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Performance Analysis of the Matrix Pair
Method for Blind Channel Identification

Wanzhi Qiu,Member, IEEE and Yingbo HuaSenior Member, IEEE

Abstract—We study the estimation variance performance ofthe =~ The method developed by Tong—Xu-Kailath [1] exploits
matrix pair (MP) method for estimating the impulse responses of g pair (“matrix pair”) of covariance matrices of the channel
multiple FIR channels driven by an unknown input sequence. ;15 and hence will be referred to as the matrix pair
A first-order perturbation analysis of the large-data-size perfor- . . . .
mance of the MP method is presented and an explicit expression (MP) mgthod. The. MP method IS thg flrst'dedlcated algorithm
for the estimation variance is derived. Both the theoretical and for solving the blind channel identification problem where
simulation results are used to investigate the statistical perfor- only SOS is used. It first demonstrated achieving satisfactory
mance of the MP method and a number of new insights are plind channel identification by using only a few hundred data
revealed. samples. However, the estimation variance performance of

Index Terms—Asymptotic analysis, blind identification, matrix ~ this method has not been analyzed in depth before. In this
pair method. paper, we provide an asymptotic (large-data-size) analysis

of the MP method. In particular, we derive the asymptotic
|. INTRODUCTION estimation variance of the MP method based on the first-order
é)erturbation theory. We then investigate, using both theoret-

LIND channel identification is useful in communication . ) . L
. : . Ical and simulation results, the dependence of its estimation
as it does not require a training sequence to equalize

a channel and hence it could save the channel bandwid ﬁ\.nance performance on the signal-to-noise ratio (SNR), the

Most blind channel identification schemes begin by samplin ta Size, thg channel condition, the ”“”.‘ber of channels,_ and
focessing window length. The rest of this paper is organized

the channel output at the baud rate to produce a station follows. Section 1l summarizes the MP method for eas
channel output sequence for processing. Consequently, higﬁ%r ’ y

order statistics (HOS) is required either explicitly or implicitl;felfren?ﬁ' dSeé:tlotr_] i Iij/enves trt1e estlmgtlor vananlce tht_hﬁ
to identify a possibly nonminimum phase channel. Due to t% _method. Section Presents numerical examples whic
large number of data samples and large amount of computatY ify the theoretical rgsults Qnd show some new insights into
required to estimate HOS, their applications may be limited € MP method. Section V gives the conclusions.

fast changing environments, such as in mobile communica- II. THE MP METHOD

tions, where the channel has to be estimated within a short . . .
period of time. As shown in [1], when a higher sampling rate (compared

The work by Tong—Xu—Kailath [1] appears to be a majotP the baud rate) is used at the output, a data communication

breakthrough in the attempt to achieve fast blind chanrigfStem can be described as the following multichannel FIR

identification. It is demonstrated in [1] that when sampleﬁyStem:

at a rate higher than the baud (symbol) rate, the output of

a data communication channel can be described as thatVof*) = th(l)s(k — 1) 4w (k),

a multichannel system which is driven by a sequence of =0

unknown input symbols. This multichannel model allows the k=0, N-1, m=1..-.M (1)

second-order statistics (SOS) to be sufficient to uniquely (where y,,,(k) is the output of themth channel i, (I) the

to a constant) estimate the system impulse response withimapulse response of theth channels(k) the common input

knowing its input under a mild condition [1]. This result isto the A/ channels/ the maximum order of thes® channels,

believed to have inspired all the subsequent developmentfihthe data size, and,,, (k) the (zero-mean) white noise.

identifying a channel without using higher order statistics (see The outputs of system (1) can be expressed in the following

[2]-[12], for example). vector form by choosing a processing window Wf baud
intervals as in [1]:

L
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with 7 denoting the transpose, afllis a generalized Sylvester Step 1. Compute the eigendecomposition®gf), i.e.,

trix defined b
matrix defined by RO)=U.x,U" + U, U"

h, hr1 -+  h 0 e 0
_ 0 hL hL—l hO 0 Where
: S . — s
0 et 0 hL hL—l e hO .
Sw:d()\ 7'--7)\ e
MW x (W+L) (4) iag[Adt1 Mw]
. U, = [ubu%...’ud]
with ; . . )
w = A1y Wd42,°, Wprw |-
by, = [ha(k), ho(k), -+ has(B), k=0, L.
)\1Z)\QZ"'Z)\d>)\d+1I)\d+2:...:)\]wvv:02

The noise vectoi(n) is defined in the same way g$n).

