = @D Z/a;Z & Z™ .
=1
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Here r = rank(d;), s = rank(da) and ai,...,a, are the non-zero diagonal elements of the Smith

normal form of dy. &

We will not directly use this result, but instead we will follow the same ideas but reduce
modulo p to get matrices over k (using the natural embedding F), < k). Assuming that the non-zero
diagonal entries a; of the Smith normal form of a matrix d are in {1,2,...,p— 1} (or more generally

ged(ai, p) = 1), we note that a; (mod p) € k*. So, given an n x m matrix d with integer entries

such that
d N SNF,um(as, ..., ar,0,...,0),
where ay,...,a, are non-zero and ged(a;, p) = 1, we get by considering d as a matrix over k that

dimyg ker(d) = m — r,
dimy im(d) = r, (3.4)

dimy, coker(d) =n —r.
Remark 3.4. Note that finding the Smith normal form of all matrices used in our (co)homology
calculations, will thus allow us to calculate (co)homological dimensions for p relatively prime to
all non-zero diagonal entries of the Smith normal form matrices. This is what makes this method
preferable to just calculating the rank of the matrices directly, since that would just allow us to find

(co)homological dimensions for p > 0, but not give us the precise p it will work for. A

Remark 3.5. We assume here that g can be lifted to a Lie algebra gz with the same Chevalley
constants such that g = gz ® k. In particular, we assume that these Chevalley constants are such
that gz satisfy Jacobi’s identity. This will not be a problem in the following sections, since we are

working with Lie algebras that are well defined mod p for any large enough prime p with coefficients

independent of p. In we will see examples of Lie algebras where we need to work
modulo a specific prime (we will do p = 5) and cannot lift easily to gz. AN

So, when calculating dimensions of homology over k of the middle term in a given complex

dy da

kn km KL,

where d; and ds can be described by matrices with integer entries, and d; SEJFSNFan(al, ey Gry0,...,0)

and ds N SNF s (b1,...,bp,0,...,0), then we can do it as follows:
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n = 0: The dimension of the homology of the middle term is dimy ker(ds) =m — s.

¢ = 0: The dimension of the homology of the middle term is dimy, coker(d;) = m —r.

ker(dz)

n,{ # 0: The dimension of the homology of the middle term is dimy ()

= m — s — r, since

dgodlzo.

Remark 3.6. Here the general formula is obviously just that the dimension of the homology of the
middle term is m — s — r. Also, note that this is what we directly get from in the case

k = F), recalling that Z/mZ ® Z/nZ = 7/ gcd(n, m)Z. A

Remark 3.7. When the dimensions of the vector spaces we work with get sufficiently large, the
runtime of calculating the full Smith normal form of integer matrices becomes prohibitively high, so
we can use an alternative solution. In this case, we can utilize that we know such a form exists, and
that rankyz(A) = rankz(B) when A X" B. Considering the n x m matrix A with integer entries as a
matrix over R, we can then find the Singular value decomposition (SVD) of A, i.e., complex matrices
U,>,V such that A = UXV*. Here U is an n X n unitary matrix, 3 is a rectangular diagonal
n X m matrix (a matrix like in the Smith normal form) with non-negative real numbers on the
diagonal, and V' is an m X m unitary matrix. Now rankg ¥ = ranky A allows us to find dimensions
of (co)homology as in the case where we know the Smith normal form, but we use information about
which p exactly the calculations work for. Thus we will only be able to find the (co)homological

dimensions for p > 0 in this case. A

3.2 Techniques

In this section we will describe how to calculate information about the cohomology of a
p-valuable group by using its Lazard Lie algebra. Note that this section uses a lot of concepts and
notation from

Let (G,w) be a p-valuable group and let k be a perfect field of characteristic p. In this

section we will describe how the spectral sequence

EYY = H% (g, k) = H*TY(G, k) (3.5)
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from [Ser21, §6.1] can be used to calculate information about the dimensions of H"(G, k) for varying
n and information about the cup product on H*(G, k). After this, we will then briefly discuss how
this applies to pro-p Iwahori subgroups I of GL,, or SL,.

Recall that g in the above spectral sequence is given by g = k ®p_ - gr G, so to describe g, we
first need a good description of the F,[n]-Lie algebra gr G. To get this description, suppose that we
have an ordered basis (g1, ..., 9q) of G, so that w(g) = mini:L._,,d(w(gi) + vp(aci)) for g = gi* -+ g,
and recall that (a(gl), e ,O'(Qd)) is a basis of gr G, where o(g) = gG,g)+ € grG for g # 1.

To understand the F,[r]-Lie algebra, we need to find [0(g;),0(g;)] = o([gi,g;]) for all
i,j=1,...,d. We recall from that o(g”) = zr*@ .g(g) for g € G\ {1} and z € Z, \ {0}.

Now, calculating [g;, g;] for all 4,5 =1,...,d, we can find z1,...,24 € Z, such that
9i, 951 = 97" -+ 947,
and thus
d
[0(9:),0(97)] = o(lgi,95]) = D_Tem"?") .o (gr).

See the proofs of [Schlla, Lem. 26.4 and Prop. 26.5] for more details.
Let {¢1,...,4} be the subset of {1,...,d} such that vy(zy,) = 0 and vy(zg) > 0 for
€ ¢ {ly,..., L}, and recall that g = k ®p, [ gr G has basis 1 ® 0(g;). Since 7 acts trivially on k

here, we see that

6.6 = 1@ a(g), 1@0(g)] =D T,
s=1

Now we have a basis (£1,...,84) of g = k ®p,[r) gr G, and we know all the structure constants.

Remark 3.8. Note that the structure constants are in IF,, C £ by the above, so we can lift them to

structure constants in {0,1,...,p — 1} C Z, which will be useful later. Also note that we will often
(but not always) be able to lift g to a Z-Lie algebra gz with g = gz ® k. A
Assume from now on that the Lie algebra g is unitary, i.e., that [§;,&;] = Zzlzl cijeée

has Z;l:l cijj = 0. This will be the case for all Lie algebras, we will work with in this chapter.
Suppose furthermore that g is a graded Lie algebra, graded by finitely many positive integers,

g=g"'®g> P - @ g™, which will also be the case for all Lie algebras we work with in this chapter.
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Remark 3.9. Note that any p-valuable group G admits a p-valuation w with values in %Z for some
m € N, cf. [Schlla, Cor. 33.3]. Thus we can reindex the filtration of G by letting G* = G s for

i =0,1,..., and this translates to gr' G = gr: G and g’ = g in general. In the cases we care

about there will be no zero graded part, which allows us to make the above assumption. A

Then A" g is graded as well by letting
n
gr]</\g>: @ ngA.../\an‘
We note that, since g is finite dimensional, there are only finitely many non-zero gr’ ( A" g) we are

interested in, and we can find a basis of each of these using our basis (1, ...,&4) of g.

Remark 3.10. When ordering the basis of gr/ (A" g) = SP T g/t Ao A gl we will do it as
follows. First we order the g/t A --- A g/ by the lexicographical order on (ji,...,7,). Then we order
the basis of each g/t A --- A g/» by the lexicographical order on equal j,’s, i.e., if gt = spang (&1, £3)

and g% = spany, (&2, &4), then g' A gt A g2 has basis & A &3 A &, & A& A& AN

Assuming furthermore that k is Z-graded (concentrated in degree 0), the space Homy (A" g, k)

inherits the Z-grading
n n
Homk</\g, k:) = @Homi(/\g,k),
SEL

where Homj, denotes the homogeneous k-linear maps of degree s, cf. [FF74, Lem. 4.2]. We note, by
[Fuk86, Chap. 1 §3.7], that these gradings on the chain and cochain complexes transfer to gradings

on the homology and cohomology. We write

Ho = H%(g, k) = H** (grs Homk(/.\ g, k)).

Remark 3.11. We do not spend effort to describe the homology for a few reasons. First, we need
the cohomology, not the homology, in our spectral sequence. Second, by [Fuk86, Chap. 1 §3.6], we
have a version of Poincaré duality for Lie algebra cohomology, i.e., H"(g,k) = H,_4(g,k), so we
can easily describe the homology using the cohomology. Third, we will care about the cup product

later, and we do not get a nice product in homology, cf. [Fuk86, Chap. 1 §3.2]. A
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Now we have bases of all gr/ (/A" g), and by |[Fuk86, Chap. 1 §3.7] we get graded chain

complexes that we can use to find the homology of g. Here the boundary maps of

AN B A2 B g Dk 0,

are given by

~

dn(xl/\-~/\:cn):Z(—l)”j[xi,xj]/\a:1/\"-/\fi/\w-/\xj/\”'/\xn,
1<j

and the coboundary maps
% Hom, (/\Zg,k> % Homy(g, k) «2— Homy(k, k) = k «— 0,

are the dual maps of the boundary maps (see |[Fuk86, Chap. 1 §3.1] for more details). Thus, if we
use the dual basis of A" g in Homy (A" g, k), we get that 8, = d,} as matrices, where ()T is the
transpose (cf. [Section 3.1]). Since we know bases and linear maps explicitly, and we know that the
linear maps restrict to graded linear maps, we can now find matrices describing all graded linear
maps
on ' n—1
gr! (/\g) - gr”(/\ g),

and thus we can find matrices describing all graded linear maps

somi (A 0.4 — Homi (A, #).

Noting that all the structure constants can be lifted to Z (in the examples we work with)
and looking at the formula for the boundary maps, it is clear that the above matrices describing
the (co)boundary maps can be lifted to Z. Finding the Smith normal form of these lifts, we can
calculate the cohomology over k by for p large enough. (In most examples, p > 5 will
be enough.)

Suppose now that we have found the dimensions of H®! = H*%!(g, k) for all s,t. To get
information about the cohomology H™(G, k), we need to use the multiplicative spectral sequence

(3-5)), i.e.,
EYt = H%Y (g, k) = H*'Y(G, k)

and information about spectral sequences in general. We already know that this spectral sequence

collapses at a finite page, and one can hope is that it will actually collapse at the first page. One way
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we can verify that the spectral sequence (in certain cases) collapses at the first page, is by considering
the exact bidegrees of the differentials. We know that the differentials df«’t: Eﬁ’t — Eerr’tH*r have
bidegree (r,1 — ), so if the non-zero modules on the first pages is distributed in such a way that
all differentials d2* are trivial for all s,¢ and r > 1, then we can be sure that the spectral sequence
collapses on the first page. This will become clearer when we look at examples in the next few
sections.

Now note, by |Fuk86, Chap. 1 §3.7|, that the cup product is compatible with the gradings

on the Lie algebra cohomology, in particular
HS U Hs’,t’ C Hs+s’,t+t” (36)

where H*! = H%!(g, k). Thus, since the spectral sequence is multiplicative, we can describe the cup
product on H*(G, k) when the spectral sequence collapses on the first page. Some cup products will
be trivially zero by , and for the rest of the cup product, we can calculate them with an explicit
basis using the following.
For f € Homy (AP g,k) and g € Homy (A% g, k), we know from |[CE56, Chap. XIII, Sect. 8|,
that the cup product in cohomology is induced by: f U g € Homy (AP tag, k) defined by
(UG (@1 A Arprg) =D _sign(0) f(zo) A+ A Zop)g(To(prt) A+ AZo(pig))- (3.7)
0E€Sptq

o(l)<-<a(p)
o(pt+1)<-<o(p+q)

Even when the spectral sequence does not (necessarily) collapse on the first page, we can
still get some bounds on the dimensions of H"(G, k) that will allow us to draw some conclusions
about the structure of H*(G, k).

In the rest of this chapter we will focus on using the techniques described in this section to
get as much as possible information about the cohomology of H*(I, k), where I is the pro-p Iwahori
subgroup of SL,,(Q,) or GL,(Q,) n = 2,3,4 or the pro-p Iwahori subgroup of SLy(F') or GLy(F)

for F//Q, a quadratic extension.
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3.3 I CSLy(Z,)

In this section we will describe the continuous group cohomology of the pro-p Iwahori
subgroup I of SL2(Q)).
When [ is the pro-p Iwahori subgroup in SL2(Q)), we know by that we can take

it to be of the form

det=1
1+ pZ, Ly,
I = C SLy(Z,).

( pr 1+pr = 2( p)

In this case, an obvious guess for an ordered basis (using that (1 + p)% =1+ pZ,) is

, (10 , _(1+p 0 , (11
g1 = P 1)’ g2 = 0 (l_i_p)fl ’ g3 = 0 1/

Because we want to be able to describe the commutators using this ordered basis, we will at one

point need to solve for z in equation of the form (1 + p)* = y. For this reason a better choice of

ordered basis is (as described in [Section 3.1))

o (]19 (1)) o <ex£(>)(p) exp?—p)>’ g5 = <(1) 1) (3.8)

In this case the above equations to solve translate to solving for = in exp(z) = y, which we can

easily do, as = = log(y), cf.

3.3.1 Finding the commutators [¢;, ]

Now write

grgrge = ( OPPr) 3 exp(pra) _ (o an (3.9)
19293 pryexp(pre) prirsexp(prs) + exp(—prsa) as1 a9 )’ ’

Furthermore, write g;; = [¢;,g;] and &; = [&,&;]. Then we are ready to find x1, x2, x3 such that
gij = 91'95°g5* for different ¢ < j. (In the following we use that ﬁ =14+p+p*+--- and
log(l-p)=-p-5H -5 )

We now list all non-identitiy commutators g;; = [gi, g;] and find &; = [£;,&;] based on these.
(For g;; = 1o it is clear that 21 = 29 = x3 = 0, and thus &; = 0.)

_ < 1 0
912 = p(1—exp(—2p)) 1
az1 = px1 = p(1 — exp(—2p)) = 2p* + O(p*), which implies that 21 = 2p + O(p*). Hence

>: Comparing g12 with (3.9)), we see that zo = x3 = 0. This leaves

o(g12) = 2m.0(g1), which implies that &2 = 0.
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L—p p : :
= : C arin with (3.9), we see that
913 < 2 14p +p2> omp g 913

ai; = exp(pra) =1—p,

a1z = xzexp(pra) = z3(1 — p) = p,

as1 = pr1 exp(pr2) = pr1(1l — p) = —p?,

and thus

rs = 2 =p+O(p?),

T = o0 —p) =-p+ O(p2).

Hence o(g13) = —7.0(g91) — 0(g2) — 7. 0(g3), which implies that {13 = —&o.

1 2p) —1
go3 = <0 exp( f) ): Comparing go3 with (3.9)), we see that 1 = xo = 0. This leaves aj2 =

r3 = exp(2p) — 1 = 2p + O(p?). Hence o (ge3) = 27.0(g3), which implies that &3 = 0.
To clarify, we found that

o(g12) = 27 .0(q1),
o(g13) = —m.0(g1) —o(g2) —7.0(93),

o(g23) = 2m.0(g3),
and recalling that §;, =1 ® o(g;) in k @, [x) 8T G, where 7 acts trivially on k, we get that
§12 =0, &3 = —&2, 23 =0, (3.10)

Where fij = [&,6]]

3.3.2 Describing the graded chain complex, gr’ (/\" g)

Looking at (3.3) (with e =1 and h = 2), we see that

w(gr) =1~ % = %7 w(g2) =1, w(gs) = =.
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Hence g' = g1 = spany,(£1,£3) and g2 = g1 = spany (&), cf. [Remark 3.9

Now we are ready to describe the graded chain complex
. n . .
grj</\g): @ ng/\.../\an

and its bases. We list the grading of A" g for all n.

n=20:
. k=0,
gr/ (k) =
0 otherwise.
Bases:
kE: 1
n=1
g0 j=2
gr’(g)=qgt j=1,
0 otherwise.
Bases:
gl : £I7£3a
g’ &
n =2
) g'ng® j=3,
grj(/\g) =qg'ngt j=2
0 otherwise.
Bases:

g AGT GAE, &GN,

gt Aagls GG
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3 gt AgiAng? =4,
a’(/\g) =

0 otherwise.

Bases:

g At AgEr NG NG

n

gr/ (/\ g) = 0 for all j.

Table 3.1: Dimensions of gr/ (A" g) for the I C SLy(Z,) case.

W 0[1]2]3T4
01

1] |21
2 12
3 1

We collect the above information about the dimensions of the chain complex of g in
and note that we only need to consider non-zero (non-empty) entries of the table, when we calculate

Hst = H5"=5 (where H*' = H®!(g, k)). Also, recalling that

Homk</n\g,/~c) = @Homi(/n\g,k),
SEZL

we see that, with j = —s, we get the same table for dimensions of the graded hom-spaces in the

cochain complex.

3.3.3 Finding the graded Lie algebra cohomology, H*'(g, k)

Remark 3.12. In this section we will calculate the cohomology directly instead of using the method
described in[Section 3.1.3] since the calculations are only with small matrices. To see how [Section 3.1.3
is used, we refer to A

We will now go through all different graded chain complexes one by one, using that gr/
in the chain complex corresponds to gr® with s = —j in the cochain complex. We note that the

graded chain complex corresponds to vertical downwards arrows in [Table 3.1] while the cochain
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complex corresponds to vertical upwards arrows. And finally, we reiterate that H™ = H"(g, k) and
H' = H%'(g, k) in the following.

In grade 0 we have the chain complex
0 — k —— 0,
which gives us the grade 0 cochain complex
0 +—— Hom{(k, k) +— 0.

So H° = H90 with dim H%Y = 1.

In grade 1 we have the chain complex
0 —— gl —— 0,
which gives us the grade —1 cochain complex

0 +—— Hom,;l(g,k) +—— 0.

So dim H~12 = 2 by [Table 3.1

In grade 2 we have the chain complex
Lo Moo
0 — g ANg — g —— 0,

since

g'ng' =g

G NG —[6, &3] = &
This gives us the grade —2 cochain complex

2/ p2 1) —2
0 «—— Homj *(A°g,k) «—— Hom; *(g,k) «— 0.

