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"November 22, 1957
 ABSTRAGT

The statement of the requirements for regenérative extraction of part-
tcles from a syachrocyclotron in the rapidly changidg edge of the magnetic o
field is foliowed by an analysis for determining the regenerator chape and
po-ition and the rate of increase of radial oxscillatibn amplitude The cffect
of the regenerator on the axial motitn is cousidered. The analysis is'useful 4

for extraction amplitudes of several {inches. Regenerator strengths are com-
puted as an illustrative example.
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DESIGN OF REGENERATIVE EXTRACTORS FOR SYNCHROCYGLOTRONS
I. SMALL-AMPLITUDE EXTRACTION

Warren Fenton Stubbins

Radiation Laboratory
University of California
Berkeley, California

November 22, 1957
1. INTRODUCTION

In 1950 Tuck and Teng propoaea the removal of synchrocyclotron beams
by means of magnetic field perturbatione placed near the outer radius of the .
cyclotron. 1 The first perturbation, the peeler, cmnsists of a region of field
that decreages radiailly. This is followed at some angle with a region of rad-
ially increasing field, the regenerator. An exact analysis of this eysteﬁ was
made by I.cC_Outeurz and Judd3 for beam extraction occurring in a linear
portion of the 'mégnétic field of the cyclotron. Later, LeCouteur extendéd
this analysis to the region where the cyclotron field was rapidly decreasing
with radifﬁn. ¢ Crewe and LeCouteur applied the linear Vanalysiu and extracted
" a portion of the circulating beam of the University of Liverpool synchrocyclotron. 3
LeCouteur and Lipton considered a numerical analysis of the deflection with )
‘only a region of increasing field as the perturbation. 6 Crewe and Kruse applied
this analysia directly to the University of Chicago aynchrocyclotron and removed
a portion of the circulating beam with a regenerator alone, 7

The field permbation needed for extracting a portion of the beam of
synchrocyclotron is determined by an exteasion of these analyses. This
extension, which is intimately tied to the physical process, applies to a syste!h
X ﬁalng only a regenerator and is useful for extraction amplitudes of several \
inches.

*This work was done under the auspices of the U.S. Atomic Energy

Coemmission,
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: iI. METHOD OF CALCULATION

The regenerator for extracting the beam of a aynchrocyciotron is
designed in seven steps, as fcllows: '
(a) The nonlinear equations of motion for the radial and axial oscillations
are obtained from the Lorentz equation.
{b) The frequencies of radial and axial motion for various amplitudes of oscill-
ations are determined from these nonlinear equations and the maguetic field
shape in the region for extraction. | ‘
(c) The increase in the radial amplitude and the necessary change in radial
‘momentum to satisfy the extraction requiréments are computed by a simple
matrix analysis using the radial frequenciea. - | v
(d) The field perturbation is determined from the necessary change in radial
momentum, ' » -
(e) The resulting change in axial momentum is determined from the field
 perturbation. o o
{f) The growth of the axial motion from the impulses of the regenerator is
~ computed.
. {g) A suitable arrangement fot the particular cyclotron is selected from the
_ set of values of radial and axial growth as fanctions of the regenerator
position and the initial amplitudes of oscillations.

III. THE EXTRACTION REQUIREMENTS
The extraction process begins when the precession of the particles!
center of rotation about the center of the cyclotron is arrested. The maximum
of the radial extent of the particlee then occure repeatedly at one azimuth. As
~ the radial-oscillation amplitude increases, the particles move outward; a
channel may be placed in this region. If the radial gain per-turn is large

enowgh and the beam is not greatly attenuated by axial blbwup. the particles
. may ''step over’ the channel wall and give efficient beam removal. '
The extraction requirements, simply stated, are:

{a) the precession must be arrested,

(b) sufficient gain per turn must be obhtained,

-(c) losses owing to axial blowup must be minimized.
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To understand the cbjective and method of calculation one needs to note
‘that under (a) the particles repeatedly cross the synchronous radius at the
same point in the cyclotron. This point may be designated by ita angle, and
the regenerator and channel positions referred to it. The synchronous radius
R is the radius at which the particles circulate when they have no radial-
oscillation amplitude, and it is also the radiue at which the regenerator field
starts. Radial displacement is measured from the synchronous radius. The
_synchronous radius suitable for deflection in the cyclotron is just inside the
radius at which normal beam destruction occure.

