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Abstract 1
Distribution of Class Groups
by
Weitong Wang
Doctor of Philosophy in Mathematics
University of California, Berkeley
Professor Melanie Wood, Co-chair

Professor Sug Woo Shin, Co-chair

One goal of this thesis is to prove theorems that elucidate the Cohen-Lenstra-Martinet con-
jectures for the distributions of class groups of number fields, and further the understanding
of their implications. We start by giving a simpler statement of the conjectures. We show
that the probabilities that arise are inversely proportional to the number of automorphisms of
structures slightly larger than the class groups. We find the moments of the Cohen-Lenstra-
Martinet distributions and prove that the distributions are determined by their moments. In
order to apply these conjectures to class groups of non-Galois fields, we prove a new theorem
on the capitulation kernel (of ideal classes that become trivial in a larger field) to relate the
class groups of non-Galois fields to the class groups of Galois fields. We then construct an
integral model of the Hecke algebra of a finite group, show that it acts naturally on class
groups of non-Galois fields, and prove that the Cohen-Lenstra-Martinet conjectures predict
a distribution for class groups of non-Galois fields that involves the inverse of the number of
automorphisms of the class group as a Hecke-module. The Cohen-Lenstra-Martinet Heuris-
tics give a prediction for the distribution for the p-Sylow subgroups of the class groups of
random [-number fields when p 1 |T'|. In this thesis, we prove several results on the dis-
tributions of the class groups for some p||I'|, and show that the behaviour is qualitatively
different than the predicted behaviour when p { |I'|. We do this by using genus theory and
the invariant part of the class group to investigate the algebraic structure of the bad part of
the class group. For general number fields, our result is conditional on a natural conjecture
on field counting. For abelian or D, fields, our result is unconditional.
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Chapter 1

Introduction

1.1 Introduction

In this paper we prove several results to help elucidate the Cohen-Lenstra-Martinet con-
jectures [12, 14] for the distributions of class groups of number fields, and to further the
understanding of their implications. In Section 2.1, we explain the statement of the conjec-
tures in the framework of probability theory. In Section 2.2, we prove a result about the
terms appearing in the Cohen-Lenstra-Martinet conjectures. In particular, we prove certain
expressions given by Cohen and Martinet are equal to simpler expressions, which allows us
to conclude the following. (See Conjecture 2.1.3 and Theorem 2.2.1 for precise statements.)

Theorem 1.1.1. For every finite group I' and subgroup I's,, among Galois number fields
K with isomorphism Gal(K/Q) ~ T" (i.e. I'-fields) and decomposition group T's, at oo, the
Cohen-Lenstra-Martinet conjectures predict that

c

Prob(Clx ®@zZ[T|"'| = H) = |HT [ Autr(H)|’

where Cly is the class group of K, and c is a constant, and H is any finite Z[|T|~', T']-module
with H' = 1.

The original philosophy of the Cohen-Lenstra-Martinet conjectures, going back to Cohen
and Lenstra [12], is that objects should appear with frequency inversely proportional to their
number of automorphisms. So we naturally ask why there is an |HY<| term in the above
predictions. In Section 2.3, we slightly enlargen the class group to the Galois group over Q
of the Hilbert class field of K, with the data of a decomposition group at co. We consider,
for the first time, the distributions of these larger structures, which we call class triples. We
show that a class triple is determined by the class group and decomposition group at oo,
and the number of automorphisms of the class triple is exactly |[H >=|| Autr(H)|, explaining
the probabilities above. Bartel and Lenstra [3] have given a different approach to this
question by giving conjectures about the distribution of Arakelov class groups based on those
groups appearing with frequency inversely proportional to their number of automorphisms



(which takes some work to make precise, see [2]). Their predicted distribution on Arakelov
class groups then pushes forward to the Cohen-Lenstra-Martinet distribution, over any base
number field.

In Section 2.4, we determine the moments, which are important averages of the Cohen-
Lenstra-Martinet distributions on finite abelian I'-modules.

Theorem 1.1.2 (Moments). For every finite group I' and subgroup T, if X is a random
Z[|T|~Y, T]-module with the Cohen-Lenstra-Martinet distribution for T-fields with decompo-
sition group U's, at 0o, then for every finite Z[|T'|~1, T'|-module H with H" = 1, we have the
H-moment of X is

E(|Surp(X, H)|) = |[H">|"".

Here Surp (X, H) denotes the surjective I'-module homomorphisms from X to H. See
Theorem 2.2.1 and Theorem 2.4.2 for precise statements. These moments are the most
important averages of the Cohen-Lenstra-Martinet distributions. (See [11, Section 3.3] on
why they are called moments.) The only non-trivial predicted averages of the Cohen-Lenstra-
Martinet conjectures that have been proven are the Z/3Z-moment of the class groups of
quadratic fields due to Davenport and Heilbronn [16] (and Datskovsky and Wright [15] for
quadratic extensions of general global fields) and the Z/2Z-moment of the class groups of
cubic fields due to Bhargava [5]. (There is also more known on the 2-Sylow subgroup of the
class groups of quadratic fields; see [22, 55].) When working over F,(¢) instead of Q, there
are also results on the H-moments of class groups, including of Ellenberg, Venkatesh, and
Westerland [20] and the second author [63] for quadratic extensions, and of Liu, the second
author, and Zureick-Brown [38] for I'-extensions, showing that as ¢ — oo the moments
match those in Theorem 1.1.2. The paper [51] of Pierce, Turnage-Butterbaugh, and the
second author explains how the Cohen-Lenstra-Martinet conjectures for the moments of
class groups are related to other important conjectures in number theory, including the
(-torsion conjecture for class groups, the discriminant multiplicity conjecture, generalized
Malle’s conjecture, and the count of elliptic curves with fixed conductor. So given the
relative accessibility and the centrality of these moments, Theorem 1.1.2 is useful because it
tells us what moments the Cohen-Lenstra-Martinet conjectures predict.

Moreover, we show that moments determine the Cohen-Lenstra-Martinet distributions
uniquely, which is particularly of interest because the moments are the statistics of class
groups about which we seem most likely to be able to prove something.

Theorem 1.1.3 (Moments determine distribution). For every finite group I' and subgroup
Lo, if X is a random Z[|T|~*, T]-module such that for every finite Z[|T|~', T']-module H with
H" =1, we have

E(| Surr(X, H)]) = [H"=|".

then X has the Cohen-Lenstra-Martinet distribution for I'-fields with decomposition group
I' at co.

See Theorems 2.4.11 and 2.4.12 for precise statements. When we restrict to groups whose
orders are only divisible by a finite set of primes, we also prove that a sequence of random



variables with these moments in the limit must have the Cohen-Lenstra-Martinet distribution
as its limit distribution. Theorem 1.1.3 is part of a long line of work showing results in the
same spirit for other categories of groups, including work of Heath-Brown [30, Lemma 17] for
elementary abelian p-groups, Ellenberg, Venkatesh, and Westerland [20, Section 8] for finite
abelian p-groups, the second author for finite abelian groups [42, Section 8|, and Boston and
the second author [8, Theorem 1.4] for pro-p groups with a Z/27Z action. See [18, 21, 27, 63]
for other examples.

Next, we consider the implications of the Cohen-Martinet conjecture for class groups of
non-Galois fields. While these conjectures do not directly make claims about class groups
of non-Galois fields, when the class groups of non-Galois fields can be given as a function of
the class groups of Galois fields, then the Cohen-Martinet conjectures make a prediction for
their average. For example, let I' be a finite group and I” a subgroup of I'. When L is a
I-field and K is the fixed field L', then, localizing away from primes dividing |T'|, we have
Clg @zZ[|T|™Y] = (CIY) @z Z[|T|~*] (where the T exponent denotes taking the fixed part).
So a conjecture about the distribution of class groups of I'-fields has a consequence for the
distribution of class groups of their I"-fixed fields. However, there is also the possibility of
using the Cohen-Martinet conjectures, for some primes p | |T'|, to predict distributions of
p-Sylow subgroups Clg,, of Clg. In order to realize this possibility, we prove a new result in
algebraic number theory relating class groups of non-Galois fields to class groups of Galois
fields, in particular at primes dividing the order of the Galois group.

Theorem 1.1.4 (Determination of class groups of non-Galois fields from Galois). Let L/ K
be an extension of number fields such that L/Q is Galois with Galois group I' and let T" =
Gal(L/K). Let eryr be the central idempotent of Q[I'] for the augmentation character for
[' acting on I" cosets, and p a prime not dividing the denominator of er;r and such that
er/r LI is a mazimal order. Then we have an isomorphism

~ g
ClKJ, — (ep/p Cle) ,
where the subscript p denotes taking the Sylow p-subgroup.

See Theorem 2.5.6 for a precise statement (for relative class groups over an arbitrary base
number field). In particular, we note the restriction on p is exactly the condition on p for the
Cohen-Martinet conjectures to say something about the distribution of er/ Clg . So The-
orem 1.1.4 allows us to fully determine the implications of the Cohen-Martinet conjectures
for the class groups of non-Galois fields.

Moreover, for p, K, L as in Theorem 1.1.4, we have the immediate corollary that the order
of the kernel of the capitulation map Clx — Cly is not divisible by p. The capitulation
kernel is very long-studied, but its structure is not well-known. Hilbert’s Theorem 94 [31]
proves that when L/K is finite, cyclic, and unramified, then the degree [L : K| divides
the order of the capitulation kernel. Hilbert then conjectured the Principal Ideal Theorem
of class field theory, eventually proved by Artin and Fiirtwangler, that every ideal class in
K capitulates in the Hilbert class field. Suzuki [57] and Gruenberg and Weiss [29] proved
further generalizations showing that the capitulation kernel for unramified abelian extensions

3



is large. Our theorem above is in the other direction, proving in some cases there is no p-part
of the capitulation kernel.

Theorem 1.1.4 implies that the Cohen-Martinet conjectures in principle give a prediction
for the distribution of class groups of fields K as above, but the predicted distribution for
a finite abelian p-group H is then the sum over er/pZ,)[I']-modules G such that GT' ~
H (as groups) of the probability for G in the Galois predictions (see Equation (2.5.1)).
This prediction does not have the appearance of objects appearing with frequency inversely
proportional to their number of automorphisms. However, in Section 2.6, we prove new
theorems to give such a perspective on these probabilities, which we now outline.

Of course when L/Q is Galois, we have that Gal(L/Q) acts on Cl,. However, when
K/Q has no automorphisms, one might at first guess that Cli has no particular structure
other than that of a finite abelian group. We prove, however, that there is always a natural
action of a certain ring o on Clg (depending on the Galois groups of the Galois closure
over Q and K). Given a representation V' of finite group I'" over Q and a subgroup I" of
I, the Hecke algebra Q[I\I'/T”] naturally acts on VI'. We construct an integral model o
of the Hecke algebra so that the class group Clg, (for K,p,I',I" as in Theorem 1.1.4) is
naturally an o-module (see Lemma 2.6.4) and prove that our constructed o is a maximal
order (Corollary 2.6.8). This definition of o is particularly delicate at the primes p | [I”|, but
the proofs require similar work at all p. Note that o can be bigger than Z even when the field
K has no automorphisms; see Example 2.6.17 on degree 10 fields with Galois closure with
group As and Proposition 2.6.13 in which we prove o is trivial if and only if the augmentation
character for I" acting on I cosets is absolutely irreducible.

Moreover, Theorem 1.1.4 and the results in Section 2.6 show that the p-Sylow subgroup
of the I'-module Cly, , of a Galois field L containing /K determines the o-module structure of
Clk . That shows that the Cohen-Martinet conjectures imply some prediction for the dis-
tribution of the o-modules Clg,, and we further prove a simple expression for the prediction
in terms of | Aut,(H)|~! by way of the following result.

Theorem 1.1.5 (Cohen-Martinet predicts | Aut,(H)| ™! for non-Galois fields). Given a finite
group I' and subgroup 1", for every prime p satisfying the condition of Theorem 1.1.4, and
every p-group o-module H, there is a unique finite errZy)[I']-module G such that GU'~H
as o-modules. We also have

Aut (G) ~ Aut,(H).

eF/F’Z(P)

See Theorem 2.6.12 for a related statement precisely on the implications of the Cohen-
Martinet conjecture. The key result we prove that allows us to prove Theorem 1.1.5 is
Theorem 2.6.7, which gives a Morita equivalence between the categories of ep/rZ,)[I']-
modules and o-modules. This is the fundamental algebraic property of our integral model o
of the Hecke algebra.

Note that Theorem 1.1.4 does not require L to be the Galois closure of K. So actually,
the Cohen-Lenstra-Martinet heuristics give infinitely many different predictions for the dis-
tribution of non-Galois (or Galois) class groups, by taking fixed fields of larger and larger



fields. In Section 2.7, we prove that all of the predicted distributions agree, which is an
important internal consistency check on the conjectures.

Theorems 1.1.1, 1.1.2, 1.1.3, and 1.1.5 are theorems in the theory of finite I'-modules, in-
cluding in the probability theory of random finite I'-modules. Even though we have proven
them to specifically elucidate conjectures about class groups, we expect them, especially
Theorems 1.1.2 and 1.1.3 to have applications in other contexts. Distributions related to the
Cohen-Lenstra distribution have arisen for predicting the distribution of Tate-Shafarevich
groups of elliptic curves [17, 7], and so in order to generalize the predictions of [50] on the
asymptotics of elliptic curves of a given rank over Q to other base global fields, one will
need to use an analog of the Cohen-Martinet distributions. Also, beyond number theory, the
Cohen-Lenstra distributions on finite abelian groups, and related distributions, have many
interesting connections in algebraic combinatorics; see the recent work of Fulman and Ka-
plan [27] and also [9, 11, 10, 24, 25, 26, 28, 35, 35, 36, 49, 56, 60]. Further, the theorems that
moments determine the distribution have been used for determining distributions arising in
the theory of random graphs, such as the sandpile groups of Erdés-Rényi and random reg-
ular graphs [34, 43, 61]. These theorems on the moments have also been used to show that
certain random matrices have cokernels in the Cohen-Lenstra distribution [47, 48, 65], and
as an application determine the probability that a random 0/1 rectangular matrix gives a
surjective map to Z". The Cohen-Lenstra and related distributions have also arisen in ques-
tions about random topological spaces [19, 33]. The more general Cohen-Lenstra-Martinet
distributions may be relevant in many of these contexts.

Then we are focused on the statistical results of class groups of number fields in compar-
ison with the Cohen-Lenstra-Martinet Heuristics (see Cohen and Martinet [14, Hypothese
6.6] for the original statement), which predict the distribution of p-Sylow subgroups of class
groups when p does not divide the order of the Galois group. The heuristics Theorem 1.1.1
imply that for all r =0,1,2, ...

1 <. (K
P(ek, Clye < 1) i lim 2= ror ()
r—00 ZP(K)<$ 1
and lim P(rk, Clg <r) = lim P(rk, X <r) =1,
r—00

T—00

=P(tk, X <r) >0,

where 1rkp§r(K) is the indicator of rk, Clg < r. For Galois number fields, Wood and the
author [59] compute E(| Hom(X, A)|), the A-moments for X, which shows that the heuristics

imply that
_ ZP(K)<x | Hom(Clg, A)|
ZP(K)<$ 1

for all finite abelian p-groups A. Note that here we forget the I'-module structure for the
convenience of our discussion. Moreover, Wood and the author [59] have shown that the
analogous statements for all non-Galois number fields K/Q follow from the Cohen-Lenstra-
Martinet Heuristics. To be precise, if the conjecture holds for the Galois closure I'-extensions
L/Q with some p t |['], then the statistical distribution of Clg[p™] is given by a particular

E(| Hom(Clg, A)|) :

< 00,



random module X, and that for all » =0,1,2,..., we have

1y (K

P(rk, Clg < r) := lim ZP(K)@ wm(K)
Z—500 ZP(K)<1 1

> p(i)<e | Hom(Cly, A)|

ZP(K)<$ 1

for all finite abelian p-group A, where K runs over all number fields K /Q such that its Galois
closure K /Q is a I'-extension and that K = K ™ for a fixed subgroup I C T

>0

and E(| Hom(Clg, A)|) := < 0,

Remark. In the original Cohen-Lenstra-Martinet heuristics, fields are ordered by discrimi-
nant, which was an obvious ordering for number fields. Now we have the question of what
kind of ordering one should put on the fields, see for example [64]. In some cases, ordering
fields by discriminant will contradict what is predicted by the heuristics. See [3] for example.
The invariants of number fields that have been used for ordering all rely on the combination
of ramified primes, and we are mainly focused on the product of ramified primes, which is
denoted by P(K).

In this paper, we are going to discuss the distribution of Clg[¢>] where the prime ¢||'|.
We first explain why there is no prediction for such primes in their original statement. Recall
the genus theory for quadratic number fields, which says that

w(P(K)) —1 < 1ky Clg < w(P(K)),

where P(K) is the product of ramified primes of K/Q and w(n) is the number of distinct
prime divisors for n € Z. The group Clg[2°°] then cannot be described by the approach of
the Cohen-Lenstra-Martinet Heuristics. Because, first, given a quadratic number field (say,
in terms of its minimal polynomial), we can tell quickly how large its 2-rank should be (up
to 1), which is not the case for Clg[p™] where p is odd. This phenomena could be thought
of as “predictable”, hence contradicting the spirit of the Cohen-Lenstra-Martinet Heuristics.
Second, for all r =0,1,2,..., we have

P(rko Clx <r) =0 and E(|Hom(Clg,Cy)|) = +oo,

which is qualitatively different from what is prediceted by the heuristics. According to this
example, first, the statistical behaviour of Clg[2%] should be reconsidered, see [23, 55] for
example. Second, we want to generalize the genus theory above to all number fields, whose
details are given in § 3.1 following the idea of Ishida [32, Chapter 4]. Here we present the
main result in a brief way. Given a number field K/Q, and a prime ¢. If we have ideal
factorization pOy = p§' - - - p& such that ged(ey, . .., e,) = 0 mod g, then we call p a ramified
prime of type q. For any number field K /Q, define its genus group G to be the Galois group of
the maximal unramified extension Kk/K obtained by composing with an abelian extension
k/Q. Then genus theory implies the following.



Theorem 1.1.6. Let K/Q be a number field with mazimal abelian subextension Kq/Q. Fix
a rational prime q dividing n := [K : Q|. Then the g-rank of the genus group G admits the
following inequality

rk, G > #{p is a ramified prime of type ¢ and p = 1 mod ¢} — rk, Gal(K,/Q).

In fact, genus theory is not the only way that can associate ramified primes with ideal
classes. P.Roquette and H.Zassenhaus ([54]) construct a subgroup of the class group that is
associated to ramified primes. The main theorem of their paper says the following.

Theorem 1.1.7. Let K be a number field of degree n over Q and q be a given prime numpber,
then
rk, Clx > #{p is a ramified prime of type q} — 2(n — 1)

The main difference here compared to genus theory is that we do not require that p has
to be 1 mod ¢ to contribute to the lower bound. For more details and comparison between
these two theories, see § 3.1.

Since the splitting type of a prime in a field extension K/Q is determined by its decom-
position group, it is then a purely group theoretical problem to find out all primes ¢ so that
we can apply the above Theorems 1.1.6 and 1.1.7 and expect to get nontrivial estimate for
rk, Clg.

Definition 1.1.8. Let 1 < G < S5, be a finite transitive permutation group. Let ¢ € GG be
any permutation. Define e(o) := ged(|{o) - 1|,...,|{(0) - n]), i.e., the greatest common divisor
of the size of orbits. We call ¢ a non-random prime for G if qle(o) for some o € G. On the
other hand, for a permutation o € G, if ¢![|e(c), then we call o an element of inertia type ¢'.
Define Q(G, ¢') to be the subset of G consisting of all elements of inertia type ¢'. We denote

U2, QG, ¢') by Q(G, ¢™).

Example 1.1.9. First let G = S3. If K is a non-Galois cubic number field, then the
permutation action of G on K — C is exactly the conventional action of S3 on {1,2,3},
which induces the isomorphism G 2 Gal(K /Q). By checking the elements of Ss, we see that
3 is a non-random prime for G, e.g., 3 divides the length of (123). Using the language in
Theorem 1.1.7, totally ramified primes satisfy the condition that ex(p) = 0 mod 3, in other
words totally ramified primes are just ramified primes of type 3, hence

rks Clg > #{p is totally ramified} — 4.

This example explains the terminology, “non-random primes”, from the aspect of Theo-
rem 1.1.7.

Given a transitive permutation group 1 < G < S,,, and a non-random prime ¢ for G, we
first make the following conjecture on counting fields based on the Malle-Bhargava Heuristics
(see [41, 4, 62] for example) for counting fields with fixed number of ramified primes. For an
extension K/k of number fields, we denote its Galois closure by K.