The channel impulse response vector is defined by are the eigenvalues ag(0), U, andU,, contain orthonor-

mal eigenvectors corresponding ¥ and X, respectively.
h= [h0T7h’f7...7h€]T (5) Rang¢U,) and rangdl/,,) are referred to as the signal and
noise subspaces, respectively.
and the objective of blind channel identification is to obtain  Step 2. Form
only from the received datéy(n)}. For unique identification i 1
(up to a constant scalar), it is required by the MP method that Q=AU R(HU A= (10)
the following conditions be satisfied [1], [6], [7]:

Al PolynomialsH,,(z) do not share any common root,

where

where A=%, -1, (11)
L R(1) = R(1) — o2 J},. (12)
_ =l —1....
Hn(2) = th(l)z ’ m=1,--, M. Then computey,, the left singular vector corresponding to

=0 :
the smallest singular value @.

Note that this immediately implies? > 2. Step 3. Form an estimate & (up to a constant scalaf?)
A2 The matrix H has more rows than columns, i.e.py
MW > (W +1L) = d.

A3 The noise samples are (zero-mean) white with variance H=UAV
2
ag-.
. . . here
A4 The input symbol{s(k)} is a (zero-mean) white se-"
quence. V= [ydv Qy(b ) Q(d_l)yd]

It is assumed in [1] thaf{s(k)} has unit variance (without
loss of generality); this leads to

E{s(n)s"(n+ k) =Jp (dxd) (6)

and extract the estimate af,_,,.; by (as suggested in [1])
hL—TH-l = Wgn (7’L = 17 27 Ty L+ 1) (13)

. . whereg,, denotes therith column ofH, andW an M x MW
whereE{ } denotes the expectatioff, the complex conjugate matrix defined ad¥ = [I,/;0] (see (4)).

transpose, and

() {1, if u=v+kand|k] <d-1 lll. ANALYSIS OF THE MP METHOD
k)uv = :
0, otherwise. In practice, only finite data samples are availaie < o),
Similarly and the covariance matricé{0) and R(1) must be estimated
-1

n=0

where J}, is defined in the same way ak, except for the

T—1
dimension. - 1 H
R(1) = = 1 15
With the above notations, one can write (1) T Z y(my"(n +1) (15)

n=0

R(0) 2 E{y(n)y" (n)} = HH" + I ;y (8) whereT = N — W, and" denotes the estimate.
R(1) 2 E{y(n)y"(n+1)} = HI,H? + 527, (9) The finite data effect and the additive noise will result
in an error in the estimate di. In this section, we derive

where I,m denotes the MW x MW identity matrix. the asymptotic estimation variance of the MP method using
It is the covariance property shown in (8) and (9) thahe first-order approximations. Our derivation development is
Tong—Xu-Kailath exploited to estimaf# (up to an unknown orientated by the fact that the estimatehofs extracted from
constant scalare’?) from R(0) and R(1). The impulse the estimate of the matril which is formed from certain
response vectds can be easily extracted ondg is available. estimated eigenvalues and eigenvectors. Accordingly, we first
For easy reference, the MP method is summarized as followhow some standard perturbation results on the eigenvalues
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and eigenvectors, which lay a foundation for our derivatioand forn > 1
of the estimation variance. We then derive the perturbation
expressions for the columns éf. Finally, we formulate the

2n n—1
At =Y AidAal + > BiaU o
perturbation onh and present the estimation variance. In

=1 =1
the following, we will denote a (first-order) perturbation by n+l n—1 B
preceding the corresponding quantity Ayand use the symbol + Z CiAUSaEP’) + Z DiAR(l)a§4)
~ to denote an equality in which the higher order terms are i=1 i=1

neglected. We assume that the noise samples (k)} are
complex-Gaussian [15]. : u
Assuming that the dominant eigenvalues Bf0) (i.e., whereR(—1) = R (1), and the matriced;, B;, C;, D;, and

+ E\AR(-1)a{” (26)

