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Abstract

The effect of migration on limiting currents is calculated for four hydro-
dynamic situations: the rotating disk, the growing mercury drop, the semi-
infinite, stagnant fluid, and the Nernst diffusion layer and for several

eiectrolytic systems.



The addition of supporting or indifferent electrolyte to a solution tends to
change the value of the limiting current for an electrode reaction. This may be

£

because (1) the viscosity and diffusion coefficients are changed, (2) the activity
coefficieéfs.and driving forces.for diffusion are changed or (3) the éonductivity
and the driv{ng force for migration are changed. We are concerned here with the
last of these effects. For sufficiently dilute solutions the first two can be
ignored.

If the ratio of the suﬁporting electrolyte concentration to the qoncentration
of the reactant 1s very large, the high conductivity suppresses the electricvfield,
and the resulting limiting current? denoted by ID’ is due solely to diffusion.

If the supporting electrolyte concentration is reduced, the electric field be-
comes. larger and may €nhance or depress the limiting current dépending upon the
sign_of the charge of thevlimiting reactant and the direction, of the current.
The ratio IL/ID of the limiting current to the limiting diffusion current is a
convenient measure of the effect of migration. The mechanism of this effect has
been discussed qualitatively by Heyrovskﬁ5

We have calculated this effect of migration for four geometries of the diffu-
sion layer. The reader may wish to skip the mathematical formulation and go
directly to the results, which are presented in the-form of tﬁe ratio IL/ID

as a function of the ratio of. thé concentration of the supporting ion to that

of the counter ion.

Mathematical Formulation
In dilute electrolytic solutions, transport processes'can be described by
the following four equations:

N, = - z,u,Fe,V® - D,Ve, + ve, , (1)
Y11 i =1

Bci N - :
S =- VN, 1= FZ 2N, Z z;cy =0 (2,3,4)
i i



We wish to apply these equations to analyze the effect of migration on the
limiting current in four situations of interedt in electrochemistry;.(l) steady
mags transfer to a rotating disk, (2) unsteady mass transfer to a growing
mercury drgp, (3) unsteady mass transfer to a plane electrode in a. stagnant
fluid, and (4) steady mass transfer in a stagnant Nernst diffusion layer. The
condition of electroneu?rality is the same, and the boundary conditions at the
electrode are similar ia,all these cases, so let us first tfeat the cdnsefvafion:'
equations tq see how the& can be‘made_similar in the four cases.

Rotating Disk

.In this case, the normal component of the velocity depends only on y, the
~distance from the disk. Consequentlyy c, and @ also depend only on y in the
diffusion layer, and the current density is uniform ever the surface of the
disk. Equations (1) and (2) can be combined to yield
.2 : » . :
dc, de, 2 d2 dec, 4o
D, ——~ «v —=+ z.u.F (;, — 4 2 ——>”— 0 . (5)
1 _\11

o)
s dy2 y dy i dye . dy dy/.

For a numerical solution there would.be no fundamental difficulty in :
attacking the problem in this form, with the use of the velocity profile calcu-
lated by Cochran,l Instead we shall make the same approximation -as Levich2

and use-only the first term in the power-series expansion of vy:

-y
v, T - a(Q3/v)2jy2 +oe e, (6)

where a = 0.51023. This apbroximatiOn is valid for high Schmidt numbers
Se = v/Dg the error in the calculated limiting current being about 3 percent
gt Sc = 1000. The error in the ratio of the limifing current to the limiting
diffusion currént should be.much smaller.

If we accept the approximation represented in equation (6.) and introduce

a new. variable



1=y (av/30 )Y 3G (7)
where DR is the diffusion coefficient of the limiting reactant, then equation

(5) becomes

" 21 ! : t _
(Di/DR)ci + 30 e + (ZiuiF/DR>(ci® + c{@ ) =0 . (8)

Growing Mercury Drop

Consider a mercury drop growing in a solution which initially had a uniform
composition, and let the current always have its limiting’valueo Let the radius
of the drop be denoted by R(t) where R is zero at t=0. If the drop is groving
in a radial regime, that is, there are no tangential motions of the drop surface,

radial symmetry can be assumed, and equations (1) and (2) can be combined to yield

de. de, IR de, 2 de,
§El v 8;3.= D, [5 21 + % rl}v+ z.u,Fe, [2 2 % %—] + oz F 5‘— gi (9)
: T . I'

where the radial velocity component V. is related to the rate of growth of the

drop
2
R~ 4R
V.= 53 ¢ (10)
r
It is convenient to introduce a new variable y
y=r-R(t), (11)

the distance from the surface of the drop.