Definition 1.1.10. Let 1 < G < §,, be a transitive permutation group, and let k be
a number field. Let S be the set of all number fields (K/k, ) such that its Galois closure
(K /k, ) is a G-extension (see Definition 1.2.2), and that K = K¢ where G is the stabilizer
of 1. Suppose that € is a (nonempty) subset of G that is closed under invertible powering,
ie., if g = h, h® = g, then ¢ € Q if and only if h € Q. Define for the set €2, and for all
r=0,1,2,...,

1 if there are exactly r primesp t |G|
]_(Q’T.)<K) = s.t. I(p) BEY) 75 @;
0 otherwise.

where I(p) here means the inertia subgroup of p. If the set 2 is clear in the context, we may
also denote the function 1 (L) by 1,(L) for short.

Conjecture 1.1.11. Keep G, k,S as above. Suppose that id ¢  is a (nonempty) subset of
G that is closed under invertible powering.

1. For allr =0,1,2,..., there exists some r’, such that

Y Lan(K)=o| > Lam(K) |,

KeS KeS
P(K)<z P(K)<z

In this case we say that the conjecture 1 holds for the pair (S, ).
2. Forallr=0,1,2,...,

Z 1(Q,T)(K):O Z 1

KeS KeS
P(K)<z P(K)<z

In this case we say that the conjecture 2 holds for the pair (S, ).
Using the conjecture on counting fields, we can present our main statistical result.

Theorem 1.1.12. Let 1 < G < S, be a transitive permutation group, and let k be a number
field. Let S be the set of all number fields (K/k,v) such that its Galois closure (K/k,w) is
a G-extension, and that K = K. Let H C G be a subgroup such that K CK forK €8.
If q is a non-random prime for G such that q|[K : K], and Conjecture 1.1.11(2) holds for
(S,Q), where Q := Q(G,¢™), then

P(rk, CI(K/K") <7) =0 and E(Hom(Cl(K/K™),C,)|) = +oo,

where K runs over fields in' S for the product of ramified primes in K/Q, and CL(K/K™)
denotes the relative class group.



The zero-probability and infinite moment, that are qualitatively different from the Cohen-
Lenstra-Martinet Heuristics, justify the notion “non-random prime” from another point of
view. With the help of Class Field Theory and Tauberain Theorems, we can prove the
Conjecture 1.1.11(1) for abelian extensions. To be precise, we have the following.

Theorem 1.1.13. LetI" be a finite abelian group with a subgroup A, and let S be the set of all
abelian T'-extensions K/Q. If q is a prime number such that q||I'/A|, then the Conjecture 1
holds for (S, ), where Q := Q(I', ¢*°). In addition, we have

P(rk, CI(K/K*) <7) =0 and E(|Hom(Cl(K/K"),C,)|) = 400,
where K runs over fields in S for the product of ramified primes in K/Q.

For non-abelian extensions, the first obstacle is counting fields. We present here an
example, Dy-fields. Let D4 be the dihedral group of order 8, and we are going to consider
quartic number fields L/Q whose Galois closure M/Q are Dy-fields. According to the work
of S.A.Altug, A.Shankar, I.Varma, K.H.Wilson [1], the result of counting such fields by the
Artin conductor of 2-dimensional irreducible representation of D, is proven. So, the main
result in this case can be summarized as follows.

Theorem 1.1.14. Let S be the set of quartic number fields L/Q whose Galois closure are
Dy-extensions M /Q. We have

Ec(l HOHl(ClL, CQ)D = —l—OO,

where the subscript C' means that the fields L € S are ordered by the Artin conductor of
2-dimensional irreducible representation of Dy.

Because of the famous genus theory for quadratic number fields, it is not difficult to prove
that
P(Clg <r)=0 and E(Hom(Clg,Cs)|) =400

where K runs through all quadratic number fields for discriminant or product of ramified
primes. So, it raises the question of the so-called “capitulation”. To be precise, the map
i(I) = IO, where I is an ideal of K, induces the map i, : Clgy — Cl;. The kernel
keri, is eliminated by 2 in this case. So it is a question how to describe 7, (Clx[2°°]) and
how to estimate it. For the other direction, we can consider the map Zg,) ® Nmg/r, :
Cl[p>®] — Clg[p™>]. It is surjective for every odd prime p. So, the kernel C1(L/K)[p>] :=
ker(Z) ® Nmy,y) can tell us the difference between Cly[p>] and Clg[p>]. In the case of
2-Sylow subgroup, the norm map Z) ® Nmg/,;, is no longer surjective, but CI(L/K)[2%]
remains a notion that tells the difference between Cly and Clg philosophically. See also [14,
Théoreme 7.6] for the discussions on relative class groups. In § 3.5, we will order quartic fields
by product of ramified primes and try to discuss this problem under additional hypothesis.
We here give the following result. Write Dy = (1, 0|72 = 0%, 7077} = 03).

Lemma 1.1.15. Let L/Q be a quartic number field with Galois Dy-closure M/Q, let K be
the quadratic subfield of L, and let I(p) be the inertia subgroup of p.
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(i) Let Q be the set {o,0° o1,037}. Then we have
ko i, Clg > {p #2: I(p) Ny # 0} — 6.
(ii) Let Qy := Q(Dy,2%) = {0,0%, 02, 07,0°7}. Then we have

rky CI(L/K) > [{p # 2 : I(p) N Q2 # 0} — 6.

We can see from the above result that the concepts non-random prime for G and Q(G, ¢')
give an estimate of the map i, : Clg — Cly and Z) ® Nmy /k : Cl, — Clg.

To summarize this section, the notion “good prime” in [14, Définition 6.1] (see also
[59, §7]) gives a criterion for us to apply the Cohen-Martinet-Lenstra Heuristics so that we
can predict the statistical behaviour of the class groups. In this paper, the notion “non-
random prime” predicts the cases when we expect nontrivial subgroup of Cli from ramified
primes and qualitatively different statistical results from “good prime” cases. However,
Example 3.2.2 shows that there are primes p that are neither good in the sense of the
heuristics nor non-random in this paper. So, it raises a question: what does Clg[p>] look
like, in different point of views?

1.2 Notation

We first attach a list of notions used in the paper here. Throughout the whole chapter, I' is
always a finite group and S is always a set of (possibly infinitely many) rational primes.

Definition 1.2.1. Let K be a number field and Ky/Q be a subextension of K. We write
Clg for the class group of K. Then we define the relative class group Clg /g, to be the
subgroup of Clg consisting of ideal classes a with trivial norm Nmg g, a in Clg,. Also, let
I be the group of fractional ideals and P the group of principal fractional ideals of K.

Definition 1.2.2. For a field K, by a ['-extension of Ky, we mean an isomorphism class of
pairs (K, 7), where K is a Galois extension of Ky, and 7 : Gal(K/K) ~ I is an isomorphism.
An isomorphism of pairs (K, 7), (K’,7’) is an isomorphism « : K — K’ such that the map
mg : Gal(K/Ky) — Gal(K'/K) sending ¢ to aogoa~! satisfies 7' om, = 7. We sometimes
leave the 7 implicit, but this is always what we mean by a [-extension. We also call I'-
extensions of Q I'-fields.

Definition 1.2.3. Define Zg to be the localization of Z by the subset of non-zero integers
not divisible by any primes in S, so the maximal ideals of Zg are given by the primes in
S. For any finite abelian group G, define its S part G° as the subgroup generated by all
p-Sylow subgroups with p € S. (Note that our definition for S-part of G is the opposite of
G® in [14].) We will also use the usual notation Z, for Zg when S = {p}.
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Definition 1.2.4. If f is a measurable function on a probability space, we let P denote the
probability measure and E(f) denote the expected value of f. In this paper, our probability
spaces will always be discrete and countable and

E(f) = Z f(Gi>]P(Gi>'

Throughout the paper, we often have a ring R, a central idempotent e of R, and then
consider the ring eR. The reader is warned that eR is not a subring of R in the usual sense,
as R and eR do not share an identity. One could consider eR as notation for the quotient
R/(1 —e)R. Then we introduce some notions from analytic number theory.

(i) We use some standard notation coming from analytic number theory. For example,
write a complex number as s = o + it. Denote the Euler function by ¢(n). Let w(n)
counts the number of distinct prime divisors of n and so on.

(i) If A is an abelian group, then let rk, A denote the ¢-rank of A where ¢ is a given prime
number.

(iii) If K is a number field, let rky denote the rank of global units of K.
(iv) Let vy(n) denote the exponent of ¢ in n, i.e., the valuation at g.

Since there are more than one ways to describe field extensions, we give the following two
definitions to make the term like “the set of all non-Galois cubic number fields” precise.

Definition 1.2.5. Let I' be a finite group, and let I"” be a subgroup of I'. Let k be a
fixed number field. Define S(I',1"; k) to be the set of all pairs (K1), where K/k is a
finite extension whose Galois closure L/k is a I'-extension via ¢ : Gal(L/Q) = I' such that
K = L". When k = Q, we omit k.

The second definition uses permutation group.

Definition 1.2.6. Given a finite group G C S,, whose action on {1,2,...,n} is transitive.
Let k be a number field. Let S(G; k) be the set of pairs (K, ) such that [K : k] = n and
that the group isomorphism v : Gal(L/k) = G, where L is the Galois closure of K/k, defines
the Galois action of G on the k-embeddings K — Q. If the base field k£ = Q, then we just
omit it and write S(G) := S(G, Q).

Intuitively these two definitions make sure that when we count Galois cubic fields in Q
we are counting them once. And when we count non-Galois cubic fields, say fixed fields of
(12) € S3, we are counting them without considering their conjugates in a fixed Ss-field.
Next, we give the probability notions over a discrete space.
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Definition 1.2.7. Let T = {a,b,c, ...} be a set of at most countable objects. If d : T — R*
is a map such that for all N > 0 the preimage Ty := d~'[0, N) is finite, then for all large
enough N > 0, one has a discrete probability space (T, i) with uniform distribution py.
For all function f : T — R, it induces functions f : Ty — R for all large enough N > 0. We
then define its expectation E(f) over T for d as

E(f) = lim Eyx(f) = lim fduw,

N—o0 N—oo Ty

provided that the limit exists in the sense of R U {£oc0}. The asymptotic of f over T for d
is denoted as

N(T,d; fix) = Y f(s).

seT,d(s)<z
Then we give the notation of counting number fields.
Definition 1.2.8. Let § = S(G;k) where G is a transitive permutation group, and let

d : § — R be an invariant of number fields (e.g. discriminant or product of ramified
primes). Define

NS, diz)= > L

KeS,d(K)<z

If f is a function defined over S, then we define
N(S,d; f;x):= > [(K).
KeS,d(K)<z
In particular, if f = 1(q,) (see Definition 1.1.10), then just write
N(S,d; (Q,r);x) = N(S,d; 1q,); x).

Using the idea of the expectation, we can define some functions over the set of fields S
and study their expectations.

Definition 1.2.9. Let ¢ be a rational prime, and let » > 0 be an integer. Define for finite
abelian groups with respect to ¢ and r as follows. If A is a finite abelian group, then

1 if tk, A <r

0 otherwise.

1rkq§r(A) - {

Definition 1.2.10. Let G be a transitive permutation group, and let S := S(G; k), and
let ¢ be a rational prime. Let d : § — R™ be an invariant of the number fields, such
that d=1[0, N) is finite for all N > 0. Given a pair (K,) € S, we can view Cl as a map
S — Mody according to (K,9) — CI(K/k). For all » =0,1,2,..., define the probability of
the g-rank of the class group less than r to be

P(rk, CI(K/k) < r) := E(1u,<, o C{K/E)),
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provided that the limit exists, where the expectation is over S for d. Define the A-moment
of the relative class groups to be

E(| Hom(Cl(K/k), A)|) := E(] Hom(Cl(K/k), A)]),

provided that the limit exists where A is any finite abelian g-group, where the expectation
is over S for d.

Note that the definition of the probability and A-moment can be translated to the ratios
of asymptotics according to the definition of expectation. For example,

. N(S,d;|Hom(ClK/k), A)|; z)
E(| Hom(CI(K/K), A))) = lim e
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Chapter 2

Moments and interpretations of the
Cohen-Lenstra-Martinet heuristics

2.1 Explanation of the Cohen-Lenstra-Martinet
Heuristics in the Galois case

The goal of this section is to state Cohen, Lenstra, and Martinet’s conjectures on the distri-
bution of relative class groups of Galois extensions. This requires introducing many pieces
of notation.

Notations for semisimple Q-algebras

Let A be a finite dimensional semisimple Q-algebra; we denote by {e;}1<i<pm its irreducible
central idempotents, and A; = e; A its simple factors. The algebra A is thus identified with
a product [[;", A;, where each algebra A; is isomorphic to an algebra of matrices M, (D;),
where D; is a division algebra of finite rank over Q of which the center is a number field K;.
We let h? = dimg, A;. Let O be a maximal order in A and G a finite D-module. For any
u € Q™, we define

m

G~ =] le:GI™.

=1

(See [52, §10] for basic results on semisimple Q-algebras and maximal orders.)

Notations for the Heuristics

In the rest of this section, we let A = Q[I'], and continue with the notation above. In

particular, we let
1
€1 = — 0.
2



Each e; corresponds to a distinct irreducible Q-representation of I' with character y;. We
choose a fixed absolutely irreducible character ¢; contained in ;.

Now let K be a number field, and K /K, a Galois extension with Galois group I'. If v is
an infinite place v of K, then let ', be the decomposition group at v. We also define

XK = -1 -+ Zh’ldgv 1Fv7

v|oo
which is a character of I' associated to K /K.

Definition 2.1.1. We define the rank of K/K; to be an m — 1-tuple in Q™! given by the

formula 1

u= (ug,..., Uy), ui:h—(XK,%) Vi=2,...,m. (2.1.1)
Remark. For the original definition of rank of K, see [14, Definition 6.4]. These two definitions
are equivalent by [14, Theorem 6.7].

Let S be a finite set of primes. We will next define a random module to model the class
groups C15., which are naturally (1—e;)Zg[I']-modules. Cohen and Martinet did not directly
consider the distribution that we will define below. However, as we will prove in this paper,
building on tools from [14], the distributions we will now define turn out to be equivalent
to the ones considered in [14]. We think there are advantages of viewing the conjecture in
multiple equivalent but differently presented forms.

Definition 2.1.2. If p € S implies that p { [T'|, then for u = (ug, ..., u,,) € Q™ !, we define
a random variable X = X ((1—e1)Q[I'], u, (1—e1)Zg[I']) to be a random (1—e;)Zg[I']-module
such that for all finite (1 — e;)Zg[l']-modules G1, G5, we have

P(X = Gy) _ |Gal*| Autr(Gy)|
]P(X = Gg) |G1|M| Autp(G1)|

(where, of course, we order the irreducible central idempotents of (1 — e1)Q[I'] by the order

in QITY).

Remark. 1t follows from [14, Theorem 3.6] (with their u as oo and their s as our u) that this
definition is well-defined, i.e., the series

1
XG: |G+ Autr (G)]”

is convergent, where G runs through all isomorphism classes of finite (1 — e;)Zg[I']-modules.
Even when |S| = oo, the series is still convergent as long as u; > 0 for all : = 1,...,m. So
the above definition can be extended to the case |S| = oo as long as all the u;’s are positive.
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Statement of the Conjecture
The conjecture of Cohen-Martinet [14, Hypothesis 6.6] says the following.

Conjecture 2.1.3 (Cohen and Martinet [14]). Let S be a finite set of prime numbers
such that the primes in S are relatively prime to |T|, and v € Q™ ', and X = X((1 —
e1)Q[I],u, (1 — e1)Zg[I']) the random module defined above. Then, for every “reasonable”
non-negative function f defined on the set of isomorphism classes of finite (1 — e1)Zg[']-

modules, we have
: 1 —ep)ClY
lim Z|D1scK|§z f(( 1) K) _ E(f(X)),
oo Z\ Disc K|<x 1
where the sum is over all T'-extensions K /Ky and the rank of K/Ky is u (and no conjecture
is made if the sums are empty).

The cases when Ky = Q and either I" is abelian and K is totally real, or |I'| = 2, are the
earlier conjecture of Cohen-Lenstra [12, Fundamental Assumptions 8.1].

Remark. In [14], a quantity M (f) appears in place of E(f(X)). The identity MJ(f) =
E(f(X)) is proved in Proposition 2.4.5. Also the S-part of the relative class group Cl}q{/KO

appears in place of (1 —e;) Cl}i. In Lemma 2.5.10, we show that these are actually the same.
Note that e; Cl; = le(o. Therefore we only consider the (1 — e;)-part as a random object.

Cohen and Martinet actually make further conjectures for some primes dividing |I'| and
for infinite S. We will give the conjecture for p | |I'| in Conjecture 2.5.2.

Remark. In Conjecture 2.1.3, we give the conjecture made by Cohen and Martinet, with the
addition of the hypotheses that p {1 |I'| and S is finite, except that we have replaced some
mathematical expressions in the original conjecture with equivalent mathematical expres-
sions. In particular, we have replaced them with equivalent expressions that we think shed
more light on the nature of the conjecture. However, there are several problems with the
content of the conjecture that we briefly mention here, and are mostly orthogonal to the
work in this paper. First, given the example of [3, Theorem 1.1] of Bartel and Lenstra, it
is probably best to keep the conjecture to finite sets S. Second, the ordering of the fields
needs to be changed in the conjecture, given the example of [3, Theorem 1.2] of Bartel and
Lenstra, who suggest ordering fields by the radical of their discriminant based on work on the
second author [64] that shows this ordering has nice statistical properties for abelian Galois
groups. Third, Malle’s work [39, 40] suggests that we should also require that S does not
contain any primes dividing the order of the roots of unity of K. The function field results
in [38] suggest that these are all the corrections that need to be made. Finally, we need to
find an appropriate meaning of “reasonable” for the conjecture (which is never specified by
Cohen and Martinet). See [7, Section 5.6] and [3, Section 7] for some possible notions of
“reasonable.”

Even though the conjectures of Cohen, Lenstra, and Martinet do not include the cases
of function fields, as mentioned in the introduction there has been significant recent work
in proving partial results towards their function field analogs. In this analogy the u = 0
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distribution provides the conjectural distribution for Pic of random I'-covers of Pllgq, and
when one wants to consider some points of the curve at infinity and the distribution of the
class groups of the corresponding affine curves, then distributions with u # 0 arise. See [63,
Section 1] and [37, Section 3.5] for specific discussion of this aspect of the analogy.

2.2 The |G* in Cohen-Martinet

In this section, we will find a simpler expression for the |G|* term that appears in the
conjecture of Cohen and Martinet. We continue the notation from Section 2.1.

Theorem 2.2.1. Let K/Ky be a I'-extension of number fields. For each infinite prime v of
Ky, let Ty be a decomposition group at v. We assume that the set S only contains primes
not dividing |U|. If H is a finite (1 — e1)Zg[['|-module, then

Hp= =TT 1H"

v]oo
where v runs over all infinite primes of K.

Proof. By the definition of |H %, the theorem reduces to the case of a Zg[[']-module H such
that H = e;H for some ¢ > 1. Let e # e; be a central irreducible idempotent of Q[I']
associated to the Q-irreducible character x and rank u, and let H be a finite eZg[I']-module.
We first show the following identity
(x.ar/r,,)

(xar)

(1| = |H|

for each infinite place v of Ky, where for a subgroup A C I'' we define ar/a := —1+ Indg 1a
to be the augmentation character of A and ar := ar/;. By [14, Theorem 7.3], for each v,
there exists some abelian group G, such that, as abelian groups, we have

H=cH=Gx") and H"™ = (eH)" = G

hence the identity.

Note that xx = =1+ >, (ar/r, + 1), and that (x,1) = 0. We then know that

v]oo

oar/ry) xoxr)
[Ty =T e = e

v]oo v]oo

If we denote by ¢ a fixed absolutely irreducible character contained in x and let {¢1,...,¢;}
be the set of all the distinct conjugates of ¢, then

J
X = dZ%’-
i=1
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where d is the Schur index. So we have

G XxK) = dZ(SOi,XK> = dj{¥, XK)-

On the other hand, since the character ¢ is absolutely irreducible,

J
(x, ar) Z wi,ar) = djo(1) = djh

where h is the h; of Section 2.1, and one can check h = dim . We then know that

COXK)
[T1H"| = [ 5 = |H | = || = | ]

v]oo
completing the proof. O

Remark. Actually the statement of Theorem 2.2.1 can be extended to some primes dividing
IT'|. Let e be a central idempotent in Q[I'] such that e; - e = 0 and S be a set of primes such
that e € Zg[I'] and eZg[I'] is a maximal order in eQ[I'] (i.e. S only contains good primes for
e, see the definition in Section 2.5). If H is a finite eZg[I'|-module, then

=TT 1",

v]oo

The proof is the same as above because Theorem 7.3 in [14] still holds in this case.

