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Abstract

Coefficient Optimal Control Problems for Elliptic PDE
by
Peter U. Vinella

Doctor of Philosophy in Mathematics
University of California, Berkeley
Professor Lawrence Craig Evans, Chair

In this thesis, we consider a class of optimal control problems known as coefficient control
problems. Such problems are constrained by uniformly elliptic PDE in which the controls
appear as some of the coefficients in the differential operator. We begin with a brief review
of standard optimal control theory and show that it does not apply to control coefficient
problems generally by means of two counterexamples. We then present existence results
for the solution to such problems under two different assumptions regarding the controls:
Lipschitz continuity with a bounded Lipschitz constant and the case in which the admissible
set of controls is closed under H-convergence. We then present a new maximum principle
for the latter class of problems which we subsequently use to characterize the nature and
behavior of optimal solutions.






Dedication

To my wife, Jeanette, who has supported me for the last twenty years, to my daughter,
Avalon, who encouraged me to go back to graduate school, and to my mother, Mary, who
waited quite a long time for this.



Acknowledgments

I would like to thank Mitchell Berns of the law firm, Fox Rothschild, and the Federal Home
Loan Bank of New York who gave me the opportunity to investigate new ways to estimate the
coefficients of interest rate processes. I also would like to thank my fellow graduate students,
especially Woo-Hyun Cook, Peyam Tabrizian, and Chris Miller, who welcomed me with open
arms and gave me a lot of support. Additionally, T would like to thank Professor George
Bergman who encouraged me to come back to Cal and Daniel Tataru who helped guide
me through the unfathomable bureaucracy of the Graduate Division to get me readmitted
after thirty years. Further, I would like to thank my professors from my first tenure at Cal,
especially Professors Alexandre Chorin and Ole Hald as well as Professors Xin Guo and
James Pitman who helped make my second tenure just as fun and fulfilling. Lastly, T would
like to thank my advisor Craig Evans who made this all possible. Craig helped me to see and
appreciate mathematics in new ways and was ever patient with my stumbling along the way.
Craig also introduced to me to number of great books and music outside of mathematics and
became a true friend. Who else but Craig would make reading Phillip K. Dick and listening
to Warren Zevon part of the degree requirement. I will truly miss working as closely with
him as I have over the past few years.

il



Preface

The motivation behind this thesis was a problem that I was given arising from the turmoil in
the financial markets following the collapse of Lehman Brothers in September 2008. My task
was to price hundreds of millions of dollars of interest swaps in connection with a lawsuit
brought against Lehman by one of its clients. Such an exercise would typically involve
discounting the various cash flows using some benchmark interest rate that was modeled
using an It6 diffusion. This, in turn, requires calibrating the coefficients the SDE on each
valuation date to reflect prevailing market conditions. However, interest rates are not directly
observable in the market and the standard calibration methods rely on heuristics rather than
empirical data. Given the market volatility at the time, these models were found wanting
for this particular exercise.

While interest rates themselves are not directly observable in the market, prices of various
classes financial instruments that are derived from them are directly observable, most notably
zero-coupon bonds issued by the U.S. Treasury Department. Moreover, the price of such a
financial instrument can be shown to be the solution to a PDE whose coefficients are the
same as those of underlying interest rate process (i.e. the well-known Black-Scholes PDE).
Hence, the problem of estimating the coefficients of the stochastic interest rate process can
be transformed into estimating the coefficients of a PDE. Additionally, since these prices are
observable in market, we can formulate an estimation scheme with the goal of minimizing
the difference between computed and observed prices (in other words, a norm-minimization
problem). This suggests that we can pose our calibration problem as one in which the
coefficients of the PDE act as controls governing the evolution of the price of zero-coupon
bonds whose values are chosen to achieve some optimal result (i.e. minimizing the estimation
error between computed and observed prices) — in other words, an optimal control problem,
albeit one which is infinite dimensional with PDE-constraints.

As is the the case with this calibration problem, optimal control problems generally involve
“controlling” the evolution of the state of a given system in order to achieve some prescribed
objective. Often, this evolution is described by a differential equation which is subject to
various constraints imposed on permissible states and controls such as in the case of classical
calculus of variation problems. The theory establishing the existence of optimal solution to
such problems along with necessary conditions for optimality is well understood in a finite
dimensional setting. Further, this theory has been extended to infinite dimensional problems
generally and, in particular, those which are constrained by a PDE that is linear with respect
to the controls. However, there are still many open problems regarding the existence and
characterization of optimal solutions in the case of nonlinear problems generally.

il



In this thesis, we consider two special cases of such nonlinear problems. First, in the case
of estimating the coefficients of a SDE such as the calibration problem above, we can rely
on the fact that these coefficients must be Lipschitz continuous with bounded Lipschitz con-
stants. This allows us to pass to the limits without having to rely on linearity. Consequently,
under this assumption, we can demonstrate both the existence of optimal controls as well
as characterize those controls using standard methods. In the second case, we show that
solutions exist and be characterized by a maximization principle for a broader class of prob-
lems in which the diffusion coefficient is closed under H-convergence. However, it should
be noted that these results are only a small step toward resolving the problem estimating
unobservable coefficients of It6 diffusions.

This thesis is organized as follows.

In Chapters 1 and 2, we introduce the basic optimal control problem and we review some
key results from general optimal control theory. In particular, review standard Lagrange
optimization methods in infinite-dimensions which can be applied to special classes of optimal
control problems.

In Chapter 3, we introduce optimal control problems constrained by an elliptic PDE. We
begin with basic results from PDE theory which establish the existence and uniqueness of the
weak form of feasible solutions. We then review a special class of such problems which are
linear with respect to the controls. In this case, we can apply the general theory developed
in Part 2 following the pioneering work J.L. Lions in the 1960’s.

In Chapter 4, we explore optimal control problems constrained by an elliptic PDE that are
nonlinear with respect to the controls. Here, we introduce two counterexamples to show that
solutions to such problems do not exist generally. In light of these counterexamples, we then
turn our focus to a special class of nonlinear optimal control problems whose controls appear
as coefficients of the PDE constraint. We begin with establishing the existence of solutions
to such problems beginning with a discussion of H-convergence. We also show that the
solutions to such problems exist if the controls are assumed to be Lipschitz continuous with
the same bounded Lipschitz constant. Following this, we introduce a maximum principle
for such problem which essentially replaces the variational inequality used to characterize
solutions. Finally, we analyze the nature and behavior of optimal solutions under a variety
of simplifying assumptions.

In developing this material, I generally follow J.L. Lions [60], F. Troltzsch [84], and M.Hinze,
et al. [40] in laying out the basic optimal control theory as it applies to PDE-constrained
problems. Additionally, I have generally followed Murat and Tartar in developing the concept
of H-convergence as it applies to PDE-constrained optimal control problems. Further, I have
generally relied on Evans [27] for much of the material regarding PDE theory. Other authors
as well as references to specific results are cited throughout the text. Lastly, well-known
results are generally presented with only a reference to an authoritative source rather than
a proof itself. Results presented with a proof are generally mine, that of my of advisor, the
proof is original, or some combination of the above unless noted otherwise.
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CHAPTER 1

INTRODUCTION

1.1. The basic optimal control problem

In the abstract, an optimal control problem involves finding a state-control pair (u°, o)

contained in a given admissible set A which minimizes a given objective (or cost) func-
tional I : A — R such that

I (a),a’] <Tfu,a] forall (u,a)€ A,
where u represents the state of a given system while « represents the control (policy).

NOTATION. Throughout this paper, A denotes the admissible set and the superscript “0”
indicates an optimal solution. [l

An additional term is often included in the objective functional to account for the cost (or
penalty) of using a specific control. As such, the objective functional often takes the form

Iu,o] = J[u,a] + K [a],

where K represents the cost of using a particular control «. Additionally, we generally
consider problems that are subject to equality and inequality constraints on the choice of
states and/or controls.

Given this, we formally state such problems as follows:

Problem A. (The general optimal control problem)

min [ [u,q],
(u,@)eA

subject to e (u,a) =0
c(u,a) € K

for a given admissible set A C X XY, where X and Y are given real Banach spaces known as
the state space and the control space, respectively. The control operators e : A — Z
and ¢ : A — W are also given, where Z and W are given real Banach spaces known as the
value spaces. In particular, the operator identity

e(u,a) =0

represents equality constraints and is called the state equation. Similarly the operator
¢ represents inequality constraints which are defined as

¢(u,a) € K,

where K is a convex cone in W.



1.2. THE REDUCED FORM

A state-control pair (u, @) € A is said to be feasible if it satisfies the equality and inequality
constraints,

e(u,a) =0 and c(u,a) € K,
where Z* is the dual of the value space Z. The feasible set is the collection of feasible
solutions and is denoted as F.

For the purposes of this paper, we only consider problems which have equality constraints.
However, the results presented herein can be extended to those problems which also have
inequality constraints using an appropriate extension of the Karush-Kuhn-Tucker conditions
from standard optimization theory (c¢f. [84, ch. 6]). Additionally, we only consider problems
in which any state v € X is admissible baring any explicit constraints set forth in the
problem statement. Lastly, we ignore any penalty on the choice of control as this only
constrains the regularity of any solution and does impact its existence. Consequently, our
canonical problem under consideration in this paper is of the form:

Problem B. (The general equality constrained optimal control problem)

min [ [u,q],
ueX,acA
subject to e (u,a) =0,

where X is the given state space, Y is the given control space such that A C Y, and e
represents the equality constraints.

NOTATION. Unless otherwise noted, we follow PDE convention that the state of a given
system is denoted by the lower case letters u, v, and w while controls are denoted by the
lower case Greek letters o and (. O

1.2. The reduced form

Faced with optimal control problems such as Problem B, in many cases, it possible to express
the state u as an explicit function of the control o such that the mapping a — w («) is unique.
If such a mapping exists, we say that it is a control-to-state operator and we denote it
as S : A — X. Additionally, we denote the state as u® to explicitly indicate its dependence
on the control «, where

u® =S (a).

REMARK. In general, a control-to-state operator may need not be onto and it might not be
possible to attain a particular state regardless of the choice of controls. Consequently, we
say that the state u is attainable if there exists a control a € A such that u = S (). O

Given the existence of an appropriate control-to-state operator, we can express optimal
control problems of the form Problem B in reduced form which we define as:

Problem C. (The general optimal control problem in reduced form)
min 1 [o],
acA
subject to é(a) =0,



1.2. THE REDUCED FORM

where A C Y is the admissible set of controls, I: A — Ris the reduced objective
functional defined as

Io] :=TI[S(a),a]=1u*a] (acA,
and é : A — Z is the reduced constraint operator, defined as
é(a) =e(S(a),a)=c(ua) (axeA.
Additionally, we say the collection of all feasible solutions of such problems, F, defined as
F={acAlé(a)=0}={aecAle(S(a),a)=0},
is the reduced feasible set.

NOTATION. For the remainder of the paper, we will use the same notation for full and
reduced form of the objective functional and constraint operator unless otherwise noted. [J



CHAPTER 2

REVIEW OF OPTIMIZATION AND OPTIMAL CONTROL
THEORY

In this chapter we review some key results from standard optimization theory and its appli-
cation to equality constrained optimal control problems in infinite dimensions. Many of the
classical results are provided without proof which can be found in the cited references.

In this chapter, assume that X, Y, and Z are given real Banach spaces with dual spaces
X*, Y* and Z*, respectively (i.e. the space of bounded linear functionals on each of those
spaces).

NOTATION. Given a Banach space W and its dual space W*, we denote the dual pairing of
we W and z € W* as
(z,0)ype = 2 (w) €R.

If it is obvious from the context, we often drop the subscript and simply denote the dual
pairing as

(z,w)

Additionally, if the mapping A is linear, we often use the “multiplication” notation and for
w € W,we write
Aw = A(w).

Lastly, we use x, y, and z to represent elements of general Banach spaces and w,v, and
w to represent elements of Banach spaces of functions to emphasize the fact that they are
functions. O

2.1. Existence of optimal solutions

We now identify conditions under which solutions to optimal control problems that can be
expressed in reduced form exist.

2.1.1. Under the weak topology. Recall that closed, bounded sets in infinite di-
mensional spaces are not compact generally. Therefore, we turn to alternative topologies
on general Banach spaces from which we can derive the necessary compactness properties.
Here, we generally follow Evans [25] and [84, ch.2.4].

DEFINITION. For a normed linear space W, we say the topology induced by its norm is the
strong (norm) topology. Additionally, we say the topology on W induced by W*, referred
to as the weak topology, is the weakest topology on W under which every element of W*
remains continuous and is denoted as o (W, W*).



2.1. EXISTENCE OF OPTIMAL SOLUTIONS

We now review some properties of the weak topology.

2.1.1.1. Weak convergence.

DEFINITION. Suppose that {z;},  C X.

(i) We say that {z; }jGN converges strongly to v € X if it converges in the norm-
topology, i.e.
lim ||z, — ]| = 0.
Jj—00
(ii) We say that {xj}jeN converges weakly to v € X, denoted as
T; —x,

if for all z* € X*
(x*,2;) — (x%,x) as j — oo.

REMARK. If X is a Hilbert space with the inner product (-, -), then by the Riesz Repre-
sentation Theorem, a sequence {xj}jeN C X converges weakly to z € X provided

(y,z;) = (y,x) as j = o0

for all y € X. O
THEOREM 2.1.1. Assume that {z;},y C X and z € X.
(i) If x; = x, then z; — w.
(ii) If x; — x, then the x; are bounded in X and ||z| < liminf ||z;|.
Jj—o0
PROOF. See Brezis [15, p.58|. O

2.1.1.2. Weak continuity. Here, we offer a number of continuity statements under the
weak topology. Equivalent statements exist under the weak* topology unless otherwise
noted.

DEFINITION. A mapping f from a topological space (£2,7q) to another topological space
(U, 7g) is said to be continuous at a point x € Q) if and only if the preimage of every open
neighborhood of f (z) is an open neighborhood of x. Further, f is said to be continuous
on V € Q if it is continuous at each = € V. In particular, we say that a function f from
one normed linear space to another is (strongly) continuous if it is continuous under the
norm topology and weakly continuous if it is continuous under the weak topology.

THEOREM 2.1.2. If f : X — Y is strongly continuous at x € X, then f is weakly continuous
at x.
PROOF. See Aliprantis [3, p.233]. O

DEFINITION. Suppose {xj}jeN C X such that z; - z € X. We say the function f: X — Y
is sequentially continuous at = if f(z;) — f(zr) € Y. Similarly, we say that f is
sequentially weakly continuous at v if v; — x € X and f(z;) = f(z) €Y.

THEOREM 2.1.3. If f : X — Y is (weakly) continuous, then is it sequentially (weakly)
continuous. Further, if f is sequentially continuous, then it is continuous.



2.1. EXISTENCE OF OPTIMAL SOLUTIONS

PROOF. See Rudin |76, p.395]. O

REMARK. The second statement follows from the fact that a Banach space is metrizable
under the norm topology. This does not necessarily hold under the weak topology. 0

Definitions.

(i) The function f: X — R is said to be (strongly) lower semicontinuous if for
every sequence {xj}jeN C X such that z; — 2 € X, we have

liminff (z;) > f ().

(ii) f issaid to be (strongly) upper semicontinuous if for every sequence {xz; }jeN C
X such that z; — 2 € X,

limsupf (z;) < f(x).

Jj—0o0
(iii) [ is said to be weakly lower semicontinuous if for every sequence {z;},  C X
such that z; — = € X,

liminff (z;) > f ().

(iv) [ is said to be weakly upper semicontinuous if for every sequence {z;},  C
X such that z; =z € X,

limsupf (z;) < f(x).

Jj—o0
The next result follows immediately from the definition above.

THEOREM 2.1.4. The function f : X — R is (weakly) continuous if and only if it is (weakly)
lower and upper semicontinuous and

f(z) =liminff (z;) = limsupf (z;),
j—o0

j—00
for every {IL‘j}jGN C X such that v; - v € X (x; = x € X).

The next result emphasizes the key role that convexity plays in infinite dimensional opti-
mization.