In treating the growing drop we make the same approximatione as are made in
the derivation of the Ilkovi%,equafion3?h’5.- These are valid when the thickness of
the diffusion layer is small compared to the size of the drop:

1. Neglect first derivatives compared to second derivatives

2
N
Bc. G C, and ga a
2 T or 2 °

2. Approximate the radial velocity by the firet two terms in an expansion

in powers of y



-

N

If we make the coordinate transformstion (ll).and introduce these approxima-

tions, equation (9) becomes

%, oy aR aéi e, [ 2 3¢ 3]
® CRady uyp o uN 5;2‘*&"137} o)

purs

Next we introduce a similarity variable
n = ng-‘/(hDR_\/ R dt} -, (13)
. o . y

and assume that c, and © depend only on this variable. Equation (12) then re-

duces to

it 1 " [ W -
(Di/DR)ci + ?T]ci + (ZiuiF/DR)(ci® +ci® ) =0 . (14)

For a constant rate of increase of the volume of the drop

R - ml/3 , (15)
and eguation (13) reduces to q = y/2_C§%5;zF° ' (16)

Unsteady Diffusion into a Stagnant Fluid

Diffusion from a plane into a semi-infinite, stagnant medium should obey

the equation

de, 52c

1

i . i O .
ST = Di ayg + ZiuiF [Ci —= + 5}— 6‘5—,} o (3-7)

The similarity transformation
n = y/2VDt | (18)
reduces equation (17) to equation (14), that ig, the same as for a growing mer-

cury drop.

Nernst Diffusion Layer

Steady diffusion in a stagnant layer of thickness ® obeys the eguation

N



de ' L2 de, -
i o}
0 =D, 4o, uF 42, 148 (19)
i dy2 i 14y dy dy
Let n=y/5 : (20)
so that equation (19) becomes
% " 1Aty _ '
(D, /Dpey + (2,0 F/Dp)(cy@" + clot) = o. (21)

One should note the similarity of -equations (8), (14), and (21).

Conditions at the Electrode

Let the electrode reaction be denoted by

11

T Z, _
Z s. M1 —>ne, (22) -
i

where the s's are. stoichiometric coefficients of the species. Then at the
electrode surface we have

h do oc,
No=-mm - anPe 5 -0 5y (23)

and the fluid velocity relative to the surface is zero. Since we do not. know
the current in advance, we can relate instead the flux of a species to the flux

of the limiting reactant

1 1

3 de, s, :
Ziutii 3} + Di 55& = E— <; u FcR 5— + DR 5——) ‘ (2&)

while the boundary condition for the limiting reactant becomes

c, =0 at y=0. v (25)
It is very convenient that condition (24) can be written in terms of the
variable 1 as
1 P _ A =
ziutii® + Dici = (Si/ )(zRuRFcR® + DRCR) at 1. =0, (26)
for each of the four cases studied. Condition (25) becomes

¢y =0 at 1= 0. (27)



conditions in the Bulk

For the first three cases we have .

¢ T Cio at 1. = .°°, ®=0atn = Nnax ? (28) -
where_qmax, the zero of potential, can be chosen arbitrarily. In the fourth
case, the stagnant diffusion layer, we have
;= Ciay =0 atn=1, | (29)
The Current Density
Let us define a dimensionless current density at the .electrode as
= [o! (20
I= [cR(o) + zRuRFcR/D ) & o)]/cRoo . (30)
Then this is related to the actual current density as follows:
for the rotating disk
is 1/3 1/6
I=—5 (31)
 oF cp, 1/3Ql/2 2/3
for the growihg mercury drop
is " :
-""R 2
T = o . (32)

nF cp,, Rgbé/é ;, Jo

for thé"mercury-drop.growing at -a constant rate .-

is
_ R 3t _
L= e 2\/7DR - | (33)

R

for the semi-infinite, stagnant medium

is ‘ '
R. t :
I=—2 o/t | : . (34)
- nF QRW, DR -

. for the stagnant diffusion layer

- is ‘
R e}

T = ——— — (35)
nF cRoo DR



The limiting "diffusion current” corresponds to the absence of migration
and hence to the presence of an excess of supporting electrolyte or to a neutral
reactant. One finds that.the limiting diffusion current is expressed by

1/T(L/3) = 1.1198 for the rotating disk

ID =
I, = Q/fE-= 1.12838 for mercury drops. (36)
ID = 1 for the Nernst diffusion layer.