2.3 Probabilities inversely proportional to
automorphisms

Since the Cohen-Lenstra and Cohen-Martinet conjectures are rooted in the philosophy that
objects appear inversely proportional as often as their number of automorphisms, it is nat-
ural to ask why there is a term |G|* in the conjectures at all. One answer is that it was
necessary to match computational evidence, and other heuristic explanations are given in
[12, Section 8]. In this section, we give another perspective, over the base field @, in which
we see class groups as a part of a larger structure where |G|%| Aut(G)| is the number of auto-
morphisms of the larger structure. Bartel and Lenstra [3] have given a different perspective
on interpreting these probabilities, over a general number field, as inversely proportional to
the automorphisms of a larger object, in their case, the Arakelov class groups. In contrast,
our larger objects below are only slightly larger than the class groups, and in particular,
finite.

Let T' be a fixed finite group. We choose an embedding Q C C so that Gal(Q/Q) has a
canonical decomposition group Gal(C/R) at co. We fix a map s : Gal(C/R) — T', let K C Q
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be a Galois extension of Q with an isomorphism Gal(K/Q) ~ I', and let the decomposition
group at oo given by s (under the isomorphism).

Let K’ be the maximal unramified abelian extension of K in Q of order prime to |T|.
The structure we consider is the finite group G := Gal(K’/Q) with given maps

c:Gal(C/R) - G and m:G — Gal(K/Q) =T,

where 7 is a surjection with abelian kernel. Of course, ker(m) = Cl3- (where S is the set of
primes not dividing |I'|) is naturally a [-module, but the data (G, ¢, m) is a little more. In
fact, it is a class triple as defined below.

Definition 2.3.1. For a given map s : Gal(C/R) — T, we call (G, ¢, 7) a class triple (for s)
if G is a finite group satisfying the following conditions:

i) 7 : G — T is a surjective homomorphism such that ker 7 is an abelian group whose
order is coprime to |T'[;

ii) ¢: Gal(C/R) — G is a homomorphism such that 7o ¢ = s;
iii) ker 7" =1 (where I" acts by conjugation by preimages in G);
iv) imeNkerm = 1.

Then for two class triples (G, ¢1, m1) and (G, ¢, m2), a morphism 7 is a group homomorphism
G — G4 such that m; = my o7 and that 7 o¢; = ¢o.

Theorem 2.3.2. For a given map s : Gal(C/R) — T' and a class triple (G, ¢, ), we have
|Aut(G, ¢, )| = |ker 7™ || Autp (ker 7).

Further, given a finite T-module H of order relatively prime to |U'| with H' = 1, there is a
unique isomorphism class of class triples for s with ker w isomorphic to H as a I'-module.

Proof. Let A be the group of automorphisms of (G, ¢, 7), and since each such automorphism
preserves ker 7 (set-wise) and respects 7, we have a homomorphism

A — Autr(ker ).

By the Schur-Zassenhaus theorem, we can write G = ker m x I' (non-canonically), and so in
this notation an element 7 € A is determined by where it sends ker 7 and I'. Further, since
m =mor, it follows that 7 sends I' to another splitting of G — I'. By Schur-Zassenhaus all
the splittings of G — I are conjugate by elements of ker 7.

This gives a map from ker 7 to the set of splittings of G — I'. We claim this gives | ker 7|
distinct splittings. In ker 7 x I', we have

-1

(n, D(I,7)(n, 1)~ = (n(n")" 7).
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Suppose that (ny,1) and (ng, 1) give the same splitting for some ny,ny € ker 7. Then for all
v € I' we have
m(ng') = na(ng'),

ie., ny'ng = (n;lnl)fl. By the definition of class triple, this implies n; = ny. Thus we
have | ker 7| splittings.

Any element Autr(ker 7) and any splitting I' — H combine to give an automorphism of
(G, m) by the definition of semi-direct product. We next determine which of these automor-
phisms preserves c. Let K C G be K := 7 !(im7 o ¢). So we have

l—skerm— K —immoc— 1.

Since im ¢ N kerm = 1, one splitting of the above is im 7 o ¢ — imc. Another splitting is
immroc — 1 ximmoc C kerm x I' according to our chosen splitting above. By Schur-
Zassenhaus, these two splittings are conjugate by an element (n, 1) for some n € ker .

So let I = im 7 o c. Then the elements of im ¢ are (n,1)(1,7)(n"1,1) = (n(n"1)7"",5) for
v € I. These elements are fixed by the element of Aut(G, ) that comes from ¢ € Autr(ker )
and conjugation of I by (m, 1) if and only if for all v € I,

-1 -1

(m, D (n(n=") ) 7)(m 1) = (n(n™)",9)

ie.

n~'mip(n) = (n”'map(n))""
i.e. n~tmy(n) is fixed by I, i.e m € n~l(kerm)’(n). Thus we conclude that exactly
| Autr(ker 7) || (ker m)?| elements of Aut(H,n) preserve c. This gives the first statement of
the theorem.

For the second statement of the theorem, by Schur-Zassenhaus, any class triple giving H
has G ~ H x I'. Choosing c to be s composed with the trivial splitting I' — H »x I gives at
least one class triple giving H. As we saw above, any other choice of ¢ differs by conjugation
by an element of H, i.e. differs by an automorphism of H x I" fixing the map to I'. O]

Corollary 2.3.3. Let K C Q be a Galois extension of Q with Galois group T' and decom-
position group I's, at 0o and map s : Gal(C/R) — I'w C I'. Let G := Gal(K'/Q) with given
maps

c¢:Gal(C/R) —» @ and m:G— Gal(K/Q) =T,
Let S be the set of primes not dividing |I'|. Then

| Aut(G, ¢, )| = |(CI5) || Autp(CI3)).

So, combining with Theorem 2.2.1, we see that the probabilities in the Cohen-Lenstra
and Cohen-Martinet conjectures are inversely proportional to the number of automorphisms
of the class triples associated to the fields (which are determined up to isomorphism by their
class groups and decomposition groups but have a different number of automorphisms from
their class groups).

20



2.4 Moments of the Cohen-Lenstra-Martinet
Random Groups

In this section, we will find the moments of the Cohen-Lenstra-Martinet random I'-modules,
and moreover show that their distributions are determined by their moments.

Moments for Galois Extensions

We keep the notation from Section 2.1. However, in this section, we will take the set S
of prime to be not necessarily finite. We will also define a slightly more general notion of
random modules.

Definition 2.4.1. (Random O-modules) Let A be any finite dimensional semisimple Q-
algebra with m simple factors. Let S be a set of prime numbers, ) be a Zg-maximal order
of A, and u € Q™ be a fixed m-tuple. If either S contains finitely many primes or u; > 0 for
all i =1,...,m, then we define X = X(A,u,O) to be a random finite O-module such that
for all finite O-module G; and G5, we have

P(X
P(X

G1) _ |Gaf* Auto(Gy)|
Ga) |Gyl Auty(Gy)|

~
~

When S does not contain any primes dividing |I'|, then Zg[I'] is a maximal order in Q[I']
(and so (1 — e;)Zs[T'] is a maximal order in (1 — e1)Q[I']), and our previous definition of X
is a special case of the above. As in Remark 2.1, X is well-defined.

Now given H a finite O-module, consider the function | Sury (G, H)| counting the number
of surjective O-morphisms from G to H. Then we have the following formula to compute
the moments of X.

Theorem 2.4.2. Given a finite O-module H, we have

1

E ([Suro (X, H)|) = TH

Proof. In this proof a summation over G/ ~ always means the sum is over all isomorphism
classes of finite D-modules, with G a representative from each class. For finite O-modules
G, H, we have

|Sury (G, H)| = #{G' C G|G/G" = H} - |Auty(H)].

where G’ C G denotes G’ a sub-O-module of G. For G; and G5 finite O-modules, [14,
Proposition 3.3] gives

3 |Auto (G)|#H{H € G : H= G, and G/H = Gy} = |Auto(Gy)| ' Auto(Gy)| .
G/~
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Let

1
20 =) R (24.1)

Then we deduce that

E(|Surp(X, H)|) = > P(X = G)|Surs (G, H)|
G/~
1
B ; Gl Auto(G)|Z(u)

[Auto (H)| Y #{G' CG|G' =Gy, G/G = H}
Gi/~

|Auto (H)| 1 1 , / /
- G CGG=G,G/G=H
Z(u) GZ/:N |G1|“|H|u§; |AutD(G)|#{ <Gl 1 G/ }

| 1
— |Auto (H))| GX/:N Auto(G1)] - |12 (@) [Auto (H)| - H[

1 1
= N P(X=G)=——.
e E

O

When applying the results to class groups, it is always the case that we only consider the
e-component of Q[I'] where e is some central idempotent. Suppose that e is some central
idempotent in A = Q[I'], then eA C Q[I'] is also a semisimple Q-algebra and e is a maximal
order in eA. We could build a random module directly from e, or we could multiply our
original random module by e. The following shows these two constructions are the same.

Lemma 2.4.3. Let e = ey + --- + e, be some central idempotent of A, and let X, =
X(Au = (ug,...,up),D) and Xy = X(eA,v = (ve,...,vx),e0) be the random modules
defined in Section 1.2 such that u; = v; for alli =2,..., k. Then eX; and X5 have the same
probability distribution, i.e., for all finite eD-modules G, we have

Proof. Let § be the set of isomorphism classes of finite (1 — ¢)O-modules. For all finite
eD-modules G1, G5, we have

]P(@Xl = Gl) _ ZHESP(Xl = G1 D H)
PleX: 2 Ga) Y pesP(Xi =G H)

Since all the terms defining the probabilities factor over G; and H, we conclude the lemma.
O

Therefore Theorem 2.4.2 can be applied to eX directly.
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Corollary 2.4.4. Let e € O be any central idempotent. Given a finite O-module H, we

have
1

E (| Surp(eX, H)|) = { [H|[*
0 otherwise.

if eH = H,

Proof. 1If eH # H, then there is no surjective homomorphism from any eO-module to H.
If eH = H, then O-morphisms from eG to H are the same as e)-module homomorphisms
from eG to H. So the corollary follows from Lemma 2.4.3 and Theorem 2.4.2. O]

Now we will show that the expected values of functions of X agree with the averages
that appear in the conjectures of [14].

Remark. The original definition of M2 (f), the average appearing the the conjectures in [14],
is given by their Definition 5.1 and Conjecture 6.6. However, note that in the original paper,
the definition of M (f) must be corrected to involve e, e.g. M2 (f) should be defined with
the implicit algebra eQII'] instead of Q[I].

Proposition 2.4.5. Let |S| < oo, and let f be a non-negative function defined on the
isomorphism classes of finite O-modules. For X = X(A,u, ), we have

G|™ Auto(G)|7Lf(G/Im
]E,(f(X)) _ hm Z‘G|Sg‘ ’ ng_GHom(P,G)l D( >| f( _/1 S0>
00 Z|G|§§|G| szeHom(RGﬂAUtD(G”
where the sum is over finite O-modules G' and P is a projective O-module of rank u (as

defined in [14, Definition 3.1]). Here x € 7™, and |G| < x means that for every i, we have
le;G| < x;, and the limit means all x; — oc.

Proof. In this proof a summation over GG/ ~ always means the sum is over all isomorphism
classes of finite D-modules, with G a representative from each class. By [14, Theorem 4.6
(i) with $:(G) = | Auto(G)|~" and s = u, if g, (G) = #{p € Homo(P,G) : G/ ime = G}
and P is projective of rank u, then

Z 96,(G) Z(0)
< [Auto (G)[|G]* ~ [Auto(G1)[G1[*Z(u)
where Z is defined in (2.4.1) (and see Remark 2.1 for the convergence). Then we have

SIG™ Y |Aute(G) (G im )

G/~ pcHomyp (P,G)
APy . e
Z(0) -
- (;/Nf ) rencEzE — Z QB X))

We can also apply this to the constant function f(G) = 1, and deduce the proposition. [
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Moments Determine the Distribution

So the random O-module X has H-moment |H| ™ for every finite O-module H. Now we
ask: given a random finite O-module Y with H-moment |H|™% for all H, does Y have the
same probability distribution as X? In this section, we will see the answer is yes.

Recall the notations from Section 2.1: A = [[I2; A; and K; is the center of A;. Now for
each pair (i,p) where i = 1,...,m and p is a prime of K;, we can consider the completion
Aip = M, ,(D;yp) of A; at p (where D;, is the completion of D; at p and [;, is some positive
integer). Note that in this notation that the choices of p depend on i. If O is a maximal Zg-
order in A, then e,9 also admits a completion 9;, = ;0O Rz, L, (where Zg, is the ring of
integers of K; and Zg, , is the valuation ring of K;p). In particular, O, , is a maximal order
in A;,. Then in this case (unlike in the global case), there always exists an isomorphism

D@P = Mli,p (Oi,)ﬁ)ﬂ

where 0;, is the maximal order in D;,, which is given by a valuation.

If G is a finite O-module, and (i,p) some prime ideal of O (i.e. p is a prime ideal of
K;), then let G}, denote the part of G annihilated by a power of p and we know that G, is
naturally a finite O; ,-module. For any two finite O-modules G; and G5, we have

| Auto(Gh)| = [ ]| Auto,,(G1p)| and  |Surg(Gr, Ga)| = ] |Surs,, (G1p, Gap)l.
(4,p) (4,p)

Moreover, the category of O; ,-modules is equivalent to the category of 0; ,-modules, because
they are both matrix algebras over o;,. So the question of counting surjective morphisms
is then reduced to the following case: let D be a division algebra over @, with the maximal
Zy-order o and we consider the category of finite o-modules. Given any (finite) partition
A A > Ay > ..., there exists a unique (up to isomorphism) finite 0-module G such that

G=Po/p™,

where p is the unique maximal ideal of o, see, e.g. [14, Lemma 2.7]. Then we write G = G,
and call it the o-module of type A. Also let ¢ = |o/p| be the cardinality of the simple
o-module.

Definition 2.4.6. Given a partition A : A\ > Ay > --- > \,, it can be represented by a
Young diagram whose number of boxes in the ith row represents the number \;. Then the
transpose A" of X is the partition such that A} equals to the number of boxes in the jth
column in the diagram of A\. We have a partial ordering on partitions as follows, Given two
partitions pu, A, we say that 4 < A when p; < \; foreach 1 =1,2,....

Lemma 2.4.7. Let D be a division algebra over Q, with mazimal Z,-order o. Given two
o-modules G, G, of type A and p. Then

| Homo (G, G,)| = g==1 Yk,
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Proof. By Lemma 2.7 (and more generally §2) in [CM90], we only need to check the formula
for the case when G, G, are both cyclic, which is clear, i.e.,

| Home (0/p™, 0/p™)| = ¢™intmm) = s
UJ

Lemma 2.4.8. Let G = G, be a o-module of type A. If u < \, then the number of submodules
of type u, denoted by a\(u;q), satisfies

1 —w
Jj=1

Proof. First we claim
| Homo (G, G))|

ax(i; q) = )
M) S Rt (G
ie., if f: G, — G happens to be an injective map, then f o g where g € Aut,(G,) clearly

gives us the same subgroup in G. Then by Theorem 2.11 in [CM90], if 7y, ..., m are the
distinct (nonzero) values of {u;} with multiplicities kq, ..., k;, then

t t

[Auto (G| = ¢ TT(ke)y > =" [T(00) = > [T (1 = ¢7)"
7j=1

i=1 =1

where the notion (k), means Hle(l —q %) if k > 0. Since py < Ay, we have

Hom G ,G/\ ad I ()2 1 I ()2
ax(ps; q) < | |A1ft 7 I I e Zum i) < | | —(1 > .quAz (ki)
0 .
J=1 J

O

Lemma 2.4.9. For any given o-module G of type X\, there exists a constant C' such that
#{H C G} < C)qqi Z(,\’Z)2

Proof. To prove this lemma, we sum the result in Lemma 2.4.8 over all 4 < A, and a bound
for this sum is given in [42, Lemma 7.5]. O

Now using the lemmas above and results from [42], we can prove that the Cohen-Lenstra-
Martinet distributions are determined by their moments, and in fact even a sequence of
random variables with moments converging to moments described in Theorem 2.4.2 must
converge to the Cohen-Lenstra-Martinet distribution.
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Theorem 2.4.10. Take A, O, m as in Section 2.1 and let u € Q™ be an m-tuple. Assume
that either that |S| < oo and w > 0, or, that |S| = oo and u; > 0 for all i. Let K; be the
center of each component A; and R; the integral closure of Zs in K;. Then R := @ R; is
the center of O and each O; is a mazimal R;-order in A; (see [52, Theorem 10.5]).

Let {X,,} be a sequence of random variables taking values in finite O-modules. For each
prime p of O, let ny, > 0 such that n, = 0 for almost all p. Let S be the set of all finite
O-modules H such that the annihilator of H, divides ™. Moreover let N be the O-module
such that N, is of type (n,,0,0,...).

Suppose that for every G € S, we have

. 1

1S

Then for every H € S, the limit

lim P(X, @ N = H)

n—oo

exists and for all G € S we have

> lim P(X, @ N = H)|Surg(H,G)| =

Hes |Gl

Suppose {Y,} is another sequence of random variables taking values in finite O-modules
such that for every G € S, we have

JLI&E(‘SUI'(YMG)D aE

Then for every H € A, we have

lim P(X, ®x N = H) = lim P(Y, @ N = H).

n—oo n—oo

Proof. The proof is very similar to [42, Theorem 8.3|, so we only present a sketch and
highlight the differences. First we suppose that the limit

lim P(X, ®z N = H)

n—oo

exists for all H € S and we are going to show that for all G € § we have

Z lim IP) X, ®RNNH)|SUI“Q(H G)| !

s n—00 |G|“

By Lemma 2.4.7 and the same argument as in [42, Theorem 8.3], for each G € S, there
exists G’ € S such that

< OQ.

Z |Homg (H, G)|
< [Homyp (H, G')]
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Then the same argument as in in [42, Theorem 8.3] using the Lebesgue Dominated
Convergence Theorem concludes that

> lim P(X, @z N = H)[Sur(H, G)]
HGS n—oo

= lim > P(X, ®r N = H)|Sur(H,G)| =
es

|Gl

i.e., if for all H € S the limit lim,,_,. P(X,, ® g N = H) exists, then the moments agree with
E(|Sur(X,G)|) for all G € S.

Next we show that if the limits lim, ., P(X,, ® g N = H) and lim,,_,., P(Y,, ®g N = H)
exist for all H then

Z nh_{go]p(}/n ®@r N = H)|Sur(H,G)| = Z nh_)rgo]P’(Xn ®r N = H)|Sur(H,G)| = _|G|@
HeS HeS
implies

lim P(Y, ®x N = H) = lim P(X, @ N = H).

n—oo n—oo

Note that the averages | Homg (X, H)| and | Surg (X, H)| over all H, are determined from one
another by finitely many steps of addition and subtraction. We’ll apply [42, Theorem 8.2]
with distinct primes p;’s in the assumption replaced by not necessarily distinct real numbers
¢;’s. The proof of the theorem actually proves the statement in this generality.

Now let M be the set defined in [42, Theorem 8.2] where the choice of ¢; comes from
the following: there are only finitely many primes p;; C Zg, such that n,,, > 0 for all
i=1,...,m, so we can let ¢; = |o/p},| where o, C D, ,, is the maximal order in D,,, and
p;. is the unique maximal ideal. We say that an O-module G € S corresponds to u € M if
the type of G is exactly p’ where p’ is obtained by (1), = (ux)’. We then define

T, = JLIEOIP’(XTL Qr N =Gp)
for all p € M. And similarly for y,. If we let C\ denote the expected value of the number
of homomorphisms into GG/, then by Lemma 2.4.9, we know that C', satisfies the condition
in [42, Theorem 8.2]. Then [42, Theorem 8.2] tells us that x, and y,, are determined by C,.

Finally, the same diagonal argument at the end of the proof [42, Theorem 8.3] shows
that when the limit moments are |G|7%, the limit lim, ., P(X,, ® g N = H) exists for all
HeS. O

The above theorem is the most flexible for applications, but we will state now simpler
versions to emphasize the main point.

Theorem 2.4.11. Keep the notations in Theorem 2.4.10. Assume that |S| < oco. If {X,}
is a sequence of random variables taking values in finite O-modules such that

lim E(|Surp(X,,G)|) =

n—00 |G|M

27



for all finite O-module G, then

1
lim P(X,, 2 G) = )
A P = ) = R OGRZ W)

i.e., the limit of the random variables exists and has the same probability distribution as the
random variable X = X (A, u, O).

Proof. 1f |S| < 0o, we can take into account all the prime ideals of O at one time. Provided
that G is a finite module such that G;, is of type A\“F where AP is a partition, then in
Theorem 2.4.10 we take n;, = (A*F)} 4+ 1. If H is any O-module such that

H®r N =G,

then H has to be isomorphic to G, i.e., P(X,, = G) =P(X, ® N = @), and it is determined
by the limit moments. O]

Theorem 2.4.12. Assume that |S| = oo and u; > 0 for all i = 1,...,m, and X =
X (A, u, ) is the random variable weve defined. If Y is a random variable taking values in
finite O-modules such that

E(|Suro (Y, G)]) = ﬁ — E(|Suro (X, G))).

Then

for all finite O-modules G.