THEOREM 2.1.5. Assuming f : X — R is convex, then it is strongly lower semicontinuous
if and only it 1s weakly lower semicontinuous.

PROOF. See Clarke |20, p.52]. O

2.1.1.3. Weak compactness. We now offer a number of statements regarding compactness
under the weak topology. Equivalent statements exist under the weak™ topology unless
otherwise noted.

Definitions.Let V C X.

(i) V is said to be weakly closed if its complement is open under the weak topology.



2.1. EXISTENCE OF OPTIMAL SOLUTIONS

(ii) V' is said to be weakly sequentially closed if for any sequence {z;},  C V
such that z; — 2 , we have z € V.

THEOREM 2.1.6. Let V' be a nonempty subset of X. Consider the following statements:

(i) V is weakly closed.

(ii) V is weakly sequentially closed.
(iii) V is strongly sequentially closed.
(iv) V is strongly closed.

Then ()= (ii)= (iii)< (iv). Further, if V is convex, then these statements are equivalent.
PROOF. See Peypouquet [70, p.12]. O

Definitions. Let V C X. We say

(i) V' is weakly compact if it is compact under the weak topology.

(ii) V is weakly sequentially precompact (ak.a. weakly sequentially rela-
tively compact) if for any sequence {xj}jeN C V , there exists a subsequence
{j brew © {@5};cy such that z;, — 1z € V.

(iii) V is weakly sequentially compact if it is weakly sequentially closed and pre-
compact (i.e. every sequence in V' contains a subsequence which converges weakly
to a point in V).

THEOREM 2.1.7 (Eberlein—émulian Theorem). A subset of a normed linear space is weakly
compact if and only if it s weakly sequential compact.

PROOF. See Holmes [43, p.147]. O

The next result shows that a bounded, closed set in a reflexive Banach space is sequentially
compact under the weak topology. It follows immediately from the Banach-Alaoglu Theorem
which implies that a weakly closed unit ball in a reflexive Banach is weakly compact (and
hence, weakly sequentially compact)..

THEOREM 2.1.8. (i) Every bounded, weakly closed subset of a reflexive Banach space is weakly
sequentially compact.

(ii) Fvery bounded sequence in a reflexive Banach space has a weakly convergent subsequence.
PROOF. See Royden 74, p. 284] O

2.1.1.4. Existence results. The following result, known as James’ Theorem, establishes
an analog to the extreme value theorem under the weak topology.

THEOREM 2.1.9 (James’ Theorem). A nonempty, bounded, weakly closed subset V' of a real
Banach space X is weakly compact if and only if every continuous linear real-valued function
f on X attains its extrema on V.

PROOF. See Holmes [43, p.157]. O



2.1. EXISTENCE OF OPTIMAL SOLUTIONS

The next result shows follows immediately from Theorems 2.1.6 and 2.1.8.

THEOREM 2.1.10. Every bounded, closed, convexr subset of a reflexive Banach space is weakly
sequentially compact.

PROOF. See Clarke |20, p.101]. O

Given these results, we state an alternative form of James’ Theorem in the special case of
reflexive Banach spaces.

THEOREM 2.1.11. A nonempty, bounded, closed, convex subset V' of a reflexive Banach space
X is weakly sequentially compact if and only if every continuous linear real-valued function
f attains its extrema on V.

Given the properties of the following weak topology, we can express a more general theorem
for the existence of optimal solutions which we use extensively in the sequel.

2.1.2. Under the norm topology. Although James’ Theorem establishes conditions
under which extrema exist for certain classes of optimization problems, it relies on the weak
topology which is difficult from a computational perspective. We now state an existence
result under the norm topology which uses convexity to provide the necessary compactness
properties. We begin by considering unconstrained optimization problems of the following
form:

Problem D. (The general unconstrained optimization problem)
min f (u),

where f : V — R is lower semicontinuous and V' is a nonempty, closed, bounded, and convex
subset of a reflexive Banach space X.

We now present one of the key results of this chapter. The proof presented below is due to
Tonelli and is often referred to as the direct method.

THEOREM 2.1.12 (Infinite dimensional form of the extreme value theorem). Assume we are
giwen Problem D, where X 1is reflexive and the admissible set V- C X is nonempty, closed,
bounded, and convexr. If f : V — R is lower semicontinuous and conver on V., then f
achieves its minimum on V.

PROOF. Assume that f:V — R is lower semicontinuous and convex and define M as

(2.1.1) M := inf f(u) > —o0.
ueV

Under this assumption there is a minimizing sequence {u;}, C V such that f(u;) = M
as j — oo. Also by assumption, V C X is nonempty, closed, bounded, and convex and X
is reflexive. Therefore V' is weakly sequentially compact by Theorem 2.1.10. Thus there is
a subsequence {w;, }; .y € {u;};cy C V that converges weakly to some u® € V. Since f is

real-valued,
f (uo) > —00.



2.2. CHARACTERIZATION OF OPTIMAL SOLUTIONS

Moreover, {u, }, .y is also minimizing sequence of f and thus f (u;, ) — M as k — oc. Since
f is lower semicontinuity and convex, it weakly lower semicontinuous by Theorem 2.1.5.

Consequently, we have
—o0 < f(u’) < ligninff (u;,) = M.
—00

Therefore M is finite and, f attains its minimum on V. U

REMARK. Recall that a function g : X — R U {occ}, where X is a normed linear space X is
coercive if

lim g (x) = occ.
[[]| =00

Under the assumption the objective functional f is coercive, we no longer need the require-
ment that the admissible set V' is bounded to establish the existence of a minimizer (¢f. |20,
p.102]). O

We now turn our attention to equality constrained optimization problems of the form:

Problem E. (The equality constrained optimization problem)

{ min f (u),

ueV
subject to e (u) =0,

where f : V — R is lower semicontinuous, V is a nonempty, closed, bounded, and convex
subset of reflexive Banach space X, and the constraint operator e : V — Z is given.

By Theorem 2.1.12 such problems have solutions provided that there is at least one feasible
solution. This is capture in the statement below.

THEOREM 2.1.13. Assume that we are given an unconstrained optimization problem of the
form Problem D with a solution 2°. Then for a given constraint operator e : V — Z, the
constrained optimization problem of the form Problem E has a solution provided that the
feasible set is nonempty.

2.2. Characterization of optimal solutions

In this section, we derive several necessary optimality conditions for general optimal control
problems with equality constraints of the form Problem E. In doing so, we rely on infinite
analogs of the finite-dimensional derivative which are discussed in Appendix A. Here, we
generally follow Hinze et al. [40].

2.2.1. The co-state equation.

DEFINITION. Suppose we are given a problem of the form Problem E. We say the function
L: X xY xZ*— R defined as

(2.2.1) L(u,a,p) = f(u,0) = (pe(u,a)),. , (u€X,a€ApeZ)

is the augmented objective functional.



2.2. CHARACTERIZATION OF OPTIMAL SOLUTIONS

REMARK. We use the term “augmented objective functional” herein to avoid confusion with
the term “Lagrangian” which is also used in the literature to describe the integrand of the
cost functional in standard calculus of variations theory. 0

Above we used the the stationary points of the objective functional to identify possible
minimizers to a constrained optimization problem. Since the objective functional f and the
constraint function e (u,«) in this case are assumed to be Fréchet differentiable at every
(u,a) € X x A, we can compute the partial derivatives of L from its definition directly.

Therefore fix (u,a) € X x A. Then for any v € X, we have

(DL (u, @, p) >U>X*,X = (Duf (u, ) a’U>X*7X —(p, Dye (u, @) U)z*,z
= <DUf (ua O‘) — Dye (u> a)*p, U>x*7x )

where Dye (u, @) is the Fréchet derivative with respect to w and Dye (u, )" is its adjoint
operator.

Since this is true for any v € X, we have the operator identity

(2.2.2) D, L (u,c,p) = Dy f (u,) — Dye (u, )" p.

Hence, if there exists p € Z* for a particular (u,a) € X x A such that
Dye(u, )" p= Dy,f (u, )

then

DL (u,c,p) =0
and thus (u,a,p) € X x A x Z* is a stationary point of L. This gives rise to the following
definition.

DEFINITION. Assume that we are given a problem of the form Problem E. Then for a given
(u,) € X x A, we say the following equation for an unknown p € Z*

(2.2.3) Dye(u, )" p= Dyf (u,a)

is the co-state equation. If a solution p exists, it is called a co-state.

REMARK. Equation (2.2.3) is also commonly referred to as the adjoint equation. Similarly,
a solution p to this equation is often called the adjoint state. We use the term, “co-state”,
herein to avoid confusion with the adjoint operator and, in particular, the adjoint PDE which
is discussed extensively in the sequel. 0

REMARK. Recall that finite dimensional case, we can solve for a co-state (known as a La-
grange multiplier in this case) using (2.2.3) if a minimizer is a regular point. There is a
analogous result in infinite dimensions which shows that we can solve for the co-state if a
minimizer is a regular point in the infinite dimensional sense (cf. [47, p.28]). However, in
our case, we address the issue of the existence and uniqueness of the co-state using results
from standard PDE theory. Consequently, we do not need to rely on this result and it is
outside the scope of this thesis. O
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2.2. CHARACTERIZATION OF OPTIMAL SOLUTIONS

2.2.2. The variational inequality. We now derive a maximum principal that is an
infinite dimensional analog to Fermat’s stationary point theorem from ordinary calculus.
[deally, we would like to express this result in terms of the gradient of the objective functional.
However, we cannot define a true derivative in a general Banach space. Instead, we turn to
the first variation, as an analog to the standard directional derivative, to derive the result.

THEOREM 2.2.1. Suppose u’ € V is a solution to Problem D, where V is a nonempty subset
of a real Banach space X. Further assume that the first variation of the objective functional
[ at u® in the direction u — u®, denoted §f (u°), exists, where u € X. Then u® satisfies the
variational inequality

5F (u) (u— ) > 0.

PROOF. Let u® € V be a solution to Problem D, where V C X is nonempty and fix
u € X. By assumption u — u is feasible direction since df (u°) is assumed to exist. Then
by A.4.1, there exists a real, positive sequence {Tj}jeN 1 0 such that

uO—I—Tj(u—uO)GV

for all j. Since u°

is a minimizer, we get
o F 073 (u— %) —  (u0)

Jj—roo T;

> 0.

Upon inspection, the left-hand side is the definition of the first variation (¢f. A.4.2) and by
assumption, the limit exists. Thus, we have

of (uo) (u — uo) > 0.
O

In the case that f is convex and Gateaux differentiable, we can state the following necessary
optimality condition which is analogous to Fermat’s well-known result from ordinary calculus.

THEOREM 2.2.2. Suppose u® € V is a solution to Problem D, where V is a convex subset
of a real Banach space X. Additionally assume that f is Gateauz differentiable at v° and
denoted the Gateauz derivative as G f (u®). Then

(2.2.4) (Gf (W), u—u’y>0 (forallueX).
If u® is in the interior of V, then G f (u°) = 0.

PROOF. Fix # € V. Since f is Gateaux differentiable at u" by assumption, the direc-
tional derivative exists at u” and is equal to the Gateaux derivative. Since V is convex by

assumption, every direction in V' is feasible. Therefore we can apply the Theorem 2.2.1 above
to all u € V and thus we have

Gf (W) (u—u") >0 (ueV).

Since G f (u”) € X*, we can write the above expression as

<Gf(u0),u—u0> > 0.

11



2.2. CHARACTERIZATION OF OPTIMAL SOLUTIONS

Now assume that V is open. Then we can chose A > 0 small enough such that u° + Au, u® —
Au €V for any u € V. Therefore fix u € V' and choose such a A and define v as

vi=u’ + \u.

Under this definition, v is admissible and we can apply the above inequality to get
0<Gf (uo) (y—uo) =Gf (uo) ((u0+)\u) —uo) =\Gf (uo) u
by the linearity of the Gateaux derivative. Similarly, we can define w as
w=u" — \u
and thus we have
0<Gf (uo) (u — uo) =-)\Gf (uo) u.
Combining the two results implies

MG f (uo) u=0.

Since A > 0 and the choice of x was arbitrary, we have
Gf (uo) =0.
O

The next result follows from that fact that if a function is Fréchet differentiable, then it is
Gateaux differentiable (¢f. Theorem A.3.2).

COROLLARY 2.2.3. Suppose u® € V is a solution to Problem D, where V is a convex subset
of a real Banach space X. Additionally assume that f is Fréchet differentiable at u° and
denoted the Fréchet derivative as Df (u®). Then

(2.2.5) (Df (u°) ,u—u’) >0 forallze A
If u® is in the interior of V, then Df (u®) = 0.

We now formulate the variational inequality for optimal control problems which can be
expressed in reduced form.

THEOREM 2.2.4 (The variational inequality for optimal control problems). Suppose (u°, a’) €
X x A is a solution to Problem B such that the admissible set A is convex subset of a real
Banach space Y. Additionally, assume that the constraint operator e : X x A — Z is Fréchet
differentiable at (u°, o) and that Dye (u®, o) is invertible. Also assume that a control-to-
state operator S defined as o — u® for a € A exists and that it is Fréchet differentiable at
a. Lastly assume that the co-state p° € Z* exists. Then for any o € Y, we have

(2.2.6) <Daf (uo, ao) — D,e (uo, ao)*po, a— a0>Y*7Y >0,

where Dye (u, a®)" is the adjoint operator of Dye (u’, a?).

PROOF. Let (u”,a’) € X x A be a solution to the given optimal control problem and
let S be the control-to-state operator defined as o — u® for a € A. Using this operator, we

12



2.2. CHARACTERIZATION OF OPTIMAL SOLUTIONS

can state our optimal control problem in reduced form and we have
(u”,a”) = (5 (o) ,a%),
where u° := u® such that o is a solution to the problem in reduced form.

Now let f : A — R be the reduced objective functional and let ¢ : A — Z be reduced
constraint operator, respectively, where

f(a):=f(S(a),a) and é(a) :=e (S (a),a).

Then by the chain rule for Fréchet differentiation (¢f. Theorem A.3.3), we have

(2.2.7) Df (ao) =D,f (S (ao) ,ozo) DS (ao) + D, f (S (ao) ,ozo) ,
where DS (o) € Z(Y, X) is the Fréchet derivative of the control-to-state operator at o’
which exists by assumption. Consequently, for o € Y, we have

Df () o = (Duf (S (a°),0”) DS (a%) + Daf (S () ,0%))
= Duf (8 (a) ,a°) DS (a°) a+ Daf (S () ,0")
= (Duf (8 () ,a?) . DS (a”) @) . « + (Daf (S (a”) ;) ,a)y.
= (DS (a°)" Duf (S (a%) %) ,a)  +(Daf (S(a”) ") a)y.
= (DS (0% Duf (8 (a”) ,0°) + Da <<0>,a0>,a>y,fﬁy
= (DS (") Duf (S (a") 1) + Daf (S (a°) ,a") ) e

Since this true for all a € Y, we have the following operator identity
(2.2.8) Df () = DS (a%) Duf (S (a°) ,a%) + Do f (S () .a?)

Note that the first term on the right-hand side is problematic since we must also consider
the sensitivity of the objective functional to perturbations in the state variable as well as
those in the control. Thus we would like to remove this in order to have a problem truly in
reduced form dependent only on the control.

Consequently, we turn to the constraint operator. Recall that in reduced form, the state
equation is

é(a)=0 (for all Eﬁ) ,
where F is the reduced feasible set which is nonempty since o is a solution to the reduced
problem by assumption. Differentiating both sides of this equation, we get

Dé(a) =0 (aeﬁ).

Therefore, using the chain rule once again, we have

Due (S (@), a) DS (@) + Dae (S (@), a) = (a e ﬁ) .

