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ABSTRACT OF THE DISSERTATION

Multilevel Time-Varying Joint Models for Longitudinal and Survival Outcomes
by
Isaac Noe Quintanilla Salinas

Doctor of Philosophy, Graduate Program in Applied Statistics
University of California, Riverside, September 2022
Dr. Esra Kiirtim, Chairperson

Motivated by the United States Renal Data System (USRDS), we propose a joint
modeling framework for longitudinal and survival outcomes that accounts for time-dynamic
associations. In this population of patients, two outcomes are of interest, hospitalization, a
longitudinal binary outcome, which is a major source of death risk, and mortality, which is
higher in this population than in other comparable populations, including Medicare patients
with cancer. Therefore, it is of interest to identify the patient-and dialysis facility-level risk
factors that jointly affect these outcomes. Furthermore, studies have shown the effect of
risk factors changes as a patient undergoes dialysis; therefore, it is necessary to model
the associations as a function of time. Additionally, we incorporate multilevel random
effects and multilevel covariates, at both the patient and facility levels, to account for
the hierarchical data structure. An approximate Expectation-Maximization algorithm is
developed for estimation and inference, where the fully exponential Laplace approximation is
employed to address the hierarchical structure, and spline models are utilized to incorporate

a time-dynamic association. We demonstrate the finite sample performance of our approach

vii



via simulation studies. We apply our proposed model to USRDS data to identify significant

time-varying associations.
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Chapter 1

Introduction

End-stage renal disease (ESRD) is the final stage of chronic kidney disease where
an individual’s kidneys fail. This requires individuals to undergo either dialysis treatment
or a kidney transplant. In the United States (U.S.), there were over 726,000 individuals with
ESRD at the end of 2016 with 70% of them undergoing dialysis treatment (United States
Renal Data System, 2018). Compared to other morbid populations, dialysis patients have
a higher level of mortality risk. Additionally, dialysis patients are frequently hospitalized
due to the nature of dialysis treatment and other comorbidities these patients have, such as
diabetes or cardiovascular disease (United States Renal Data System, 2018). Thus, for this
population of patients, frequent hospitalizations (collected longitudinally) and mortality
are associated outcomes, and it is of interest to understand the relative contribution of risk
factors to this association after the initiation of dialysis. Potential risk factors affecting this
relationship are both patient- and dialysis facility-level, such as facility staffing (e.g., the

ratio of nurse-to-patients). Our goal in this project is to jointly model hospitalization (binary



longitudinal outcome) and time-to-death (survival outcome) in the dialysis population while
taking into account the multilevel /hierarchical structure of the data (repeated measurements
nested within patients and patients further nested within facilities). These models will be
applied to the data from the United States Renal Data System (USRDS), a large national
database. In terms of covariates, this database includes patient demographics and baseline
comorbidities at the subject-level, and facility staffing, such as nurse-to-patient ratio, at the
facility-level.

Joint modeling of longitudinal and survival outcomes have been extensively studied
in the literature. Researchers have modeled the association using random effect models
(De Gruttola and Tu, 1994), proportional hazard models (Tsiatis et al., 1995), shared-
parameter models (Wulfsohn and Tsiatis, 1997), and conditional score functions (Tsiatis and
Davidian, 2001). De Gruttola and Tu (1994) model the association between the longitudinal
and survival outcomes using subject-level random effects, which are assumed to follow a
multivariate normal distribution. The authors used the EM (Expectation-Maximization)
algorithm to maximize the full joint likelihood function to estimate the parameters. Tsiatis
et al. (1995) take a different approach where the longitudinal outcome is modeled with a
random effects model, and the association between the longitudinal and survival outcomes
are fitted with a proportional hazards model. The parameter in the hazard model are
estimated in two steps, an empirical Bayes estimate is used for the longitudinal process,
and in the second step, the longitudinal estimates are used as a time-dependent covariate
to fit the proportional hazard model. Additionally, the authors argue this method produces

better estimators than the maximization of the likelihood of the marginal proportional



hazard model. Tsiatis and Davidian (2001) propose an alternative approach for estimating
the parameters of the joint model. The authors relax the normality assumption for the
random effects by conditioning the survival model with the complete sufficient statistic of the
random effects. The parameters are then estimated from the conditional score estimating
equations. Wulfsohn and Tsiatis (1997) used shared random effects to model both the
longitudinal and survival outcome. This allows the outcome to be jointly modeled. The
parameters are then estimated via the EM algorithm. The authors argue this method
utilizes the information of both outcomes to jointly obtain more accurate estimates of the
parameters. Liu et al. (2008) extend the shared-parameter model for hierarchical data. The
authors use random effects to account for the variation of the different levels in the data.
The parameters are estimated similarly to Wulfsohn and Tsiatis (1997). Additionally, the
shared-parameter model has been extended to handle generalized outcomes (Larsen, 2004;
Li et al., 2009; Rizopoulos et al., 2008). The methods described provide a framework to
model dependent outcomes; however, the authors do not allow for a dynamic association.
In longitudinal studies, such as the USRDS data, the association between out-
comes, longitudinal and time-to-event, or the relationship between a response and its pre-
dictors may change over time. The inability of traditional parametric regression models to
capture this dynamic structure of the data led Nan et al. (2005), Song and Wang (2008),
and Andrinopoulou et al. (2018) to implement varying coefficients in the joint models.
Nan et al. (2005) implemented the varying coefficient as a time-dependent covariate in the
proportional hazard model. The time-varying coefficient is approximated with a natural

cubic B-spline basis. The parameters are then estimated with the maximum partial like-



lihood estimators. Song and Wang (2008) implemented a time-varying coefficient in the
proportional hazards model. The authors approximated the time-varying coefficient with
a local linear model. The parameters are then estimated using the corrected score or con-
ditional score local estimating equations. Andrinopoulou et al. (2018) used time-varying
coefficients in the shared-parameter model to describe the association of the dependent
outcomes. The authors approximated the time-varying coefficients with Bayesian P-Splines
(Lang and Brezger, 2004). While all these methods proposed in the literature allow for a
time-varying association between the longitudinal and survival outcomes, they do not imple-
ment time-varying coefficients between the risk factors and each outcome; in other words,
they cannot accommodate dynamic response-predictor relationships. Additionally, the mod-
els do not allow for generalized outcomes and hierarchical data.

In this dissertation, we develop a flexible multilevel joint modeling approach that
accounts for the three-level hierarchy of the USRDS data, that is, longitudinal measure-
ments, hospitalizations measured over time, nested within subjects and subjects further
nested within dialysis facilities. In addition, our joint modeling approach accommodates all
dynamic associations that may exist in a longitudinal study. To our knowledge, although
time-dynamic effects in joint modeling have been studied in the literature before, there has
not been any work that combined these key elements: (1) incorporate time-varying effects
of predictors (risk factors) on both the longitudinal and survival outcomes as well as the
time-dynamic effect of the longitudinal process on the survival outcome and (2) accommo-

date complex multilevel data structures while including both subject- and facility-level risk



factors. Our work will fill this gap in the literature while handling generalized longitudinal
outcomes.

The proposed joint model accounts for all manners of associations, that is, depen-
dence among the repeated measurements within a subject and the correlation between the
longitudinal and survival outcomes, by including multilevel random effects. Therefore, given
the random effects, we assume that the outcomes are independent, leading to a submodel for
each response. The longitudinal submodel is a generalized time-varying linear mixed effects
model (Li et al., 2020) and a time-varying proportional hazard model (Cox, 1972) is em-
ployed for the survival outcome. The time-varying coefficients within each model allows us
to explore the dynamic response-response and response-predictor associations. We demon-
strate the estimation of these time-varying coefficients via the P-splines models (Eilers and
Marx, 2010) and random-coefficient spline models (Ruppert et al., 2003).

Estimation in our modeling scheme is based on an EM algorithm (Dempster et al.,
1977), where we treat the multilevel random effects as missing data. At the expectation
step (E-step), the posterior mean and variance of the random effects are estimated, whereas
the maximization step (M-step) involves maximizing the joint log-likelihood to obtain the
estimated model parameters. One major challenge in the implementation of joint models
to our three-level hierarchical data is due to the high-dimensional vector of random effects
(of order n;+1) at the facility level with the facility-level random effects as well as subject-
level random effects for n; patients receiving dialysis at the ith facility. This challenge is
compounded especially when the size of the data is large. Our analysis of the USRDS

data includes over 292,000 observations on ~34,000 patients in more than 500 facilities,



where the number of patients within a facility, denoted by n;, ranges between 50 to 162.
Therefore, we adopt the fully exponential approach proposed by Tierney et al. (1989) to
address this computational challenge. It is shown that the fully exponential Laplace ap-
proximation is advantageous over the standard Laplace approximation as it leads to lower
order approximation errors and reliable estimation results especially when modeling sparse
longitudinal outcomes with few repeated measurements within a subject. Although, the
fully exponential Laplace approximation have been employed previously (Rizopoulos et al.,
2009; Kiirtim et al., 2021) in a joint modeling context; these works modeled time-invariant
relationships, whereas we demonstrate the use of this approximation in a time-varying joint
modeling framework.

The remainder of this dissertation is organized as follows. Chapter 2 includes
literature review on joint models and varying-coefficient models. In Chapter 3, we introduce
our proposed time-varying joint modeling approach. We describe our estimation procedure
based on P-spline and random-coefficient spline models, and discuss a bootstrap approach
for inference. In Chapter 4, we present simulation studies designed to demonstrate the finite
sample behavior of our estimators. Chapter 5 illustrates our proposed methodology using
the USRDS data set. Finally, in Chapter 6, we give our conclusions and outline some future

research topics.



Chapter 2

Literature Review

In this chapter, we briefly discuss the statistical concepts that are relevant for
our proposed methodology. Section 2.1 provides details on longitudinal data analysis and
mixed effects models. Section 2.2 reviews survival data analysis and the Cox proportional
hazard model. In Section 2.3, we focus on joint longitudinal-survival models and their
corresponding estimation procedures. Lastly, in section 2.4, we present a brief summary of

time-varying coefficient models.

2.1 Longitudinal Data Analysis

Longitudinal studies involve repeated measurements of the same subjects over a
period of time. These type of studies enable researchers to investigate how the effects of risk
factors on an outcome change over time. One challenge in the analysis of longitudinal data
arises due to the association among the repeated measurements. In particular, although

the subjects are assumed to be independent of each other, due to the dependence among



the repeated measurements within a subject, traditional regression models, where all the
observations are assumed to be independent, cannot be employed. Therefore, methods that
account for this dependence among the repeated measurements have been proposed, such
as generalized least squares and mixed effects models.

Linear mixed effects models are used in longitudinal studies to model both the
population- and individual-level effects. Let Y; = (Yi1,..., Yin,) T, for i = 1,...,n, denote
the vector of responses for the ith subject measured at time points t; = (ti1, ..., tin,) .
The predictor variables at time point ¢;; are denoted as X;; = (Xjj0, Xij1, - Xijp)T with
j=1,...,n; and X, is a (p+ 1) x n; matrix containing all the predictor values for the ith

subject. A linear mixed effects model is composed of both fixed effects and random effects:

Y, =XI3+ D}6; +¢, (2.1)

where B = (8o, B1, ..., Bp) T represents the fixed effects, D; = (Dj1, ..., Djp,) with each D;;
representing a vector predictors for the random effects, 6; = (6;1, 6;2, ..., (5iq)T are the subject-
level random effects following a normal distribution with E(6;) = 0 and Cov(6;) = G, and
€; is the error term, following a normal distribution with E(e;) = 0 and Cov(e;) = 021,,.
Given model (2.1) and the distributional assumptions, Y'; follows a normal distribution

such that Y; ~ N(X7F3,V;), where

V= Cov(Y;) = D}GD; + o*I,,. (2.2)



The covariance matrix in (2.2) is parameterized based on the random effects and the time
points for the ith subject.
The parameters B can be estimated using the weighted least squares (WLS) esti-

mator

-1

8= (zn: XinXIT) Zn:XiV;lYi. (2.3)
i=1 i=1

Note that the estimator (2.3) is a function of the covariance matrix V;. If V; is unknown,

ideally, it should be estimated with either a maximum likelihood or restricted maximum

likelihood approach. However, it is known that the maximum likelihood approach produces

biased estimates for o> when the sample size is small; therefore, it is recommended to use

the restricted maximum likelihood function to estimate V;. Let @ denote the full parameter

vector for the covariance G, then the restricted log-likelihood function is written as

U, 0?) = _anlog|Vi\ — % {Zn: (Yi - XiT,3>TVi_1 (Yi - X?B)}
i=1

i=1

" -1
1 -1 T
) log ( E X,V X; ) . (2.4)

i=1

An optimization algorithm is used to estimate the values of o and o2 that maximize the
restricted log-likelihood function (2.4). The estimates & and 62 are then used to obtain
Vi, which can be substituted in (2.3) to estimate 3. Diggle (2002) and Fitzmaurice (2004)
provides more details on linear mixed effects models.

In terms of inference, it is shown that the asymptotic distribution for B is a nor-

mal distribution with mean @ and COU(B), where the covariance for ,3 can be estimated

. . ~1
as Cov(B) = (E?:l X,V, 1X2T> . Note that Verbeke and Lesaffre (1997) showed that



when the random effects are normally distributed, the maximum likelihood estimates are
consistent and asymptotically normal with the inverse Fisher’s information matrix as the
asymptotic covariance matrix. However, when the random effects are not normally dis-
tributed, a sandwich type correction for the Fisher’s information matrix is required to
obtain an appropriate asymptotic covariance matrix.

Linear mixed effects models can be extended to accommodate response variables
that follow any exponential family distribution, known as generalized linear mixed effects

models (GLMM). These models involve the following assumptions:

e the conditional distribution of Y;;|6; follows an exponential family distribution for

i1=1,...,nand 7 =1,...,n,
e given the random effects (6;), the repeated measurements in Y'; are independent,
e 6; follows a multivariate normal distribution with mean 0 and covariance matrix G.

The GLMM framework shows that the expectation of Y;;, given the random effects, is

linearly associated with the fixed effects and random effects via a link function g(-):

g{E(Y;|6;)} = X8+ D}6;,

where X;; and D;; are predictor variables, and 8 = (B, f1, ..., ﬁp)T are the regression
coefficients for the fixed effects.
The parameters 3 and G can be estimated via a maximum likelihood approach.

The random effects are treated as latent variables and integrating out to construct the

10



log-likelihood function leads to

n

U(B,G;Y) =log L(B,G;Y) =D "log / p(Yi16i; B)ps, (8i; 6)d6;, (2.5)

i=1 j=1

where L(3,G;Y) is the likelihood function, p(Y;;|6;; 3) is the conditional density function
for Yi;, pe,(6s; ) is the density function of 6;, and d is a vector of parameters involved in G.
The maximum likelihood estimates for  and 8 are obtained by setting the follow-

ing observed score functions to zero:

Sp(B,8]Y) = > X [Vij — E{py(6:)[Y 15} = 0 (2.6)
i=1 j=1
and S5(3,6]Y) = 0.5G ! {; E(Bi(i;f]Yi)} G- gG‘l =0, (2.7)

where 11;;(6;) = g_l(XiTj,B + D;Ebz) The parameters 3 and d can be estimated using the
Expectation-Maximization (EM) algorithm (Dempster et al., 1977) on equations (2.6) and
(2.7). First, the expectations in the score functions are evaluated using the current estimates
of the parameters to target the random effects (E-step); afterwards, the score functions are
maximized with respect to the parameters to update the estimates of 8 and § (M-step).
The EM algorithm iterates between the E- and M-step until a convergence criteria is met.
For inferential purposes, the covariance matrices of fi and & can be estimated using the
observed Fisher information, that is, by plugging the estimated values of 3 and & to the

inverse of the negative Hessian matrix of the log-likelihood given in (2.5).
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2.2 Survival Analysis

Survival data analysis methods are widely used in engineering and medical fields
to identify factors associated with time to an event of interest such as death, occurrence of
a disease, or failure of a machine. Traditional regression models are not suitable for this
type of data mainly due to censoring. The defining feature of censoring is that the time to
an event is not observable for all subjects; in other words, some subjects never developed
a disease or experienced death during the study, so their true time-to-event is missing in
the data set. Traditional statistical models assume that we have complete information on
all subjects, and therefore, when applied to this type of data they would produce biased
estimates of the distribution of the event times and possibly incorrect inference.