So with d = (1), and comparing with [Table 3.1}

dim H=%3 = dim ker(d) = 0,

dim H~%* = dim coker(d) = 0.
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In grade 3 we have the chain complex
0——g'Ag? —— 0,
which gives us the grade —3 cochain complex
0 +—— Homlf(/\2 g, k) «— 0.

So dim H~3® = 2 by [Table 3.1

In grade 4 we have the chain complex
0 ——g'AgtAng? —— 0,
which gives us the grade —4 cochain complex
0 +—— Hom,;‘l(/\3 g,k) «— 0.

So dim H=%47 = 1 by [Table 3.1

Table 3.2: Dimensions of E}* = H(g, k) for the I C SLy(Z,) case.

5
" 0 |-1|-2|-3|—-4
0|1
1
2 2
3
4
5 2
6
7 1
Altogether, we see that
HO HO’O
HY — 12
H2 H—3,5
H3 _ H—4,7

with dimension as described in [Table 3.21
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3.3.4 Describing the group cohomology, H" (I, k)

We note that all differentials d2': ES' — BT i has bidegree (r,1 —7), i.e.,
they are all below the (r, —r) arrow going 7 to the left and r up in the table, where r > 1. Looking
at this clearly means that all differentials for » > 1 are trivial, and thus the spectral
sequence collapses on the first page. Hence H%!(g, k) = Ef’t ~ st = gr® H*T(I, k), and by
and we get that

1 n=0,
2 n=1,
dim H"(I,k) = (3.12)
2 n=2,
1 n=23.

Recalling that the spectral sequence is multiplicative, we also note, by that

Hst U HS € g5+t implies that the cup products
gr® HM(I, k) @ gr® H" (I,k) — gr***" H" ™ (I, k)

are trivial, except for the obvious ones with H%(I, k) and H' ® H? — H3. We now want to describe
the cup product H' ® H?> — H?3.

Let €iy .. i = (&, A--- N &i,)* be the element of the dual basis of Homy, (/\m g, k) corre-
sponding to &, A--- A&, in the basis of A" g. Looking at the cochain complexes and descriptions of
the maps above together with the known bases of the graded chain complexes, we get the following

precise descriptions of the of the graded cohomology spaces H*! = H*!(g, k):

H 1?2 = kle1,es],
H™3° = kle1 2,32, (3.13)
H4 = kle1,3,2]-

Remark 3.13. Here we abuse notation and write k[e;, eg] for the k-vector space with basis e; and

e3, and not the polynomial ring. We use the same notation from now on without notice, and note

that this should not give rise to any confusion since it will only be used for basis elements of the

AN

eil’--wim'
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For f € Homy (A" g, k) and g € Homy(A?g, k), we recall from (3.7) that the cup product
in cohomology is induced by: fU g € Homy, (/\p+q g, k) defined by
(f U g)(xl AERIA xp-i—q) = Z Sigﬂ(J)f(Q?U(l) JARERWA xa(p))g(xa(erl) ARERNA xa(erq))'
0€Sp+q

o(l)<--<o(p)
o(p+1)<--<o(p+q)

So, when finding

-1,2 -35 U —47
H QH — H™ %7

we need to calculate e; Uej2, e Ueszo, e3 Uers and e3 U eszo on the basis B = ({1 A &3 A &) of
g A’a.
We first note that (3.7)) simplifies to
(e;Uejr)(x1 ANxo A a3) = Z sign(0)ei(Tq(1))€)k(To(2) A To(3))
oES3
#(2)<o(3)
in these cases. Here the terms of the sum on the right is only non-zero if z, (1) = & and x5 (9) A2 (3) =
& N & (up to constants). In the case ey Uey o (resp. e3 U es o), we can only have this if 21 A zg A 23
contains two copies of & (resp. &), which implies that 1 A za Ax3 = 0. So e; Uej2 = 0 and
ez Ues o = 0. Alternatively, one can see this by plugging in z1 A z2 A 23 = §1 A §3 A & and simply
calculating the right side.
In the case e; Ues o, (3.7) simplifies to
(61 U 6372)(15‘1 Nxo N\ :Cg) = Z sign(a)el (560(1))6372(560(2) A 560(3)).
oES3
o(2)<o(3)
When 1 A z2a A x3 = & A &3 A 2, we see that the terms on the right side are only non-zero if
To(1) = &1, e, 0(1) = 1, and thus o = (1) since 0(2) < 0(3). So 51y = &1, T2) A To(z) = &3 N &2
and sign(o) = 1, which gives us (e; Ues2)(§1 A& A &) = 1. Hence e; Uesg o = €132
In the case ez U e 2, (3.7) simplifies to
(e3Uer2)(z1 ANzg Axg) = Z sign(o)es(Tq(1))e1,2(To(2) A To(3))-
oES3
o(2)<o(3)
When x1 A 2o A x3 = &1 A &3 A &, we see that the terms on the right side are only non-zero if
To(1) = &3, 1., 0(1) = 2, and thus o = (1, 2) since 0(2) < 0(3). So To(1) = &3, To(2) NTy(3) = & NE

and sign(o) = —1, which gives us (e3Ue12)(&1 A3 A &) = —1. Hence ez Uer o = —eq 32
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In conclusion, all the non-trivial and non-zero cup products (up to graded commutativity)

are:

ertUeso =e1302, (3.14)

esUero = —e139.
Now, since the spectral sequence collapses on the first page, all of the above work on the cup
product of the Lie algebra cohomology transfers to the cup product on H*(I, k) as described above.
In particular, since all H"(I, k) only have one graded component, this is a clear description of the

cup product on H*(I, k), and not just a graded cup product.

Remark 3.14. Let D be the division quaternion algebra over Q, for a prime p > 3 and let G =
(14 mp)Nr4=! where Nrd = Nrdp q, is the norm form. From [Ser21, Sect. 6.3] (or from [Hen07,

Prop. 7|) we know that there is an isomorphism
H*(G,F,) =2F,oFp®FpdF,

of graded [F-algebras (where Fp = F,2 is viewed simply as a Fj-vector space). Le., H"(G,F,)
has the same dimensions as described in (3.12) (with £ = F,). [Ser21| also shows that the only
non-trivial and non-zero cup product is H*(G,F,) x H*(G,F,) — H3(G,F,), which corresponds
to the trace pairing Fp x Fp — Fp, (v,y) = Tr(zy) (where Tr = Trg, /p, from [Neu99, Def. 2.5]).
To be more explicit, let’s assume that p = 3 (mod 4). Then 2% + 1 is irreducible over F,, so we
can write Fp = F,[a] with o = —1, where F,[a] has F)-basis 1,a. Now, considering the maps
1:a+ba+ a+ba, a: a+ba— —b+ax and a® = —1: a + ba — —a — ba, we see that the trace

pairing is given by
Fp xFp > F,
(1,1) = Tr(1) = 2,
(1,a) = Tr(ar) = 0,
(o, 1) = Tr(a) = 0,
(o, @) = Tr(a?) = —2.

This is (up to a multiple of 2) the same as the description of the cup product on H*(I,F,) above for

I C SLy(Zy), so an interesting question is: Is there a nice relation between mod p representations of
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G = (1 + mp)N"9=1 and I? We already have bijections between certain mod p representations of
D* and GL2(Q,) from the Jacquet-Langlands correspondence for GLa (cf. [JL70]), but by |[Tok15,
Rem. 4.5] irreducible representations of D* are trivial on 1 + mp, so we need something new if we
want a correspondence between mod p representations of G = (1 4+ mp)N"9=1 and I C SLy(Q)).
As a continuation to the question in the p = 3 (mod 4) case, we note that gp = Fp @ F5=°
sitting in degree 1 and 2 has Lie bracket given by [z,7] = Tg? — ya? for any T,y € Fp in degree 1

(and 0 otherwise) by [Ser21, (6.6)]. So, with Fp = Fp[a], we note that
[l,a]=1-a’ —a- 1P = —2aq,

since p = 3 (mod 4) and a? = —1. Thus we have an obvious relation between g and gp given
by £1,&3 < 1, in degree 1 and & <> 2« in degree 2. The question is whether we can lift this

to a relation between (the representations of) I and G. Which we will explore in more detail in

section 3.11.1 A

It might even be the case, that we have a group isomorphism between (1 4+ mp)N"4=! and I,

which lifts the F,-Lie algebra isomorphism g = gp of but this seems less likely.

3.3.5 Lower p-series of [

One of the consequences of the cohomology calculations above is that I is not a uniformly
powerful group. To see this, note by the proof of [HKN11, Thm. 3.3.3] that a uniformly powerful
pro-p group is equi-p-valuable, and thus Lazard’s famous isomorphism H*(G, k) = A\ Homg(g, k) for
equi-p-valued groups G can be applied to uniformly powerful groups. We refer to [Sgr21, Cor. 6.3|
for a proof of the isomorphism with methods similar to what we use in this chapter. Now, since the
dimensions from do not match the dimensions of A Homg(g, k) (1,3, 3,1 since dimy g = 3), we
see that I cannot be uniformly powerful (or equi-p-valuable). This leads to the interesting question
of, whether we can describe the lower p-series of I, and see that I is not uniformly powerful directly?

Before answering this question, we recall the following definitions, cf. [Dix+99, Def. 1.15,

Cor. 1.20, Def. 3.1 and Def. 4.1].

Definition 3.15. A p-valued group G is equi-p-valuable if it admits a p-valuation w and an ordered

basis (g1, ..., gq) such that w(g;) = w(g;) for all 7, j. [ )
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Definition 3.16. Let G be a finitely generated pro-p group. The lower p-series --- > P3(G) >
Py, (G) > Pi(G) of G is given by P;(G), where P;(G) = G and

for:>1. A

Definition 3.17. Let p be an odd prime. A pro-p group G is uniformly powerful (often written as

uniform) if
(i) G is finitely generated,
(ii) G is powerful, i.e., G/GP is abelian, and

(iii) for all 7, [Pi(G) : Pit1(G)] = [G : P2(G))]. )

To show directly that I is not uniformly powerful, we will calculate its lower p-series, for
which we will introduce the notation I; = P;(I) and work with generators of I. We already know
that I is generated by g1, g2, g3 (note that this is similar to [CR16, Thm. 2.4.1] but with exp(p)
instead of 1 + p in the torus), and we now want to describe the generators of each I; = P;(I). For

this description we will use the following lemma.

Lemma 3.18. Let J be the subgroup of I generated by gfvl,gSUQ,ggvs, and set mp = min(vy,vs),

mg = min(v1,v3) and mg = min(vg,v3). Then

(i) JP is the subgroup generated by g{’vﬁl,ggvﬁl,ggv?’H, and
(i) [J,I] is the subgroup generated by gfml+1,g§m2,g§m3+l. &
Proof. By the definition of J, it is clear that JP is the subgroup generated by gfl’vlﬂ,ggvﬁl,ggv?’ﬂ,

so we only need to show (ii).
To find generators of [J, I], it is enough to calculate the commutators of the generators of J

and I, and we note that g and g* generate the same subgroup for g € I if x € Z*. Now
P

: 1 0 Y1 (1—exp(—
[911) 1,92] = <pv1+1 (1 B exp(—2p)) 0) — & 1(1—exp( 217))7

o1



(3 ]_ 0 (3 vo—+1
P21 _ _p"2(1—exp(—2p27))
[91’92 ] (p(l — exp(—2p”2+1)) > 91 ’

where ]%(1 — exp(—2p)) € Z, and %(1 —exp(—2p*2t!)) € Z, (since they both have v, = 0), so
v1+1 vo+1 vl +1 vg+1
these commutators are correspond to generators g " and @ > Since a " and @ ? clearly

my+

generate the same group as g} 1, we have the subgroup generated by g:fmlﬂ in [J, I].

Similarly

v 1 exp 2pv2+1 — 1 2pv2+1y_1
[932,93]:<0 ( 1 )7 = gttt

Y

v ]_ U3 2 o 1 V3 (exc B
[927953] = (0 p (eXp(l D) )> :ggs( p(2p)—1)

where Iﬁ(exp@p”?*l) — 1) € Z, and %(exp(2p) — 1), so these commutators correspond to
pv2+1 p'u3+1 . pm “+1
generators gs and g5 , which generate the same subgroup as gj . Hence the subgroup
m 1 m 1
generated by g7 " and g5 s a subgroup of J.
Finally, comparing

p¥1 1- pvl+1 pvl+1 Tl To T
[91 793] =1 2u+2 201 +2 0141 =91'9>°93"
p p +pT 41

with (3.9)), we see that

ay1 = exp(pzg) =1 —p”l'H,

a1z = x3exp(pr2) = x3(1 — p"' ) = pr
as1 = pr1exp(prs) = pri (1 — pt ) = —p?1t2,
and thus
— 11 vl v v1+1
T= og(l—p"™") = —p" + O™ ™),
pv1+1 1 5
= 1 v1+1 :pvﬁ_ +O(pv1+ )7
-Pp
—p*t? 20, +1 20,42
xr1 = = — U1 —|— O U1 .
Ty TP ™)
Using that g{”lﬂ and g§”3+1 generate a subgroup of J and that m; < vy and ms < v3, we can see
+ (log(1—p¥1+1))
> .
that the above adds a generator g5 , and since
5 log(1—p" ™)

X
pvl € Zp )
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we see that this is equivalent to adding a generator gém. Similarly, comparing

» 1 _ pv3+1 p2v3+1
[gl gp 3] = — gxlg$2g$3
» I3 _p’U3+2 p2v3+2 +pv3+1 +1 1 J2 I3

with (3.9)), we see that

a11 = exp(pre) = 1 — p* ™t
a1z = x3exp(pra) = 373(1 _ pv3+1) — pPatl
a1 = px1exp(pra) = pxi (1 _ pv3+1) — _pust2,
and thus
1 U3+l v v3+1
v = log(1—p") = —p + O,
pustl o1 _—
_ s .
=T gmrr P HO0TT,
_pv3+2 v3+1 v3+2
r=— = —_p¥3 O 3 )
LT —prery — P +O0(p*™)
Using that 971”1+1 and ggn3+1 generate a subgroup of J and that m; < vy and m3 < v3, we can see
1 (log(1-pUst1)) )
that the above adds a generator g5 , and since

1 _ v3+1
5 log(1 —p™™)
pUs

€Z,,

we see that this is equivalent to adding a generator gg%. So we have added the generators ggvl and

ggvs, which is equivalent to adding the generator gng.

mq+1 me pm3+1

Altogether, we see that [J, I] is generated by g , g5 and g3 . O

Now I = I is generated by g1, g2, g3, so by [Lemma 3.18|I? is generated by g7, gb, g§ and [/, I]

is generated by ¢7, g2, ¢5. Thus Iy = IP[I, I] is generated by ¢, g2, g5, and we see that I, = [I,I].

Using |Lemma 3.18| again, we see that [I, I]P is generated by gfz,gg, g§2 and [[I, 1], I] is generated
by g7, g5, g5. So I is generated by g7, g%, g5, and we see that I3 = I”. We now claim that

n

P ifi=2n+1,

n—1

(1,17 ifi=2n,

where Io,11 is generated by g{’n,g§"7g§" and Iy, is generated by gfn, ggn_l,ggn. We will prove this

n—1

by induction on i, where we already covered the base cases above. Assume first that o, = [I, I]P
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n n—1 n n n n
is generated by ¢ ,¢5 ,¢5 . Then, by [Lemma 3.18, I} is generated by g} +1,g§ .95 ™ and

[I2n, I] is generated by g’fn,gé’n,ggn, 80 Iony1 = I% [Ion, I] is generated by gf",ggn,ggn and thus
Ippi1 = IP". Assume now, on the other hand, that Iy, 1 = IP" is generated by g’fn,ggn, ggn. Then, by

Lemma 3.18 IgnJrl is generated by g{)wl,ggwl,ggn+1 and [I9y,+1, ] is generated by gfnﬂ,ggn,ggnﬂ,

0 Iony2 = 1§, [Iony1, 1] is generated by gfn+1,g§n,g§n+l and thus Io, o = [I,I]P". Hence, by

induction, we have proved:

Theorem 3.19. Let I be the pro-p Iwahori subgroup of SL2(Q,) and let g1, g2, g3 be the ordered
basis of I from (3.8]). Then the lower p-series is given by

(o

v ifi=2n+1,
P(I) = B
(1,17 ifi=2n,
where Poni1(I) = IP" is the subgroup generated by ¢°" g8 g% and Po,(I) = [, 1" is the
subgroup generated by gfn,ggn_l,ggn.
Thus
1 ifi=2n,
[Fi(G) : Piy1(G)] =
2 ifi=2n+1.
In particular, I is not uniformly powerful. )

3.4 IC GLyZ,)

In this section we will describe the continuous group cohomology of the pro-p Iwahori
subgroup I of GL2(Q)).

When [ is the pro-p Iwahori subgroup in GL2(Q)), we know by that we can take
it to be of the form

1+ pZ, Ly,
I= C GL2(Z
( DLy 1+pZy) = 2(Zp),

and, by we have an ordered basis

n= <119 0)’ = (ex%(p) exp(()—p)>’
%= (ex%(p) ex;?(p))’ 9= <(1) D

o4
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Since we just renamed some elements and added an element of the center of GL2(Z,) when comparing

to the ordered basis of I C SLy(Z)) from it is clear from [Equation (3.10)| that the only

non-zero commutator in g = k ® gr G is

(€1, &) = =&,

where & =1 ® o(g;) as usual.

3.4.1 Describing the graded chain complex, gr’ (/\” g)

Looking at (3.3]) (with e =1 and h = 2) and the note about the GL,, case after (3.3), we see

that
1
wlg) = 5 wlge) = 1,
1
wlgs) = 1 wlgr) = 5.

