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ABSTRACT

Mutual diffusion coefficients in dilute liquid metal solutions
have ‘been correlated by methods based upon absolute rate theory and
the theory of corresponding states. Both correlations reproduce the
experimental data to approximately 255, but the absolute rate.theory

method is simpler to use and is applicable to a larger number of systems.
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In the past decade, there has been increasing interest and activily

in the pyrometallurgical repfocessing of spent fuel from huclear re~

(6,1k)

actors. Since these methods invariably involve processing the

fuel as a liquid metal, knowledge of the transport properties of molten

‘metals is required for rational prediction of transfer rates.

The purpose of this study is to discuss two techniques for corre-~
lating diffusion coefficients in liquid metals. The first, a modifica-

tion of Eyring's absolute rate theory(5’l5) (9)

due to Olander, has been

developed for correlating mutual diffusion data in dilute binary

érgénic systems. The second is an application of the principle of

éorresponding stateé,.which was applied to liquified rare gases and

some organics by Thomaes and Itterbeek.(l7)
Self-diffusion and mutual diffusion in both organic liquids and

molten metals have often (but not very successfully) been correlated

by the Stokes-Einstein equation:

pp 1 1
KT = Ima °F &ma (1)

The choice of the constant 4 or 6 in Eq. (1) depends on taking this
hydrodynamic model so seriously as to imagine that either a "slip" or
"no-slip" condition prevails as the solute sphere moves through a
"continuous" fluid. The Stokes-Einstein equation gives a correct order

5

of magnitude (D~10" cmg/seg) if a reasonable choice is made for the
radius of the diffusing solute atom. For liquid metals, it has been
found that the ionic rather than the atomic radius of the solute atom

is more appropriate.
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Absolute Rate Theory

(7)

"Li and Chang have developed an equation for self diffusion based

upon the lattice structure of the liquid state. They obtained the

equation:
Dp _ o-t Vav L/3 (2)
kT 7 2¢ v
The data examined by Ii and Chang suggested values of about 6 for
a (Ta | | |
5;- < . It was concluded that most liquids have approximately
a cubic packing structure, for which T = 4 and ¢ = 6. The single point

for self-diffusion in lead gave a value of 3.8 for the same group,
leading to the conclusion that liquid metals have a structure for which

o= 12 and 7 = 6. With these values of ¢ and 71, Eq. (2) becomes:

Du E v l/j =1 | (3)
T kj|N - '
Av-
In the modified form of absolute rate theory, mutual diffusion

(9)

data in dilute organic systems were correlated by:

1/ &FF - owt
BT ey

The exponential on the right hand side of Eq. (4) represents the
.différence between the free energies of activation of the viscous and
diffusive processes. An émpirically determined value of & = 5.6 was
used in connection with Eq. (4) for organié systems, but this figure
ﬁeed not épply to liquid metals. Equation (3), for example, suggests

a value of & = L,

*
For self-diffusion, AFz = AF, and Eq. (4) vecomes:
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CEEEE e

(18)

Walls and Upthegrove have analyzed self-diffusion in liquid

-metals by absolute rate theory and obtained the expression:

-1/5 2/35 (kx|
o KTy < v ) op {055 08 (6)

emnb(2b+l) | W R RT

The entropy and enthalpy of activation are obtained from viscosity data

by the expression:(j) '
. . * L
b= = &P i3 RT

Equations (6) and (7) can be combined and put in the form of Eq. (5),

in which case £ is specified as:

E€ = 2 (2b+1)ryl/5 | (8)

Although the parameter b has a theoretical interpfetation as the ratio

vbf the atomic diameter to the interatomic -distance, Walls and Upthegrove

used the value of 0.419 obtained by comparing Eq. (6) with self-diffusivity
data for mercury. The same value of b was used for other metals. Intro-

ducing b = 0.419 and the configurational constant y = 4/3, Eq. (8) yields

a value of £ = 5,31, which is quite ciose to the value of 5.6 determined

empirically from diffusivity data in organic liquids.
In applying Eq. -(4) to mutual.diffusion, the exponential term nas

(9)

been approximated by:

AF* - AF* = RTLB : o (9)
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where:
: . .
oFy a1
& = _AA 1 - _BB (10)
- RT AFpn :

Thé_parameter f is the.fraction of the total free energy of activition
attributed to the "jump" of a molecuie from one site to another; The
subscripts_AA and BB refer to éolvent—solvent and solute~-sclute inter-
'actions, respectively.

