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ABSTRACT OF THE DISSERTATION

Simultaneous global extraction of transverse momentum-dependent distribution functions

Fidele Johnson Twagirayezu
Doctor of Philosophy in Physics
University of California, Los Angeles, 2025

Professor Zhongbo Kang, Chair

Scientific investigations show that nucleons are the building blocks of atomic nuclei, which
constitute nearly all the mass of visible matter in the universe. Unlike electrons, which are
fundamental particles, nucleons have an internal structure composed of quarks and gluons.
While much has been learned about nucleon structure, many details remain to be understood.
There is broad consensus that understanding the fundamental properties of matter requires
understanding the nucleon’s internal structure in terms of its constituents. In Quantum
Chromodynamics (QCD), the theory of strong interactions, the nucleon is described as a
relativistic bound state of quarks and gluons, interacting strongly through the exchange
of gluons. These partons are permanently confined within hadrons due to the property of
color confinement, which prevents their direct isolation but still allows their dynamics to be
studied through high-energy scattering experiments. However, at sufficiently small distance
scales, QCD exhibits the property of asymptotic freedom [I, 2], where the strong coupling
becomes significantly weaker. This allows QCD factorization to be used in perturbative

calculations, enabling the study of nucleon structure [3].
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One of the key challenges in QCD is the full understanding the spin structure of the
nucleon in terms of its constituents. A nucleon is known to be a fermion with a spin of
1/2, and while we understand how to distribute the nucleon’s spin between the orbital
angular momentum and the spins of quarks and gluons, the exact numerical values of each
contribution remain uncertain, especially when it comes to the orbital angular momentum.
In this context, three-dimensional distributions of quarks and gluons in momentum space
are crucial tools, as they capture all possible spin-orbit and spin-spin interactions between
the proton and its constituents. A thorough understanding of these distributions can offer
valuable insights into the roles of quarks and gluons in determining the nucleon’s spin. The
early studies focused on processes involving collinear functions to understand the nucleon
spin structure. While these functions offer valuable insight into the internal composition
of nucleons, it was quickly realized that they were not sufficient since they only provide a
one-dimensional and, therefore, partial perspective on the complex structure of the nucleon.

The search for alternative methods beyond collinear factorization to fully describe the
nucleon internal structure has led to the development of a robust transverse momentum
dependent (TMD) factorization framework. This framework allows to acquire the three-
dimensional (3D) dynamics of quarks and gluons within a colliding nucleon. These new
and precise data provide the means to determine transverse momentum dependent parton
distributions, often referred to as TMDs. In this dissertation, we develop TMD formalisms
to perform simultaneous global analysis of Sivers asymmetries and Collins asymmetries.
The TMD Sivers formalism allows us to extract simultaneously the Sivers function from
semi-inclusive deep inelastic scattering, Drell-Yan production, and jet production in proton-
proton collisions. The TMD Collins formalism allows us to extract simultaneously the Collins
fragmentation function from semi-inclusive deep inelastic scattering, e*e~ annihilation, and

hadron production inside jets in proton-proton collisions.
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Outline

In this dissertation, after introducing the origin of quark theories in Chapter (1) we quickly
proceed to introduce the notion of transverse single spin asymmetry (TSSA) in the same
Chapter (1) because of its essential utility to extract TMD functions of interest. In Chap-
ter (2) we discuss the SCET due to its capability to provide a systematic framework for
describing processes where different types of modes are present, especially in the context
of high-energy hadronic physics. In other words, The SCET provides an effective descrip-
tion of a theory. Since Wilson lines appear frequently in gauge theories, we discuss their
importance for non-local operators in gauge theories and present different types of Wilson
lines and some physical interpretations in Chapter (3). Since our TMD formalisms involve
the use of twist-2 and twist-3 functions, we discuss the derivations of these functions from
correlation functions (correlators) in Chapter (4). We also discuss the TMD factorization
theorems, a powerful tool in quantum field theory (QFT), which allow us to express cross
sections in terms of perturbatively calculable quantities and non-perturbative quantities. In
addition, we discuss one of different regulators to eliminate rapidity divergences. Since our
TMD formalisms involve QCD evolutions, we discuss derivations of evolution equations and
solutions to evolution equations in Chapter (5). Because of the importance of SCET, we
also discuss TMD factorization and TMD evolution in SCET in Chapter (5). The Sivers
formalism and results are presented in Chapter (6). The Collins formalism is presented in

Chapter (7). Finally, the dissertation is summarized in Chapter (8).



Chapter 1

Introduction

1.1 Origin of quark model

In search for understanding of nature, mankind has made some remarkable progress. Nowa-
days, it is known that all elements which are building blocks of nature are made of protons
of positive charges and neutrons of neural charges, forming atomic nucleus, surrounded by
orbiting electrons of negative charges to form atoms. In the early 20th century, experiments
with particle accelerators revealed a plethora of subatomic particles beyond the proton, neu-
tron, and electron. Physicists found a bewildering array of particles, leading to a desire to
understand their underlying structure and organization. The discovery of the strange mesons
suggested that that there might be more fundamental building blocks underlying the known
particles.

Various classification schemes were developed to organize the ever-growing list of ob-
served particles. The constituent quark model which is based on an SU(3) flavor symmetry,
proposed by Murray Gell-Mann [20, 21] and independently by George Zweig [22, 23], was
one such scheme that provided insight into the underlying structure of hadrons (particles
like protons and neutrons). The quark model, suggests the presence of fundamental parti-

cles termed quarks. These quarks are believed to exhibit a fundamental symmetry described



by the SU(3) group theory, leading to the identification of three elementary particles: up,
down, and strange quarks. Experimental validation of this model came from measurements
conducted by SLAC [24, 25], where electron-proton and electron-neutron collisions in deep-
inelastic scattering (DIS) experiments provided evidence supporting the existence of up and
down quarks. Additional quarks were predicted and their existence was also confirmed by
experiments.