Hence g' = g1 = spany (&1,&4) and g? = g1 = spang (&2, £3), cf. [Remark 3.9

Now we are ready to describe the graded chain complex

w(Na)= @ o neage

and its bases.
n=20:
‘ kj=0,
gr/ (k) =
0 otherwise.
Bases:
k: 1

n=1

g j=2,

0 otherwise.
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n =2
Bases:

n=3
Bases:

n=4
Bases:

Bases:

g &4,
g2 6,6
g?Ag® j=4,
2 g'Ag? =3,
= (N\s) =
/\ Lagl i—9
gNg J=2
0 otherwise.

g’ Ag’ LA,
g AgE GGG NEELNE, N Es,

g nghs G A

; g’ AP NG =5,
grj(/\ﬂ)z gt Agiag? =4,

0 otherwise.

g AGEAG T SN NEE NG NG,

g AgE AT GAGNE G NGNS

. g Ang'AgPAg® =6,
ng</\9):

0 otherwise.

g A A A GAGNGNE.
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Table 3.3: Dimensions of gr/ (A" g) for the I C GLy(Z,) case.

11213(415|6

| el ro| —| ofS
—_
S
—_

gr/ (/”\ g) = 0 for all j.

We collect the above information about the dimensions of the chain complex of g in
and note that we only need to consider non-zero (non-empty) entries of the table, when we calculate

HS' = H*"™5 (where H5! = H%!(g,k)). Also, recalling that

Homk(/n\g,k:) = @Homi(}\g,k),
SEZL

we see that, with j = —s, we get the same table for dimensions of the graded hom-spaces in the
cochain complex.
3.4.2 Finding the graded Lie algebra cohomology, H*'(g, k)

We will now go through all different graded chain complexes one by one, using that gr’
in the chain complex corresponds to gr® with s = —j in the cochain complex. We note that the
graded chain complex corresponds to vertical downwards arrows in [Table 3.3, while the cochain
complex corresponds to vertical upwards arrows. And finally, we reiterate that H" = H"(g, k) and
Ht = H%Y(g, k) in the following.

In grade 0 we have the chain complex
0 —— k —— 0,
which gives us the grade 0 cochain complex
0 +—— Hom)(k, k) «— 0.
So H = H*O with dim H%% = 1.
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In grade 1 we have the chain complex
0—— gl —— 0,
which gives us the grade —1 cochain complex

0 +—— Hom, '(g,k) +— 0.

So dim H~1? = 2 by [Table 3.1

In grade 2 we have the chain complex

1

0

0 ——g'Angt —— g2 —— 0,
since

g'ng' = g°
&1 N & — —[&1, &) = &.

This gives us the grade —2 cochain complex

()

0 «—— Hom,? (/\2 g, k) «— Hom, *(g,k) +—— 0.

So with
d= (1 0),

and comparing with

dim H~?? = dimker(d) = 1,

dim H~%* = dim coker(d) = 0.
In grade 3 we have the chain complex

0——g'Ag? — 0,

o8



which gives us the grade —3 cochain complex
0 +—— Hom,*(A\*g,k) «— 0.

So dim H~3? = 2 by [Table 3.1

In grade 4 we have the chain complex

o)

0——g'ANg'ANg> — g°Ag> — 0,
since
g’ hglAg s gt Ag
§ NGNS = —[6,8d A&+ 61,6 N — [, N =6 A& =0,
S NENEG > —[&, 8] NG+ (6, 86] A& — [6, BN G =& A&

This gives us the grade —4 cochain complex

So with

and comparing with

dim H~*5 = dim ker(d) = 0,

dim H~*" = dim coker(d) = 1.
In grade 5 we have the chain complex
0 —— g'Ag’Ag? — 0,
which gives us the grade —5 cochain complex

0+—— Hom,f’(/\3 g,k) +—— 0.
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So dim H 58 = 2 by [Table 3.1

In grade 6 we have the chain complex

0 —— g'AgtAg?Ang? —— 0,

which gives us the grade —6 cochain complex

0 +—— Homlzﬁ(/\4 g,k) «— 0.

So dim H~610 = 1 by [Table 3.1

Table 3.4: Dimensions of E;" = H>!(g, k) for the I C GLy(Z,) case.

ts() -1 -2|-3|—-4|—-5|—6

0] 1

1

2 2

3 1

4

5 4

6

7 1

8 2

9

10 1
Altogether, we see that

HO — 5O,

with dimension as described in
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3.4.3 Describing the group cohomology, H" (I, k)

We note that all differentials d>': ES* — EST™1=" in [Table 3.4 have bidegree (1,1 —r),
i.e., they are all below the (r, —r) arrow going r to the left and r up in the table, where r > 1.
Looking at [Table 3.4] this clearly means that all differentials for » > 1 are trivial, and thus the

spectral sequence collapses on the first page. Hence H*!(g, k) = E}' = E% = gr® H*T(I, k), and

by (3.16) and [Table 3.4 we get that

1 n=0,
3 n=1,
dim H"(I,k) =4 n=2, (3.17)
3 n=3,
(1 n=4

Recalling that the spectral sequence is multiplicative, we also note, by that

Hst U H Y C g5t implies that the cup products
er® HM(I, k) @ gr® H" (I, k) — gr*** H" ™ (I, k)

are trivial except for the cases with HY and

H 12U H23 C g3,
H- 20 H35 C H 4,
H-2 U H ¢ g=610,
(3.18)
H23UH 35 C H58,
H23 U %7 C H610,
H=35 U H=35 C g6,
and the reverse of the above (which we can find using graded commutativity).
Next we want to describe these cup products.
Let €, i, = (& A+ AN&,,)* be the element of the dual basis of Homy(A™ g, k) corre-

sponding to &, A--- A& in the basis of A" g. Looking at the cochain complexes and descriptions of
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the maps above together with the known bases of the graded chain complexes, we get the following
precise descriptions of the of the graded cohomology spaces H*! = H%!(g, k):

H 12 = k[el, 64],

H 23 =ker (1 0) = kleg],

35 _
H = kle1,2,€1,3,€4,2, €43,

kle1,4,2,€1.43]

= (3)

H™8 = kle1 23, €423,

H74,7 — — k[€1’472], (319)

H™%1 = ke 42,3)-

For f € Homy (/\pg, k) and g € Homy, (/\q g, k), we recall from (3.7) that the cup product

in cohomology is induced by: fU g € Homg(A?"?g,k) defined by

(f U g)(xl JARERA ffp-l—q) = Z Sign(g)f<xa(l) ARRRNA xa(p))g(xa(p-i-l) ARRRNA xa(p-i—q))'
0€Sp+q
o(1)<-+<o(p)
o(p+1)<-<o(p+q)

We will now find all the cup products in (3.18)) by working with our given bases and the

6.
We will start by finding

H_1’2 ® H_2’3 J H_3’5.

Looking at ([3.19)), we need to describe the maps e; U e3 and e4 U ez on the basis of gr3 /\2 g, i.e., on

B= (& NE, & NEs,EaNEa, 4 NE3). In the case of e Ues, (3.7) simplifies to

(61 U 63 .’L‘l VAN 1‘2 Z Slgn ))63(1'0(2))7
o€S>

which is zero on all of B except &1 A & with o = (1), where we get (using that sign((1)) = 1)

(e1Ue3)(1NE3) = 1.

Hence ey Ues = e1,3. In the case of eq Ues, (3.7) simplifies to

(e4 Ues)(x1 A x2) Z sign(o ))6’3(5%(2))7
gESy
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which is zero on all of B except & A & with o = (1), where we get (using that sign((1)) = 1)

(eaUes3)(Eangs) =1

Hence eq4 U ez = eq3. Looking at (3.19), we see that e; 3 and es 3 are the second and forth basis
elements of H~35, so the above calculation caries over to the above cup product in cohomology.
We will now describe

L2 ® H-35 J H-47

Looking at (3.19), we need to describe the maps

epUerg,ep1Uers,erUeqa,e1 Ueys,

egUerg,eqUers,eqUeqa,eqUeys

on the basis of grt /\3 g, l.e,onB=({ A& AEE ANELAES). In any case with repeat numbers, it
is clear from (3.7]) (and the fact that there are no repeats in B) that the cup product will be zero,
so we only need to consider ey U ey, e1 Ueys, e4Uer 2 and eq Uey 3. In all cases of e; Uej, (13.7))
simplifies to
(eiUejr)(x1 Awa Axs) = Z sign(o)ei(Tq(1))€)k(To2) A To(3)),
0€ES3
o(2)<o(3)
i.e., the sum is over o € {(1),(1,2),(1,3,2)}. When (4,5, k) = (1,4,2) or (i,5,k) = (1,4,3), this
sum is zero on all of B except & A & A&, with o = (1), since ¢ needs to fix 1 and B uses the same

ordering. Here we get (using that sign((1)) = 1)

(eiUejr)(&iNE NE) =1

Hence e Uegn = €142 and e; Ueq 3 = e14,3. When (4,4, k) = (4,1,2) or (¢,7,k) = (4,1, 3), the sum
is zero on all of B except & A& A&y, with o = (1,2), since the order of the first and second elements

of (i, 4, k) are swapped compared to in B. Here we get (using that sign((1,2)) = —1)

(eiUejn) (& NENE) = —1.

Hence eg Uej o = —ej142 and eq Uey 3 = —ejq3. Looking at (3.19), we see that e; 43 reduces to
zero in H=%47, while e1,42 is part of the basis. So in the cup product on the cohomology, the only

nontrivial products are e; Uess = €142 and eg Uey 2 = —€1.42.
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At this point, it should be clear how to skip some of the details, so we will proceed with less
justification than above.
Now consider

H_1’2 ® _H_5’8 ) H_6’10.

Looking at , the only nontrivial maps we need to describe are ey U es23 and e4 U e 23 on the
basis of grf /\4g, ie,on B=(§& AN&aNE NEs). For eg Uesa s to be non-zero, we need o € Sy that
fixes 1 and satisfies 0(2) < 0(3) < o(4), which is only true for ¢ = (1). For e4Uej 23 to be non-zero,
we need o € Sy that swaps 1 and 2 and satisfies 0(2) < 0(3) < ¢(4), which is only true for o = (1, 2).
Since sign((l)) =1 and sign((l, 2)) = —1, we get that e; Ues23 =e1423 and egUer 23 = —€1423.
Looking at , we see that eq 4923 it the basis elements of H —6,10 56 the above calculation caries
over to the above cup products in cohomology.
Continue with

H-23g g-35 Yy 58,

Looking at , the only nontrivial maps we need to describe are e3 U ey 2 and e3 U ey on the
basis of gr® /\3 g,le,on B= (&N NANEEaNE NE). For esUepo or e3 Ueygo to be non-zero,
we need o € S that satisfies o(1) = 3 (putting &3 first) and ¢(2) < ¢(3), which is only true for
o= (1,3,2). Since Sign(((l, 3, 2)) =1, we get that e3Ue; 2 =e123 and e3 U eg2 = eq423. Looking
at (3.19), we see that e 23 and e4 2 3 are the basis elements of H =58 50 the above calculation caries
over to the above cup products in cohomology.

Continue with

H—23 ® H-47 J 610

Looking at , the only map we need to describe is e3 U e1 42 on the basis of gr6 /\4 g, i.e., on
B = (& N NE NEs). For e3Ueq 42 to be non-zero, we need o € Sy that satisfies o(1) = 4 (putting
& first) and o(2) < 0(3) < o(4), which is only true for o = (1,4, 3,2). Since sign(((1,4,3,2)) = —1,
we get that e3 Uej 42 = —e14,23. Looking at , we see that ey 423 it the basis elements of
H~=%10 50 the above calculation caries over to the above cup product in cohomology.

Finally, consider

H—35 ® H-35 J 6,10
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Looking at (3.19)), the only nontrivial maps we need to describe are ej 2 Uey 3 and ej 3 Ueyq o (getting
the rest by graded-commutativity) on the basis of gr® /\4 g, ie,on B= (& A& A& AE). For

e1,2 U eq 3 to be non-zero, we need o € Sy that satisfies
e {o(1),0(2)} = {1,3} (putting & and & in e 2),
o {0(3),0(4)} = {2,4} (putting & and &3 in eq3),
e (1) <o(2) and 0(3) < o(4),

which is only true for o = (2,3). Since sign((2,3)) = —1, we get that ej 2 Ues3 = —ej423. For

e1,3 U eq 2 to be non-zero, we need o € Sy that satisfies
o {0(1),0(2)} = {1,4} (putting &; and &3 in ey 3),
e {0(3),0(4)} = {2,3} (putting & and & in eq2),
e 0(l) <o(2) and 0(3) < o(4),

which is only true for o = (2,4, 3). Since sign((Z, 4, 3)) =1, we get that e; 3Ues2 = €1,4,2,3. Looking
at , we see that ej 423 it the basis elements of H=610 50 the above calculation caries over to
the above cup products in cohomology. Also, since H~3° = H?, we get, by graded commutativity of
the cup product, that e;2 Uer 3 = (—1)2X26173 Uego =e€1423 and eg3Uer o = (—1)2X2€172 Uess =
—€1,4,2,3-

In conclusion, all the non-trivial and non-zero cup products (up to graded commutativity)
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are:

e1Ues = ey 3,
eqgUes = ey 3,
epUeso = €149,
eqUer o = —e14.2,
etUeq23 =€1423,
eqUer23 = —€1423, (3.20)
e3Uer2 = €123,
esUeso = €423,
esUerq42 = —€1423,
e13Ueq2 =€1423,

e1o2Uess3 = —e1423-
Now, since the spectral sequence collapses on the first page, all of the above work on the cup

product of the Lie algebra cohomology transfers to the cup product on H*(I, k) as described above.

Remark 3.20. Let Fle] denote the dual numbers (¢? = 0), where ¢ sits in grade —2. The above cup
product calculations show that H*(Isy,(q,), Fp) ®F, Fple] = H*(IqL,(,), Fp) as algebras, where I
is the pro-p Iwahori subgroup of G. To see this, note that the both algebras are 12 dimensional, and

on H*(Ig1,(q,) Fp), and we know from (3.13)) that

H° =T,
H' = H ' =Fpleq, e3] = Fplay, 22],
H? = H 3% = Fp[61,2,€3,2] = Fp[ylva]a

3 —4,7
H® = H™ %" =TFple132] = Fplz],
where we write 1 = e1, 22 = e3,y1 = €12,Y2 = €32,2 = €132, and from (3.14) that

Tr1 Uys = 2, ro Uy = —2z,

yoUzy = (—1) 2z Uy = 2, y1Uzs = (—1)" 22Uy = —2.
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are the only non-trivial and non-zero cup products. Now Fp[e] = [, & Fpe and
H*(Is1,,), Fp) ®F, Fple]

= (Fp @ Fyla1, 2] @ Fplyr, y2] © Fp[2]) @, Fple]

> Fyle] @ Fple][z1, z2] @ Fyle][y1, yo] @ Fple][2]

= F, @ Fpe ®Fpx1 ®Fpao ®Fpz16 ® Fpwoe @ Fpyr @ Fpye
~— =~
HO,0 H-1.2 H-1.2 H-3:5

@ Fpy1 & Fpyo @ Fpy1e @ Fpyoe @ Fpz & Fpze,
H-5.8 5.8 H—47  [—6,10

and the map

H*(Is1,(0,) Fp) ®r, Fple] = H* (IgLy(q,): Fp)
1—1,
€ +—r ez,

X1 — eq,

T F—r €4,
T1€ — €13,
T1€ > €43,

Y1+ €12,

Y2 = €49,
Y1€ — €12,3,
Y2€ > €423,

Z > €142,

RE 7 €14,2.3,

is an isomorphism of algebras (cf. (3.19)) since the above and (3.20) gives us (writing x for the

product in the algebra on the left)

xr1 X € =XT1€E ertUes =e13,

To X € = X9€ eqUes =ey3,
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TIX YL =%
To X Y1 = —2
xT1 X Y1€ = z¢€
To X Y1€ = —z€
exyr = (1) xe =yie
exyy = (—1)"yp x & = ye
exz= (-2 xe=—z

Y1 X ToE = —2€

Yo X X1€ = Z€

3.5 ICSLsy(Z,)

epUeq2 = €142,
esUero = —e142,
epUeq23 =€1423,
eqUe123 = —€1423,
e3Uer2 =e123,
es3Ueqs2 = €423,
ez3lUer42 = —€1423,
ejoUess3 = —e1423,

eqoUers =erq2.

In this section we will describe the continuous group cohomology of the pro-p Iwahori

subgroup I of SL3(Q)).

When [ is the pro-p Iwahori subgroup in SL3(Q,), we know by that we can take

it to be of the form

1+ pZy Ly
1= pz, 1+p2,
PZp PZy
and, by we have an ordered basis
1
g = L], g2=
P 1
exp(p)
91 = exp(—p)
1
1
g6 = L 1|, gr=
1

Ly
Ly

1+ pZy

det=1

g SL3 (Zp)7

(3.21)

Here we write any zeros as blank space in matrices, to make the notation easier to read for the

bigger matrices.



3.5.1 Finding the commutators [¢;, ]

Now

ai;p aiz2 ais
xr1 ,r2 T3 T4, T5 L6 L7 T8 __
91 92793791 95°96 97" 93 = | @21 a2 Az |,

azip asz2 ass
where

a11 = exp(pr4),

a12 = w7 exp(pry),

a13 = wgexp(pry),

az = pra exp(prs),

az = prawy exp(pra) + exp(p(zs — z4)), (3.22)
ags = proxg exp(pra) + x6 exp(p(zs — x4)),

az1 = pr1exp(pza),

azy = pr127 exp(pra) + pr3exp(p(xs — 24)),

ags = prixgexp(pry) + pr3re exp(p(:cg, — {E4)) + exp(—pxs).