Using the value df £ = 5.31 from Walls aﬁd Upthegrbve's étudy of

liquid metal self-diffusivities,_Eq. (4) becomes: ' .

. . 1/3 N
- (A6 - 2

Accordihg to Eq.'(T), the enthalpy and entropy of activation of
‘a pure component can be obtained from the interéept and slope of an
Arrhenius plot of the viscosity against temperature. The free energy

of activation is then dgtermined by

* : .
AF = AH - as® o (12)

Many diffusion measurements on holten metal systems have been
performed below the melting pointvof the pure sblute. Cavalier(l)
has.measﬁred the.Viscosities éf many‘liquid meﬁals in the supercooled
liguid state and found that the date above and below the melting point
fell on the same Arrhenius line. Thus; values of. AH* and AS® obtained
.for pure solute metals above their melting point can probably.be safeiy

used at temperatures below the melting point where the.diffusién ex~

periments were conducted.



)

"

. slope of 0.5, which is idgntical to that observed for organic ligquids.
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A summary of data for mutual d&ffﬁsion in dilute liquid metal systems
for which viscosity data are available for both the pﬁre solute and sol-
ventkisbpre;eﬁted in ref. 11. Calculated vaiues of‘thé entrdpiqs and
enthalpies of'activation and the parameters Y and & are also tabulated.
The measureménts covered temperatures from 25°¢C to l680°C._

Figure 1 is a plot of the data according to FEg. (11). The best ,

~line through the points as determined by the method of averages, has a

(9)

The fect that the line passes through & = 0 at Y = 1.1 instead of y = 1.0

suggests‘that the constant §'= 5.51 is somevhat large. A value of 4.8
would have brought the line through the origin. This behavior is also
similar to that observed for organic liguids.

The dashed line in Fig. 1 represents 2% deviations from the best

_lihe. © The scatter here is greater than in the corresponding plot fbr

organic liquids, which in parﬁ reflects the accuracy of the measured

-diffusion coefficients. - Diffusivity measurements are considerable more

difficult in molten metals at elevated temperatures than in organic

liquids at room temperatﬁre.

Corresponding States Theory

. Thomaes and Itterbeek(lT) and Rice and coworkers(5’8) have attempted

to establish a theorem of corresponding states for the diffusion coeffi-
- clent and viscosity of pure liquids and solutions. Reduced viscosity

or diffusivity of similar éubstances should be universal functidns.of

reduced temperature and pressure if the molecules are simple (monatcomic -
or spherical) and if the potential energy of interaction can be repre-

sented by a universal two-parameter function of the type:



~6- i - UCRL-1T7179

o(r) = F(r/r™) | (13)
e* and r* are the energy and distance coordinates of the function.minimum.
These parameters and the mass m compietely characterize the molecular
species.
:The reduced diffusivity is given by:
5 - o o | )
'where: - |

K = 6*1/2 r*/ﬁl/g ' (15)

If a theorem of corresponding states is valid for the substances under

consideration:
5 - 5,7 D | @)
whére:
5= pr/e (17)
AR 7 NS | | I o (18)
T oo/ . | ()

By‘use of a universal equation of state, the three variables in
Eq. (16)icaﬁ bé reduced to two, e.g., p and T. Furthermore, one would
~expect that for liquid metals, e* would be large, and p very small.
The effect of pressure on the diffusivity would be slight; Petit and
Nachtriéb(lg) found fhe self~diffusivity of gallium.decreased by only