Later, it was realized that quarks are bound inside nucleons. Since quarks carry an electric
charge, their presence raised the question of how nucleons could remain bound together
despite electrostatic repulsion. This led to the proposal of a strong, short-range force that
overcomes the electromagnetic force at nuclear scales. The first significant theory of the
strong interaction was put forward by Yukawa, who proposed that the proton and neutron
are held together by the exchange of a force-mediating particle. This exchange particle is

now known as the pion.

1.2 Quantum Chromodynamics

Quantum Chromodynamics (QCD) is the fundamental theory describing the strong interac-
tion, one of the four known forces of nature. It explains how quarks and gluons, the building
blocks of protons, neutrons, and other hadrons, interact through the exchange of force-carrier
particles called gluons. QCD is a type of quantum field theory, and it operates under the prin-
ciple that quarks possess a property known as color charge, a fundamental property of quarks
and gluons, analogous to electric charge in quantum electrodynamics(QED) and comes in
three types, traditionally referred to as red, green, and blue. Unlike the electromagnetic force
(which involves electric charge), the strong force is incredibly powerful at short distances but
becomes weaker at longer ranges due to a phenomenon called asymptotic freedom, where the
interaction strength between quarks and gluons decreases at higher energies. This theory is

central to understanding particle physics, as it governs the behavior of matter at the small-



est scales, playing a key role in high-energy processes such as those occurring in particle
accelerators and the early universe. The QCD Lagrangian density [20] is usually expressed

as

1 a apy | S yNe" S yXe _1 a
Locp == ;GG +i > Y(Dy)apt; - PRI 50" ALDLAY
j=1 3=1 G

(1.1)
— 9upa DH ",

where G4, = 0, A% - 0, A% + gsfabcAZA,ﬁ (a=1,2,...,8) are the Yang-Mills strength tensors

expressed in terms of gluon fields A%(x). The quark field of flavor j and mass m; is repre-

sented by 1; and ¢(z) represents eight Grassmann-valued fields in the 8 representation of

SU(3). These ghost fields ¢%(z) are associated with the gauge fixing procedure and ensure

the correct treatment of redundancies in the gauge theory. The covariant derivative D,, is

expressed as

. 1 a Aa
(Du)ag = 5aﬁau_29525 aﬂAu' (12)

The covariant derivative D, acts on the quark color component o, 3. The 3 x 3 color ma-
trices ¢ 5 are the eight generators of the SU(3) gauge group, and fo¢ represents the fully
antisymmetric structure constants of the gauge group, defined by the commutation relation
[T, T*] = ife*eTe, where (T)ap = (1/2)t%5 in the fundamental color 3 representation, and
(To)be = =1 fape in the adjoint 8 representation. The last two terms in the Lagrangian density
are the gauge-fixing term for a covariant quantization in the gluon sector, ag = 1(0) in the
Feynman (Landau) gauge respectively, and the Faddeev-Popov ghost term [27] to remove
nonphysical degrees of freedom. The parameter g, is the interaction strength and it is related

to the more conventional strong coupling constant a; as follows

g2

= (1.3)

Qs

The asymptotic freedom is one of the essential characteristics of QCD. The discovery of

asymptotic freedom earned D. Gross, H. Politzer, and F. Wilczek the Nobel Prize in Physics



in 2004 [28, 29]. This behavior is captured by the renormalization group equation for the

strong coupling constant as(u), [30] given by

Jag 0o,
/v‘2a—ug = Ol Blas), Blas)=-a?(b+bias+ba+...), (1.4)

where by is the 1-loop coefficient of the S-function, and by,bs, ... are the 2-loop and 3-loop

coefficients, respectively. The coefficient b, is given by

_ 110A—4nfTR _ 33—2nf

1.5
127 127 ( )
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where Cy =3, Tr = 1/2, and ny denotes the number of quark flavors. With six quark flavors
(u, d, s, ¢, b, t), we have ny = 6, resulting in by > 0. The negative sign in Eq. (1.4) is
responsible for asymptotic freedom, indicating that a,(u) decreases as u increases. For a
given physical process, the renormalization scale p is typically chosen to match the momen-
tum transfer @) in that process, so a,(u? = Q?) reflects the effective strength of the strong

interaction involved. Figure (1.1) displays the running coupling «s measured as a function

0.25

—4— CMS szlratio —— HERA
—— CMS tf prod. —{1— LEP
—&— CMS incl. jet —A— PETRA ]
—&— CMS 3-jet mass —/— SPS 1
—O— Tevatron |

as(Q)

0201 %

—T T

0.15

0.10
[ as(Mz) = 0.1171+33%25 (3-jet mass)
0.05 | B o.(Mz) = 0.1185 £ 0.0006 (World average)
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Figure 1.1: The result for the running coupling (@) is shown as a function of the energy
scale @ in [1]. The running coupling a(Q), determined with CT10 - NLO, is compared
with the world average of ag(M,) = 0.1185 £ 0.0006 [5]. The error bars on the data points
correspond to the total uncertainty.



of the energy scale @ , taken from [1]. The figure shows measurements of the running «,(Q)
from different experiments. For high () values, the coupling «a, is weak which allows the use
of perturbation methods. The coupling «; increases at low energies and becomes divergent
at the scale Aqcp. As a result, QCD becomes strongly interacting at scales around and

below 1 GeV. In this energy regime, perturbative methods are no longer reliable.

1.3 Transverse spin asymmetries

In high-energy nuclear and particle physics, understanding the spin structure of hadrons is
essential for uncovering the complex dynamics of strong interactions. A key observable in
this area is the transverse single spin asymmetry (TSSA), which refers to the asymmetry
in the distribution of particles produced in a scattering process when one of the colliding
particles is transversely polarized. Unlike longitudinal polarization, which is more commonly
studied in hadronic physics, transverse polarization provides unique insights into the internal
structure and dynamics of hadrons.