13



2.2. CHARACTERIZATION OF OPTIMAL SOLUTIONS

By assumption Dye (u’, a®) = D,e (S (a®),a’) is invertible. Thus, we have
(2.2.9) DS (@) = —Dye (S () ,ao)fl Dae (S (a”),a%).
Hence the adjoint p° state exists and is given by
(2.2.10) P’ = (Due (S (o) ,040)*)_1 D.f (S (a%),a")
= (Due (5 (%) ,0%) ") Duf (8 (a?) %)
Since X is reflexive, (2.2.9) implies
DS (a°)" = = (Due (S (a°) ,a) " Dae (S (o) ,a°)>*
D (5(%) %) (D (5 a%) a?))
Recalling DS (a®)* : X* — Y*, we have
DS ()" Duf (8 () %) = ~Dae (5 (%) )" (Due (5 (a7) a)) " D (5 () )
= —Dge (S (a%),a%)" p"
by (2.2.10).
Substituting this into (2.2.8), we get
DF (6) = DS (a)" Duf (5 (a) ) + Daf (5 (a) )
(2.2.11) =—D, (5(a°),a%)" p° + Dof (S (o), ).

Since o’

and thus

is an optimal solution, it also satisfies the variational inequality by Corollary 2.2.3

<Df(a0),a—a0> >0 (aeY).

Y*Y
Substituting 2.2.11 into above expression, we have

(Dof (u°,0") — Dye (uo,ao)*po,a —a*) >0 (wey).

Y*Y

O

2.2.3. The optimality system. We now summarize the results derived above as a
single statement describing first-order necessary optimality conditions for optimal control
problems that can be expressed in reduced form.

DEFINITION 2.2.5. Assume that we are given a problem of the form Problem B, where f is
the objective functional, e is the constraint operator, and A C Y is the admissible set. Then
assuming all the derivatives exist, we call the system of equations

(2.2.12)
e(u,a) = 0 (the state equation)
Dye(u,a)" p— Dy f (u,a) = 0 (the co-state equation)
(Daof (u,0) = Dae (u,a)" pya—fB)y.,, > 0 (B€Y) (the variational inequality)
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the problem’s optimality system, where (u,«,p) € X x Ax Z*. Here X is the state space,
Y is the control space, and Z* is the dual of the value space Z.

Alternatively, we can state this system in terms of the partial derivatives augmented objective
functional L.

THEOREM 2.2.6. Assume that we are given a problem of the form Problem B where f is the
objective functional, e is the constraint operator, and the admissible set A is convex. Then
its optimality system is given by
D,L (u,co,p) = 0 (the state equation)
D,L(u,a,p)= 0 (the adjoint equation)
(Dol (u,,p) ;a0 = B)yy > 0 (B E€A). (the variational inequality)

for any (u,a,p) € X x A X Z*, where L : X x A X Z* — R is the augmented objective
functional.

PROOF. Assume that we are given such an optimal control problem let L be the aug-
mented objective functional. Then L is given by

L(u,a,p) = f(u,a) = (p,e(u,a)) 5. , ((u,,p) € X x AxZ7).

A simple calculation shows that the partial derivative of L with respect to the co-state state
p at any (u,a,p) € X x A x Z* is given by

D,L (u,a,p) =e(u, ).

Hence we can express the state equation as

D,L (u,co,p) =0 (for any p € Z%).

Additionally, recall that in deriving the co-state equation we showed at (2.2.2) that
DyL (u,c,p) = Dye (u,a) p — Dy f (u,«) (for any (u,a,p) € X x Ax Z¥).

Consequently, we can express the co-state equation in terms of L as

D, L (u,a,p) = 0.

Lastly, from same computation, we have
<DaL (U, Oz,p) 75>Y*,Y = <Daf (U, Oé) - DOée <u7 Oé>*p, 6>Y*,Y (6 S A) .

Thus we can express the variation inequality as

(Dol (w,0,p) ;a0 = B)y.y 20 (BEA).
[

Summarizing the above calculations, we state first-order optimality conditions for problems
of the form Problem B that can be expressed in reduced form.
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2.3. APPLICATION TO OPTIMAL CONTROL PROBLEMS

THEOREM 2.2.7. Let (u°,a) be a solution to a problem of the form Problem B and assume
that there exists a p® € Z* which is a solution to the co-state equation. Then (u°, a?, p®)
satisfies the optimality condition assuming that the Lagrangian in Fréchet differentiable at
that point.

2.3. Application to optimal control problems

In the two preceeding sections of this thesis, we showed that if a suitable control-to-state
operator S exists, we can restate a general optimal control problem of the form Problem B
as a standard optimization problem. We then showed solutions to such problems exist by
an extension of the extreme value theorem under the following hypotheses:

AssuMPTION 2.3.1 (Hypotheses for the existence of solutions to a general optimal control
problem).

(i) The state, control, and value spaces (X, Y, and Z, respectively) are real Banach
spaces and X and Z are reflexive.

(ii) The admissible set A C Y is nonempty, closed, and bounded, convex (or simply
closed and convex if the reduced objective functional is coercive).

(iii) The control-to-state operator S is injective and weakly continuous.

(iv) There exists at least one feasible solution to the constrained problem.

(v) The reduced objective functional is lower semicontinuous and convex.

Subsequently, we established three first-order necessary optimal conditions for such problems
under the following hypotheses:

ASSUMPTION 2.3.2 (Hypotheses for the existence of an optimality system ).

(i) The control-to-state operator S is Fréchet differentiable at o in any direction,
where o is a solution to the reduced problem.

(ii) The full objective functional f and constraint operator e are Fréchet differentiable
at any solution (u’,a®) = (S (a?),a?).

(iii) The co-state equation has a solution as in the case where D,e (u’, a°) is invertible.

Given these hypotheses, we state the main result of this chapter.

THEOREM 2.3.3. Assume we are giwven an optimal control problem of the form Problem B,
then a solution exists under the assumptions (2.3.1). Further, assuming that such a solution
exists, it satisfies the optimality system provided that the assumptions (2.3.2) are met.

16



CHAPTER 3

ELLIPTIC PDE OPTIMAL CONTROL PROBLEMS

For the remainder of this thesis, we consider optimal control problems which are constrained
by uniformly elliptic PDE of the form

{Lu:f in U

3.0.1
( ) u=g¢g on JU,

where U is a given open subset of R with C' boundary, the boundary condition ¢ is given,
and u is unknown. The given nonhomogeneous term f is assumed to be in L? (U) and the
given differential operator L is linear, second order, and elliptic written in divergence form

as
n

(3.0.2) Lu(x) =— Z (a” () Us,) St sz ) Uy, +c(x)u

ij=1
for given coefficients a¥,b',c (i,7 =1,...,n). We assume there exists a real constant § > 0
such that

D a8 > 0[P >0 (ae x€U)
ij=1
for all nonzero & € R™. We note that without loss of generality, we need only consider

problems in which the boundary condition g is identically zero in the trace sense (cf. |27,
pp. 271-275]).

DEFINITION. Given such a constraint, we consider the following two types of problems
defined below:

(i) Linear problems, in which the control on appears solely in the nonhomoge-
neous term of the constraint PDE and as such, a linear (or affine) with respect
to the controls. They are typically of the form

(3.0.3) Lu= f(a),

where the given nonhomogeneous term f is an affine mapping from the admissible
set A to the value space Z of the form

(3.0.4) fla)=Aa+g (acA),

such that A:Y — Z is a given linear operator and ¢ is given.
(ii) Coefficient control problems, in which the controls appear as one of more

coefficients in the differential operator and are generally nonlinear with respect
to the controls.

17



3.1. THE EXISTENCE OF FEASIBLE SOLUTIONS

We begin our study of elliptic PDE optimal control problems with a brief review of linear
problems primarily to introduce the necessary PDE theory to establish the existence of fea-
sible solutions. However, such problems have the additional benefit that much of the general
optimal control theory developed in the previous chapter can be used to both establish the
existence of optimal solutions as well as characterize them using standard Lagrange methods.
In presenting optimal control results, I generally follow J.L. Lions [60], F. Troltzsch [84],
and M.Hinze, et al. [40] while I generally follow Evans [27, ch.6| with regard to the PDE
theory.

ASSUMPTION. For the remainder of this chapter, we define the admissible set A C L?* (U)
as

(3.0.5) A={ael?U)|a<a(@) <aforzeU},

where 0 < a < @ < 0co. We note that under this definition, 7 is clearly nonempty, closed,
bounded, and convex.

Further, we assume that the objective functional I : H} (U) x A — R is of the form
1 12 K 2
(30.6) Tu,a] = 5 llu = llEs, + Sl
where u is the given target function and p > 0 is the given penalty associated with control
ae A O

REMARK. Optimization and optimal control problems which have an objective functional of
the form (3.0.6) are often referred to as norm minimizing problems. In such problems,
the objective function is bounded from below and given our particular objective function as
defined at (3.0.6), it bounded by zero. O

NOTATION. For the remainder of the the thesis, we drop the subscript from the L?-norm
and inner product and simply use

1A= 1 M2y and (-5 0) = () e
unless otherwise noted. [l

3.1. The existence of feasible solutions

It is well-know that classical solutions to uniformly elliptic PDE of the form (3.0.1) may not
exist generally. Therefore, in the section, we introduce the concept of weak solutions to such
problems, as well the Lax-Milgram Theorem, which establishes the conditions under which
such solutions exist and are unique.

3.1.1. The Sobolev spaces H, (U) and H* (U).

DEFINITION. Assume that u,v € Li_ (U) and « is a multi-index. We say that v is the
a'"-weak derivative of u, denoted as

D%u = v,

/UuD%dx: (—1)“'/Uu¢dx

18



3.1. THE EXISTENCE OF FEASIBLE SOLUTIONS

for all test functions ¢ € C*(U), where C°(U) is the space of smooth functions with
compact support.

DEFINITION. We define the Sobolev space
Wk (U)

as the collection of locally summable functions u : U — R such that for each multi-index «
with |o| < k, D*u € LP (U). In particular, if p = 2, we write

HY(U)=W"(U) (k=0,1,...).
Further, we write
Wo” (U)
to denote the closure of C>° (U) in W*? (U) and, in particular,
HEU) =W (U) (k=0,1,...).,

REMARK. Under this definition, we can interpret Wé‘j P (U) as the collection of functions
u € WkP (U) such that

D% =0 on OU in the trace sense for all |a| <k — 1.

It is well-known that equipped with the following norm,

1/p
(S Jor 1Dl dz) ™ (1< p < o0)

Z\a|§k ess supy | Dul (p=o00),

I oy =

WHP (U) is a Banach space for 1 < p < oo. It is also well-known that equipped with the
following inner product,

(s V) gy = Z /UDu - Dvdx  (u,v € H" (U)),
|| <k

H*(U) is a separable Hilbert space for any k. In particular, this is true for H} (U), where
the norm and inner product are given by

1/2
1 laggon = (Nl aey + 1Dl
and
(u, ) gy oy = (1, 0) 2y + (D, DO) iy
respectively. And as a Hilbert space, Hj (U) is reflexive and also isomorphic to its dual by

the Riesz representation theorem. However, for the purposes of this thesis, we identify its
dual with the space H! (U) endowed with the norm

._ 1
1030y = 500 {F 0 oy mg o | 0 € H (U, Jull gy <1
where f is a bounded linear functional on H} (U).

H~'(U) can be categorized as follows:
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3.1. THE EXISTENCE OF FEASIBLE SOLUTIONS

THEOREM 3.1.1. Assume f € H-'(U). Then there exists functions fO, f1,..., f"* in L*(U)
such that

(3.1.1) (o) = [ $o0+ 3 Pugds (o€ B ©)).
and

£l inf{/Uij}Q | f satisfies (3.1.1) for f°,..., f* € L? (U)}.
j=1

We note that by definition, we have H} (U) C L? (U). In fact, by the Rellich-Kondrachov
Theorem the embedding is compact and thus Hj (U) is a dense subspace of L? (U). Further,
following Evans (cf. |27, pp.299-300]), it can be shown that L? (U) C H~' (U) and that the
embedding is continuous. Consequently, for any v € H} (U) we have
(3.1.2) <U7U>H*1(U),H(}(U) = (Uau)L2(U) (U eL*(U)cH™ (U)) :
by the Riesz Representation Theorem. These embeddings will be used extensively in the
sequel.
NOTATION. For the remainder of this thesis, we drop subscript from the H} (U) dual pairing
and simply denote it as

() =1(" '>H—1(U),H01(U)
unless noted otherwise. OJ

3.1.2. Weak solutions to elliptic PDE.

DEFINITION. Given a uniformly elliptic PDE of the form (3.0.2), define the bilinear form
B:H}(U)x H} (U) - R as

(3.1.3) Blu,v] = / Z AUy, Vg, + Zbiumv + cuvdz  (for all u,v € Hy (U)),
U

ij=1 i=1
where a” b',c (i,j =1,...,n) are the coefficients of L dependent on x € U. We say u €
H} (U) is a weak solution to the PDE if it satisfies

(3.14) Blu,] = (f.)

for all v € H} (U).

We note that we can define the weak of PDE of the form (3.0.2) in which the nonhomogeneous
term f € H ' (U) as

(3.1.5) Blu,v] = (f,v).

THEOREM 3.1.2 (Lax-Milgram Theorem). Assume that H is a Hilbert space and that B :
H x H — R s a bilinear mapping for which there exists constants a,b > 0 such that

|B[u,v]| <allull||v] (u,ve€ H) (boundedness)

and
bllu|> < Blu,u] (ue€ H) (coercivity).
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3.2. THE EXISTENCE OF OPTIMAL SOLUTIONS

Lastly, let f : H — R be a bounded linear functional on H. Then there exists a unique
element uw € H such that

Blu,v] = (f,v) (forallveH).

PROOF. See Evans [27, p. 316]. O

THEOREM 3.1.3. Assume that we are given a bilinear form B of the form (3.1.3) in which
the coefficients are in L™ (U). Then there are constants o, f >0 and v > 0 such that

| B [u, v]| < afull gy ) 10l g2 )
and

(3.1.6) Bllulfwy < B lusu] + 7 llullzep) -
PROOF. See Evans |27, p. 318|. O

Consequently, if v = 0, then we then we apply the Lax-Milgram Theorem to show that a
solution to a given uniformly elliptic PDE exists and is unique such as in the cases in which
(i) each of the 0" are identically zero and ¢ > 0 or (ii) ¢ is sufficient large (cf. |27, p.320]).

3.2. The existence of optimal solutions

To ensure the existence of feasible solutions in the sequel, we assume the state space is
H} (U), the control space Y is L? (U), and the value space Z is H~' (U) ,the dual of HJ (U).
Additionally, we assume that the coefficients of the differential operator L admit weak solu-
tions. Given this, we are concerned in this chapter with linear problems of the form:

Problem F. (The elliptic linear problem)

{ min I'u,q],

weHL(U),acA
subject to Lu = f(a).

Now recall that in Section 2.1 above, we established the existence of solutions to general
optimal control problems under assumptions set forth in Assumptions 2.3.1. Specifically,

(i) The state, control, and value spaces are real Banach spaces and the state and
control spaces are reflexive.
(ii) The admissible set is a nonempty, closed, bounded, convex subset of a reflexive

Banach space (or in the case that the objective functional is coercive, merely
nonempty, closed, and convex).

(iii) The control-to-state operator is injective and weakly continuous (this ensures
that (a) the problem can be expressed in reduced form and (b) a solution to
the reduced problem can be appropriately extended to the full optimal control

problem).
(iv) There is least one feasible solution to the reduced problem.
(v) The reduced objective functional is lower semicontinuous and convex.
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3.3. CHARACTERIZATION OF OPTIMAL SOLUTIONS

Under the problem statement above, hypotheses (i) and (ii) are satisfied. Under the assump-
tion that the coefficients of L admit a unique solution, hypothesis (iv) is met. This, in turn,
ensures that the mapping o — u® is injective for any admissible control o € A and thus it is
a candidate for a control-to-state operator. Hypothesis (v) follows from the fact our problem
is norm minimizing and the norm is both continuous and convex. Additionally, S is affine
and bounded by (3.1.2) and thus it is continuous. Consequently, it is weakly continuous and
therefore hypothesis (iii) is satisfied. This is captured in the following result.

THEOREM 3.2.1. Assume we are given a optimal control problem of the form Problem F in
which the PDE constraint is of the form 3.0.3. Then it satisfies Assumptions 2.53.1 and thus
there exists at least one optimal solution.

