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Adiabatic matching of particle bunches in a plasma-based accelerator in the

presence of ion motion

C. Benedetti,’"® T.J. Mehrling,"*?) C.B. Schroeder,2 C.G.R. Geddes,' and E. Esarey’

Y Lawrence Berkeley National Laboratory, Berkeley, California 94720, USA

2 Department of Nuclear Engineering, University of California, Berkeley, California 94720,
USA

(Dated: 8 April 2021)

Witness beam stability and preservation of its ultra-low emittance have been identified as critical challenges
towards realizing a TeV-class, plasma-based linear collider. In fact, the witness bunch parameters required
by a future TeV-class collider have been expected to trigger hosing instability and background ion-motion,
leading to emittance degradation and, potentially, to bunch loss. Recently, it has been shown that ion motion
suppresses the hosing instability, and proper longitudinal bunch shaping can eliminate the ion-motion-induced
emittance growth. In this paper we propose and analyze a plasma-based method to generate the shaped
bunches that enable emittance preservation in the presence of ion motion. The method is based on an adiabatic
matching procedure, where a bunch with an initially untapered profile is injected in the plasma accelerator
stage with an energy low enough that ion motion effects are initially small. As the bunch accelerates it is
adiabatically compressed, ion motion is gradually triggered, and the bunch slowly but continuously readjusts
itself in the ion-motion-perturbed wakefield acquiring the desired taper. The production of tapered witness
bunch profiles that minimize energy spread and preserve emittance for collider-relevant parameters could

enable the use of plasma-based accelerators for high-energy physics applications.

I. INTRODUCTION 51

52

With their extremely high accelerating gradients, %
plasma accelerators (PAs) offer the possibility to deliver s
high energy charged particle beams over distances or- ss
ders of magnitude smaller than achievable with conven- s
tional accelerator technology. Hence, PAs have attracted s
considerable interest as possible drivers for future, high- ss
energy, linear colliders (LCs)! ™. In a PA, a laser pulse s
or charged-particle beam propagating in a plasma drives e
(via the ponderomotive force in the case of the laser, or a
via the space-charge field in the case of the beam) an e
electron plasma wave (or wakefield)®. The plasma wave e
has a relativistic phase velocity, and the electromagnetic e
fields associated with it are suitable for accelerating and es
focusing a witness particle beam properly delayed with e
respect to the driver. PAs have demonstrated the ac- e
celeration of high-quality, quasi-monoenergetic electron es
and positron beams with accelerating gradients of up to e
10s of GV/m, several orders of magnitude larger that 7
that of conventional, radiofrequency-based accelerators, =
presently limited to about 100 MV/m due to material
breakdown” 1.

It is anticipated that a future high-energy LC will likely .,
operate at a center of mass energy 2 1 TeV, and will re-
quire a peak luminosity > 1034 cm=2 7! 12:13. Reaching .,
this luminosity will imply using intense witness beams .,
with N, ~ 100 particles, and normalized emittance < 1 ,,
pm in order to ensure a sufficiently small bunch size at
the interaction point. Furthermore, efficiency considera-
tions require that the witness bunch extracts a significant
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fraction of energy from the wake, at the level of several
tens of percent?!*, hence the PA stages in a LC will op-
erate in a strongly-beamloaded regime.

Stability of the witness beam and preservation of its
ultra-low emittance during acceleration have been iden-
tified as critical challenges towards realizing a PA-based
LC*. 1In fact, owing to the strong coupling between
the witness bunch and the wake, any initial asymme-
try in the bunch distribution (e.g., centroid misalignment
or bunch tilt, etc.) is exponentially amplified (hosing
instability!%17), leading to emittance growth and, ulti-
mately, to transverse beam breakup and beam loss. An-
other source of emittance degradation for the witness
bunch is background ion motion. Typically, for collider-
relevant beam parameters (i.e., high energy, small emit-
tance, and high charge) the bunch density exceeds the
background ion density, and the space charge field asso-
ciated with the matched witness bunch is so strong that
it induces background ion motion on the time scale of the
bunch duration itself. This results in a slice-dependent
and nonlinear perturbation of the transverse wakefield
within the bunch, and, hence, emittance growth for a
linearly matched bunch!'® 29,

Generally, hosing can be mitigated by inducing a head-
to-tail variation of the particle betatron frequency along
the bunch (detuning). This can be done either via the in-
troduction of an energy chirp (e.g., Balakin-Novokhatski-
Smirnov damping)?!, or by means of longitudinal varia-
tions in the strength of the accelerating and/or focusing
wakefields?>23. For instance, for a witness bunch accel-
erating in a PA stage operating in the linear or quasi-
linear regime, there is a naturally occurring variation of
the transverse wakefield along the bunch that suppresses
hosing?. On the other end, if the PA stage operates
in the blowout regime, the strength of the transverse
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wakefield is uniform along the witness bunch. Thus,ss
a chirp of the betatron frequency could be induced by
introducing a correlated energy spread along the parti-
cle beam. However, this option is not desirable for col-
lider applications since for strongly-beamloaded stages
the energy spread required to suppress the hosing insta-'*
bility is on the order of several percents'®?3, and this"
might render the transport and focusing of the bunch'”
challenging. Recently, it has been shown that the slice-'*
dependent wakefield perturbation due to the ion motion**
induced by a bunch with collider-relevant parameters can
suppress hosing and allows for a stable witness bunch
propagation in a strongly-beamloaded PA stage in the
blowout regime?®. Furthermore, it has been noted that
the residual ion-motion-induced emittance growth can be
mitigated by slice-by-slice matching the transverse phase®®
space distribution of the witness bunch to the (nonlinear)™
ion-motion-perturbed wakefield'®. 12
Generating the tailored bunch profiles discussed in'”
Ref. 19 using conventional beam shaping techniques is™
challenging. In this paper, we present a plasma-based ™
scheme to generate the longitudinally shaped palrtlcle156
beams which are equilibrium solutions in the presence e
of ion motion. e
The scheme relies on an adiabatic matching proce—lz
dure where a witness bunch with, initially, 1ong1tud1na11y o
uniform transverse properties (i.e., untapered, with con-
stant slice-by-slice size, ermttance, and all other trans-
verse phase-space properties) is injected into a PA stage
operating in the blowout regime with a sufficiently 10W .
energy that ion motion effects are small. Assuming the
witness bunch is 1n1t1a11y matched in the unperturbed
blowout wake (i.e., it propagates without transverse spot .
oscillations), its rms transverse size, o,, depends on the
bunch’s normalized rms emittance, €,, and energy, *ymc2 ®
(m is the electron mass, ¢ the speed of light in vacuum,
and v the bunch’s relat1v1stlc Lorentz factor), accordlng
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Here k, = (47ndq./mc®)/? is the plasma wavenumbers