IV. THE NONLINEAR EQUATIONS OF MOTION
In the atatic magnetic field of the cyclotron, the force on a moving
charged particle is gﬁven by the Lorentz equation,

anvxﬁc‘a-t- P

where q i2 the charg‘e.y v is the velocity, B is the maguetic field, ; is the
‘;mom'ehmm.' and t is the time. Component aquations of this equation are
written in cylindrical coordmates for particulay convenieace in cyclotron
problems. In the extraction process, the particle energy may be coaeidemd
as uﬁchangiug, because the energy gain over the few turns i small compared
with the total energy. Thus the particle speed is a constant during the extraction .
'[Sroceald. The speed of particles is expressed as the équare root of the sum .
of the squares of the aximuthal, radial, and axial velocities. This isused

to replace time, as the indepeandent variable, by azimuthal angle 9. We denote
the. aynchronoué radius by R and define the radius of the particle measured '
from the center of the cyclotron as r = R + p and the axial displacement by s.

We combine the cémponént equations and obtain to équared terms the following
équa;iongi ' |

N2 Vo2 ; 2 ,
+ () pe (ana 1+ 3‘2—)-&- ~(-'§- ’%)%"’zw 5 Zlkdi . )
\ ¢

2 ' :
L2 e e J 2 & @

where : : ' 2 aZB'
az . R 8Bz mz.R Z i3)
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V. FREQUENCIES OF OSCILLATION

Using the nonlinear Eqgs. (1) and (2) and the magnetic iiel‘d data in
.Fig. 1, we determine the frequencies of oscillation of the radial and axial
motions. We use this information in following the particles through their
paths within the cyclotron field and through the regmnerator field.

The path may be divided into two parts, that part in which the partlcles
are beyond the synchronous orbit, and that part in which the particles are
hetween the synchronous orbit and the machine center. These parts are bounded
by the two points at which the synchronoua orbit is crossed by the particle
orbit. ' ‘ ‘

The method 52’ determining the required perturbation may be illustrated
by the followirig example. In Fig. 1 we select a synclironous orbit just inside
. then = 02 resonance-loss radiue. The synchronous orbit R is 79.8 inches

‘where the n value is 0.155; n is greater beyond and less towards the center of
.-the cyclotron. The dotted lines show an approximation to the change in n as
the radius of the orbit increases and decreases. The change in n is related
to m, which is defined in Eq. (3) above. ‘The appro:dxjxa.thns that we use are

a =0.155 at R = 79.8 inches;

m/R = 0.055 per in. for 78 {n. < r < 79.8 in.

. =0.138 per in. for r >79.8 in.
=0 for r < 78 in. )

The angular frequency of oscillation as a function of the amplitude of the
particle motion and the nonlinearities of the magnetic field is found by the_
approximation technique of Kryloff and Bogoliuboff. 8 We compute these
angular frequencies separately for each portioa of the cycle and obtain the
following equations for the radial motion in the median plane, Z = 0:

g% = 0.91§ - 0.019 p for r @ R,

g g% = 0.919 + 0.009 p for r < R and for p < 1.8 inches,

where p is the amplitude of oscillation. For our example we obtain the

following dependence on amplitude as shown in Table 1. :
Setting d¢/d6 = w e we find that the radial motion whose approximation -

is a sinusoid of the angle ¢ 1s related to the angle in the cyclotron by ¢ = W, 6.
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s ok B PN S T s ke AN s - s terer oy o mable I . A s
— Amplitude de;e't;de née; ;i‘ t;xé ;Ysc«itl{a?i{olg fyrr*c;c-;;;enc:e”e eRS——
Amplitude  NTE NTog R TSR N TXR)
(in.) =dd/d6 = d¢/d9 -
(r >R)) r<R)
0 0.919 1 0.919 '0.393 0.393
0.25 0.914 - 0.922 0.406 0.387
0.5 0.909 . 0.924 | 0.417 0.382
1.0 .. 0.900 0.928 0.435 0.372
1.5 0.891 0.933 0.454 ©0.359
2.0  0.981 ©0.936 0.473 . 0.352
2.5 0.871 0.936 0492 0.352