Writing ¢;; = [9i,9;] and &; = [&,&;], we are now ready to find z1,...,2g such that
gij = 91" -+ -gg® for different i < j. (In the following we use that 1% =1+p+p?+-- and
log(l1—p)=—-p— A .) Also, except in the first case, we will note that zj € pZ, implies
that the coefficient on &, in &;; is zero.

We now list all non-identity commutators g;; = [g;, g;] and find &;; = [&;,&;] based on these.

(For g;; = 13 it is clear that 1 = --- = xg = 0, and thus &; = 0.)
1
= 1 : Comparing g14 with (3.22)), we see that x9 = x4 = x7 = 25 = 0,

p(l —exp(-p)) 1
and thus also x3 = x5 = xg = 0. This leaves az; = px1 = p(l — exp(—p)) = p? + O(p?), which

implies that 71 = p + O(p?). Hence o(g14) = 7.0 (g1), which implies that &4 = 0.

1
gis = 1 : Since g15 = g14, the above calculation shows that £15 = 0.

p(1 — exp(—p)) 1
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1

ge=|—-p 1 : Comparing g1 with (3.22)), we see that 1 = z4 = 27 = g = 0, and thus
1
also x3 = x5 = g = 0. This leaves ao; = pro = —p, which implies that o = —1. Hence

o(g16) = —0(g2), which implies that {16 = —&o.

1
g17 = 1 : Comparing g17 with (3.22), we see that x; = x9 = x4 = 7 = g = 0, and thus
p 1
also x5 = x¢ = 0. This leaves age = pxs = p, which implies that x3 = 1. Hence o(g17) = o(g3),
which implies that £17 = &s.

I—p P
gis = 1 : Comparing g15 with (3.22)), we see that xo = 27 = 0, and thus also
—p? 1+p+p?
r3 = x¢ = 0 and x4 = x5. Using

a1l = exp(pry) =1 —p,
a13 = zgexp(pzry) = zs(1 — p) = p,

az1 = pryexp(pry) = pri(l —p) = —p?,

we get that

T4 = Il)log(l —p) = ;((—p) + O(pz)) = -1+ 0(p),
Ty = 1’%}) =p+0(p?),

_ 7
~ p(1—p)

Hence o(g18) = —m.0(g1) — 0(g94) — 0(g5) + 7. 0(gs), which implies that {18 = — (&4 + &5).

1 = —p+O®?).

1
gog = 1 : Comparing g3 with (3.22), we see that xo = x4 = 7 = xs = 0, and thus
_pQ 1
also x3 = x5 = z¢ = 0. This leaves a3; = pr1 = —p2, which implies that 1 = —p. Hence

0(ga3) = —m.0(g1), which implies that &3 = 0.

1
924 = p(l — exp(—2p)) 1 : Comparing goq with (3.22)), we see that 1 = 24 = z7 = 23 = 0,
1
and thus also 23 = x5 = ¢ = 0. This leaves as; = pxry = p(l — exp(—?p)) = p(l — (1 +

(—2p) +O(p2))) = 2p% +O(p?), which implies that x5 = 2p+O(p?). Hence 0(goq) = 27.0(g1),

which implies that {24 = 0.
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1

925 = | p(1 —exp(p)) 1 : Except a factor —2 in the exponential, which clearly does not change
1
the final result, we have the same calculation as for go4. Thus &5 = 0.
I—p p
gr= | —p* 14+p+p? : Comparing go7 with (3.22)), we see that x1 = xg = 0, and thus also

1
x3 =x¢ = 0, so x5 = 0. Using

a11 = exp(prs) =1 —p,
a1z = 7 exp(pra) = z3(1 — p) = p,

as1 = prsexp(pra) = pra(l —p) = —p?,

we get that

T4 = ;log(l -p)= ;((—p) +0(p%) = -1+ 0(p),

7 = 1_p p-l—O(p ),
2

—D 2
T9=—""—=—p+0 .
2 p(1—p) p (r7)

Hence o(go7) = —7.0(g92) — 0(g4) + 7. 0(g7), which implies that o7 = —&4.

1
gog = 1 p|: Comparing gog with (3.22)), we see that 1 = zo = x4 = x7 = x5 = 0, and thus
1
also 3 = x5 = 0. This leaves ags = z¢ = p. Hence o(g23) = m.0(gs), which implies that
§28 = 0.
1
g34 = 1 : Comparing g34 with (3.22), we see that 1 = xo = 24 = 27 = 25 = 0,

p(1 —exp(p)) 1
and thus also x5 = xg = 0. This leaves agy = pr3 = p(l — exp(p)) = p(l — (1 +p+ O(pQ))) =

—p? + O(p?), which implies that x3 = —p + O(p?). Hence o(g34) = —.0(g3), which implies
that &34 = 0.

1
g35 = 1 : Except a factor —2 in the exponential, which clearly does not

p(1—exp(=2p)) 1
change the final result, we have the same calculation as for gs4. Thus &35 = 0.
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936 = 1—p D : Comparing gsg with (3.22]), we see that x1 = 2o = x4 = z7 = 25 = 0.
—p* l4p+p?

az = exp(prs) =1 —p,

a3 = 6 exp(prs) = v6(1 — p) = p,

asy = pr3exp(prs) = prs(l — p) = —p?,

we get that

75 = ;log(l —p) = ;((—p) +0(p%) = -1+ 0(p),

b 2
=———=p+0
T6 1—p p (r),

BT —p)

= —p+O0(p?).

Hence o(gs¢) = —7.0(g3) — 0(gs) + 7. 0(gs), which implies that 36 = —&5.

O
g38 = 1 : Comparing g3s with (3.22)), we see that 1 = x9 = x4 = 23 = 0, and thus also
1
x3 = x5 = xg = 0. This leaves a1 = 7 = —p. Hence o(gsg) = —7.0(g3), which implies that
€38 = 0.
1
g6 = 1 exp(—p) — 1 |: Comparing g6 with (3.22)), we see that 1 = 20 = 24 = 27 = 23 = 0,

1
and thus also 3 = x5 = 0. This leaves a3 = 6 = exp(—p) — 1 = —p + O(p?). Hence

0(g46) = —m.0(ge), which implies that {46 = 0.

1 exp(2p) —1
a7 = 1 : Comparing g47 with (3.22)), we see that x; = 29 = x4 = xg = 0, and
1
thus also 3 = 25 = 26 = 0. This leaves a12 = 27 = exp(2p) — 1 = 2p + O(p?). Hence
0(ga7) = 2m.0(g7), which implies that {47 = 0.
1 exp(p) -1
g8 = 1 : Comparing g48 with (3.22)), we see that x; = 29 = 24 = 27 = 0, and

1
thus also 23 = x5 = 26 = 0. This leaves a13 = 25 = exp(p) — 1 = p + O(p?). Hence

0(gsas) = m.0(gs), which implies that {45 = 0.
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1

56 = 1 exp(2p) —1 |: Except a factor —2 in the exponential, which clearly does not change
1

the final result, we have the same calculation as for g46. Thus &56 = 0.

1 exp(—p) —1

gs7 = 1 : Except a factor —2 in the exponential, which clearly does not change
1

the final result, we have the same calculation as for g47. Thus &7 = 0.

1 exp(p) — 1

gs8 = 1 : Since gss = gus, the above calculation shows that &g = 0.
1
1 -1
67 = 1 : Comparing gg7 with (3.22)), we see that 1 = 29 = x4 = 27 = 0, and thus also
1
x3 = x5 = x¢ = 0. This leaves a3 = xg = —1. Hence o(g¢7) = —0(gs), which implies that
§or = —&s-

Thus the non-zero commutators [§;, ;] with ¢ < j are:

[€1,86] = —&2, [&1,&] =83,  [&1,&8] = —(&a+ &),

(3.23)
[2,67] = =&, [£3,86] = —&5, [66,87] = —&s-

3.5.2 Describing the graded chain complex, gr’ (/\" g)

Looking at (3.3) (with e =1 and h = 3), we see that

o) =1-3 =3, o) =1-1=2, wlo) =1-1 =2,
w(ga) =1, w(gs) =1, w(ge) = %,
w(gr) = %, w(gs) = g
Hence
9=k ®p,[r gr 1 = spang(&1,...,8&s) = gt e g g’
where

g1

ol

g1 = spany (&1, 66, 67),

g2

g% = Spank(€2) 535 58)7
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g = g1 = span, (&4, &5).

See for more details.
Now we are ready to describe the graded chain complex
n
o' (Aa)= @ ¢ A-ng
but we will skip the description of the bases this time. For a description of the basis, we refer to the

supplemental files of [Kon22|. We list the grading of A" g for all n.

n=20:
4 kj=0,
gr/ (k) =
0 otherwise.
n=1
g® j=3,
. 92 J: 27
gr’(g) = 1
g J=1
0 otherwise
\
n =2
g’rng® =6,
g’ng® =5,
g' ng?
2 J=4,
grj(/\g) = @92 /\g2
g'ng® j=3,
g'ngt =2,
0 otherwise.
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AP Ag =38,

g Agd A g
Jj=1,
6992/\92/\93
g AngPAg
Jj=6,
3 DgiAg’Ag°
al(Ae) =
g Agl A g
Jj=25,
@gl/\gQ/\g2

g Agtng? =4,

g AnglAgt =3,

)
g AgPAgiAg® =10,

gl/\g2/\93/\g3

Jj=9,
PN A NG
gl/\gl/\g?)/\g?)
Jj =23,
@91A92A92A93
4
gr’(/\g) =g ngAging?
J=1,
agtAgPAg? A g?
g’ AgtAg Ag?
Jj=6,

@Q;l/\ggl/\gz/\g2
g’ AgtAgiAg® =5,

0 otherwise.
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PAPANE NG NG =12
g AN AP NG =11,
g Ag'AgPAg A g
®91A92A92A92A93

g'ng ngtagdng?
@glAgl/\QQ/\gQ/\g?’
gl/\gl/\gl/\QQ/\g3
@91/\91/\92/\92/\92

g AgiAgt A A =T,

0 otherwise.
n==~6
g AP APAE NG NG =13,
gl/\gl/\g2/\92/\g3/\93 ]:12’
gl/\gl/\gl/\g2/\g3/\93
grj(/\g)z ealrngt AP AP AP NG
g’ AgtagtAgiagiag® =10,
g Al Ag AP AP =09,
0 otherwise.
n="7T
g A AFE AP AN NG =14,
T g’ A A A A A NG =13,
gr”(/\g)z
g Ag' NG AP AP AP NG =12,
0 otherwise.
n=238

A g Ag A AN AGZ AP NG =15,
a'(Ae) =

0 otherwise.
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gr/ (/”\ g) = 0 for all j.

Table 3.5: Dimensions of gr/ (A" g).

N0 [1(2]3[4]5 6|78 |9 |10[1112|13]14]|15
01

1 3132

2 3 916 |1

3 119(15(19] 9 | 3

4 311212111 3

5 3191191159 |1

6 11619 3

7 21313

8 1

We collect the above information about the dimensions of the chain complex of g in
and note that we only need to consider non-zero (non-empty) entries of the table, when we calculate

H$t = H5"=% (where H*! = H*%(g,k)). Also, recalling that

Homk</n\g,k:) = @Homi(}\g,k),
SEZL

we see that, with j = —s, we get the same table for dimensions of the graded hom-spaces in the

cochain complex.

3.5.3 Finding the graded Lie algebra cohomology, H*'(g, k)

We will now go through all different graded chain complexes one by one, using that gr’
in the chain complex corresponds to gr® with s = —j in the cochain complex. We note that the
graded chain complex corresponds to vertical downwards arrows in [Table 3.5 while the cochain
complex corresponds to vertical upwards arrows. And finally, we reiterate that H" = H"(g, k) and

H' = H%'(g, k) in the following.

Remark 3.21. We will repeatedly use that, if

d N SNF, xm(ai,...,a.,0,...,0)
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with a1, ..., a, non-zero (in [F,), then

dimker(d) =m — r,
dimim(d) = r,

dim coker(d) =n —r,
as described in
In grade 0 we have the chain complex
0 —k ——0
which gives us the grade 0 cochain complex
0 +—— Hom{(k,k) +— 0

So H° = H90 with dim H%Y = 1.

In grade 1 we have the chain complex
0—— gl ——0
which gives us the grade —1 cochain complex

0 «—— Hom, '(g,k) +— 0

So dim H~1? = 3 by [Table 3.5

In grade 2 we have the chain complex

1 0 O
0 -1 0
0 0 1

0 ——g'Agt — g2 —— 0
since

gt Agl — ¢
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S N&— —[&,8] =&
SN = —[61,87] = —&
§6 N &7 —[&6,&7] = &s-

This gives us the grade —2 cochain complex

1 0 O
0 -1 0
0o 0 1

0 «—— Hom,? (/\2 g, k) «— Hom, *(g,k) +—— 0,

where
1 0 0
d=10 —1 0| % SNFs.3(1,1,1).
0 0 1
So

dim H~%3 = dim ker(d) = 0,

dim H~%* = dim coker(d) = 0.

In grade 3 we have the chain complex

T
<00—10—10—100>

00— g'angtngl ——— gl Ag? g

which gives us the grade —3 cochain complex

<00—10—10—100>

0 + Hom;*(A®g,k) + Hom,*(A’g,k) < Hom, (g, k) « 0,

T
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where

SNF

di ~ SNFgx2(1,1),

I

OO OO oo~ OoOo
|
—

SNF

do=(0 0 =1 0 =1 0 —1 0 0) X SNFj,o(1).

So

dim H~3* = dimker(d;) = 2 — 2 = 0,

ker(dg)

dim H~>° = di
1mm 1mm 1m(d1)

=(9-1)—2=6,
dim H%% = dim coker(dz) =1 — 1 = 0.
In grade 4 we have the chain complex

1, .3
0 —— g ANg ANg*- — — 0
©ging?
which gives us the grade —4 cochain complex

0 «—— Hom; *(A*g, k) «%— Hom *(A%g, k) +— 0

where

SNF

d ¥ SNFgy(1,1,1,1,1,1,0,0,0).
So

dim H~*% = dimker(d) =9 — 6 = 3,
dim H~*7 = dim coker(d) =9 — 6 = 3.
In grade 5 we have the chain complex
a o Agiag? T

0—— g'Agtaging? —— — S ¢rg — 0
@91A92A92
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which gives us the grade —5 cochain complex

0 Hom,*(A*g k) < Hom;5(A®g, k) <= Hom®(A\2g,k) « 0,

where
dy N SNFisx6(1,1,1,1,1,1),
d2 S”EJF SNF3><15(1a171)'

So

dim H™>7 = dimker(d;) =6 — 6 = 0,

ker(ds)

dim H~>® = di
m m 1m(d1)

=(15—3) -6 =6,

dim H %Y = dim coker(ds) = 3 — 3 = 0.

In grade 6 we have the chain complex

g ' AglAgl A g g g' Ag2A g a
0 —— —2 — s gdAg —— 0
@gl/\gl/\gQ/\g2 6992/\92/\92

which gives us the grade —6 cochain complex

0« HomI;G(/\4g,/<:) bl Hom; ®(A\” g, k) & Hom; ®(A\*g,k) « 0,

where

d1 S"iF SNF19><1(1)7

dy "N SNFy1,19(1,1,1,1,1,1,1,1,1,1,2).
So

dim H %% = dimker(d;) =1 -1 =0,

ker(ds)

dim H~=%Y = di
1mm 1mm 1m(d1)

=(19-11)—-1=7,

dim H~519 = dim coker(dg) = 11 — 11 = 0.
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In grade 7 we have the chain complex

g O AGARAS o g A AG
0—=gagtngtnging? = — —0
EBgl/\ngngg2 @92/\92A93

which gives us the grade —7 cochain complex

0+ Hom,j(/\5 g,k) dé Hom,;?(/\4 g,kz) del Hom,j(/\g’g?k) +— 0,

where
dy N SNFa1x0(1,1,1,1,1,1,1,1,1),
dy N SNF3401(1,1,1).

So

dim H~"1% = dimker(d;) =9 — 9 = 0,

ker(dg)

dim H~ "' = dim =(21-3)-9=09,

dim H~"'? = dim coker(ds) = 3 — 3 = 0.

By [Fuk86, Chap 1 §3.6 and §3.7], we can now find the rest of the cohomology using a version
of Poincaré duality for Lie algebra cohomology. But we keep the sketch work to make it clear that
this works. We refer to |[Kon22| for the calculations.

In grade —8 we get coboundary maps

SNF

dl ~ SNF21X3(17171)7
dy N SNFgu01(1,1,1,1,1,1,1,1,1).
So

dim H~%!" = dimker(d;) =3 — 3 =0,

ker(ds)

dim H~%"* = di
m m 1m(d1)

=(21-9)—-3=09,

dim H~3'3 = dim coker(ds) =9 — 9 = 0.
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In grade —9 we get coboundary maps

di "N SNFigy11(1,1,1,1,1,1,1,1,1,1,1),
dy N SNF;19(1).

So

dim H=%13 = dimker(d;) = 11 — 11 = 0,

ker(ds)

@)~ 9-D-11=7,

dim H~% = dim

dim H=%1 = dim coker(dy) =1 -1 = 0.

In grade —10 we get coboundary maps

dy N SNFy5,5(1,1,1),

ds N SNFgy15(1,1,1,1,1,1).

So

dim H~ 1% = dim ker(d;) =3 - 3 =0,

kel‘(dg)

dim H1%1% = dim =(15—-6) —3 =6,

dim H1%16 = dim coker(dy) = 6 — 6 = 0.