Proof. We let p; be the primes of . By Theorem 2.4.11, for every n we have
P(Y,, =G, li=0,1,...,n) =P(X,, = G,,|i=0,1,...,n).
Then by basic properties of measures, we have
PY=G)=PY,, =2G|i=0,1,2,...)
TLILIEO]P’(}@ =Gpli=0,1,...,n)
= Ji—{goMXm = Gp,li=0,1,...,n)
=P(X,, =2G,,|1=0,1,2,...) =P(X =q).

]

However the statement on limit moments determining the limit distributions does not
hold if S' contains infinitely many primes.
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Example 2.4.13. Let S contain infinitely many prime numbers which are relatively prime
to |I'| (so that © = Zg[I']) and u; > 0 for all i. Let H be any finite O-module. Then
P(X = H)>0.

For every rational prime p, there is a ©-module G, whose underlying abelian group is
a p-group, say (Zs/pZs)" = (Z/pZ)"™ which is a representation of I' over the finite field F,,.
Let Y, be a random O-module such that

P(X =G) VG # H or H x G;
P(Y, 2~ G) =40 it G = H;
P(X = H) +P(X = H x G,) it G=HxG,.

Since | Surp(H, G)| = | Surp(H X G,, G)| whenever p > |G|, for every O-module G, we have

lim E(|Surs (Y, G)]) = E(| Suro(X, G)]).

p—o0

However lim,, ,, P(Y,, = H) = 0. This shows there is no analog of Theorem 2.4.11 for infinite

S.

2.5 Explanation of the Cohen-Martinet Heuristics in
the non-(Galois case

Cohen and Martinet [14] do not specifically make a conjecture about the distribution of class
groups of non-Galois fields. However, they do show that by expressing class groups of non-
Galois fields in terms of Galois fields, such conjectures can be obtained as consequences of
their conjectures in some cases. The goal of this section is to deduce the entire consequence
of the Cohen-Martinet conjectures for class groups of non-Galois fields. Interestingly, in the
non-Galois case, one can sometimes also say something about the p-Sylow subgroup of the
class group for p dividing the order of the Galois group of the Galois closure. So first, we
must state a more complete version of the conjecture of [14] that includes these primes.

In this section we continue the notations introduced in Section 2.1 and Section 2.1. In
particular, I' is a fixed finite group.

Definition 2.5.1. Let e be any central idempotent of Q[I']. We say that a prime number p
is good for e if e € Z,)[I'] and eZy[I'] is a maximal Zy-order in eQ[I'], and it is bad for e
otherwise.

This definition is stated slightly different from the original one in [14, p. 6.1], but they
are equivalent (see [52, Theorem 10.5]). A prime p such that p t |I'| is good for any central
idempotents e, including e = 1. For a central idempotent e in Q[I'], and S a set of primes
good for e, [14, Hypothesis 6.6] is a conjecture for the distribution of e Cl3.. Proposition
2.4.5 and Lemma 2.5.10 show that this conjecture is equivalent to the following.
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Conjecture 2.5.2 (Cohen and Martinet [14]). Let e be a fized central idempotent in (1 —
e1)QI[T'], such that e = ex + - - - + eg, where the e; are irreducible central idempotents. Let S
be a set of prime numbers such that if p € S then p is a good prime for e, and u € QF1.
Let X = X(e(1 —€1)Q[I'],u, eZs[T']). Then, for every “reasonable” non-negative function f
defined on the set of isomorphism classes of finite eZg[l'|-modules, we have:

. Z| Disc L| <z fle Cli)
lim

00 Z\ Disc L|<z 1

=E(f(X))

where L runs through all T'-extensions of Ko such that |Disc L| < = and the rank of L/ K
restricted to the coordinates 2, ...,k is u.

Note that all of the caveats of Remark 2.1 still apply, including the fact that the term
“reasonable” is left undefined.

For a field extension L/K of number fields with groups of fractional ideals I and I,
the embedding i : I — I}, defined on fractional ideals induce, by passing to the classes, the
homomorphism:

1, : Cl K — Cl L-

For this homomorphism, we have the following.

Theorem 2.5.3 ([14, Theorem 7.6]). Let L/K be a I"-extension of number fields. The kernel
(resp. the cokernel) of

iy : Clg — CIY is annihilated by |T’| (resp. |T'|?).
The direct corollary is the following.

Corollary 2.5.4 ( [14, Corollary 7.7] ). Let Koy C K C L be a tower of number fields such
that L/ Ky is a I'-extension and that K is the fized field of the subgroup I of T'. If every
prime in S is not a prime divisor of |I''|, the homomorphism

[ le{/Ko — (Cli/KO)F s an tsomorphism.

When p 1 |I'|, the above results mean that Conjecture 2.5.2 implies a distribution on the
class group of the fields K/Q with Galois closure L|Q (ordered by the discriminant of the
Galois closure).

Now consider the primes p | |[I'|. We'll see below (Lemma 2.5.11) that if p is a good
prime for ep/r» which is defined below, then p | |I"|, which implies that Corollary 2.5.4 is
not useful if we want to make predictions on the distribution of p-Sylow subgroups of class
groups of non-Galois fields for p | [TI'|. However, in this section we will prove Theorem 2.5.6
that allows us to deduce consequences Conjecture 2.5.2 for p-Sylow subgroups of class groups
of non-Galois fields and p | |T'].
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Definition 2.5.5. Let 1 be the unit character of IV, and
Tr/rr = Ind% 1 and ar/rr = o — 1p.

Then define er v to be the central idempotent associated to ar,rv, i.e., if V' is a representation
of I over Q with character ap/rv, then ep,r is the minimal central idempotent of Q[I'] that
acts on V as identity.

Theorem 2.5.6. Let Ko C K C L be a tower of number fields such that L/ Ky is Galois
with Galois group T' and that K is the fized field of the subgroup 1T of T'. If every prime
p € S is a good prime for err, then

(i) pt[K : Ko] for allp € S, and we have the following split short exact sequence

1 — CIf e, — Cly =53 Cly, — 1,

hence Cl3. = Cl}iD X le(/Ko where we view Clio as a subgroup of Cl3.;

i) the induced homomorphism i, : Cl3 — C15 is injective with image (err C13 M
K/K L / L =
ClY, ie.,

iy le{/Ko 5 (ery C17 )F is an isomorphism.

Remark. Cohen and Martinet give another result [14, Theorem 7.8] that could be used to
relate the class groups of non-Galois fields to Galois fields, but [14, Theorem 7.8] is incorrect
as stated. Their result instead should require that I has a normal complement A such
that IV acts on A (by conjugation) with trivial stabilizers on each non-identity orbit. For
example, this hypothesis and the theorem fails for the example I' = S, and IV = S5, which
is an example that appears in [13]. However, our Theorem 2.5.6 can be applied in this case
and in every case in which the Cohen-Martinet heuristics make a prediction.

Note that Theorem 7.4, applied in the case Ky = Q, has the following corollary.

Corollary 2.5.7. Let L/Q be a I'-field and K be the fized field of I'. If p is good for err,
then the order of the capitulation kernel

keri, = ker(Clg — Clj)
15 not divisible by p.

For many pairs (I',I"), there is at least one prime p | |I"| that is good for err, e.g. p
is good for (Sp11,S5,), and 2 is good for (As, As), and 5 is good for Sy or As with a certain
subgroup of index 6 (a stabilizer of the action on Pllgs). For these primes, Corollary 2.5.7
appears to be a new result on the capitulation kernel.
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From Theorem 2.5.6, we see that Conjecture 2.5.2 implies a conjecture on averages of
functions on class groups of non-Galois fields, in which the finite abelian group H appears
with weight proportional to

> ! : (2.5.1)
&7 |G Autr(G)]
GV~

where G runs through all finite ep/pZg[I']-modules, up to isomorphism, such that Gl'=~H
as abelian groups. We'll spend the rest of this section proving Theorem 2.5.6. In the
next section we will give a simple expression for (2.5.1) and an interpretation of the values
appearing in (2.5.1). We start with a useful statement that we will use repeatedly.

Lemma 2.5.8. Let e be a central idempotent in Q[I'] such that e € Zg[I'] and that eZg|I|
is a maximal order in eQ[I']. Then any eZg[l'|-module G is cohomologically trivial as a
I'-module, i.e., for every subgroup A of I' and every integer n € Z, we have

H"(A,G) =0,
where H denotes Tate cohomology.

Proof. Note that via the ring homomorphism e : Zg[['| — eZg[I'] given by x +— ez, all
eZs|T']-modules are also T'-modules.

Let G be any eZg[I']-module. We can find a projective eZg[[']-module P with surjective
homomorphism ¢ : P — G. Then we have a short exact sequence of eZg[I']-modules

0—-L—>P—G—0,

where L is the kernel of ¢. Since maximal orders are hereditary (e.g., see [52, Theorem 21.4])
the submodule L of P is also a projective eZg[I'|-module. Since e € Zg[['], we know that, as
I'-modules, eZg[I'] is a direct summand of Zg[I']. Therefore P and L, as summands of the
module (eZg[I'])™ for some m, are summands of the module (Zg[I'])™. Note that Zg[I'] is
an induced ['-module and hence cohomologically trivial. So P and L, as summands of some
induced I'-module, are both cohomologically trivial. Then the short exact sequence implies
that G is also cohomologically trivial. O]

Next, we note the following property of the central idempotent er/r and its relationship

to 1
6/1:WZT.

Tel

Lemma 2.5.9. IfV is any Q-representation of I' of character x, then
dim(@ VF, = <1I"> ResF, X>F’ = <TF/F’7 X>F-

In particular, if x1, ..., Xm are all the Q-irreducible characters of I' such that e; is associated
to x; for alli=1,...,m, then for allt=1,..., m we have

/
eiey #0 & e =e; ore;-epyr = €.
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Proof. The first identity is exactly given by Frobenius reciprocity. For the second statement,
note that e;Q[I'] is a representation of character n;x; for some n; > 1, and that (e;Q[I'])" =

Remark. We let ey, eq, ..., e be all the distinct irreducible central idempotents of Q[I'] such
that e - e} # 0. By the above lemma,

er/rr = €2 + -+ + €y,
which could be taken as an alternative definition for ep,p.

Lemma 2.5.10. Let L/Ky be a I'-extension of number fields. If e is a central idempotent
of Q[I'] such that ey - e =0 and p is a prime number that is good for e, then

e Cly[p™] = eCly/k, [p™].

Remark. This lemma shows that taking the relative class group has no effect if one only
cares about good primes for some central idempotent e € Q[I']. Therefore in the statement
of the Cohen-Lenstra-Martinet Conjectures (see Conjecture 2.1.3 and 2.5.2) we do not need
to use the concept of relative class group.

Proof. First of all let’s introduce some notations. For a number field k, let I be the group
of fractional ideals and P} the group of principal ideals. Then for any prime p, let I, =
Ly @z Iy and Py, := Z,) @z P, Note that we have a short exact sequence

1 — Py — I, = Clp™] — 1.

Since e € Z,)[I'], the notion e Cly[p>] and e Cly k,[p™] are well-defined. It is clear that
e Cl i, [p™] C eCly[p>]. Our goal is to show that Nmy, /x, (/) is indeed a principal ideal of
K, for all ideals I € I, such that the ideal class [I] is contained in e Cl[p*].

For any x € Cl.[p>], we have

Nmy /g, (ex) = Z’yex = (|Tle1)e-z=0-z=0.

vel’

Therefore Nmy x, : e Cl [p™] — eCl.[p™] is actually the zero map. Claim: (ePp,)" =
Pk, p NePr,. We first prove the claim. Recall that if eZ,)[I'] is a maximal order then any
eZp)|T'-module is cohomologically trivial by Lemma 2.5.8. In particular

1= ﬁO(F,ePLyp) = (ePLp)F/NmL/K ePL,p

This shows that if a “principal ideal” I € ePy, is fixed by I', then it is represented by a
“principal ideal” of Kj, hence the claim.

By cohomological triviality again, we know that e Cl;,[p*], el ,, €Py, are all cohomolog-
ically trivial, so

(eCly [poo])F = (QIL,p)F/(GPLm)F = (ejL,p)F/(PK,p Nelry).
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This implies that for any ex € (e Cl;[p™])!, we have ex = 1 if and only if it is represented by
a “principal ideal” of K (an element in Pk ,), hence e Cl;[p™] is indeed generated by ideals
whose norm in Clg, is 0, i.e., e Cl;[p>] = e Cly k, [p™]. O

We need one more lemma for the proof of the theorem.

Lemma 2.5.11. If p is a prime such that err € Z,)[I'], then p does not divide |I'/T"|. In
particular, if p | |T/T|, then p is bad.

Proof. Let
P :=Z)[Tle; = {ze} |z € Z)[TT}

be a left Z,[I']-module. We know that er e} is contained in P, because er/r is already
contained in Zy,)[I']. This implies that e; = ey - €] is also contained in P, for the idempotent
€} is contained in P and could be written as

ei=1-ef=(e1+--+ep) € =e +ex€] + - +epe] =er + eprel.
Let {o1,...,0,} be a fixed set of representatives of left cosets I'/I”. Then every element

x € P can be written uniquely as
q

2 : /
r = a;0;€q,

i=1
where a; € Z,). If in addition, z is fixed by I', then all the a; must be the same, which
implies that if we let

S
To 1= Z 1-oie) = T/ - ey,
i=1

then PU' = Lpyxo. Since ey € P, we know that there exists some a € Zpy such that
ary = ey, i.e.,
a-|T/T' =1.
So [I'/I"| is a unit in Z,), i.e., p does not divide |I'/I"|. O
Finally let’s prove Theorem 2.5.6.

Proof of Theorem 2.5.6. It is clear that we can reduce to the case where the set S is the
singleton {p} with p a good prime for epp.

For (i), by Lemma 2.5.11, we know that p { |[['/I"| = [K : Ko]. Then let’s view Clg, [p™]
as a subgroup of Clg[p™] via the induced map i, : Clg, — Clg. We have the following short

exact sequence

1 — Clg/r, [p™] = Clg[p™] = Clg, [p™] = 1
where n, is induced by the norm map Nmy;k,, because n,(Clg, [p>]) = [K : K| -Clg, [p™] =
Clg,[p>]. Then by i, on, = [K : K], we see that K Kol ilKo] i, is well-defined for Cl3; and
splits n,. This shows (i).
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Then let’s prove (ii). For a number field &, let I denote the group of fractional ideals,
and Py the group of principal ideals. Then for k, we have the short exact sequence

1= P, — I, - Cly — 1,
Tensoring with Z,) gives us a short exact sequence
1— Z(p) Kz P — Z(p) Kz I — Clk[poo] — 1.

Let Py, := Z) ®z Py and Iy, ), := Z,) @z I, And for an element x;, € I, we let [z;] denote
its image in the class group.

Recall the set-up in the statement: Let Ky C K C L be a tower of extensions such that
Gal(L/Ky) =T and that Gal(L/K) =1" CT.

Claim 1: By viewing Ik, as a subgroup of I, via the embedding i : Ix — I, we have an

exact sequence
IpNIp, — Clg[p™] = Clg/k, [p™] — 1, (2.5.2)

where the map Clg[p™] — Clg,k,[p™°] = Clg[p™]/ Clk,[*] is the quotient map given by (i).
Let’s prove the claim. First of all I, , C ]E,p’ therefore the image of I, N ]E,p in Clg[p™]
must contain Clg, [p™]. If z € Ix, NI}, gives an ideal class [z], then by (i), we can write
[z] = [y] - [2] with [y] € Clg,[p™] and [z] € Clk/k,[p>°]. The computation

[.CE] [K:Ko] _ ][K:Ko]

Nmg, g, [2] = Nmg /s, [y] - Nmgy g [2] = [y

shows that [z] = 1 and [z] € Clg,[p™]. Therefore the image of I, NI, is exactly Clg, [p>],
the kernel of Clg[p>] — Clg,k, [p™].

Claim 2: We have a short exact sequence
1— PKyp N eF/F’PL,p — IK7p N ep/rlle — CIK/KO [poo] — 1. (253)

We prove this claim now. First of all, the ideal classes given by Ik, Ner 1, are contained
in the relative class group Clg/k,[p™], because
N/, [y] = Nmgx, er/rly] = Z U(err/rl —e1) -yl = ’F/F,‘(elerr/rl —e1)- [yl =1

oel’ /T

We then only need to show the surjectivity. As a Z,)[I']-module, I, admits the following
decomposition
IL,p = eI“/F’]L,p X (1 — GF/F/)]L,]J'

Consequently [Ejp = (eryrlpy) M (1- ep/p,)[LJ,)F,. By I, =V :=Q®z,, I1,, we know
that € I, is fixed by I'" if and only if €} - x = = where the action happens in V. Since

e -(I—erym) =€) -(e1+epp1+--+en) =6 -e1 = ey,
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for any element z € (1 — ep/p/)V, it is fixed by I' if and only if it is fixed by I'. Therefore if
xel E:p, then
r=y-z

with y € (ep/p/ILm)F/ and z € IE’p. By Lemma 2.5.8, the er/rZy)[I'-module er Iy, is
cohomologically trivial, hence

(eryrrlry)” / Nmyk eryrdy, = (T erpridy,) = 1.

Therefore, y is always an element in I ,. If the element above x = y - 2 is contained in Ik,
then z is also contained in I, i.e.,

Iicp = (Iicp Neryrrdrp) % (Tip N11,)

where the direct product is the direct product as abelian groups. Then by (2.5.2), [z] €
Clg, [p>], and [z] = [y] in the relative class group Clg/k,[p™] = Clg[p™]/ Clk,[p™], which
proves Claim 2. Moreover, the claim also tells us that i, (Clg,x,[p™]) C er/r Cly/k, [p™].

Final Step: Since p is a good prime for er/r/, we know that er/rv € Z,)[I'] and er/rZ,)[I']
is a maximal order of er,»Q|I'], hence obtain the following short exact sequence

1— eF/F’PL,p — eF/l"’IL,p — er/rs CIL[])OO] — 1,

where every object showing up is an ep;rZp) |[I'l-module. Then by Lemma 2.5.8, we know
that er;r Py, erjrlL, and ep/p Cly, [p>] are all cohomologically trivial as I'-modules. So
the identity

(er/rl CIL[pOO])FI/ NmL/K eF/F’ CIL[pOO] = H()(F/, eF/F’ ClL[pOO]) =1

holds. This immediately implies that if [z] € (er/r Clp[p™])'", then [z] is represented by an
ideal coming from K, and i. : Cly,x,[p™] — (er/r Clz[p=])"" is surjective. Similarly, by

H(T erjriI1,) = 1, and HO(T', erjrPrp) = 1
we know that
(GF/F/[L7P)FI = IgpNerlLy, and (GF/F/PLJ,)F/ = PrpNerrPry.
Also by H NI, eryrPr,) = 1, we have the short exact sequence

T

1— (BF/F/PL,p)F, — (GF/F/]LJ,)F/ — (GF/F’ CIL[pOO]) ' — 1.

Then these identities together with the short exact sequence (2.5.3) gives the following
commutative diagram which concludes the proof:

1 —— PK,pﬂep/F/PL,p — IK,pmef/F/]L,p _— CIK/KO[pOO] — 1

!

1] — (GF/F/PL,p)F/ —_— (€F/F/IL’p)FI e (GF/F/ ClL[poo])F — 1.
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2.6 Reinterpretation of the Cohen-Martinet
Heuristics in the non-Galois case

In this section, we reinterpret the distribution on abelian groups from (2.5.1) that we have
shown are predicted by the Cohen-Martinet heuristics to be the distribution of class groups of
non-Galois fields. Returning to the principle that objects should appear inversely as often as
their number of automorphisms, we will see that these class groups of non-Galois fields have
certain structure and the distribution is given as inverse to the number of automorphisms of
that structure. We end the sections with several examples for different groups I'.

We first define some notation used in this section. Let I'" be a fixed subgroup of I'. We've
defined the trivial idempotent e; in Section 2.1, the augmentation character ar,r and the
central idempotent ep/r of Q[I'] associated to it in Section 2.4. Let Crp = €1+ ey be
the central idempotent associated to the character 7/, and €] be the irreducible central
idempotent associated to the unit character 1 of I in Q[I]. Note that e} is naturally an
idempotent in Q[I'] via the embedding IV < T, but it is not necessarily central. Throughout
this section, let .S be a fixed finite set of good primes for er/r (see definition in Section 2.5),
and O C Q[I'] be a maximal Zg-order containing the group ring Zg[I']. By our assumption,
61’*/[‘/9 is exactly eF/F’ZS[F]-

Definition 2.6.1. For any (I',T')-bimodule M and any subgroup A of I', let *M be the
subgroup of M fixed by the action of A on the left. Similarly M* is the subgroup fixed by
the action of A on the right.

Caution: The notation M* is different from the use in previous sections, as before we
only considered left actions. The reason for these two notations is that objects like O are
(T, T')-bimodules and we have to distinguish left and right I"-invariant parts.