3.3. Characterization of optimal solutions

For this section, assume that we are given a linear problem of the form Problem F.

3.3.1. The state equation. In the Introduction to this thesis, we defined the state
equation for a general optimal control problem as the operator identity
e (u,a) = 0.
for a state-control pair (u,a) € X x A, where X is the state space, the admissible set A is
a subset of the control space Y, and e : X x A — Z is the given constraint operator taking
values in the value space Z. Consequently, the strong form of the state equation in the case
of a linear problem under consideration in this chapter is given by
Lu—f(a)=0 ((u,c) € Hy(U) x A),

where L is a uniformly elliptic differential operator and the nonhomogeneous term f («) €
L2 (U) for all a € A.

As for the weak form of the state equation, by the embedding H} (U) — L*(U) — H~' (U)
we have

0=(e(w,a),v)

= <LU—f(Oé),U>

= <LU7U> - <f (Cl{) 7U>

= (Lu,v) — B u,v],

for any v € H} (U) by (3.1.5), where B is the bilinear form associated with L defined at
(3.1.3). This implies

Blu,v] = (Lu,v),
and thus the weak form of the state equation is given by

Blu,v] = (f(a),v) =0 (forall ve Hy (U)).
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3.3. CHARACTERIZATION OF OPTIMAL SOLUTIONS

3.3.2. The co-state equation. At (2.2.3), we defined the abstract form of the co-state
equation as
Dye (u, )" p= DyI (u,a),
where [ is the objective functional, e is constraint operator, D,e (u, a)" is the adjoint operator
of Dye (u, «), the partial Fréchet derivative of e with respect to the state and a solution p is

the co-state assuming it exists. We now state a concrete form of this equation for Problem
F.

LEMMA 3.3.1 (Gradient of the objective functional). Let I : H} (U) x A — R be a functional
defined as,
1 112 H 2
I'u,a] = 2 Ju— U||L2(U) + b) ||a||L2(U) ’

where 4 and p are given. Then I is Fréchet differentiable at any (u,a) € Hg (U) x A and
its Fréchet derivative is given by

DI [u,a] (v, B) = Dyl [u,a]v+ Dyl [u,a] B,
for any (v, B) € H} (U) x A, where
(3.3.1) DI [u,al =u—10 and Dyl [u,a] = pa.

PROOF. We begin by explicitly computing the partial derivative of I [u, a] with respect
to the state u. Therefore fix (u,a) € H} (U) x A and v € H} (U) and define the function
1:R—Ras

1
i(T5u,0) ::I[u+7'v,oz]:§/[]|u+7v—a|2dx+g/[]|a\2dx.

for any 7 € R. Taking the derivative of ¢ with respect to 7, we have
1d
i (0;u,v) = ——/ uw+Tv—altde |,—
O0) =54 || 2 rmy

= (u—1u,v).

On the other hand, by (A.1.2) we have
" (0;u,v) = (G [u, ] ,v)

for any v € H} (U), where G, I [u, a] is the Gateaux derivative with respect to u. Combining
these two results we have

(Gul [u,a] ,v) = (u—t,v) (forallve Hy(U))
and thus we have the operator identity
(3.3.2) Gul [u,a) =u—1a
for a given (u,a) € H} (U) x A.

[ now claim that I is Fréchet differentiable. Therefore consider the following expression

Tu+4v,a] —I[u,a] = (G, [u,a] ,v) +r(u;v) (veHol (U)),
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where r : H} (U) — R and fix v € H} (U). After rearranging terms, we have
’I"(U;U) = [[U—l—’U,O&] —I[U,Oj] - (GUI[U,O!} ,U)

1
_-/Ku+m—aﬁ—m—af—uu—mvm
2 Jy

1 1
(3.3.3) zﬁéwfmzémw.
Dividing both sides by ||v]|, we see that
“$f”%o%wm%o
v

and thus I is Fréchet differentiable with respect to u at any (u,«) € H} (U) x A.

We can similarly compute D,I. For this, fix (u,a) € Hi (U) x A and 3 € A and define
1:R—Ras

i(m50,0) =1I[u,a+ 710]

/]u—u| de + = /|a+rﬁ\ dr.

Again taking the derivative of ¢ with respect to 7 and evaluating it at 7 = 0, we have
i' (0, B) = /|oz+7'ﬁ| dx | —o
- (,UO[, ﬁ) .

Using (A.1.2) once more, we have

(Gol [u, 0], B) =i (0;a, B) = (nc, B)
and thus
(3.3.4) Gol [u, o] = pa
for any (u, ) € H} (U) x A.

The fact I is actually Fréchet differentiable follows for a calculation nearly identical to the
one presented above and thus

(3.3.5) Dol [u, o) = pa
for any (u,a) € H} (U) x A. O

We now compute the strong and weak forms of the partial derivative of the state operator
with respect to the state.

LEMMA 3.3.2. Assume that we are given a function e : HY (U) x A — H~' (U) defined as

e(u,a) = Lu+ f(a),
where L is uniformly elliptic operator of the form (3.0.2). Then for (u,a) € H} (U) x A, the
strong form its partial derivative with respect to the state u at (u, ) € Hy (U) x A is given
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by operator identity
Dye (u,a) = L,
and its weak form by
Dye (u,a) = Blu,v]  (for any v € Hy (U)),
where B is weak bilinear form associated with L.

Additionally, its partial derivative with respect to control o

(3.3.6) D.e (u,a) = —A.

PROOF. Assume the set up above. We begin with computing D,e (u,«). For this, fix
(u,a) € Hy (U) x A and v € H} (U) such that v and v are sufficiently smooth and define
the function i : R — R as

i(r;u,0) =e(u+Tv,0) =L(u+710)+ f(a) (T €R).
This implies

d
i (75 u, @) :d—L(u—i—Tv) =Lv (1€R).
T

On the other hand, by (A.1.2) we have
Gue (u,a)v =14 (0;u,v) = Lo,
and thus the strong and weak forms of the co-state equation are given by
Gue(u,a) =L and Gue(u,a)v = Bu,v], respectively.
We now show that the weak form e (u, «) is Fréchet differentiable with respect to u. Since
the strong form is obvious, we only need to show that the weak form Fréchet differentiable.

Again fix (u,a) € H} (U) x A and v € H} (U). Following the definition Fréchet derivative
at A.3.1, for any w € H} (U), the residual is given by

<T‘ (U,U) ,U)> = <€<U+U,Oé) 7w> - (e(u,a) ,U}> - (Gue(u,a)v,w)
= Blu+v,w|] — Bu,w] — B[v,w] = 0.
Hence e (u, «) is Fréchet differentiable with respect to u at any (u,«) € Hg (U) x A.

Following the same steps as above, we can similarly compute D,e (u,a). Fix (u,a) €
Hi (U) x A and B € A and define the function 7 : R — R this time as

i (ri0) = e (u,0) = L (u)  f (a+ 7).
This implies
d
i’ (15u,0) = _Ef (+70) |rmo= —AB = Gue(u,a)p=—Ap,

and thus we have
Gae (u,a) = —A.

A simple calculation nearly identical to the immediately shows that residual term is also
zero and thus e (u, ) is Fréchet differentiable with respect to the control a at any (u,a) €
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H} (U) x A and is given by
D.e (u,a) = —A.

The next results follows immediately from the lemmas above.
THEOREM 3.3.3. Assume that we are given an linear problem of the form Problem F, where
L s the elliptic operator. Then the strong form co-state equation is given by
L'p=u—a,
U s the given target function and L* is the adjoint of L and its weak form is given by
Blpv] = (u—1it,0) (veH (),

where B is the bilinear form associated with L.

3.3.3. The variational inequality. At 2.2.6, we we defined the variational inequality
for a general optimal control problem in which [ is the objective functional, e is the constraint
operator, and A is the admissible set, as

(3.3.7) <DaI [uo, ao} — D,e (uo, ao)*po, B — 040>Y*7Y >0 (e ACY),

where (u°, o) € X X A is an optimal state-control pair and p° € Z* is the associated co-state

assuming it exists. Here we assume state space X, the control space , and the value space Z
are real, reflexive Banach spaces with dual spaces X*, Y* and Z*. We now provide a concrete
statement of this inequality for linear problems such as Problem F.

THEOREM 3.3.4. Assume that (u°,a®) € H} (U) x A is a solution to a given linear problem
of the form Problem F.Then the variational inequality associated with the problem 1is given

by
(uao — AP’ a — ao) >0 (ao € .A) ,

where  is the control penalty constant and p° € H} (U) is the co-state assuming it exists.

PROOF. Assume the set up above. By (3.3.1) and (3.3.6), we have
D,I [uo,ao] = pa’
and
D.e (uo,ao)* = —A",
where A* : H} (U) — L*(U) is the dual of the linear operator A : L?(U) — H~' (U).
Substituting these into the above expression of the variational inequality, we have

(,uao — A o — ao) >0 (ao € A) .
O

3.3.4. The optimality system. Given the results above, we state the strong and weak
forms of the optimality system for linear problems of the form Problem F. Specifically, for
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(u, ) € H} (U) x A, the strong form is given by
Lu—f(a)=0
(3.3.8) L'p—(u—u)=0
(ho— A'p.f—0)>0 (e A),

where p € Hy (U). Its weak form is

Blu,v] - (f(a),v) =0 foralve Hy (U)
(3.3.9) Bp,v] — (u—a,v)=0  forallve Hy (U)

(ho— A'p,B—a)>0 feA

where p € Hy (U).
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CHAPTER 4

COEFFICIENT CONTROL PROBLEMS

We now turn our attention to a special class of optimal control problems constrained by
elliptic PDE in which the controls appear in some of the coefficients of the second-order
term of the differential operator. Again, our goal is to identify conditions that establish
the existence of optimal solutions to such problems, as well as characterize them using a
maximum principle. Unlike linear problems studied in the previous chapter, however, we
cannot simply apply the extension of standard Lagrange methods to do this, as we show
through two counterexamples below.

In this chapter, we again assume that U is an bounded, open subset of R” with C! boundary
and that the state, control, and value spaces are H} (U), L*> (U), and H=! (U), respectively.
Additionally, we assume that the differential operator has the form:

(4.0.1) L% := —div (aDu) = — Z (¥ (2) ux)z] (ue Hy (U)),

1,j=1

where the superscript « indicates that one or more of the operator’s coefficients are con-
trols. Additionally, we ignore the control penalty and simply set the parameter p to zero.
Consequently, we are interested in optimal control problems of the form:

Problem G. (The elliptic coefficient control problem)

1

min =
ueH}(U),acA 2
subject to Z (¥ (z) uxi)x]_ finU

,j=1

112
[l —all”,

u =0 on OU,

\

where 4 € L? (U) is the given target function and f € L?(U) is given. To ensure that feasible
solutions exist, we assume that

aV e L>*(U) (foralli,j=1,...,n)
and that there exists € > 0 such that
D a8 > 01 >0 (ae zeU)
,J

for all £ € R". However, we leave the choice of the admissible set A until later in the chapter.
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4.1. Counterexamples to the existence of solutions to nonlinear optimal control
problems

We begin this chapter by presenting two counterexamples which show optimal solutions to
general non-linear PDE-constrained optimal control problems may not exist.

4.1.1. Problems with a nonlinear nonhomogeneous term. While we are gener-
ally interested in coefficient control problems for the remainder of this thesis, the following
counterexample found in Jahn [48, p.24-26] shows that even in the case of a linear problem
which were discussed in the previous chapter, optimal solutions may not exist in the case in

which nonhomogeneous term is nonlinear with respect to the controls.
Example 1. Let U = [0,1] C R and consider the following ODE
Uy () +a(z)u(x) =0in U a.e.
o (@) +a @) u ()
u(0) =1,u(1) =0,

where o € L? (U) is the control. A simple calculation confirms that the solution this ODE
is given by

w@:01KM@W@ (xel).

Applying the given the boundary conditions, we also have
C=1

and

which implies
2
Jaf]” = 1.

Hence o € L* (U) is feasible if it lies in the admissible set
A:={aecL*U)| lal? = 1},
which we note is closed and bounded.

Given this, we consider optimal control problems of the form

min I[a],
ueCl(U),acA

subject to u, (z) + a(z)* =0in U
u(0)=1,u(l) =0,

where the objective functional I : A — R is defined as

(4.1.2) Ia] = / 2?a(z)de  (a € A).
U
Clearly,
inf I [a] >0
acA
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and we now show that in fact

inf I [a] = 0.
acA

To see this, define
j forxe [O, J%)
aj (z) =
0 forze []%, 1}

for all j. Then for each j, we have

9 1 9 1/j2
oyl :/ o (y)| dy=/ Pt —1
0 0

and thus a; € A for all j. Moreover, by (4.1.2) we have

1 1/5?
Ioy] = /0 o () do = /0 r2j%dr =

34
for each j and hence we have
inf I [a] = 0.
acA
Consequently, our optimal control has solution if there exists « € A such that I [a] = 0.

Therefore, assume such a control o € A exists. Then by (4.1.2), we have
1
/ 2o (z)* dz = 0.
0

However, the integrand is non-negative and thus a must be identically zero almost everywhere
on U. But this is implies that a® ¢ A which is a contradiction. Hence no optimal solution
exists. 0

4.1.2. Controls that appear as coefficients of the differential operator. In this
counterexample, first constructed by Murat (¢f. [82, p.49]), we consider a one-dimensional
coefficient control problem to show that solutions to such problems do not exist generally.

Example 2. Let U = (0,1) and consider the following ODE

—(a(@)ug (), +a(z)u® (x) =0 U
(4.1.3) { u®(0) = 1,u* (1) = 2,

where the admissible set A defined as
2—-1 2+1
V2 <a) < V2 +
V2 V2

Further, define the objective functional 7 : A — R as

(4.1.4) J[a]:/U|ua—(1+x2)\2dx.

A:{QELOO(U)\a::
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As in the counterexample above, we wish to show that

infI'[a] =0
acA

and yet, there is no a® € A such that
I[a’] =0.

Therefore consider the following sequence {a;} .y C A, defined for each j by

1 22\ om + 1
1—(——$—) form<m§ m—‘l—
J 29

a; \T) = 1
i (@) 14 1 22\ G 2m—i—1< <m—|—1
- — — or x
26 2j =7
form=0,1,...,j — 1. Clearly, a; () € A for all j, since
2—1 2+1
v2 < < V2t forall x € U.