A i e sy it A G i - MV (b ALY g e b § VTN s W % LG e £ e, e g ek sy a  hed 4 e et e tond Sam e s o ambsirmcase s e are e
: : RIS S ARE T B AR AT A N S R B e, B B R B A R T e e s I S e s e

vi. RADIAL MOTION

We now consider the oacillation of the particles in the radial direction
and with no axial motion. In accordance with the extraction requirements, the
E/ipeu'tic_:les must cross the synchronous radius R at a specific point. The
j lanalyéis is repeated for several amplitudens of radial oscillation and for several
~ positions of the regenerator. , :
Figure 2 shows the motion of the particles without and with the pertur- '
- bation. When the particles move freely, their periods are greater than that o
" of the cyclotron and they precess. The half périoda are different owing to the -
/"different radial pbsitions of the particles. We use the frequency a‘ppropriate
-to the particle position.
To satisfy the extraction requirement the éenod must be reduced to that
of the cyc}otron Since the inward motion is not affected, the half period
/associated with it is only a function of the amplitude and is w/w (r ¥ R).
Reqninng that the partxcle cross the synchronous orbit at 0, 2w, etc as it
moves outward enables us to determine the value of 62

\
6, = «w ":2 - ] }
2 , we r < R) / ’

i
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This value varies with the amplitude because wr(r é R) is a function of the
‘amplitude. The values for 8 = 0, 2n, etc. correepond to the unigue point
of the motion. We now ask what change in radial momentum must occur
impulsewise at el to bring the particles to the synchronoué radiues at 02.
this being the function of the regenerator.

We consider the motion of the particle in the three intervals suggested
by Fig. 2(b). For convenience we use a simple matrix calculation over these
intervals. The motion of a particle over the interva_l 0£86< 61 may be

expressed in the matrix notation

p .s’,'cos w g .-L.'-‘sin w a,: 5:‘ Y
2 B ™ r "1\ [ Po

l‘,p'l,/'f |- w_  sinw 61. cos w, 8, /% p'O
where “"r =0, (r > R)and Po and p'o = dpo/de are the values at the begin-
ning of the interval and Py and p ; @re the values at the end of the interval,

‘The action of the regenerator causes the initial conditions for the second
interval to be different from those at the end of the first mterval by changing
p' without changing P For the second interval, 61 <6<8§ 20 We ‘have

_—"/

Y 1 3/
i{ Pz,- \?“ .‘_." ¢os wr (92-91) . ;r sin W (92'91) ' ’1 Pl
: =1 S ' ” I

'y mwsinw (6Z 61), cos w, (62 91) Sty t 6(9‘)}{,
where w = wr-(r>'R) and 8(p') is the change in the slope by the regenerator.
' Over the third interval, OZQ 8 <2 < 2w, we have a similar expression,

& AY
L. H %

: "\a L , 1 ; y
/p ),’ cos w_ (63~62) v o slow, _(63-92) L9 \

‘(' r
\p'y) .“;— W, ainvwr‘¢93~92.{c) , CO8 wr (93-62)!! f‘,\P 2

- . i
B . ‘

S,

P

where w = W, ( r <R) and Py and p';y are the initial values for the next

cycle. We note @, { 63-9’2) ‘= w, thus the third matrix has the values of
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{ -

AR

“x.\ 0 -1/
and . R v

,"/ 1 /'-4 .

1 i= :

Ve 1 loat !

»\\P 3/)‘ "\ P 2 re

This merely changes the sign of the position and slope, therefore we may
evaluate the effect of the regenerator by considering the conditions at 0 and

I by noting the change of sign

‘ 2 _ At the beginning of the initial interval, we have PO =0, p 0° p 0° and
at the end of the second interval we have. Py = 0, p' > = p! 2 The ratio - p 2/p 0
is proportional to the ratio of the amplitudes before and after passing through
the _regenerator‘and is the radial increase per turn; we call it a. The radial
momentum change, &§(p'), is required to give P, = 0. -"Putti'ng these conditidns

in the miatrix equations and simplifying the expressions, we obtain

sin w_ 6, o
a= + ’ w_=w_(r>R), . ) - (4)
o sin W (92~6L__)‘,§: r r
- ' p'o sin w 92 '
8(p') = - = L w =w_ (r>R). (5)
sm_ w (.92-9_1)  r r : .

.O‘ne‘ computes the radial increase perAturn, a, and the required change in
radial moementum, 6(3'). for several regénerator positions and ‘the different .
amplitudes of radial oscillations. These are shown in Fig. 3. The smaller

‘the interval 6, -6

1 the greater the increase ¢ and regenerator strength.