Transverse single spin asymmetry arises when the spin of a hadron is oriented perpen-
dicular to the direction of motion, and it is observed as an imbalance in the distribution
of final-state particles, such as in the azimuthal angle of produced particles relative to the
spin axis. This asymmetry has been experimentally observed in various processes, particu-
larly in high-energy scattering experiments involving protons and hadronic collisions, such
as in proton-proton (pp) or proton-nucleus (pA) interactions. In general, the TSSA for an

inclusive process such as A'B — C' + X is expressed as

do' —dot
Ay = ———— 1.6
N dot ¥ do? (1.6)

where do'®) is the differential cross section for the production of a hadron C' when A is
transversely polarized in the upward or the downward direction. For illustration purposes,

Figure (1.2) shows the measured xp-dependent TSSA for the production of 7* [6]. The study
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Figure 1.2: The TSSA as a function of zp for the production of 7*(red circles) and
7~ (blue circles) at fixed pr values: (a) 0.4< pr <0.5, (b) 0.5< pr <0.6, (c) 0.6< pr <0.8, (d)
0.8< pr <1.0, and (e) 1.0< pr <1.2 GeV/c [0].

of TSSA is important because it reflects the interplay between the intrinsic spin and orbital
motion of quarks and gluons inside a hadron. It is sensitive to the partonic structure, espe-
cially the spin-orbit correlations and the transverse momentum distribution of quarks, which
are not fully described by simple collinear parton distribution functions (PDFs). Instead,
TSSA is a probe of more sophisticated and less understood distributions, such as the trans-
verse momentum-dependent parton distribution functions (TMD PDFs), which account for
both the momentum and spin structure of the partons inside a hadron.

Theoretical frameworks, including models of hadron dynamics and QCD, are actively
being developed to explain and predict the magnitude and patterns of transverse single spin
asymmetries. These studies are critical for advancing our understanding of hadron structure

and spin physics, and they offer insight into the mechanisms of QCD at a fundamental level.



Chapter 2

Soft Collinear Effective Theory

2.1 Introduction

The soft-collinear effective Theory (SCET) is an effective field description of QCD that is
particularly suitable for dealing with interactions where soft and collinear degrees of freedom
are the most relevant. SCET provides a systematic way to describe the behavior of high-
energy particles, such as those found in jet processes or hadronic scattering, by separating
the contributions from large and small momentum scales.

The core idea behind SCET is the decoupling of soft and collinear degrees of freedom.
Collinear momenta correspond to particles moving nearly parallel to the direction of the high-
energy particle’s motion, while soft momenta correspond to low-energy particles with small
momentum components in all directions. By organizing the theory to focus on these two
distinct momentum regimes, SCET simplifies the calculation of cross-sections and hadronic
processes in scenarios like heavy-ion collisions or hadron colliders, where soft and collinear
modes dominate.

SCET is particularly useful in calculating jet observables, factorization theorems, and
resummation techniques, enabling precise predictions for experiments like those at the Large

Hadron Collider (LHC). Its framework has also been extended to incorporate various high-



energy phenomena, such as the study of the form factors, parton distribution functions, and

the calculation of hard scattering amplitudes in QCD.

2.2 SCET modes

The natural description of soft and collinear particles usually adopts the use of light cone
coordinates system where two light-like vectors n! and 7! which are assigned to each collinear

sector ¢ satisfy the following properties

n? =0, n? =0, n;.n; = 2, (2.1)

such that the momentum of each n;-collinear particle is aligned to n;. Such light-like vectors
are can be expressed as

nt = (1,n;), nt = (1,-n;). (2.2)

In this light cone coordinate system, a given four-vector p# can be expressed as

n“.‘ ﬁ/f
pH= (ﬁi-p)j + (m-p)j +p = (p*, 0", P1)is (2.3)
where
pt=n.p,  p =mup,  pr=pp -p’=-p. (2.4)

To determine the momentum of particles within the effective theory, one analyzes an
energy jet () traveling in the direction of n;. This jet comprises collimated particles with
transverse momentum p, that satisfies p, ~ A << (). As a result, this produces the following

momentum scaling

ph =", pr) ~ (A%/Q,Q,A) = Q(N*,1, 1), (2.5)



where the scaling parameter is defined as A ~ A/Q. furthermore, the scaling p* ~ Q\? is
obtaining by imposing the condition p? = 0, therefore, p* ~ p? /p~. Alongside collinear modes,

there are also low-energy modes that exhibit isotropic scaling

PE~ QNAN), (A% 02,02, (2.6)

where the subscripts s, us denote soft and ultrasoft modes respectively. These modes lead to
different effective theories, known as SCET, and SCET,. In SCET, the hyperbolas represent
the virtuality of modes, the principal difference between these two theories is that collinear
and ultrasoft modes in SCET; are located on different hyperbolas, whereas collinear and soft
modes in SCET, are located on the same hyperbola.

The SCET Lagrangian is obtained by expanding the QCD Lagrangian in terms of the
counting parameter A. In this section, one focuses on SCET, the effective theory for collinear
and ultrasoft modes. In order to obtain the SCET Lagrangian, one can start by constructing

two projection operators in spinor spaces
P, =1 = ’ P, =1t = , (2.7)
2 2

where P, + P; = 1. The quark field ¢/ can be expressed in terms of projectors P, and P; as

follows
W= Pyh + Patp = &, + n, (2.8)

where P, = én and Prpn = 5. Thus, if on considers massless fermions, the QCD La-
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grangian can be expressed as

Locp =ilp
=(n+ @ﬁ)(%in.D + %m.p + iﬂh)(én +¢n)

=€,

ORI =1

where the expressions for various covariant derivatives are

in.D =in.0 + gn.A, + gnA,s,
iﬁ.Dn = i/ﬁ/.P + gﬁ'ATL7

ilpnl = ﬂPJ_ +g~An,J_a

where A,,, A, are the collinear gluon and ultrasoft gluon fields respectively.