In grade —11 we get coboundary maps

d N SNFgy0(1,1,1,1,1,1,0,0,0).

So
dim H~'1% = dimker(d) =9 — 6 = 3,

dim H Y7 = dim coker(d) = 9 — 6 = 3.

In grade —12 we get coboundary maps
SNF

SNF
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So

dim H 1?7 = dimker(d;) =1 -1 =0,

ker(dg)

dim H~'*!8 = dim =(9-2)—1=6,
dim H'*19 = dim coker(dy) = 2 — 2 = 0.
In grade —13 we get coboundary maps
d °N SNFs3.5(1,1,1).
So

dim =131 = dim ker(d) = 3 — 3 = 0,

dim H~ '3 = dim coker(d) = 3 — 3 = 0.
In grade 14 we have the chain complex
00— g'Ag'APAPAPAGPAG — 0
which gives us the grade —14 cochain complex
0 +— Hom,;M(/\?g,k) +— 0

So dim H~2! = 3 by [Table 3.5

In grade 15 we have the chain complex
0——g'Ag'AgtAg®Ag®Ag®Aging — 0
which gives us the grade —15 cochain complex
0 +—— Hom; ®(A%g,k) +— 0

So H® = H=1%23 with dim H~15%% = 1 by [Table 3.5

84



Table 3.6: Dimensions of E}" = H%! = gr® H**(g, k) for the I C SL3(Z,) case.

S

0 -1, -2} -3|-4|-5|-6|-7|-8|-9|-10|-11|-12|-13| —-14| -15

10

11 9

12 9

13

14 7

16 3

17 3

18 6

19

20

21 3

22

23 1
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Altogether, we see that
H® = HOO,
H'— 12,
H? = H35 @ H5,
H? = H 4T H58 & H69,
HY = g~ T g g812, (3.24)
H® = H=914 g 1015 g 11,16
HS — g7 g 1218,
HT = 1421,
S — 1523

with dimension as described in [Table 3.6l

3.5.4 Describing the group cohomology, H" (I, k)

We note that all differentials d2': ES' — ESTHHITT i has bidegree (r,1 —7), i.e.,
they are all below the (r, —r) arrow going 7 to the left and r up in the table, where r > 1. Looking
at this clearly means that all differentials for » > 1 are trivial, and thus the spectral
sequence collapses on the first page. Hence H*'(g, k) = E}* = EX' = gr® H*T(I, k), and by
and we get that

1 n=0,
3 n=1,
9 n=2,
16 n =3,
dim H"(I,k) = <18 n =4, (3.25)
16 n =25,
9 n=06,
3 n=7T,
1 n=38
\
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Recalling that the spectral sequence is multiplicative, we also note, by that

Hst U H Y C g5t implies that the cup products
gr’ H'(I, k) @ gr® H" (I,k) — gr**s H" ™ (1, k)

are trivial. But, since the spectral sequence collapses on the first page, we also have (3.24)) for

H"™(I,k), and thus the cup product is trivial.

3.6 IC GLs(Z,)

In this section we will describe the continuous group cohomology of the pro-p Iwahori
subgroup I of GL3(Q)).

When [ is the pro-p Iwahori subgroup in GL3(Q)), we know by that we can take
it to be of the form

1+ pZy,  Zp Z,
1= pz, 14pz, 2z, |cCGLyz,),
DLy DLy 1+ pZ,
and, by we have an ordered basis
1 1 1
g1 = 1 y g2=1|P 1 y g3 = 1 )
P 1 1 p 1
exp(p) 1
g1 = exp(—=p) |, g5= exp(p) :
1 exp(—p
=p) (3.26)
exp(p)
g6 = exp(p) :
exp(p)
1 11 1 1
g7 = L 1], gs= 1 s g9 = 1
1 1 1

Since we just renamed some elements and added an element of the center of GL3(Z,) when comparing

to the ordered basis of I C SL3(Z,) from it is clear from [Equation (3.23)| that the only

non-zero commutators [&;, ;] with ¢ < j are:

[€1,867] = =&, [€1,86] =&, [€1,8] = — (&4 + &),
[2,88] = =&, [3,&7] = =&, [67,&8] = —&o.

(3.27)
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Looking at [Section 3.5.3] we easily see that

1

g = Spalyg (517 577 58)7

ol

g

g2

g% - Spank(f?? 537 59)7

g® = g1 = spany, (&4, &, &).

This is enough to calculate the graded mod p cohomology of g, see [Kon22| for the details.
We write the result in [Table 3.7

Table 3.7: Dimensions of B} = H% = gr® H*+(g k) for the I C GL3(Z,) case.

S

; 0 -1|-2|-3|-4|-5|-6|-7|-8|-9|-10-11|-12|-13|-14|-15| -16| —17| —18

0 1

11 12

12 15

13 7

14 7

15 15

16 12

18 13

19 6

20 3

21 6

22 6

23 1

24

26

27 1
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3.7 ICSLy(Z,) and I C GL4(Z,)

In this section we will briefly describe the problem with finding continuous group cohomology
of the pro-p Iwahori subgroup I of SL4(Q)) and GL4(Qy).

We leave all the calculations of commutators and p-valuations to the appendix, cf. [Ap]

pendix A.1land [Appendix A.2| and note that the dimensions of the graded cohomology H**!(g, k)

for g = k ®p, [r) gr I are shown in [Table 3.8 and [Table 3.9

Looking at we see that it is no longer clear that the spectral sequence collapses on
the first page. To see this, recall that all differentials on the first page are of the form di’t: Ef’t —
Ef+1’t, so we have maps like d1_5’7: H=>"(g,k) — H=*7(g, k) that are not obviously trivial, since
dimy H=%" = 4 and dimy, H=%" = 4. To figure out at what page the spectral sequence collapses
in this case, one needs to look more carefully at how exactly the spectral sequence is obtained in

[Ser21|, which is much more complicated than what we have done so far.

3.8 I C SLy(Op) for quadratic extensions F/Q,

In this section we will describe the continuous group cohomology of the pro-p Iwahori
subgroup I of SLy(F') for quadratic extensions F'/Q,,.

We write F' = Qp(«), and we will focus on the cases o = ¢ (when p = 3 (mod 4)) and
a=./p.

When [ is the pro-p Iwahori subgroup in SLy(F'), we know by that we can take

it to be of the form

I 1+ wrOp Or
~\ wrOr 14+ wrOp

det=1
> - SLQ(OF),

where wp = p when F' = Q,(i) and wr = /p when F' = Q,(,/p). By we have an

ordered basis
(1 0 B 1 0
g1 = oF 1)’ g2 = wra 1)’

I L N R

exp(—wp exp(—wra

(11 (1 a
g5_01agﬁ_117
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Table 3.8: Dimensions of ES* = H%' = gr® H***(g, k) for the I C SL4(Z,) case. This table only
shows the graded dimensions of H?,..., H”. We note that the graded dimensions of H®, ... H'
can be found using Poincaré duality, which gives us dimj H*! = dimy, H36=%51= for (s,t) from
the table.

0 1| -2|-3| 4| -5|-6|-7|-8|-9|-10|-11|-12| 13| -14|-15| =16 | —17| —18| —19

S
(e 9]

6

10 8

11 20 1

12 34

13 16

15 26

17 39

18 28 8

20 72

21 12 | 68

22 24 8

23 121

26 12

3.8.1 Finding the commutators [¢;, ]
Now

ail a2
xy] X2 X3 T4 L5 T6
91792793794 9596 =
1 92 J3 J4 I5 J6 as1 a9 ’
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Table 3.9: Dimensions of EJ"" = H* = gr® H¥*(g, k) for the I C GL4(Z,) case. This table only
shows the graded dimensions of H?,..., H”. We note that the graded dimensions of H®, ... H'
can be found using Poincaré duality, which gives us dimy H*! = dimy, H 40~ for (s,t) from
the table.

0 -1 |-2|-3|-4|-5|-6|-7T|-8|-9|-10|-11|-12|-13|~-14|-15| -16| 17| =18 | 19| —20 | —21 | —22| —-23

22

10 16

11 20 1

12 38 4

13 24

15 26 8

18 28 24

19 80 | 18

21 16 | 144

22 24 | 47

23 149 | 8

24 148

25 12 | 126

26 66 | 80

27 104 | 8

28 242

29 104

30 66

where

a1 = exp(@p(z3 + azy)),

a12 = (x5 + axg) exp(wr(z3 + azs)), (3.29)

ao1 = wp(z1 + azy) exp(wr(zs + azs)),
azy = wp(r1 + axe)(zs + awe) exp(wF(:vg, + am)) + exp(—wF(xg + a$4)).
Writing ¢;; = [9s,9;] and &; = [&,§;], we are now ready to find z1,...,xs such that
gij = g7t -+ gg¢ for different i < j. (In the following we use that -~ = 14+ 2 + 2% + -+ and

log(l—m):—x—i—%—"- for x € (wr).)
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We now list all non-identity commutators g;; = [g;, g;] and find &;; = [&;,&;] based on these.
(For gi; = 12 it is clear that x; = --- = 26 = 0, and thus &; = 0.) To avoid confusion, we will do the
F = Q,(i) case (with p =3 (mod 4)) first, and then the F' = Q,(,/p) case afterwards. So for now

wr = p and a = i. Also, note that we adapt the O(p) notation to O in the obvious way.

1 0
= : Comparin with (3.29)), we see that x3 = x4 = x5 = x¢ = 0. This
g13 <p(1 . exp(—2p)) 1> p g g13 3 4 5 6

leaves ag; = p(x1 +ixg) = p(l — exp(—2p)) = 2p? + O(p?), which implies that x1,z9 € pZ,.
Hence £13 = 0.

1 0
= . : Comparin with (3.29), we see that z3 = x4 = x5 = x¢ = 0. This
g14 <p(1 . exp(—2pz)) 1) P g g14 3 4 5 6
leaves a9 = p(x1 +ix2) = p(l — eXp(—Zpi)) = 2p?i + O(p?®), which implies that x1, 79 € pZ,.

Hence &14 = 0.
L—=p p . ,
= : C th (3.29 that
915 < —p2 14p —|—p2> omparing g5 with (3.29), we see tha

a1 = exp(p(z3 +izg)) = 1 —p,
a1g = (z5 + ixg) exp(p(:vg + i$4)) = (x5 +iz6)(1 —p) = p,

ag1 = p(x1 + ixg) exp(p(:ng + ix4)) = p(x1 + iz2)(1 — p) = —p?,

and thus

T3 +iry = ;log(l -p)= ;((—p) +0(p%) = -1+ O(p),

. p
T5 +ire = —p =p+0@?),

m = —p+O0(p?).

1+ ixg =

Hence x1, %2, x4, 25,26 € pZyp and x3 € —1 + pZ,, which implies that {15 = —&3.

-2

1—pi pi . .
= : th (3.2 see that
916 < % 1+pi Jrinz) Comparing g6 with (3.29)), we see tha

a1 = exp(p(zs + izq)) = 1 — pi,
a1z = (5 + ixg) exp (p(mg + z';v4)) = (x5 + ix6) (1 — pi) = —p,

az = p(x1 + ixg) exp(p(xg + i:c4)) = p(x1 + iz2)(1 — pi) = —p?i,
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and thus

xy+mp=;bﬁ1—m)=;ﬂ—m)+0@%)=—f+0@%

w5 +ivg = —— = —p+ 0P,
L—p
—p2i
T +izy = ———— = —pi+ O(p*).
p(1 — pi)

Hence x1, %2, %3, x5, x¢ € pZy and x4 € —1 + pZyp, which implies that {16 = —&4.

1 0 . . .
gos = (pz'(l B exp(—2p)) 1) : Comparing go3 with g13, it is not hard to see that ;3 = 0.

1 0 . . .
go4 = (pi(l - exp(—2pz')) 1). Comparing go4 with g14, it is not hard to see that &34 = 0.

1—pi Pl . . o
= . . 5 |+ Comparin with g6, it is not hard to see that = —&4.
925 <—p2z2 1+ pi +p222> paring gos g16 §25 &4

1 — pi? pi3 . . . ‘ .
= . ; 4): C th ting that i2 = —1,s0 1 — pi®? =1 ,
926 ( _p223 1+ sz + p214 omparing go¢ with g15 (noting that i SO Pl +p)

it is not hard to see that 25 = &3.

-1 .
G35 = (1 exp(2p) ): Comparing g5 with (3.29), we see that x; = x9 = x3 = x4 = 0. This

0 1
leaves a2 = r5 + izg = exp(2p) — 1 = 2p + O(p?), which implies that x5,z € pZ,. Hence
£35 = 0.
1 4 2p)—1
g36 = (0 z(exp( 1p) )> Comparing g3 with gss, it is not hard to see that &3 = 0.

(1 exp(2pi) —1

a1z = x5 + izg = exp(2pi) — 1 = 2pi + O(p?), which implies that x5, z¢ € pZ,. Hence &5 = 0.

. (é i(exp(2fi)——l)

): Comparing g45 with (3.29)), we see that x1 = xex3 = x4 = 0. This leaves

): Comparing g4¢ with gys, it is not hard to see that &45 = 0.

Let’s now do the calculations for I’ = Q,(,/p), and note that we again adapt the O(p)

notation in the obvious way. Now wpr = /p and a = |/p.

1 0 . .
g13 = <\/;B(1 B exp(—Q\/;B)) 1): Comparing g1z with (3.29)), we see that 3 = x4 = x5 = ¢ = 0.

This leaves as1 = /p(z1 + /px2) = /p(1 — exp(—2,/p)) = 2p + O(p*/?), which implies that

x1 € pZy and x9 € 2 4 pZy. Hence {13 = 2&o.
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1 0
= : Comparin with (3.29)), we see that z3 = x4 = x5 = ¢ = 0.
gi4 <\/13(1 . exp(—2p)) 1) p g g14 3 4 5 6

This leaves ag = \/p(r1 + /Pr2) = \/13(1 — exp(—2p)) =2p\/p+ O(p?), which implies that

x1,%2 € pZy,. Hence §14 = 0.

L—p VP > . .
= : Comparin with (3.29]), we see that
m= ()" L Vh ) Compaing o

a1l = exp(\/ﬁ(xg + \/ﬁm)) =1—./p,

arz = (x5 + /pre) exp(vp(x3 + /pra)) = (25 + /pre)(1 — /D) = /D,
ao1 = v/p(z1 + /pr2) exp(y/p(x3 + /px4)) = /D(z1 + /D22) (1 — /D) = —D,

and thus
B = 2 or(1 = V) = = (-vB) — § + 067) = -1 - Y+ 0
5+ \/pre = 1l/ﬁ\/]3=\/13+0(p),
- —pr
Ty 4 \/pro = NN VD + O(p).

Hence x1,x5 € pZ,, v2,v3,24 € —1 + pZ, and x¢ € 1 + pZ,, which implies that {15 =

—& — &3 — %54 + &. (Here —% = % since the characteristic of k is p.)

L—p PP
= : C i ith (3.29), we see that
916 <—p\/]3 14p+p? omparing gie Wi we see tha

ai] = exp(\/ﬁ(xg + \/ﬁm)) =1-p,
a1z = (x5 + /pre) exp(y/p(x3 + /pra)) = (25 + /pre) (1 — p) = py/D,
azn = v/p(x1 + /pra) exp(Vp(as + /pra)) = /p(x1 + /pr2)(1 — p) = —py/p,

and thus

23+ /pra = 1p log(1 — p) = ——((—p) + O(¥'2)) = /5 + O(0),

v v
5 + \/]3{[}6 = f\_/]j) :p\/]?—i- O(pQ)7
I Y/
T + \/f)xg = m =—-p+ O(p3/2).

Hence x1, %2, x3.75, 6 € pZp and x4 € —1 + pZ,, which implies that {16 = —&4.
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1 0
= : Comparin with g13, it is not hard to see that =0.
923 <p(1 — exp(=2y/7)) 1) paring go3 913 §23

1 0
= : Comparin with g14, it is not hard to see that =0.
924 <p(1 — exp(~2p)) 1> paring g4 g4 §24

1-p P ) )
= : C th (3.29 that
925 ( —p® 14p+ p2> omparing gos with (3.29), we see tha

a11 = exp(y/p(as + /pra)) =1 —p,
a1z = (25 + /pr6) exp(v/pP(23 + /Pra)) = (25 + /Pr6) (1 — p) = p,
ag1 = /p(x1 + v/pr2) exp(y/p(as + v/pra)) = /pla1 + v/pr2)(1 — p) = —p?,

and thus

23+ /pra = \}ﬁlog(l —p) = \}5((—29) +0(p*?) = —/p+ O(p),

p
w5+ Vbes = =p+0@?),

VvP(1 —p)

Hence x1, z2,23.75, v6 € pZyp and x4 € —1 + pZ,, which implies that §o5 = —&4.

G2 = L=pvp P’ : Comparing gog with (3.29), we see that
_pQ\/ﬁ 1+p\/ﬁ+p3 . )

21+ /s = = —p*2 + 0(p?).

a1 = exp(y/p(z3 + pra)) = 1 — py/p,
a1z = (x5 + v/pre) exp(vp(x3 + v/pas)) = (25 + /p6) (1 — py/p) = p°,
ag1 = \/p(x1 + /pr2) exp(v/p(as + /pra)) = v/pla1 + pr2) (1 — pyp) = —p* /b,

and thus
s VB = o log(1—pyB) = o ((-pvB) +0Y) = —p+ 06",
2
5 + \/f).’EG = 1_pp\/]3 — p2 + O(p5/2)7
" o — P’V _ 2 5/2
1+ /DT2 N NG p~+O(”7).