20% as the pressure was increased from one to 10,000 atm. Hence, it

- should be possible to consider the reduced self-diffusivity as a function:

~ of reduced temperature only:

B = B(F) ' (20)
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The reduced diffusivity and temperature depend upon the inter-
action parameters ¢ and r for the lgiuid metals. Recently, Chapman
has correlated viscosity data for 21 liguid metals by & corresponding

(2)

states approach. The functional relation developed was:

o2 ~ -
o = £(1/T) , | (21)
where the reduced viscosity is: |

¥ 7

in order to establish the function of the right of Eq. (21),
Chapman used for e* the effective Lennard-Jones parameters for liquid
sodium and potassium as determined ffom experimental X-ray scattering
data. Goldschmidt atomic diémeters were uséd for r*;\ The viscosity
data for sédium and potassium were reducéd as indicated by Eq. (22)
and plotted according to Eq. (21). The resulting curve was used to
_establish the energy parameters for the other liquid.metals, which were
found fo be a linear function of the melting.foint.

In order to test Eq. (20), the reduced self-diffusivities of nine

. liquid metals have been computed using Chapman's values for the energy

parameter and the Goldschmidt atomic diameters for r . The dependence
of D on T is shown in Fig: 2, where the best line has been drawn through -

‘ *
the points for mercury. -

| Figures 3, h; and 5 compare the self-diffusivities calculated from
the line of Fig. 2 with the data and with the theory of Walls and
Upthégrove. While the latter method is somewhat better (except for

silver and cooper), the agreement between the data and the method based

X . ' : :
Data references and additional calculational details can be found in
an AL TT -



-8- UCRL-17179

upon Fig. 2 suggests that self-diffusion in liguid metals can be
adequately*described by a corresponding states theorem,
Thomaes and Itterbeek developed the following expression relating

the mutual diffusivities in two binary. systems with a'common solvent.A:17

* - * *
. = S 1/2 SRVES 1/2
N el R A ol B (el 1 (=2)
C o C
*
E‘B and ¢ o are effective interaction parameters of solutes B

and C in tﬁe B-A and C-A mixtures respectively. Since both solute-
solvent and solute-solute interactions are invol&ed, e*B and G*C are
functions of composition., The diffusion coefficient in the B-A system
at a temperature Te*B/e*C is determined by the diffusivity in thé C-A
.system at temperature T and the ratios of the interaction paraméters
and the mésses. Instead of the arbitrary reference systeﬁ C-A, the
pure solvent (system A-A) will be used. The interaction parametérs
- of the referency system.beéome the pure pomponent parameters of ﬁhe
solvent. Fufthermo:e; if the B-A system is very dilute ih B, inter—

lactions of B atoms with each other are unimportant and only B-A

(13)

interactions need be considered:

* * * * -
€3 T €,3 : rg =1 AB _ (gu)
Equation (23) simplifies to:
e e
Do T—ZAB = D, (7) - ;—;‘? —m—i- (25)

€an | - € AA AA

. ' * . ) : :
- The distance parameter r is taken as the arithmetic average of the

AB

pure component values:
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* 1 * *
r =

as = 2 (T - (26)

There remains only to estimate the energy interaction parameter.
Equation (25) will be applied to experimental self- and mutusl diffu-

.8ion measurements to compute . €pp° These "experimental’ values will

: : , » 2 e e :
then be compared to several methods of predicting iR from thermo-

dymamic or transport property data. Solving Eq. (25) for DAA(T):

\ (7) €ZB m (/2 pex \MR2 X
D (T) =. D P B AA AL
AA BA | 5 % | (27)
‘ SYVARE: € aB TAB

\
Beginning with the experimental mutual diffusivity at a temperature

o * * . " ’;6 ' X‘ s N ) . . .
TeAB/e A @ trlaltvalue of EAB/eAA is assumed and divided into the
experimental temperature to give T. Then DAA(T) is obtained from the
experimental curve of the sélf-diffusion coefficient versus temperature.
DAA(T) is also computed from Eq. (27) using the assumed value of

* Je' . When the two values of D, (T) match, the correct c.-/c. ha
€AB €an° en the two values of D,, ma Cv" e correct €, /€, , has
been chosen. The energy parameter ratios determined in this manner for
seven binary liguid metal systems are shown on Fig.. 6« The ratios are
essentially temperature independent iﬁ the experimental fange.