(2.10)

Since the n component of ¢, is relevant only at a subleading power of A, it can be

eliminated. By applying the equation of motion, we can express the leading power Lagrangian

for collinear modes as follows.

N

(2.11)

One can expresses the collinear momenta pf as the sum of pure O()), and O(A?) terms, and

hence the collinear quark field é can be written as

60) = [ e

DI ¢0 p1#0

d4p7" e PLT o =ip xTE —ipT
=3 | i o) = T G (2),

(2.12)

where pi = p'+p). The quantity p)’ scales as pj' ~ (0,1, X), and the quantity p;’ ~ (A2, A2, A2).

11



The expression for &, ,, () is given by

d*p,

We—ipr-wén,pl (p,). (2.13)

np () =

The dependence on z is associated with a purely ultrasoft momentum, leading to the following
scaling x# ~ A=2. The Taylor expansion in A of the QCD Lagrangian gives the following SCET

Lagrangian at leading order O(\Y),
0 0 0
('(0) =/ 7(15) + [/ %g) + / 1(15), (214)

where Eg? is the Lagrangian for collinear quarks, Eff]g) is the Lagrangian for collinear gluons,

and Lﬁ? is the Lagrangian for ultrasoft fields

o = (- : L. i
£n§ —fn(m.D + llpmmllpm)§§"’
Lo ZQLTr{ [iD*, iDV]2} ¥ TTr{ [iDE, Au,]? } " 2Tr{cn[mff, [ip*, cn]]}, (2.15)
9

2
1
LD =G, DusGus — §Tr{G{f;’ij,} + )\usTr{(iﬁu.Aﬁs) } + 2Tr{(‘zusi(9“iD{fscus}.

where ¢ is the gauge coupling. In the Lagrangian L'ng , the quantities A, and \,, are collinear
and ultrasoft gauge fixing parameters, and ¢, and ¢, are the associated ghost fields. The

covariant derivatives in the Lagrangian Eflg are defined as

B

ipH :n—(P+gﬁ.A )+ (P! + g A" l)+—+(1n8+gn¢4 +gn.Ays),
o (2.16)

iDH, :—73+’P“+7m8+ 2gnAu5

The ultrasoft Lagrangian £ is the same as the full QCD Lagrangian because ultrasoft
fields have isotropic scaling, Al ~ (A2, A2, A?), assuming that fields and covariant derivatives

in the full QCD Lagrangian satisfy ultrasoft scaling.

12



One of the most important properties that should be preserved in the formulation of
SCET is gauge invariance. In SCET there are two types of gauge transformations because
gluon fields are split into collinear and ultrasoft fields. These two types of gauge transfor-

mations can be expressed as follows

Un(x) = exp {icd(2)TAY,  U,s(x) = exp {iack (2)T4}. (2.17)

The gauge transformations of Eq.(2.17) should satisfy collinear and ultrasoft scaling respec-

tively as follows

i0MU,(2) ~ QN2 1, U, (), i0MU s () ~ QN2 02, XU, (20). (2.18)

Since ultrasoft fields have longer wavelengths than collinear fields, they act like a back-
ground for collinear fields. Hence, ultrasoft fields do not transform under collinear gauge

transformations

Qus() = Qus, - Ajs(2) = AL (), (2.19)

where ¢, are ultrasoft quark fields, and A are ultrasoft gluon fields. However, collinear
fields transform under ultrasoft gauge transformations while ultrasoft fields satisfy the stan-

dard QCD transformations

fn(x) - Uus(:c)én(:c), QUS(x) - Uus(l‘)qus(x),
Z. (2.20)
A(2) = U (@) A (UL (), At (2) Uusm(Azs(a:) . gaﬂ)vzs(a».

Since the gauge transformations of non-local operators require Wilson lines, the SCET re-

quires two distinct Wilson lines, one for each mode.

13



Chapter 3

Wilson lines

In gauge theories, the Wilson line is a crucial mathematical construct used to describe the
effect of gauge fields along a specified path in spacetime. The Wilson line captures how the
gauge connection affects the phase of a quantum state as it is transported from one point
to another. Formally, it is defined as a path-ordered exponential of the gauge field, which
encodes the information about the field’s configuration along the path. Wilson lines play
a key role in various physical contexts, including confinement in quantum chromodynamics
(QCD) and the study of topological features in gauge theories. They are also instrumen-
tal in understanding the non-perturbative aspects of these theories, providing insights into
phenomena such as string tension and the behavior of gauge theories in strong coupling

regimes.

3.1 Smooth Wilson lines

A Wilson line along a path is a path-ordered exponential of a line integral of a gauge field

along a path C

U =P exp {ig/c dz“A#(z)}, (3.1)

14



where A, (z) is a gauge field, and g is a gauge coupling. The Taylor expansion of the Wilson

line U€ can be expressed as

o0

UC = 3 o) [ g Ay () A ). 32)

n=0 T

Physically, the n-th order expansion is thought as the radiation of n gauge fields. The
presence of P which stands for path ordering ensures that radiated gauge fields are ordered

along the path C. The path ordering requirement for fields can be expressed as

PAM(Zl)"'AMn(zn) = Z (ﬁH(CHI _CZ))AM(CI)A#n(Cn)’ (33)

o(CrGn) \ 0=l

where the sum runs over all possible permutations of ;. For abelian gauge fields the path

ordering has no effect because fields commute

PAy, (21) Ay, (20) = Ay (31 Ay, (20), (3.4)

Since each term in the expansion represents a power of the same integral, a Wilson line for

abelian gauge fields is expressed as

s 3 Lo ( faaa) 3.5

n=0

Obviously, a Wilson line has both a path and field content. The Fourier transform can be

utilized to separate one content from another. The path content is given by the integrals