Hence x1, 2, 3,24, %5, 6 € pZy, which implies that {6 = 0.
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1 2 —1
G35 = <0 exp/ \1/;5) >: Comparing gss with (3.29)), we see that 1 = x9 = x3 = ©4 = 0. This

leaves a12 = x5 + izg = exp(2,/p) — 1 = 2,/p + O(p), which implies that x5 € pZ, and

x6 € 2+ pZy,. Hence 35 = 2.

936 = <1 ﬁ(exp(iﬁ) - 1)>

0 : Comparing g3 with gss, it is not hard to see that &35 = 0.

1 2p) —1
45 = ( exp(2p) ): Comparing g45 with (3.29), we see that x; = x9 = x3 = x4 = 0. This

0 1
leaves a2 = w5 + izg = exp(2p) — 1 = 2p + O(p?), which implies that x5,z € pZ,. Hence
45 = 0.
1 2p) —1
gag = (0 \/ﬁ(exp(l 2 >> Comparing g4 with gy5, it is not hard to see that &5 = 0.

In summary, the only non-zero commutators [§;, ;] with ¢ < j are

[51755] = _537 [61766] = _647

[€2,85] = =&, [€2,&6] = &3,
when p =3 (mod 4) and F' = Q, (i), and

(3.30)

[€1,83] = 22 [€1,85] = =& — &3 — é& + &,
[€1,86] = —&4, [€2,&5] = =&,
(€3, &5] = 2&,

when F' = Q,(y/p). To make the F' = Q,(,/p) case easier to work with, we make a base change
& =& — %56 and & = &; for ¢ # 5, which gives us commutators
[€1,€5] =28 [€1.6] = —& — & + &,
[61,&6] = =&, €2, 65] = —€4, (3.31)
[€5, 5] = 266
3.8.2 Finding the cohomology

Looking at (3.3) in the p =3 (mod 4) and F' = Q,(i) case (with e =1 and h = 2), we see

that

N | —
[\
N | —
[\

w(g1) =1-
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w(g3) = ]-a w(g4) = ]-a
1 1
w(gs) = 9’ w(gs) = 9
Hence
9=k ®p, [ er ] =spang(é1,...,&) =g @ ¢,
where
gl = g% = Spank(€17§27§57€6)7
9° = g1 = spany (&3, &).
In the F' = Q,(,/p) case (with e =2 and h = 2) (3.3) gives us
1 1 1 1 1 1
:71—7):77 :7<1—7):77
w(g1) 2( 3 1 w(g2) 5 3 1
1 1
w(gs) = 2 w(gs) = 2
1 1
w(gs) = 1 w(gs) = 1
Hence
g= k ®Fp[7r] gr[ = Spank(gia cee 75(/3) = gl 2] 927
where
gl = g% = Spank<£17§é7€:’)7€é)7
0% = g1 = spany (&3, £))-
See [Remark 3.9] for more details.

This is enough to calculate the graded mod p cohomology of g, see [Kon22| for the details.
We write the result in [Table 3.111
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Table 3.10: Dimensions of E}"* = H**(g,F,) for the I C SLy(OF) case, where F/Q, is a quadratic
extension (either F' = Q, (i) or F' = Q,(/p)).

S

0 |-1|-2|-3|—-4|-5|—-6|—-7|-8

0] 1

10

© |00 [ N | O | O | = | W N

—_
(@)
S

—_
—

—_
\)
W

—_
w

—_
S
—_

Altogether, we see that
HO — H0,0

H? = H47, (3.32)

with dimension as described in |{Table 3.10[in both the F' = Q,(i) and the F' = Q,(,/p) case. lLe.,

the mod p cohomology does not depend on the field extension (among the above ones) in this case.

We note that all differentials d>': ES' — EST " in [Table 3.10| have bidegree (r,1—r),
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i.e., they are all below the (r, —r) arrow going r to the left and r up in the table, where r > 1.
Looking at this clearly means that all differentials for » > 1 are trivial, and thus the

spectral sequence collapses on the first page. Hence H*!(g, k) = Ef’t >~ B3t = grs HSH(I, k), and

by (3.32) and [Table 3.10| we get that

1 n=0,
4 n=1,
8 n=2,
dim H"(I,k) =10 n=3, (3.33)
8 mn=4,
4 n=25,
1 n=6

3.9 [ C GLy(Op)

In this section we will describe the continuous group cohomology of the pro-p Iwahori
subgroup I of GLy(F') for quadratic extensions F/Q,.

We again write F' = Q,(c) and focus on the cases a =4 (when p =3 (mod 4)) and a = /p.

When I is the pro-p Iwahori subgroup in GLa(F'), we know by that we can take

it to be of the form

j <1 + wrOF Op

wrOp 1+ wFOF> < GL2(Or),

where wp = p when F' = Q,(i) and wr = /p when F' = Q,(,/p). By we have an

ordered basis
(10 /10
g1 = wr 1 92 = wra 1 s
_ (exp(wr) 0 _ [(exp(wra) 0
93 = 0 exp(—wp) )’ 9= 0 exp(—wra) )’

g <eXp(0wF) 0 ) g <exp(7oﬂpoa) 0 >

exp(wr) exp(wra)

(11 1 a
g7_01598_117

(3.34)

since 1, av is a Zy-basis of Op.
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Since we just renamed some elements and added an element of the center of GL(Or) when

comparing to the ordered basis of I C SLa(Op) from it is clear from [Equation (3.30)|

and |[Equation (3.31)| that the only non-zero commutators [§;, ;] (with ¢ < j) in g =k ® gr G are

[€1,&7] = =&3, [€1,88] = =4,
[€2,87] = =&, [62,88] = &3,

(3.35)

when p =3 (mod 4) and F' = Q,(¢), and

1, 6] = 263 6] = ~62 — & — 564+ 6s,
[51758] = _547 [&27{7] = _547
[€3,87] = 2&s,

when F' = Q,(y/p). To make the F' = Q,(,/p) case casier to work with, we again make a base change

& =& — 1& and & = & for i # 6, which gives us commutators

61,851 =28 [6,67] = —& — &+ &,
(61,61 = =&, [&.¢7] = =&, (3.36)
(€5, 67] = 2.

Looking at we easily see that

g' = spany (1, &, &7, &s),

92 = Spa‘nk(€3a 547 557 56)5

in both cases.
This is enough to calculate the graded mod p cohomology of g, see [Kon22| for the details.
We write the result in [Table 3.171
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Table 3.11: Dimensions of E}"* = H%*(g,F,) for the I C GLy(OF) case, where F/Q, is a quadratic
extension (either F' = Q,(i) or F' = Qp(y/p)).

S

0 -1|-2|-3|-4|-5|-6|-7|-8|-9|-10|—-11| —12

0 1

5 12

7 18

10 28

11 4

12 12

13 18

14 1

15 12

16 4

17 2

18 4

19

20 1
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Altogether, we see that
HO = HOO,
H' = H 2 ¢ H23,
H? = H 2 g H 35 @ H S,
H? = H% @ H58,
H*— H 9@ H610 g =711, (3.37)
Ho = H 712 =813,
HS — 81 @ g=915 g 1016
HT = 1017 g g-1118
HS — 1220

with dimension as described in |Table 3.11|in both the F' = Q,(i) and the F' = Q,(,/p) case. lLe.,

the mod p cohomology does not depend on the field extension (among the above ones) in this case.

We note that all differentials d>': B3t — Estmi1i=" iy have bidegree (r,1 — ),
i.e., they are all below the (r, —r) arrow going r to the left and r up in the table, where r > 1.
Looking at this clearly means that all differentials for » > 1 are trivial, and thus the

spectral sequence collapses on the first page. Hence H*!(g,k) = B} = B = gr® H*T'(I, k), and

by (3.37) and [Table 3.11| we get that

1 n=0,
6 n=1,
17 n=2,
30 n=23,
dim H"(I,k) = {36 n =4, (3.38)
30 n=25,
17 n =6,
6 n=7,
1 n=38
\
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3.10 Nilpotency index

Before ending this chapter with a brief discussion of future research directions, we will
mention an interesting consequence of our above calculations.

Given any cohomology theory H (say over k), one can always think of the ring H* with the
cup product as H* = k@ HT, where k = HY and H+ = D, H". Assuming that only finitely
many H™ are non-zero and that each H™ is finite dimensional, one can note that H* must be
nilpotent. Thus an interesting question becomes: what is the nilpotency index of H*? I.e., what
is the smallest positive integer m such that (H)™ = 07 In continuation of this, another slightly
easier question to answer is, what is the nilpotency index of H'? Le., what is the smallest positive
integer m such that (H')™ = 0.

We will now try to answer the above questions for the group cohomology H*(I, k) in each of

the cases we have discussed in this chapter. Before beginning, recall that
H> U HSY C gt (3.39)

by [Fuk86, Chap. 1 §3.7]. This will be useful for finding upper bounds for the nilpotency index.
Also, note that we write Ht U HT for the image of U: HT x Ht — H*, and similarly for H'.

In the I C SLy(Z,) case, we saw in (3.12]) that the cup product is trivial except for

U: H' x H?> - H?,s0o H' UH! = 0 and
HYUHT #0, HTUHTUH' =0.

In the I C GLy(Z,) case, we completely described the (graded) cup product in (3.17), which
should be enough to answer the questions. Looking at [Table 3.4 and using (3.39), we see that an
upper bound for H! is that

H'UH'UH!+#0, H'UH'UH'UH' =0,
by starting with H=%2 U H=23 C H35 #£ 0 and then using that H 35U H~ 2 C H=47 £ 0 or
H-35UH~23 C H58 £ 0, and finally H-*TUH~23 C H=610 £ 0 or H98 UH~12 C H-610 £ 0.
The question is whether we can follow those steps with non-zero cup products. We note by (3.20))

that

epUes =ey 3, eqgUes = eq3,
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are the only non-zero cup product we can do in H! = H- 12 @ H=23, But H %2 = kfey, e4]

and H=23 = kles] by (3.19), and we already noted in [Section 3.4.3| that €itrosim I €1, Af

Vel M1y 5 0 , SO we clearly cannot cup with anything from without getting zero.
i ] ' ' 0 learl t ith anything f H! without getti

Thus
H'UH!' +£0, H'UH'UH! =0,

Now, having only four possible numbers in the subscript and using the above equation, we note that

we can only ever hope to have two cup products before getting zero (cf. ) By
esU(e1Uesn) =ezUergo = —e1423 # 0,
SO
HYUHTUH' #0, HYUHTUHYUHY =0,

for I C GLy(Zy).

In the I C SL3(Z,) case, we have not described the cup product in detail, but we can tell

purely from (3.39) and [Table 3.6, that H* U H! = 0. Going through [Table 3.6, we also note that an

upper bound for H™ is
HYUHTUHYUH" #0, HYUHYUHYUHTUHT =0,
which possibly can be achieved through (cf. [Kon22|)

—4,6 —6,9 —10,15 —10,15 —4.,6 —14,21
H*ugcH , H UH % cH :

H714,21 U H71’2 C H715,23‘

It still remains to check whether such a series of non-zero cup products exist, which we will not do
here. (This would require a lot of extra computations by hand, or hopefully better automation for

computing cup products than what has been achieved so far.)

Remark 3.22. To give estimates for the upper bounds of m such that (HT)™ # 0, we can build a
directed graph with nodes (s, t) for (s,t) such that H*! # 0 and arrows (s,t) — (s + s',t +t') (and

(s',t") = (s + &', t + 1)) for (s, t') such that H** # 0 and H*+**1" £ 0 (so that H> U H* C
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H5+5' 1+ hag a chance of being non-zero). Then standard algorithms for finding the longest path in
a directed graph can quickly give us a longest path as above.

Note that we sometime can be more restrictive than just finding the longest path by also
considering dimension arguments. This is the case when working with I C SL4(Z,) in the following,
where dimy, H=>7 = 4, so if H~>7 is used in the sequence of cup products as part of the longest

path more than 4 times, then we know the cup product must be zero. A

In the I C GL3(Z,) case, we also have not described the cup product in detail, but we can

tell purely from (3.39) and [Table 3.7, that

H'UH'UH' +#0, H'UH'UH'UH! =0,

is an upper bound, since dimy H3* = 1, so H~3* can only be used once in a non-zero cup

product.This upper bound might be achieved through
H-34 U H-12 C 46 H46 | =12 ¢ 58

but it still remains to check whether such a non-zero cup product exists. Going through [Table 3.7]

we also note that an upper bound for HT is
(H)> #0, (H")° =0,
which possibly can be achieved through (cf. [Kon22|)

H—3,4 U H_1’2 - H_4’6, H—4,6 U H_1’2 - H_S’S,
H75,8 U H73,4 C H78,12 H78,12 U H71,2 C HH79,14

H-914 ) 69 ¢ 1523

Again it still remains to check whether such a series of non-zero cup products exist.
In the I C SLy4(Z,) case, we also have not described the cup product in detail, and we do

not even fully know the cohomology of I in this case, but from (3.39) and [Table 3.8 we at least

know enough to see that

H'UH#0, H'UH'UH! =0,
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is an upper bound, since the dimension of the entries E,;" are non-increasing when r increases. This

upper bound might be achieved through
H_1’2 U H—1,2 C H_2’4

but it still remains to check whether such a non-zero cup product exists. Going through [Table 3.8]

we also note that an upper bound for H* is
(HT)" #0, (H*)S =0,

which possibly can be achieved through (cf. [Kon22|)

H_172 U H—5,7 C H_6’9, H—6,9 U H_5’7 C H—ll,lﬁ’
H—11,16 U H—5,7 C H_16’23, H—16,23 U H—5,7 C HH_21’30,
—21,30 -7,10 —28,40 —28,40 -8,11 —36,51

H2130 ) =710 ¢ 2840, H240 | 811 ¢ 3651

Similarly, in the I C GL4(Z,) case, we also have not described the cup product or fully know

the cohomology of I in this case, but from (3.39) and [Table 3.9, we at least know enough to see that

(HY)!#0, (H')® =0,

. . . . . s.t . . . .
is an upper bound, since the dimension of the entries F,’" are non-increasing when r increases. This

upper bound might be achieved through

H74,5 U H71,2 C H75,7 H*5,7 U H*l,? C H76,9

—6,9 —1,2 -7,11
HS9yg12c g

but it still remains to check whether such a non-zero cup product exists. Going through [Table 3.9|

we also note that an upper bound for H™ is
(HJr)lO # 0, (HJF)H =0,
which possibly can be achieved through (cf. [Kon22|)

—4,5 —1,2 —5,7 —5,7 —1,2 —6,9
H*yH Y2 C H 5, HSTUHg 12 c g6

—6,9 —-1,2 -7,11 -7,11 —4.,5 —11,16
HSOypg-12c g-m1, gy g5 ¢ gEbe,
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H_11’16 U H—1,2 g H_12’18, H—12,18 U H_5’7 g H_17’25,
—17,25 —9,12 —26,37 —26,37 —5,7 —31,44
H UH "2 CqH , H UH S CcH ,

H731,44 U H75,7 C H736,51

In the I € SLy(OF) (with F/Q, quadratic) case, we also have not described the cup product

in detail, but from (3.39)) and [Table 3.10] we at least know enough to see that

H'UH'+#0, H'UH'UH! =0,
is an upper bound. This upper bound might be achieved through
H_l’Q U H—1,2 C H—2,4

but it still remains to check whether such a non-zero cup product exists. Going through

we also note that an upper bound for H™T is
(HT)*#£0, (H")> =0,
which possibly can be achieved through (cf. [Kon22|)

—-3,5 —-3,5 —6,10 —6,10 —1,2 —7,12
H™35 yH 35 C g=610, g610y g-12 c g-712,

H-T12 () g-12 ¢ g-814

In the I C GL2(Op) (with F'/Q, quadratic) case, we also have not described the cup product

in detail, but from (3.39)) and [Table 3.11} we at least know enough to see that

(H")* #0, (H') =0,
is an upper bound. This upper bound might be achieved through

H72,3 U H71,2 C H73,5 H73,5 U H*l,Q C H74,7

H74,7 U H71,2 C H7579

but it still remains to check whether such a non-zero cup product exists. Going through

we also note that an upper bound for Ht is
(H)® #0, (H) =0,
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which possibly can be achieved through (cf. [Kon22|)

H*2,3 U H71,2 C H73’57 H73,5 U H*l,? C H74,7’
H74,7 U H71,2 C H7579 H7579 U H72,3 C H77,12

H-T2 ) g12 ¢ 814

We collect our nilpotency index upper bounds in [lable 3.12]

Table 3.12: The upper bound for the nilpotency index of mod p cohomology for each pro-p Iwahori
subgroup of SL,, and GL,, that we have found. Confirmed nilpotency indices are bolded, and pure
upper bounds are not bolded.

n 3| 4

I CSL,(Z,), H* 203

I CSL,(Z,), HY 5] 8
I C GL,(Z,), H* 415
I C GL,(Zp,), HY 711

I C SL,(OF) (quadratic), H!
I C SL,(OF) (quadratic), H*
I C GL,(OF) (quadratic), H!
I C GL,(OF) (quadratic), H*

N[O W R W W NN

3.11 Future work

In this section we will discuss some interesting future directions of research. We will assume

for the whole section that k& = F,,.

3.11.1 Quaternion algebras

In this subsection, we will further assume that p > 5 is a prime of the form p =3 (mod 4),
so that Q2 = Q,(4) is the unique unramified quadratic extension of Q,, and Fj 2 = [F,[4] is the
unique quadratic extension of F,,.