\/5 > a (I) = \/§
Recall that sequence {f;}, . C L (U) is said to converge weakly* in L (U) if there exists

f C L* (U) such that
lim / fi¢dx = / fodz,

where for all test functions ¢ € L' (U

CLAIM. Given the sequence {a;}, y defined above, we have

(4.1.5) . Land = = L in 22 @0), wh L,
1. —qp=1and — — — ere w = — + —.
a; — o n v w in , where w = 5 + —
PROOF. Define the function f as
1 1'2 1/2
Additionally, define the sequence of functions {1;}, \ as
2 1
—f(x) for — <z < m2+
b () = 1 T
f(z)  for m + < m +
2] J
for each j and m =0,1,...,7 — 1, respectively. Then for any j, we have

/ajgbdx—/ ¢dx+/ Yipdx

1 j—1 (2m+1)/2;5 (m+1)/;
(4.1.7) :/O ddz + Z (/ ¢j¢dx+/ ¢j¢d:p>

m/j (2m+1)/2j
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Now we can approximate each of the integrals above using trapezoidal approximation as

(@m+1)/2;5 1 2m +1 2m +1 m m .2
[, wetr= gy (o () o (M) + s (5) o (5)) 00
__i 2m+1 2m+1 m m 92
- 2j<f< 2 >¢< 2 >+f<j)¢(j)>+o(j )
and
(m+1)/; A _i ' m—+1 m+1 ‘ 2m + 1 2m + 1 .9
/<2m+1>/2j%¢dx_2j<%< j )¢< j )WJ( 2 >¢( 2 >>+0(‘7 )

B () (o5 o

Therefore, for each 7 we have

1

- (GmtD/2 (/s 112 m+1 m+1 m m
“bd “bd - = _ i
Z{)Um %M+/<2m+l>/2,-w”¢ x) 2jz(f< j )¢< j ) f<j>¢<j>)

= m=0
0(57?)
A (Sr(2)e(2)-E5(2)e(2)
+0(j7?)
:21j<f(1>¢<1> — F(0)6(0) +0(i72)

Substituting this into (4.1.7) and taking the limit, we have

1 1
lim a;jpdr = / pdx
and thus

a; AOéozl in LOO<U)

1 q J—1 @mi/2; 4
—o¢dr = / ——¢dx
o nll

Additionally, we have

m=0
(m+1)/j 1
+ / ——aodx | .
(2m+1)/2;5 I+ f
Expressing the fractions under a common denominator and using trapezoidal approximation
again, we have

/www”l+f

, 1_f2q§dw
m/j

L (M) o(2) v (5) o(m)

1
ey )

+0(i7)
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and

2m +1 m
/ 1 fqﬁda: 1 2j ¢<2m—.kl>+ j
(

2m+1)/2j1—f2 _2717‘ 1—f2 <2m+1>

Jro(j )

Consequently, for each j we have

1 J m Jj—1 m
/ i@x = QL > — () T Y ——— () +o(i7?)
0 @j J m=11— f2 <m) J m=01 4+ f2 (m> J
L J J
A s+ — s+ 2 ¢ <m) +o(i7?).
2j | 1-/2(1) 1— f2(0) i g <m> j
J

Hence by (4.1.6) and applying trapezoidal approximation again, we have

1

li —1 pdr = /1 (—1 ) pdx = /1 ! od
im T T T
j—moo Jg Oy 0 1—f (x)2 0 1 a?

2 * 6

and thus the claim is proved. 0

Now since «; > 0 for all j, we can apply the Lax-Milgram Theorem to show that there exists
a unique solution to (4.1.3) v/ € H' (U) for each j.

Cram. The sequence {u’};_y is bounded in H' (U).

PROOF. Fix j and consider the ODE (4.1.3) where the coefficient is «;. After integrating
by parts, we have

(4.1.8) / (aul?) vy + au®v =0
U

for any v € H} (U) . In particular, select v such that

v(z)=u" (z)—1—ux.
Since v (0) = 0 and v (1) =0, v € H} (U) . Substituting this v into (4.1.8), we have

0= / (oug?) (ug? — 1) + au® (u® — 1 —x)de
U
oi\2 ai\2 s Yy
:/Oéj (u9)™ + (u™)7) — oy (U +u® (1 + z)) de.
U

Za(/ (ugf)2+(uaf)2dx> —b/ |+ |u | |(1 4 2)] da
U U
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Rearranging terms, we get

o [ @) @) de <b [ (4]0 4 2)) do
U U

which implies by Cauchy’s inequality with e

1
ab < ea? + —1?,
4e

o [ @)+ ) e <b [ ] ]| )| do
U U
1 1
< b/U (4—€+5(ugﬂ')2) + (5(ua1)2+4—8(1+x)2> dx
b
Sb&?/(ugf)Q—ir(uaj)Qd:c—l——/1+(1+:1:)2da:
U de Jy

_ ba/ (WY + (u)? dx 4+ C.
U

for an appropriate constant C'. Gathering like terms and picking £ small enough such that

a > be
2
we have
[ | g1y < C
for all j and thus {u’} . is bounded in H* (U). O

Consequently, passing to subsequence if necessary, there exist u’ € H! (U) such that u/ — u°

in H' (U) by Theorem 2.1.8. Additionally, by Rellich-Kondrachov Theorem, the embedding
H'(U) — L*(U) is compact. Thus following Evans [27, p.287-289] we have

(4.1.9) w — u”in L* (U).

Now by (4.1.3), we have
(4.1.10) (ajul) =a’  (j=1,2,...)

jeny 18 bounded in L*(U) since a;u’ is bounded in L (U).

Hence after passing to subsequence if necessary, there exists v € L? (U) such that

and thus the sequence {(a;ul),}

(4.1.11) ajul — vin L* (U)
and by (4.1.10)

(4.1.12) Ve = aou’,
since

au! — agu” in L* (U) .
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Recall that by (4.1.5), we have

1 1
(4.1.13) — — —in L™ (U)
% w
and thus by (4.1.11) we have
ul, = — (ayul) = —v in L*(U)
&)

On the other hand, by (4.1.9) we have
ul =l in HH(U).
Combining these results we have

1
W =~v = v=wul
w

Hence by (4.1.12) we have the following ODE
— (wug)z +au’=0 inU
u’ (0) =1,u" (1) = 2,

where oy and w are given by (4.1.5) and the boundary conditions follow from (4.1.9). A
simple calculation shows that the unique solution to this ODE is given by

u’ () =1+ 2°
and thus by (4.1.4), we have

I[&o]—/(]’uo—(1+m2)‘2dx—0.

Now we show that no such oy € A exists. Therefore assume there exist o« € A such that
I [o] = 0 which implies
uw () =(1+1z)° (zel).
Additionally, the state-control pair («, u®) is feasible, hence we
0= —(aug), + au®
(4.1.14) = —2(ax), +a(l+z)’.

A simple calculations show that the solution to this ODE is
2

a(z) = Ca " exp (%) (z €U),

where C' is a constant. However o is not bounded from below on U and Hence it is not

admissible which is a contradiction. Therefore no optimal solution exists. [l

4.2. The existence of optimal solutions

We now show that it is possible to show existence of optimal solutions coefficient control
problems under two different assumptions. In the first, we consider problems in which
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the coeflicients of the differential operator are Lipschitz continuous with Lipschitz constant
bounded by a finite real constant. In the second, we consider problems in which the admis-
sible set is closed under H-convergence, a property first proposed by Murat and Tartar in
connection with homogenization theory.

4.2.1. Existence under the assumption of Lipschitz continuous coefficients.
Given a coefficient control problem of the form Problem G, we now assume that the coeffi-
cients of the differential operator are Lipschitz continuous and whose Lipschitz constant is
bounded by a given finite constant. We note that this special class of problems is important
given our original motivation of estimating the coefficients of 1t6 diffusions which are, in
fact, Lipschitz continuous. Establishing the existence of solutions to such problems relies on
the Arzela-Ascoli Theorem which provides a necessary property of a convergent minimizing
subsequence.

NOTATION. Given a function f : V — Y, we denote the Lipschitz constant, i.e. the smallest
constant M such that

1f (@) = FWlly < Mllz—ylx (forallz,yeV),

as Lip [f] and say that f is M-Lipschitz continuous. Additionally, we denote the space of all
real-valued Lipschitz continuous functions on V' C X as C%! (V). Lastly, for each finite M,
we define the set Cy;' (V) as
Cyi (V)= {f € C™ (V) | Lip[f] < M}.
O

For this subsection, assume X and Y are two normed linear spaces and V' C X unless
otherwise noted. Additionally, we assume that the admissible set is given by

A= {((a’“‘)) €Oy (UMY [alel < ) a¥eg; <alef forallw € U} ,
1,7=1

where a and @ given real constants such that 0 < a < @ <oo.

THEOREM 4.2.1 (The Arzela-Ascoli Theorem). Let (X, dx) be a compact metric space. If
{fj}jeN 18 a family of real-valued functions on X that are equicontinuous at each xr € X and
pointwise bounded on X, then {fj}jeN is (i) uniformly equicontinuous and uniformly bounded
and (ii) @ has a uniformly convergent subsequence.

PROOF. See Knapp (|52, p.121]). O

The following theorem follow directly from the definitions.

THEOREM 4.2.2. (i) Let V' C X be bounded and suppose that {fj}jeN is a family of Lips-
chitz continuous functions defined on V. Then {fj}jeN 15 pointwise bounded on V and s
equicontinuous at each xr € V.

(ii) Let {fj};en C CY (V) for a given M such that they are uniformly Lipschitz continuous
on R"™. Further, assume they converge uniformly to f : R* — R. Then f is M-Lipschitz
CONLINUOUS.
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Given the above results, we can now apply the Arzela-Ascoli Theorem to identify a convergent

subsequence of a family of uniformly Lipschitz continuous functions in CY;' (V) for a given
M.

THEOREM 4.2.3. Let {fj}jGN C C’jo\j (V') be a uniformly Lipschitz continuous family of real-
valued functions on an open, bounded set V C R™. Then there exists a M -Lipschitz continu-
ous function f:V — R such that a subsequence {fixteen C {fj}jeN such that {fj, } ey — f
uniformly.

Given the above theorem, we now are ready to show the existence of optimal solutions
beginning with the next result.

THEOREM 4.2.4. Assume that {((a?)) }keN C A satisfies

ay — a§ uniformly for i,j =1,... n.

For each k, let u* € H} (U) be the weak solution to the PDE

n

—Z (akuxl) =f mnU

ij=1

(4.2.1)
u=0 onoU.

Then
u® — u® strongly in HY (U),
where u® € H} (U) that is the weak solution to the PDE

n

—Z (aouxl) =f U

ij=1

(4.2.2)
u=0 onoU.

PROOF. Assume the setup above and fix ((a”)) € A. Any Lipschitz continuous function
is uniformly continuous and thus bounded. Consequently, a” € L (U) for i,5 = 1,...,n
and thus we can apply the Lax-Milgram Theorem to show there exists u € Hy (U) such that
u is the unique weak solution to (4.2.2) with coefficients ((a')).

Consequently, for any v € H] (U) we have

/Zaou oy dz = (f,v)

2,j=1

/ Zafuk Ve, dx = (f,v)

2,J=1
for each k. Fixing both v € H} (U) and k € N and subtracting the latter equation above

from the former we get
/ Z ” k —aoum)vzjdx:().

2,7=1

and
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This implies

O—/ Z (aful —afub) + (afuf, — afu,,)) ve,dx

2,j=1

and thus after rearranging terms, we have

/Z u —u vxjdxxj:/ Z(ao- ak)u];ivxjdx.
U :

2,7=1

Setting v = u* — u, we have

(4.2.3) / Z (u* —u) uk - u)xj dr = /U Z (af —a))ul (u* — u)xj dr.

i,7=1

Now by the uniform ellipticity condition,

Y alss > algf >0 (ae zeU)

1,j=1

for all nonzero £ € R". Therefore we have

(4.2.4) Z af (u* — uﬂ)xi (u* — W) >a |D (u* —u°) ‘2 :
ij=1

On the other hand, by the Poincaré inequality (¢f. Evans [27, p.280]), we have

°H<C/}D o) [ d.

for some positive constant C' and thus by (4.2.4), we have

(4.2.5) | OHHI <C/ Z (v — uk—uo)mdx.

J
i,j=1

for a possibly different constant C. Hence by (4.2.3)

Hu —uOHHl <C’/ Z uk—uo)xj dx.

1,7=1

Therefore, using Cauchy’s inequality we have

lim Hu —u0HH1 <C’hm/z ag —ak, Jul ( uk—uo)m_dx

k—o0 k—o0 J

<C’hmmax}a j|||u —u

0
k—o0 el ||H6(U)

and thus
u® — u® strongly in Hj (U).
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We now state the principal existence result of this section.

THEOREM 4.2.5. An optimal control problem of the form Problem G admits a solution.

PROOF. Recall that such a problem is norm-minimizing and thus, we have

inf I [u*, o) =M >0
acA

for some positive constant M. Therefore, let {(( ))}keN C A be a minimizing sequence.

We begin showing that for each 4, j = 1, ..., n, there exists o such that a —ag € C]?f (U).
Therefore, fix 7 and j. By assumption {ozk, }keN C%' (U) for any k. Hence by Theorem 4.2.3

{o/] } pen 18 uniformly Lipschitz continuous and thus moving to a subsequence if necessary,

{a }k y converges uniformly to some ag such that Lip E% ] M. Hence of € CY' (U).
Additionally, since

alél® <204 (x) &€ <ale)?  (forall z € U)

,j=1
for all k, in the limit we have

ifi <ZOC &@SMS]Q (for all x € U)

i,j=1

and thus we see that ((aéj)) € A. Consequently, we can use the direct method as set forth
in the proof to Theorem 2.1.12 to show that in fact

1 [uo,on} =M,

where u® = u®” € H} (U) that is the unique weak solution to state equation associated with
. >

a minimizer o = ((of)).

Since ak — ao uniformly as £ — oo for 7,57 = 1,...,n, we can apply by Theorem 4.2.4 to
show that there is uf € H} (U) that is the unique weak solution to state equation associated
with (()’)) for each k. Moreover, u¥ — u” in Hj (U). Hence u is feasible and thus (u’, o)
is an optimal state-control pair. 0

4.2.2. Existence under the assumption of H-convergence. We now show the exis-
tence of optimal solutions to coefficient control problems of the form Problem G in which the
admissible set is closed under the property, H-convergence. This is based on work by Murat
and Tartar that generalized of earlier results by Spagnolo in connection with homogeniza-
tion, a field of PDE theory associated with the study of homogeneous materials comprising
a composite material. From our perspective, this work is important because we can use
H-convergence to show that a minimizing sequence of admissible controls will converge to
an admissible control and critically, in limit the associated state will be a solution to the
proper PDE constraint.
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DEFINITION 4.2.6. For real constants a and b define the set of admissible matrices as
(4.2.6) M,y i={AeM" | (TA¢ > al¢)* > 0 and

and ¢TA71e > b€]* > 0 for all nonzero £ € R"}
LEMMA 4.2.7. Assume that A € M,. Then we have

alel® < €746 < e
for any & € R". Further, M,y is nonempty if and only if ab < 1.
PROOF. Assume that A € M,y,. Select £ € R” and define n € R" as
(4.2.7) N = AL,
Then by the definition of M,},, we have
blnf* <n"A™y = (n, A7)
Thus by (4.2.7), we get
(4.2.8) blAg® < |(Ag, A7 (A9))| < |Ag| [¢]
Thus after rearranging terms, we have

46 < T Ie].

Multiplying both sides of the above equation by |£| and applying the Cauchy-Schwartz
inequality once again, we have

1
s 1€l > 1Al 1] > |(Ag, )] > €7 g
On the other hand, since A € M,,, we also have
alé]* <€rA¢
and thus we have ]
alg] < ¢TAg < S’

which is true for any ¢ € R” for suitable constants a and b. Additionally, the above expression
implies
2 _ 1, 1
alpl” < " = ab< 1.

Consequently, M, 1, is nonempty if and only if ab < 1. O

LEMMA 4.2.8. Assume that o € L™ (U, M,y,). Then there exists u € Hy (U) such that u is
the unique solution PDE

(4.2.9)

—div(aDu) = f inU
u=0 on 0oU,
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where f € L*(U) is given.

PROOF. By assumption,
a(z) = ((a” (2))) € Moy, (ae. z€U)
and thus for any £ € R”
0<alel’ <ela(x)é (ae zel).

Consequently, (4.2.9) is uniformly elliptic and o (x) € L> (U) for ¢,5 = 1,...,n. Then by
the Lax-Milgram Theorem, there exists v € Hj (U) which is a unique solution to (4.2.9). O

Given the above result, the following definition is meaningful.

DEFINITION. We say that a sequence {a?},  C L (U, M,),) H-converges to o ¢
L>* (U, M), denoted as
i A0
o = a,
if and only if for any f € L*(U), the sequence of solutions v/ € H} (U) of the PDE
—div (ajDuj) =f inU
w =0 on U,

exists and satisfies ,
{ uw’ — v’ in Hy (U)

oDl — a’Du’ in (L*(U))",
where u" € Hj (U) is the solution to the PDE
—div (aODuo) =f inU
{ u’ =0 on IU.

The following is a well-known result due to Murat and Tartar [67, Section 9.

THEOREM 4.2.9 (Sequential compactness under H-convergence). For every sequence {a’ }jGN C
L= (U, M,y), there exists a subsequence (which we also denote as {a’}) such that

H
ol 2 al,

where o € L (U, Ma,y) .

The next result follows immediately by applying the above theorem to a minimizing sequence
to prove the existence of an solution to our canonical optimal control problem.