Integral model for the Hecke algebra and Morita equivalence

First of all, Q[I'] is a (I', I")-bimodule, we can consider the subspace I Q[I']", which is also
called the Hecke algebra, written as Q[I"\I'/T”], and which we will write as €]Q[I']e}. Note
that ¢/Q[I']e} is a Q-algebra, but its identity €] is not the identity of Q[I']. If V is any
left Q[I'-module, then "'V is naturally a left ¢,Q[I']ej-module. Let ¢/ze! € e/ Q[Ie] and
v € 'V, then for all 7 € IV, we have

7 - (eze] -v) = (Tejze)) - v = ejxe] - v.

This shows that e} xe}v is still fixed by I, hence ejze|-I'V C T'V. Also for a left Q[I']-module
V', we always have

!

My =T (€rp V)

So we see that for Q[I'-module V| the invariants ™'V are naturally a e} Q[I'¢}-module.
Our goal is now to construct an integral version of this kind of structure. Given a finite
©O-module G, one has a natural action of P :="O" = O N e Q[Ie} on "G by reasoning as
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above. However, in general P is not even a ring, because if S contains any primes dividing
IT’|, then P does not contain a multiplicative identity. Even if S does not contain any primes
dividing [I”|, it is not clear what kind of ring P is. We will construct a ring o, agreeing with
P when S does not contain primes dividing |I'| and larger than P otherwise, and show that
this larger ring o still acts on I'G. After proving several results, in Corollary 2.6.8, we will
see that o is actually a maximal order.

Definition 2.6.2. We define
0= r (ep/F/Dell).

We include the factor er v because of our intended application to (relative) class groups.
When I' = S, and I'' = S,,_1 is the stabilizer of an element, then we have ep,rO = M,_1(Zg)
and 0 = Zg (see Example 2.6.15). When I' = D, and I is a non-central order 2 subgroup, we
have er/rO = Zg x My(Zg), and o = Z% (see Example 2.6.16). When I' = As, we let T" act
on {1,2,3,4,5} in the usual way and let I be the subgroup fixing 1. Then ep/rO = My(Zg)
and 0 = Zg. As suggested by these examples, we will show in general that er,©O and
o are Morita equivalent in Theorem 2.6.7, even though in general in they can have more
complicated structures as arbitrary maximal orders in sums of matrix algebras over division
algebras. This Morita equivalence will play a central role in our reinterpretation of the
prediction of the Cohen-Martinet heuristics in the non-Galois case.

We start by showing that o is an order of the semisimple Q-algebra ¢/ er/rQ[I']e].

Proposition 2.6.3. Let ey, ..., e, be the distinct irreducible central idempotents of Q[I'] and
errr = eg+ -+ +ep. The Q-algebra e,Q[T)e; = Q[ is a semisimple Q-algebra whose
decomposition into simple components is given by

k

eiQ[Ie; = [] eteQITler.

i=1
The category of €,Q[L')e}-modules is equivalent to the category of e, Q[I'|-modules. The
subgroup ' (De}) is a Zs-order of €,Q[l)e}, and o is a Zg-order of ejer/rQ[]e].

Proof. In the proof, let A = Q[I'| and A" = efer;rQ[I']e}. Note that ¢/Q[I'|e;e] = e; A and
"(1—eryr)De}) =TO, c.f. Lemma 2.5.9. We can focus on er;A, A" and o (the “nontrivial
parts”) in the rest of the proof.

The irreducible central idempotents of A give a decomposition of A’

A =egef A" x - x el A

with each component a Q-algebra because e;e] is central in A’. Note that €] - ¢; # 0 if and
only if e; = e; or ;- errv # 0 by Lemma 2.5.9. So we have

/ I Al I Al
A =ege1 A" X -+ X epel A

For any simple Q-algebra B = M;(D) where D is an division algebra and any idempotent
f € B, wehave fBf = My (D) for some !’ < [. This can be shown using the decomposition of
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the identity into mutually orthogonal primitive idempotents by the Krull-Schmidt-Azumaya
Theorem, see e.g. [53, p. 6.12].

We apply this result to e;e) for each i = 2, ... k as follows. The Q-algebra e; A is simple,
and e;e} is an idempotent in e;A. Therefore if ;A = M;,(D;) where D; is some division
algebra, then there exists some integer 0 < [j < [, such that e;e} A" = e;e} Aesey = My(D;),
hence ¢{e; A’ is a simple Q-algebra for all ¢ = 1,..., k. Since A’ is the direct sum of finitely
many simple Q-algebras, it is a semisimple Q-algebra.

The equivalence of the category of €] e; A’-modules and the category of e; A-modules follows
from the fact that they are both matrix algebras over D;, hence A" is Morita equivalent to
erymA. Finally by eje;Q[I'le] = e; A = Q, the statements on ¢/ Q[I']e] are all proved.

We now check that o is indeed a subring of A’. By definition, o, as the I'-invariant part
of an I'-module, is an additive abelian group. For all z,y € ep/r©O such that ze,ye| € o,
since oxe] = ze) for all ¢ € I, we know that ejze] = xe), ie., zef € A and 0 C A’ is
an additive subgroup. For ze},ye| € o, we have zelye] = z(ejye]) = xye], which is still
an element in o because zy € er/rO and (ze))ye] is fixed by I on the left. In particular,
ejer v is contained in o and is the identity for A’, hence o is indeed a subring of A’.

Then let’s show that o is a Zg-order in A’. We've already showed that o is a subring of
1

A’. Then we check that Q ®z, 0 = A'. Let v € er/rv A, then we can write it as z = —y with
n

2

some n € Z and y € |I"|?er;rO because Q ® er/rO = eprA. Therefore

1
/ / / /
e1xre; = — @ ejye;
n

where ejye] € U (er/r9O)!" C o by our construction. This shows that Q ® o = A'.
Finally we show that o is finitely generated as a Zg-module. Since ep,rO is finitely
generated as a Zg-module, say ep;rO = Zg - 21 + -+ + Zg - Ty, then

0 COe), =Zs-x1€)+ -+ ZLg - xNe],
is a submodule of a finitely generated Zg-module, hence itself finitely generated over Zg. [
Now we will show that the I["-invariant part of an er,rO-module is naturally an o-module.

Lemma 2.6.4. For any finitely generated errO-module G, its I'-invariant part UG is an
o-module via the action

(0€1)-g=0-g,
where the right-hand side is the action of ep/rO on G, for all g € "G and o€} € o with
o € GF/F/D.
Remark. As the identity of o, the element er e} acts as identity on @ for any er/pO-

module G despite the fact that ep e} is not even contained ep,rO in general.

Remark. We can immediately see from Theorem 2.5.6 that Cl3; /K, 1s naturally an o-module.
This will be the key to our interpretation of (2.5.1).
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Proof. 1f oe} = Te} with 0,7 € er/rO, then the sum of the coefficients of elements in the
same left coset of TV must be the same, hence o-g = 7-¢ for all g € I'G. This shows that the
definition does not depend on the choice of o € ep/rO. Moreover, since oe] is fixed by I”
on the left, we know that oe/g € 'G. So we've shown that o¢) - g = g gives a well-defined
map.

Note that €} -0¢| = o¢] for all o¢| € o by definition. If o1¢], 02¢] € 0 with 01,05 € er/ 9O,
then oy€|09€¢| = 109€] which shows that the action is associative. Finally, o1€]g + oq€ig =
(01+02)g = (01+02)e,g = (01€) +02¢,)g. So this definition turns "G into an o-module. [

We then prove the equivalence of the category of er/r©O-modules and the category of
o-modules in the rest of this subsection.

Lemma 2.6.5. Given a finitely generated left errO-module G, the left o-module
F/(ep/p/D) Dep 0 G is isomorphic to V' G as o-modules.

Proof. 1t suffices to prove this for each component of G, for eG is a left I'-module via the
composition Zg[I'l = O — eO for each irreducible central idempotent e of er,Q[I']. We
then fix e and assume eG = G. There is a natural eD-isomorphism ¢ : e ®.0 G = G given
by 0 ® g = 0 - g. Note that og € 7' G for all ¢ € '(e©). We then obtain an ee}o-morphism
Y V(D) ®ep G — UG by restricting ¢ on the subgroup " (e9D) ®.p G. Because for all
Te} € ee)o where T € e we have

reip(c @ g) =Tel(og) =709 @(rei(0®g)) = p(To®g) = T0y.

Claim: ¢ : U (e9) ®ep G — VG is an ee o-isomorphism.

The morphism 1) is injective because ¢ is. For the proof of surjectivity, we first recall
that a morphism f : H; — Hj of abelian groups is surjective if and only if f, : Hy, — Ha,
is surjective for all prlme p where fp and H,, denote the localization at p. In addition, f, is
surjective if and only if fp H 1p — H2 p is surjective where fp and H » denote the completion
at p.

Since O := O @y, Z, is a maximal Z,-order in Q,[I] (see [52, p. 11.6]) and 6 := 0 Qy, Z,
is the same as " (61" /F/Del) the results above go through similarly. In particular, the additive
subgroup "(ep /F/D) of er /F/D is a left o-module by the analogue of Lemma 2.6.4, hence an

(0, er /F/D) bimodule. So we can reduce the problem to proving

~ ~

Yy (eD) ® 5G — €

(&2

is surjective for all p € S.

By abuse of notation let O be a maximal Z,-order in Q,[I'] with p a good prime for
er/r, and let 0 := (ep/p/De ) just like above. Let eQ,[I'] =2 M;(D) be an isomorphism such
that eO = M;(0) where D is a division algebra over Q, and o C D is the unique maximal
Zy-order in D with the unique two-sided maximal ideal p, c.f. [52, (12.8), (17.3)]. Then the
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finitely generated eD-module G admits the following matrix representation

0 0 o/p ofp™ - ofp™
O -+ 0O o T1 o) T2 ) Tn
o o) o \o/t ofp o ofp),

= (Mix1(0))™ @ M (o/p™) ® - ® Mpa(o/p™),

such that the action of e = M;(0) on G is exactly the left matrix multiplication. We may
therefore assume without loss of generality that G is indecomposable, i.e., G = M. (0) if G
is projective or G = My (o/p") with r > 1if G is torsion. Let f be the primitive idempotent
such that

1 0 0

0 0 0
f—

00 ... 0

via eQ,[I'] =2 M;(D). There exists a surjective morphism 7 : eD — G given by the composi-
tion of e — O f defined by z — z f and the quotient map 0 — o/p”. Since e9 is projective,
by Lemma 2.5.8, the induced map " (e9) — "G is also surjective. For any g € "G, there
exists ge € ' (e9) such that m(se) = g. In particular, by definition of 7, we may assume
that ce = o f € Of, hence

v(ofen(f))=af n(f)=n(of) =g
This proves the surjectivity of v, hence the lemma. O]

Lemma 2.6.6. If e is a central irreducible idempotent contained in err, then the subgroup
eDe) of eQ[I] consisting of elements of the form exe| with x € O is an (e, ee|0)-bimodule
where the right e€jo-action is given by right multiplication in Q[I']. Then the (eO,eD)-
bimodule homomorphism eDe} e T(eD) — e defined by exe @ y > exely, where the
right-hand side is the multiplication in Q[T'], is surjective.

Proof. The map is well-defined because €| - y = y by multiplication in the group algebra
Q,[I'], hence the product is actually exy which is contained in eO. Just like in the proof of
Lemma 2.6.5, we will check the surjectivity locally and use the same abuse of notations for
O and o. Let eQ,[I'] = M;(D) be an isomorphism of Q,-algebras with D a division algebra
over Q, such that e© = M;(0) under the isomorphism where 0 C D is the unique maximal
Zy,-order of D with the unique maximal two-sided ideal p generated by a prime element .

Since o is given by the valuation on D extended from the valuation on @Q,, there exists
a smallest integer n € Z such that e € eO. In particular, there exists at least one unit
element in the matrix representation of ej7™.

Claim: €7 can generate the whole of eD = M;(0) as (D, eO)-bimodule. This can
be shown by constructing the usual basis {E;;} from ej7" via finitely many row/column
operations.
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Since ej7" is contained in the image, the claim shows that eOe| ®.e/, T(eD) — e is
surjective, and we prove the lemma. O

We finally have the following.

Theorem 2.6.7. The category of errO-modules and the category of o-modules are Morita
equivalent via the functors:

Fl(ep/F/D) ®6F/F’D — €F/F/D—M0d — 0—Mod
61"/1’\/9611 R — - o—Mod — €1"/1‘*/D—M0d

Proof. Let’s denote by (, ) the er;r~O-balanced bilinear map F'(ep/p/D) X eppOe] — o
defined by (z,ye!) — xye]. This map is well-defined because zye| € O¢) and €| xye] = zye]
is contained in the I-invariant part.

Similarly let [, ] denote the o-balanced bilinear map er/rOe] x T (er /O) = epymO given
by [ze},y] — xely = zy. Since these bilinear maps are defined using the multiplication in
Q,[I'], they satisfy the condition for a Morita context, i.e.,

ze| - (x,ye)) = [z€], x] - yel, and z - [ze],y] = (2, x€)) - y.

Then {er;rO, 0, O(F/(ep/p/D))eF/F,D, erjrr9 (6[‘/F/D€/1)0, (,),[, ]} forms a Morita context.

The map ep/rOe} ® O 5 er /O is surjective by Lemma 2.6.6. The other map is also
surjective because we have

I (eF/F/D) ®€F/F’D 61"/1’*1961 — F’(@F/F/DQQ) =0

by Lemma 2.6.5. Then the equivalence and the functors are given by Morita theorem (see
[53, Theorem 3.54]) directly. O

Corollary 2.6.8. The Zg-order o in ejer;rQ['le] is a mazimal order.

Proof. By [52, p. 11.6], it suffices to show that 0, = 0 ®z4 Z, is a maximal Z,-order in
eermQ,I'e} for each p € S.

Let A= Q,[I'l and A" = efep;rQ[I'le}. We use the same abuse of notation for O and o
as in the proof of Lemma 2.6.5 (i.c., O := O and 0 := 3).

First of all o is Morita equivalent to ep,rO. Since ep;rO is hereditary and this property
is preserved by Morita equivalence, we know that o is also a hereditary ring. Let e # e; be
an irreducible central idempotent in A such that e - e} # 0, and eA = M;(D) where D is a
division algebra over Q, and ee} A’ = My (D) for some !’ < [ (see Proposition 2.6.3). By [52,
p. 39.14], if e€}o is a hereditary order in ee} A’, then it is of the form



where 0 C D is the maximal order in D and p its unique maximal ideal and ny +---+n, =’
gives the size of the block along the diagonal.

Assume for contradiction that ee}o is not maximal. By [52, p. 17.3], we know that r > 2
and there exists at least two non-isomorphic indecomposable projective modules, because a
column in the above matrix representation is exactly an indecomposable projective module.
But this is already contradiction, for e only admits one indecomposable projective module
up to isomorphism.

Therefore, ee|o must be of the form My (0), and it is a maximal order of ee} A’ again by
[52, p. 17.3]. The argument holds for all ee/, hence o0 is a maximal order of A’. ]

Random o-Module

From (2.5.1), we were led to wanting to understand the distribution of the abelian groups
X for our random er yrO-modules X. Now, we realize that X is naturally an o-module,
so we will instead consider the distribution of o-modules " X.

On one hand, the random er;O-module X = X(er,rQ[I'], u, er/rO) defined in Sec-

tion 2.1 with u = (ug, ..., u;) € QF! gives us a random o-module ™ X. On the other hand,
since o is a maximal order in the semisimple Q-algebra e}er,Q['|e}, we can also define a
random o-module Y = (e}er,~Q[Ie}, v, 0) with v = (vg,...,v5) € Q¥L. We are going to

show that for suitably chosen u € Q*~! and v € QF!, the random o-modules "X and Y
have the same distribution. For simplicity, let

/

X' =Ux.

Theorem 2.6.9. Let eq,. .., e, be the distinct irreducible central idempotents of Q[I'] and
eryrr = ey + -+ + e Let x; be the Q-irreducible character associated to e; and ; be
any fized absolutely irreducible character contained in x; for all @ = 2,..., k. Let X =
X(er/rQ[I,u, er/rO) and Y = Y (e er;rQ[l]e, v, 0) with u,v € Q' so that u; corre-
sponds to e; and v; corresponds to e;ey for alli =2,... k. The random o-modules X' = X
and Y give the same probability distribution if and only if

_ <90i7a1—‘> )
(%‘,@F/F'> '

Joralli = 2,... k, where ar = ar;; == =1+ Ind! 1 is the augmentation character of the
trivial subgroup.

Proof. We will start by obtaining the formula for the probability distribution of X’. For any
finite o-module H, we have X’ = H if and only if X = ep/pOe] ®, H by Theorem 2.6.7.
Therefore for any two finite o-modules H;, Hy, let G; := er/rOe| ®, H; for i = 1,2, and we
have

P(X'=Hy) \Gﬂﬁ’AUteF/F/D(Gz)’ |G|t Aut, (Hy)|

P(X'= Hy)  |Gi|*|Aute,,.,0(G)|  |Gil*|Aute(Hy)|
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Given any finite o-module H, let G := er;rOe} ® H be the finite er/rO-module such that
"G~ H. By [14, Theorem 7.3], for each i = 2, ..., k, there exists some finite Zgs-module G;
such that

6,G =G and ey H =" (6,G) GEXi’aF/F/>, (2.6.1)
where the isomorphisms are isomorphisms as abelian groups. We then know that
;G| = |egel, H|Yiar)/ Xiar ), (2.6.2)
Therefore if
_ <(10i7 aF)
Uy = U
(i, GF/F/>

for all i = 2,... k, then |G|* = |H[% hence X’ is defined the same way as Y and they give
the same probability distribution.
Conversely if X’ and Y give the same distribution, then

|Gal* _ |Hal*
|Gile [Ha|2

for all finite er/rO-modules G, G such that H; := @, with 4 = 1,2. Then the identities
(2.6.1) tell us that this condition forces

<(10i7 aF) u

v; =
(i, ar/r'>

i

foralle=2,... k. O

Definition 2.6.10. Let L/Kj be a I'-extension and u € Q™ be the rank of L/K,. Then
define v € Q! given by the formula in Theorem 2.6.9 to be the rank of L' /K,. (In
Section 2.7 we show this does not depend on L, but only LF/.)

Just like in Section 2.2, we can express |H|% in terms of the decomposition groups I', at
infinite places v|oc.

Corollary 2.6.11. If u is given by the rank of a T-extension L/Ky and v the rank of LV | K,
(as given in the definition just above), then for any finite o-module H, we have

|H[® = |er/rOe; @, H|* = [ [I(er/rmOe; @, H)™|
v]oo
where v runs over all infinite places of K.

Proof. This is the combination of Theorem 2.6.9 and Theorem 2.2.1. O]

By Theorem 2.6.9, we can always identify the random o-module " X with some random
o-module Y = Y (ejer/mQ[I'e}, v, 0) and the Cohen-Martinet conjecture predicts Cl are
distributed as random o-modules.
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Theorem 2.6.12. Let ' be a finite group and I" C T a subgroup. Assume that S only
contains good primes for epr. If u is the rank of some I'-extension L/K,, then let v be the
rank of L' /Ky (as given in the definition just above) and Y =Y (€;er/rQ[I'e}, v, 0) be the
random finite o-module. For a mon-negative function f defined on the class of isomorphism
classes of finite o-modules, the Cohen-Martinet conjecture (Conjecture 2.5.2 for f(*' =) and
e = eryrv) implies that

 Dni<a F(Cle )
lim
Z—00 Z|dL|§x 1

where the sums are over I'-extensions L/ Ky and the discriminant |dp| < x and the rank of
L/Ky is u.

=E(f(Y)),

In particular, the results of Section 2.4 all apply here to give the moments of the predicted
distributions and see that the distributions are determined by their moments.

Remark. The probabilities in Theorem 2.6.12 are

C
| H 2] Aut,(H)|

for each finite o-module H. We also see that if we want the probability of obtaining some
finite abelian group H, then the desired probability in (2.5.1) can be rewritten as a sum
over o-module structures on the finite abelian group H of the above probabilities. One could
also apply the class triples approach of Section 2.3 to obtain probabilities that are purely
inversely proportional to automorphisms of some object. Perhaps the simplest way to do
this to make a class triple from er /v Cl“z.

Examples

In this section, we give some examples of specific I' and I” to see what o is in that case.
Given a finite group I' and subgroup I, we define ¢;, x;, ¢; as in Theorem 2.6.9. We have
that e,Q[['] ~ M, (D;), where D; is a division algebra with center K;, and K; is the field
generated by the values of ;. We can decompose

k

ar/r = Z Qi Xi-

1=2

for positive integers a;. Then we can see from the proof of Proposition 2.6.3 and a dimension
calculation using Frobenius reciprocity that

GQBF/F/@[F]ell ~ @ Mai (Dz)

From this we conclude the following about the cases in which there is really no additional
structure by realizing the class group is an o-module.
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Proposition 2.6.13. The maxzimal Zg-order o in ejer,Q[I'le} is isomorphic to Zg if and
only if apr is absolutely irreducible.