Let D be the division quaternion algebra over @, and let G =1+mp and G = (1+mp)Nrd=1,
where Nrd = Nrdp g, is the norm form. By [Voi2l, Thm. 12.1.5] we can assume that i* = —1
and j2 = p (i.e., we have a tower D/Q,(i)/Q,), and that Op = Zy[i, j, k] (where k = ij) and

mp = jOp = Opj (i.e., wp = j), which has Z,-basis p, pi, j, k, by |[Voi21, Thm.13.1.6].
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Now let o: Qp(i) — Q,(i) be the complex conjugate and note that (o) = Gal(Qp(i)/Qp), so

D a+bi c+di
“\ \plc—di) a—1bi

by [Voi2l) Cor. 13.3.14]. Hence we have an embedding

a,b,c,d € @p} C My (Qp(z))

D — My (Qy(i))

. . a+bi  c+di
a+bi+cj+dk— (p(c—dz') a—bz’)

with
. . 2 2 2 2 a+bz C+dl
Nrd(a 4 bi + ¢j + dk) = a® + b* — pc” — pd _det(<p(c—di) a—bi>)'

We note furthermore that Op = Zy[i] ® Zp[i]j and mp = Opj = pZy[i] S Zy[i]j gives us

~ J (pla+bi) c+di
mp = p(c—di) pla— bi)
so 1 +mp C Igr,(q,(i), Where we denote by I¢ the (standard choice of) pro-p Iwahori subgroup of

G (cf. [Section 3.1.2). Altogether, we get a commutative diagram

a,b,c,d € Qp}v

(14 mp) 9=t —— Isp,0,a0) ¢« Isa@y)

J I l

(OF)Nrd=l e SLy(Zpli]) +—— SLa(Z,)

[ [ |
(

(DN s SLy (@ (i) «—— SLa(Qy)

j j (3.40)

DX ———— GL2(Qy(i)) +—— GL2(Qy)

J J J

J J J

L+mp —— IgL,(Q,() « {aLy(@,)-

We saw in |[Remark 3.14{ that H*(G,F,) = H*(Is,(q,), Fp), and in [Remark 3.20] we noted

that H*(Is1,(q,), Fp) @K, Fple] = H*(IgL,(q,), Fp) (Where e2 = 0), while [Ser21}, Sect. 6.3] notes that
H*(G,Fp) = H*(G,Fp) ®5, Fyle], so H*(G,Fp) = H*(Igr,(q,), Fp)- (Recall that G = (1+mp)Nd=t

and G = 1 +mp.) Furthermore, [Sgr21} Sect. 6.3 argues that H*(0},F,) = H*(é,]Fp)]FB, using
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that we can factor O} as a semi-direct product G x F}. Here the F}-action on H*(G,TF,) is
understood and non-trivial, c¢f. [Hen07, Prop. 7 (b)]. An interesting question is, if the comparison

between cohomology of the left side and right side of (3.40) can be somehow continued?

Remark 3.23. To see that H*(G,Fp) = H*(Igry(q,), Fp) for p > 5 in general, and not just for p =3

(mod 4), one can compare the basis and structure of H*(G,TF,) described in [Rav77, Thm. 3.2] with

the basis and structure we describe in (3.19) and (3.20). A

Another interesting direction of research is to note that we already have bijections between
certain mod p representations of D* and GL2(Q)) from the Jacquet-Langlands correspondence for
GLg (cf. [JL70]), and we can ask whether there are similar relations in between the left and right
side of the other rows of . Here we note that by [Tok15, Rem. 4.5] irreducible representations
of D* are trivial on 1+ mp, so we need something new if we want a correspondence between certain
mod p representations of G = (1 + mD)Nrd:1 and Igp,,(q,) or between certain mod p representations
of G =1+mp and Igr,(q,)-

Finally, although we already have isomorphisms H*(G,Fy) = H*(Igp,(q,), Fp) and H*(G, F,) =
H *(IGLQ(QP),IF »), we note that these were obtained by concrete calculations, and we would really
prefer to have canonical isomorphisms (possibly obtained by working with the corresponding row of
(13.40))).

In pursuit of the canonical isomorphisms mentioned above, we note that one can show by
explicit calculations (with bases) that the inclusions of give inclusions

Nrd=1

gr(l+mp) — 8rlsL, (@) “ & IsLy(,):

gr(l+mp) —— grilar,,) < & laL,(Q,):
where the pro-p Iwahori subgroups are graded as usual (start with gr/ = @,.,gr, I where
gr, I =1,/I,; and translate to gr I), 1 +mp is graded by gr'(1 +mp) = (1 +m?)/(1+mT 1), and
+mp ~" is grade (1 4+ mp) V=l = (1 4 m?,)Nrd= +m’ ra==, ese inclusions
(1 )Nrd 1 g ddbygz(l )Ndl (1 ZD)Nd 1/(1 grl)Ndl Th 1

further translate to inclusions

9(14+mp)Nrd=1 ? Bls,0pa)) | 8151, (qp)

9(1+mp) 7 Blary () ¢ Blary(p)
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where go = Fp ®p, [ gr G is the Lazard Lie algebra of GG. We note that these inclusions do not have

the same images, but we noted in that g1 mp)ma=1 = 8, g (:))» S0 We might be able

to come up with a canonical isomorphism through these somehow.

3.11.2 Central division algebras

Let D be the central division algebra over Q, of dimension n? and invariant % Recall the
following setup from [Sgr21} Sect. 6.3]: The valuation v, on Q, extends uniquely to a valuation
o: D* — 17 by the formula (z) = 1v (NrdD/@p (z)), and the valuation ring Op = {z : 9(z) > 0}
is the maximal compact subring of D. It is local with maximal ideal mp = {z : 9(x) > 0} and
residue field Fp = Fp». Furthermore, we can pick wp such that v(wp) = %, mp = wpOp = Opwp
and p = w}h.

When p > n + 1, we also saw in [Ser21, Sect. 6.3] that G = 1 4+ mp has Lazard Lie algebra

g=Fp®---PFp concentrated in degrees 1,2,...,n with Lie bracket given by the formula
[, y) = ay?’ — ya?” (3.41)

for x € g = Fp and y € g/. Furthermore G = (1 + mp)N'9=! has Lazard Lie algebra g =
Fp®---@dFp® IFE‘”:O concentrated in degrees 1,2,...,n with Lie bracket given by . (Note
that one can easily check that [z, y] has trace zero when i + j = n.) Here F5=0 is the kernel of the
trace Trp, /p, and g C g is a codimension one Lie subalgebra.

In the previous subsection we focused on the case n =2 (and p = 3 (mod 4)), but one can
ask if some of the ideas work in more general cases. For the remainder of this subsection we will
focus on the case n = 3 and p = 5.

We note that 22 + 3z + 3 is an irreducible polynomial in Fs[z], so Fp & Fss = Fpq]
where o = —3a —3 = 2+ 2. Now let & = 1,& = a,& = a? be the basis of g' = Fp, let

& =1, = a,& = o be the basis of g2 =2 Fp, and let & = 1,& = a,& = a® be the basis of
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g% = Fp. Using (3.41)), we see that

[§1, &2] = 464 + 385 + 26,
[§1,&5] = 487 + 388 + 260,
[§2, &3] = 284 + &5 + 486,
[§2.&5] = 3&7 + &8 + 4&o,

[€3, &) = 4&7 4 263 + 28y,

[§1, €3] = 3&4 + 285 + 4,
(€1, €6] = 3&7 + 285 + 4,
(€2, €a] = 4&7 + &8 + 260,
[§2, §6] = 26s,

(€3, &5] = 3&s,

(3.42)

[€3,&6] = 3&7 + 4&.

Here

gl = Spallf, (617 527 53)) QQ = Spallp, (647 557 56)) QS = Spallf, (677 587 59)’

so we order the basis by the index of the §;’s. Calculating the cohomology as in the previous sections

with this information, we get

Remark 3.24. Note that when calculating the cohomology here, we need to do all calculations
modulo 5 since (3.42) do not lift to a Lie algebra over Z with these Chevalley constants. See [Kon22|
for the details. A

Comparing [Table 3.7/ and [Table 3.13| we see that H*(I,Fs) for I C GL3(Zp) and H*(1 +

mp, F5) have the same graded cohomology dimensions, and it would be interesting to investigate
whether H*(I,F5) = H*(1 + mp,F5) as graded algebras. More generally, is H*(I,F,) = H*(1 +
mp,F,) as graded algebras for p > 57

In a similar vein, we can recall that Trp, p, (z) = = + 2° + 25 for z € Fp = Fs3, so

Trg,, w, (1) = 3, Trp, /rs (@) = 0, Trp, r, (0%) = 4,

since a® = 2a + 2. Thus FF=Y has basis a, 4 + 2a%. Now let & = 1,&, = o, & = o? be the basis
of gt 2 Fp, let & = 1,& = o, & = o? be the basis of g2 2 Fp, and let & = o, & = 4 + 2a be the
basis of g2 & FLr=Y. Using (3.41]), we see that
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Table 3.13: Dimensions of Ef’t = H*' = gr* Ht(§,F5) for G=1+mp inthen=3and p=5
case.

0 -1 | -2| -3 -4 5| -6 | -7|-8|~-9|-10|-11|—-12| -13| —-14| -15| =16 | —17 | —18

10 3

11 12

13 7

14 7

16 12

17 3

18 13

19 6

20 3

21 6

22 6

23 1

24

26

27 1
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[€1, &3] = 48 + 3¢5 + 2&,
(€1, €5 = 367 + &,

(62, €3] = 26 + & + 48,
(€3, &5) = &7 + 265,

(€5, €4] = 267 + &,

[€1, €8] = 364 + 265 + 4G,
[€1, 6] = 267 + 26,

(65, 64] = &7 + &,

(€2, §6] = 2¢7,

(€3, &5] = 3¢,

(3.43)

(€5, 66] = 26
Here
gl = Spallp, (gia géa Eé)? 92 = Spallp, (gzlla géa Eé‘)? 93 = Spallp, (€’l7’ gé)a
so we order the basis by the index of the &/’s. Calculating the cohomology as in the previous sections

with this information, we get
Again, comparing [Table 3.6/ and [Table 3.14] we see that H*(I,Fs) for I C SL3(Z,) and

H *((1 +mp)Nrd=1, IF5) have the same graded cohomology dimensions, and it would be interesting
to investigate whether H*(I,F5) = H*((l + mD)Nrdzl,IFg,) as graded algebras. More generally, is
H*(1,F,) = H* ((1 + mp)Nrd=1, IF'p) as graded algebras for p > 57

Another interesting observation is that H*(G,F,) = H*(G,TF,) ®r, Fple] as graded algebras
(with €2 = 0) by [Ser21, Sect. 6.3], so an interesting question is whether H*(Igr,, (q,), Fp) =
H*(Isy,,(@,) Fp) ®r, Fple] as graded algebras.

Altogether, the above seems to hint at the following conjecture:

Conjecture 3.25. Let D be the central division algebra over Q, of dimension n? and invariant
%. Let Op be the maximal compact (local) subring of D with maximal ideal mp and residue field

Fp=Fpn. If p>n+1 then
o H* (IGLn(Qp), Fp) = H*(l + mD,IFp) as graded algebras, and
o H* (ISLn(@p)va) =~ H*((1+ mp)Nd=1F,) as graded algebras.
In particular, this implies by [Ser21) Sect. 6.3] that
H* (IGLn(Qp)an) = H*(ISLH(Qp)va) ®rF, Fple]

as graded algebras, where F,[] denote the dual numbers (¢2 = 0). O
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Table 3.14: Dimensions of B} = H* = gr® H**!(g,F5) for G = (1 + mp)N9=! in the n = 3 and
p = 5 case.

10

11 9

12 9

13

14 7

16 3

17 3

18 6

19

21 3

22

23 1

3.11.3 Serre spectral sequence

Another interesting research direction is to try to work with the Serre spectral sequence in
the following way.

Assume we have the “standard” setup with G = SL,,, I unipotent upper triangular matrices
and 7 diagonal matrices with determinant 1. Let also I C SL,(Z,) be the pro-p Iwahori subgroup

of SL,,(Qp) which is upper triangular and unipotent modulo p, and let

K = ker(red: G(Zp) — G(Fp)),
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where red: G(Z,) — G(F,) is the reduction map. (Note that I = {g € G(Z,) : red(g) € U(F,)} in
this case, cf. [CR16].) Then
I/K =U(Fy),

and thus we get the Serre spectral sequence
By’ = H'(U(F,), H (K, F,)) = H(LF,),

which is also a multiplicative spectral sequence. Since K is a uniformly powerful group (cf. [OS19,

Prop. 7.6]), we know by [Laz65, p. 183] that
‘ J
H/(K,F,) = \ Homg, (K,F,).

Now we can let SL,,(Z,) act by
(9- (@) = fg™ " wg)

for g € SL,(Zy), f: K — F, and = € K, and hope to split A’ Homp, (K, F,) into a direct sum of
Verma modules @, V() for p-restricted A (A with 0 < (X, a¥) < p — 1), similarly to what is done
in [PT18] (as we used in [Chapter 2)). This description might be easier to generalize than what we
have worked with in this chapter, but it is harder to get started with since the spectral sequence is
more complicated. One can hope that the difference in the spectral sequence might make it so that

it will always collapse on the second page (the starting page in this case).
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Appendix A

Calculations

A1l ICSLy(Z,)

In this section we will describe the work need to find the continuous group cohomology of
the pro-p Iwahori subgroup I of SL4(Q,).

When [ is the pro-p Iwahori subgroup in SL4(Q)), we know by that we can take
it to be of the form

1+pZ, 7, Z, Z, \*
2y  1+pZ, 7y Z,
= C
=1 pz, 2z, 1492, 2, < SLa(Zy),
DLy D2y Ly 1+ pZy,
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and, by we have an ordered basis

1 1 1
. 1 . 1 p 1
g1 = 1 ) g2 = p 1 ) g3 = 1 )
D 1 1 1
1 1 1
1 B 1 1
g4 = 1 5 g5 = P 1 ’ g6 = 1 5
p 1 1 1
exp(p) 1
expl{—p expi(p
1 exp(—p)
1 1 A1
1 (A1)
. 1
9= exp(p) ’
exp(—p)
1 1 1 1
1 1 1 1
gio = 1 ) g11 = 1 5 g12 = 1 1
1 1 1
1 1 1 1 1
1 1 1 1
g13 = 1 y gua = 1 y  g15 = 1
1 1 1

Here we write any zeros as blank space in matrices, to make the notation easier to read for the

bigger matrices.

Remark A.1. Note that the order is not going from the lower left corner to the upper right corner
along “diagonals”, which might be a more standard ordering to chose. The reason we choose this

alternative order is to simplify some calculations. In particular, this order gives simpler a;; below.A

A.1.1 Finding the commutators [§;, ;]
Now
a1 a2 a1z a4
g.rlgxz . g$15 _ 21 Qa22 a3 a24
12 15 azy agz asz ass |’
41 Q42 Q43 Qa4
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where

a1 = exp(pz7),

aiz = x15exp(prr),

a13 = r13 exp(pr7),

a14 = 10 exp(pa7),

az = pr3exp(pr7),

az = prisr3exp(prr) + exp(p(as — x7)),

azs = pr13xs exp(par) + r14 exp(p(zs — 7)),

aza = priox3 exp(prr) + x11 exp(p(zs — 27)),

az1 = pxz exp(par), (A2)
agy = pr1572 exp(pr7) + pTs exp (P($8 - $7)),

asg = pr13xg exp(prr) + prisws exp(p(zs — x7)) + exp(p(wg — 23)),

ass = pr1022 exp(pa7) + pr11as exp(p(es — x7)) + x12 exp(p(wy — x3)),
aq1 = pr1 exp(pa7),

agp = pr1715 exp(pay) + pryexp(p(es — x7))

a3 = pr1z13 exp(pr7) + priszg exp(p(zs — 7)) + pre exp(p(zg — x8)),
ags = pr1z10 exp(pa7) + priizy exp(p(zs — 7)) + priszs exp(p(zg — x3))

+ exp(—pzo).

Furthermore, write g; ; = [g;,9;] and & ; = [&,&;]. Then we are ready to find z1,..., 215
such that g; ; = ¢g7" - - - g72° for different ¢ < j. (In the following we use that ]ﬁ =1+p+p*+---
and log(1 —p) = —p— & — & —---.) Also, except in the first case, we will note that z; € pZ,
implies that the coefficient on ;, in &; ; is zero.

We now list all non-identity commutators g; ; = [gs, ;] and find & ; = [&, ;] based on these.

(For g; j = 14 it is clear that 1 = --- = z15 = 0, and thus & ; = 0.)
1
1
gi1,7 = 1 : Comparing g1 7 with (A.2), we see that x9 = z3 = 27 =
p(1 — exp(—p)) 1

T190 = 13 = 15 = 0, and thus also x4 = x5 = s = 11 = z14 = 0, which implies that
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z = xg = x12 = 0. This leaves as; = pr1 = p(1 — exp(—p)) = p? + O(p?), which implies that

z1 = p+ O(p?). Hence o(g17) = m.0(g1), which implies that & 7 = 0.

1
1 . .
g9 = 1 : Since g1,9 = g1,7, the above calculation shows that ;g = 0.
p(1 = exp(—p)) 1
L=p p
1

9110 = 1 : Comparing g1,10 with (A.2]), we see that all z; are in pZ, except

—p? L+p+p?

x7 = xg = g, for which we have a1; = exp(px7) = 1—p, and thus x7 = %log(l—p) = —14+0(p).