Ai © 4 = 1,---,d) are distinct, from [14, pp. 293-295] we g, as well as the vectora!")(k = 1,.--,5) are given in

have

AN 2 X =\ = ull ARO)u;,
and

i=1,-.d (16)
Auié'&i—ui

~ ()\iI]\ﬂ/V — R(O))TAR(O)UZ, 1= 1, ey d (17)

wheret denotes the pseudoinverse.
We now derive the perturbation on th¢h column of H

€. 2UAv,, n=1,d (18)
where
v, = Q" ly,. (19)
We obtain from (18) that
Aé, ~ AU A v, + U,AN v, + U,A*Av,  (20)
where, from (19), we have
Av =i n—i—1 n—1
" %ZQ AQQ Y +Q" Ay, n>1
=t (21)
and we can show in Appendix | that
Ayy ~ —QAQ"y,. (22)

Since, due to (10)

AQ~ AN FUTR(WUA? + A2 AUTR(HU A2
+ATTUTARQUA? + A UTR(1)AU,A™?
+ATFUTR(U,AAE (23)

and, due to the fact thak is diagonal

AA_%z—%A_%AA and AA%z%A—%AA (24)

Appendix Il.
Next, using (16) and (17), we can further relag,, to the
perturbations of the covariance matrices by

I(n)
At~ Y F;AR(kj)g, (27)
j=1
where
I(n) = MW 4+ nd +n, n=12.--,d.
Forn =1
[0 j=1- MW+d
’“J—{—L = 101). (28)
Forn > 1
0, j=1,---, MW +nd
k=< 1, j=MW4+nd+1,---,I(n)—1  (29)
_17 JII(TL)

where the matricefF;» and the vectorg; are given in Ap-
pendix Ill, and their dependence anis not shown explicitly
for notational simplicity. See Appendix IlI for the derivation
of (27).

Finally, considering (13), we obtain the perturbation ex-
pression forhr_,+1 as

1(n)
AhL—n-I—l%ZFJAR(kJ)gJ, 71:1,2,,L+1
j=1
(30)

where
F; = WF;

Before proceeding to Theorem 1, we introduce a lemma
which is useful in the derivation of the estimation variance.

Lemma 1: Suppose that the input sequende(k)} is
independent and identically distributed (i.i.d.) with zero-
mean, unit-variance and finite fourth-order moments and the
noise {w,,(k)} is circular-Gaussian, the random variable
{(VTAR(K)ay;—d < k < d, 1 < a,b < MW}, are jointly
asymptotically normal with zero mean and covariance

by substituting (21)-(24) into (20), one can show that forE{TAR(k)abAR(l)cd}

n =1

2n

n+1
A&, =Y AidAaY + CiAULa + By AR(-1)af”
=1 =1
(25)

=Y R(k+7)aaR(I = 7)es

T€Z

+ > Rk +7)acR* (1 + 7)oa + 6R(K)as R(Dea  (31)

T€Z
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where
R(k) 2 Ely(n)y(n+ k) = HILHY + 2T, (32)
( )é ( )_UQJkAl —HJkHH
R(k) £ E{y(n)y" (n+ k)} = E{(s(k))*}HJ . H*  (34)
k= B{|s(k)|*} — [E{(s(k))*}|* - 2

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 43, NO. 4, JULY 1997

Denoting by f(a) the ath element of vectorf and using
Lemma 1, we have

(33) E{Ah" Ah}

L+1I(n) MW

=22 2, Blo

n=l1,j=1a,b,c,d=1
1L-|—1I(n) MW

ki)abGre AR(K;)cag; (d) }

Z denotes the set of integers,the circular conjugate, and = 7 Z Z Z 9i(a)Greg;(d)

A the mnth element of matrixA.

n=11,j=1a,b,c,d=1

The proof of Lemma 1 is by direct application of [16, x ZR —ki + T)aaR(kj — T)ep
Theorem 14, p 228] (also see [8]). Note that the right-hand cz

side of (31) involves only a finite number of terms due to the

fact thatR(k) = R(k) = 0 when|k| > d.