Example 2.6.14 (ar, multiplicity 1). So if all the a; are 1 and D; = K (i.e. all the Schur
indices are 1), or equivalently, every absolutely irreducible character that appears in ar
appears with multiplicity 1, then by Corollary 2.6.8, we have that

k
0~ @ZK“
i=2

where Zg, is the localization of the ring of algebraic integers of K; at by the non-zero rational
integers not in S.

If in addition, all the decomposition groups I', are trivial for a Galois I'-extension L /Ky,
then for the associated v; for L™, we can compute using Theorem 2.6.9 that v; = rxl;, where
ri is the number of infinite places of K.

Example 2.6.15 (An example on S,,). Even more specifically, we consider the case where
K/Q is a non-Galois extension whose Galois closure L/Q is a I' = S,-field such that K
is the fixed field of IV = S,_; where S,,_; < S,, in the usual way. Moreover assume that
L/Q is totally real, so u = 1 by Theorem 2.2.1. Since ap/r is absolutely irreducible with
arr(23-++(n—1)) = 1, we have

CLF/F/(l)
T

((23...(n_1))—1+...):”7;1((23...(n_1))—1+...)‘

ar/rr =

Also, for p{n!/(n —1), one can explicitly compute ep/rZ,)[I'] = M,—1(Z)). Therefore p is
a good prime if and only if p { n!/(n —1). Let S be the set of good primes for er .
By Theorem 2.6.9 we have
[H]" = [H["

where n = |[[/T|, i.e., v = n — 1. In this case, o is just Zg. Hence we expect Cl3- to
behave like a random abelian group without any additional structure coming from the o

action, and the predictions have each finite abelian Zg-module H appearing with probability
|H|~=D| Aut(H)|~! as Cl5,.

Example 2.6.16 (An example on Dy). Let I' = Dy, the dihedral group of order 8 and S
only contain odd primes. Write I' = (0, 7) with 72 = 0 = 1 and 707! = 07! Let K/Q be
a degree 4 extension with Galois closure L|Q a totally real I-field such that K is the fixed
field of the subgroup IV = {1, 7} (so u = 1 by Theorem 2.2.1).

The character ar,r is of degree 3, the sum of two absolutely irreducible characters ¢ of
degree 1, and x of degree 2. Let e,, resp. e,, be the irreducible central idempotent in Q[I']
associated to ¢, resp. x. The idempotents are given by

1 1
€X:§(1+0'2—0’—03—|-T—|—027'—U7'—03T) and e¢:§(1—02)
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and 2 is the only bad prime number for er .

Since ¢ is an absolutely irreducible character of degree 1 and €] - e, = e, we then know
that e,ej0 = Zg. On the other hand, Frobenius reciprocity shows that dimg eje,Q[I'|e} = 1,
hence e, €0, as a maximal order in €je,Q[I'|e}, is also isomorphic to Zg. So 0 = Z% as an
algebra.

On the other hand, the normalizer of I" is {1,7,0% 027}, i.e., there exists 2 automor-
phisms of K/Q. In particular, the class group le; is not only an abelian group but an abelian
group with an order 2 automorphism, i.e., C13- is a Zg[t]/(t* — 1)-module with t -z = 0% - z.
Moreover, one can check that the ring homomorphism er/rejo — Zg[t]/(t* — 1) given by

1 1
e,e) 5(1 +1t) and eye] — 5(1 —t)

is an isomorphism which is compatible with the actions on class groups. So in this example,
considering the o-module structure on C13- and the structure on Cl3- from the automorphisms
of K/Q are equivalent.

We will also work out the predicted moments explicitly in this case. Let
X = (er/rQ[I'], 1, er/rO), and let G be a finite ep;rO-module, and H = "G, Then

11 1
|G |ewG| |€xG|.

E (|Sure(" X, H)]) = E (|Sure, ,0(X, G) )

Then using (2.6.2), we have

1
S| HP

E <|Sura (X, H)|)

Example 2.6.17 (An Example on As). This is an example where the non-Galois extension
admits no “automorphism” but the ring o is nontrivial.

Let I' = As. The subgroup I"” generated by (123) and (12)(45) is called the twisted Sz in
As because this subgroup is isomorphic to Ss. It is a maximal proper subgroup of As. Since
' is simple, this says that the normalizer of I" is itself.

Now assume that K/Q is a non-Galois extension with Galois closure a I'-field L|Q such
that K = L. Since automorphisms of K over Q correspond to I cosets of elements o € T’
such that oI"o~! = I", then we can see that K admits no nontrivial automorphism.

The character rp v is given by a Q-representation of dimension 10. By checking the
character table, I' has 4 characters over Q. Note that there is a unit character contained
in rp/r. The character rr v contains three different absolutely irreducible characters, say
rr/r = X1+ X2 + x3 where x; is the unit character, x, is the character of degree 4 and x3
is the character of degree 5. By Theorem 2.6.7, this implies that o admits two orthogonal
irreducible idempotents, hence cannot be isomorphic to Zg. By computations using Frobe-
nius reciprocity, we can see that ¢je;Q[l']€] is a one-dimensional Q-vector space where e;
is the irreducible central idempotent associated to y;, for i = 2,3. Therefore the ring o is
isomorphic to Z%. Moreover, we can check that a prime number p is good for er /v if and
only if p # 2,3,5, i.e., p 1 |T'|. So for a set S of good primes, the class group Cl3 has a
natural order 2 automorphism (from (1, —1) € Z%) and the conjectures reflect this structure.
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2.7 Independence of (alois field

Though we imagine the reader was thinking of L as the Galois closure of K in the last two
sections, that was never strictly required. It could have also been a larger Galois extension. In
fact, we could have even considered I normal so that K /K, was Galois. With this realization,
we see that the Cohen-Martinet heuristics make several (infinitely many) predictions for the
averages of the the same class groups (though each prediction is with a different ordering
of the fields, since the conjectures as worded are always ordered by the discriminants of the
Galois fields). In this section, we show that all those predictions agree.

We start by showing that v does not depend on the choice of the Galois extension L/K,
containing K /K (see the explicit statement below). We start with a lemma, whose proof is
straightforward.

Lemma 2.7.1. IfI" C T is a normal subgroup, then €} is central in Q[I'] and
(e1 + eryr)Q[I'] = €1 Q[I'T = QI'/I].

In particular, if we let €, be the irreducible central idempotent in Q[I'/T”] associated to the
unit character of I' /T, then the maximal order o of e\ er/rQ[I'] is isomorphic to a mazimal
order in (1 —&;)Q[I'/I"].

Theorem 2.7.2. Let K/ K, be any finite extension with Galois closure a T'-extension L/ Ky
of rank uw € Q™! such that Gal(L/K) = T. Let M|K, be a S-extension of rank w € Q™!
such that L C M with Gal(M|L) = A, and Gal(M|K) = %'. If S only contains good primes
for eryr € QI and esysy € Q[X], then the rank v of LV /KO and the rank © of M> | K, are

the same. Moreover, U (ep r9) is isomorphic to * (eg/g/D) where O, resp. O, is a mazimal
Zg-order in Q[I'], resp. in Q[X] provided that the embedding Q[I'] — Q[X] deﬁned by

'y|—>025

where v is the image of & under the surjective map ¥ — I', maps O into 0.

Proof. We use E for central idempotents in Q[X] and e for the ones in Q[I']. For example

| > sea 0. Note that

/.

1
let 6/1 = WZ’YEF/ Y, El
El-F, =F,-FE] = FE|. By Lemma 2.7.1, we have

1
= ﬁzaezl o. Moreover let Fy := \A

E\QEIE] = EYFQ[E)E;

Z o Q[Z/A]E

oex’

Y oA-Q[T/AE] = Q[T

oAES! /A

IZ’
1
X'/A

This computation shows that I (er,9) is equivalent to = (ex /2/55), because they are both
maximal orders in €]Q[[']e}. Moreover, if the embedding Q[I'] — Q[X] sends O into O,
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then by the isomorphism in Lemma 2.7.1 Q[I'] = (E; 4+ Ex/a)Q[X] which is induced by
the embedding, we know that © = (E; + EE/A))S, hence the isomorphism ™ (ep/r9) =
2/(62 /E/D).

Note that by Lemma 2.7.1, Ex/AQ[¥] = (1 — e1)Q[I'], and they have same number of
irreducible components whose correspondence is given by E — E I for all irreducible central
idempotents E' € Q[X]. Assume without loss of generality that Eyn = E» + -+ + E,, in
Q[X] and E;Fy =e; for alli=2,... m.

Claim: w; = wu; for all © = 2,...,m. Let’s prove the claim. Let >, C X be any
decomposition group of some infinite place v|oo of Ky defined up to conjugacy. Note that
the ranks u and w do not depend on the choice of the maximal orders. We may assume
without loss of generality that Fyx /a9 = (1 —e;)O. Let G be any finite Ey; 4 O-module and
H the corresponding (1 — e;)9D-module under the isomorphism of maximal orders. Since G
is fixed by A, hence a ¥/A-module, and we can take I', to be the image of ¥, under the
surjective map > — I', and obtain

Gl =["2G] =" H|.

By Theorem 2.2.1, we know that the claim is true.

Then by the interpretation of v for non-Galois case and the fact that we can choose the
maximal orders such that EyaO = (1 — )0, we know that the computation of the rank
v of K/K, can always be reduced to its Galois closure L/Kj, i.e., the rank v of K/Kj is a
property of K and the distribution of the random o-module Y = (ejer,rQ[I']e}, v, 0) does
not depend on the choice of the Galois extension M|Kj containing K. O
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Chapter 3

Distribution of the bad part of the
class group

3.1 Non-randomness

The term non-randomness here refers to the case where we can obtain some nontrivial ideal
classes in Clg associated to the ramified primes. There are two main reasons why we are
interested in the relation between ideal classes and ramified primes. The first one is that
we have the famous example of genus theory for quadratic number fields as in § 1.1, which
means that from the definition of a quadratic number field alone we can tell the 2-rank
of its class group. We of course want to see if this phenomena also happen when we look
at higher degree fields. The second reason is that product of ramified primes is the main
ordering we currently use for number fields. Even in the case people use some other orderings
(discriminant, conductor etc.), they are still related to ramified primes. It then makes the
results, providing nontrivial information about class groups asscociated to ramfied primes,
more valuable. For the purpose of explaining the main results in this section, we first
introduce a notion that will also be used in later sections.

Definition 3.1.1. Let K/Q be a number field, and let p, ¢ be two rational primes. If ex(p) =
0 mod ¢, then we call p a ramified prime of type q. More generally, if ex(p) = 0 mod ¢! for
some [ > 1, then we call p a ramified prime of type ¢'.

Because of the fundamental identity
[K:Q] = Z e fi

where ¢; is the ramification index and f; is the inertia degree for a fixed prime, we only need
to discuss ramified primes of type ¢ for ¢|[K : Q).

Example 3.1.2. If K/Q is Galois itself, i.e., Gal(K/Q) = I', then for any rational prime
p, one has pOx = [[,p°. So it is just a question whether ¢ divides the ramification index e



or not. An example would be a quadratic extension K/Q with ¢ = 2. In this case, p is a
ramified prime of type ¢ if and only if p is ramified in K/Q.

For non-Galois extensions, things become a little more complicated. Let K/Q be a non-
Galois cubic extension with ¢ = 3. Then p is a ramified prime of type 3 if and only if p is
totally ramified in K/Q. Note that there are partially ramified primes for non-Galois cubic
extensions, i.e., pOx = p3py, which are not ramified prime of type 3.

Genus theory

The goal of this section is to prove Theorem 1.1.6, by which we want to give a brief intro-
duction on genus theory for number fields focused on the structure of the genus group. The
basic question of genus theory is to find out the maximal unramified abelian extension of
a number field K obtained by composing with an absolute abelian number field k. To be
precise, we have the following definition.

Definition 3.1.3. let K/Q be a number field of degree n, and let k/Q be the maximal
abelian extension such that Kk/K is an unramified extension. We call such a field the genus
field Kk over K, and call the Galois group Gal(Kk/K) the genus group G.

Since Kk/K is an unramified abelian extension, it is a subextension of the Hilbert ex-
tension of K whose Galois group is isomorphic to the class group Clg of K, hence the genus
group is a quotient group of the class group Clg. According to Ishida [32, p.33-39], we make
a summary of the results on the genus group. Fix a rational prime ¢ such that ¢'||n with
t > 1. Let A= Gal(k/Q) be the Galois group of the abelian extension k/Q, and let K, be
the intersection of k£ and K which is also the maximal abelian subextension of K /Q. See the
diagram for summary below.

Kk
RN
K k
\ 7
Q
Definition 3.1.4. Let K/Q be a number field, and let p be a prime number. Let k(p) be

the unique subfield of Q((,) with degree gcd(p — 1, ex(p)) where ¢, is a primitive pth root
of unity.

Note that k(p) is nontrivial if and only if ged(p — 1, ex(p)) is nontrivial. Moreover the
Galois group of k(p)/Q is cyclic of order ged(p — 1, ex(p)). The first result is to describe the
extension k/Q given the ramified primes of K/Q.
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Theorem 3.1.5. [32, Chapter IV, Theorem 3] Let K be a number field, and let k be the
abelian field such that Kk is the genus field. Let ki1/Q be the composite of k(p) where p
runs through all rational prime numbers such that p t ex(p), and let ko /Q be the intersection
of all inertia subfields of k at p where p runs through all rational prime numbers such that
ptex(p). Then k = kiks and ky Nky = Q. In particular, A admits a subgroup

Gal(k/ky) = Gal(k1/Q) = [] Z/ged(p — 1,ex(p)).
ptex (p)

Now that we have a result on the group A, the description of G follows from
A/ Gal(K,/Q) = G. In the sense of estimation for rk, ¢"G, we give the following statement.

Theorem 3.1.6. Let K/Q be a number field with mazimal abelian subextension Ky/Q. Fix
a rational prime q dividing n := [K : Q] and some integer | > 1, the q-rank of the group
¢"7'G admits the following inequality

vk, ¢ G > #{p is a ramified prime of type ¢" and p = 1 mod q} — 1k, Gal(K,/Q).

Remark. Theorem 1.1.6 just follows from this result. Morever we can see that if G[¢*°] admits
higher torsion part, then Clx[¢°] must also have higher torsion part. Also, if there is no prime

plex(p), then ky = Q and A= T[], ) Z/ged(p—1,ex(p)), hence G = (HMeK(p) Z] ged(p —
L ex(p))/ Gal(Ko/Q).

Example 3.1.7. Let K/Q be a non-Galois cubic field, and ¢ equal 3. Then the requirement
ged(p — 1, ex(p)) = 0 mod 3 is equivalent to p totally ramified in K/Q and p = 1 mod 3. In
other words, we have

rks Clg > #{p is a totally ramified prime and p = 1 mod 3}.

This clearly generalizes genus theory for the quadratic case. See also [32, Chapter 5] for
more discussions on the case of odd prime degree.

The class rank estimate on the invariant part of the class group

In the paper of Roquette and Zassenhaus [54], there is another result on the estimate of the
g-rank of the class group with respect to ramified primes whose idea is totally different from
genus theory. As seen in previous part, what genus theory really cares about is the genus
group, which is the quotient of the class group. In this section the first goal is of course to
give the proof Theorem 3.1.11. More importantly, we want to show the construction, which
is more useful in this paper. We first need some notions to present their precise statement.

Definition 3.1.8. Let K/Q be a number field whose Galois closure is a ['-extension L/Q.
By viewing the group of fractional ideals #x of K as a subgroup of .#, we define the
invariant part of the class group, denoted by Ck, of K under the action of I' as the image
of cﬂLF N j[( in CIK, i.e.,
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To give a precise statement on the estimation for the invariant part C'; of the class group,
we in addition need the following definition of g-radical subfields of K.

Definition 3.1.9 (q-radical subfields). Let K, be the subfield of K generated by all elements
¢ € K which are g-radicals over Q, i.e., £7 € Q. Let n, = [K, : Q] be its degree.

It is clear that n, | n, hence one has

Vg(ng) < vg(n).

But if one wants to ask when v,(n,) is strictly less than v,(n), then the following notation
actually gives a condition for it.

Definition 3.1.10. Define the notion (5%) to be 1 or 0 according to whether or not the
following conditions are simultaneously satisfied:

(i) a>2;
(ii) K contains a primitive ¢-th root of unity (;
(iii) There exists some 1 in K* such that (71n? € Q.

Remark. If all of the above three conditions hold, then one can show that [K,(n) : K,] = ¢
so that n, - ¢ |n and hence v,(n,) + 1 < v,(n). See [54, §6].

Using the notations introduced above, we can first state an estimation for C'x due to
Roquette and Zassenhaus. Though in the paper [54], the main goal is to prove the result
for the g-rank of the class group. We here instead describe the structure of the subgroup
CL[q™®] C Clk[q™], which is also due to Roquette and Zassenhauss.

Theorem 3.1.11. Let K/Q be a (not necessarily Galois) extension of degree n whose Galois
group is I', and let q¢ be a given prime number, and let | > 1 be an integer, then

#{p is a ramified prime of type ¢'} — <rkK +uy(ng) + 5}?))
<rk,¢"'Ck <
#{p is a ramified prime of type ¢'}.

We prove the theorem by two lemmas. The first lemma gives a detailed description of
the elements in C; in the sense of fractional ideals.

Lemma 3.1.12. [5/, Equation (8)] Let K/Q be a number field whose Galois closure a T'-
extension L/Q. For each prime p, define a(p) to be the ideal such that pOyx = a(p)°x®),
Then F N FL is a free abelian group generated by {a(p)}. Let Py be the group of principal
tdeals of a number field k. Then the group CN’IF{ = Ix N I} | Py is given by

ég( = H Zlew(p).
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The second lemma is to estimate the difference between principal ideals of K and Q.

Lemma 3.1.13. [54, Equation(11)] Let K/Q be a number field whose Galois closure a T'-
extension L/Q, and let Py be the group of principal ideals of a number field k. Then

rk, %) Py < tkic +vg(ng) + 612, (3.1.1)
where Py == P N I}
Now let’s prove the theorem.

Proof of Theorem 3.1.11. Tt is clear that Lemma 3.1.12 gives the upper bound of rk, ¢ 1C%.,
because Yy C Pk. According to the short exact sequence

0— Py /Py — I Py — Cr — 0,
the inequality (3.1.1) tells us the lower bound directly. O
An obvious application is to apply the theorem to the class group Clg, for C% C Clg .

Corollary 3.1.14. Let K be a number field of degree n over Q, and let q be a prime number,
and let [ > 1 be an integer, then

rk, ¢ Clg > #{p is a ramified prime of type ¢'} — (rkK +u,(ng) + 5?) .

Remark. One can show that the number rky +v,(n,) + 5;?) is always smaller than 2(n — 1),
i.e., the above inequality has a weaker but shorter expression

rk, ¢ Clg > #{ramified primes of type ¢'} — 2(n — 1),

which proves the statement of Theorem 1.1.7.

One of the advantages of this theory, as mentioned above, is that C} is a subgroup of
Clg. So, we can even try to discuss the relative class group here, i.e., for a subfield K’ C K,
we want to give a description for C% N Cl(K/K').

Theorem 3.1.15. Let K/Q be a number field of degree n whose Galois group is I'. If
K' C K such that ¢!||[K : K'] where q is a rational prime, and | > 1, then

vk, ¢ CU(K/K') > #{p is a ramified prime of type ¢'} — 2(n — 1).

Proof. For each prime p, recall that a(p) is the ideal of K such that pOx = a(p)*<®). We've
shown in Lemma 3.1.12 that a(p) is fixed by the action of I', viewed as an element of 7.
So, we have the following computation

Nmpg/ g (a(p)) = a(p) T,
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where a(p)!*K7 is treated as an ideal of K'. If ¢'lex(p), and b(p) := (a(p))*x®/¢" then
Nmg,/x/(b(p)) becomes a power of pOg, hence a principal ideal of K’. So, b(p) represents
an ideal class of CI(K/K’). By Lemma 3.1.12, the group Ck is generated by ideals of the
form a(p), we therefore know that the subgroup B} := (b(p)|p is a ramified prime of type
q')/ Pk C Cklq] is contained in CI(K/K'). In particular, (b(p))/Pq = [[;_,Z/q', where
s = #{p is a ramified prime of type ¢}. Then by Lemma 3.1.13, we know that rk, 2}/ Pq
is bounded above by a constant rkx +v,(n,) + (5%) < 2(n — 1), hence the result. O

3.2 Non-random primes

In Theorem 1.1.6 and Theorem 1.1.7, we see that rk, Clk is related to ramified primes of
type q. If we fix the Galois group I', a question we can ask is for which primes ¢ we can get
ramified primes of type ¢7 In a G-extension, let’s first answer this question by the following
lemma.