There are two types of censoring classifications in survival analysis:
left /right /interval censoring and informative/noninformative censoring. The first classifi-
cation of censoring is based on the positioning of the true event time. Right censoring
occurs when the event is observed after a pre-specified censoring time, such as the end of
the study. Examples of right censoring are lost to follow-up or a subject reaching the end
of a study without observing the event. Left censoring occurs when the event of interest
happens before a pre-specified censoring time. This is common in adolescent studies where
a participant is enrolled after experiencing the event. Interval censoring results when the
event occurs between an interval of time points. This is common in longitudinal studies
where participants experience the event between two measurements.

The second classification of censoring is related to whether the probability of cen-

soring an individual is independent to the probability of observing the desired event, known

12



as informative and noninformative censoring. Informative censoring occurs when a partici-
pant withdraws from the study due to expecting an upcoming time-to-event. For example,
a participant may leave a study when their health has deteriorated beyond a certain point
due to the disease of interest. Noninformative censoring occurs when a participant leaves
the study for non study-related reasons. When informative censoring occurs, there is not
enough information to model the censoring mechanism. Therefore, noninformative censor-
ing is essential for survival analysis. For the rest of this section, we only consider situations
where noninformative right censoring is present.

In survival analysis, our main interest is to study the distribution of the true
event times T™* using the following basic functions: survival function, hazard function, and
cumulative hazard function. The survival function is the probability that T™* is larger than

a certain time point ¢:

S(t) = Pr(T* > 1) = /t " p(w)da,

where p(z) denotes the probability density function of T*. If the event of interest is death,
the survival function gives the probability that death occurs after time ¢. The survival
function must be nonincreasing as ¢ increases and S(¢ = 0) = 1. The hazard (risk) function
depicts the conditional probability that the event occurs in the next moment (instant) given

that it has not occurred up to time t:

Pr(t < T* AIT* >
ﬁ(t):iimo r(t < <£+ |T* > t)
_)

13



Furthermore, the hazard function can be expressed in terms of the survival and probability
density functions: A(t) = % The cumulative hazard function, which is used to describe
the accumulated risk up to time ¢, can be obtained either via the hazard function or the
survival function: #H(t) = f(f h(z)dr and H(t) = —log{S(t)}, respectively.

As we mentioned above, the main challenge in survival analysis is censoring, that
is, we might not observe the true event time for all subjects. Therefore, we introduce
the “observed event time” variable T;, which is defined as the minimum of the potential
censoring time C; and the true event time 7" with 7 = 1,...,n. In addition, the event
indicator is given as §; = I(T) < C;) with I(-) as the indicator function. Under this
framework, our main objective in survival analysis becomes exploring the distribution of
the true event times 7} using the available information (7;, ;). Several methods have been
developed for this purpose, in particular, to estimate survival and (cumulative) hazard
functions.

We discuss the nonparametric method introduced by Kaplan and Meier (1958),
known as the Product-Limit estimator, to estimate the survival function. Let {t;,d;, R; }jD:1
denote the survival data, where t; < to < --- < tp are the ordered distinct observed event
times, d; represents the number of events at time point ¢;, and R; denotes the number of

subjects still at risk of experiencing the event at ¢;. The Product-Limit estimator is defined

as

14



Greenwood (1926) provides the estimated variance of §(t) as

Var{3(1)} =3°() Y m

t;<t

Using the Product-Limit estimator, the cumulative hazard function can be estimated as

H(t) = —log{3(t)}-

2.2.1 Cox Proportional Hazard Models

Although the Product-Limit estimator provides an unbiased estimate of the sur-
vival function, it is limited to exploring the effects of categorical risk factors on the outcome.
To overcome this drawback, parametric models, which can be used to model the association
between a set of predictors (numeric and categorical) and the survival time, were proposed.
However, as the name implies, these models assume a parametric distribution for the true
time-to-event T3, which may lead to biased results and incorrect inference, if incorrectly
specified. An alternative method, proposed by Cox (1972), is the Cox proportional hazard
model, where the estimation is performed via a partial likelihood approach. The partial
likelihood procedure allows one to estimate the regression coefficients without making dis-
tributional assumptions for the true event times.

Cox (1972) proposed the following model, where it is assumed that the covariates

have a multiplicative effect on the hazard of an event,

At X, B) = ho(t) exp (X B) (2.8)
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with fig(t) as the baseline hazard function, X = (X1, X2, ..., X,) T as the vector of predictor
variables, and 3 = (f, ..., Bp)T denoting the corresponding regression coefficients. Using

the hazard function (2.8), the survival function is constructed as

st - e {- [ fow) xp(X "B}

where 3 can be estimated using a maximum likelihood approach using the likelihood con-
struction discussed by Kalbfleisch (2002), where noninformative right censoring is assumed.
Given the survival data framework {T}", X;,0;}7_,, the time-to-event T} has a probability
density function pr(t;3) and survival function Sp(¢;3), and similarly, the censoring time
C; has a probability density function pco(c; 8¢) and survival function Sc(c; 0¢), with O¢ is
a vector of parameters for the censoring mechanism. Under noninformative censoring, the
time-to-event distribution and the censoring distribution do not share any parameters and

are independent; therefore,

Pr{T; € (t,t + A),0i =1, X;,8,0c} = Pr{T; € (t,t+A),Ci > ;X;,8,0c} = pr(t; B)Asc(t;0¢)

Pr{T; € (t,t + A),0; = 0; X;,8,0c} = Pr{T] >t,C; € (t,t + A); X4, 8,0c} = pc(t; 0c)ASr(t; B).

The likelihood function is then constructed as

Z(8,0c) = [ [{pr(T7: B)ASC (T} 00))  {po(T7: 0c) Asr (T B)} 7.
=1
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Furthermore, we can define the following log-likelihood as the parameters of the censoring

distribution are not the main interest,

Z(8) o [ [{pr (75 B {1 (T3 8)} (2.9)

Replacing pr(T;; B8) with A(T}| X, B)S(T| X, B) in (2.9) yields

n

2(8) = [T [{A(T71X:, B {s(171X:. 8)}] (2.10)

i=1

where we remove the subscript 1" in the survival function to align with our previous nota-
tion. Given the model form in (2.8), the likelihood function (2.10) requires estimating both
the regression coefficients and baseline hazard function. The initial step in this estimation
procedure would be to choose a form for the baseline hazard function, which can be specified
parametrically or nonparametrically. The former is the aforementioned parametric models
approach, which might produce incorrect results, and the latter results in a semiparamet-
ric estimation procedure, which can be computationally burdensome. In order to avoid
these drawbacks, Cox (1972) proposed following a partial likelihood approach, which avoids
estimating the baseline hazard function.

In the partial likelihood approach, D = ", §; denotes the number of partici-
pants experiencing the event, {t; }J-Dzl represents the ordered and distinct time-to-event for
participants observing the event, X ;) are the predictors for the participant at time point

tj, and R(t;) is the set of individuals at risk prior to ¢;. The partial log-likelihood function
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is given as
D (X))

L(B) =logL(B) =1
(8) =log L(B) = log 1S Samrees o

(2.11)

In order to find the estimates that maximize the partial log-likelihood, first, the partial

derivatives are taken with respect to 3, denoted as U(B) = %%L. Second, the partial

maximum likelihood estimates that satisfy U(8) = 0 are obtained using a numerical ap-
proach, such as the Newton-Raphson algorithm. For inferential purposes, the covariance

matrix of 3 is estimated by finding the inverse of the negative Hessian matrix of the partial

log-likelihood function (2.11) and evaluating it at 3: 6(;/(,3) == {a;[z;ngé()g) }_1 la=p-

The partial log-likelihood function (2.11) assumes that the time-to-events are dis-
tinct, that is, having only one subject experience the event at the specific time point.
However, when this assumption is not met, the partial likelihood function does not include
information from all participants that experienced the event at the distinct time point,
in particular, information from only one subject is included in the calculation of (2.11).
Breslow (1974) and Efron (1977) proposed alternative partial likelihood functions for non-
distinct survival times, where the numerator and denominator include information from
all participants experiencing the event at the distinct time point and the partial likelihood
function also incorporates the number of subjects that experience the event at that time
point.

As we discussed above, the partial likelihood approach does not make any dis-
tributional assumptions while estimating the regression coefficients; however, researchers

might be interested in constructing the survival function and this would require estimating

the baseline hazard function first. The profile maximum likelihood estimator, proposed by
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Breslow (1974), can be used for this purpose. Given the maximum likelihood estimates of
B from the partial log-likelihood (2.11), the baseline hazard function at time t; is computed

as
fio(ts; B) = !
T 1) Yokenqy) oI X BY

where R(t;) is the set of individuals at risk prior to time ¢;. The estimate for the baseline
hazard function can be used to estimate the cummulative baseline hazard and survival
functions #(t; 3) = thzt fio(tj; B) and S(t; B) = exp{—#(t; B) exp(XT3)}, respectively.
The Cox model defined in (2.8) assumes that all the covariates are time-invariant,
that is, collected at the baseline; however, studies may collect data at different time points
until a patient experiences an event of interest. In this type of data, it would be of interest to
incorporate the repeated measurements, known as time-dependent covariates, to the survival
model and explore their effects on the time-to-event. Let W;(t), for i = 1,...,n, denote the
time-dependent covariate, which can be classified as either exogenous, the value of Wj(t) is
known and uninfluenced by the occurrence of the time-to-event, or endogenous, the value
of Wj(t) is unknown and might be influenced by the occurrence of the time-to-event. Let
Wi(t) = {Wi(s) : 0 < s < t} denote the covariate’s history, an exogenous time-dependent
covariate satisfies the following condition: Pr{%j(t)| W (s),T;" > s} = Pr{W(t)|W(s), T} =
s} for s < t, indicating that W;(-) is not associated with the occurrence of the time-to-
event. On the contrary, an endogenous covariate will not satisfy the condition; therefore,
modeling the survival function with an endogenous time-dependent covariate requires careful

construction of the likelihood function (further discussed in Section 2.3).
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To account for exogenous time-dependent covariates, the Cox model in (2.8) is
extended, using a counting process, to incorporate the time-dependent covariate (Andersen
and Gill, 1982). Let {N;(t), R;(t)} be the ith participant’s event process, where Nj;(t)
denotes the number of events for the ith participant at time point ¢, and R;(t) represents if
the ¢th participant is at risk at time ¢ (R;(t) = 1) or not (R;(t) = 0). The Cox model (2.8)

can be rewritten as
Ri(t|Wi(1), X i) = ho(t) exp { X B+ aW;(t)},

where « is the regression coefficient for the time-dependent covariate W;(t). The corre-

sponding partial log-likelihood function with the counting process integral is derived as

001 =3 [ (R0 (X a0} -tos [ 3 R (0 exp(XT a0} ) anico

- J (2.12)
The regression coefficients B and « are estimated by maximizing the partial log-likelihood
function (2.12) with respect to the parameters using a numerical approximation algorithm.
Inference is similar to the Cox model with baseline covariates, that is, performed via eval-

uating the inverse Hessian matrix at the estimated values.

2.3 Joint Modeling of Longitudinal and Survival Data

Increasingly, studies involve collecting data on multiple outcomes, usually of dif-
ferent types. That is, within a single study, some outcomes are measured at several time

points (longitudinal), whereas other endpoints are measured at a single time point, such
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as the time until an event of interest occurs (survival). Sections 2.1 and 2.2 described
statistical techniques to answer research questions where separate analysis of longitudinal
and survival data can be employed. However, in many situations, exploring the associa-
tion between these outcomes might be of interest, which requires modeling these outcomes
jointly. In this section, we discuss joint modeling techniques for longitudinal and survival
outcomes. Note that, a naive approach to study the relationship between these outcomes
would be including the longitudinal outcome as a time-varying predictor in a Cox model,
similar to the approach described in Section 2.2.1. However, the time-dependent Cox model
would only produce accurate estimates and inference when we have exogenous time-varying
covariates. As shown by Sweeting and Thompson (2011) and Tsiatis and Davidian (2004),
when we have an endogenous time-varying covariate, these models would lead to biased
estimates and incorrect inference. In this section, we focus on joint analysis of endogenous
time-varying covariates, that is, our longitudinal outcome and a time-to-event outcome.
Several methods have been developed to jointly model longitudinal and survival
outcomes, such as the shared-parameter models, where the two outcomes are jointly mod-
eled via a common set of random effects (Wulfsohn and Tsiatis, 1997; Song et al., 2002;
Henderson et al., 2000; Hsieh et al., 2006; Rizopoulos et al., 2008); the random effects mod-
els, which are similar to the shared-parameter models, but with different set of random
effects underlying each outcome (De Gruttola and Tu, 1994); proportional hazard models
with a two-stage estimation procedure, where the longitudinal outcome is modeled in the
first stage and a time-dependent Cox model with the predicted longitudinal outcomes as

a covariate is fit in the second stage (Tsiatis et al., 1995); and conditional score functions,
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where the survival models are conditioned on the complete sufficient statistics of the random
effects (Tsiatis and Davidian, 2001). Among these methods, shared-parameter models are
the most frequently utilized method due to their performance in estimation and inference,
and their computational feasibility. In this section, we focus on model formulation and

estimation under this framework.

2.3.1 Shared-parameter Models

Under this approach, to obtain the joint distribution of the longitudinal and sur-
vival outcomes, we start by defining the longitudinal and survival submodels. Consider
the following data for the ith subject, {T;,9;, Y, t;, X;}, where T; is the observed time-
to-event, d; is the event indicator, Y; = (Y;1, ..., Yin,)T denotes the repeated measurements
with Y;; = Yi(t;;) as the longitudinal outcome at time point t;j, t; = (ti1,ti2, ..., tin;) © are
the measurement times, and X; = (X;1,. .. ,Xip_g)T is a time-invariant vector of predictors

with ¢ = 1,...,n. The longitudinal submodel is formulated as a linear mixed effects model

Yij = mi(tiy) + e(tiy),
mi(tiy) = X584+ Z6;, (2.13)

5i ~ N(O, G) and Q(tij) ~ N(O,O’Z),

where X;; = (1,tij,XiT)T, B = (B, ,Bp)T are the fixed regression coefficients, and Z;;
is a subset of X ;; representing the design matrix for the random effects 6; = (6;1,. .., Biq)T

Additionally, both the random effects and the error term are assumed to be mutually

independent.
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The survival submodel is constructed using the Cox proportional hazard model,

. Pr{t < T, <t+ AT, >, M,(t), X;}
lim
A—0 A

m{tIN; (1), X} =

= fo(t) exp{ Xy + am(t)}, (2.14)

where f(t) denotes the baseline hazard function, v and « are the regression coefficients,
and M;(t) = {m(s) : 0 < s < t} is the history of the longitudinal outcome until time ¢.