\

| Vil. REGENERATOR FIELD
The required change in particle motion is used to determine the mag-
‘netic-field pertufbation of the regenerator. An impulse computation is m‘adé
"é.s follows:

at

dr 4 ‘ d
ma-t-=m-re =mwoa-g

The change in the radial momentum is
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The force exerted by the regenerator multlplxed by the tlme of action
equals the change in radial momentum. The force is eBZv and the time is .
rG/v, where v is the velocity of the particle, BZ is the regenerator field, e
is.the electronic charge, and (3 is the angle over which the regenerator extends.

" The force times the time is then

egzr’é/ = - mwo ) (P ) ’

80 we have ' S ~ ' . .
| - eByro | SRR
| 6(p') = - “’o . . L
C | o Multa.plymg i\hd dwiding by B, the magnetic field at R, we obtain
t . B /\_‘
L eB,. 1 Zre
BpY) = - = o B
. " , 0 0
However, we have '
o.eli‘:O )
m “o
so that we get . ,.N,
, Bzr (j v
8(p') = - —g-a—— a 6)

-Thus the product of the regenerator field and angle of its extent is

L 8(p! B. .
Bpo = - 2% ("

_‘ The simple impulse computation gives the value Aézé* which is the inte-
grated regenerator field over the angle of the regenerator. The total magnetic
field in thelregenerat‘or region is increased by the regenerator field so as to

"decrease the radius of curvature of the particles and to turn them back to the
synchronous radius. This approximation must be examined more carefully
for a ‘regenérator' of large azimuthal extent. When Bo0 is in gauss,. /1\3'26‘.-13 in

gauss-radians.
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If we consider a regenerator placed at 120° = -ﬁ, from Fig. 3 we
obtain '
- 5 (p') = ap + bp
= 0.695 p + 0.02 p ,

_:ind'from Fjg l we find, at R = 79.8 in. and BO = 21, 730 gauss.

~ 0, 695 p + 0.02 p?
. B;@ - ) T BO .
‘This is given for our example in Table Il
. e )
Table II
IO : r e A L S T S S S S T N R R
Re'generator streagth
‘ | | . 6(".,_,. — TP /B:Z(:‘; it s
{in) . .o , (kilogauss-degrees)
0.5 L 0.36 . 5.6 |
1.0 o | 0.72 11.0
1.5 : ' 1.08 ) . - 16.5
2.0 . 1.47 | - 22.3
2.5 o 1.70 25.6

TN o Ed f3 0 e i 7> Qoey Lk < A ARV B e FA oW I,“rl..ﬁy(i'f"'l T R LY T Rl o o] n~v-H'.\r'»‘l.'-‘.'.M:N"Ly.ﬁ s N,
" ! é ¥ ; : S s : LA

VI EFFECT OF REGENERATOR FIELD ON AXIAL MOTION
The axxal momentum is given by

dZ = © dZ
™3t m @y g7 -

The change in axial momentum is

. { '\ “
) L\ /out- o m,

The impulse time is the same as for the radial computation and the
+ force is givea by F, = evB where Br is the radial component of the maguet-
ic-field perturbation. Usmg the relation vX B = 0, we obtain
X Vgl
B = —iZ
r or N



-12- UCRL-3476 Rev.

The change in momentum is then

ebd ~
o 821 = —;—&;— izr
9B, .
- where T 9 is integrated over the regenerator region, and thus we have

8Bv P
sz = Z2 25

Again multiplying ahd ‘dividing' by B, we obtain

o eB 8 8B, . - o
R R @

5B B / 2\
"z _ ¢ d {ap+hb
- T > X_E._;._E_) ,

8o we-have :
8(21) = é- (aR + 2bRp + bp’ ).

‘This dist’i‘irbvance is a function of axial amplitude, and for a given axial
amplitude is rather coastant as the particle radius changes, because the slope
of the regenerator field changes slowly. It will, however, vary with regener- :
ator position. The axial amplitude at which the particlebrosses the regenerator

ig very important, and particles with axial oscillation of large amplitude are

"~ lost.