Lemma 3.2.1. Let G be a finite transitive permutation group, and let q be a fixed prime.
If (K/Q,%) is an extension of number fields such that its Galois closure (K,w) is a G-
field and that K = K| then a prime p t |G| is a ramified prime of type q if and only if
I(p) NQG, ™) # O where I(p) is the inertia subgroup of p.

The proof comes from the relationship between the orbit sizes on an inertia generator and
the ramification indices in the factorization pOx = p§' - - - pS. See, for example, Neukirch [46,
Definition 9.2 and Remark below] for details.

Example 3.2.2 (Counter-example). We here show an example where the prime ¢ divides
the order of the extension K/Q but it is not a non-random prime. Consider the permutation
group G defined as the image of the following morphism A4 — S, (12)(34) — (1)(2)(34)(56),
and (123) — (134)(265). In the sense of number theory, S(G) contains number fields K/Q
of degree 6, whose Galois closure K /Q are A-extensions, so that the action of Gal(K/Q)
on K/Q induces a map Ay — Sg. The stabilizer of 1 is the image of {1,(12)(34)} in this
case. One can check that the group G has no element required in Definition 1.1.8 to turn
the prime 2 into a non-random prime, despite the fact that 2 divides the order of [K : Q.
Note that according to Cohen and Martinet [14], the prime 2 is not “good”, i.e., 2 is not
good but not non-random. See also [59, §7] for details on the concept “good primes”.

Our most important goal in this section is to prove Theorem 1.1.12, which can justify
the notion non-random prime from the view of statistics. We reach the theorem in several
steps. Recall that we have the Conjectures 1.1.11 in § 1.1. Step zero is to prove the relation
between these two conjectures, i.e., Conjecture 1.1.11(1) implies Conjecture 1.1.11(2).

Lemma 3.2.3. Let G be a transitive permutation group and k be a fived number field, and let
S :=S8(G,k). Let d be an invariant of number fields in S. Suppose that Q is a (nonempty)
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subset of G that is closed under invertible powering. If for all r = 0,1,2,..., there exists

some ' such that
N(S,d; (Q2,7);2) = o (N(S,d; (2,7"); )

then for all v =0,1,2,..., we have
N(S.d, (@, )i ) = 0 (N(S, ;).

Proof. Since all fields counted by N(S,d; (€2, r);x) and N(S,d; (2, r;);z) are also counted
by N(S,d;z), we have N(S,d; (2,7");x) < N(S,d;xz). The lemma then follows. ]

The first step is to show that Conjecture 1.1.11(2) implies zero-probability.

Theorem 3.2.4. Let 1 < G < S, be a transitive permutation group, and let S := S(G). Let
G1 C H C G, where G s the stabilizer of 1 that fites K € §. Let q be a non-random prime
for G such that ¢'||[H : Gi], where I > 1, and let Q := | J;2, UG, ¢’). Let d be an invariant
of the number fields in S. If for allr =0,1,2,..., we have

N(S,d, (2,7);x) = o(N(S,d; x)),
then for all v =0,1,2,..., we have
P(rk, ¢t CI(K/K®) < r) =0,
where K runs over fields in S for the invariant d, and K is the Galois closure of K.
Proof. First of all, recall that we have for all finite abelian group A and for all» =0,1,2,...,

1 if tkyA<r

0 otherwise.

L, <r(A) = {

According to Thereom 3.1.15, if there are at least r+2n ramified primes p for K/Q contained
in the set {p{|G|: I(p) NQ # ()}, then

rk, ¢ CLI(K/KH) > r.
If N(S,d,(Q,7);x) =0o(N(S,d;x)) for all r, then this implies that

N(S,d; 1<, 0 (¢ CUK/KM)); 2)

P(rk, ¢ ' CI(K/K™) <) = lim

T—00 N(S,d;x)
N(S d; er% 1(9 i) x)
< 1 5 Wy i=0 ) —0.
= e N(S,d;x) ’

]

Then let’s prove that bounded probability, hence also zero-probability, implies infinite
moment.
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Theorem 3.2.5. Let 1 < G < S, be a transitive permutation group, and let S := S(G). Let
G1 C H C G, where Gy is the stabilizer of 1 that fixres K € §. Let d be an invariant of the
number fields in S. Let q be a rational prime and [ > 1 be an integer. If there exists some
constant 0 < ¢ < 1 such that for allr =0,1,2,..., we have

P(rk, ¢! ' CI(K/K®) <r)<e¢, then E(Hom(¢' ' ClK/K™), C,)|) = +oo,

where K runs over fields in S for the invariant d, and K is the Galois closure of K, and C,
1s the cyclic group of order q.

Proof. According to similar idea, 1,y —, (A) to be the indicator that tells us if rk, A = r. By
definition of the C;-moment and the probability of the g-rank, for all » > 0, we have

N(S,d; | Hom(¢"" ' CI(K /K™, C,)|; 2)

E(] Hom(¢' ™' CI(K/K™),C,)|) = lim

z—00 N(S,d;x)
g 3 g NS gm0 (¢ CI(K/K™));x)
oo o 1 N(S,d;x)
(N (Sl o (6 CUR/RT) ) 52)
=0T NS, d7)

—q¢ (1 =Pk, ¢ ' CUK/KT) <)) > ¢" (1 —c).
For any number N > 0, by taking a large enough r > 0, we have
E(|Hom(¢'~" CUK/KM), C,)) > N,
hence E(| Hom (¢! CI(K/K™),C,)|) = 4oo0. O

In short, we can just say that whenever the Conjecture 1.1.11 holds, then we have zero-
probability and infinite moment, i.e., Theorem 1.1.12 is true. We will show in later sections
that for abelian extensions, the Conjecture 1.1.11(1) holds. Here we discuss an example
where the fields are not ordered by product of ramified primes.

Example 3.2.6 (Ordering by discriminant). Let’s consider non-Galois cubic extensions the
set S := S(53, {1, (23)}) of K/Q. In this case we want to show that the analogous statement
of Conjecture 1.1.11(1) is false for (S;{(123), (132)}) when the fields ordered by discriminant,
despite the fact that 3 is non-random for Ss.

According to the work of Bhargava, Shankar, and Tsimerman [6, Theorem 8], we know
that counting nowhere totally ramified degree 3 cubic fields will give the main term cx where
¢ is a nonzero constant, which is the same main term as counting all cubic fields by dis-
criminant. This already contradicts the analagous statement of Conjecture 1.1.11(2) when
ordering fields by discriminant, the weaker one. So we can conclude that when cubic fields
ordered by discriminant with non-random prime 3 is a counter-example for the analogous
result of the conjecture. On the other hand, Proposition 3.4.8 shows that, under some hy-
pothesis, Conjecture 1.1.11(2) holds for (S;{(123), (132)}). This shows that the conjecture,
and possibly the statistical behaviours of non-random primes that show qualitatively differ-
ence from good primes, are dependent on the choice of the ordering of the number fields.
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3.3 Dirichlet series and Tauberian Theorem

For the purpose of proving results on counting fields in different situations, we discuss the
analytic properties of some Dirichlet series. Let’s first present a Tauberian Theorem that is
used in the paper repeatedly.

Theorem 3.3.1 (Delange-lkehara). [45, Appendiz II Theorem 1] Assume that the coefficients
of the Dirichlet series are real and non-negative, and that it converges in the half-plane o > 1,
defining a regular function f(s). Assume, moreover, that in the same half-plane one can write

q

1) = Y anoioe (527 = 07 4 ),

5=0
where functions g, go, ..., g, are reqular in the closed half plane o > 1, the bj-s are non-
negative rational integers, oy is a positive real number, oy, ..., o4 are complex numbers with

Ra; < ag, and go(1) # 0.
Then for the summatory function S(x) =Y _. a, we have, for x tending infinity,

S(z) = <g(zf(llo)) + 0(1)) zlog® ! x(loglog z)™.

If f satisfies the same assumptions, except that ag = 0 and by > 1, then

S(x) = (bogo(L) + o(l))x%.

Remark. According to the statement of Conjecture 1.1.11 and our discussion in § 3.2, for
results on asymptotics, we are focused on the comparison of the main terms. The complex
analysis metheds in number theory (like Tauberian Theorms) can give us the information of
the error term. See, for example, [58, Part II] for more details.

Let’s introduce a notion that will be used later. It is inspired by counting fields problems.
Definition 3.3.2. For a pair (g, a) of relatively prime numbers, let
P(q,a;x) := {p is a prime natural number|p < z and p = a mod ¢}.

In particular, let P(q,a) be the set of all prime natural numbers such that p = a mod q.

Then define
(ga8)= ] @=p)7"

peP(q,a)

when R(s) > 1.

A suitable power of the function ((q, a; s) admits a meromorphic extension to the closed
half plane ¢ > 1. To prove this, we need a lemma.
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Lemma 3.3.3. There exists a holomorphic function g1(s) in the closed half plane such that

> p=log (ﬁ) +g1(s).

p

Proof. Let ((s) be the Riemann zeta function. Since it admits a meromorphic extension to
the whole of the complex plane with a simple pole at s = 1, we can write it as

_ Jo(s)

() =222,

with fo(s) holomorphic function on the complex plane with fy(1) = 1. By taking the
logarithm of the Euler product [[,(1—p~*)~" in ¢ > 1, we see that

log¢(s)=> p "+ % > op

n>2 D

This shows that Zp p~* is a holomorphic function in ¢ > 1, hence in the open half plane
o > 1 there exists g;(s) such that

> p=log (i) +g1(s),

p

where
0 = fofs) - exp (Z . Zp”ﬁ) = £(5)

for all 0 > 1. Since ((s) # 0 for all 0 > 1. We then see that fo(s) # 0 for all o > 1.
Therefore we can extend g(s) to the closed half plane o > 1. To be precise, for each point
s on the line o = 1, since f(s) # 0, there exists some open neighbourhood U of s, such that
fo(U) is away from 0 so that logof is well-defined and equal to g; on U N {o > 1}. Since
the presheaf of holomorphic functions on C forms a sheaf, we can glue the local analytic
continuations together and obtain an analytic continuation for g;(s) on the closed half plane
o>1. O

Lemma 3.3.4. Let (q,a) be a pair of relatively prime numbers. The function ((q, a; s)*?
admits a meromorphic continuation to the half plane o > 1/2 with a simple pole at s = 1.
To be precise, there exists some holomorphic function fy(s) in the closed half plane o > 1
such that

s—1
In addition, fo(s) and L(x,s) has no zero along the line o = 1 for all Dirichlet characters
X.
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Proof. Let P := P(q,a) and (P) denote the semi-subgroup of (Z-, -) generated by P. Since

n<z ’ n<x |

ne(P

we know that ((q, a; s) converges absolutely and uniformly in ¢ > 14§ for any § > 0. Then
for any o > 1, we have

log ((q,a;s) Zp_8+ Z B

peEP pEP

Similarly for any Dirichet character y mod ¢, we have

x LX)

log L(s, x)
Therefore )

log((q,a;s) = o)

> x(a)log L(s, x) + g(s)

for all o > 1, where g(s) is given by

1 1
:zgﬁzp(p—m—@zmw ) z T

p"#a mod q

Note that g(s) is absolutely convergent in ¢ > 1/2. By taking the exponent, we have

C(g, ;)9 = HLSX h(s)

where h(s) is an analytic non-vanishing function in ¢ > 1/2. Therefore the pole behaviour of
C(q,a;s) is the same as Hx L(s, )X hence the same as L(s, xo) where Yo is the principal
Dirichlet character modulo ¢ (see for example [44, pp. 4.8, 4.9]), which concludes the proof
for the formula. For all a € (Z/q)*, write

fols)

. o\9(a) —
((q,a;5) s 1

for some holomorphic function f,(s) in the closed half plane ¢ > 1, we then see that

[T -9 = ] ¢laais)

plg a€(Z/q)*

Hfa

a€(Z/q)*
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This shows that each f,(s) has no zero along the line ¢ = 1. Then by

f.a—(S) Q7a8 HLX7 X ()7

s—1

we see that each L(y,s) has no zero along the line o = 1. O

Based on the above lemma, we can study the asymptotics of counting primes that are
a mod ¢q. This result is given by the following.

Proposition 3.3.5. For a given pair of coprime numbers (q,a), one has
s 1

Z ¢(q)p~" = log o1 +9(s)

PEP(g,0)

where go(s) is a holomorphic function in the closed half plane o > 1. Moreover, there ezists
holomorphic functions f1,..., f, in the closed half plane o > 1 such that

> @) (mp2p) log( >+Zfl )log'™ (%)

1< <Dy
€P(q.a)

Proof. According to Lemma 3.3.4, L(, s) has no zero along the line 0 = 1. If x # xo is not
the principal character, then one see that the formula

log L(s, x) = ZX 2 ans
n>2

first defines a holomorphic function in the open half plane ¢ > 1 and then extends to the
closed half plane ¢ > 1, which serves as log L(x,s). Therefore by summing over all the
Dirichlet characters modulo ¢, we obtain

S blapt =) p "+ gls)

PEP(g,a)

where go(s) is a holomorphic function in the closed half plane ¢ > 1. According to
Lemma 3.3.3, we see that

> dlq)p* =log (S_LJ + 91(5) + go(s)

pEP(q,a)

where g;(s) is a holomorphic function in the closed half plane ¢ > 1. By taking g(s) :=
go(s) + g1(s), we then obtain the required formula.
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The formula for 37 ., cpgqa (@) (p1---pr)~" can be obtained by induction on r. It
is clear that the statement is true for » = 1. Provided that the claim is true for 1,...,7r.
Then by induction, one has

Z () (1 pra)”*

P1<-<Pr+1
€P(q,a)
r+1
=D (=03 s > bl e pea)
=1 pEP(q,a) p1<--<pr
€P(q,a)

1
— oo™ !
()

The coefficients of log’(1/(s —1)) are all holomorphic functions in the closed half plane o > 1
by induction, for all ¢ = 0,1,2,...,r + 1. And the proof is done by induction on 7. O

A result that will be used in this paper, inspired by Hardy-Littlewood Tauberian Theorem
(see for example [44, Theorem 5.7]), relates > _ a, and ) _ a,/n. Using the identity

n<x

o0

Zann_s = S/A(:E)x_s_l dz
n=1

1

for a Dirichlet series and summation by parts (see in particular [58, Theorem 0.3]), we can
prove the following statement.

Lemma 3.3.6. Let {a,} be a non-negative sequence.

(1) If there exists a constant o > 0 and an integer B > 0 such that

Zan = (a+ o(1))zlog” z,

n<x

5 = (v o) s

n<x

Then we have

(i1) If there exists some integers [ > —1, 3 > 0 such that

Z a, < x(log z)? (loglog )72,

n<x

then a
Z — < (logz)"* (loglog x),
n

n<x
where By = By if 1 > —1, and By = Bo+ 1 if p = —1.
The proof itself is left to the reader.
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3.4 Semidirect product of abelian groups

In this section we consider the following set-up. Let G := H x F where H, F' are both finite
abelian groups such that for each h € H and g € F' we have

ghg™! = R

For example, an abelian group G = H @ F. For another example, dihedral group G = D,
where ¢ is an odd prime. Our first goal in this section is focused counting fields with
local specifications, i.e., give an estimate for N(S(G), P; (£, 7);x) where Q is closed under
invertible powering and conjugation. Then we can try to apply the counting fields results
to different situations including abelian extensions (G = H). We make a notion at the
beginning of this section for the convenience of our discussion.

Definition 3.4.1. If g € G, then define v, to be its order.

Galois theory

First of all, we take a look at Class Field Theory. Let K/Q be an abelian F-extension. Let
Fk be the idele class group of K. Let &7 be the units of the complete local field K, with
v some place of K, and let O} be the group of global units. For any F-module A, B, let
Hompg(A, B) be the group of F-morphisms from A to B. The following short exact sequences

e (Hﬁi)/ﬁ%—)l
1 (Hﬁ;)/ﬁ;{#/K—le—n

where we denote the embedding ([[, 07)/0% — _#x by i, induce long exact sequences
respectively, i.e., for any F-module A, we have

0— Homp<(H o)) 0%, A) — Homg ([] €7, A) — Homp(6, A)

— Ext;(q:[ 0,)/ Ok A) o (3.4.1)

0 — Homp(Clg, A) — Homp( Zx, A) S HomH((H 6)/ 0%, A)
— Extp(Clg, A) — -+

Remark. The first observation is that given a set of local morphisms {p, € Homg(0}, A)},
that are trivial almost everywhere, their product p := [], p, may not be extended to Zi
because of global units ¢} and Ext}(Clg, A). Second, if there is 5 € Homp(Clg, A) —
Homp(_Zk,A) such that p coincide with p, on &) for each v, then the number of the
preimages of p in Homp(_#i, A) is exactly | Homp(Clg, A)|.
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Next, we give a description for the Galois action of I’ on the H-extensions. For a rational
prime p 1 |G|, let s, € G be the image of Frobenius (up to conjugation) and let ¢, € G be the

generator of inertia (up to conjugation). Since SplpS, = i, we have the following result.

Lemma 3.4.2. Let L/Q be a Galois G-extension, and let p be a rational prime such that
p1|G|. Recall that for an element g € G, its order is denoted by ~,.

(a) If s, is not conjugate to any g € F', then v, |(p — 1);
(b) else if s, is conjugate to some g € F, and gt,g~' = tg(g’tp), then v, |(p’* — 1) and
p = a(g,t,) mod 7, .

Inspired by the Galois action, or the twisting of F' on H, we make the following notion.

Definition 3.4.3. Fix a rational prime p. Let 2 be a subset of G closed under invertible
powering and conjugation, and let H,(£2) be a subset of € constructed as follows.

(i) If h € Q\F, and v|(p — 1), then h € H,().
(ii) If h € Q\F, and p = a(g, h) mod v, for some g € F, then h € H,(Q).
Let h,(Q2) := |H,(€2)| denote its order.

Counting fields

We first make a notion inspired by Wood [64, Theorem 3.1]. Recall that for g € G, we
denote its order by ~,.

Definition 3.4.4. Let € be a subset of G = H x F' closed under invertible powering and
conjugation. Define

BIF,Q) = Y c(9)Q(¢,): Q™"

id#g€ef?

where ¢(g) is the number of elements conjugate to g.

Note that the notion S(F,(2) is always an integer. In this section, we show the following
two theorems on counting fields.

Theorem 3.4.5. Recall that G = H x F such that ghg™* = h*9" for allg € F and h € H.

(i) Let Q C H\{id} be a subset that is closed under invertible powering and conjugation.
If there exists some integer 31 such that

N(S(F), P;|Hom(Cl(K), H)|*; 2) < z(log )™
then

z(log )P\ +381 (1o 10g 2)2(7+1) if S #0

z(log m)ﬁ(F’H)JF%Bl Otherwise.

N(S(G), P; (Qu,7); 1) < {
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(11) Let Qo C G\{id} be a subset that is closed under invertible powering and conjugation
such that Qo N EF # (0. Letr =0,1,2,... be an integer. If there exists some constant
Ba, B3 such that

N(S(F), P; | Hom(CI(K), H)|* - 1(rnay.r); ) < 2(log 2)? (log log x)
then

(BH\) 435 (Jog log ) 2 +P+Lif Qy N H = 0);

1B3+1

z(log z)”

N(S(G), P; (Q,7);7) < {
(log x)”

(F,H\Q2)+5 52(

loglog )2 otherwise.

Theorem 3.4.6. Assume that G is an abelian group. Ifid ¢ Q C G is closed under invertible
powering, then for large enough r, we have

N(S(G), P; (Q,7); ) < z(logz)? @\ P~ Yloglogz)" if Q # G\id
N(S(G), P; (,1); 2) = xx(log log )"+ if Q=G\id

where f(x) =< g(x) means that g(z) < f(x) < g(z) as x — oo, and
BE\Q) = > [Q,): Q™
geG\Q2
Let’s first present a lemma, which is the key of the above results.

Lemma 3.4.7. Let K be o fived F-field. Recall that G = H x F and that ghg™! = h*@h

forallg € F and h € H. Let 1 ¢ Q) be a subset of H closed under invertible powering and
conjugation.

(i) Let
e | (RRNCIC) (P ol | AT
n G| p1<p2<--<pr i=1
There exists some analytic functions go(s), ..., g-(s),g(s) in the closed half plane

R(s) > 1 such that

» 1
b Q ; _1 FH\Q)I N )
Z r)n Zg (s o { —= ) +9(5)
(i) Let h(p) := |Hom(Z r, G)|, and let

Db (@)= [Hom(CUK), H)|  []  nwp ][ »7

plegcd(P(K),|G|) pvp(P(K)/|G[)>0

H (1+h(p ps)an n=°.

pop(GI/P(K)>0 @5 n



Then, we have

> Z Lian (L) < by (K, (Q,7r))n "

n  LES(G
KCL P(L)

Proof. First we note that {2 is not required to be a proper subset of H, i.e., {2 may be empty,
hence the result can be applied to the case when we want to estimate the counting of all
extensions L/K such that L € S(G). And Q = () simply says that 1, (L) =1 for all L/k
and L € S(G), and that b,(2) = 0 for all p, and that S(F,Q) = 0.