Using equation (2.14), the survival function is expressed as

Si{t| X, M;(t)} = exp {—/O ho(s) exp{XiT'y + am;(s)}ds

The joint distribution of the longitudinal and survival outcomes are obtained un-
der the full conditional independence assumption, that is, given the random effects, the
outcomes are assumed to be independent. More specifically, the random effects account
for the association between the longitudinal and survival outcomes, and they also explain
the correlation between the repeated measurements of the longitudinal outcome within a
subject. Let @ = (0+,07,0)" denote the full parameter vector where 87 = (y7, o, 81)T
is the vector of parameters for the survival submodel with 6, as the vector of parameters
involved in the baseline hazard function, 8y = (3T,0%)7T is the vector of parameters in the
longitudinal submodel, and 6} is the vector of parameters involved in the covariance matrix

G. The joint density function for the ith subject is formulated as
p(T:, 6, Y ,6i;0) = p(T,6:16:; 0)p(Y i]6:50)p(6;; 0),
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where the density for the survival outcome is given as
5; T;
P{T;,0:|6:;0,1M(t)} = [ﬁo(Ti)exp{XiT7+ amf(Ti)}} exp {—/ fio(s) exp{ Xy + ami(s)}ds| ,
0

and the joint density for the longitudinal outcome and the random effects is expressed as

p(Yil6::0)p(65;0) = []r(Yijl6i;0)p(6:;6)
j=1

e 1 & 2
= (210?) /% exp —@Z{}Gj—X;S,@—ZiTjBi}
j=1

% (2m) 2| G|7V? exp(—6,G16;/2)

with G as the covariance matrix of the random effects 6;.

The parameters are estimated by maximizing the observed (incomplete)
log-likelihood function £(0) = Y7 log [ p(T5,8;, Y, 6;;0)dB; with respect to 6 using opti-
mization methods such as the Newton-Raphson algorithm or the Expectation-Maximization
(EM) algorithm (Dempster et al., 1977). Due to the unknown random effects, the EM algo-
rithm is favored over the Newton-Raphson algorithm due to its ability to handle ‘missing’
data, and the variances have closed-form solutions.

In the EM algorithm, the expectation step (E-step) is used to target the random
effects {6;}]";, and the maximization step (M-step) will update the estimates of 6. The
algorithm will repeat the steps until a convergence criteria is met. In the E-step, we compute

the expected value of the random effects by taking the expectation of the complete log-
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likelihood function:

Qoe™) = > / log{p(T;, 61, Y 1,655 0)}p(6:| T, 6:, Y 15 0*))d6;
=1

= Z/[{logp(Ti,éijléi;O)+10gP(Yi|5i;0y)
=1

+log p(6;: 05) }p(6:| T, 6;, Y 1;0%))] d6;, (2.15)

where p(6;|T;,0;, Y ;; H(k)) is the conditional density function of 6; and 0% is the current
value of 0 at the kth iteration of the EM algorithm. As the integral does not have a closed
form, it should be evaluated with numerical integration techniques such as the Gaussian
quadrature (Press et al., 1992) or the Laplace approximation methods. (Tierney et al.,
1989). Gaussian quadrature techniques are used when the dimensionality of the random
effects and the number of repeated measurements are small (Wulfsohn and Tsiatis, 1997).
On the contrary, when these quantities are large, Laplace approximation method is recom-

mended (Rizopoulos et al., 2009).
The M-step identifies the estimates that maximize (2.15). The variances for the

random effects and error terms can be obtained with closed-form solutions:

n -1 5
& = (Z ni) > /(Yi — X! B-D!6) (Y, — X{B— DJ6,)p(6:|T;, 6, Y :;0™)d8;
=1 =1

n

_ (zn: ni) 3 [(YZ- — XT3 (Y: - X8 —2DTé) + tr{ DX D;Var(8;)} + 8?D?Diéi]
i=1

i=1

G = n_1 ZV&I‘(&,) + g’zI‘g“
i=1

where 6; = J 6ip(6|T;,0;, Y s; B(k))d[%i and Var(gi) = [(6 —5i)p(5i|Ti, 0:, Y H(k))dﬁi are the

posterior mean and variance of 6;, respectively, which are computed in the E-step. The
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remaining parameters can be estimated using a Newton-Raphson algorithm:

B(km :Bac) B {M (B(k)) /%}—1% (B(k)),

6,5 — g, _ {07 (ét(’“)) /80t}_1ﬂ (ét(’“)) ,

where A (+) is the partial derivative of the log-likelihood function (2.15) with respect to the
parameter of interest.

The hazard function in equation (2.14) requires defining a form for the baseline
hazard function even though it is possible to leave the baseline hazard function completely
unspecified in traditional survival models (see Section 2.2.1). However, in a joint modeling
setting, Hsieh et al. (2006) demonstrated that leaving the baseline hazard function unspeci-
fied leads to the underestimation of the standard errors of parameter estimators. Therefore,
it is advisable to define an explicit form for fy(¢) by either choosing a form corresponding
to a parametric distribution (Weibull, log-normal, or Gamma) or parametric but flexible
form such as linear splines, B-splines or piecewise constant functions.

For inferential procedures, the standard error of the estimators must be obtained.
As we mentioned above, Hsieh et al. (2006) notes that for accurate inference, the standard
errors must be obtained using a parametric structure for the baseline hazard function.
However, even in that case, under some circumstances, observed Fisher’s information might
lead to incorrect results. Additionally, Rizopoulos et al. (2008) highlights possible issues

due to misspecification of the random effects distribution. Therefore, Hsieh et al. (2006)
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and Rizopoulos et al. (2008) recommend following a bootstrap approach to estimate the

standard errors of the estimators.

2.4 Varying-Coefficient Models

Parametric regression models are well established in literature to study the rela-
tionship between a response and its corresponding set of predictors. Although these models
are easy to implement and mostly computationally feasible, they cannot be used to observe
dynamic trends in real-world applications. Fan and Zhang (2008) points this limitation us-
ing a respiratory study from Hong Kong, where the primary interest is to assess the affects
of daily measurements of pollutants, such as Sulfur Dioxide and dust, on the number of daily
hospital admissions from 1994 to 1995. In this case, modeling the association between the
pollutants and the number of daily hospital admissions as a constant would be inappropriate
since daily factors may cause the association to vary. Kiiriim et al. (2014) provide details
of a study that explores the nonlinear association between the net ecosystem exchange of
CO2 (NEE) and the photosynthetically active radiation (PAR). The researchers demon-
strate that the relationship between NEE and PAR depends on temperature; therefore,
modeling the regression coefficients as a constant would be improper and the relationship
between NEE and PAR should be allowed to change with temperature. These examples
show real-life situations where allowing an association to be dynamic is necessary and tra-
ditional regression models cannot be employed to model these relationships. With the aim
of increasing the flexibility of traditional regression models and reducing the modeling bias,

varying-coefficient models were proposed.
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Let Y denote the response variable and X = (X, ... ,Xp)T denote a vector of

covariates, respectively, a varying-coefficient model is given as

Y = X"8(U) +e, (2.16)

where B(U) = {B1(U),...,B,(U)}7T is referred as the varying-coefficient functions and e is
the error term with E(e]U) = 0 and Var(e|U) = o?(U). These models were first introduced
by Cleveland et al. (1992) and became popular in the statistical literature due to the work
by Hastie and Tibshirani (1993). Varying-coefficient models explore the dynamic features
of the data by allowing the regression coefficients to change over a covariate U, such as time
and temperature. At a fixed U = u value, the model coefficients can be interpreted in a
similar way to a linear regression model.

Time-varying coefficient models is a special case of the model presented in (2.16),
where the dynamic association is modeled as a function of time. These models are partic-
ularly useful in longitudinal studies and they were first proposed by Hoover et al. (1998),
where the authors discuss a longitudinal HIV study collected from infants born from HIV-
infected mothers in Africa. In this study, the interest was to explore the relationship of
the weight of the infant (response) with gender, HIV status, and maternal vitamin A levels
(predictors). Studying these associations via a traditional regression model would be in-
appropriate as it would ignore an infant’s development over time and would not allow the
response-predictor relationships to change over time. Therefore, to model these dynamic

trends in the data and reduce modeling bias, a time-varying coefficient model is needed.
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Under the framework provided by Hoover et al. (1998), for the ith subject, Y;; =
Yi(t) and X;; = X;(t) denote the outcome and a vector of covariates, respectively, at time
t=t;; withi=1,...,nand j =1,...,n;. The time-varying coefficient model is expressed
as

Yij = X5B(t) + eij,

where B(t) = {B1(t),...,Bp(t)} is the time-varying coefficient function and ¢;; ~ N(0,0?)
is the error term at time ¢;;.

Estimation in varying-coefficient models have been studied extensively. In partic-
ular, there are three approaches to estimate the functional form of 3(t): local polynomial
techniques (Fan and Zhang, 1999; Hoover et al., 1998; Wu et al., 1998), polynomial splines
(Huang et al., 2002, 2004), and smoothing splines (Hastie and Tibshirani, 1993; Hoover
et al., 1998; Chiang et al., 2001). Fan and Zhang (2008) provide an excellent review of
the literature on estimation and inference procedures for varying-coefficient models. In this
chapter, we focus on spline-based methods for time-varying coefficient models, in particular,
penalized B-splines.

Spline models are a global smoothing approach used to model the trend in the
relationship between a covariate and an outcome by allowing the slope to change at various
values, referred as knots, of the covariate. Spline models achieve this result by utilizing
basis functions that alter the slope at the specified knots. A commonly used basis function
is the truncated power functions as that is non-zero if a value of X is greater than a knot k:
(X — k)4 = (X —K)I(X > K)), where I(-) is the indicator function. B-spline functions is

an alternative basis function that provide more numerical stable results than the truncated
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power functions, especially due to their performance at the boundaries (Ruppert et al.,
2003). Although both methods, spline models with truncated power functions or the B-
spline basis functions, can be used to approximate the time-varying coefficients, due to their
desirable features, B-splines are more commonly used.

Estimation via the B-splines involve approximating the varying-coefficient func-
tion, Bi(t), for l=1,...,p, as

Bi(t) = 6] B(t),

where B(t) = {Bi(t),...,Bgr(t)}" are the B-spline basis functions and 6; = (6;1,...,0r)"
are the corresponding R-dimensional spline coefficients. The B-spline basis functions are
computed by implementing the recursive algorithm as described by de Boor (1978) and
Eilers et al. (2015).

In practice, application of the B-splines approach require specification of the num-
ber and the location of the knots. Misspecification of these quantities would possibly lead to
biased estimates and inaccurate inference. Additionally, a small number of knots would lead
to an undersmooth function, whereas a large number would produce an overfitted model.
To overcome this challenge, Eilers and Marx (2010) recommends choosing a large number
of knots and implementing a penalty term to control for overfitting the model. This leads
to P-spline models where the likelihood function contains a roughness penalty term. Fur-
thermore, in terms of the location of the knots, Eilers and Marx (2010) shows, via extensive
simulation studies, that equally-spaced knots perform better than quantile-based knots,

which have been shown to hinder the performance of the penalty term. For n subjects, the
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penalized log-likelihood function is defined as

n p
00,0%) = £:(0,0%) = > %ef.@@)%@)a,, (2.17)
=1 =1

where 6 = (01, ...,0,)T are the spline coefficients, ); is the penalty term for the Ith varying-
coefficient function, and @@ is the matrix of the 2nd-order difference operator, A26, =

A0, — A0,y =0, —20,_1+0,_5 forr =3,...,p, as defined by Eilers and Marx (1996), and

ng

2
1 L 1
i(6,0%) = :—@ {Yij - Xz'jzé’zB(t)} - ilog(QWQL
=1

i=1

is the log-likelihood contribution of the ith subject. The maximum likelihood estimates 6
are found by maximizing (2.17) with respect 8 using a numerical approximation algorithm
such as the Newton-Raphson.

An important component of the P-spline estimation method is choosing the op-
timal values of the penalty terms A = (A1,...,\,)". Eilers and Marx (2010) recommends
a leave-one-out cross-validation (LOOCV) approach to obtain the optimal values of A.
The LOOCV approach identifies the optimal A that minimizes CV = >3, 377 {Vij —
?f(i)j}Q/Zyzl n;, where 17,(2-)]- is the predicted value of Y;; from a model fitted from a data
set without the ith subject. Although this approach is easy to implement and produces
accurate results, it may become computationally challenging when the model involves a
large number of covariates. An alternative method in this case is the random-coefficient
splines model, where the optimal penalty term is obtained as part of the estimation pro-

cedure (Brumback et al., 1999; Ruppert et al., 2003; Goldsmith et al., 2011, 2012). Under
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this approach, g;(t), for [ = 1,...,p, can be approximated as

where 6; = (01, 02)T and 9; ~ N(0, aglInN) are the fixed and random effects, respectively,
Br(t) = (1,8)F and Bg(t) = {(t — £1)4,...,(t — kin, )} " represent the spline basis func-
tions with {k,.})", as the n, equally-spaced knots, (a)+ = (a)I{(a) > 0}, and I(-) as the

indicator function. The log-likelihood function is expressed as

n p
1 1
00,9,0%, 0%) =Y £(0,9,0%) = 3 log(2m02)) — Fﬂﬁmﬁl, (2.18)
i=1 =1 Kl

where 8 = (01,...,0,)T, 9 = (91,...,9,)T, 02 = (02,,...,02)T, and

p
1
0:(6,9,0%) => —5,7 | Y~ > Xii{6:Br(t) + 9 Br(t)}| — 5 log(2ma?)
=1 1=1

is the ith subject’s contribution to the log-likelihood function Using the methods described

in Section 2.1 for estimation under mixed effects models, we obtain 6 and predict the random

2
K

effects ¥. Additionally, the variance terms o in (2.18) act as the penalty term for the
random coefficients, controlling the smoothness of the time-varying coefficient functions and
preventing overfitting. Therefore, utilizing mixed effects models produce smooth functions
as part of the estimation procedure without the need to perform a cross validation approach

to find the optimal penalty. For inferential procedures, the standard errors for time-varying

coefficient functions can be obtained using a negative inverse Hessian matrix, when P-
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splines models are used, or a bootstrap approach, when random-coefficient spline models

are utilized.
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Chapter 3

Multilevel Time-Varying Joint
Models for Longitudinal and

Survival Outcomes

3.1 Model

Consider the following framework, let ¢ = 1,...,n index a cluster (facility); j =
1,...,n; index the subjects (patients) within the ith cluster; and k = 1,...,n;; index the
recorded observations for the jth subject at time #;;,. In our framework, each subject
has a recorded longitudinal outcome Yjj; = Yj;(¢;x) and an observed event time Tj;. Let
Xij = (Xij1, -, Xijp)t and Zjy = {ZiG)n - - .,Zi(j)q}T denote the subject- and facility-
level predictors, respectively. In our motivating problem, the facility-level characteristics

are reported every year, and Z;) denotes those characteristics recorded in the calendar
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year prior to the jth patient’s dialysis initiation. Thus, the facility-level predictors have
both dialysis facility index ¢ and the subject level index j.