THEOREM 4.2.10. Assume that we given an optimal control problem of the form Problem G,
where the admissible set is A :=L>* (U, May). Then it admits a solution.

PROOF. Let A := L* (U, M,},) be the admissible set and again recall that given our
objective functional as defined at (3.0.6), we have

inf I [u®,a] =M >0,

acA
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for a positive constant M. Therefore, let {ozj}jeN C A be a minimizing sequence. Then by
Lemma 4.2.8, there exists v/ € Hy (U) which is the unique solution to the PDE

—div (Oszu) =f inU
u=0 on U,

0

for each j. Additionally, by Theorem 4.2.9, there exists a’ € A such that, passing to a

subsequence if necessary,

ol g0
and thus
(4.2.10) u! — v’ weakly in H} (U),

where u" € Hj (U) is the solution to the PDE
—div (aODuo) =f inU
u’ =0 on IU.

Since H} (U) is compactly embedded in L? (U) by the Rellich-Kondrachov Theorem, u/ — u°
in L? (U) and thus u° is a feasible solution. Additionally, we can apply the direct method
once again (c¢f. Theorem 2.1.12) to show that

1 [uo,ao] = M,
and thus (u°, o) is an optimal state-control pair. O

4.2.2.1. Behavior of optimal solutions - a one dimensional ezample. We now explore the
behavior of optimal solutions to a special class one dimensional coefficient control problems
under the assumption that the control does not hit the boundary of the admissible set over
some open interval. Here, we assume that the constraint is an ODE of the form:

—(@@uw), =f nU=(1L)
(4.2.11) {u(o) = Ch,u (L) = Cs,

where f € C'(0,1) is a given and C; and Cy are given real constants. The control a taken
from the admissible set A defined as

(4.2.12) A={aeC' (0,L)|a<a(x)<aforze(0,L)},
where o and @ are given real constants such that 0 < a <@ < .

Given such a constraint, we are specifically concerned with optimal control problems whose
reduced form is given by:

Problem 3.
{ min I'a],
acA

subject to u® € Fy,
where the objective functional I : 4 — R is given by

(4.2.13) Ila] = % e —al? (oA,

42



4.2. THE EXISTENCE OF OPTIMAL SOLUTIONS

such that @ € L* (U) is the given target function and F; is the set of feasible states defined
as

Fpi={v* € C?(0,L) | v is a solution to (4.2.11) for o € A} .
Existence of feasible solutions

Given the set up above, we know from Section 4.2.2 that optimal solutions to the uncon-
strained problem exists. We now show that a feasible solution exists for each control o € A.
We begin with the following lemma from standard ODE theory.

LEMMA 4.2.11. Assume that we are given a first-order ODE of the form
(4.2.14) vy + fo =g,

such that f,g € C(0,L). Then for any xo € [0, L] and any real constant K, (4.2.14) has a
solution v € C* (0, L) given by

(12.15) v(m)—exp<—F<x>>(/xexpw(y))g(y)dyw) (o< <L),

o

where

F<x>=/xf<y>dy.

PROOF. Assume that we are given such an ODE of the form (4.2.14), where F,g €

C'(0,L). First note that since f is continuous, by the fundamental theorem of calculus we
can define F': (0,L) — R as

F(z) =/ fy)dy
for any fixed zo € [0, L]. Noting that "
(4.2.16) Fo(z)=f(z) (xe€]0,L]),
differentiating both sides of (4.2.15) gives

vy = —Fyexp (—F) ( / " exp (F) gdy + K> texp(—F)exp(F)g

zo

=—fuv+g
by (4.2.16) and (4.2.15). 0

We now use the above lemma to show that (4.2.11) has a unique solution for each a € A.

THEOREM 4.2.12. Assume that we are given an ODE of the form (4.2.11).Then it has a
unique solution u € C*(0, L) given by

(4.2.17) u(z) = /Ox ﬁ <Ka - /Oyf(z) dZ) dy+Cr (z€(0,1)),

e K, = </0L @dy) ((02 — O+ /OL ﬁ (/oyf 2 dz) dy) |
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4.2. THE EXISTENCE OF OPTIMAL SOLUTIONS

PROOF. Assume the set up above. Expanding (4.2.11), we have
(4.2.18) [ =—(au,), = —0uy — Qty,,

where a € A. Noting that o > 0 for any a € A and letting v = u,, we can rewrite this
equation as the first-order ODE

(4.2.19) —v, — %v - g (a € A).

By assumption, f is continuous and «, € C (0, L) and thus we can apply Lemma 4.2.11.
Therefore fix o € A and after setting xy = 0, the solution to (4.2.19) is given by

(4.2.20) v(z) = —exp(—A) (/Of'»‘ exp (A) fdy + K) (x € (0,L))

for any constant K, where

_ [l =loga (z) —loga (0) an ~x:f(m)
Aw) = [ 2By = 1050 (@) ~loza (0) aud fla) = 10
for any = € (0, L). Noting that
a(x) _ loga (0)

and exp (—A (x)) =

exp (A (z)) = m

for any = € (0, L) and substituting these identities into (4.2.20), we have

o(o) = -exp (=A@ ([ ew A0 Fdr+ 5,

] ) ()
- (/jf@)dywa),

for any x € U, where K, is any real constant for each choice of o € A.

a(z)

Recalling v = u,, after integrating both sides of the above equation, we have

(4.2.21) u(:c):—/oxﬁ(/Oyf(z)dz+Ka>dy+K (zeU),

where K is any real constant. We can determine the constants K, and K using the boundary
conditions,

u (L) =Cyand u(0) = C.

Then by (4.2.21), we have

_/OLﬁ(/Oyf(z)dHKa) dy + Cy = Cy.
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Rearranging terms, we have

02—01:—/jﬁ(/jf@)@)dy—m/jmdy

Rearranging terms once more, we get
1

L 1 -
wom ([ aigm) (- [ ([ rom)w)
o a(y)
and thus u defined as (4.2.21) is the unique solution to (4 2.11). O

REMARK. Given the fact that a unique state exists for each admissible control, there exists
a bijective control-to-state operator S : A — C? (0, L) defined as

S(a)=u* (a€eA.
Hence we can express any optimal control problem with an ODE constraint of the form
4.2.11 in reduced form given by Problem 3 without loss of generality. U

Behavior of the control

Using the concrete solution to ODE constraints above, we now examine the behavior of
a solution to an optimal control problem of the form of Problem 3 under the assumption
that that the control does not hit the boundary of the admissible set over some given open
interval. To facilitate the discussion, we slightly restate the optimal control problem under
consideration. Specifically, define F': (0, L) — R as

z/oxf(y)dy (€ (0,L)),

where f € C'(0, L) is the given nonhomogeneous term and define a : (0, L) — R as
a(r) = (z €(0,L))

for each o € A noting that a > 0 on (0, L). Additionally define the set A as

A= {a|a:lf0reacha€.,4}

«

and define the constants a and @ as

a=—anda=
a

)

Q|+

where a and @ are the given real bounds on the admissible set .A. Here we note that A can
be expressed as

A={aeC"(0,L)|a<a(r)<aforze(0,L)},
such that 0 < a <@ < o0.

Given this set up, we can express the ODE constraint as

—(a(@)u,), = f in (0,L)
(4.2.22) { (0) = C1,u (L) = Cs,
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where a € A. Then by Theorem 4.2.12, the solution this ODE for any a € A is given by as

(1.2.23) u (z) = / a(y) (Ke— Fy)dy + C (x € (0,L)),

where

(4.2.24) K, = ( /0 Caly) dy)

Additionally we note that for our analysis, we only need consider the behavior of control (and
thus the ODE constraint) over the sub-interval (A, B) C (0, L). To ensure is continuous, we
set the boundary conditions of the ODE constraint over this sub-interval as

Cy:=u"(A) and Cp :=u* (B),
where u is the solution to 4.2.22 for a € A. In particular, we note that if (A, B) = (0, L),
then the boundary conditions are simply

Cy=Cy=u"(A) and Cp = Cs.

-1

(<02—01)+/0La<y>F<y>dy).

Therefore without loss of generality, we assume that the boundary conditions in the calcu-
lations below are given by

Cy=u"(A) and Cp = u” (B)
and we define the real constant Cx as

CA = CB — CA.

The next result shows that if the control does not hit the boundary of the admissible set
over an open interval, the computed state is equal to the target function pointwise over the
entire interval.

THEOREM 4.2.13. Assume we are given a problem of the form of Problem 3 with an ODE
constraint of the form (4.2.22). Further assume that a®° € A is a solution such that
(4.2.25) a<ad (z)<aforxze (A DB),
where 0 < A < B < L. Then we have
u'(z) =u(r) (z€(AB)),

0 — 42 45 the solution to the ODE with the coefficient a° and U is the given target

where u
function.

PROOF. Assume that a® € A is a solution to Problem 3 under the assumptions above and
u® € C%(0, L) is the solution to the ODE constraint given by (4.2.23). Since the admissible
set A is closed, bounded, and convex, so is A and by (4.2.25), a® € int (A) Hence any

B € L*(U) is a feasible direction (¢f. (A.4.1)) and by (4.2.13), we have

0= (DI [a"] ,5) = 1 [+ 6] |y
_1d B‘

a0+76 ~
= —_— u J—
2 dT A

2
ul| dx |,=o
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B
- / (UGOJFTB B ﬁ) <D“ua0+7—57 6> dz ‘T:OJ
A

(4.2.26) - / ’ (u‘*’”ﬁ - u) <Dau“0+75, ,6> dz
A

using the chain rule for the Fréchet derivative (c¢f. (A.3.3)).
Computing (D,u°, 3) directly using (4.2.23), we have

<Dau07ﬁ> = %UGOJFTﬁ ‘T=O

—% |:/I<a0—|—7'ﬁ) (Kao+75—F)dy+CA] lr=0  (z€U)

A
(4.2.27) = (Kao/ ﬁdy—/ 5de) + <DKa0,ﬁ>/ aody.
A A A

Substituting this into (4.2.26), we have

B

0— / (u® — @) (D, B da

A

B T x T
(4.2.28) :/ (v’ — @) [Kao/ de—/ BFdy + (DKao,B>/ aody} dr.

A A A A

Now this is true for any 8 € L? (U). Therefore, fix 2o € U and chose positive constants ¢;
such that

lim 8j =0
j—00

and define

B (@)=, (v—2") (z€R)
for each j € N, where

pe, (@) == e 'p (ﬁ) (z €R).

&j
Here p is the standard mollifier, defined as
1 i
(z) = C'exp (|x‘2_1> if |z] <1
0 if |z| > 1,

where the real constant C is chosen such that

/R,u(x)dle.

Then following Evans (c¢f. |27, p.713-714]), we know that for any £ > 0,
(a) p, pe € C (R).
(b) spt (1) € B(0,¢).
(c) Jgpte (x)dz = 1.
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Further, given any locally integrable function f : U — R, we know that for any ¢ > 0, the
function f¢, known as its mollification and defined as

4229 p@e= [ f@d= [ @S0 @et),
U B(0,e
where
U.:={xeU|dist(z,0U) < e},
has the following properties:
(a) f© € C=(U:).
(b) f¢ — fae. ase—0.
(c)if f e C(U), then f& — f uniformly on compact subsets of U.
(d)if fe LY (U), then f& — fin LI (U) for 1 < p < oc.

Moreover, by (4.2.29) we know
ll_l}é e () = o (x) a.e.,

where Jy is the Dirac measure giving unit mass at 0 defined by
£0)= [ 1w
U

for any for any continuous function f: U — R.

Given this, we have
lim 8; (x) = lim . (x — z9) = 0o (z — o) = Iy () ,
Jj—00 e—0

where §,0 is the Dirac measure giving unit mass at z.

Then by property (c) above, we can pass the limit which results in the following identities:
(a) lim [, B;dy = {

(b) lim [ Bdy = 1.

0 <
P oy (x — xg) (i.e., the Heavyside function).
1, zp>2=x

T < Xo
= F(x9) H (x — z9) .
(), o> (w0) H 0)

xr 07
c) li Fdy =
(c) Jggo fA B F'dy { r
(@) im [} 3 Fdy = F (x0).
Substituting these into (4.2.28) and passing the limit using property (c) above, we have

B T x T

0= lim i (u® — ) [Kao /A Bidy — /A BiFdy + (DK 0, ;) /A aody} dx
B T

= / (uo — 1) |:(Kao — F(x0)) H (x — z9) + lim <DKao,Bj>/ aody] dx
A J—o A

(4.2.30) = (K, — F (x0)) /B (v’ — 1) dz +jlirgo (DK 4, B;) /AB (u’ —a) </x aody> dz.

) A
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Now for any $3;, 8; € L? (U) and thus is a feasible direction and we have

d

<DKa0aﬁj> = %Kao—i-né’j |T:O

d B -1 B
= [(/A (ao + Tﬁj) dy> <C’A +/A (ao + Tﬁj) de)
B -2 /B B
= ([ o) [ (e [ ) ([ tan) [
B
- ( / aody) [ / dy / B Fdy (cA / Bydy + / Bydy / Odeﬂ
Using the identities above, we have
B -2 B B B B B
jll)nolo (DK 40, Bj) —]lgglo </A aody> [/A aody/A BiFdy — (C’A/A Bjdy—i—/A ﬁjdy/A aOdeﬂ
B —2 B B
= </A aody> [F (acg)/A aldy — <C’A +/A aOde>]
B -1 B -1 B
— 0 _ 0 0
—(/A ady) F (x9) (/A ady) (CA—F/A ade)
B —1
_ < / aody> (F (o) — Ka)

A
the last equality following from (4.2.24).

‘TZO

Substituting the above expression into (4.2.30), we have

0= (Ku — F(x0)) /B (u® — @) dx + lim (DKo, B;) /AB (u — @) (/Ax a“dy> da

z0 Jj—oo
1

:(KaO_F(xO))/xj (v’ — 1) dz + ((/ABaody>_ (F(xo)—Ka())) /AB (uo_a)(

(4.2.31) 1
= (K — F (x9)) [/j (v’ — 1) dx — (/ABaﬂdy>_ /AB (0 — a) (/:aody> dw] |

Now K,o is independent of 2 and since (4.2.31) is true for all zq € U, K, — F (z0) cannot
be identically zero. Thus, we have

0:/; (a0 — ) dr — (/ABaody)l/AB (uf — ) (/jaody) iz

Hence we can view the right-hand side of the above equation as a function of zy. Therefore
taking the derivative of both sides with respect to ¢, we have

0= (xo) —u’(zo) (forall zy € (A, B))

by the fundamental theorem of calculus and thus u®" = @ pointwise on (A, B). O

/ aody> dx
A
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4.3. Characterization of optimal solutions

We now characterize solutions to optimal control problems of the form Problem G under the
assumption that the coefficients of the differential operator are symmetric. As noted in the
previous section, H-convergence is a generalization of an earlier result by Spagnolo (known
G-convergence) precisely under the assumption of symmetric elliptic operators (cf. |4, sec.
1.3.2]). In this case, we define the admissible set under G-convergence as follows:

DEFINITION. For real constants a and b such that 0 < a < b < o0, define the set of
admissible matrices under G-convergence as

(4.3.1) G :={A €S| 7AE > al¢]* > 0 and
and |A¢] < b €| for all nonzero £ € R},

where S™ is the space of symmetric n X n matrices.

Importantly, we can establish an analogous existence result to that of Theorem thm: op
control H existence for coefficient control problems of the form Problem G in which the
admissible set is defined as

A = LOO (U, Q&b) .
We label such problems as Problem H.

We also note that if A € G, 1, then
(4.3.2) alel* <eTAe <bef?,

an inequality which we will use extensively in the sequel.