T,= 3(ig)"P [ dGdGu () Z"”Vexp{ [T } 0

15



where ( is a path parameter and k; is a momentum. The n-th order term of the Wilson line

expansion is expressed as

U, = / (d;;k)::'“(C;:];UAun(_kn)“'Aul(_kl)z’—”' (3.7)

3.2 Piece-wise Wilson lines

A Wilson line path C can have cusps rather than being smooth [31]. At these points, the path
is continuous, but its derivative is discontinuous. Hence, the evaluation of such a Wilson
line follows a piece-wise scheme. Since cusps are not natural, they can just appear as a
result of interaction with an external force on a smooth path. To evaluate a Wilson line on a

piece-wise path C with N smooth segments, we first define the following piece-wise function

pH(¢) if (=aray,

2(() ¢ = ayas.
ey =1" (35)

pN(¢) if ¢ =an-an:.

Even though the path C is not entirely smooth because of the presence of cusps, each path
of a segment is smooth, thus p’ is a smooth function. The first-order integral over the J-th

segment involves only the J-th part of p(()

aj+1 aj+1
si= [ dw@© = [T dar’ ). (3.9)
ay aj
The first-order integral is
N aj+1
-y [ A’ (©. (3.10)
J=1Jas

16



The second-order integral is more complex than the first-order integral, and one of compli-

cations is that the portion of the integral is a piece-wise function

SCII(Z-i-l) if Cl =ap---ag,

_ S1(i+1)+S2(i+1) if ¢ = ay-as,
SL(i+1)= ¢ (3.11)

ST(i+1)+S¥(i+1) if ¢ = an-an,

where SCJ1 . and S7 are given by

_ C1 N N-1
Sgl(i +1) = / dCopi (G), ST(i+1)= Y S7(i+1). (3.12)
as J=1

At this point it is important to clarify the presence of 7 in the above expressions which are
related to the second-order integral. Obviously, the value of i equals 1, but the presence ¢
instead of its value is beneficial because it allows to easily establish general expressions. The

second-order integral is defined by

1, = {falaNH dClpi(Cl)}{/afl dCQPm(Cz)}

= faa2 d¢ipi(C1) /:1 dCopisi(C2) + [aa3 d¢ipi(C1) {(Sl(i+ 1)+ fa<1 dgszl(CZ)} 4o

1 2 2

AN +1 N-1 G
+ [W dCipi(C1) { Z SJ(i+ 1)+ [aN dCzPi+1(C2)}-

J=1
(3.13)
The second-order segment integral is defined by
' aj+1 G J J
S (i) = / dCl/ dGap; (C1)pii (C2)- (3.14)
aj ay

17



Substituting Eq.(3.9), and Eq.(3.14) into Eq.(3.13), the expression of Z becomes [31]

T, = i Sy(1)+ 5 ST(1)SE(2). (3.15)

The remaining task is to find the expression for the full path integral over separate segments.
We first observe that S, relies solely on the J-th segment, with no mixing between segments.
We expect this to hold for all orders. Also, for successive segment integrals, there is an
increment in the argument, and this is expected to be true for all orders

SH()SE(i+1)-SJe (i + k- 1), (3.16)

1

Thus, it is simple to obtain the expression for the n-th order integral. We simply need to
create all potential combinations of 5;’s that result in n internal p’s, ensuring we also include
the appropriate number of summation symbols while maintaining the order. The n-th order

integral is expressed as

i
all terms of the form ]; Slj

n i Jj-1-1
I,=7), ( ) ; (3.17)
=L\ =1 J=1-j+1/ Jo-1=N such that Z li=n
j=1
The corresponding recursion relation is given by
N N n-1
Lo=>. 8] +> > S/T,.1(J-1). (3.18)
J=1 J=2i=1

The expression for the Wilson line can be obtained by replacing every S with i/ in the last
two equations. For example, replacing S with ¢/ in the recursion relation, one obtains the

expression for the Wilson line

N N n-1
Uy =D U+ S U U, (] -1), (3.19)
J=1 J=21=1
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where U is defined by

! = (o) [ it d ) )1 (3:20)

The ordering of U, is necessary because the gauge fields A, (k) are non-commutative due to

the color generators.

3.3 Infinite Wilson lines

The Wilson line path can be composed of linear segments [31]. In this case, a segment can
have one or more infinite end-points, one end of a segment can extend to infinity, or both
end-points can extend to infinity connecting —oo and +oo. We consider a path that starts
from a point a, to infinity along a direction n,, so that z# = a# +n*(, where ( is a parameter,

¢ =0,-+,00. Then, using the path-ordering Eq. (3.6) can be rewritten as

T, = (Z'g)nnul...nﬂn exp (iaij)fooo loo [40_0 d¢y-+-d(, exp (2 Z(n.kj+in))gj. (3,21)

Furthermore, we can simplify the expression for Z, by evaluating the integrals. First, we
realize that the general integral is just the Fourier transform of a Heaviside #-function, hence

we can simply write

fc:ol dG, exp {i(n.kn + in)Cn} = m exp {i(n.kn + in)Cn_1}. (3.22)

The result of the above integral has a factor of 1/(n.k,) and the result of the next integral
has a factor of 1/(n.k, + n.k,_1). The appearance of similar terms allows to write in the

compact form the expression for Z,. After evaluating all integrals, the quantity Z,, can be
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Figure 3.1: The diagram for n-gluon radiation for a Wilson line going from a* to +oo.
The Wilson line path is parametrized with ¢ = 0,--+,00.

expressed as

T, = (ig)"n**---n*" exp {ia > k]} I[] +
J =n. Z ky +n
1=

(3.23)

The result of the above equation can be easily obtained by applying the Feynman rules for
Wilson lines. These Feynman rules are for momenta that point outward from the Wilson
line. The resulting n-th order diagram is shown in Figure (3.1). For inward momenta, the
prescription k; - —k; is utilized to obtain the appropriate Feynman rules.