The proposed joint modeling framework is composed of a submodel for each out-
come. The longitudinal submodel is formulated with a generalized time-varying mixed

effects model
miy (1) = B{Y5 (01 X s, Zigyy, 65, 653 = 97 {XTBx(0) + 28, B2(1) + 65 + 6}, (3.1)

where g(-) denotes the canonical link function, Bx(t) = {Bx,(t),...,Bx,(t)}T and B,(t) =
{Bz.(1),..., Bz, (t)}T are the subject- and facility-level time-varying coefficients, respec-
tively, 6;; and 6; are the subject- and facility-level random effects (RE) such that bij ~
N(0,0%) and 6; ~ N(0,0%), respectively. The random effects are assumed to be indepen-
dent of each other. Although we impose distributional assumptions on the random effects,
parameter estimation and inference in joint modeling are shown to be robust to misspecifi-
cation of distribution of the random effects (Song et al., 2002; Hsieh et al., 2006; Rizopoulos
et al., 2008). For the USRDS data application, Y;;(t) is a binary longitudinal outcome
defined as the indicator of at least one hospitalization in a 3-month follow-up window with
midpoint ¢ for the subject j at the facility . Thus, for the data analysis, g(-) takes the form
of the logit link function g(p) = log(p/1 — p).

For the survival submodel, let T{; and Cj; denote the true event time and potential

censoring time, respectively. The observed event time is defined as T;; = min(7}:

i CZ]) and

dij denotes the event indicator such that ¢;; = I(1}; < Cj;) with I(-) as the indicator func-
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tion. The survival submodel is formulated as a Cox model with time-varying coefficients:

hij{t|Mij (1), Xijs Ziyyy = Mm Pr{t < T35 <t +e[Tj; > 8, M5(1), Xij, Ziy)

= ho(t) exp{X yx(t) + Zjvz(t) + alt)m;(t)},  (3.2)

where fi(t) denotes the baseline hazard function, #;;(t) = {m;(s),0 < s < t} repre-
sents the history of the longitudinal outcome, vx (t) = {vx,(t),...,7x,(t)}T and v(t) =
{vz,(t),..., 7z, (t)}T are the subject- and facility-level time-varying coefficients, respec-
tively, and «(t) represents the time-varying effect of the longitudinal outcome on the risk

of an event. The corresponding survival function is constructed from the hazard function
(3.2):
Si{tai; (t), X, Zipyy = Pr{Ti; > t[94;(t), Xij, Zigj) }

— exp [— / fo(s) exp{X Sy (s) & 25575 (s) + als)msy (s)}ds| -

(3.3)

In our framework, we assume that random effects account for the association
between the longitudinal and survival outcomes. In other words, given the random effects,
the longitudinal and survival outcomes are assumed to be independent; therefore, the joint

density function is represented as
p(Tij, 05, Yij, 6ij, 6i50) = p(Tij, 6i516:5, 653 0)p(Y i5]6ij, 6i; 0)p(6ij, 6:5 6), (3.4)

where p(-) is the probability density function, Y;; = (Yij1,. .., Yijnij)T, 6= (67,0%, 0%,0%)"

with 87, and 8¢ denoting the vector of parameters for the longitudinal and survival submod-
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els, respectively. We assume that, in addition to the time-varying effects, the random effects
also explain the association between the repeated measurements within a subject; therefore,

the density functions for the longitudinal submodel and random effects are constructed as

p(Y i516i5,6550)p (65, 6:0) = [H p{Yijkl6ij, 6i; 9}] p(bij, 6; 0)
k=1
(”"j exp[{ X 58 (tijr) + Z 3Bz (tiji) + bij + 6:}Yiji]

[]

ion L+ exp{ X By (tik) + Z, B2 (tij) + bij + 6}
—62. g2
x(2m0%) " exp (203» (2mo7) /2 exp (205 > .

S F

The probability density function for the survival submodel is derived using the hazard

function in (3.2) and survival function in (3.3):

p(Tij, 6i16i5,6:0) = hig{t|Mij (1), Xij, Zyj) 00 it M5 (8), Xij, Zj) )
T T ij
= [ﬁo(Tij) exp {Xiﬂx(Tz'j) + Z; v z(Tij) + Oé(Tij)mz'j(T%j)H

T..

< exp [— [ lo(s) exp{XErrx(s) + 2 7,00) + a(sm(s)}ds} |

3.2 Estimation

In this section, we discuss two approaches to estimate the parameters involved
in (3.4): P-spline models (described in Section 3.2.1) and random-coefficient spline models
(described in Section 3.2.2). For more information on the computational details of each

method, please refer to Appendix A.
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3.2.1 P-Spline Model

We propose estimating the Multilevel Time-Varying Joint Model (MTJM) with
an approximate Expectation-Maximization (EM) algorithm (Dempster et al., 1977), where
the expectation step (E-step) treats the REs as missing, and the maximization step (M-
step) estimates the parameters. Due to the high dimensionality of the random effects,
specifically integrating the joint log-likelihood function with respect to the REs for each
facility (for the USRDS data, the minimum and maximum number of patients (n;) is 50
and 160, respectively), the fully exponential Laplace approximation is utilized to reduce the
computational burden during the E-step. The EM algorithm iterates between the E-step,
which computes the expected value of the random effects, and the M-step, which maximizes
the parameters from the approximate expected complete likelihood function.

Let u = (u,...,u,)T with w; = (6;1,6i, - ,6in,,6;)" be the vector of all random
effects (subject- and facility-level), and 8 = (07, 0%, U%,U%)T are the parameters involved
in approximating the time-varying coefficient models and variances, the complete joint log-

likelihood function is characterized as ¢(u, ) = > ;" | £i(u;,0) where

li(ui,0) = > log p(Tij, 8i;|6ij, 6i; 0) + log p(Y'i;[6ij, 6i; 8) + log p(b5, 6:; 6)

j=1
- Z [&j{logﬁo(ﬂj) + X {vx(Tiy) + Z5y72(Tij) + e Tig)mij(Tij)}
j=1
Tij

- . fio(s) eXp{XiTj'YX(S) + Z}Ej)‘?’z(s) + o(s)myj(s)}ds

i 6.2. 1
+ Z {9(miji)Yijr + log(giju) } — ﬁ 3 log(2m0%)

k=1 5

62 1 5
_20% -3 log(2mo7), (3.5)
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is the contribution of the ith facility to the joint log-likelihood, mji = m;j(tiji), mij(t) =
g’l{XiTjBX(t) + Z}Ej),@Z(t) + 6;; + 6;}, and g;;5 = 1 — myj,. The incomplete likelihood
function, L(0) = Y1 | [ Li(u;,0)du; with L;(u;,0) as the likelihood contribution of the
ith facility, is used to compute the expected value and variance of the random effects.

The time-varying coefficients «(t), Bx(t), B, (t), vx(t), and v,(t) are estimated
via a P-splines approach (Eilers and Marx, 1996). P-splines are used to achieve sufficient
smoothing with a high number of equally spaced knots and avoid over fitting with a penalty
term on the differences of the adjacent B-spline coefficients. The time-varying functions

(VCF) in the longitudinal and survival submodels are approximated as

Bx, () =Tx,B(1), Bz (1) =73 B(t),

Vx, () = X, B(t), 75, (t) =47, B(t), at)=9,B(1), (3.6)

where B(t) = {B(t), Ba(t), ..., Br(t)}" represents the B-spline basis functions, and Tx._,,
72,, Yx, Yz, ¥, are the R-dimensional spline coefficients with w = 1,...,p and v =

1,...,q. The baseline hazard function, fy(t), is approximated using the same P-splines

approach such that log{fy(t)} = 1 B(t), where v, = (Y5, - .., V)"

Under the P-splines approach, the log-likelihood in (3.5) is rewritten as

li(ui, ) Zlogp Tij, 0i516i5, 655 02) + log p(Yi5(6i5, 655 0 Le) + log p(6ij, 6i302),  (3.7)

where 0, = (6 L?,OS?,JE,UF) denotes the vector of parameters including the P-spline

coefficients involved in the longitudinal and survival submodels
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T
T T T T \T T T T T T T
aLT:(TX17"'7TXp7TZ1""7TZq) and GST: < a,lpﬁ7¢X1,...”(/)Xp,'lpzl,...,'(lfzq) 5
respectively. Similarly, the incomplete likelihood is redefined as
L(82) = S0, [ Li(us, 0)du;
The following steps provide an overview of our estimation procedure to obtain

0? = (OL?a 051’> OA_?? 6%‘)T:

1. The initial values of @1 and G5, are vectors with all elements set to 0. The initial
values of subject- and facility-level random effects variances UL% and U%‘, respectively,

are obtained using a generalized multilevel linear mixed effects model.

2. (E-step) A fully exponential Laplace approximation is used to obtain the estimates
of the posterior mean and variance for the random effects w;. This leads to the

approximated expected likelihood.

3. (M-step) The expected complete log-likelihood function is maximized to obtain the
closed-form solutions of the current estimates of U?g and 0%. A Newton-Raphson algo-
rithm is used to maximize the approximate expected complete log-likelihood function

to obtain the current estimates of (07 ,,0%,)".

4. The EM algorithm iterates between the E-step and M-step until the difference between

two consecutive log-likelihood values are less than a pre-defined tolerance level e.
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E-step and the Fully Exponential Laplace Approximation
In the E-step, the posterior mean and variance of the random effects are computed

as

_ JuiLi(ug; 09)du;
a f LZ'(’U/Z'; OT)dui

(w; — wio) (w; — wio) T Li(u;; 0p)du;
and v;p = f fL(u 0)du; - ) (3-8)

U0

respectively. The integrals involved in (3.8) do not have closed-form solutions and are po-
tentially high-dimensional due to the random effects w; = (6;1, .. ., bin,, 6;)T (of dimensions
51 - 163 in our motivating data). Therefore, for approximating these integrals, we utilize the
fully exponential Laplace approximation (Tierney et al., 1989). However, the fully exponen-
tial Laplace approximation can only be used for strictly positive function and the integrands
in our estimation might not satisfy this condition. To avoid this drawback, we follow the
approach discussed in Rizopoulos et al. (2009) and use the cumulant generating function,
log[E{exp(cTu;)}] (where ¢ = (c1,...,cn,+1)" is a constant vector), which is always posi-
tive, to estimate the posterior mean and variance. Under this scenario, the posterior mean
and variance are obtained by differentiating and evaluating the cumulant generating function
at ¢ = 0, uyy = 0log[E{exp(ctu;)}]/0c’|c=0 and vy = 02 log[E{exp(c u;)}]/0c’dc|c—o.

The fully exponential Laplace approximation is conducted in two steps: the mode
and correction steps. In the mode step, the modes for u;g, that is, @; = '&Ec)|czo where
ﬁgc)|c:0 = argmax,,, {Ei(ui,OT) + cTui}, are obtained, with ¢;(u;, 0s) is defined in (3.7).
This maximization is implemented via a safeguarded Newton-Raphson algorithm where '&?
is updated as

=iy — s {8, (@)} G, (@),
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where 76y, (al') = 517, with

Cvui):(ovﬁét)

21(.0) = —9? {&(ui, 0s,) + cTui} /8u?8ui, (64

w; \ 1

(aity = —0t;(u;, GT)/au?\ui:mt, and s de-
notes the step size.
In the correction step, the posterior mean and variance are approximated using the

modes from the first step. Differentiating the cumulant-generating function and evaluating

at ¢ = 0, the posterior mean and variance are computed as

, 1 o2
wio = U; — 5tr(v) and v = B — 5“" —VVT+ 2i_lacTéc ()= (0.411) ,

where ¥ = 2;1{8256)/80T}\(c,ui):(om), ¥ = 256)\620, with 4; and ;! are the modes
and the inverse of Egt from the last iteration of the Newton-Raphson algorithm, respectively,
from the first step. More information on the fully exponential Laplace approximation is
provided in Appendix A.1.

After estimating the posterior mean and variance of the random effects, the expec-
tation of the complete joint log-likelihood function is approximated in the E-step. However,
the closed-form expression of the expectation, denoted as

Yo E{ti(u;,0)|Y;,T;,0;, X;, Z;,0,} with 6}, representing the current estimates of 6y,

is intractable. Therefore, we employ a second degree Taylor’s expansion around the esti-
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mated posterior mean of u;y to approximate the expected log-likelihood as follows:

1
(05) = Ci(uio, 0p) + Li(u 107933)15(%‘—@0)—§E(Ui—U?o)T2fE(Ui—Ufo)

Z

T
- 5 (s) exp{ X7 (s) + Zj 77 (s) + a* (s)mi;(s) }ds

{ Z [%’ﬂog 5 (Tig) + X vk (Tig) + Zv 5 (Tig) + o (Tig)mi5(Tiy) }

=1

nij ((5*-~)2 4ok
0 6,i50 2)x
3 {glm) Vign +loggi) ) — 22 0 log(amod) + R5 A"
k=1 S
(67 +vio 1 2%
20.%* - 5 1Og(27TUF ) ) (39)

where m(t) = g~ {XiTjﬁ}(t) z(] B7(t) + 650+ 530} mige = m(tijk)ss Gigk = 1 — mijg,
E(u; —uj,) =0, Ag)* is Ag) (defined in the Appendix A.1), and
= —0%i(u;, 05)/0u] Oy, —(uz,)- Moreover, uj, denotes the estimated posterior mean

Uﬂ,ij0+277ij0+vb’,i0
2

of u;p obtained in the E-step, R}; = with v 1507 Vg 0, and 15, representing
the posterior variance for the subject- and facility-level random effects, and the posterior

covariance between the subject- and facility-level random effects, respectively.

M-step

The variance for the subject- and facility-level random effects are estimated by
setting the score functions of the incomplete log-likelihood Y7 ; log [ L;(u;; 0p)du; to zero.