(ng is the background electron plasma density and ¢, theirs
electron charge). As shown in Ref. 19, background ioniso
motion and the associated perturbation of the transverses
(focusing) wakefield within the bunch itself become rele-is2

vant when 183
184
m Ib L 185
270 >
A= ZM 14 0’2 <1 (2)186

187
Here Z; is the background ion charge state, M; the ioniss
mass, Ip is the bunch current, I4 = mc3/q€ ~ 17 kA iSise
the Alfvén current, L; is the bunch length (a top-hat lon-ie
gitudinal profile is considered), and the bunch is assumedia
to be round with a Gaussian transverse distribution. Forie
this type of bunch, the ion-motion perturbed transverses

wakefield is'?

E, — By

- 3)

kpr 2 r?
Sl ()|
where E, and By are, respectively, the radial electric field
and azimuthal magnetic field in the wake, ( = z — ¢t
is the longitudinal co-moving coordinate (z and t are,
respectively, propagation distance and time; the bunch
extends in the region —L;, < ¢ < 0, ( = 0 being the loca-
tion of the bunch’s head), r is the transverse coordinate,
Ey = mc®ky/qe, and H(q) = (1 —e™7)/q. The expres-
sion given by Eq. (3) is valid when ion motion is not too
severe (i.e., A < 1). As a consequence of ion motion, the
wake strength increases going from the head towards the
tail of the bunch, and acquires a non-linear dependence
from the transverse coordinate via the H(r?/202) term.
From Egs. (1) and (2) we see that A o y'/2, and so, as
anticipated, ion-motion effects are less important at low
energy.

For instance, for the PA-based LC design presented in
Ref. 14, the parameters are N, = 10'°, L, ~ 20 pm
(yielding I, ~ 24 kA), e, ~ 0.6 pym (round beam),
and ng ~ 10'7 cm™3. At the proposed injection en-
ergy of 25 GeV, o, ~ 0.25 um, and so A ~ 5 for
a hydrogen ion background. We expect the head-to-
tail wake perturbation from ion motion to be impor-
tant in this case. However, for a much lower injection
energy of, e.g., 50 MeV, we have o, ~ 1.2 pm, yield-
ing A ~ 0.2, and so the perturbation from ion motion
is small. Hence, for a sufficiently low bunch energy an
untapered witness bunch can be (quasi-)matched in the
(quasi-)unperturbed blowout wakefield (the smaller the
ion motion perturbation, the better is the matching of
the untapered witness bunch). When present, the result-
ing small initial mismatch, which grows from head to tail,
is dissipated via phase mixing, and the bunch reaches an
equilibrium state characterized by a slice-dependent (ta-
pered) equilibrium size at the cost of a slight emittance
growth which depends on the degree of wake perturba-
tion at injection.

Note that the ion-motion-induced perturbation of the
longitudinal wakefield is generally negligible. This can be
seen using the Panofsky-Wenzel theorem, 0;(E, — By) =
0, FE., where E, is the longitudinal wake, from which we
can estimate the degree of (maximum) wake perturba-
tion at the tail of the bunch, which reads |6E./FEy| ~
Zi(m/M;) kpre Ny (here re = g2 /mc? ~2.81-10713 cm is
the classical electron radius). For collider-relevant bunch
parameters in a hydrogen plasma with ng = 1017 cm™3,
we obtain |§E, /Eg| ~ 1073

As the witness bunch accelerates, its transverse size is
adiabatically reduced (adiabatic compression). The in-
creasing bunch density gradually triggers ion motion and
wakefield perturbation, but since changes in the bunch
distribution due to the acceleration generally occur over
a longer time scale than the betatron motion, the wit-
ness bunch transverse phase-space distribution at each
location along the beam remains matched in the wake-
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field. This implies that, as the bunch readjusts itself dur-s
ing acceleration (e.g., the bunch slices towards the taila
evolve more, resulting in their transverse size to shrink

more, compared to the ones closer to the head, owing,,
to the increasing amount of ion-motion induced wake,,,
perturbation developing during acceleration), the equi-,g,
librium slice emittance (defined as the rms transverse,,
phase-space area at each longitudinal slice) is essentially,,,
preserved. On the other hand, as a result of the tapered,
shape being acquired by the bunch, the projected emit-

tance (defined as the rms transverse phase-space area™
for the whole beam) slowly grows during accelerationzss
and saturates at high energy. By accelerating the bunchys
maintaining every slice in a state of equilibrium, the adi-»s;
abatic matching procedure delivers a high-energy witnessass
bunch with a longitudinally tapered profile that is slice-y;
by-slice nonlinearly matched to the ion-motion-perturbed,s,
wakefield. 261

262

The proposed matching method is conceptually sim-""
pler than the one discussed in in Ref. 26, where the emit-"
tance growth problem associated with ion motion was
addressed by considering an adiabatic matching region,266
located at the entrance of the PA stage, consisting of a”
plasma section realized with several different ion speciesizz

arranged in layers of decreasing ion mass.
270

271

Even though the adiabatic matching method is being?
proposed and analyzed in the context of ion motion, it2rs
can be used to generate equilibrium bunch profiles in2m
all cases where the focusing force acting on the witness
bunch is nonlinear, slice-dependent, and changes slowly
with energy (i.e., changes in the wake are small over aas
betatron period), provided that for a low enough energy
a state exists where such forces are uniform along the,

bunch and the nonlinearity is small. -

278

The adiabatic®®

280

The paper is organized as follows.
matching procedure is presented in detail in Sec. II. An
application of the method in the case of collider-relevant®'
witness bunch parameters, where the conditions required™®
to achieve a complete adiabatic matching might not al-**
ways be fulfilled, is discussed in Sec. III. A moments-**
based, analytical description of the matching process ad-
dressing the slow (secular) emittance growth associated™
with the matching process itself is presented in Sec. IV.*
Finally, conclusions are presented in Sec. V. 8
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289

290

All the simulation results presented in this paper havex

been obtained with the quasi-static modality of thea

Particle-In-Cell (PIC) code INF&RNO?™ 2. 1In orderss

to correctly resolve ion motion dynamics in the vicinityzos

of the witness bunch, the code has been equipped withzoes

a high resolution computational sub-grid similar to the

one first implemented in the PIC code HiPACE?? and
discussed in Ref. 31.