Second, we give the definition of product of ramified primes for a homomorphism p €
Homp([], 07, H) where v runs over all places of K. For each p, let p, € Hom(][,, 7, H)
be the corresponding local morphism. We define P(p,) = p if p, is nontrivial, and P(p,) =1
otherwise. Then define P(p) := [], P(p,). Let L/K be an H-extension such that L € S.
There exists an Artin reciprocity map p € Hom(Jk, H) corresponding to L, i.e., L is the
class field of p. If p agrees with p on [[, €%, then we have

i.e., we can treat in this case P(L/K) := P(p).
Third, according to Class Field Theory (3.4.1), we have

N(Homp(Jx, H), P; 1(q, ;) < |Hom(Clg, H)| - N(Homp H ), P; 1(qm; ).

Hence it suffices to estimate the number of the morphisms p € Homp([ [, €5, H). Note that
a morphism p can be decomposed into local morphisms p = Hp Pp, Where

Pp € HomF(H 0

vlp

and p, is trivial for all but finitely many prime p. For each p,, the Galois action of F' says
that it is enough to consider p, : & — H for some v|p. If p 1 |G|, then the local morphism p,
always factors through the group of roots of unity p = ({) of &, hence is totally determined
by the image of the generator (. According to Lemma 3.4.2, for h € H, if p,(¢) = h, then
h € H,(H). Similar results hold when we replace H by QN H and H\Q. So, for each
square-free n, we know that

bo (K, (2,1)) > {p: P(p) =nand for i = 1,2,...,r, 3p;(pi|n and p,,(¢;) € Q)},

where (; € O is a generator of the group of roots of unity and v;|p; is a place of K lying
above p;. This prove that

Z Z 1on (L)nis < an<K

n LeS(G
kCL, P(L)
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And we are done for the proof of (ii).

Fourth, we want to give the correct analytic description and continuation of the Dirichlet
series of > b,(Q,7)n"°. The definition of H,(H\(2) means that we can classify H,(H\2)
based on p = a mod |F'|. Recall that for an element h € H we denote its order by ~,. Let f
be the annihilator of F'. We consider the following Euler product

Sov@rn= [ 1[I <¢Omalg.hys) [ ¢ e p7

id#hg8Q a(g,h):geF p1<--<pr
€Unca P(4ns1)

where ((m,n;s) = [[,cpnny(1 —p7) 7% and P(m, n) is the set of all primes p = n mod m
for a pair of coprime number (m,n) (see also Definition 3.3.2). We can compute the order
of the pole by the following expression:

> eWQ(G,) QT = B(F, H\Q),

id£he H\Q

where ¢(h) denote the number of elements conjugate to h. So, this shows that

zn:b;(Q,r)n—S = go(s)(s — 1)PEHD) 1507 <3i1> T

whose analytic continuation is given by Lemma 3.3.4 and Proposition 3.3.5. Then the com-
parison between Y b, (2, 7)n"° and ) 0, (2, 7)n"° finishes the proof. O

Finally let’s give the proof of the theorems.
Proof of Theorem 3.4.5. Let

S A =3 Y Lan(L

n LES
P(L)=n

where ¢ = 1,2, and ¢ is a rational prime. Since the proof of each case is similar, we present
only one of them, and the rest is left to the reader.

Let ©; € H\{1} be a non-empty subset closed under invertible powering and conjugation.
Consider first the Dirichlet series

Zan Q) =) > L (Ln”

n LeS;
P(L)=n

According to Lemma 3.4.7, we know that

Zan Ql, < Zb Ql; )
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e, a,(K;(Q,7)) < b(K;(Q4,7)) for each n. Then by taking into account all quadratic
number fields, we have

ZA Q™= Y Zan H(0,7)

KES n
< ) Zb (4, 7) ZB (Q,7)
KeS(F) n

Then, by Cauchy-Schwartz Inequality, we have

1/2

1/2
<=0 1N | Hom(Clg, H)|? P(xK) (Z(bn(ﬁl,r))2>

P(K)<n n<zx

where h := max, | Hom(Z;‘ #»G)|. By our assumption we know that

Xz
> |Hom(ClK,H)|2% < z(logz) T,
P(K)<n

Since Y __b,(Q,7))? is the coefficient of the Euler product

H(1+h(H\Q P D thz )P

d=pi1-pr i=1

n<x

we can apply Lemma 3.4.7 and Theorem 3.3.1 here, and get
Z(bn(Ql, m))? < x(log z)?PFHNN) =L (og log ) L.
n<z
Combining all components of the inequality, and we are done for (i). [
Then let’s prove Theorem 3.4.6, the Conjecture 1.1.11(1) for abelian extensions.

Proof of Theorem 3.4.6. Let § := S(G\Q2), and 6 be the indicator of —1, i.e., §(—1) = 1 and
d(z) = 0 otherwise. Let

Z%QT Z Z 1QT)

n n KeS(G)
P(K)=n

By setting F' = {id} and G = H, we see that Lemma 3.4.7 already gives an upper bound
for counting fields with local specifications (2, 7). To be precise, we have

ZanQT <Zb (Q; Q,r)n~*,

n
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where the Dirichlet series ) 0,(Q;,7)n"° is given in the statement of Lemma 3.4.7. Then
the analytic continuation of ) 0,(Q;Q,7)n™°, shown as in Lemma 3.4.7, together with
Tauberian Theorem 3.3.1 gives the asymptotics

N(S(G), P;(Q,7);2) < z(logz)?(loglog z) ¥,

On the other hand, since G = H is abelian, we apply Class Field Theory here, and consider
the Dirichlet series

Y (@ = A +hG\Qp) > [ (5
n |G| p1<p2<--<pr i=1
Since F' = {id} in this case, the computation of h,(£2) gives
h,(Q) ={h € Q|h #id and p =1 mod ~,}.

Therefore, > ¢, (Q,r)n™* <3 a,(Q,7)n"*, and the analytic continuation of ) ¢, (2, 7)n"*
can be obtained by comparing with

doa@rm = I <Oels) D> pten”

n geG\{id}uQ2 P1<-<pr
pieU, P(vg:1)

which is also of the form f(s)(s — 1)’(log _Sil)r 4 ... So, by Tauberian Theorem 3.3.1, we
know that
N(S(G), P; (Q,7): 2) > z(log z)*(loglog 2) ).

And we are done for the proof. m

Applications

Let’s first use the following result to explain why the above discussions are useful for dihedral
extensions.

Proposition 3.4.8. Let q be an odd prime, and let 2 := Q(D,,q). If the Cohen-Lenstra
Heuristics hold for quadratic number fields, and

N(S(D,), P;x) > xlogx,

then, we have
N(S(Dq>7 P; (Q>T); ZL’) - O(N(S(Dq)7 P; 1‘))

forallr=1,2,.... Also, for allT=0,1,2,..., we have
P(rk,Clg <7)=0 and E(|Hom(Clg,C,)|) = +o0,

where K runs over all fields in S for the product of ramified primes in K/Q.
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Proof. In this case, if we write D, = C; X Cs, then Q = C,\{id}. Therefore, 3(Cs, C;\Q) =0,
and the rest follows from Theorem 3.4.5, Theorem 3.2.4 and Theorem 3.2.5. O

Remark. The statement itself is exactly Conjecture 1.1.11(2) for D,-extensions. But we need
two hypothesis: the Cohen-Lenstra Heuristics for quadratic number fields and an estimate
for counting D,-fields.

Then let’s show Theorem 1.1.13, the result of relative class groups for abelian extensions,
as promised in § 1.1.

Theorem 3.4.9. Let G be a finite abelian group with a subgroup H, and let S := S(G). If
q is a prime number such that ¢|||G/H| where | > 1, then q is a non-random prime for the
quotient G/H. In addition, for all™=0,1,2,..., we have

P(rk, ¢ ' CL(K/K") <r)=0 and E(|Hom(¢" ' CIK/K"),C,)|) = +o0,
where K runs over all fields in S for the product of ramified primes in K/Q.

Proof. Since ¢'||G|, the set  := i, Q(G, ¢') is nontrivial, where we view the abelian group
G as a transitive permutation group. This shows that ¢ is a non-random prime for G. In
particular, Theorem 3.1.15 shows that

e, ¢ CUE/K™) > #{p 1 1G] I(p) N 2 # 0} — 21| - 1),

where I(p) means the inertia subgroup of p. The set €2 is closed under invertible powering
(and conjugation), hence Theorem 3.4.6, Theorem 3.2.4 and Theorem 3.2.5 show that the
statements of zero-probability and infinite moment are true. O]

3.5 D, extensions

In this section, let Dy = {0, 7|c? =1 = 72,7707 = 03) be the dihedral group of order 8.
Define S := S(Dy, (1)), i.e., we are mainly focused on the quartic extensions whose Galois
closure are Dy-fields, According to the Definition 1.1.8 of non-random primes, we also view
the group D, as a permutation group D4 — Sy via the Galois action of D, on the embeddings
K — C where L € §. The prime 2 is the only non-random prime for the permutation group
D, by checking all elements in the form of cycles.

The distribution of Cl;[2*°] when ordered by conductor

We first introduce the definition of the conductor for a quadratic extension of a quadratic
number field, which will be used here as the invariant of the number fields.

Definition 3.5.1 (Conductor). If K is a quadratic field and L is a quadratic extension of
K, define the conductor of the pair (L, K) as
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If L is a Dy-field and K denotes its (unique) quadratic subfield, then C(L, K) = C(L) (the
conductor of L).

Note that this conductor given by the above formula agrees with the Artin conductor for
the irreducible 2-dimensional representation of Dy, if the quartic field has D4-Galois closure.
See [1, §2.3] for details. We here follow this definition for the convenience of both computation
and generalization to other quartic fields. Recall that S = S(Dy, (1)) = {(L,v)}. Note that
L admits a unique quadratic subfield K. Let ¢ = 2, which is the only non-random prime
for (D4, (7)). We want to study the statistical behaviour of Cl[2*°] where L € S for the
conductor. Let’s first prove a lemma similar to [1, Lemma 5.1].

Lemma 3.5.2. For any 0 < e < % 5, we have

1.
> DD — | | = 0X)
2 )
0% D —~ &7 omin \mn
D squarefree mn#0

where (-) means Legendre symbol here.

Proof. We follow the idea of [1, Lemma 5.1] to prove it. First of all, interchanging the order
of the sum gives

0 D7+ >
Qw(D Z Z ( D ) 1 1 2«(D) /D
5 o) | 2 2 0 2 mn)
0<D<X m=ln=1_ e mn = n<Xte ! nTH% <D< X D Ama
D squarefree mn# mn#£0 D squarefree

(3.5.1)
Let’s focus on the n-sum and D-sum. We apply a squarefree seive to complete the D-sum.
In particular, we can rewrite (3.5.1) as

I SIS S (5

2
71<X§-"_6 a<nT+2e¢ n1+2e <a2d<X
mn7#0 -
p(a) 7(d) (a?d
+ D D e R
) e , d mn
nlf2e <a<X?2 nT+2e <a?2d<X

where 7(d) is the number of positive divisors of d. For squarefree D, the notion 7(D) =
2¢(0) Note that for any nontrivial Dirichlet character y and its associated series L(s, ) =
> . X(n)n~°, we know that L(s, x) is a holomorphic function in the closed half plane $(s) >
1. In particular L(1,x) is a constant that is bounded by maxy | SN x(n)|. We may
therefore estimate the sum by Pélya-Vinogradov inequality. In particular, (3.5.1) is bounded
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<X T a T

n<X2""F a<n T2 —Qnﬁ <d<a—2X
mnz#0 -
1 7(d) [ a?d
+ E — E — | —
o d mn
1 d<a=2X

1 1
nl+2e <a<X 2

< Z log n)?

n 1+26
n<X?2 b
mnz#0

< mX 2t (log X)?

The lemma then follows from the m-sum, i.e.,

X2 (log X)? Zm
m=1

We define

N(S,C; fia,y) : Z Z f(L),

C(L)=n Dlsc(K)

where f is some function defined on §. In other words we put some restrictions on the
discriminant of K C L by this notion.

Theorem 3.5.3. Recall that S = S(Dy, {1,7}), and for each L € S, let K be its unique
quadratic subfield. We have

Ec(| HOIH(CIL, CQ)D = 400
where L runs over all fields in S for the conductor C'.

Proof. First of all, by Theorem 3.1.11, it suffices to prove that
Ec(f) = +o0

where f(L) = 2¢0s(K) for each L € S, because | Hom(Cly, Cy)| > 27¢ - f(L). Second, [1,
Lemma 4.5] gives the smooth count result, hence we are reduced to prove that

L(LE[Q) 20tE)
> T K/Q) D) ~ ey’

(0=
Disc(K)<y
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where L(s, K/Q) =), XK(" and xk is the quadratic character associated to K. According
to Lemma 3.5.2, we know that

> I (55w ()] ot

0<D<y m=1n=1
D squarefree mnz£0

for any 0 < € < 3. Then by [1, (21)], we know that

ow (Disc(K))

pla) s 2 .1
D TSP SRRl (R =l

(K:Q]=2 0<a,b<co
Disc(K)>0 (Disc(K),ab)=1

i)

This implies that

2w(Disc(K))

[K:Q]=2 0<a,b<oco
0<Disc(K)<y (Disc(K),ab)

where ¢; > 0 is a constant. Similar result holds when Disc(K) < 0. According to [1, (19)
and (20)], we finally obtain that

L(L K/Q) 2w(Disc(K))
2 IGK/Q D)~ 2losy)

K:Ql=2
| Disc(K)|<y

where ¢ > 0 is a constant. By [1, Lemma 4.5], we know that
N(S,C; f;x,2°) ~ ca(logx)?,

where 0 < 3 < % Hence we have

. F 8
Ee(| Hom(Cly, Cy))) > 2B (f) > 26 Tim > G 5o 7)

zso0  N(S,C;x) - oo

Further discussion with Malle-Bhargava Heuristics

The main topic in this section is slightly different from the previouos one. When ordered by
product of ramified primes, the Malle-Bhargava Heuristics ([41, 4, 62]) predict that

N(S, P;x) > zlog’ x. (3.5.2)
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For a quartic number field L € S, it admits a unique quadratic number field K. We can
first try to describe the image of Clk (2] in Cly, and then prove the related statistical results.
Consider the group homomorphism

iZ,ﬂK%jL

between fractional ideals. It induces a group homomorphism on the class groups Clg — Cl,
which we denote by ,. Recall that if M is the Galois closure,

Cr' = (I N Iy")  Pr/Pr.

where Pk is the group of principal ideals. We already know by genus theory for quadratic
number fields that Clk[2] admits a good estimate with an algebraic expression and this result
can give an infinite moment. So, it would not be surprising that Cl;[2] has similar algebraic
structure or statistical behaviour. We first give a statement explaining the relation between

Lemma 3.5.4. Let L/Q be a quartic number field with Galois Dy-closure M/Q, let K be
the quadratic subfield of L, and let I(p) be the inertia subgroup of p.

(i) Let Q be the set {o,0° o1,037}. Then we have
o #2: 1) N £ 0} 2 ko i C2* 2 [{p £2 1(5) N # 0} — .
(ii) Let Q2 be the set {o*}. Then we have
o OP 1, (C2) > | {p # 2 1(p) 125 # 0} — 6.
(iii) Let Q3 be the set {o,0%}. Then we have
o # 2 1(p) 195 # 0} = 1l 200 > [{p £ 2 1(5) N0 # 0} — 6.
(iv) Let Q4 := Q(Dy,2%) = {0,03,0%,07,037}. Then we have

tko C(L/K) > |{p#2:I(p) NQy # 0} — 6.

Proof. We view the group of fractional ideals .Zx, ., as subgroups of #y;. (i): First of all,
an odd prime p is ramified in the quadratic extension K/Q if and only if I(p) N2y # 0. In
other words,

CRY = (plp # 2, I(p) N # 0y 211,

where p = (pOx)? and Py is the group of principal ideal of K. This already gives the upper
bound of the 2-rank. Tt is clear that Q; C Q(Dy,2%), i.e., i,CE* is a subgroup of CP*. So
the lower bound of rks 2'*0]?4 comes from

I‘kggZL/@K Sl"kz@[,/@@ SG
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by Lemma 3.1.13.

(i1): By comparing with the choice of €, it is not hard to see that if an odd prime p
has inertia in €y, then this means that p is unramified in K/Q, and then prime(s) lying
above p are ramified in L/K. Whatever the specific splitting type of p is, we see that
er(p) = 0 mod 2, hence p is a ramified prime of type 2. This shows that Qy C Q(Dy,2%),
ie.,

(a(p)lp # 2 and I(p) N Qy # 0)/ 27"

where a(p) = (pOy)°®), is a subgroup of CP*. So, by Lemma 3.1.13 again, we obtain the
result directly.

(#i): An odd prime p has inertia in {23 means that it is totally ramified in L/Q. The
conclusion itself follows from Theorem 3.1.11 directly. Note that this also explains that if
we want an upper bound for rky, CP* /i, (CR*), then we can write it as

tk, O7* /i (CRY) < {p # 2: 1(p) N (R U Q) # B},
(iv): This is just the application of Theorem 3.1.15 withI' = Dyand [L: K] =2=¢q. O

This lemma shows the relation between ();, defined in the lemma, and the different
subgroups of C’f *. Now let’s see what happens for counting fields.

Theorem 3.5.5. Recall the definition of €; in the above Lemma 3.5.4, where i = 1,2, 3,4.
We show that

N(S, P; (Q4,7);7) < z(log z)*r(loglog z)" ™

N(S, P; (Qy,7); ) < z(logz)"*(loglog a:)% (r+1)
N(S, P;(Qs,7): ) < z(log z)°/*(log log )2+
N(S, P; (Q,7);7) < z(log z)?(log log x)g(¢“+1)_

Proof. The proof for 2; and €04 are similar to each other. The choice of 2y means that if
p has inertia in €; then p is ramified in the quadratic subextension K/Q of L/Q. First we
define the Dirichlet series

Zann’s = Z Z 1o (L) | n7%

n LeS,P(L)=n

Given a quadratic number field K/Q of product of ramified primes P(K), we can consider
all quadratic extensions L/K to get an upper bound, that is, let

an(K)n_S = Z Z 1-n7%.
n n P(p)=n

By considering the local morphisms Hom([],, &7, C2) together with their ramified primes,
we have

> b(K)n™* < |Hom(Cly, Co) 2P P(K) ™ (1416 - 27°) [ (1 + 3p™).
pld
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Finally we let K runs over all quadratic number fields and define the following Dirichlet

series ; . Z Z Z -

d=p1-pr P(K)= n

By considering the upper bound of } c,n™%, we have

e < Y 2P (1416-27) [J(1+3p7)

n<x d=p1---pr P

= g(s) + go(s) log" (ﬁ) (s—1)3 ...
where ¢(s), go(s), ... are holomorphic functions in the closed half plane R(s) > 1 whose
existence follows from Proposition 3.3.5. Clearly, > a,n™® < ) ¢,n"°, hence by Theo-
rem 3.3.1, we have
N(S, P; (2, 7);z) < xlog” z(loglog z)",
which is o(x log® x).

The proof for €2y, 23 are based on Theorem 3.4.5 and similar to each other, so we only
show one of them here. Recall that Q3 = {o,0®}. If an odd prime p has inertia in (3, then
this means that p is totally ramified in L/Q where L € S is the quartic number field. Let
M/Q be the Galois closure of L/Q. Instead of considering the quartic number fields L € S,
we consider another quadratic subfield K; := M (). Note that K is not a subfield of L. In
other words, we view Dy = Cy x Cy. By Alex Smith [55], we know that Gerth’s conjecture
holds for Clg, where K; runs over quadratic number fields. This shows the following:

N(S(Co), P; | Hom(Clg,, Cy)[*i2) = Y |Sur(Cly,, C)P + > [Hom(Clg,,2C;)

P(K1)<$ P(K1)<Z‘
< N(S(Cy), Py 4@ PEL)). x)
< zlog’x,

where Sur means surjective group homomorphism. In addition, C4\§23 = {1, 0?}. By Theo-
rem 3.4.5 with S(D,) and the given 3, we have 8, = 3 and B(Cs, C4\Q3) = 1. Therefore,
we have

N(S, P; (Qs,7): ) < 21og®? 2(loglog )2 1.

[]

Consequently we have the following statistical results, whose proof are just a direct
application of Theorem 3.2.4 and Theorem 3.2.5.

Corollary 3.5.6. Assume that the Malle-Bhargava Heuristics hold for N(S, P;x), or (3.5.2)
holds, then for all r =1,2,3,..., we have

P(rky i (Clg) <r) =0 and E(|Hom(it(Clk),Cs)|) = 400

P(rko2Cl, <r=0) and E(|Hom(2Cly,Cy)|) =400
P(rko CI(L/K) <r =0) and E(|Hom(Cl(L/K),Cs)|) = +o0
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where L € S for the product of ramified primes in L/Q and K is the quadratic subfield of L.
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