Theorem 1: The variance of the large-data-size estimate of

h is given by
b

E{AhHAh} s (35)

T T T

where the scalars, b, andc are independent ¢f ands? and

are given by

L+1 I(n)

a= Z Z ZgiI{J/(‘r—ki)]\lgjiTT(Gjl(kj—‘r)]\l)

n=1¢j=17€2

L+1 I(n)

b= > > g'R(r— kg,

n=1¢j=17€2
L+1 1(n)

+ Z Z Z gffj/("'—ki)l\lgjﬂ’ (GR(]{}J — 7‘))

n=lij=17€2

T (Gjl(kj —T)M)

L+1 I(n)

=33 S alRe-k)

n=1l¢j=17€2Z

), T (GR(E; — 7))

L+1 I(n)

HIE{GE)IPY DY Y g HI

n=1ij=17€2
x H'G"H*J.;,H" g,
L+1 I(n)

+53° 3 g R(-k)GR(k))g,

n=11¢,j=1
with 7, denoting “the trace of” and
G=F/F,

Proof: Due to (5) and (30)
L+l
E{ARTARY =Y E{AR . Ahp .11}

n=1
L+1 I(n)

= Z Z E{gf AR(-k

n=11j =1

)GAR(E;)g, .

L+1 I(n) MW

FEL Y Y it
n=14,j=1a,b,c,d=1
X Z R(—k; + 7)aeR*(kj + T)pa
TEZ
j Ll I(n) MW . ~
T > Z > 91 (0)Guegi(DR(=ki)as R(k))ea
n=11,j=1a,b,c,d=1
L—|—1 I(n)
DI
n=lij=17€2
L+1 I(n)
EDIPIDI
n=lij=17€2
L+1 I(n)

+ 25> g R(-k)GR(ky)g;. (36)

n=11¢,j=1

Gbcgj d)

—k;+7 gj T.(GR(k; — 1))

—k; +7)G" R (k; +7)9;

The conclusion follows by plugging (32)—(34) into (36).

Note that for large data size, it is much more economical
to evaluate this theoretical variance than to run a Monte Carlo
simulation. Hence, this expression could also be valuable in
practical design.

IV. PERFORMANCE EVALUATION

This section investigates the statistical performance of the
MP method using both theoretical and simulation results.

The asymptotic estimation variance of the MP method is
shown as in (35) to be a quadratic function in terms of the
noise variances?. It is not surprising to note that there is a
“constant” term in (35), which implies that, wheW is finite,
we cannot obtain an exact estimate even when the noise is
absent(o? = 0). This is due to the fact that, even when
the noise is absent, an infinite humber of data samples are
still required to obtain the exact covariance matrig6) and
R(1) and, consequently, the eigenvalues and eigenvectors to
form the channel estimate. This “constant” term, i#7, tells
us what estimation variance can be achieved at high SNR.

We now present a numerical Monte Carlo study which
verifies our theoretical work and shows more insights into the
performance of the MP method. As mentioned in Section II,
the estimate of is unique up to a constant scaldf. In the
simulation, we remove this angular ambiguity by replacing
the estimate of the eigenvecte(z = uy, - - -, ug SUccessively
in Step 1), ande = y, in Step 2) byze/®> whereg, is given
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Fig. 1. Performance of the MP method versus SNR wh¥re= 600, L = 1, W = 5, andA = 0.2.

by the channel coefficients will be scaled such thaf = 1 and
the input sequence i¥-QAM scaled byE{s(k)s*(k)} = 1.
Unless otherwise stated, = 0.2, SNR= 20 dB, N = 600,
and W = 5.
Fig. 1 shows the performance of the MP method against the

. 2z SNR. Itis seen in this case that, after 20 dB, the curve becomes

el%e = H:i_H.TH nearly flat. This is due to the finite data effect discussed above
) which cannot be cured by increasing the SNR.

The performance of the MP method in simulation is measuredFig. 2 shows the performance of the MP method against the
by the mean-square error in decibels data sizeV. It is shown that, as expected, a better estimate can
be achieved by using more data samples. It is also shown that
the (asymptotic) theoretical expression of the MSE is valid
even for a data size as small as 100.

Fig. 3 shows the performance of the MP method against
whereh, denotes the estimate &fin the ith run. N, = 100 the c_hannel condit?om)\). Consistent with our previous dis-
independent runs are conducted for each simulation scenafffSSion. the MSE increases as the zeros of the two channels
and both the input sequence and the noise sequence tgﬁ(éome closer. Th|§_|mpl|es that the MP method fails for very
independently chosen at each run. Accordingly, the theoreti®°" channel conditions.