296

Il. ADIABATIC MATCHING OF BEAMS IN THE
ION-MOTION PERTURBED WAKEFIELD

We will discuss the concept of adiabatic matching for
a witness bunch injected in a PA stage operating in the
blowout regime. Extension of the concept to other PA
regimes is straightforward. In all the examples consid-
ered in this work the PA stage is driven by a Gaussian

electron drive beam with a peak density of nlgd) /no = 4,
rms transverse sizes o) = oy = 0.8k, !, and rms length

ol = V2k, . The background plasma is hydrogen with
density ng = 107cm™3. For simplicity, we assume that
the driver is moving at the speed of light and is non-
evolving.

We consider a witness bunch with a length L, =
2k, !~ 33.4 ym, and a trapezoidal current profile rang-
ing from Ip peqa =~ 27.2 kA at the head to Ip 144 =~ 17.6
kA at the tail (the total number of particles in the bunch
is Np ~ 1.6 - 10'%). The witness bunch head is located
at a distance of ~ 5 k;l ~ 83.5 pm behind the center of
the drive beam such that the blowout wake is optimally
loaded??, generating a constant longitudinal electric field
along the witness bunch, E,;, so that the energy gain
is ky'dy/dz = —E.;/Ey ~ 0.564 for all beam slices.
The bunch has a transverse Gaussian distribution and is
initially untapered, i.e., the rms bunch size is constant
along the bunch. We assume, for simplicity, the bunch
to be round, but adiabatic matching of flat beams is also
possible. Finally, we chose the initial bunch normalized
emittance to be €,,0 = 1 mm mrad.

A. Condition for adiabatic matching.

The adiabatic matching procedure provides a way of
generating a nonlinearly matched, longitudinally tapered
witness bunch that is an equilibrium solution in the pres-
ence of ion motion starting from a bunch that has, ini-
tially, an untapered, longitudinally uniform transverse
structure. The method requires injecting the witness
bunch in the PA stage with, initially, a transverse size
large enough that the space charge forces associated with
the bunch itself do not significantly perturb the ion dis-
tribution on a time scale comparable with the bunch du-
ration, and so the transverse wake remains longitudinally
uniform and changes linearly with the transverse coordi-
nate. In this case, the untapered bunch can be (quasi-
Jmatched to the (quasi-)unperturbed wakefield. Follow-
ing Eq. (2), and owing to the relation between bunch size,
energy, and emittance, given by Eq. (1) for a PA stage
operating in the blowout regime, the requirement of a
large enough initial witness bunch size implies choosing
a low enough injection energy ~; such that A < 1, and
SO

1 M; Ix €40 )2 @

i KV =E2 | 5 ——
Vs <Zz- m I kL2
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Note that Eq. (4) was derived assuming a bunch withsss
constant longitudinal current profile. For a bunch, as insss
this case, with a trapezoidal current profile we can as-ss
sume Iy ~ (Ipnead + Iniair)/2. Equation (4) suggestsss
that, as expected, adiabatic matching is easier to realizesso
in case of heavier background ions and shorter bunches.sso
However, the use of heavy ions is not, in general, desir-sa
able since, unless they are completely ionized, the multi-ss
ple ionization states available could lead to uncontrolledsss
plasma formation within the bunch owing to the largess
space-charge fields associated with the bunch itself, re-

sulting in the degradation of the wakefield and, hence,

emittance growth?33. 365

For the witness bunch parameters considered here®®
Eq. (4) indicates that an injection energy below ~ 440
MeV (the lower the better) is low enough that, at leastss
initially, ion-motion-induced wake perturbation is small.ses
Hence, to illustrate the adiabatic matching procedure wese
chose an injection energy of 50 MeV, yielding o, ~ 1.5370
pm, and A ~ 0.3. 371

Figure 1(a) shows a two-dimensional (2D) (¢, x) map®”
of the transverse wakefield in the region of the wit-*?
ness bunch at injection (50 MeV bunch energy) from an®*
INF&RNO simulation. The bunch rms envelope is shown®™
in green. The numerical parameters used in this and all*®
the other PIC simulations presented in this work are as®”
follows. Simulations are performed in 2D axisymmet-3
ric geometry, where we used a (¢,r) computational box®"
(main grid) with dimensions 13.2 x 10 k2. The longitu-**
dinal cell size was 0.0125 k!, the transverse cell size was™
defined in terms of the witness bunch transverse size at**
injection and was equal to 0, /10. In the witness beam™”
region we used a higher resolution subgrid3! with dimen-*
sions 2.1 x 1.5 k2, longitudinal cell size of 0.005k, ', and™
transverse cell size 0, /18. The witness beam was sam-**
pled with 10® numerical particles. Witness beam parti-*'
cles are pushed in 3D. In the main grid plasma electrons™
are sampled with 4 particles per cell (p.p.c.), ions are im-*
mobile (static background). In the subgrid there are no™
plasma electrons, plasma ions are sampled with 2 p.p.c.”
The adaptive temporal evolution step is defined in terms
of the (energy-dependent) betatron period of the witness*?
bunch and was set to 40 steps per betatron period. A
10-fold sub-cycling is also used for every witness particless
push. 394