Numerical Solution Method

In these four cases the problem consists of a group of céupled, non-linear
differential equatione with boundary conditions at zero and infinity or at zero
and one. These equations can be linearized about a trial solution producing
a series of coupled, linear differential equations. In finite difference form
thege give coupled, tri-diagonal matrices which can be-solved readily on a high-
speed, digital computer. The nen-linear problem can then be solved by itera-
tion. A total of one hundred mesh points was used. This method failed to
converge to a solution when the conductivity near the electrode was very small,
for example, for discharge of cations from a solution with very little supporting

electrolyte.

Results
In the calculations reported here, limiting ionic conductances at 25° were
taken from Conway'é tabulation6, and it was assumed that the Nernst-Einstein
relation |

D, = RT u, (37)

~1s wvalid.
The effect of migration on limiting currents is shown in figure 1 and

table I for a redox reaction. The effect is small and does not amount to more



than ten percent unless the supporting electrolyte and the product of the redox
reaction are eliminated from the bulk of the solution (see last entries in
Tbblq I). iIt makes very little difference whether the electrode is a rotating
disk or a growing drop or'wﬁether the supporting_electrqute is NaOH br KCH;
therefore, only one-set. of curves is plotted in figure 1.

Table II shows the effect of migration for the dischérge of cations. Here
the effect can be very large, easily a factor of two; since the electric field
becomes very large in a solution of a single ealt at limiting currenfa‘

The effect 1s perhaps most dramatic for discharge of hydrogen ions from

1/2 1/2

acidified KC1 as shown in figure 2. The abscissa is r s that

v '=.(cK+/cCl_)
is, the square root, since only a small amount of supporting electrolyte (or
ionic‘impurity).greatly reduces the limiting current by greatly reducing the
electricifield at the electrode éurface, Thisg -case of discharge of hydrogen
ions shows considerable differences between the rotating disk; the growing drop;
and the Nernst diffusion layef because the cation. transference number for-HCl:is
much different from 0.5. The effective diffusion layer thickness is pr0p0r£i5nél »V
to the effective diffusion coefficient to the one-third power in the case of:the
disk and to the one-half powerfin the case of the drop, while it is arbitrarily
taken to be 8 for the Nernst diffusion layer. It is this variation of the effec-
tive diffusion layer'thickness which ig responsible for the deviation of IL/ID

from 2 at r=0.

Experimental polarographig data of glendykT are also plotted on figure g;g
the'agreement with the present results is very good for 0.001 N HCl. The expéri—
mental points were normalized to the theoretical value, 3.3412, at r=0 since

this corresponds to the most dilute solution. Deviations from the calculated

results can be expected in concentrated solutions because migration is not the

only causal force acting. However, this would not be an adequate explanation
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Table I. Ratio of limiting current to limiting
diffusion current for a redox.reaction.

,Cathodic reduction of ferricyanide(equimolar ferro-ferri except as noted)

I /I
r » , . disk . ' drop
A . in KOH in NaOHA " in KOH  in NaOHA
1.0 1.0 1.0 1.0 . 1.0
10,9050 . 0.9906 . 0.9901 - 0.9923 0.9918
10.826h4 . 0.9838 : 0.9832 ' 0.9865 ' 0.9857
0. 7042 . 0.9786 | 0.9738 ___0.9781 0. 9771
0.5435 - 0. 9644 | 0.9635 0.9681 0. 9670
0.3731 0.9551 : 0.9543 ' 0.9583 _0.9573
0.1923 0, ok6h 0. 9460 - 0.9486 0. 9480
0 _ 0.9382 0.9382 ~ 0.9390 0. 9390
B _0,8658 ' - 0.8670 -

Cathodic oxidation. of ferrocyanide @quimoiar ferro—ferri'except as noted)'

L/ Ty
r disk . drop
. in KOH in NaOpA in KOH " in NaOH®
1.0 1.0 1.0 1.0 1.0
0.9050 1.0107 1.0128 ’ 1.0086 1.0106
0.826L 01,0199 | 1.0016 1.0163 1.0180
0. 7042 1.0328 | 1034 | 1.0275 11,0293
0.5435 1.0481 1.0495 1.0415 1.0433
103731 1.0627 . 1.0637 106559 1.0573
0,1923 1.0770 . 1.0776 1.0710 1.0719
) 0 11,0911 1.0911 1.0868 1.0868
i c 1.1688 S .~ 1.1605 v

il

So-/ (e + Cppt)

- equimolar K3Fe(CN)g and K)Fe(CN)g plus added NaOH. .
no XOH or NaOH and no Fe(CN)é‘.in the bulk solution.
- no KOH or NaOH and no Fe(CN)3™ in the bulk solution.