The most common_method‘for obtaining the binary interaction para-

meters is by taking the geometric mean of the puré componént values:

s

1/2

% =. (€:A/€XB) ’ | | (28)

€AB

 This approach has been utilized in deriving Eq. (10) in the absolute

- rate theofy methods

3
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Oriani(lo).andvShimoji(l6) have éxtended»the pell—model:theorigs”_
.of Prigogine to the prediction of exéessfthefmodynamic properties of
bmetallic solutions., From these studies, it 1s possible to extract
the binary iﬁteraction paraméters from the thermodynamic data on
liquid alloys. In particular, the partial molar heats of solution

‘at infinite dilution are given by:

. - - e . * 2
(Oriani) N, = 1.435 Moy Z €an (-8 + 4,5007) (29)
3 . .. et * : 2 | .
(Shimoji) AEB’ = Ny 2 € (-6 +0.50) - (30)
Where: .
95=(€ZB - O‘5€ZA - O.Se;B)/ezA (31)
x % '
p = (rBB/rAA) -1 | (32)

The pure component paraméters'are calculated from the heat of vaporiza- -

. tion:
_ - |
M, = 5N Ze (33)

Z 1is the coordination number, usually taken as 12,

Table 1 coﬁpares the average values of the energy parameter ratio
obtained from Fig. 6 with those calculated fromvKs. (29) and (30). |
The last column of Table 1 lists values Of'€ZB/€:A calculated from
Eq. (28) and Chapman's viscosity-based pure component parameters.
Significant deviations from the experimental ratios have been under-
lined, and the average deviation of each method is shéwﬁ. For the
seven systems examined, the best agreement is obtained{from Orianit's -

Eq. (29) with pure component energies from the heat of vaporization.

’

L]

e e
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Table 1 Comparison of Experimehtal and Calculated
' Interaction Parameter Ratios

* /A* ,
System CAR A :
Experimental Calculated
(Oriani) (Shimoji) Eq. (28)
_Fq.(29)  Eq. (30)
Sn in-Fb- 1,231 S L306. 1265 97k
'Bi in Pb : .922 | 1.009 1.005 .872
S in Pb 1.160 1157 1131 1,158
o in Bb 1.108 .83k .758 1.087
Bi in Sn L5k .921 .830 .898
Sb in Sn 970 .902 .912 1.190
Fb in In Lok6 .959 902 1.0%0
Avg. deviation ‘ - | 0.079 0.103 0,097

'Figures T, 8, and 9 compare. the experimental mutual diffusivity
data with those calculated using Eq. (25) and measured self-diffusion

coefficients. Goldschmidt atomic diameters were used in calculating
*

r,p from Eq. (26) and the energy parameter ratios were taken from column

3 of Table 1. The agreement between theory and experimen%vis satisfac-

tory in all cases except Cd in Pb. For the three other solutes in lead,

the theory predicts the correct relative size of the diffusion coefficient,

- i,e., D, > D, >D, .

Bi Sb Sn

An alternative procedure which is,ﬁseful when the self-diffusivity

of the solvent is not available is to employ the calculated €an in

conjunction with the general correlation of Fig. 2. The ratio of the
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. ¥, % .
_interaction parameters, EAB/e , is calculated from Eg. (29) as des-
cribed earlier; However; since the generalized plot of Fig. 2 is based -

. ' * . ' *
on Chapman's viscosity values of ¢,,, the interaction parameter € 18

TAA
obtained by multiplying the ratio €:§/€ZA by the viscosity welue of
| EXA’ and not the wvalue derived from the heat of vaporization. Tﬁe
reducing factor for diffusion is computed from Eq. (15) and the reduced
temperature from Eg. (19).7 The value of 5'corresponding to T is tékén'
from Fig. 2 and fhe diffusion coefficient from Eq. (14). This method
is compared.with experimental measurements in Table 2.