The wake in Fig. 1(a) appears longitudinally uniformses
and, as expected, ion-motion-induced effects are small.sss
This is confirmed by Fig. 2 where we plot (solid blackas
line) a transverse lineout of the wakefield taken at theses
tail of the bunch (( = —L;). Compared to the unper-ss
turbed wakefied (dotted black line), the focusing gradientaew
is slightly enhanced (by approximately ~ 42%, qualita-sn
tively consistent with the estimate given by Eq. (3)), andae
the amount of mismatch, defined as the ratio of the in-ss
jected witness bunch size to the actual matched bunchaoe
size (a value of one indicates no mismatch), is =~ 1.09.40s
Note that the tail of the bunch is the region where theas
mismatch is the largest. For instance, in the bunch cen-sor

4

8

9

0

1

ter (( = —Lp/2) the amount of mismatch is only ~ 1.02,
and vanishes at the head of the bunch. When present,
this small initial mismatch is eliminated via phase mix-
ing (because of its slice-dependent nature and nonlinear
component of the ion-motion-perturbed wakefield), and
the witness bunch reaches an equilibrium state charac-
terized by a slice-dependent equilibrium size at a price of
a slight emittance growth. However, since the amount of
mismatch at injection is generally small, the equilibrium
state is a perturbation of the initial one.

B. (Quasi-)preservation of witness bunch slice emittance
during adiabatic acceleration.

During acceleration the witness bunch is compressed
transversely [see Eq. (1)], and the increasing bunch den-
sity triggers ion motion and the associated wakefield per-
turbation. This is shown in Fig. 1(b), (c), and (d), where
we plot the 2D maps of the transverse wakefield and the
corresponding rms bunch envelopes when the bunch en-
ergy is 1.05 GeV [Ayme? = (v — 7:)mc? = 1 GeV en-
ergy gain] (b), 2.05 GeV (Aymc? = 2 GeV energy gain)
(c), and 10.05 GeV (Aymc? = 10 GeV energy gain) (d).
Transverse lineouts of the wakefield at the tail of the
bunch for the three bunch energies are shown in Fig. 2
(red, green, and blue lines, respectively). The increased
degree of wake perturbation from ion motion (from mild
to severe) as the bunch energy increases is evident. Note
that during this process the ion distribution, which is
initially cold, remains cold. As previously noted, ion mo-
tion effects become more relevant towards the tail of the
bunch (increased focusing gradient). However, changes
to the beam distribution due to acceleration generally
happen over a time scale longer than the one charac-
terizing the transverse particle dynamics (i.e., betatron
motion), hence the evolution of the witness bunch in the
changing wakefield is adiabatic. In fact, the character-
istic length scale of beam evolution due to acceleration,
Lace, is given by

-1, 1%

acc —

~ o [E=)

R (5)

ny 0z |,

where n, o Ny/(02Lp) is the witness beam density,
while the betatron period scales as kg ~ kp/'yl/Q, and
80 kgLace ~ 72 /(|E. |/ Eo) > 1. The consequence of
adiabaticity is that the bunch phase space distribution,
which is in equilibrium as soon as the mismatch present
at injection is dissipated, remains matched to the evolv-
ing wakefield even when ion motion becomes severe, and
the slice emittance is essentially preserved. This is shown
in Fig. 3, where we plot the slice emittance (normalized
to €4,0) for different values of the bunch energy during ac-
celeration, namely 50 MeV (i.e., at injection, black line),
1.05 GeV (Aymc? = 1 GeV energy gain, red line), 2.05
GeV (Aymc? = 2 GeV energy gain, green line) curve,
and 10.05 GeV (Aymc? = 10 GeV energy gain, blue line).
The slice emittance is overall well conserved, acquiring
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FIG. 1. Two-dimensional (¢,z) maps of the transverse wakefield in the region of the witness bunch, and corresponding rms
bunch envelopes (green lines) for different values of the bunch energy during acceleration, namely at injection [yimc? = 50
MeV, Aymc? = (v — y:)mc? = 0 GeV] (a), and for Aymc? =1 GeV (b), Aymc® = 2 GeV (c), and Aymc? = 10 GeV (d).
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FIG. 2. Transverse lineout of the transverse wakefield,

(Er — Bg)/Eo, taken at the tail of the witness bunch (¢ =
—Ly) for different values of the bunch energy during accel-
eration, namely at injection [’yimc2 = 50 MeV, Aymc® =
(v — :)mc® = 0 GeV] (solid black line), and for Aymc?® =1
GeV (solid red line), Aymc? = 2 GeV (solid green line), and
Avymc® = 10 GeV (solid blue line). The unperturbed wake-
field is indicated by the black dotted line.

only a slight head to tail chirp (~ 5% emittance increase,
towards the tail). For comparison, the black dotted line, ,
is the slice emittance for a bunch injected with a 10 GeV,
energy after a propagation distance yielding a 0.5 GeV,
energy gain. In this case without adiabatic matching the,,,
slice emittance is severely degraded (~ 50% emittance,,

increase towards the tail). -

By accelerating the witness bunch maintaining everya:s
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FIG. 3. Slice emittance (normalized to €z,0 = 1 um) for
different values of the witness bunch energy during accel-
eration, namely at injection (’y,—mc2 = 50 MeV, Aymc? =

(v — vi)mc® = 0 GeV) (solid black line), and for Aymc? = 1
GeV (solid red line), Ayme* = 2 GeV (solid green line), and
Avymc? = 10 GeV (solid blue line). The black dotted line is
the slice emittance for a bunch injected with a 10 GeV energy
after a propagation distance yielding a 0.5 GeV energy gain.

slice in a state of equilibrium, the adiabatic matching
procedure delivers, starting from a low-energy, initially
untapered bunch, a high-energy bunch with a longitu-
dinally tapered transverse profile that is, slice-by-slice,
nonlinearly matched to the ion-motion-perturbed wake-
field. This is done (quasi-)preserving the slice emittance.