4.3.1. The state and co-state equations. Given a coefficient control problem of the
form Problem H, the strong form of the state equation is given by

(4.3.3) L= f,

where L is a uniformly elliptic operator of the form (4.0.1) such that one or more of its
coefficients depend on the choice of control @ € A. Consequently, by (3.3.9) the weak form
of the state equation is given by

B [u,v] = (f,v) (forallve Hy(U)),

where B is the bilinear form associated with the differential operator L“ for given control

ac A
Also by (3.3.9), the strong form of the co-state equation is
(LYY p=u*—1
for any choice of control « € A, where u® € H} (U) and p € Hy (U) and are the solutions to

the state and co-state equations associated with «, respectively. Since L% is self-adjoint, it
follows that we can state the strong form of the co-state equation as

(4.3.4) Ly =u* —1
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and thus state its weak form as
(4.3.5) B p,v] = (u* —a,v) (ve Hy(U))

for any choice of control a € A.

4.3.2. A maximum principle for coeflicient control problems. Rather than stat-
ing a variation inequality similar to that presented in Section 3.3.3, we present the following
pointwise maximum principle governing optimal control problems of the form of Problem H.

THEOREM 4.3.1 (Maximum principle). Assume that we are given a problem of the form
Problem H. Further, assume that u° is a solution and that o and p® are the corresponding
optimal control policy and co-state state, respectively. Then

(Dp° (ac))T o’ (z) Du® () = 1&133; {(Dpo (x))T ADu° (x)} (for a.e. x € U).

REMARK. This is an analog of the Pontryagin Maximum Principle from standard optimal
control theory. 0

PROOF. Given such a problem of the form Problem H, assume that u? is a solution and
o’ = ((af)) € A is the corresponding optimal control policy. Then by (4.3.4), the weak
form of the co-state state equation is given

(4.3.6) /Z G pa,) Vs, =/(u0—a) vdz  (for any v € Hy (U)),
1,7=1 uw

where p € Hj (U). Since o’ € A and v° — 4 € L?(U) ,the co-state equation satisfies the
hypotheses of the Lax-Milgram Theorem and, thus, a unique co-state state p® € H} (U) does
indeed exist.

Fori,j =1,...,n, defined the function & : [0,1] — L (U) as

(4.3.7) &9 (1) =7ad" + (1 —71) aéj (t €[0,1])
for some ((a")) € G, and note that
(4.3.8) d%— (6" (1)) =a" —af (r€][0,1]).

I claim that for any ((a”)) € Ga, & (1) = ((a7 (1))) € Aforall 7 € [0, 1]. Therefore, assume
that ((a”)) € Gap. Then for any 7 € [0,1] and £ € R", we have

360 () () 66— 73 vy + 1—72@ )& (e 2 €U).
i,7 1,J

Since ((a¥)) € Gay, clearly & (7) is symmetric for all 7. Further, we have

Z&” )& = rale]" + (1 - 7)alel
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and thus .
Zdij (T) 515] 2 3‘5’2 > 0
4.J

By a similar calculation, we have

o (1) €] < b [¢]
and thus & (1) € G, ), for all 7 € [0, 1] as claimed.

Given this, we can use the Lax-Milgram Theorem to define an injection u” : [0, 1] — H} (U)
for any A = ((a")) € Gay, such that for each 7 € [0, 1], u? (1) € HJ (U) is the unique solution
to the PDE

n

- Z (& (1) u® (T)wi)xj =finU

(4.3.9) ij=1
u’t =0 on OU.
In particular, when 7 = 0, we have
f - Z (&ZJ (0) uA <O)$z)x1 - Z (aéjuA (O>Iz)x3
i,j=1 i,j=1
and thus
(4.3.10) u? (0) =u® for all A € G,y

Taking the derivative of both sides (4.3.9) with respect to 7, we have the following PDE

S (@O )) =Y (@) ete,) v

27]21 Z,]:1 Zj

(4.3.11)
u=0 on oU

for any 7 € [0, 1], where " = 4/a.

Now define the function i : [0,1] — R as

i(r;A) = HuA (1) —1a

1

2 _ _/ (u (7) — @) do.
2 Ju

Taking the derivative of both sides with respect to 7, we have

i'(1;A) = /U (uA (1) — ﬁ) (uA (T))Idl‘ (t€10,1]).

By (4.3.10), 7 has a minimum at 7 = 0 for any A = ((a”)) € G, ;. Hence we have

(4.3.12) 0<4(0;A4) = / (v — a) adz,
U
where
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Since (4.3.12) holds for any A € G, 1, by the weak form of co-state equation (4.3.5) we have

OS/ (uo—ﬂ)ﬂdx:B [po,ﬂ]
U

/Z 046]192 u;rjdx,

2,j=1

Additionally, by the weak form of (4.3.11) we have

/ Z o Uy, ) Uy, dr = — / Z ’—040 %) vy, dz for any v € Hy (U).

ij=1 ij—1
Setting v = p° and combining these two equations, we have
0< / Z O‘E)jpgl Uy, dv = / Z ) ul,) p,dz.
3,j=1 i,5=1
Rearranging terms and noting that A and oy are symmetric, we have

(4.3.13) / pr aud Jdx </ pr aou dx

7,j=1 3,j=1

for any A = ((a”)) € Gap. Now select a particular ((¢”)) € G, and for a given E C U,

deﬁnea fori,7=1,...,n as
.y
i Ja? onE
Op =N ij

afj onU\E.

Clearly, dp := ((a)) € Gap on E. Hence by (4.3.13), we have

/me aud da:</ pr ozf)]uo

3,j=1 i,5=1
and thus

/mea”u dx < —/ szozgjuo

i,7=1 ,j=1
where g (-) is the Lebesgue measure.

Since U is open and bounded, we can set £ = B (x,r) for r small enough such that

B(xz,r) C U,

where B (z,r) is the ball of radius r centered at z. By Lebesque’s Differentiate Theorem,
taking the limit as » — 0, we have

> v (@) avul (x) < Y p, (2) af (2)uf, (2)

i,j=1 i,j=1

for almost every x € U and every A = ((a¥)) € Gay. O
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4.3. CHARACTERIZATION OF OPTIMAL SOLUTIONS

4.3.3. Deriving an optimal control policy given an optimal state and co-state.
We now derive an optimal control policy given an optimal state and co-state using the point-
wise properties of the maximum principle derived immediately above to transform optimal
control problem into a finite dimensional optimization problem. Specifically, we recognize
that given an optimal state-control pair (u°, p°) and setting

x = Dp® (2) and y = Du’ (2)

at any fixed point z € U, this maximum principle is equivalent to the following optimization
problem:

Problem 1. Given z,y € R™, find a matrix A° € G,}, such that
T 20 T
Ay = Ayt .
o Ay = o {7 Ay}

Consequently, given u° (2) and p° (2) at each point 2z € U, we use solutions to this optimiza-
tion problem to determine an optimal control policy of our optimal control problem simply
by setting a® (2) := A® at each 2z € U. This is captured in the following results.

THEOREM 4.3.2. For given x,y € R™, assume that A° € G,y is a solution to Problem 1.
Then

xTAOy:b+a($.y)+b;a

: .

PROOF. Assume that A% is a solution to Problem 1. If z = 0 or y = 0, the proof is

trivial. Therefore, select x,y € R™ such that |z| = |y| = 1. A simple calculation shows that
T T
A — (z — A(x —
Aega,b Aega,b 4

Additionally, for any A € A, we have
alr+yl* < (z+y) Az +y) <b|z+y)

and
alr -y’ < (@ —y)" Al —y) <b|(x —y)[
by (4.3.2).

Hence we have
T T
mw{@+y)A@+y%%x+szx+w}

nas . = 1 Bl + 9P ~al - y)P).
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Substituting this into (4.3.14) and recalling that |z| = |y| = 1, we have
T T
A — A
max {27 Ay} = max {(fb+y) (z+y)—(z+y) (93+y)}

A€Ga b A€Ga b 4

bl(z+y)I* —allz—y))
b (e +2(x-y) + ) —a (e = 2(2-y) + Iy*))

=51+ (@) —all—(z-y))

—b+a(x )+b—a
T y 2

and since A° is assumed to be an optimal solution, we have
_b+a b—a

(4.3.15) v’ A% = 5 (z-y)+ 5

I
N N e e

e

Now assume that |z|, |y| # 1 and both are non-zero. It follows that

a’ oy’ _bra(z-y) b-a

|yl 2 x|yl 2

and hence b b
—a a
' Ay = 5 lzllyl + —— (= y)

for any x,y € R". O

The next results follows immediately from the above result and Theorem 4.3.1.

THEOREM 4.3.3. Assume that we are given an optimal control problem of the form Problem
H. If (u® p°) is an optimal state / co-state pair, then corresponding optimal control policy
o satisfies the following equation:

(D8 ()" o (2) Dul (1) = (

. ) Dp° (z) - Du® (x)

+ (b S a) |Dp° (2)] | Du® ()|

for a.e. x € U.

4.3.4. Deriving the optimal state and co-state state given an optimal control
policy. We now derive the optimal state and co-state state given an optimal control policy
for a problems of the form Problem H. We again consider an optimization problem of the
form Problem 1 and some preliminary results from matrix algebra.

LEMMA 4.3.4. Assume that M € M"™ and define the matrix N as
(4.3.16) N :=P"MP

where P € M" is orthogonal. Then M € Gy, if and only if N € G,p. Consequently, G,y, is
closed under orthogonal rotations.
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PROOF. Assume P € M" is orthogonal. We begin by showing that if M € G,y, then
N € G.p,where N is defined at (4.3.16). Since M € G, 1, we have

(4.3.17) NT = (PTMP)T = (MP)"P=PT'MP=N.
and thus N € S".

By assumption, P is orthogonal and thus it is an isometry on R". Hence |Px| = |z| for all
x € R™ and for any x € R", there exists a unique y € R" such that

y = Px and z = Py

Consequently, since M € G,}, by assumption we have

(4.3.18) ale]” = a|Pe)> < (P€)" M (P¢)

for any £ € R™. However, by (4.3.17) we have
(PE)T M (PE) = €T (P"MP) ¢ = £"N¢
and thus
al¢” < ¢"Ne.

Additionally, we have
|Mn| < b n|

for any n € R"™. Setting n = P&, we have
[Mn| <bln| =b|PE =Dblg].

We also have
|Mn| = [(PNPT) P¢| = |P(NE)| = |N¢|

and therefore
INE < Dbl

Since this is true for any ¢ € R", then N € G,,. The converse follows from a similar
calculation. ]

LEMMA 4.3.5 (Spectral decomposition). Assume that M € S™. Then
(4.3.19) M = OAOT,

where A is the diagonal matriz of the eigenvalues of B and O 1is the matriz whose columns
are the eigenvectors of M.

PROOF. See Harville |39, pp. 537-539). O

For a given z,y € R", we define the matrix B, , that will be used extensively in subsequent
analysis.
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DEFINITION. For a given z,y € R", define the matrix B,, € M" as
(4.3.20) Byy=(2®y)+ (y®x),
where “®” is the tensor product defined as

Sltl tee Sltn
5@t = T (s,t €R").

Sntl e Sntn
We note that under this definition, B, , = ((b¥)) € S" since
Vo =z +yix;  (fori,j=1,...,n).
We also note that since B € S", by Lemma 4.3.5 there exists matrices D and O (also
dependent on the choice of = and y) such that
B,, = 0DO",
where D is the diagonal matrix of the eigenvalues of B, , and O is the matrix whose columns
are its corresponding eigenvectors. This justifies the following definition.

DEFINITION. Let B, , the matrix defined at (4.3.20) for a given z,y € R™. Define the matrix
D, as

A1 0
(4.3.21) D, := ,
0 An
where {A1,...,\,} are the (possibly non-unique) eigenvalues of B, , and define
Oy = (21 ]| 2)
such that its columns 2y, ..., 2, are the corresponding eigenvectors.

NOTATION. In the sequel, we often drop the subscript from the matrices B, D, and O if the
meaning is clear from the context in which they are used. 0

DEFINITION. Fix z,y € R". Given a matrix A € G,,, we define the matrix A as
A=0"40,
where O is the matrix of the eigenvectors of the matrix B, ,,.
We now restate Problem 1 in terms of the matrix B, , and its spectral decomposition
B., =0DO".

LEMMA 4.3.6. Fiz x,y € R" and assume that we are given an optimization problem of the
form Problem 1. Then we have

1
T — -
f{relgai{b {x Ay} = jrelgj’(b {Qtr (Avay)} .

~ 1
Additionally, A° € argmaz (z” Ay) if and only if A° = OTA°O € argmaz (—tr (ADW)).
Aega,b Aega,b
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PROOF. Fix z,y € R™. Then for any A = ((a”)) € G,1, , we have
2T Ay =yt Az

and
(4.3.22) A=0TA0 € G,y
by Lemma 4.3.4 and

By the definition of B, ,, we have

n

vl Ay = % Z a’zyy; + i aijyixj>

ij=1 ij=1

1 (&
T2 Zaj(fﬂ'iyﬂryﬂj))

ij=1
n

Z aijbij>

ij=1

tr (AB)

NI RN RN =N = N -

tr (A (ODO™))

tr (OTAOD)
tr (AD) ,
where “tr” is the trace of a square matrix. Consequently, by (4.3.22), we have

1
T — Z
(4.3.24) fax {o" Ay} = max {Qtr (ADm,y)}-

(4.3.23) -

Moreover, since (4.3.23) is true for any A € G,y, it is true for any A° € argmax (27 Ay).
Aega,b

Hence we have
1 ~ 1 ~
—tr <A0D> = 27 A% = max {mTAy} = max { —tr <AD>
2 A€Ga b A€G,p | 2

. 1 ~
and thus A° € argmax (—tr (AD)). The converse follows from the same calculation. O
Aega,b

Given this result, we now consider optimization problems of the following form:

Problem 2. Given z,y € R”, find a matrix A° € Ga,p such that
tr (A°D,,) = jlelgi{b {tr (AD,,)}.
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In other words, we can identify solutions to Problem 1 provided that we can identify the
eigenvalues and eigenvectors of the matrix B, , for a given x,y € R". The next result, in
fact, allows us to explicitly compute them directly.

LEMMA 4.3.7. Select x,y € R™ such that v # y and x,y # 0. Then the eigenvalues
{M\, .. A} of Byy are given by

AMoo=zey+zlly =0
(4.3.25) Ao =ax-y—|z|lyl <0

Ai =0fori=3,...,n

and its corresponding eigenvectors {z,...z,} are given by

s
21 = H
(4.3.26) !
29 = T
g
where . .
=t Yondt=2 - Y
[yl [yl
and
{z5,....2n} is an orthonormal basis of (span{z,y})".

PROOF. Select x,y € R™ such that x # y and x,y # 0 and assume that B is a matrix of
the form of (4.3.20). Further, z; and 2, as

S t
z1 = — and zp = —,
] 2]
where . .
s:—+landt:——i.
2|yl | [yl

We first note that for any w € R™, by the definition we have

n

(Bw); = Z b w,

Jj=1

= Z (ziy; + yizj) w;
j=1

n n
=Z; E Y;jw; -+ Yi E TiW;
Jj=1 Jj=1

= (w-y)z; + (w-z)y;
and thus
(4.3.27) Bw=((w-y)z+(w-z)y (weR").

Therefore, setting w = z; we have

Bzy=(z1-y)x+(21-2)y
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Consequently, we have
Bz = (z-y+ |z|[y]) 2
and thus z; is an eigenvector of B and its corresponding eigenvalue \; is given by

M=y 2]yl

A similar calculation shows that
Bz = (z-y — |z|[y]) 2
and thus z; is also an eigenvector of B and its corresponding eigenvalue )\, is given by
A=z -y — x|yl
As nonzero eigenvectors, |z1| = |z| = 1. Moreover, since A\; # g, then 21 - 2z, = 0.
Additionally, by (4.3.27), we have
ker (B) = (span {z,y})"
and thus Ay = --- = A, = 0 and {z3,...,2,} is an orthonormal basis of (span{z,y})*. O

We now define a class of matrices that we subsequently show are solutions optimization
problems of the form 4.3.4.

DEFINITION. We define A as the set of all matrices M = ((m*)) € M™ such that

b fori,j=1
mY:=<{a fori,j=2
cij forall otheri,j=1,...,n,

where a <¢;; <bfori,j=1,...,n.