The method utilizing the generalized correlation is-about as
accurate as that using self-diffusivity data as the reference system.
The lattgr technique generally gives a bettér estimate of the températgre
dependence of the ﬁutual diffﬁsion coefficient, but on thé basis of the’
seven systems compared here, there is little tQ choose'bétweéﬂ the two
. methods in terms of predicting absolute values of the diffusion co-
efficient. However, the method based on the generalized plot of Fig. 2

-has the decided advantage of not requiring self-diffusion data of the

tsolvent.

Comparison of Absolute Rate and Correspohding States Theories

The absolute rate and corresponding states theories can be compared
:for ease of use, amount éf data required, and general accuracy.

Thelabsolute rate theory method requires only pure compoheﬁt vis-
cosity and densify data, which are availéble for many liquid metals.
For those metals for which viscosity data are lacking, the correlaticns

(@) ()

of Chapman or Grosse can be used.

N

»
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Table 2. Calculation of Mutual Diffusion Coeificients
in Dilute Liquid Metals Systems Using the
Generalized Correlation of Fig. 2.

System ié@_ (°K) (%8-5) T(°K) T D S;l'g - i)gxp;;'l _
e (10 “cm fsec) (20 “cnl /[uec)
Sn in Bi 2900 154 723 .2Lk9 . 028k b1 5.9
75 .286 L0302 k.6 6.5 |
823 L28hk Lo3l2 5.3 7.3
_ 873 .301 .0382 5.9 8.2
_Sn in Pb 3660 169 723 197 .06k 2.8 2.6
L 785  .21h .019k 3.3 3.9
825 275 L0215 3.6 L3
8735  .239 .02hk L1 5.5
Bi in Po = 2820 120 723 .256 0280 3.3 . 5.0
S | | 775 .27k 0320 3.8 6.2
823 .292 L0361 k.3 7.3
873 .310 .0LOS 4.9 3.3
So in Po 3240 158 725 223 L0211 3.3 5.1
- o E T8 258 .okl 3.8 4.1
823 .254 0275 4.3 5.5
873 .269 .0309 k.9 6.4
Cd in Po = 2330 136 723 310 .0LOS | 5.5 3.9
| | 75 .3%2 .0M60 6.3 5.0
823 .353 .0515  T.0 6.0
| | 873 .375 .05T1 1.8 6.8
Bi in Sn 2440 106 725 .296 .0370 3.9 3.6
| 773 .317 .ohe2 b5 4.6
823  .337 .OLTL 5.0 .- 5.8
873 .358 .0528 5.6 6.6
S in Sn 2390 129 723 .302 L0385 5.0 5.0
| ‘ 713 .323 .0u37 5.6 5.7
823  .3kh  ,olg2 6.4 . 6.3
_ , 873 .365 .05L6 7.0 6.9
Po in In 2400 103 661 276 L0325 3.3 '3.85
' S 760 L3177 Lohpe L.3 L1y
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The corresponding states method utilizing the generalized plot of

Fig. 2 requires viscosity data for the solvent to determine the para-
% :
In the absence of viscosity data, e, can be estimated

_ AA
(2) If solvent self-diffusivity is used in

met *
. €Y €ppe
from the melting point.
the referenge system method, self-diffusion cbefficients are required;
‘sﬁch data are available for only nine liquid metals. Both of the
methods based on the corresponding states approach require partial
molal heat of mixing dataz which may not be available for the binary
alloy of_interest; The method based on absolute rate theory,von the
othef hand, requires only'pure-component data. It is thus the simpler-
of the two methods and can be applied to more sysﬁems.
The accuracy of the absolute rate and corresponding states methods
ié about the same. Of the eight systems for which inter-comparison
of the two methods ié possible, only the Bi in Pb system lies com-
pletely outside of the 25% confidence limits of Fig. 1. Each of the
'two cdrresponding states methods fails significantly for at least one
system: the Cd in Pb pair when the reference system method is used.
and the Bi>in Pb pair When the generalized correlation is employed.
On all counts, the absolute rate method is preferable to the

corresponding” states method for estimating mutual diffusion co-

efficients in dilute liquid metal systems.