In Fig. 4 we show snapshots of the particle witness
bunch distribution at injection (50 MeV, untapered) (a),
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and after a Aymec? = 10 GeV energy gain with adiabaticsss
matching. The tapered profile in Fig. 4 (b) corresponds#+
to one of the (infinitely many) stationary Maxwell-Vlasov4ss
equilibrium solutions described in Ref. 19. This is shownsss
in Fig. 5, where we compare the slice-dependent rms+7
bunch radius for the bunch shown in Fig. 4 (b) (blacksss
line) to that of a 10.05 GeV equilibrium bunch fromsss
Ref. 19 (red dashed line) that has the same longitudi-+o
nal current distribution, the same slice emittance, andse
the same transverse distribution for ¢ = 0 (i.e., at thess
bunch head) of the bunch undergoing adiabatic match-s:
ing. Note that, in general, the final bunch distributionae
delivered by adiabatic matching depends on the choice ofuss
the initial (injected) bunch distribution, and so multipless

final equilibrium distributions are possible. a67

0.028
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FIG. 5. Comparison of the slice-dependent rms bunch radius
for the bunch shown in Fig. 4 (b) (black line) to that of a
10.05 GeV equilibrium bunch from Ref. 19 (red dashed line)
that has the same longitudinal current distribution, the same
slice emittance, and the same transverse distribution for ( =0
(i.e., at the bunch head) of the bunch undergoing adiabatic
matching.

C. Growth of projected bunch witness emittance during
adiabatic matching.

Even though the slice emittance is (quasi-)preserved
during adiabatic matching, the projected witness bunch
emittance displays a slow (secular) growth. This is shown
in Fig. 6, where the solid black line is the emittance evo-
lution (normalized to €, o) for the bunch undergoing adi-
abatic matching plotted as a function of the propagation
distance in the PA stage. The solid green line shows the
same quantity for a bunch injected with 10 GeV energy.
In both cases, the long term evolution of the emittance
(i.e., after mixing has occurred in the non-adiabatic in-
jection case) shows a slow growth with a growth rate that
decreases at high energy. Note that without acceleration
(i.e., if bunches are propagating in an ion channel) no
secular emittance growth is observed!'?. Also, no signif-
icant change in emittance is observed with acceleration
and without ion motion (we recall that our bunches have
zero energy spread at injection, and optimal beamloading
is used to avoid growth of energy spread during acceler-
ation). Hence, the secular emittance growth is triggered
by ion motion and depends on acceleration.

In order to further investigate the source of this
growth, we run two additional simulations using witness
beams that are, from the start, equilibrium solutions in
the presence of ion motion, as described in Ref. 19.
The chosen injection energies were 50 MeV (red dotted
line) and 10 GeV (blue dotted line). Note that the (ini-
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522

tial) slice emittance is the same for all beams (g4, = 152
um). However, equilibrium beams are longitudinally ta-s2
pered hence, the projected emittance differs from these
slice emittance. This is particularly evident in the cases»s
of the 10 GeV equilibrium beam, for which the taper-s
ing is more severe. As expected, there is no emittancesz
growth from ion-motion induced mismatch for the equi-s2
librium bunches. However, a secular growth is presentsso
and the rate of growth for both injection energies is thess
same as in their corresponding initially untapered casesss
(e.g., compare solid black line vs dotted red line, andss
solid green line vs dotted blue line in Fig. 6). Hence, thisss
shows that the secular growth is not associated with thesss
mismatch of an initially untapered bunch, but, instead,sss
it is related to the ion-motion-induced tapering acquiredss
by the bunch itself during acceleration. 538

In fact, as the witness bunch accelerates ion-motionss
effects increase, but, as pointed out earlier, the amountsso
of transverse wake perturbation changes slice-by-slice, s«
and the slices towards the tail of the bunch are thess
ones experiencing the strongest evolution. This un-ss
even rate of transverse evolution for the different slicesss
is the cause of the growth of the projected emittance.ss
This is shown in Fig. 4 (c) and (d), where we plot thess
(z,u;) transverse phase-space (z it the transverse par-so
ticle position, wu, is the transverse particle momentumsss
normalized to mc) for the bunch undergoing adiabaticss
matching. In order to directly compare phase spaces ob-sso
tained at different energies particle positions and mo-ss

7

menta have been rescaled with (2/7)/4(¢,.0/kp,)/? and
(v/2)"*(kper 0)'/?, respectively. The plot in (c) is at
injection, the one in (d) after a 10 GeV energy gain.
For clarity, only particles belonging to slices at the head
(¢ =0, black dots), mid-rear section (¢ = —0.75- Ly, red
dots), and tail (( = —Ly, green dots) of the bunch have
been plotted. The increase of the (projected) phase-space
area occupied by the bunch as a consequence of the non-
uniform evolution of the different slices is evident. We
will explore quantitatively this aspect in Sec. IV by us-
ing a moments description for the witness bunch.

I1l. GENERATION OF MATCHED BEAMS IN THE
PRESENCE OF ION MOTION FOR
COLLIDER-RELEVANT WITNESS BUNCH
PARAMETERS

In this section, we analyze the performance of the
matching scheme discussed in the previous section from
the point of view of emittance preservation in the case
of electron witness bunches with a collider-relevant emit-
tance. All the bunch and plasma parameters considered
in this section are as in Sec. II, except for the initial
emittance, for which we consider the value €, = 0.2
pm. As before, we consider for simplicity an axisymmet-
ric (round) bunch. Note that several LC designs consider
beams with asymmetric emittances (i.e., flat beams) to
minimize beamstrahlung effects?*. In this case, the emit-
tances in the horizontal and vertical planes are ~ pm and
~ 10 nm, respectively, and the geometric average of the
two is ~ 0.1 um, comparable with the value chosen in the
symmetric case. Simulations and theory show that from
the point of view of ion motion effects, the emittance evo-
lution in the (much simpler to model) symmetric case is
representative of the evolution of the geometric average
of the emittances in the asymmetric case'®2Y.