Hence 1,10 = —&7 — &8 — &o-

1
—p 1 . . .
gi11 = 1 : Comparing g1,11 with (A.2)), we see that all z; are in pZ, except x3, for
1
which we have ag1 = pr3 = —p, and thus x3 = —1. Hence {111 = —§3.
1
1
gi12 = p 1 : Comparing g;,12 with (A.2)), we see that all z; are in pZ, except xq, for
1
which we have az; = pro = —p, and thus o2 = —1. Hence &1,12 = —&o.
1
1
91,13 = 1 : Comparing g1 13 with (A.2), we see that all z; are in pZ, except xg, for
p 1
which we have a3 = pre = p, and thus zg = 1. Hence &1,13 = &6.
1
1
91,15 = 1 : Comparing g1,15 with (A.2), we see that all z; are in pZ, except x4, for
P 1
which we have a42 = pxry = p, and thus x4 = 1. Hence &1,15 = &4.
1
1
92,6 = 1 : Comparing g 6 with (A.2), we see that all z; are in pZ,. Hence &6 = 0.
—p2 1
1
1
Go7 = ) (1 ~exp (—p)) 1 : Comparing g 7 with (A.2)), we see that all z; are in pZ,. Hence
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1 .
Gos = p(l B exp(—p)) 1 : Since g28 = go,7, the above shows that &5 = 0.
1
1
1
= : Comparin with (A.2), we see that all x; are in pZ,. Hence
92,9 p(l _ exp(p)) 1 paring g2 9 i Py
1
§290=0
1
1
92,10 = » : Comparing g2,10 with (A.2), we see that all z; are in pZ,. Hence &3 19 = 0.
1
I—p p
9213 = 2 Ltptp? : Comparing go,13 with (A.2]), we see that all z; are in pZ, except

1

x7 = xg, for which we have a1; = exp(px7) =1 — p, and thus 7 = %log(l —p)=—-140(p).

Hence &213 = —&7 — &s.

1
92,14 = P : Comparing g2 14 with , we see that all z; are in pZ, except x3, for
1
which we have as1 = px3 = —p, and thus 3 = —1. Hence 214 = —&3.
1
92,15 = ]19 : Comparing g2 15 with , we see that all x; are in pZ, except x5, for

1

which we have agas = pxs = p, and thus x5 = 1. Hence &215 = &5.

93,4 =

g3s5 =

1

: Comparing g3 4 with (A.2), we see that all z; are in pZ,. Hence &34 = 0.
1

: Comparing g3 5 with (A.2), we see that all z; are in pZ,. Hence &35 = 0.
1
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1
p(1 —exp(—2p)) 1

93,7 = 1 : Comparing g3 7 with (A.2]), we see that all z; are in pZ,.
1
Hence §37 = 0.
1
B p(l — exp(p)) 1 . ) ) ‘ .
938 = 1 : Comparing g3 g with (A.2)), we see that all x; are in pZ,. Hence
1
&8 =0.
1
1
9310 = 1 P, Comparing g3,10 with (A.2), we see that all z; are in pZ,. Hence &3 19 = 0.
1
1
1
9313 = i) : Comparing g3 13 with (A.2), we see that all z; are in pZ,. Hence &3 13 = 0.
1
I=p P
2 2
— 1
9315 = p tpEp 1 : Comparing g3,15 with (A.2]), we see that all ; are in pZ, except
1
x7, for which we have a1; = exp(px7) = 1 — p, and thus x7 = %log(l —p)=—-1+0(p). Hence
€315 = —&r1.
1
1
ga7 = 1 : Comparing g4 7 with (A.2)), we see that all x; are in pZ,. Hence
p(l—exp(p)) 1
&7 = 0.
1
1
g48 = 1 : Comparing g4 g with (A.2)), we see that all z; are in pZ,. Hence
p(1—exp(-p)) 1
§a8 = 0.
1
1 .
g4,9 = 1 : Since g49 = ga8, the above shows that £, 9 = 0.

p(1 = exp(—p)) 1
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1
9410 = 1 : Comparing g4,10 with (A.2)), we see that all z; are in pZ,. Hence 4,19 = 0.
1
1
B 1—-p p . . .
ga11 = 1 : Comparing g4,11 with (A.2]), we see that all z; are in pZ, except
—p? L+p+p?

xg = xg, for which we have ags = exp(pxg) =1 — p, and thus xg = %log(l —p)=—-140(p).

Hence &4,11 = —&8 — &o-

1
1
9412 = p o1 : Comparing g4,12 with (A.2)), we see that all z; are in pZ, except x5, for
1
which we have a3y = pxs = —p, and thus x5 = —1. Hence {412 = —&5.
1
1
94,14 = 1 : Comparing g4,14 with (A.2), we see that all z; are in pZ, except xg, for
p 1
which we have a43 = pre¢ = p, and thus x¢ = 1. Hence {414 = &6.
1
1
956 = 1 : Comparing gs ¢ with (A.2), we see that all z; are in pZ,. Hence &6 = 0.
_p2 1
1
1
= : Comparin with (A.2), we see that all x; are in pZ,. Hence
95,7 p(l _ exp(p)) 1 p g 95,7 ) DLap
1
&7 =0.
1
! C i ith (A.2 that all in pZ
g5.8 = p(l _ exp(—2p)) 1 : Comparing gsg wi , we see that all z; are in pZ,.
1
Hence 558 = 0.
1
! Si the ab h that & 0
= : Since = , the above shows tha =0.
35,9 p(l . exp(p)) 1 959 = 95,7 5,9
1
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1
g5.11 = 1 p : Comparing g5,11 with (A.2), we see that all z; are in pZ,. Hence &5 11 = 0.
1
I —p
1
9513 = 1 : Comparing gs 13 with (A.2)), we see that all z; are in pZ,. Hence &5 13 = 0.
1
1
1—
95,14 = _pzp 14 ;)+ 2 : Comparing gs,14 with (A.2]), we see that all ; are in pZ, except

1
xg, for which we have asy = exp(pxg) = 1 — p, and thus xg = %log(l —p)=—-1+0(p). Hence

€514 = —&s.

1
96,8 = ! 1 : Comparing g¢ g with , we see that all z; are in pZ,. Hence
p(1 —exp(p)) 1
€63 = 0.
1
96,9 = ! 1 : Comparing ge9 with , we see that all z; are in pZ,.
p(l — exp(pr)) 1
Hence &9 = 0.
1 —p
96,10 = ! 1 : Comparing g10 with (A.2), we see that all z; are in pZ,. Hence & 19 = 0.
1
1
96,11 = 1 —1p : Comparing ge,11 with , we see that all z; are in pZ,. Hence &g 11 = 0.
1
1
96,12 = ! 1-p » : Comparing ge 12 with , we see that all z; are in pZ,, except
—p* 1+p+p’

xg, for which we have a3z = exp(pxg) = 1 — p, and thus zg = %log(l —p)=—-1+0(p). Hence
&6,12 = —&o.
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1 exp(p) — 1
1
97,10 = 1 : Comparing g7,10 with (A.2]), we see that all z; are in pZ,.

1
&710 =0.

1
1 exp(—p) — 1 . . :
9711 = 1 : Comparing g7,11 with (A.2), we see that all x; are in pZ,,.

1
&1 =0.

1
1

1 exp(p) — 1
1
97,13 = : Comparing g7,13 with (A.2]), we see that all ; are in pZ,.

&713 =0.

1
1 exp(—p)—1 . : :
9714 = : Comparing g714 with (A.2), we see that all x; are in pZ,.

1
1
§714 = 0.
1 exp(2p)—1
1
97,15 = 1 : Comparing g7,15 with (A.2)), we see that all z; are in pZ,.
1
§715 =0
1
1 exp(p) — 1 . . .
9811 = 1 : Comparing gg 11 with (A.2]), we see that all ; are in pZ,.
1
&8,11 = 0.

1
1 _ . . ‘ .
98,12 = 1 exp(—p)—1|° Comparing gg 12 with (A.2), we see that all x; are in pZ,.

1
&8,12 = 0.

1 exp(p)— 1

1

98,13 = 1 : Since gg 13 = g7,13, the above shows that &g 13 = 0.
1
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1 exp(2p) —1

9814 = 1 : Comparing gg 14 with (A.2]), we see that all z; are in pZ,. Hence
1
8,14 = 0.
1 exp(—p) —1
1
98,15 = 1 : Comparing gg 15 with (A.2)), we see that all z; are in pZ,. Hence
1
8,15 = 0.
1 exp(p) — 1
1
99,10 = 1 : Since gg.10 = 97,10, the above shows that &g 15 = 0.
1
1
1 ex -1 .
99,11 = 1 p(p) : Since gg.11 = gs,11, the above shows that & 11 = 0.
1
1
1 . . .
99,12 = 1 exp@p) —1|° Comparing gg 12 with (A.2)), we see that all x; are in pZ,. Hence
1
9,12 = 0.
1 exp(-p)—1
1
99,13 = 1 : Comparing g9 13 with (A.2)), we see that all x; are in pZ,. Hence
1
9,13 = 0.
1
1 exp(—p)—1 . . :
99,14 = 1 : Comparing g9 14 with (A.2)), we see that all z; are in pZ,. Hence
1
9,14 = 0.
1 -1
1
911,15 = 1 : Comparing g11,15 with (A.2)), we see that all x; are in pZ, except x1¢, for
1
which we have a4 = 10 = —1. Hence §11,15 = —&10-
1 -1
1 .
912,13 = 1 : Since g12,13 = g11,15, the above shows that 12,13 = —£10.
1
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1 -1

912,14 = 1 : Comparing gi2,14 with (A.2)), we see that all x; are in pZ, except x11, for
1
which we have agy = T11 = —1. Hence 612714 = —511.
1 -1
1
g14,15 = 1 : Comparing g14,15 with (A.2)), we see that all x; are in pZ, except x13, for
1
which we have a1z = r13 = —1. Hence 614715 = —513.

Thus the non-zero commutators [¢;,&;] with ¢ < j are:

[€1,610) = —(§&r + &+ &), [&1,611) = =&, [&1,&12] = =&,

(€1, &3] = &, (€1, &15] = &, (€2, &13) = — (&7 + &3),
€2, &14]) = —&3, (€2, &15) = &5, €3, &15) = —&7,
(A3)
(€4, 611) = — (& + &), [€4,812) = =&, [€4,&14] = &6,
(€5, &14) = —&3, [€6,&12] = =&, [&11,&15) = —&10s
(12, &13] = —£1o0, (12, 814] = €11, [§14, &15) = —&us.
A.1.2 Describing the graded chain complex, gr’ (/\” g)
Looking at (with e =1 and h = 4), we see that
3 1 2 1 1 3
w(gl)_171213 w(92)21*1:§, W(Qz)—lfzzz,
2 1 1 3 1 3
wig) =1-7=7, wigs) =1-7=1, wige) =1-7=1,,
w(gr) =1, w(gs) =1, w(gs) =1, w(ge) = 1,
3 2 1 1
w(gio) = T w(gi) = 1= w(gi2) = T
2 1 1 1
W(glz) = 1 = bR W(914) = 1 w(915) = 1
Hence
9=k ®p, [ er] =span(&1,....65) =g @ g B g’ D g’
where

o' = g1 = spang (&1, &12, €14, E15),

1
1
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g2

g1 = spany (&2, &4, €11, £13),

1
2

g3

g% = Spa‘nk(€37 557 567 £10)7

g = g1 = spany (&7, &s, &o).

See [Remark 3.9] for more details.

This is enough to calculate the graded mod p cohomology of g, see |[Kon22| for the details.
We write the result in [Table 3.8

A2 I CGLy(Z,)

In this section we will briefly describe the work needed to find continuous group cohomology

of the pro-p Iwahori subgroup I of GL4(Q)).

When [ is the pro-p Iwahori subgroup in GL4(Q)), we know by that we can take
it to be of the form

1+ pZ, Ly, Ly, 7

vZy  14pZ, Z, z,
C

vZ,  pZ, 1+pz, 7z, |G

DLy js Ly 1+ pZy,

P
I =
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and, by [Section 3.1 we have an ordered basis

1 1 1
1 1 p 1
a1 = 1| g2 = » 1 y g3 = 1 )
P 1 1 1
1 1 1
1 1 1
g4 = 1 y g5 = p 1 y 96 = 1 )
1 1 1 p 1
exp(p) 1
g = exp(—p) w=| oo
I exp(—p) ’
1 1
(A4)
1 exp(p)
g9 = ! gio = >p(p)
exp(p) ’ exp(p) ’
exp(—p) exp(p)
1 1 1 1
1 1 1 1
gi1 = 1 y g12 = 1 y 913 = 1 11
1 1 1
1 1 1 11
1 11
g14 = 1 y 915 = 1 y 916 = 1
1 1 1

Since we just renamed some elements and added an element of the center of GL4(Z,) when comparing

to the ordered basis of I C SLy4(Z,) from [Appendix A.1} it is clear from [Equation (A.3)|that the

only non-zero commutators [§;, &;] with ¢ < j are:

[1,6u1) = —(&r + &+ &), [, &) = =&, 61, 612] = &2,

(€1, &14) = &, (€1, &16] = &4, (€2, &14] = — (&7 + &3),
[€2,&15) = —&3, (€2, &16) = &5, (€3, &16) = —&7,
(A5)
[€4,&12] = — (&3 + &o), [€4,613) = =&, [&4,&15) = &6,
€5, &15] = —&s, (€6, &13] = =&, [&12,&16) = —&u1s
(12, &14] = =11, (€12, &15) = —&12, €15, &16) = =14

Looking at we easily see that

g' = g1 = span (&1, &13, &15, &16),

1
1
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g2

g1 = spany, (&2, &4, €12, £14),

g3

I

g3 = span (&3, &5, 86, &11),

g" = g1 = spany (&7, &s, &0, £10).

This is enough to calculate the graded mod p cohomology of g, see [Kon22| for the details.
We write the result in [Table 3.9
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Appendix B

Other Research

In this chapter, I will give a very brief introduction to other research I have participated
in. This is all joint research and it is beyond the scope of this dissertation. I refer to the papers
[Dia+21a; |Dia+21b; DKK20| for background and details. The research has been focused on two

different, but closely related, subjects.

List-decodable mean estimation. In many statistical settings, including machine learning
security and exploratory data analysis e.g. in biology, datasets contain arbitrary — and even
adversarially chosen — outliers. The central question of the field of robust statistics is to design
estimators tolerant to a small amount of unconstrained contamination (corrupted points).

The main question we have been researching is how to quickly find a robust estimator of
the mean in the case where more than % the points are corrupted. In this case a single accurate
hypothesis is information-theoretically impossible, but one may be able to compute a small list
of hypotheses with the guarantee that at least one of them is accurate. This relaxed notion of
estimation is known as list-decodable learning in general, and list-decodable mean estimation in our
more specialized case. In other words, we are giving an algorithm that solves the following problem
“quickly”.

Let D be a distribution with unknown mean p and unknown bounded covariance ¥ < o21.
Given a set T C R of size n and « € (0,1/2) such that an a-fraction of the points in 7" are i.i.d.

samples from D. We want to output a list of candidate vectors {ji;};c[s) such that s = poly(1/a)
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(or optimally O(1/a)) and with high probability min,e [[i; — p|2 is small.
During our research we managed to give algorithms that solve the above list-decodable

problem using n = Q(d/«) samples (optimal), O(1/«) hypotheses (optimal), and error and runtime

as follows:
Error Time
[CMY20]° O(a/\/a) O(nd/aC) (C > 6)
[DKK20] | O(clog(1/a)//c) O(n2d/a)

O(o/\/a) O(nd/a + 1/a®)

O(o\/log(1/a)/a) O(nd/a)

[Dia+21a] | O(alog(1/a)/v/a) | O(n'*ed) (¢ > 0 small)

[Dia-+21b|

¢ Concurrent work.
In summary, our most recent result (cf. [Dia+21a, Thm. 6]) — which is the best known

currently in this setting — is:

Theorem B.1 (informal). For any fized constant eg > 0, there is an algorithm FASTMULTIFILTER
with the following quarantee. Let D be a distribution over R% with unknown mean p* and unknown
covariance ¥ with ||X|lop < 02, and let a € (0,1). Given o and a multiset of n = Q(g) points on
R? such that an a-fraction are i.i.d. draws from D, FASTMULTIFILTER runs in time O(n'*¢d) and
outputs a list L of O(a™1) hypotheses so that with high probability we have

o log oz_l)

min||i — p* :O(
/)eLHM 1|2 Ja

Clustering well-separated mixture models. Mixture models are a well-studied class of gen-
erative models used widely in practice. Given a family of distributions F, a mixture model M
with k components is specified by k distributions Dy, ..., Dy € F and non-negative mixing weights
a1, ..., summing to one, and its law is given by Zie[k} a;D;. That is, to draw a sample from M,
we first choose ¢ € [k] with probability «;, and then draw a sample from D;. When the weights are
all equal to %, we call the mixture uniform. Mixture models, especially Gaussian mixture models,
have been widely studied in statistics since pioneering work of Pearson in 1894, and more recently,

in theoretical computer science.
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A canonical learning task for mixture models is the clustering problem. Namely, given
independent samples drawn from M, the goal is to approximately recover which samples came from
which component. To ensure that this inference task is information-theoretically possible, a common
assumption is that M is “well-separated” and “well-behaved™ for example, we may assume each
component D; is sufficiently concentrated (with sub-Gaussian tails or bounded moments), and that
component means have pairwise distance at least A, for sufficiently large A. The goal is then to
efficiently and accurately cluster samples from M with as small a separation as possible.

For this problem, we gave different algorithms for different settings, and managed to get
different interesting results in each case in |Dia+21a]. In particular, see |Dia+21a, Cor. 6, 8, 9] for

more details. Our main result can be considered to be:

Theorem B.2 (informal). For any fixed constant 9 > 0, there is an algorithm with the following
guarantee. Given a multiset of n = Q(dk) i.i.d. samples from a uniform mizture model M =
Zz’e[k} %Di, where each component D; has unknown mean p;, unknown covariance matriz 3; with
1Zillop < 02, and min; je ) iz lpri—prll2 = Q(VE) o, the algorithm runs in time O(n'*+<0 max(k, d)),

and with high probability correctly clusters 99% of the points. &

Again, this is the best known currently in this setting.
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