Q W o= K
]



Table II. Ratio of limitihg current to limiting
diffusion current for discharge of cations.

12

Ir/Ip , ' . .
r HC1 in KC1A CuSOl in HoSOE |CuSO, in Mgsol | AgNO. in HN02i
disk drop Nernst disk drop disk drop. disk | - drop

1.0 1.0 1,0 |1.0 |1.0 |{71.0 1.0 { 1.0 1.0 1.0
0.8 1.1711] 1.2381] 1.0558| 1.0534] 1.0467] 1.0567| 1.0611 1.0425] 1.0389
0.6667 1.2933) 1.4108| 1.1011) 1.0961] 1.0841! 1.1020{ 1.1095| 1.0774| 1.071k
0.5 1.4650| 1.6548] 1.1716] 1.1621] 1.142L4] 1.1716] 1:1829f 1.1331} 1.1237
0.3333 ° | 1.6753] 1.9527( 1.2680| 1.2520| 1.2239| 1.2645|.1.2792| 1.2120| 1.1996
0.2 1.9006| 2.2684] 1.3821| 1.3607| 1.3278| 1.3718| 1.3881] 1.3116 1.2977
0.1 2,1522 - 2.6280] 1.5200{ 1.5043| 1.5047! 1.4991] 1.5170| 1.4458] 1.h322
0.0k 2.4597| i--- | 1.6695| -=-- weem | 1,6506] ---- | 1.6017] 1.6605

0 2.8160| 3.3405| 2.0001| 1.8852| 1.8304| 1.8852| 1.8303| 1.9545| 1.9322
O(theory)| 2.8159] 3.3412] 2.0 1.8852] 1.8303] 1.8852] 1.8303| 1.9546] 1.9322
A r= CK*/cCl' C r= cMg++/c30z
B r= cH+/2cSOE D r - CH+/éNO§
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® 0.00IN HCI Stendyk (1931) drop
240,01 N HCl Slendyk (1931) drop
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0] 0.2 04 06 0.8 1.O
JT
Figure 2. Effect of Migration on Limiting

Currents in Discharge of Hydrogen v
from KC1 Solutions. Lines represent
values calculated with the present theory.
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for the deviation of the first three points for 0.01 N HCl.

Figure 3 is a similar plot for metal deposition on a rotating disk.

It should be recalled that results for IL/ID for growing mercury drops also
apply to unsteady diffusion into an infinite, stagnant fluid.

Except for the hydrogen ion discharge, the results are not so very different
between the disk and the drop)and the ratio IL/ID probably coula be approximately

applicable to other electrochemical problems which are more difficult to analyze.
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~ == CuS04-MgS0g4,r= CMg++/°SO¢I'
=~ AgNO3z-HNOgz,r=cpy+/ °NO3
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o

Figure 3.
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Effect of Migration on Limiting Currents
for Metal Deposition on a Disk Electrode.

15



Nomenclature
0.51023.
. . . 3
concentration of species i (mole/cm ).

diffusion coefficient of species i (cme/sec).

- gymbol for the electron.

Faraday's constant (coulomb/equiv;)°

current density (amp/cmg)o

dimensionless éurrent density.

symbol for species i.

number of electrons transferred in electrode reaction.
flux of species i (mole/cmg-sec),

iadial distance in spherical coordinates (cm).
concentration ratio.

radius of mercury drop (cm).

gas constant (joule/mole-deg K).

.stoichiometric coefficient in electrode resction.

time (sec)o

temperature (deg K).

mobility of species i (cm2¥mole/joule-sec)a

fluid velocity (em/sec).

distance from electrode surface (em).

charge number of species i.

1/3)

°

constant in rate of growth of mercury drops (cm/sec
0.89298.

thickness of Nernst diffusion layer (cm).

dimensionless independent variable [see equations (T7),(13),(16),(18),

and (20)].

16



v - kinematic viscobsity (cmg/sec)o
o - electrostatic potential (volts).

Q0 - rotation speed of disk (radians/sec).
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