-
A%
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NOTATTION

radius of solute atom, cm

factor in theory of Walls and Upthegrdve‘

- self-diffusion coefficient of solvent, cm /sec

mutual diffusion coefficient of solute B in solvent A, cme/sec
diffuéion coefficient,_cm?/sec‘ |

factor in Eq. (9)

free energy of actlvation, cals

Planck's cbnsfant, erg-sec

enthalpy of activation, cals

partial molar heat of solution of ‘B in A at infinite dilution,%%%
heat of vaporization of pure compénent, cals/mol

Boltzmann constant, erg/oK

molécular or atomicrmass, gms

Avogadro's number

pressure, dynes/cm2

interatomic distance, cm

position of minimum of interatomic potential ehergy curve, cm
gas constant, cals/mol—°K

entropy of activation, cals/°K

temperature, °K

molar volume, cmj/mol

defined by Eq. (L)

coordination number
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configurational factor in theory of Walls and Upthegrove

defined by Eq. (10)

"minimum energy of interatomic potential curve, ergs

structure factor in Eq. (2)

structure factor in Eq. (2)

reducing factor for'diffusivity, Eq. (15), cmg/sec
defined by Fq. (31)

viscosity, poises

defined by Eq; (32)

structural factér in absoclute rate theory method

interatomic potential energy, ergs

Subscripts
soiVent_species
solute species
interaction between solvent molecules
interaction between solute molecules
solute-solvent interaction
viséosity

diffusion

Superscripts

reduced parameter
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FIGURE CAPTIONS

Correlation of mﬁtual diffusion coefficients by thé absolute rate
theory method. |

Generalized plot for liquid.metal self-diffusion according to
corresponding states theory.

Cdmparison of correlations and experiment for self-diffusion in
liguid mercury, sodium, and.cadmium.’

Comparison of correlations and experiment for self-diffusion in

) tin, gallium, and zinc.

Comparison of correlations and experiment for self-diffusion in

liquid lead, indium, copper, and silver.

"Experimental” values of the energy parameter ratio from diffusion

data,

Comparison of correéponding_states theory with mutual diffusion
data for bismuth, cadmium, antimony and tin in lead.

Comparison of corresponding states theory with mutual diffusion.
data for antimony and bismuth in tin,

Comparison of corresponding states theory with mutual difquion

data for lead in indium.
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Generalized.piot for liquid metal self-diffusion according to
corresponding states theory.
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Comparison of correlations and experiment for self-diffusion in liquid
mercury, sodium, and cadmium.
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Comparison of correlations and experiment for self-diffusion in tin,
gallium, and zinc.
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Comparison of correlations and experiment for self-diffusion in liquid
lead, indium, copper, and silver. ‘
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 "Experimental" values of the energy parameter ratio from
diffusion data. :
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Comparison of coffespbnding states theory with mutual diffusion
data for bismuth, cadmium, anitmony and tin in lead.
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Comparison of corresponding states theory with mutual diffusion
data for anitmony and bismuth in tin.
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mission, nor any person acting on behalf of the Commission:

A.

Makes any warranty or representation, expressed or
implied, with respect to the accuracy, completeness,
or usefulness of the information contained in this
report, or that the use of any information, appa-
ratus, method, or process disclosed in this report
may not infringe privately owned rights; or

Assumes any liabilities with respect to the use of,
or for damages resulting from the use of any infor-
mation, apparatus, method, or process disclosed in
this report.
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or employee of such contractor, to the extent that

such employee or contractor of the Commission, or employee

of such contractor prepares, disseminates, or provides access
to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.
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