The path of Wilson line can be put into a reversal direction. The action of reversing the

path of a Wilson line (43 can be represented by

b _ b
Uap) = Pexp (z’g / dz“AH) - Pexp ( —-1ig f dz“Au), (3.24)

where P is the anti-path ordering which ensures that fields are ordered in reverse. This
shows that reversing the path of a Wilson line is directly equivalent to taking a Hermitian

conjugate, thus we can simply write

Uap) = U(Tb,a)' (3.25)

However, in the standard path ordering, the final result should require to perform the sub-

stitution, k - —k since the field A, (k) transforms as A}(k) = A,(~k). We can also study
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how an infinite Wilson line transforms under the action of the path reversal. In this case,

we consider a Wilson line from —oo to b*.

d:f; n.A(=ky)--n.A(- kl)exp{zb Zk}ﬁ_—l ,

J

| =U(p,—o0)

:i(_ig)"f ((12“;:{; n. At (kp)--n. A (k, )exp{—zb g:kj

—_—
1z
~
g
w
b
=2

:;(—zg)"f éu;f; n.A(=ky)--n.A(-k )exp{zb Zk}gﬁn_i/j_m
:;(—ig)"f (d;"‘; n.A(=ky)--n.A(- kl)exp{zb Zk}ﬂﬁ—ni:—m

where we have relabeled the fields according to the prescription, 1 - n,2 > n—-1,---n—->1
in the last line of Eq. (3.26). To elucidate the ramifications of the Hermitian conjugate, we

reformulate the final expression in terms of the n-th integrals as follows

d“ky ;
Uy o) = 2) gﬂ)w (QW)MAM( kin)- A (k1) (3.27)
where
ZJL =(ig)™(~n*)---(=n*") exp {ib. Z kj} H (3.28)
7 =t _n, Zk +in :
=5

The expression for the n-integrals shows that under the prescription n# — —n#i, the Hermi-
tian conjugate of a Wilson line from b* to —oo is equivalent to a Wilson line from b* to +oo.

Similarly, the Hermitian conjugate of a Wilson line from b* to +oo is equivalent to a Wilson
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Figure 3.2: Changing the path direction of the Wilson line U} _) is equivalent to taking

the Hermitian conjugate Z/[(Tb o)’ However, the representation with the standard path order-

ing requires the prescription, n# — —n#i, and the new path direction that goes from b to
+00.

line from b* to —oo under the same prescription

UT —o0) u(+oo,b)|n“j—>—n“j7
(bee) (3.29)

ungoo,b) = u(b,—OO)|n“j —-nti-

The path flow from left to right implies the presence of n# whereas the path flow from
right to left implies the presence of —n#i in the n-integrals. Figure (3.2) shows the reversed
Wilson line of U4, o), the arrow on the Wilson line indicates the direction of the path flow.
Now, we consider a finite Wilson line of path C from a point a* to a point b*. In terms of

the parameter ( we define the variable
2+ =au+nug’ /\:07"'7 ”b_a” = (aﬂ_bﬂ)/nﬂ (330)

Assume that there exist two paths C; and Cy such that C = C; + C5. Then, we can express

the Wilson line ¢/ of a path C as

u(b,a) = z/{(b,+o<>)2/l(+<>o,a) = u(b,—oo)u(—oqa)- (331)
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The corresponding n-th segment integral is expressed as

In=(ig)nnﬂl...n“"exp{ia.;kj}/0|b_a| focfog dgn...dgleXp{méjkjgj}. (3.32)

For the moment, we can disregard the factors in front of the integrals without loss of gener-

ality. The result of the first-order integral is expressed as

lo—al _ —i ,
Ti(ky) = /(; d(y exp {m.lﬁCl} = r]ﬁ(exp {i(b-a).ky - 1}) (3.33)

The derivation of the recursive relation can be done without much effort. The expression for

the n-th order term is given by

Inzril(exp{i.(b—a). ikj}_l) ﬁ fn ﬁ +Z : (3.34)
m=0 m+1 j=1 n Zkl j=m+1 n. Z k?l

l=j l=m+1

As expected, we realize that the n-th order term vanishes in the limit, a — b. There are
exactly n term without exponential, thus the eikonal identity can be obtained if we add to

the sum of these n terms another term m = n

n m i n -
>N——1] [l ——|=0 (3.35)
m=01] j=1 n Z kl Jj=m+1 n. Z kl

l=j l=m+1

The above expression represents the eikonal identity and is useful in the abelian limit of

QCD. The eikonal identity allows to write the equality

ﬁ i 'H_Ti:_ﬁ o (3.36)
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The substitution of the above equality into the expression for the n-order term leads to the

following expression

—
+
—-

T, - Zexp{(b a). Zk} I

m n n
mtl J=1 n. Z kl) J=m+1 n. Z k’l J=1 n Z k’]
l=j l=m+1 l=j

(3.37)

—

- Zn: exp{i(b—a)- i kj} ﬁ

m=0 m+1 j=1

k?l J=ml n. i ]{Jl

j l=m+1

INGE

n.

~
Il

Incorporating the factors in front of Eq. (3.32) into Eq. (3.37) and simplifying the overall

first factor, the resulting path content can be expressed as

n m

- Z [T(ig)n*s exp (ia.k;) H (ig)n* ———— exp (ib.k;) | . (3.38)
m=01j=1 HZI{?J J=m+l n. Z kl

Also, we can sum over n from zero to infinity and add the same convergence terms in the
fractions to obtain a product of two half-infinite Wilson lines. Hence, the path content of a

product of two half-infinite Wilson lines can be expressed as

n

Z (T¢ zg)n‘“;exp (ia.k;) ZH zg)n“ﬂ—lexp (ib.k;) 1. (3.39)
n0 =t Zk + 1) 0=t n. Zklim

J =1

Here, + and — in +¢7 indicate that the path content corresponds to two lower bound and two

upper bound Wilson lines respectively.