The score functions of the incomplete log-likelihood function with respect to U% and U% are
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given as

and

%)=§af%log{/ (uz,t%du@} Z/<2UF ) (w;)du; = ZVO’F

where £(u;) = L;(u;;09)/ [ Li(ui; 0p)du; is the posterior density function of w;. Setting

V(0%) and V(0%) to zero, the estimates of 0% and 0% for the current iteration are given as

= <Z nl) ZZ{ 61]0 + Vg Z]O} and JF =n! Z{( ;(0)2 + V(T,i[)}'
i=1 i=1

=1 j=1

The parameters 0\ = (0%,,0%,)T are estimated by maximizing the penalized log-likelihood
ox o* 1 . —_— —_—
G0,7) = £1(0,7) — S Ading (: DTy @z T) , (3.10)

where £*(-) is the log-likelihood function specified in (3.9), A is a vector of penalty terms for
each time-varying coefficient function, @@ is the second order difference matrix (defined

* is a matrix with each row corresponding to the coefficients for the

in Section 2.4), and =
P-spline functions defined in (3.6) and the baseline hazard function (the penalized log-
likelihood is further defined in the Appendix A.1.2). Note that the parameters in 0;,0 do

not have closed-form solutions; therefore, we employ the Newton-Raphson algorithm and
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update 9;,0 through
é\a(it+1) _ p\o(it)

t
=0 '
P P e\o'ge\o-’

where ‘i’ is the current iteration, Q(lt) and 36(\) are the gradient and Hessian of the

\o o

penalized log-likelihood function (3.10) with respect to 9\ , respectively, evaluated at the

t
current estimates 0\ ol )

3.2.2 Random-Coefficient Spline Model

Although the P-splines approach described in the previous section is very flexible
and performs well in most cases, as the number of covariates get larger, determining the opti-
mal penalties for each time-varying coefficient function becomes computationally infeasible.
To overcome this challenge, we propose to utilize mixed effects models that estimate the
penalty as part of the estimation procedure. This leads to our Multilevel Time-Varying Joint
Model with random-coefficient splines (MTJMRE). Under the random-coefficient spline ap-
proach, the time-varying functions in the longitudinal and survival submodels ((3.1), (3.2))

are approximated as

Bx,(t) = ¢x,Br(t) + ¢x,Br(t), By (t)=¢y Br(t)+ ¢y Br(t),
Yx, (t) = p}‘(wBF(t) + Q;F(UJBR(t)7 Yz, (t) = p}wBF(t) + QEwBR(t%

a(t) = paBr(t) + 0o Br(t),

where Bp(t) = {1,t}* and Bg(t) = {(t — k1)4,...,(t — ki, )4} " with (a)y = (a)I{(a) >

0} represents the spline basis functions, ¢y _, ¢z , px_, Pz, P, are the 2-dimensional spline
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coefficients, and ¢y~ N(O, ag,% I,.), o5, ~ N(O, JZ,ZV I,,), ex, ~ N(O, ngw I,.),
0z, ~ N(O,agm I,.), 0, ~ N(0,02I,,) are the n,-dimensional spline random effect (S-
RE) coefficients with w =1,...,pand v =1,...,q, and I,,_ is the n, X n, identity matrix.
The baseline hazard function, fy(t), is approximated using the same random-coefficient
spline approach such that log{fy(t)} = p} Br(t) + o} Br(t), where pj is the 2-dimensional
coefficients and g; ~ N(0,021,,) is the n,-dimensional random effects.
Let 64 = (BEK, OEK, 0r,0%,02)T be the full parameter vector with
Orx = (PX,s - DX, Bhps- - #5)" and Osg = (P&, PL,PX,s -2 PR, Phyr- 2 Py,) " 8

the spline RE coefficients in the longitudinal and survival submodels, respectively, and

0, = {02,02,(02)T, (62T} as the vector of all their corresponding variances, where
2 _ (2 2 2 2 \T 2 _ (2 2 2 2 \T
ol = (0%1 s Oy 1 Tgu e ,ngp) and o2 = (0’8021 v O 1O s ,ngq) represent

all the patient- and facility-level spline RE coefficient variances, respectively. In addition,

similar to Section 3.2.1, we denote w = (u{,...w})T, with u; = (6;1,...,6i,,6;)T denoting

the REs for the ith facility, as the vector of all subject and facility-level random effects

and 9 = (p%, 0L, 08, 0F, 0%, 05)T as the vector of all spline RE coefficients with ¢y =
(90§15 s a¢§p)T’ Pz = (‘P;a s 7§0§q)Ta Ox = (Q§17 AR Qﬁp)Ta Qz = (lea LR ng)T'

Under the random-coefficient spline approximation for each varying-coeflicient function and

baseline hazard function, the joint density function in (3.4) is redefined as

p(Tij; 6ij, Y ij, 6i, 635,95 0) = p(Tiz, 6i516:5, 659, 02)p(Y 351645, 659,05 )p(6ij, 6i; 0x) X

p
pleqioa)p(es op) [ plexwiod, Irlex,ior, )
w=1
q

[1r(ezi02. )plez,:;.)-

r=1
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We propose to estimate the parameters 84 = (0}:9{7 OEK, 03, J%‘, og

2)T via an EM algorithm:

1. The initial values for 84 and Ogg are vectors with all the elements set to 0. The

initial values for the 0% and U% are obtained from a generalized linear mixed effects
model. The variances associated with the S-RE are obtained from generalized additive

models.

. (E-step) A fully exponential Laplace approximation is used to obtain the posterior
mean and variance for the REs w and 9. This leads to the approximate expected

log-likelihood function.

. (M-step) The parameters in 04 are estimated. The S-RE variances 6, o% and U%
are estimated with closed-form solutions. A Newton-Raphson algorithm is used to

maximize the approximate expected log-likelihood function to estimate 874 and Ogx.

. The algorithm iterates between the E-step and M-step until the relative difference

between two consecutive log-likelihood values are less than a pre-defined value.

E-Step and the Fully Exponential Laplace Approximation

In the E-step, we first compute the posterior mean and variance of the subject-

T

and facility-level REs w = (u{,...u;} )T, which are defined as

_ S uiLi(u; 9, 05)du;
J Li(ui; 9,04 )du;

[ (w; — wio) (w; — wio) T Li(ui; 9, 0z )du;
fLi(ui;ﬂ,OR)dui ’

u;0 and V0 =
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respectively, where

n;
Li(ui;9,0%) =[] p(Tij, 611615, 6139, 02)p(Yijl6i5, 639, 05 )p(6i, 6i; )
j=1
p
xp(@a; oa)p(0s: 07) [ plexwiod, Jplex,ioe,

w=1

)

w

q
< [ plez,:02. p(ez,:0z.) (3.11)
v=1

is the likelihood function for the ith facility. Second, we calculate the posterior mean and
variance of the S-RE and baseline hazard function RE, 9 = (ol, 0}, 0%, 0%, ¢ % )",

using the following formulas

[YL(9;u, bg)dd (9 —0) (9 — 99) T L(I;u, 0)dI

P = d Vyo =
OT TLMu,0g)d0 T [L(0;u, 04)d9 ’
where
L(0;w,0x) = [ITIp(Ti: 0165, 6i3 0, 0)p(Y ij6i5, 69, 02)p(bis, 6i; 0)
i=1j=1

p
XP(QQ; a Qﬁao-ﬁ H QOXwa ‘P”tw P(QXW§U£2>W)

q
< [[ p(ez:0k. p(ez,;00.,) (3.12)

v=1

is the likelihood function. Lastly, similar to Section 3.2.1, since the expected log-likelihood
function does not have a closed form, it will be approximated around the posterior means

of (uT, 19T)T with a second-order Taylor’s expansion as explained in Section 3.2.1.

48



Let us start with the first step where the posterior mean and variance of the
random effects are targeted. We compute these values with a fully exponential Laplace
approximation as described in Section 3.2.1. Using the likelihood function in (3.11), the

log-likelihood function is expressed as

Li(ui;9,05) = E {%ﬂog%( Tij) + X557 x (Ti5) + Ziyv2(Tij) + o(Tig)mi; (Tiz) }
=1
T

-/ () exp{ X v x (5) + Zigy vz () + als)mis () }ds

ij ()2 51'2
+; {g miik)Yije + log(gijk } — —S - *log(QTFO'S):| - 202 - 510g(27m?:)

1 1 1
3 (FQEIMQQ + log ’27“721%‘ + PQ;FIMQ& + log ’2770?In~, ’)
o h

1< 1
_52 <?¢§w1”n¢Xw +log|27raf, nn‘ + —
w=1 T

(A

QXWIMQX —|—log|27rag I, })

Qacw

1
0y In, oy +log|2n0l M|—|— QZVIMQZ +log |2m0;, I ‘)
Q

*qu

Similar to the random effects u, the S-RE are also computed using a fully ex-

ponential Laplace approximation. In the mode step, the modes for 9 are computed by

finding the values ¥ = \c o where 9 |c o = argmaxg{l(9;u},0%) + cI9}, with
c={Cl,-,C2pt+2g+2)ns, }T is a constant vector, and
(95 u5,02) = > <Z [ i{log o (Ti) + X 57 x (Tog) + Zijyv 2 (Tig) + a(Tog)mis (T5) }
i=1 \ j=1
Tij T T
- hio(s) exp{X ;v x (8) + ZijyYz(s) + a(s)mi;(s) tds
0
Tij k| %
* * (bl) 1 2 (l;r)2 1 2
+; {9(miz)Yige +los(gise)} = 5 5= = 5 10(2m0%) | = 529~ — 5 loa(2mo)
1 1
=5 (GzaTn0n +log 2noil, | + 2QﬁIn,»Qﬁ+log|27m I..|
1w 1 1
-5 ——x, In.px, +log|2nol, In.|+—5—ox In.0x, +log|2m0;, I,
2 — Ukpzw w w ngw w w Tw

M= &

% ( . ‘PZVIM‘PZ +10g|27m - n,.;|Jr ! QZ,,IMQZ +log{27ra Inn‘)?
3., 3.

v=1
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mi(t) =g~! {XiTjﬁX(t) +Z;,Bz(t) + 60 + 5;‘0}’ myge = mig(tijk)s gy, = 1 — mjy, is the
log-likelihood function. The values 9 can be computed from a safeguarded Newton-Raphson

algorithm with 9" updated as

9T = 9" — (D)) gD,
where ‘it’ denotes the current iteration, 5‘619(19%) =Xy = 2590)| Lit, with

(¢,9)=(0,9")
5% = 02 {0(0;uf, 0) + 7O} /09709, and G (D) = ~0(D; uf, 0) /09| ), and
s denotes the step size.
In the correction step, the posterior mean and variance for the S-RE are computed

from the modes. Differentiating the cumulant-generating function, log E{exp(c’4)}, and

evaluating at ¢ = 0 leads to the following the posterior mean and variance

.1 1 P o> 314
Yo =19 — Etr(()g) and Vo = Xy — itr —VyVy + 32 (3.13)

9 9cToe N
(e,9)=(0,9)

where Vg = 251{82590)/8CT}](C#9):(0,@ Yo = 2596)|c:0, with 9 and 251 as the modes

)7

and the inverse of 3%, respectively, obtained from the last iteration of the Newton-Raphson
algorithm from the mode step. More information on the fully exponential Laplace approx-

imation is provided in the Appendix A.2.

The expectation of the complete joint log-likelihood function in the E-step is ap-
proximated using the estimated posterior mean and variance of Ogr = (u ™, 19T)T. However,
the closed-expression of the expectation of the log-likelihood function is intractable. There-

fore, we employ a second degree Taylor’s expansion around the estimated posterior mean

50



of Orp, denoted as Ojpp,

UOrE,0%) =~ UOirg,0%) + 0 (0rE,0%)EOrE — 0irE) — ~E0rE — 03rE) Zops E(OrE — O3rE)

2
Z (Z [ i {log g (Tig) + X 5vx (Tig) + Ziy7 5 (Ti) + o (Ti)miy (Tij) }

=1

E* (Q}}EW 0;{)

TiJ
—A i () exp{ X 5k () + ZT,7 5 (5) + ()i (5) s

Nij 2% 2 *
' . « ([‘ ) +Uv',i' 1 *
+ > {g(m)Yij +log(gie) } — W ~3 log(2m0") + R AL
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where mj;(t) = g~ {X;l;,@}( ) + ZT])Bz( )+ 6550 + GzO} e = my(tik), gy =1 — my,
E@re—05rg) =0, A(Z)* is A( ) evaluated at Okp and 0% (defined in the Appendix A.1),

EZRE = _624/80£E60RE](9RE): and py(+;-) is the log of the multivariate normal

(991‘%150)’

density function. Additionally, A*(:) indicates the second derivative of the log-likelihood
function with respect to the S-RE’s random effects (defined in Appendix A.2), evaluated
and §$ZU , indicate

at current estimates of Orp and O, and ¢, <;, g;%%, gfp‘zy o QZ% P

the posterior variance of each S-RE. Moreover, u}, denotes the estimated posterior mean of

* * *
V5,550 72550 Y%, 0
2

u;o obtained in the E-step, @fj = with v 4407 V0, and 77;}0 represents the
posterior variance for the subject- and facility-level random effects, and posterior covariance

between the subject- and facility-level random effects, respectively.

51



M-Step

The subject- and facility-level variances are computed as described in Section
3.2.1. The S-RE variances are obtained by setting the score functions of the incomplete

log-likelihood function, provided in Appendix A.2.3, to zero. The closed-form solutions for

2 2 2 2 2

2
Tar 043 Ty s O s Ty, and 0,,, are expressed as
Nk Nk
2% —1 * 2 * 2% —1 * \2 *
Oq = Ny E {(Qa%) =+ ga%} y Op = My § {(Qﬁ%) + gﬁ%} )
x=1 x=1

Nk Nk
2% -1 § : * 2 * 2%« _ -1 * 2 *
Ugozw =Ny {((pr%) + gcpzw;t} ) ngw =Ny Z {(QXW%) + §gzw%} ’
=1 »=1

Nk Nk
o2, =t S P i o =t D {0507 i}
n=1

x=1
respectively. The parameters 0}{7 = ( ER’ HER)T are estimated by maximizing the approxi-
mated expected log-likelihood function defined in (3.14). Since the parameters in 9}{7 do not
have closed-form solutions, the Newton-Raphson algorithm is employed with the update as

\o(it+1) _ p\o(it) (it) o(it)
09{ - 0?{ - ‘%9;{7@0}{;7

where ‘i¢’ is the current iteration, Q:@ and 36(91@ are the gradient and Hessian of the
R R

log-likelihood function (3.14) with respect to 0\0, respectively, evaluated at the current

)

estimates 0>{U(it .
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3.3 Inference

For inference under both the P-spline and random-coefficient spline approaches,
we suggest using bootstrap-based standard errors as empirical results show that likelihood-
based standard errors are biased in estimation of the true standard errors (Hsieh et al.,
2006; Kiiriim et al., 2021). Let £(¢) denote a single estimated time-varying coefficient
function from the longitudinal submodel (B, (t)) or survival (a(t), A(t), 7x(t)) submodel,
the following setup is used to obtain the bootstrap-based standard errors of } (t) under both

our estimation procedures:

1. Draw a bootstrap sample by sampling n facilities from the data with replacement.

2. Apply the EM algorithm in Section 3.2.1 to the bootstrap sample and obtain pa-
rameter estimates, 0, using MTJM (P-splines approach). Similarly, perform the
EM algorithm presented in Section 3.2.2 to the bootstrap sample and obtain param-
eter estimates, @R, and predicted posterior means of 8y using MTJMRE (random-

coefficient spline technique).
3. Repeat Steps 1 and 2 for B bootstrap samples.

4. Compute ﬁ(t), the estimated function using the fitted model from sample b, b =

1,...,B, and obtain the standard error of f(¢):

B
SEU0) = | S 0h(H) - (1)
b=1

A~

with £(t) = £ S8 4(t).
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Chapter 4

Simulation Study

This chapter provides the results of the simulation studies conducted for the MTJM
(P-splines Models; 4.1) and MTJMRE (Random-Coefficient Spline Models; 4.2). Each
simulation study utilized the Armadillo library (Sanderson and Curtin, 2016, 2018) via the
RcppArmadillo package (Eddelbuettel and Sanderson, 2014) and analyzed in R (version

3.6.3) (R Core Team, 2022).

4.1 P-Splines Models

We generated 50 Monte Carlo data sets to assess the efficacy of MTJM, as described
in 3.2.1, in estimating the varying-coefficient functions as well as the bootstrap-based stan-
dard errors. Each data set contains n = 200 facilities, with each facility containing n; = 20
patients, each patient having 20 observations, measured at equally-spaced time-points in

the interval [0,1], before censoring from the survival submodel.
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Each subject had two covariates, the subject-level X;;; and facility-level Z;;1,
both generated from a normal distribution with a mean 0 and variance 1. The subject- and
facility-level random effects (REs) were simulated independently from a normal distribution
with mean 0 and variances 1.4 and 0.3, respectively.

The true time-to-event 77 was generated using the inverse probability integral
transformation and Weibull baseline hazard function, fy(t) = 1.1t%1) as described in Bender
et al. (2005). The censoring time was Cj; = min(Cy;, 1), where C}; was generated from an
exponential distribution with a mean of 2.5. The observed time-to-event and event indicator
were obtained as Tj; = min(7}}, Cj;) and &; = I(T}; < Cj;), respectively. The overall
censoring rate was approximately 71%. The binary longitudinal outcome at time ¢, Y;;(t),

was simulated using an underlying normal latent variable Y7,

where Y;;(t) = 1(Y;; > 0),
and the longitudinal submodel served as the mean of the latent variable. The overall
hospitalization rate was approximately 27%. The time-varying coefficient functions for the
longitudinal submodel were Sy (t) = cos(2nt) — 1.5, Bx, (t) = sin(nt), and Bz, (t) = sin(27t),
and the time-varying coefficient functions for the survival submodel were «(t) = sin(27t),
vx,(t) = —cos(2wt) /2, and vz, (t) = — sin(2nt)/2.