The next results show that every matrix A € A is, in fact, a solution to optimization problems
of the form Problem 2.
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LEMMA 4.3.8. Fix x,y € R" and let A be the set defined above. Then
A = argmaz (tr (AD,,)) .
Aega,b

PROOF. Fix z,y € R" and let A € G,},. By (4.3.25), we have
tr (AD) = Z a’ D"
i=1

= a'' A+ a® )
= b1 +aks,

where
Moo=y ]y
Ao =y — 2|yl
Hence we have
tr(AD) = (b+a) (z-y) + (b —a) || |y|
and thus by Lemma 4.3.2, we have
tr (AD,,) = jrelgafb {tr (AD,,)}.

The converse follows from the same calculation. O

THEOREM 4.3.9. Assume that o® € L™ (U,Ga.yp) is a solution to a given optimal control
problem of the form Problem H. Then the corresponding optimal state v° € H} (U) and
co-state state p° € HL (U) satisfy the following PDE

0
—51AUO — [odiv (|Du0| (DPO)) =f
(4.3.28) ﬂggoﬂ in U
— By Ap° — Bydiv (|Du0| (Duo)) =u’ — 1,
where b b
B = +aﬁmdﬁzz _—

2
assuming Du®, Dp® # 0 in U.

REMARK. It is an open question to understand (4.3.28) if Du" = 0 and/or Dp° = 0 at some
points in U. 0

PROOF. Assume the setup above. Since o
maximum principle Theorem 4.3.1, we have

o { (Dp° ()" ADw (w) } = (Dp” (w))" 0 (w) D (),

is assumed to be an optimal solution, by the

for any w € U, where u° and p" are the unknown state and co-state, respectively. Fixing
w € U and setting

(4.3.29) = Dp® (w),y = Du’ (w),A=a(w), and A° = (w),
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we see that the optimization problem above can be written as

juax {7 Ay}
Now define the matrix A° by
(4.3.30) A .= OA°OT.

Then by Lemma 4.3.8,

A® € argmax (tr (AD,,)),
Aega,b

Therefore, multiplying both sides of (4.3.30) by z;, we have
Az = 0A07 2.
Additionally, by the definition of O, we have
Oei =2z, = OTZi = €,

for i = 1,...,n, where ¢; is the i unit vector. Substituting this into the above expression,
we have

A% = 0A°07 2

= 0121061
= bO€1
= bZl
By (4.3.26), we have
x Yy
7= — + —
| [yl
and thus
A° ( LY
|yl

Then by (4.3.29), we have

ooy (D) | Dy (w)
“()QDwmm+uwme

and

o (D) _ D)y (D) D)
[ Du® (w)| - |Dp° (w)] [Du® (w)|  [Dp° (w)]
for any w € U.

Summing these two identities, we have

Du® (w)
[ Du? (w)]

Du® (w)

20 (w) Du (w)

= (b+a)
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and thus D o Y
0 () Du® — 8. Du’ AW p, 0
o (w) Du” (w) = 1 Du (w)+ﬂ2|Dp0 (w)| P (w),
where b b
a —a
61 = 9 and BQ = 5

A similar calculation shows

o’ (w) Dp° (w) = B Dp° (w) + ﬁgMDuo (w) .

| Duf (w)]
Since this is true for all w € U, we have
D 0
a®Du’ = B Du’ + 52|D—u0‘Dp0
(4.3.31) ||Dp0|| in U
a’Dp® = B Dp° + By "1 pue.
| Duf|

Now recall that the state and co-state equations for Problem H are given by
—aDu= fin U

and
—aDp=u’—ain U,

respectively. Consequently, if o = ((ag)) is an optimal control policy, then by (4.3.31) u®
and p satisfy the follow coupled-system PDE

where

O

REMARK. It remains a very interesting open problem to study directly the coupled system
of PDE above. U
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APPENDIX A

DIFFERENTIATION IN FUNCTION SPACES

In the body of this thesis, we employ a number of extensions of differentiation to infinite-
dimensional functional spaces which we formally defined in this appendix. In developing this
material, I generally rely on Luenberger [61| and Ekeland [24].

For this appendix, assume that X and Y are real Banach spaces and that U C X is open
and nonempty unless otherwise noted. Further, assume that

f:V-=Y

is a given.

A.1. The directional derivative and the first variation

Recall that in finite dimensions, the directional derivative of a function f at a point x in an
open set U C R™ in the direction of a nonzero point y in R" is defined as

of . flet+Ty) - f(@)
Ky(m)ilflﬁ)l T

provided it exists, where 7 € R is small enough such that z + 7y € U.

We extend this definition to functions defined on a general Banach space in the natural way.
DEFINITION. Let v € U and v € X. If the limit
(A.1.1) 5F () (v) = lim I E T = T (W)

70 T

exists, we call the limit the (one-sided) directional derivative of f at u in the direction
v. If the limit exists for all v € X, we call 6 f (u) the the first variation of f at u.

We can compute the directional derivative using ordinary calculus as follows. Assume that
for a fixed u € U and v € X, define the function i : R = Y as

i(T;u,v) = f(u+T0)

where 7 € R is small enough such that v+ 7v € U. Ignoring the parameters v and v for the
moment, consider the following expression

i(r)=i(0) = flutTy) — f(u) m70f (u) (v).
Dividing the above expression by 7 > 0 and taking the limit as 7 | 0, we have

lim—i (1) =i (0) = limf (utrv) = f(u) =4df(u)(v).

710 T 70 T
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Clearly, the left-hand side is simply the ordinary derivative of ¢ evaluated at zero while the
right-hand side is the directional derivative of f at u in the direction v assuming that the
limits exist. In other words, we have

(A.1.2) i (0;u,v) = 6 f (u) ().

This fact will be used throughout this thesis.

A.2. The Gateaux derivative

DEFINITION. Suppose that the first variation of f exists at a given point u € U and assume
Gf(u): U —Y is a bounded linear operator dependent on u such that

Gf(u)(v) =06f (u) (v)
exists for all for all v € X. Then we say that f is said to be Gdteauzx differentiable at
u. Additionally, we say the operator Gf (u) is the Gdteaux derivative of f at u and
Gf (u) (v) is said to be the Gdteaux derivative of f at u in the direction v. If f is
Gateaux differentiable at every u € U, we say that f is Gdteaux differentiable in U.

NoOTATION. If the Gateaux derivative exists, then Gf (u) € Z (X,Y). Consequently we will
generally use the standard notation for linear operators and express Gateaux derivative of f
at u acting on v € X as

Gf(u)v:=Gf(u)(v).

If f is real-valued, then Gf (u) € Z (X,R) and thus it is an element of X*. Consequently,
we often write the Gateaux derivative of f at uw acting on v € X as the dual pairing

(A2.1) Gf (w)v = (GF (u),0) o x -
O

DEFINITION (Partial derivatives). Let X, Y and Z be real Banach spaces and assume U C X
and V' C Y are open and nonempty and assume we are given a function f : U x V— Z.
Further, for any fixed v € Y, define g (v) : U — Z as

g () ()= f(u,v) (uel).
Similarly, for any fixed u € U, define h (u) : V — Z as
h(u) ()= f(u,v) (veV).

Then for (u,v) € U x V, we say that g and h are the partial Gédteauzr derivatives of f
at u and v provided they exist and denoted them as

Guf (u,v) := Gg (v) and G, f (u,v) := Gh (u) .

Further, we say that Gf (u,v) is the Gédteauzr gradient of f at (u,v), where
Gf (u7 U) (wlu wQ) - Guf (u7 U) wy + Gvf (U, U) W2,
for any (wy,ws) € X x Y.
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REMARK. Under this definition, G, f (v,v) € Z(X,Z) and G,f (u,v) € Z(Y,Z) for
(u,v) e U x V. O

A.3. The Fréchet derivative

We now consider the analog of the gradient for functions of functions.

DEFINITION. Suppose we are given a function f : U — Y. If there exists a bounded linear
operator Df (u) : X — Y and a mapping r (-;u) : X — Y (referred to as the remainder)
for a fixed v € U such that

(A.3.1) flutv) = f(u)=Df (u) (v) +7(v;u)

for all v € X, where u +v € U and ||v||y > 0 and 7 (-;u) : X — Y satisfies the following

condition
I (v; ) lly
ol x
Then f is said to Fréchet differentiable at u. Additionally, the operator D f (u) is said to
be the Fréchet derivative of f at u and Df (u) (v) is said to be the Fréchet derivative

of f at u in the direction v. If f is Fréchet differentiable at every u € U, we say that f
is Fréchet differentiable in U.

REMARK. If it exists, Df (u) € £ (X,Y) by definition. O

—0as ||v||y — 0.

We now show that if the Fréchet derivative exists, it is equal to the Gateaux derivative which
we can readily compute via A.1.2.

LEMMA A.3.1. Let u € U and assume that v € X such that u+v € U and ||v||, > 0. If f
1s Fréchet differentiable at u, then

i (@ t0) = f () = Df (u) vlly

o]l —0 vl x

=0.

THEOREM A.3.2. Assume uw € U. If f us Fréchet differentiable at u, then it also Gdteaux
differentiable at u and the operators are the same.

PROOF. Assume u € U and fix v € X such that |jv]|y > 0. By assumption f is Fréchet
differentiable at u. Therefore select 7 > 0 small enough such that u+7v € V. By the above
lemma, we have

o @) = @ = DE@ o)ly o o) = £ (@) = Df () (7o)l

=0.
|7 x—0 7o 70 T

Further, by the linearity of the Fréchet derivative, we have
_ - D _
o LT = F @) = DI @) () | f ko)~ f (W)
T

710 T 740

— Df (u)wv.

Hence it follows that

Df(u)v:l}ﬂ)lf(u+TZ)_f(u) =Gf(u)v.

66



A.3. THE FRECHET DERIVATIVE

This is holds for all v € X such that ||v]|y > 0, f is Gateaux differentiable and the two
operators are the same. 0]

REMARK. If f is real-valued and it is Fréchet differentiable at u € U, then D f (u) € X* and
thus

(A3.2) Df (wyv=(Df (u),v)y.x (vEX).
O

REMARK. Since Fréchet derivative is equal to the Gateaux derivative, by A.1.2 we have the
following identity
Df (u)v =14 (0;u,v),
where ¢ : R — Y such that
i(T5u,0) = f(u+Tv).

Hence, we can compute the Fréchet derivative at u in the direction v as

(A.3.3) Df(u)v = diT (u+ 7v) |r=0 -

We use both (A.3.2) and (A.3.3)to express the Fréchet derivative extensively in the main
body of the thesis. O

THEOREM A.3.3 (Chain rule). Let X, Y, and Z be real Banach spaces. Assume U C X and
V CY areopen and that f: U =V CY and g:V — Z are Fréchet differentiable at u € U
and f (u) € V, respectively. Then the composite mapping h : U — Z defined as

h(-):=gof(-)=g(f())
is Fréchet differentiable at u and is given by

Dh (u) = Dg (f (u)) Df (u).

PROOF. Assume that f: U — V C Y and ¢g: V — Z are Fréchet differentiable at u € U
and f (u) € V, respectively. Further, define h: U — Z as

h(-):=g(f(-)).

We begin by showing that h is Fréchet differentiable at u. Hence we need to show that for
any v € X such that u+v € U and ||v]|; > 0, we have

[l (o3 w)ly

—0as [|v]|y =0
[0l x *

or equivalently
17 (u+v) = h(u) = Dh(u) (0)|| = o(([v]]) .

Therefore select v € X such that u+v € U and ||v||y > 0 and define w,z € V as
w:= f(u) and z := f(u+v) — f (u).

Then by assumption
h(utv)=h(u) =g(f(utv)=g(f(u)=gw+z)—gw).
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Since ¢ is assumed to be Fréchet differentiable at f (u) = w, using the definition of the
Fréchet derivative, we have

(A34)  o(llzl) = llg (w+2) = g (w) = Dg (w) z[| = ||h (u+v) = h(u) = Dg (w) 2.
On the other hand, f is also assumed to be Fréchet differentiable at u and thus by , we have
Iz = Df () v]| = o([lv]]).

Substituting these two expressions into A.3.4, we get
17 (u+v) = h(u) = Dg (w) Df (u)v]| = o(||z]}) + o ([[v]])-

Now consider the right-hand side of the above expression. By assumption, f is Fréchet
differentiable at u and thus Df (u) € £ (X,Y) and it is continuous at u. Hence

O (floll) = IIf (w+v) = f (Wl = =]l
Consequently, the right-hand side is simply o (v) and h is Fréchet differentiable at u. Further,
by the definition of the Fréchet derivative, we have
Dh (u)v = Dg(w) Df (u)v.
Since v is arbitrary, we deduce the following operator identity,
Dh (u) = Dy (f (w)) D (u).
O

DEFINITION (Partial derivatives). Let X, Y and Z be real Banach spaces and assume U C X

and V' C Y are open and nonempty and assume we are given a function f : U x V— Z.
Additionally fix v € V and define g (v) : U — Z as

g (W) (u) = f(u,v) (uel).
Similarly, fix v € U and define h (u) : V — Z as
h(u)(v):= f(u,v) (veV).

Then for (u,v) € U x V', we say that g and h are the partial Fréchet derivatives of [ at
u and v and denoted them as

Dy f (u,v) .= Dg (v) € Z(X,Z) and D,f (u,v) :== Dh(u) € Z (Y, Z)

provided they exist. Further, we say that Df (u,v) is the Fréchet gradient of [ at (u,v),
where

(A35) Df (uv U) (wlv w2) = Duf (’LL, U) wy + va (uv U) Wa,
for any (wy,ws) € X x Y.

A.4. Differentiation on convex sets

Above, we defined several forms differentiation where we restricted the domain of the function
in question to open sets. We now consider differentiation on convex sets.
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DEFINITION. For a given v € U, we say that for v € X, the direction v — u is feasible if
there exists a real, positive sequence {Tj}jeN J 0 such that

(A.4.1) u+T7(v—u)eU (forallj).

Further, we denote the set of all feasible directions from wu as
D, ={v € X | v is a feasible direction from u} .
THEOREM A.4.1. Assume that U is nonempty, closed, bounded, convexr subset of a real
Banach space X, then every direction in X s feasible.
PROOF. Assume that U C X is nonempty, closed, bounded, and convex and fix u € U.
Then by the definition of convexity, for any v € U
v+ (l—7)u=u+7(v—u)elU

for any real constant 7; € [0, 1]. Therefore taking a sequence of such 7; such that {7;}, . | 0,
we see that v — u is feasible.

DEFINITION. Let u € U, where U C X is a convex. Given a function f : U — Y, if a
bounded linear operator Gy (u) : D, — Y exists such that

(A.4.2) Gu f (1) (v —u) = i/ (7 (0 —w) — f(u)

710 T

exists for all v € U, we say that f is Gdteauzx differentiable at u and we call the operator
Gy (u) the Gdteaux derivative of f at u with respect to the convex set U. Similarly,
if there a function 7 (-;u) : X — Y satisfying

(A.4.3) flut+v)—f(u)=Guf(u)(v—u)+r(v;u)
for all v € U such that
7 (v w)lly
[0l x
we say that f is Fréchet differentiable at u and we call the operator Gy f (u), which

denote Dy f (u), as is the Fréchet derivative of f at u with respect to the convex set
U.

—0as ||v||y — 0,

Importantly, we see from the definition that if a function f is Gateaux or Fréchet differen-
tiable, then it agrees with the that derivative on a convex set.

THEOREM A.4.2. Assume u® is a minimizer of a real-valued function f : U — R, where
U € X is convex. If Dy f (u°) exists, then the following inequality holds

(Dyf (u’),u—u’)>0 (uel).
PROOF. Since u° is a minimizer, then for any 7 € [0, 1] ,we have
f+ru—u’))=f@)>0 (uel).
Taking a sequence of such 7 such that {Tj}jeN 1 0, we have

0 0y __ 1 f(u0+7(u_u0))_f(u0)
DUf(U)(U—U)—lTlﬂ)l -

> 0.
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O

Given this result, we will not differential a derivative on a convex set from a derivative on
an open set in the body of the thesis.
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