A Wilson line can have an infinite linear segment from —oo to +oo. If the path of direction
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n# contains a point r#, for a parameter (, we define the following variable
P I ¢ =—00,,+00. (3.40)

In this case, the path content is expressed as

T = (ig)"n™ - n¥ exp {z‘r.z;{j}[m...[@ dC,y---dCy exp {m.ikj(j}. (3.41)

We can compute each integral to obtain the final expression for Z. Using the usual method
of the Fourier transform of a Heaviside #-function to find the result of each integral, we
realize that the integral from —oco to +oo is divergent when other integrals are each finite
and, vice versa. The solution to resolve the issue would be to regulate the path [32]. The

parametrization for the regularized path is defined as

zg=r“+§tanh(gg)n“, £>0, (=-00, +00. (3.42)

The result for the first-order integral is expressed as

I, = [:2 dClseChQ(ggl)eXp {z%(nk,’l —in) tanh(%(l)}

. (3.43)
= ex zg(nk —in) tanh é( - ex —zg(nk —in)
_n-lﬁ—in p ¢ K= 552 p ¢ K= :
Using the recursion relation, we find that the n-th term is defined by
= 2 o . .12 < .
In=2ZZ€Xp —i— n.Zk‘j—m sin | — n.ij—m
m=0 5 l 5 m+1
i & ] (3.44)

l —1
“[1—= [1—; :
: n.Zkz—inm”n.ij—z’n

J

m+1

The n-th term for the original path can be obtained by taking the limit, £ - 0. By incorpo-
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Figure 3.3: The diagram for n-gluon radiation from a Wilson line going from —oo to +oo.
The red line belongs to the cut propagator. The Wilson line path is parametrized with ¢ =

rating the factors in front the n-th term path for the original path is expressed as

n—-1

Z, = (ig)"n-nt | T] -
"o Z k; —1in
1

|, 6(” S - m)) (3.45)

1

where 4 is the nascent delta function with the weak limit, limdg(2) = §(«), for an infinitesimal
parameter £ > 0, which relates d; and 0 through the shift?r_l)g property.

One proper method to represent an infinite Wilson line is to position all emitted gluons
on one side of the point r# as shown in Figure (3.3). The diagram shows that there are n

gluons and k,, is the momentum of the n-th momentum. In this case, the contribution for

the cut propagator is d(n.k + in).
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Chapter 4

Transverse Momentum Dependent

(TMD) Physics

4.1 Introduction

This section presents an introduction to transverse momentum dependent distributions, com-
monly known as TMDs. These distributions encapsulate the quantum correlations between
hadron polarization and the motion and polarization of quarks and gluons within it. We will
include a detailed examination of the fundamental and universally applicable TMDs, along
with their defining characteristics. We will explore TMD factorization formalisms, which
allow the alignment of these quantum distributions with physical observables observed in
high-energy scattering experiments. Additionally, we will delve into various phenomenologi-
cal methodologies for extracting these distributions from meticulously gathered experimental
data. The subsequent portion of this section will offer an intuitive overview of the TMDs

and their significance in elucidating the internal structure of hadrons.
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4.1.1 Twist-2 TMD functions

Cross sections of DIS processes can be expressed in terms of a leptonic tensor and a hadronic
tensor. In the Bjorken limit, it is possible to write the hadronic part in terms of the hard part
and the soft part, containing the information on the parton distribution inside a hadron. This
soft part is just a correlation function of quark fields between hadronic states. In one-particle
inclusive processes, two types of correlation functions are necessary, one that characterizes
the distributions of quarks and another that describes the hadronization of quarks into
observable hadrons. At leading order in 1/Q) (twist-2), where @) represents the hard scale
of collision, the primary correlation functions of interest are the quark-quark correlation

functions. The quark-quark correlation functions can be expressed as
q d§™ ke i - q(e-
@ (k, P, S|n) = [ S (P SIHOWO(0,6) )b (€)IP. S), (4.1

A1, P, Siln) = jf f r )4 eP(0IWh (00, )1 (€)|Prs Sn, X) 4

x (P, Sn, X[ (0)W2 (0, 00)[12)[0),
where f, = ) f d*Px/[(27)32P%. The quark ¢ emerging from the target proton has a
momentum kf(and the quark ¢ decaying into a hadron has a momentum p. The Wilson line
is denoted by W,. The quantity P(F,) is the momentum of the proton(outgoing hadron)
of spin S(Sy,), and n(n) is the lightlike vector conjugate to the momentum P(P,). If the
hadron in the final state has a small but nonzero transverse momentum, Agcp S Pry < @,
that is likely to originate from the transverse motion of quarks inside a hadron, one can

apply the TMD formalism. Thus, the correlation functions can be expressed as

(2, k,, P, S|n) = f di 7, (k, P, S|n)

AEPE, e
(2n)?