The time-varying coefficient and baseline hazard functions were both modeled
with B-spline functions using cubic truncated power functions and 5 interior knots, and

estimated using the procedure in Section 3.2.1. The bootstrap-based confidence intervals

were obtained using the approach described in Section 3.3 based on B = 48 samples.
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Results

Table 4.1 provides the bias, true standard deviation (SD), bootstrap-based stan-
dard error (Bootgg), and standard deviation of the bootstrap-based standard errors
(Bootgpg,) for subject- and facility-level RE variances. The estimated RE variances per-
form well with small bias; however, the bootstrap-based standard errors deviate from the
true standard deviation, but within margin of error. Tables 4.2 and 4.3 provide the bias,
true standard deviation (SD), bootstrap-based standard error (Bootgg), and standard de-
viation of the bootstrap-based standard errors (Bootgp, ) for each time-varying coefficient
functions in longitudinal and survival submodels, respectively, measured at time points
0.25, 0.5, and 0.75. The tables show a relatively small bias for all functions; furthermore,
the bootstrap-based standard errors perform well in estimating the theoretical standard
deviation.

Figures 4.1 and 4.2 provide the estimated time-varying functions (dashed line)
and true functions (solid line) for the longitudinal and survival submodels, respectively.
Both figures show the estimated function performs well in aligning with the true functions;
furthermore, the bootstrap-based confidence intervals (dotted) capture the true function.
We observe a boundary effect on the function «(t) as the confidence intervals begin to

widen.
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Figure 4.1: Estimated time-varying functions (dashed line) in the longitudinal submodel,
based on (3.1), for n = 200 facilities overlaying the true functions (solid line) along with
95% bootstrap-based (dotted) and mean theoretical (dashed-dotted) confidence intervals.
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Figure 4.2: Estimated time-varying functions (dashed line) in the survival submodel, based
n (3.2), for n = 200 facilities overlaying the true functions (solid line) along with 95%
bootstrap-based (dotted) and mean theoretical (dashed-dotted) confidence intervals.
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Parameter | True value Bias SD Bootsg Bootspgy

0% 1.4 0.02 0.06 0.15 0.11

o, 0.3 0.11 0.31  0.16 0.04

Table 4.1: The bias, true standard deviation, bootstrap-based standard error, and standard
deviation of the bootstrap-based standard error are provided for the subject- (0%) and
facility-level (0%) variances.

Function | Time True value Bias SD Bootsg Bootspgyg

0.25 -1.50 0.11 0.27 0.14 0.04

Bo(t) 0.50 -2.50 0.11 0.27 0.15 0.05
0.75 -1.50 0.10 0.28 0.14 0.04

0.25 0.71 -0.02 0.11 0.07 0.02

Bx, (t) 0.50 1.00 -0.02 0.12 0.07 0.02
0.75 0.71 -0.03 0.11 0.07 0.02

0.25 1.00 0.00 0.04 0.04 0.01

Bz, 0.50 0.00 0.01 0.04 0.04 0.00
0.75 -1.00 0.00 0.04 0.05 0.01

Table 4.2: The bias, theoretical standard deviation, bootstrap-based standard error, and
the standard deviation of the bootstrap-based standard error for the longitudinal submodel.

Function | Time True value Bias SD Bootsg Bootgpgy

0.25 1.00 0.01 0.25 0.24 0.03

a(t) 0.50 0.00 0.16 0.59 0.58 0.11
0.75 -1.00 0.17 0.77 0.72 0.13

0.25 0.96 -0.01 0.07 0.08 0.01

ho(t) 0.50 1.03 -0.03 0.09 0.10 0.01
0.75 1.07 -0.07 0.16 0.17 0.02

0.25 0.50 0.00 0.06 0.06 0.01

vx, (1) 0.50 0.00 -0.02 0.08 0.09 0.02
0.75 -0.50 -0.02 0.15 0.14 0.02

0.25 0.00 -0.01 0.06 0.06 0.01

AL 0.50 -0.50 0.02 0.08 0.08 0.01
0.75 0.00 -0.04 0.16 0.15 0.02

Table 4.3: The bias, theoretical standard deviation, bootstrap-based standard error, and
the standard deviation of the bootstrap-based standard error for the survival submodel.
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4.2 Random-Coefficient Spline Models

We conducted a simulation study to assess the efficacy of the proposed MTJMRE
model in estimating the time-varying coefficient functions as well as the bootstrap-based
standard errors. Performance of the model was assessed at n = 250 and n = 500 facilities,
with each facility containing n; = 50 patients. The maximum number of repeated mea-
surements for each patient was 25 observations, measured at equally-spaced time-points in
the interval [0,1], before censoring from the survival submodel. Reports for each case were
based on 50 Monte Carlo data sets.

The subject-level covariates, X;; = (Xijl,X,-jg)T, were simulated from a normal
distribution with means 0 and 1.5 and variances 1 and 0.5, respectively. The facility-level
covariates, Z;;) = (Zl-(j)l, Zi(]-)z)T, were simulated from a normal distribution with means
-0.3 and 1.5 and variances 1 and 0.5, respectively. The subject- and facility-level random
effects (REs) were simulated independently from a normal distribution with mean 0 and
variances 1.3 and 0.2, respectively.

For each subject, the true time-to-event T;; was generated using the inverse prob-
ability integral transformation with the Weibull baseline hazard function as fig(t) = 1.5¢0-°
(Bender et al., 2005). The censoring time was Cj; = min(C};, 1), where C}; was generated
from an exponential distribution with a mean of 1.5. The observed time-to-event and event
indicator were obtained as T;; = min(7};, Cj;) and 6;; = I(T}; < Cjyj), respectively. The

binary longitudinal outcome at time ¢, Y;;(¢), was simulated using an underlying normal

latent variable Y7, where Y;;(t) = I(Y;; > 0), and the mean of the latent variable was
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determined using the longitudinal submodel. The overall censoring and hospitalization rate
were approximately 58% and 31%, respectively.

The subject-specific and facility-specific time-varying coefficient functions for the
longitudinal submodel were B (t) = {Bo(t), Bx, (t), Bx, (t)}T with Bo(t) = cos(3xt/2) — 0.5,
Bx, (t) = sin(27t — 1/8), and Bx,(t) = —sin(2nt — 1/8); and B, (t) = {Bz (1), Bz, (1)}T
with Bz, (t) = cos(mt — 1/2), and fgz,(t) = —cos(nt — 1/2), respectively. The time-
varying coefficient functions for the survival submodel were defined as «a(t) = sin(27t),
vx () = {vx,(t), vx,(t)}T specifying the subject-level functions with yx, (t) = — cos(27t)
and 7y, (t) = cos(27t), and v, (t) = {vz, (t),72,(t)}T were the facility-level functions with
vz, (t) = —sin(3nt/4) and vz, (t) = sin(37t/4).

The time-varying coefficient and baseline hazard functions were both modeled with
the random-coefficient spline models and estimated using the procedure in Section 3.2.2.
In terms of inference, the bootstrap-based confidence intervals were obtained using the

approach described in Section 3.3 based on B = 25 samples.

Results

Figures 4.3 and 4.4 display the estimated time-varying functions (dashed) and true
functions (solid) for the longitudinal and survival submodels based on n = 250 facilities,
respectively; additionally, figures 4.5 and 4.6 display the estimated time-varying functions
(dashed) and true functions (solid) for the longitudinal and survival submodels based on
n = 500 facilities, respectively. For n = 250, there is a noticeable bias in estimating the
time-varying functions, and the width of the bootstrap-based confidence intervals increase

at the boundaries for the longitudinal submodel; however, as expected, the shape, bias and
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confidence intervals improve when the number of facilities increases to n = 500. In terms
of the survival submodel, overall, our method performs well, where the estimates target the
true functions, and the bootstrap-based confidence intervals cover the true function. For
both scenarios (n = 250 and n = 500), we observe slight boundary effects in our estimation
such that the estimated functions deviate from the truth at these points. In addition, for
both longitudinal and survival submodels, bootstrap-based confidence intervals are close to
the theoretical confidence intervals (dotted lines). Overall, the results show that our method
leads to lower bias and narrower confidence intervals as the number of facilities increases.
Table 4.4 provides the estimated bias, theoretical standard deviation, bootstrap-
based standard error, and standard deviation of the bootstrap-based standard error for the
subject- and facility-level variances. The table shows that both variances are estimated
well regardless of the number facilities; however, as the number of facilities increases, the
bootstrap-based standard errors perform better in estimating the true standard deviation.
Tables 4.5 and 4.6 provide the estimated bias, theoretical standard deviation, bootstrap-
based standard error, and standard deviation of the bootstrap-based standard error for
the time-varying functions in the longitudinal and survival submodel, respectively, at time
points 0.25, 0.5, and 0.75. Overall, the tables indicate that the bias decreases as the number
of facilities increases to n = 500. Furthermore, the bootstrap-based standard errors target
the true standard deviation, that is, the SD is captured within +2 the standard deviation

of the bootstrap-based standard errors for all functions and time points.
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Figure 4.3: Estimated time-varying functions (dashed line) in the longitudinal submodel,
based on (3.1), simulation runs for n = 250 facilities overlaying the true functions (solid line)

along with 95% bootstrap-based (dotted) and mean theoretical (dashed-dotted) confidence
intervals.
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Figure 4.4: Estimated time-varying functions (dashed line) of the survival submodel, based
on (3.2), simulation runs for n = 250 facilities overlaying the true functions (solid line)
along with 95% bootstrap-based (dotted) and mean theoretical (dashed-dotted) confidence
intervals.
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Figure 4.5: Estimated time-varying functions (dashed line) in the longitudinal submodel,
based on (3.1), simulation runs for n = 500 facilities overlaying the true functions (solid line)
along with 95% bootstrap-based (dotted) and mean theoretical (dashed-dotted) confidence
intervals.
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Figure 4.6: Estimated time-varying functions (dashed line) in the survival submodel, based

on (3.2), simulation runs for n = 500 facilities overlaying the true functions (solid line)
along with 95% bootstrap-based (dotted) and mean theoretical (dashed-dotted) confidence
intervals.
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Parameter | True value Number of facilities Bias SD Bootsg Bootgspgy,
2 13 250 0.03 0.07 0.06 0.01
S ' 500 0.03 0.05 0.04 0.005
9 250 0.02 0.03 0.03 0.04
o 0.2
F 500 0.02 0.02 0.02 0.003

Table 4.4: The true and estimated values, as well as the true and bootsrap-based percentiles,
are provided for the subject- (0%) and facility-level (¢%) variances.
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Function | Time True value Number of facilities Bias SD  Bootsg Bootgpg,
0% om0 0 006 006 oo 001
ae) | 05 0 008 00t 0o oo
075 0 000 01 010 oo
0% 09 0 005 0w 0m 000
B | 05 oz S 1 O A R
075 09 0 w13 0o oor  oor
0% 09 0 006 003 003 oot
an() | 05 o 0 005 005 005 oo
075 0 0o oor oor oo
0% 0 0 009 00 o003 00
o | 05 oas 0 o0n 00 ool oor
075 028 0 010 0o oo oor
0% 09 0 010 00i o0l 001
B | 05 0 0 003 006 oo oor
075 025 50 oo oos oos oo

Table 4.5: The bias, theoretical standard deviation, bootstrap-based standard error, and
the standard deviation of the bootstrap-based standard error for the longitudinal submodel
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Function | Time True value Number of facilities Bias SD  Bootsg Bootspgy,
0.95 ) 250 -0.17 030 027 0.06

‘ 500 0.02 0.15 0.14 0.02

250 -0.05 0.29  0.29 0.06

a(t) 0.5 0 500 013 025 0.26 0.04
0.75 4 250 0.07 045 045 0.08

' 500 -0.04 031  0.29 0.04

250 0.14 012 0.11 0.02

0.25 0.75 500 -0.09 0.05 0.07 0.01

250 0.06 0.17  0.12 0.02

fi(t) 0-5 1.06 500 -0.02 0.11  0.09 0.01
250 0.08 028 0.17 0.03

0.75 1.30 500 -0.10 0.20 0.12 0.02

0.95 0 250 0.06 0.04 0.04 0.01

: 500 -0.05 0.03  0.03 0.00

250 -0.09 0.06 0.06 0.01

7, (1) 0-5 1 500 0.06 0.05 0.05 0.01
0.75 0 250 0.05 0.10 0.11 0.02

500 -0.02 0.08 0.07 0.01

0.95 0 250 -0.07 0.04 0.04 0.01

‘ 500 0.07 0.03  0.03 0.00

250 0.06 0.08  0.07 0.01

7, (1) 0.5 -1 500 -0.08 0.06 0.06 0.01
0.75 0 250 -0.05 0.11  0.12 0.02

500 0.03 0.08 0.09 0.01

250 0.08 0.03 0.03 0.01

0.25 -0.56 500 -0.05 0.02  0.02 0.00

250 0.08 0.05 0.05 0.01

12 (t) | 05 -0.93 500 20.04 0.05 0.04 0.01
250 0.00 0.09 0.09 0.02

0.75 -0.98 500 -0.07 0.06  0.05 0.01

250 021 0.04 0.04 0.01

0.25 0-56 500 -0.22 0.02  0.03 0.00

250 -0.03 0.08 0.07 0.01

V2> (t) 0-5 0.93 500 0.03 0.06 0.06 0.01
250 0.01 012 0.11 0.02

0.75 0.98 500 0.00 0.09 0.08 0.02

Table 4.6: The bias, theoretical standard deviation, bootstrap-based standard error, and
the standard deviation of the bootstrap-based standard error for the survival submodel
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Chapter 5

Application to USRDS Data: Joint
Modeling of Hospitalization and

Survival Outcomes

5.0.1 USRDS Study Cohort and Patient- and Facility-level Risk Factors

We applied the MTJMRE to the United States Renal Data System (USRDS) data,
a national database collecting information on nearly all U.S. patients with end-stage renal
disease on dialysis. The study collected information on patients who were at least 18 years
old and initiated dialysis between January 1, 2006 and December 31, 2008. These patients
were followed for 5 years, with the last follow-up date as December 31, 2013, or until a
patient switched facilities. The inclusion criteria were: (1) patients who survived the first
90 days, did not recover any kidney function, and did not have a kidney transplant, and (2)

patients were covered by Medicare as their primary payer on Day 91.
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Per the recommendation of the USRDS researcher’s guide ”90-day rule”, the first
day of study follow-up started on Day 91 to allow for the completion of the Medicare
eligibility application and establish a stable dialysis treatment modality (United States
Renal Data System, 2018). The final study cohort included 292,672 observations, 34,030
patients, and 520 facilities, where each facility approximately contained 50 to 162 patients
(median is 61, first [Q1] and third [Q3] quartile are 54-71, respectively).

The patient mean age was 65 years old with a standard deviation of 15, and
45% of patients were recorded as female. The common baseline comorbidites are reported
as follows: chronic obstructive pulmonary disease (COPD; 18.7%), septicemia (10.2%),
other infectious disease (23.1%), cardiorespiratory failure (12%), coagulopathy (7.9%), and
psychiatric conditions (11.2%). Among 520 facilities, the median follow-up time was 24.3
months (Q1-Q3: 21.1-27.4), and the mean number of hospitalizations was 1.8 person-years
with a standard deviation 2.2. The median unadjusted marginal survival time was calculated
as 46.5 months. The mean ratios for nurses to patients and patient care technician (PCT)
to patients is 7.6% and 9.4% with standard deviations of 3.2 and 2.9, respectively.