I1X. AXIAL MOTION _
The axial motion under the influence of the rapidly falling field and the ‘
perturbation of the regenerator may be examined by 2 matrix analysis of the
axial motion in a manner similar to that for "the radial motion. The bouunds of‘
stability are determined from the trace of the matrix9 formed by the product
" of the matrices for each interval of the orbit and the regenerator impulse. The
motion is bounded when the trace is less thar; 2 in magnitude, and for this ‘

condition the increase in axial amplitude can be estimated.
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The amplitg‘de of the axfa?} motion, Z, is given by
72 - 72 4 .EL ,

, R R L :
where 2'.i and Z.i are the amplituds and slope at any point i in the orbit,
and n is the magnetic field parameter given by Eq. (3). The ratio '
Zi + l/z is the change in amphtude in one turn around the cyclotron This
may be averaged over many turns and all possxble phases of regenerator
encounter to give the maximum growth in axial amplitude for a given regener? ‘
ator in the particular falling 'magnetic field. This has been done by LeCouteu’r..()
Using his analysis, we obtain the ratios for each regenerator position as .'

"listed in 'I‘able 111,

Table m_ , B

- -g‘m:?‘w-‘m.m -y - 4 o o PSPVt e Ay

{

Amphtude ratxos for various regenerator pos1tioaa

e e v < ERIEPRLES 0 Jres it s e G A 1 ez Ty e

g, = Regenerator - Z max. _ maximum Amplitude
posétion 7 initial Initial Amplitudg 7
for p=0in. - iin. 2 in,
9¢° ‘ 1.86 1.65 . 1.55
100° 1.93 1.71 1.59
110°. 2.04 | 1.84 1.72
120° 2.27 2.05 . 1.94 -
hlsgmm' | - 248 2.31

These ratios are computed for several radial amphtudes ‘with the asaumption ’
that «/_:f-{ used in determining the axial period is found from «Tl_-n_
as computed for the radial motion both are listed in Table L

The ratios as computed for Table il are toc conservative for axial
motion in exceés of a fraction of an inch. The magnetic field shape off the
median plane becornes unfavorable for axial focusing. as the magnetic field
ol the median plane rapldly changes slope. This is shown by a Taylor-series
"expansxon about the mid-plane and the qynchronous orbit. The computation
of Af—e_ for the axial motion, using Eq. (2) by applying the Kryloff- Bogoliuboff
- technique, shows a much less rapid change than in Table I. Neither set of.
values of »\/'r'x.e';; approximates the focusing that particles experieace'oif the
median plane. The axial los:s must be evaluated by orbit computations in the

magnetic field of interest,
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.The ratios in Table IH, which are only a suggestion of the blow-up by
each different regenerator position, certainly must be small for adequate

regenerator performance.

- X. SELECTION OF FINAL ARRANGEMENT _ |
The selection of the regenerator position may now be made according to
the following criteria: ) | L
{2) The minimum gain per turn permitted for a given channel, starting angle,
wall thickness, and entrance radius. '
(b) The amount of beam loss one is willmg to accept for the dzstnbutxon,
known or assumed, of axial oscillation amplitudes.
(c) The field perturbations that may be produced in the cyclotron gap by the
means at one's disposal.

Efficient extractions may be more easily achieved by changing the value”
of the synchronous radius at which the regenerator starts, but if one is requu'e_d' o
to reduce the synchronous radius, then the ehergy of the extracted beam is

reduced.

- XI. INFLUENCE OF THE CHANNEL ON THE BEAM
| As the particle amplitude is increased by the regenerator action the

particle approaches the magnetic channel, and prior to entering the channel,
the particle experiences the field perturbation from the chanael. Thisv becbm_es' |
serious as the radial oscillation amplitudes become large, because the ua- |
corrected field is appreciable only near the channel wall itself. The 1mpulse
of the uncorrected chanael perturbation may be computed as above. The
extraction requirements may be achieved in a2 manner that compensates Afo'r }
the disturbance of the channel. The computation enables one to rhodify the
regenerator field to account for the channel effect and, thus, the maximum
effort of corrective shimming for the channel is not required. Reduction of
the effort is desirable because the corrective shimming is difficult and increases
the magnetic field in the channel lessening its effectiveness. '

This work was done under the auspices of the U.S. Atomic Energy

Commission.
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Figure Captions

Fig. 1. The magnetic field and the n- value ve radius in the _ektraction
. region. | _ P
~Fig. 2. The radial motion vs cyclotron angle §. (a) Motion without
regenerator, (b) motion with regenerator causing pgriod of radial
motion to be one turn in the cy?clotron. :
Fig. 3. Gain per turn and regenerator airength vs radial displacement into

regenerator for several regenerator positions.
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