For a bunch with collider-relevant parameters Eq. (4)
gives ; ~ 35. However, an injection energy (much) lower
than ~ 18 MeV could be impractical because of, e.g., po-
tential beam quality degradation from space-charge ef-
fects, or dispersion in case the bunch has a finite energy
spread and/or energy chirp. Hence, in this case, it is
not possible to operate in a regime where, at injection,
A < 1. However, owing to the weak energy scaling of
ion-motion-induced wakefield perturbations (A oc y'/2),
we expect that operating at a relatively low energy, even
though higher than ~ ¥;mc?, will nonetheless prove to
be beneficial in reducing the emittance degradation asso-
ciated with ion motion effects compared to cases where
the injection energy is at the 10s of GeV level®!4. In the
following, we quantitatively explore the role of injection
energy by means of computer simulations.

In Fig. 7(a), we show the evolution of the projected
bunch emittance (normalized to €;,0) as a function of
the propagation distance in the PA stage for different
values of the injection energy, namely v;mc?> = 50 MeV
(A ~ 1.7 at injection, black line), y;mc? = 100 MeV (A ~
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2.4, red line), v;me? = 0.5 GeV (A ~ 5.3, green line),”
yimc®> = 1 GeV (A ~ 7.5, blue line), v;mc? = 5 GeV

(A ~ 17, purple line), and y;mc? = 10 GeV (A ~ 23, cyanses
line). We see that for an injection energy < 100 MeV,s0
even though A 2 1, the initial emittance degradation issw
small. Indeed, the growth associated with mismatch aten

injection is smaller than the (intrinsic) secular growth
due to bunch readjustment during acceleration, which
saturates at ~ 15%. This is not the case for injection
energies above 100 MeV, where the emittance growth is
dominated by bunch mismatch at injection. In Fig. 7(b)
we show the bunch slice emittance after a 10 GeV energy
gain for the different values of the injection energy listed
earlier. For a 50 MeV injection energy the slice emittance
degradation (tapering) is < 10%, but reaches ~ 85% for
a 10 GeV injection energy.

IV. BEAM-MOMENTS-BASED ANALYTICAL
DESCRIPTION OF THE MATCHING PROCESS

In this section, we present a moments-based descrip-
tion for the witness bunch to model the growth of the pro-
jected emittance during adiabatic matching. The results
in this section are partially based on the work described
in Refs. 19 and 25.

We consider a relativistic electron bunch with a (radi-
ally symmetric) density profile parametrized as

(6)

where npo is the initial peak density, g(¢) and
g1 (75 ¢; 2) describe, respectively, the longitudinal and the
(—dependent transverse profile of the bunch. Note that
g1 changes as a function of the propagation distance, z,
during acceleration. We recall that the bunch head is lo-
cated at ¢ = 0 and that the bunch extends for ¢ < 0. We
require that, for any longitudinal slice and propagation
distance,

nb(<7 T Z) = 1,0 9|| (C)gl_ (’f’, C? 2)7

/ gL(T;C;Z)TdT:/ g1(r;¢ =0;2=0)rdr, (7)
0 0

so that the bunch current density profile only depends
on the choice of g(¢), and this can be arbitrary. The
ion-motion-perturbed transverse wakefield for a PA stage
operating in the blowout regime is'?

ET — Bg kp’l’
Ey 2

Equation (8) is valid when ion perturbation is not too
large. Assuming a (slice-dependent) transverse Gaus-
sian distribution, and imposing the condition expressed
in Eq. (7), we have

o5

22 P [‘ 20222; zJ ’

where o(; z) is the slice- and propagation-dependent rms
transverse bunch size, and o¢p = (¢ = 0;z = 0), where
z = 0 represents the initial condition. For the trape-
zoidal current profile (optimal beamloading) as the one

gL(r;¢iz) = 9)
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considered in this paper (see Sec. II), we have 61
642

0,0 2 Iphead
—— = ’ , 10)%4
no (kp00)2 T4 ( )644
645

and
646
Iy ait ) € o
=1 1———) = 11

a@=1+(1- L) 20

649

for —Ly < ¢ <0, and g(¢) = 0 elsewhere. Inserting®®
Eq. (9) into Eq, (8), and using Eq. (10), we obtain 651
kpr m Ib,head

652

ET_BG 653
Zr 20 By o T 12
- 2 1+ (12)

M; Ix 654
x/{ dc'(¢ — ¢)

a?(if;l )Z>H (20(4)” o

where H is the function defined in Sec. I.

From the expression of the wakefield given in Eq. (12)™
we can derive the average betatron wavenumber in any
slice along the bunch (and for a given propagation dis-ss7
tance) according to

658

kp<T(ET — B@)> 7 (13)659
Epvy(r?)
660
where the slice averaging is defined according to the

bunch phase-space distribution. For instance, the spa-**
tial average is defined via g, as 062

k(¢ 2) =

_ fOOO f(r)gL(T;<;Z)TdT 664
<f> - fooo gj_ (’f‘; C; Z)’f‘d’f‘ ) (14)665

666
and where f(r) is any arbitrary function. We obtain

k3(C2) = ko[l + (G5 2)],

667
668
(15)669

670
where k,(23,0 = k§/27 is the unperturbed betatronsn
wavenumber in a blowout wake, and the contributions?
from ion motion is 673

. _ ﬁ Ib,head o (C/ - C)gH (C/)
B T2 /< 02(G2) +02((32)

!
d¢' > 0.

(16)

The condition that ion motion must not be too severe
in order for this analytic treatment to be valid requires675
operating in regimes where A < 1. 676
The introduction of the (—dependent average beta-57
tron wavenumber makes it possible to capture the slice-57
dependent nature of ion-motion-induced wakefield per-67

turbation (i.e., enhancement of the wakefield strength
going form the head to the tail of the bunch). We re-g

call that ion motion also causes the wakefield to acquire
a nonlinear component from the transverse coordinate.es

This effect introduces an in-slice spread of betatron fre-
quencies (i.e., particle with different betatron amplitudesss

have different betatron periods). However, at least when
ion motion is not too severe, head-to-tail effects are theess
dominant ones. Hence, we neglected contributions fromess

4

nonlinearities in the moments description of the match-
ing process. By neglecting the nonlinearity we can as-
sume that for each slice the bunch density distribution
remains Gaussian at all times, and the slice emittance is
preserved, while growth of the projected emittance can
occur as a consequence of different slices evolving at dif-
ferent rates.