Po = argmin |l&e?® — 2|2

This minimization yields

N
1 1 <3
"=l

performance is calculated by using Theorem 1 and Fig. 4 shows the performance of the MP me_thod against the
number of channel$M). For M = 2, we consider the two-
MSE (dB) A 2010g,, <L /E{AhHAh}) channel system (37) and (38). Féf = 3, we consider the
It three-channel system (37), (38), and

We also need to define the SNR as follows (see [11]): Ha(2) = 1.000 + 0.647652

h 2
SNR(dB) = 10log;, LEQ' where § is set to be0.0,0.2,0.9, and 1.0 in four cases,
respectively. It is shown that adding different channels has
different effects on the estimation error. This is due to the fact
that, in the multichannel model, a largéf means a higher
Hi(z) = 1.000 4 0.64762~* (37) sampling rate, implying that more information is utilized from
Hy(z) = 1.000 + 0.6476)\2~* (38) the_ chanr_1e| output to carry out the identification and a better
estimate is expected. On the other hand, a laldeesults in a
where X is used to control the distance between the rookgrger number of unknowns and more closely distributed zeros
of Hi(z) and Hy(z). For small , the system becomes ill- of the channels, which tends to increase the estimation error.
conditioned and a relatively large estimation error is expectedFig. 5 shows the performance of the MP method against
(see conditionAl in Section Il). In all cases to be shownthe processing window length’. Two two-channel systems

The following two-channe{A = 2) system used in [8] is
considered for Figs. 1-3
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Fig. 2. Performance of the MP method versiiswhere SNR= 20 dB, L = 1, W = 5, andA = 0.2.

-10

4

12} 4

—14} .

Fig. 3. Performance of the MP method versusvhere SNR= 20 dB, N = 600, L = 1, andW = 5.

are considered where system 1 consists of (37) and (38), dmdv the SNR, the data size, the channel condition, the number
system 2 consists of the following two channels: of channels, and the processing window length affect the
estimation accuracy. The explicit formula of the estimation

variance and the insights revealed can be helpful for the
identification system designers.

Hi(z)=1-2cos(0.1m)z7t + 272
Hy(z)=1—2cos(0.4m)z~ 1 + 272,

It is observed that the effect of changimg depends on the APPENDIX |
particular system to be identified. PROOF OF (22)

V. CONCLUDING REMARKS As shown in [1],V is unitary and
We have analyzed the statistical performance of the MP Q= vJ,vH
method for blind identification of multiple FIR channels. In H  yrq: H
particular, we have obtained a closed-form expression for the QQ" = Vdiag(l, -, 1,O)V".

large-data-size estimation variance, and further investigatSihcey, is the eigenvector corresponding to the single eigen-
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Fig. 5. Performance of the MP method versi#s where SNR= 20 dB and N = 600.

value (i.e.,0) of QQ", from [14, pp. 293-295], we have
Ay, ~ Vdiag(-1,---,-1,00V" A(QQ™)y,
~-QQ"(AQQ" +QAQ™)y,
=-QQ"QAQ"y,.
In the last equation, we used the fact tl@l[’yd = 0. Noting
that QQ” Q = Q completes the proof.

APPENDIX Il
DEFINITIONS OF DETERMINISTIC MATRICES
AND VECTORS IN (25) AND (26)

BecauseH = USA%V andV is unitary [1], it is very easy
to verify that

H' =viA—: U,

UsingR(l) = HJ,H"” and denoting byj; theith column of
(H")H, after some straightforward but tedious rearrangement,
one can show that

Forn > 1.
—-iHJ,_H'U,, i=1--,n-1

4 - l1HJ,J_H'U,, i=n

’ —%Hji_nHTUS, i=n+1,--,2n—1
§U5, 1=2n

1 Ufnn—i-l-lv L:].,,TL

aV ={UMny, s, i=n41- 201
Uiy,, i=2n

B,=HJ, \H'U,, i=1,---,n—1

aEQ):Sn—i-I-lv =1 n—1
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HJ.HY, i=1,---,n—1
OZ‘I —HJnJ_lﬂH, 1=n
IJWVV t=n-+1,
H : 7 = i
3) U?{nn—lv L _ 17 1 1
a;, " = Us m, t=n
Uf.fn, i=n+1
D;,=HJ,_H', i=1,---n-1
oV =, i=1n—1
E =-HJ,H
ago) =n1.
Forn =1:
%HJlJ H'U,, i=1
SUs, i =2
aE”zUﬁ’m, i=12
Ci:{_Hjlj_lH 1 =1
I]\ﬂ/[, =2
3 N, =1
% _{ %{517 1=2
E, =-HJH
af’ )2771
APPENDIX Il