The proposed MTJMRE was fitted to study the time-varying effects of the patient-
and facility-level covariates for the longitudinal and survival submodels. The longitudinal
submodel included age (centered), sex, baseline comorbidities (COPD, septicemia, other in-
fectious diseases, cardiorespiratory failure, coagulopathy, and psychiatric conditions), nurse-
to-patient ratio, and PCT-to-patient ratio. The survival submodel includes age (centered),
sex, baseline comorbidities, nurse-to-patient ratio, PCT-to-patient ratio, and hospitalization

risk score (longitudinal outcome) as a covariate. The time-varying coefficients were esti-
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mated using a random-coefficient spline models with 20 equally-spaced knots. The baseline
hazard function was fitted using a Weibull model. All analysis was conducted in R (version
3.6.3) (R Core Team, 2022) and utilized the Armadillo library (Sanderson and Curtin,

2016, 2018) via the RcppArmadillo package (Eddelbuettel and Sanderson, 2014).

5.0.2 Analysis

The estimated time-varying effects of the patient-level risk factors (solid line) on
longitudinal hospitalizations are displayed in figure 5.1, along with the 95% confidence in-
tervals (dashed lines), and a reference line at 1 (dotted line). The results demonstrate that
older age at transition to dialysis is associated with a higher odds of hospitalization starting
at about 12 months (i.e., after the fragile first year transition to dialysis time period; figure
5.1 (b)). The effect of the psychiatric conditions and other infectious diseases/pneumonia is
relatively stable over time and they are significantly associated with higher odds of hospi-
talization approximately until the end of the third and fourth year of dialysis, respectively.
The effect of COPD (figure 5.1 (d)) becomes significant after the first year of dialysis and
similar to other chronic and acute conditions, its effect can be considered to stay stable
during the first five years of transition to dialysis. The estimated subject- and facility-level
variances were 0% = 1.15 and 0% = 0.82 with a 95% confidence interval of (0.83, 1.46) and
(0.73, 0.92), respectively.

The estimated time-varying effects (solid line) of the patient-level covariates on
the survival submodel is shown in figure 5.2, with the 95% confidence intervals (dashed
lines), and a reference line at 1 (dotted line). As expected, older age at dialysis transition is

associated with an increased hazard of death (figure 5.2 (a)). We observe that between first
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and fourth years of dialysis, females have a lower risk of death compared to males (figure
5.2 (a)). The chronic obstructive pulmonary disease is significantly associated with risk of
death during the second and third years of dialysis and these conditions both increase the
hazard of death. We observe a similar result in the effect of cardiorespiratory failure and
psychiatric conditions (figure 5.2 (f;h)). The estimated time-varying effect of hospitalization
risk score on the hazard of death is presented in figure 5.2 (i). According to the bootstrap-
based confidence intervals, hospitalization risk score have a significant effect on survival
between months 38 and 48 with the highest point estimate of HR(t)~ 5.0 at about 47
months post-dialysis. The estimated baseline hazard parameter was A = 1.004 with a 95%
confidence interval of (1, 1.04).

Figure 5.3 displays the time-varying effects (solid line) along with the bootstrap-
based confidence intervals (dashed lines) and the reference line (dotted line). The esti-
mated facility-level time-varying effects indicate that both nurse-to-patient ratio and PCT-
to-patient ratio are associated with significantly lower risk of death. In addition, we ob-
serve that the hazard ratios for both factors remain constant throughout the study period,
HR(t) ~ 0.8 and HR(t) ~ 0.75, respectively, for 0 < ¢ < 60. In terms of hospitalization,
between months 25 and 40 after transition to dialysis, both nurse-to-patient and PCT-to-

patient ratios are associated with a slightly lower the risk of hospitalization.
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Figure 5.1: Estimated patient-level effects on hospitalization, time-varying odds ratio

OR(t) = exp{fBx,(t)}, (solid) along with their 95% bootstrap-based confidence intervals
(dashed).
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Figure 5.2: Estimated patient-level effects on survival, time-varying hazard ratios HR(t) =
exp{9x,(t)} and HR(t) = exp{a(t)}, (solid) along with their 95% bootstrap-based confi-
dence intervals (dashed).
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Figure 5.3: Estimated facility-level effects on (a,b) hospitalization, time-varying odds ra-

tio OR(t) = exp{Bz,(t)}, and (c,d) on survival, time-varying hazard ratio HR(t) =
exp{9z, (t)}, (solid) along with their 95% bootstrap-based confidence intervals (dashed).
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Chapter 6

Conclusion

Motivated by the data from United States Data Renal System (USRDS), we intro-
duced a multilevel time-varying joint longitudinal-survival model to describe the dynamic
associations between each outcome (longitudinal and survival) and their corresponding mul-
tilevel predictors (subject- and facility-level risk factors). We adopted a varying-coefficient
modeling scheme for each outcome to explore these time-varying relationships. In terms of
estimation, we proposed two approaches, based on P-splines and random-coefficient splines.
Under each method, estimation and inference were performed via a proposed approximate
Expectation-Maximization algorithm, where at the E-step, the random effects were targeted,
while at the M-step, model parameters were estimated via a Newton-Raphson algorithm.
We investigated the finite sample capabilities of both estimation procedures through exten-
sive simulation studies, in which we recommended estimating the standard errors using a
bootstrap approach. Note that, although both procedures performed well and were demon-

strated to be capable of estimating time-dynamic associations in a joint modeling setting,
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we suggest using the P-splines method when the number of covariates in both submodels
are small.
In addition to the work presented in this dissertation, future work on Multilevel

Time-varying Joint Models are as follows:

1. Extend the models to incorporate multiple longitudinal outcomes as well as competing

risk type of survival outcomes.

2. Incorporate different functional forms of m;;(t), such as longitudinal trajectory

(dm;;(t)/dt) or cumulative effect ([ m;;(t)/dt), into the survival submodel.
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Appendix A

EM Algorithm Details

A.1 P-Spline Models

A.1.1 E-Step Functions

The score function ¢, is written as

T
B 1 6a o) b 1) biny (1) 6;
gul(Ail _;gaAiQ _G%a"'»Ami_UQaZ{Aij}_alzp )

S j=1

where
Ty nij
A = 6i0(Tiy) miy (Ti) 455 (T) —/U fio(s)cx(s)mij () gij () Eigds + Y (YVigr — mij)
k=1

with g;(Tij) = 1 — mj(Tij) and 5 = exp{Z];)72(t) + X jyx (t) + a(t)mi;(t)}.
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The Hessian matrix #,,, is written as

82&'(1“,9) 0 .. 0 82&'(11,1‘,9)
6% 06;106;
0 82&'(11,1‘,9) .. 0 82€i(ui,0)
963, 96,206,
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AP = 8ol Ty mi(Ti)gig (Tig) { 465 (Tig) — mij(Tij) }
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~, (s)a(s)mij(s)qij(s)Eij{a(s)mij(s)gij(s) + qij(s) — mij(s)}ds
- ZJ: ik Gigk- (A.2)
k=1

- () 22 (c)
. . . . 9%y 9%y, ou,; o,
To obtain the values involved in ¥/, we must first obtain 9ul" 9uTou,” DT deToe’

oal”\ ([ oal” o : T 9
and | 54 55— |- The first derivative of X; with respect to u; is a (n; +1)° x (n; +1)

03,

matrix from the concatenation of (n; + 1) X (n; + 1) matrices representing the o5, and 2

3
06; *

Let \IJS) represent the matrix involved in gfl
ij
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The only nonzero elements involved in the \IIS) are the (5,5)™, (j,n; + )™, (n; +

1,7)™, and (n; + 1,n; + 1)* which are formulated as

\11591) = —0iolTij)mij (Tij) g5 (T
Tij

+ [ fo(s)a(s)

0

{{O‘ $)gij(s) + qij(s) —
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+ Z {mijnain —
k=1

2
Mk %jk;} .

The second derivative of X; with respect to w] and w; is a (n; + 1)% x (n; + 1)?
matrix compiled of block matrices of size (n; + 1) x (n; + 1):
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where \Ilg) is an (n; + 1) x (n; + 1) matrix with the only non-zero elements being in the

(7, D™, (G, ni + DM, (ns +1,75)™, and (n; + 1,n; + 1)™ position formulated as

as

—0i5a(Tj)mij (Tig) gij (Tig)

X {qgj(nj)_llﬂﬁj(ﬂj)qgj(T )—|—11m ( U)%J( ) ngj(ﬂj)}
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The first derivative of ﬁgc) with respect to ¢ is a (n; +1) x (n; + 1) matrix denoted
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881 8Cni+1
~ (c)
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and the second derivative of 4;(® respect to ¢ is a (n; + 1)2 x (n; + 1) matrix denoted as
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Rizopoulos et al. (2009) provided the first and second partial derivatives for w; with respect

5, () 2.4 (c)
to ¢ as 8ch.T le=0 = 2;1 and %k:o = Ei_l(—BEi/OuiT)Ei_lEi_l, respectively, where
¥ =320 .
. . N ox(® #2x© .
To obtain the partial derivatives - and Zr5;, Rizopoulos et al. (2009) ex-

panded the derivatives using the chain rule:
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The first derivative of ZEC) with respect to ¢ is a (n;+1)% x (n;+1) matrix composed
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and

6256) (92'&2(.6) n; o, 82(21(;2 . 0%, 82356)

auZT 8CjaCj/ =0 - =1 862-]-* 8Cjacj/ (‘361- 3CjaCj/

A.1.2 M-Step

The penalized likelihood function (3.10) contains a penalty term
A= (Ao Mg, )\;l;, )\;Fz, )\Tw, A¢Z)T that controls the roughness of each time-varying coefficient

function with A7, = (A7, ... AL = (Aryseeon A )T Ay, = (Agys - - ,)\%p)T, and

i )\’sz I TZq

*

Ay, = ()\¢Z1 Yo ,A¢Zq)T; and the matrix Z* contains the time-varying coefficients formu-
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lated as
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The maximum likelihood estimates for the parameters in 85 are obtained by max-
imizing the penalized likelihood function (3.10). However, computing the Hessian matrix
can be burdensome for the M-Step. Therefore, a quasi-Newton method is used with a BFGS
update to approximate the Hessian matrix. Approximating the update for the Hessian ma-

trix can be found in Givens and Hoeting (2012). Below are the first derivatives for the

M-Step.
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- Z Xijw @ Bltijr) {migrdi, — mdin}
k=1

Zigsy © B(Ty)b;0" (T 5 (1) 5, (Ts)
< [{a5(T) = miy(T) Y = 2005 (1) g5 (L)
—/OT” Zis) © B (5)E5jac" (s)my ()5 (5)
[{a (5)g5(5) + g5(5) — m55(5)}
s)q;;(s {a s)q;;(s) — a*(s)m;(s) — 2}] ds

Nij

_ZZ ])V®B ijk {m’tjqugk zﬁcqz*gk}

/ X5 ® B(s)h; (s)Ef0 (s)m(s)g5(s)
X{a ( )qz]( )—|—gm(3)—m:;(8)}d8
T4

/0 Zijyw © B(s)ho (s)Ef5a (s)mi5(5)g55(s)

x {a"(s)mf;(s)g55(s) + g5(s) — mi(s) } ds,
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A.2 Random-Coefficient: Models

A.2.1 Derivatives to obtain the posterior modes

The derivatives with the respect subject- and facility-level random effects required
for Section 3.2.2 are computed by replacing the VCMs from the derivatives in Section A.1.1

with random-coefficient spline models. The score functions G is defined as

T
_ T T T T T T T T T T
gﬁ__(QSOQ’QLPNQSOXI"”7Q<PXZ,7Q<PZ1""’QLPZLI’QQXI""7QQXP’QQZI""7QQZq) ’

T T
O0l(ORrE,0) 9(OrE,0) _ J 0t(OrE,0) O(OrE,H)
where Q { Do Dpans , QW = Donr 2 O ,
T
_ J 9UORrE,9) H(OrE,H) } { Ol(ORrE,H) 9(ORrE,0) } :
gwﬁﬂ B { 830,37]1 R 890/37]71& and g 850’Y7)1 L 89077]71;& ’ Wlth
Ol(ORrE;0) - Tij

00as

fo(s) 5 () (5 — mms} _ fax,
0 Oq

{'L]m’L] ij EJ_KV)+_
1 j5=1

1=

(O Rg; 0 o Tia x
940x5;8) = ZZ{%‘(TU_%%M— ﬁo(s)‘zij(S—/iz)erS}—iﬁg,

8@&% 0 h

n

ag(ei ZZX”“J({(SUQ zj)m’LJ( ij)qij(j—:ij)(Tij_l{%)Jr

aSOX“’% i=1 j=1

— | ho(s)Eijals)mij(s)gij(s)(s — “”>+d8}

0

+ | Wit — mo)+ — mign(tig — )+}] >
k=1

_ PX,,
P} )
Us%w
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Ol(ORE;
a(PZ,,%

Ol(OgrE;0)
aQXw%

and

BUCT &
0l(OrE;6) _ » Zi(j)w{(;ij@j k) —

8QZW%

n

4

>0 Xijw{%(Tm — o)t —

i=1 j=1

i=1 j=1

g Zi:zz‘(j)u<{52‘104(%)"%]'(%)%]'(%)(%‘—n%)+

i=1 j=1

Tij
- %(s)%a(s)m(s)qij(s)(s—mmds}
+ Z i (tijr — Kse) - — migr(tijr — H%)+}] )
k=1
_ $PZyx

T;

2
0%,

[ (o5 = s - 23

0Zq s
(5o — ) s | —

0

Due to the random effects in S-RE being independent of each other, the Hessian

matrix #y can be written as

pI%
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where 3¢, = diag { Z0a0) | SU0msO L gp,
gesoxl 0
0 geSOXQ
ge@x =
0 0
0 0
.
%9021 0
O %@ZQ
ge%’z =
0 0
0 0
ngl 0
0 WQXQ
Hox =
0 0
0 0
and
5‘6921 0
0 5‘6’922
ge@z =
0 0
0 0
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2 2
with 72, = ding {azz(eRE,m,m’a?é(gRE,m} g, — diag{w,,_.,w

890%(0.;1 ia(prn,ah 6<'DZV a<'azl/nm
v 020000.0) 0%0(0r1,6) — diag{ 2UOrp®)  0’UOrp.f)
gt’gxw = dlag{ 9, T Dok and Jfgxw = diag %1 " O

The derivatives in the Hessian matrix #€g,, are defined as

9*U(0r,6) { / fio(5) Eiym? () (s m:)ids}fa%,

2
00%.. = 1] 7

2 . ” 1
O4(Onri0) _ {/ fols zws_md}

895% i= 1] 1

%jme) = ZZXZJWG i3 (Tig)mig (Ti) i (Tig){ 465 (Tig) — mig (Tig) }(Tig — ki)
— [ o) ()i ()55 () (5) s ()55 (5) + s () = g ()} (5 — ) s

0

ngj
+ Z {—mijnqin (tijn — +}} ) o2
=1 SOTW

n

0*(OrE, 0
% = ZZQ(])V < |:5”oc (T35 mii (Tij) i (Ti){qij (Tig) — mij (Tij)}(Tij — ko) 3
Zy =1 j=1

Ty;

_ fio (8) Eijou(s)mij (s)qij (s){ou(s)mij (s)qij (s) + i (s) — mij (s)}(s — Kx)ds

0

Z{*”’ijkﬂijk(tijk +}:| )

+

O%V

) 0 0 no ng T;j 1
9 lOrp,0) _ szfjw{ - fio(s)Eij (s — m{)idS} - =
y 0

0%,
and

920(0rz, 0) " b
Toas? - L= [ eomuo st
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A.2.2 Derivatives for Correction Terms

0%, 2 99"
8,'9T7 8’19T8’L97 ocT

The correction terms in 3.13 require the following derivatives:
and %. The first derivative of Xy with respect to 971 is a {(p+q+2)n,. )2 x {(p+q+2)n.}
matrix from the concatenation of n, x n, matrices representing the the derivatice of 3,
with respect to an individual S-RE. The second derivative of 3y with respect to 9% and 9
isa {(p+q+2)n.}? x {(p+ q+ 2)n,}? matrix composed of the concatenation of n, x n,

matrices representing the second derivative of Xy with respect to an individual S-RE. The

remaining sections will derivatives for the corrections terms with respect the VCM’s «(t),

ho(t), Bx (), Bz(t), vx(t), and v4(2).