With the aforementioned assumptions, and by averag-
ing the single particle equations of motion for a generic
witness bunch particle (i.e., dx/dz = uy/7, duy/dz =
—*ykfax) over the bunch phase-space distribution, we ob-
tain the equations for the (—dependent, second-order
phase-space moments of the bunch describing the evo-
lution of each slice, which read

o(x?) 2

5 ;(zuﬁ, (17a)
Orus) _ (u3) K >
7_7—7(1—1-/\)(1: ) (17b)

8§;§> = —k2(1+ M) (zug). (17¢)

In deriving the equations we assumed there is zero initial
energy spread, and the energy of all slices evolves as

v=7%+7z, (18)
where v/ = —kyE. ;/Ep. Also, the witness bunch is as-
sumed to be relativistic, v; > (u2). We recall that the
bunch is symmetric, and so the evolution in the (z,u;)
and (y,u,) transverse phase-space planes is identical.
Note that 02 = (2), and, hence, the equations for differ-
ent slices (i.e., different values of () are coupled via ion
motion (i.e., the A term given by Eq. (16)).

The (squared) slice normalized emittance of the bunch
is defined as €2 = (2%)(u2)— (wu,)?. One can easily verify
that Eq. (17) implies that the slice emittance is preserved.
Evaluating the projected bunch emittance requires lon-

gitudinally averaging the second-order moments. The
averaging is defined via g as
—+oo
_ h d
- JZo Qg (Q)d¢ 19)

T g(Q)d¢

where h stands for (z?), (zu,), or (u2). The (squared)

x

projected emittance is then €2 = (22) (u2) — (zu,) .

As initial condition we consider an untapered bunch
at focus linearly matched in the unperturbed wakefield
(€4,0 is the initial normalized emittance), namely

<w2>(<7z=0)=08=\/%2”—j, (20a)
(vus) (G2 =0) =0, (20b)
(2)(652 = 0) =Ly (200)

It is evident that the initial condition given in Eq. (20)
is not a stationary solution of Eq. (17). This is due, as we
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know, to ion motion that induces a longitudinal variationrss
of the transverse focusing force, described by the A term,
that at injection can be written as

735

/i k:D <2
-0 > 21
(C»Z ) 2 €0 2 ( )
" Iy head + § (Ibyhead = 1o tait) L% . Zj
14 738

In order to assess the degree of mismatch we need to Z
compute the bunch profile corresponding to a statlonary
equ111br1um solution of Eq. (1 ) This is done by settlng
0.(x?) =0, 0, (wuz) = 0, 0,(u2) = 0 in Eq. (17), amdus—43
ing the constraint that the slice emittance is slice-by- shce
constant and equal to €,. One finds that the equlhb—
rium solution, valid for a generic bunch energy, is glven -
by

747

) 2e, 1 748
(#)ea(€) = \ﬁ v e s
(Tug)eq(C) = (22b)s1

752
\/7 pEx,01/ 1+ /\eq (22C)753

754

755

where A, is given by Eq. (16) evaluated using (z2).,.
Hence, Eq. (22a) defines (z?)., implicitly. = Equa-"™°
tion (22a) can be easily solved numerically in a recur-"™
sive way starting from the bunch’s head, where A, (¢ ="°
0) = 0. Since, in general, A\, > 0, the input bunch™
size is always larger than the corresponding equilibrium™
(matched) size, and the amount of mismatch is growing
from head to tail as /1 + Aeq(¢). Note that if, at in-7
jection, the system is initialized according to Eq. (22)
it will remain in equilibrium, provided that the accel-,,
eration is adiabatic. At injection, and if \; < 1, the,;
following approximate expressions hold, A.; ~ A;, and
(@%)eq(C;2 = 0) = (2/7:)*(ea0/kp)[L = Xi(€)/2)- 704
The initial slice-dependent mismatch causes the bunch
moments on each slice to oscillate about the equ1l1br1urn
values Eq. (22). In this model the mismatch of each slice *
is not damped because forces are linear. However, in theres
actual beam the mismatch will eventually be dissipatedqes
by phase-mixing due to the nonlinear component of thezes
force. This, in addition to the slice-by-slice decoherencero
due to the slice-dependent betatron frequency, leads torm
the growth of the projected emittance from ion motions
within a few betatron periods from injection. This pro-s
cess was investigated analytically in Ref. 19, where ans.
expression for the saturated emittance as a function of7s
beam and plasma parameters was provided. 776
The secular growth of the emittance can be evaluateds
from the equilibrium solution. In fact, we know fromus
the simulations presented in Sec. IIC that the secularsme
growth is the same for untapered and tapered (equilib-7s
rium) bunches. By longitudinally averaging, accordingrs
to Eq. (19), the equilibrium moments given in Eq. (22),s
we obtain the energy-dependent value of the projectedrss

10

emittance, that reads

1/2

(23)

S e e
€2,0 1/1+/\6q 4

For any given bunch energy, solution of Eq. (22a) pro-
vides (2?)c, and A, along the bunch. The latter is
used in Eq. (23) to compute the corresponding value of
the projected emittance. Once the dependence of the
projected emittance from the bunch energy is known,
Eq. (18) can be used to determine the evolution of the
emittance as a function of the propagation distance. We
see that a growth of the projected emittance is always
present whenever there is an energy-dependent, longitu-
dinal variation of the betatron period. In fact, if A, is
slice-dependent, the right hand side of Eq. (23) is nec-
essarily larger than one, and its magnitude increases as
the chirp of the betatron wavenumber becomes larger, as
is the case with ion motion. Hence, as was shown in the
simulations presented in Sec. II C, the emittance growth
is purely due to the differential evolution of the different
witness bunch slices.