PROOF OF (27)

Let us evaluate the terms in (25) and (26) one by one. Using

(16), we can show that

2n 2n
ZAZAAGEI) = ZAZ (A?S - AO’QId)agl)

=1 =1
2n
= Z Zaj JAN; a(l) Ao? ZAiagl)
=1 j=1 =1
Z A;AR(O)u; — Aory (39)
where

Z oa;
L= Z Aiagl)
=1

a;(i) is the jth column of A; and a(l) the jth entry of

a§1>. By assuming that the noise variance is estimated by the

average of the estimated less-dominant eigenvalueB(06j

i 52 _ Aapitetlarw
(i.e.,0° = =4 ), we have

MW
1

Aot —— Z e AR(0)e;
MW —d —~

d
1
=1

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 43, NO. 4, JULY 1997

wheree; is the MW x 1 vector with 1 as theith entry and
0's elsewhere.
Using (17) one can rewrite the second term in (26) as

n—1
> B;aUYaf?

=1

(40)

where

J=1-( -1
R e

3 i
a? = (\gonuridaw — R(©0)) a2, Gt

b;(3) is the jth column of B;, and(j — 1)4 = mod [j — 1, d].
Using (17) one can show

n+1 n+l d

Y cialU.e? =3 Cinugal)

i=1 i=1 j=1

d
~ Z Z G,S))Ci()\jfjww’ - R(O))TAR(O)’U’J

(41)

where

s\Iw — R(0))Y

C Za

a(?) is the jth entry of vectoragg).

T,

Using (12), we rewrite the fourth term in (26) by

ZDAR

(4)—ZD AR(1) — Ad?Jy)al?

i=1
n—1

=Y DiAR)aY — Ac?ry  (42)

where

n—1

= Z D J]wa(4)

Similarly, we show
E\AR(-1)a{” = B (AR(-1) — Ac?J_,,)al?
= E;AR(-1)al” — Ao?ry (43)

where

Elj A4a§0).
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For n > 1: By summing up (39), (42), and (43), we get

the following summation: F;

n—1

ZA’AR yu; + > D;AR(1)al*
j=1 i=1

+EAR(-1)a}”

_Z<A’

Z

n—1
+ 3" D;AR(1)alY + B AR(-1)a”.

i=1

- AO’Q(Tl + 7o +'T‘3)

TL+7T2+73 g
MW —d J>AR()

MW—d % the

(44)

9;

1253

A; + g’ + G, ‘7::17"'765
=\~ waila J=d+1,---,l(1)—1
1, J:I(l)
Uj, J:]_77d
= €j—d, j:d+17...7](1)_1
o, j=1(1)
N _ JAR(0), j=1,---,I(1)-1
AR(/@)_{AR(—Q, = I(1). (46)

Noting that (28) is the immediate results of (46) completes

proof.
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Furthermore, the summation of (40), (41), and (44) gives

I(n)

Aé, =Y F;AR(kj)g,

=1

(1]

where

I(n) = MW +nd+n [2]

(AR 4O =1 d .
%61 d? J:d+177
d+ MW

, B (amwys J=d+ MW +1,.--,
J MW +nd
j=MW +nd+1,--,

In)-1
j=1(n)
J:177d
G=d41, d+ MW
j=d+ MW +1,--, MW +nd
D ivvanay §= MW +nd 1, I(n) - 1

\alo ) Jj=1(n)

(4]

(5]
—(MW+nd),

| E, [6]

('U,j,
€j—d,
AL
—(d+MW)

(7]

9i [8]

[9]
R(0), 1ol
R(1)
AR( - 1) ’

=1, MW +nd
j:MW+nd+17"'7
Jj=1(n).

I(n) -1
(n) "

(45)
[12]
Note that (45) immediately leads to (29).
For n = 1: The summation of (39), (41), and (43) gives [13]

(1)
A&, = FAR(kj)g, [14]
i=l1 [15]
where
() =MW +d+1 [16]
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