Correction Terms for «(t)

The first derivative of éa(c) with respect to ¢ is a n X n matrix denoted as

L )|
Ocy Ocn,
06
a . . .
aCT - . . . )
%, . 0ok,
Ocy dcn

and the second derivative of @&C) with respect to ¢ is a n? x n, matrix denoted as

029

ocTocy

925,
02%) | actom
dcTde

9255

ocTocy,
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~(c)
The first and second partial derivatives for g, with respect to ¢ as 8897%\6:0 = F- ! and

82 (c)

Qa

)

St aele=0 = 5‘69_;(—8%@&/895)5‘6 ! 0 ! respectively, where #€,, = 5‘€(Qa le=0-
. o () 92e) . . .
The partial derivatives —54* and 55 are obtained using the chain rule:

oged) oY) 96, 07 06,
oct T 95 © 9 ;T T 90T 9T 7
¢ (cvga):(ovéa) 89@ ¢ (C Qa) (0 Qa) Qa ¢ c=0

02g¢') 023 (0g, 9g,© 07\ 92pL°)
ocToc A ~ 00loo, ac 8CT 0ol dcToc
(c,ga):(O,ga) c=0 c=0

The first derivative of Wéca) with respect to ¢ is a n2 x n, matrix composed of con-

. i o7e')
catenated n, X n, matrices obtained from —5 %> for »x € {1,..,

c c c c (c)
) _ ) ot _ s, o) 0,

o

dc,, 0o, Ocsx

: 2 2
cis a n; x ny

x, € {1,...,

825’6)( <)
Ny}, where 7 B

Oc

»'=1 0o, 80% )

matrix composed of n?

Ny}, where the matrix

)

The second derivative of %ga with respect to

: . 02ael) :
matrices representing z—52% of size n, X ny for
H " e

is formulated as

age(c) 82 @((Xc)

00tdo, | Oc.

929¢ ( ) 96, (¢) @Q( c)
oc,y

dor dc,.0c,,

c=

The components in (A.4) are obtained as

925¢ (‘;) {aéa(C) aéa(C)

0olop, | Oc.. Oc,

and

o9t %ol

(&3

0ol 0c,,0c,y

c=

B Z 03¢, 9?0
B 5= | 9005 Oc;.0c,y

{8236@ 05 9. }
c=0 ks

002, Oc, Ocy

c=
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The formulation for %g;g“ is n, X n, matrix with the (s, )™ element being the only nonzero

element expressed as

n ng Tij
3 3
S 3 [ s mm s - s
i=1 j=1 0
. 92g¢l) . 2 2 . 2 .
The formulation of 2> is a nZ X n: matrix composed of n: block matrices. Each
block matrix is a n, x n, matrix with the (s, )" element being the only nonzero element

expressed as

no n; Ti;
> { — [ hols)Eimii(s)(s — /i%)ids}.
i=1 j=1 0

Correction Terms for f(t)

The correction terms for fy(t) can be obtained the same way as the correction

terms for a(t) as referred in A.2.2. The formulation for a%:’” is n, X n, matrix with the

(32, )™ element being the only nonzero element expressed as

i ﬁ: { - OTij fio(s)Eij (s — H;{)ipdS}

i=1 j=1

027t
3 hioj 2 2
The formulation of 9gTog, S & Mx X n;

block matrix is a n, X n, matrix with the (s, %)th element being the only nonzero element

matrix composed of n2 block matrices. Each
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expressed as

Correction Terms for Sx_(t)

The correction terms for Sx (t) can be obtained the same way as the correction

. ot . . .
terms for a(t) as referred in A.2.2. The formulation for a‘pix‘*’ is ng x n, matrix with the

(2, 22)™ element being the only nonzero element expressed as

n  n;

ZZXW (%a( Ti5)mis (Tig) 403 (Tig) [{ 965 (Tig) — mig(Tig)}* = 2mi5(Tig) i (Tig)] (Tig — re)

- / fio () i3 () mis ()i () (5 — i)

[{a ()55 (5) + a1 (5) = iy (5)}* =+ iy ()5 () {(s)at () — a(s)miy (5) — 2} dis

Z{ miji it (G — mijr) (Lijr — H%)i}:| >

: LS : .
The formulation of —r—=«— is a n2 x n2 matrix composed of n? block matrices. Each
6‘PXW dox, K K K

block matrix is a n, x n, matrix with the (s, )" element being the only nonzero element

expressed as

ZZX <5w0< Tij)mij(Tij) 435 (Tij)
7j=1

=1
X [g5(Ti;) — 1mi;(Tij) g5 (Ti5) — 10ms (Ti5) 435 (Tyg) — mis(T5)] (Tij — k) 'y

— [ o) Eias)m(5)as(5)(s — ) [{a(s)mg(5)gis(5) + s (s) = mig ()}

0

+m;5(8) g5 (s {a $)4ij (s - 2} {3a (8)4i5(s) + 44i(s) — 4”’ij(5)}

Nij

—2a(s ) %] dS + Z [ M Gk { Gijk — ”’ijkz)z - Q”ij‘]ijk} (tijr — @)ﬂ )
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Correction Terms for 3z, (t)

The correction terms for Sz, (t) can be obtained the same way as the correction

oFt
terms for a(t) as referred in A.2.2. The formulation for 3 “Zv i3 m,, X n, matrix with the

v

(2, )™ element being the only nonzero element expressed as

Z Z VA <5ijOé(Tij)m¢j (Tij) 35 (Tij) [{a5(Ti) — mij(Ti3)}* = 2mi5(Ti) i (Ti)| (Tij — k)3
— [ o)y (s)mes (5)gis () (5 — ) x

0

X [{as)mi; ()4 (5) + g (5) = mis(5)} + mis () (5) {(5)qis () — )iy (5) — 2}] ds
i{ Mijk Gijk (quk - 77113]9) tzjk +}:| )

2g¢(c)
wzl, : 2 2

The formulation of 59T ey, is a n2 x n? matrix composed of n2 block matrices. Each
P2y

block matrix is a n, X n, matrix with the (s, %)th element being the only nonzero element

expressed as

ZZZ;“(] (52304 T;j)mij(Tij) i (Tij)
7=1

=1
x [g5(Tij) — Wlmij(Ti) g5 (Tig) — 1lms(Tij)qi(Tig) — mis (Tig)] (Tij — ki)t

— [ () Egals)my(s)ais(5) (s — ) [ {a(s)mis()gii(s) + gis(s) = mis(s)}°

0

+mij(s)gij(s) {a(s)qij (s s) — 2} {3u(s)mij(s)qij(s) + 4qij(s) — 4myj(s)}

Nij

—2a(s)m;(s) g (s)] ds + Z [ Mk Gijk { Gijk — mijk)2 — 2mijk%'jk} (tijr — F&%)ﬂ >
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Correction Terms for vx (t)

The correction terms for vx (t) can be obtained the same way as the correction

X,

w

ot
terms for a(t) as referred in A.2.2. The formulation for 0 is ny X n, matrix with the

(2, )™ element being the only nonzero element expressed as

ZZX%{ - [ Rmsts - s

i=1 j=1

: PHGL : :
The formulation of >« is a n? x n2 matrix composed of n? block matrices. Each
aQXwaQXw K K K

block matrix is a n, X n, matrix with the (s, %)th element being the only nonzero element

expressed as

ZZX{ -/ " o) 25— H%ms}

i=1 j=1

Correction Terms for vz, (t)

The correction terms for vz, (t) can be obtained the same way as the correction

ot
terms for a(t) as referred in A.2.2. The formulation for agzezl, is ng X n, matrix with the

v

(2, 2¢)™ element being the only nonzero element expressed as

Z Z Zig(j)u{ - ; ho(s)Eij(s — /@,)ids}

i=1 j=1
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2 7p(c)
Hog, . 2 2

The formulation of 50T Do 18 A M X ny matrix composed of n2 block matrices. Each
Zy Zy

block matrix is a n, X n, matrix with the (s, )™ element being the only nonzero element

expressed as

Z Z Z; ])V{ v fio () Eij (s — f@,)ids}

=1 j=1

A.2.3 M-Step

The score functions for the incomplete likelihood function with respect to o2, a%,

2 2 2 2 :
0nnt T0un® Ton, and o, are provided as

=
Q
oN
Il

0 (%) 2
80'3 IOg{/L(Qoﬂu 0& an} /Z (ﬁ - 7) Lﬂ(ga%)dga% - Vﬁ(O'a),

P
V(i) = 557 108 {/L(gmu <) deﬁ} / <%9 - *) Lo(0g,.)des, = V(o)
h h

n=

d <= [ PXux 1
V(e%.,) = 323 log{ / L(px,;u,0z) dwxw} = / Z <20X - ) Lo(px, )dex,
w Py,

Pz U‘P'cw
= V19 (O—@Lw )7
2 8 QX“,%
V(Ugmw) = do2 lOg {/L(QXw u 07{ ngw} /Z (20_ - o2 ) Lﬁ(QXw)dQXW
Oz, Owy, Oy,
= Vi(os,.),
V) = =21 0.)d S (Px ] d
(05.,) = o3 logq [ L(¢z,iu0x)dey, Z s~ o3 ) L@z, )dey,
Pzy Pzy Pzy

= Vﬂ(aizV ), and

0 0% -
V(er,) = 3o log{ / L(oy, ;u,04) dezy} / Z( Zex )Lﬂ(Qzu)dQZu
Qz,

ng,, Qz,

= Vi(os,,),

respectively, where £y(9) = L(9;u,0%)/ [ L(9;u,0%)d9 is the posterior density function

of 9.
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The maximum likelihood estimates for the parameters in 83 are obtained by max-
imizing the log-likelihood function (3.14). Similarly to the P-splines approach, computing
the Hessian matrix can be burdensome for the M-Step. Therefore, a quasi-Newton method
is used with a BFGS update to approximate the Hessian matrix. Approximating the up-
date for the Hessian matrix can be found in Givens and Hoeting (2012). Below are the first

derivatives for the M-Step.
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Derivatives for a(t)

n  ng (2)=*
66*(072E79*) 1—1 = T * 1 I % * iJ
*RET ) T (Tiy) — m(s)ds + R
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o K S P 5
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9%4(6% 5,6%) 92205 p.0")
RS K 2 sl L
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0
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e = 33 [ s s e s
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1
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002
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Derivatives for f(t)
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Derivatives for Sx ,(t)
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Derivatives for 3 ,(t)
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ol (0rg,0%)
Opx 1

BN
Opx i

882e(9§E,9*)
903,

Ipx 1

8325(9%,9*)
2
awxwx

Opx 1

aazz(ezw,e*)
0qux

Ipx

8325(9%,9*)
2
90%,,

Opx 1
aazz(egE,e*)
BQZV%

Opx 1

n  ng

i=1 j=1

n % 9 Y\YRrREY )
+§ : Sas. 902 . Shse 907,

. 0%4(6% 1.,0%) . aa%(eyw,e*)
— 2 apxw,l 2 aPXw/l

1

bt
2 2
b e . 88 L(OREO) 86 UCETE)

.
g‘Pax > 6592X P g@z > 69%{ 2

n w w | Seww w
wz::l ; 2 Opx 2 Opx 1

0%¢(0%5.0") 0%0(0%5,0")

I Z Z Sz, e 097, = 4 S0z 5 807, 5
== 2 Opx,1 2 Opx i

Tij

—Xijor 51_155(5)0*(5)"1:3‘(5)(1;‘(5)5;;‘ {a*(s)mfj(s)qu(s) + qi5(s) —

0

n n; iy
S8 X /0 B (5)ES (i (5)}281 (s — )P ds,

i=1 j=1

n  n; Tij
ZZ_Xijw’Xinw/o ho (8)Eija (s)mi;(s)qiz(s)

x{a"(s)mi;(s)a(s) + ais(s) — mij(s)}s' ™ (s — rx) Fds

ng

n T
ZZ—XUMZ?(]')V/ fiy (8)Eij” (s)mi;(s)qi; (s)
i=1 j=1 0

*

x{a" (s)mi;(s)a(s) + ai(s) — mi(s)}s' ' (s — k) ds

T 2 Tij * * 1—1 2p
Z Z —Xijr Xijw o (8)Eizs (s — k)i ds,
0

i=1 j=1

no n; Ty .
2 * * 1— 2
E E —XijwlZi(j)VA ﬁo(s)ﬂ]s (S - K;{)+pd57

i=1 j=1

111

S X ot [ Ryt i 0
1Jw ¥} 1] o ] 1] apxw,l

(2)*
ij

mfj(s)} ds



Derivatives for vz ,i(t)

n  n; - (2)*
o (0gE, 0") 1—1 /T” * x 1-1 . OO
—_— L = Xijwr§ 05T — S)E;;s  ds+ R J
8pZU/l ;; 2] J+ag o ﬁﬂ() J ¥ apZ,,/l
- 0%0(65,5.0%) |, §PUORE0")
PR K s, O oet
= 2 0pz,,,1 2 0pz,,1
%405 .8") 9%¢(05.0")
PRt o s oo N . v
== 2 0pz 1 2 0pz 1
n 0%¢(0%.8%) 68212(9}‘“7,6*)
LN ) e T 0 Sorpx %%,
v=1 =1 2 8pZV/l 2 8pZV/l
YN Tii
1 — * * * * * * * * * *
8/)2] o= _Zi(j)u’/ s g (s)a” (s)miz(s)qi; (S)Eij {a (s)m3;(s)as; (s) + qiz(s) _mij(s)}ds
v 0
aaQZ(G%E,e*) n o ng T
902, ok * * 2 1-1 2
W = ZZ—XUM/O hiy (s)Eij{mi;(s)}s (S_Ku)fdsy

i=1 j=1
824(0% 1;,0%) )
a awz)}:fx U 2 Tij * * % * *

e = Y X [ B e (o ()a o)

i=1 j=1

x{a (s)m;(8)ai; (s) + i (s) — mi;(s)}ys' ™ (s — k) Fds
2 * *
“on, . ZZ_ZZ‘(]‘)V’ i(j)t// fiy (s)Eijo” (s)mi;(s)az;(s)
Pz, i=1 j=1 0
x{a” (s)mi;(s)ai;(s) + 4 (s) = mj(s)}bs' ™ (s — k)PP dls
88%(9;}}3,9*) -

00%. 2 Tid * x 1—1 2
e = SN < Zig X [ R (s - k) s,
Opz,1 == o
2 * *
92t Orp,07)

892 P = Tij * * -1
T S giziy [ R0E st

0
Pz, i=1 j=1

112