A simplified expression for the emittance growth valid
in the limit Aey < 1 and at early times (i.e., when
the equilibrium bunch is close to the input one) can
be obtained by noticing that, according to Eq. (16),
Aeg ~ 1/{x?)eq, and since (z?)e, x 7~/2 we can ex-
plicitly factorize the dependence of )., on the energy,
while its (—dependence is determined by the expression
of \ at injection, namely

~
Ae ~ —)\1
/ V i

By using this expression into Eq. (23), the projected
emittance at early times reads

. 1y —
froa14 22 (v )\-2)
€x,0 8’7

~ % <1+%z> ()\_12—/\_12)

In Fig. 8 we compare the evolution of the projected
emittance from PIC simulations (black line), to that ob-
tained by numerically integrating Eq. (17) with the initial
condition Eq. (20) (red line), and to the theoretical pre-
dictions Eq. (23) (blue line) and Eq. (25) (dotted cyan
line, expression valid at early times) for a bunch with an
injection energy of 50 MeV and different values of the
initial emittance, namely €, = 3 pm, and ;9 = 4 pm.
All the other bunch and plasma parameters are as in
Sec. II. The (significantly) larger values of the emittance
used here compared to the cases discussed in Sec. II and
Sec. III were chosen so ion motion is not too severe during
the early stages of the acceleration (in fact, at injection
A ~0.1for e, 0 =3 pm, and A ~ 0.08 for £, o = 4), and
so a comparison with theory is possible. Using the for-
malism developed here for the witness bunch parameters

(24)

(25)
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in Sec. II and Sec. III, requires an accurate expression_

for the ion-motion perturbed betatron wavenumber and841
its dependence on bunch energy valid when ion motion_,

perturbation is severe. o

844

We see that, at least for k,z < 12000 in the casess
€z0 = 4 pm (~ 3.4 GeV energy gain), or kyz < 7000ss
(~ 2 GeV energy gain) in the case €,0 = 3 pm, thess
emittance evolution obtained from the numerical inte-ss
gration of the moments model agrees with the one fromso
the PIC simulation, confirming the validity of the former.sso
The difference arising for longer propagation distances isss:
due to the fact that, as a consequence of bunch com-ss
pression during acceleration, ion motion grows and thesss
assumption that background ion perturbation is small isss
no longer satisfied (i.e., A ~ 1). In this limit, the theoryesss
underestimates ion motion effects. We also note that,sse
since at injection A < 1 (i.e., the injection energy is wellssz
below ¥;mc?), the condition for adiabatic matching isss
well satisfied. Hence, the initial bunch mismatch is smallsso
and there is no emittance growth at injection. However,sso
the secular growth of the emittance is present and it is insa
agreement with the theoretical prediction Eq. (23) (bluess
line), and Eq. (25) (cyan line) for early times. 863

11
V. CONCLUSIONS

We have presented and analyzed a plasma-based
scheme to generate longitudinally shaped witness par-
ticle bunches that are equilibrium solutions in the pres-
ence of ion motion. In Ref. 25, the betatron frequency
chirp resulting from ion-motion has been proposed as a
possible way to suppress the hosing instability of a wit-
ness bunch with collider-relevant parameters accelerat-
ing in a PA stage in the blowout regime. The use of
optimally tapered bunches can mitigate the residual ion-
motion-induced emittance growth allowing for stable and
high-quality acceleration of particle bunches, and, hence,
enabling the use of plasma-based accelerators for high-
energy physics applications.

The proposed scheme relies on an adiabatic matching
procedure where a witness bunch with an initially unta-
pered profile is injected in the PA stage with an energy
low enough that ion motion effects are initially small. As
the bunch accelerates it is adiabatically compressed, ion
motion is triggered, and this results in the perturbation
of the transverse wakefield. However, since changes due
to acceleration are slow compared to betatron motion,
the bunch readjusts itself during acceleration acquiring
the desired taper, while maintaining every slice in a con-
dition of equilibrium and, hence, the slice emittance is
(quasi-)preserved in the process. However, as a conse-
quence of the taper, the projected emittance displays a
small growth that saturates at high energy.

The adiabatic matching process was studied analyti-
cally by means of a moments description for the bunch.
A theory for the growth of the projected emittance, valid
at early times and when ion motion is not too severe, was
developed.

The method has been used to study the production
of tapered beams in case of witness electron bunches
with collider-relevant parameters (i.e., high charge, low
emittance, low energy spread) and it was shown that for
a sufficiently low injection energy of, e.g., ~ 50 MeV,
much lower than the proposed 10s of GeV injection en-
ergy, only a moderate degradation of both the slice and
the projected emittance is observed. Namely, projected
emittance saturates after a ~ 15% growth, while the slice
emittance acquires a head-to-tail taper of < 10%. On the
other hand, for an injection energy of 10 GeV, the pro-
jected emittance grows by more than ~ 50%, and the
slice emittance by more than ~ 80%, after a few beta-
tron periods. Emittance degradation is expected to be
higher for an even higher injection energy. Low-injection
energies favor plasma-based schemes for the production
of witness bunches (e.g., two-color laser ionization33:36,
density-gradient injection®” 4?0, etc.).

This work did not consider the role of a plasma ramp at
the entrance of the PA stage. However, we expect that a
long (i.e., longer than the betatron period) plasma ramp,
where the strength of the wakefield slowly increases as
the bunch propagates through it, might be beneficial to
the adiabatic matching procedure. Future studies will
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address this subject. 022
Note that a plasma-based LC will require cascading923
several PA stages to reach the desired final energy. How-" ;
ever, adiabatic matching is only required at the entrance
of the first PA stage, where an untapered bunch is 1n—927
jected. Once the witness bunch reaches the tapered equi-o2s
librium profile it will remain matched as it is transported929
among the different stages. o
Realization of a PA-based, TeV-class collider is ags,
highly challenging task. Any strategy, like the adiabaticoes

matching discussed here, which can help preserving the®*

witness beam quality should be taken into consideration’ z

when designing such a device. 057

Even though the adiabatic matching method was pro-sss
posed in the context of ion motion, it could be used to%®
generate equilibrium bunch profiles in all the cases where™®
the focusing force acting on the witness bunch is non—i;
linear, slice-dependent, and changes slowly with energy,q;
provided that for a low enough energy a state exists whereos
such forces are uniform along the bunch and the nonlin-
earity is small. Analysis of the method in other regimesjjj

will be a subject of future studies. o
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