(4.3)

[(P. 5|25 (0)Wo(0,)[n)@{ ()| P, S)]

£4=0”
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h/q(z pLaPh75h|n f dp+Aq p,Ph,Sh|77L)

-1/ d(ggd)gl ePE[{0Wr (o0, ElR) U () Poy S X)) (44)

x (P, Sn, X[10(0)[W2(0, 00)|72)[0)]e--o
The leading twist contributions are obtained by performing the Sudakov decomposition of
Lorentz structures. Starting from the correlation function for PDF, we define a new k-

dependent correlation function in terms of Dirac traces as follows
1
(I)qr(l’,ka,ShL) = §T1" [(I)q(kampv S|TL)F:| (45)

These traces allow to express the correlation function ®4(z,k,, P, S|n) in terms of eight

twist-2 TMD PDFs as follows [33, 34]

ks
:f{](xak%)_$f1qu“(x>ki)a
[v" 5] ki Si q 2
s =Agip (2, k1) + 9ir(@, k), (4.6)
1.9 i
elio™ ) =51 pt, (z, k2)+€;\;ﬁhlq( k2)+—[ W (2, K2) + k;\flh; (2,2 )]

where M represents the mass of the nucleon (e.g., proton) in the initial state. We adopt

the definitions, €V = e+ with €2 = 1, and 20" = i[y*,7”]. The collinear counterparts

U L T
U 5 i

1

L qgir 1L
T || fir | i | I,

Table 4.1: Ilustration of eight twist-2 TMD-PDFs. The notations U, L, T correspond to
unpolarized, longitudinally or transversely polarized quarks (columns) and nucleons (rows)
respectively.

are obtained by integrating over the transverse momentum k,, for instance the collinear
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unpolarized PDF is given by

Fi(z) = f &Pk, fi(z,K2) = f Pk, ), (4.7)

There is no contribution from f;7 to the collinear PDF because not all twist-2 functions
possess counterparts upon integration over k,, the only functions that possess counterparts
are shown in blue in Table (4.1). The functions which change sign under time-reversal are
shown in red, while those that do not change sign under time-reversal are shown in black
in Table (4.1). Similarly, starting from the correlation function for FF, we define a new

p.-dependent correlation in terms of Dirac traces as follows
1
Ah/q[r‘] (Zv | ) Ph7 Sh|/ﬁ') = 4—TI' [Ah/q(z7 | Pha Sh|ﬁ)1—‘:| . (48)
z

The traces provide various forms of correlation function AM4Tl(z p,, Py, Sy|n) which are

expressed in terms of eight twist-2 TMD FF's as follows [37]

. ij pi qJ
AR = M 202y | EM;’”D#/Q(Z,ZZPE),

h

AR 2 N GHI (2, 22p2) + PESIL G, 22p2)
]ghj (4.9)

Al/alic"™ ] _ Si H h/q(z 2?p?) - %Hih/q(z,zzpf)

pi h P Sh h
- [AhH;T/q@,z?pl) S (5 ) |

where M), is the mass of the outgoing hadron. The collinear counterparts are obtained by
integrating over the transverse momentum of the outgoing hadron P,,. Table (4.2) shows
the eight twist-2 TMD FFs. The fragmentation functions that possess the counterparts are
shown in blue in Table (4.2). The functions that change sign under time-reversal in shown
in red in Table (4.2). The function Dj; is the polarizing fragmentation function and can

thus be regarded as the analog of the Sivers function for FFs. Sometimes quantities such
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U L T
U D Zh
L Gir 4
T fT GlT H 1,
Table 4.2: Tllustration of eight twist-2 TMD-FFs. The notations U, L, T correspond to

unpolarized, longitudinally or transversely polarized quarks (columns) and nucleons (rows)
respectively.

as structures functions can be easily expressed in terms of the k,(p,)-moments of TMD

distributions. The general expressions for these k, (p, )-moments are

10 = [ () st 0 =2 [ o () bl w0

Hence, one can obtain an expression of the n-th moment for each TMD function. For
instance, the first moments for the Sivers function f;. and the Collins fragmentation function

Hi are given by

(1)($) [dQ (QMz)flT( ), L(l)(z)_z fdQPl(QMQ)Hl(Z 22p%). (4.11)

The above moments are related to collinear twist-3 functions. The first moment of the Sivers
function is related to the Qiu-Sterman function, and the first moment of the Collins function

is related to the twist-3 fragmentation function.

4.1.2 Twist-3 TMD functions

Twist-3 correlation functions are key objects in the study of hadronic structure, particularly
in the context of non-perturbative QCD effects. Unlike twist-2 functions, which describe the
leading behavior at high energies, twist-3 functions, on the other hand, describe subleading

effects and provide additional information about the hadronic structure, including contri-

31



butions from quark-gluon correlations and higher-order QCD effects. These functions arise
in the description of phenomena like higher-twist contributions to deep inelastic scattering
(DIS), as well as in the study of hadronic transverse momentum distributions, the transverse
spin structure, and the analysis of certain asymmetries. Mathematically, twist-3 correlators
typically involve higher derivatives or more intricate tensor structures compared to twist-2,
and they play a crucial role in understanding the dynamics of partons inside hadrons at a
more detailed level, particularly in the presence of non-perturbative effects that cannot be
captured by leading-order approximations. In the twist-3 case, we can consider the following

quark-quark and quark-gluon-quark correlation functions [30]

@ (@.P.5) = [ Z—ie"”*f<P,SL|&;?<0)¢§(£->|P,SL>, (4.12)
o3 (2. P.S) = [ ‘;—iew’*HR SATHOEAZ (N (4.13)

dé=dC . e - _
@ﬁﬁj(x,xl,P, S)) = [ %%emp € gila—z1)P*¢ (P, Sl|¢?(0)AT(C_)¢g(§_)|P7 S.). (4.14)

Here, we emphasize that Wilson lines have been suppressed in the above correlators. It
is worth to mention that Wilson lines are reduced to unity in the light-cone gauge. For
gauge invariance, the gluon field A, in Eq. (4.14) for the quark-gluon-quark correlator can
be replaced either with the covariant derivative iD = i9? + gA? or the field strength tensor
F” in the light-cone gauge (A* = 0). The expansion allows the quark-gluon-quark correlator

to be expressed in terms of twist-3 correlation functions [37]
1 o ~ B
% (v, 21, P, St) :§M [Fhp(z,x1)ie!” Sy + Ghp(@, x1) ST vsy ](ij), (4.15)

1 v —_ . —
Y (2,21, P, St) =§M/ [FL (2, 21)e S,y = Gy, 21)iS 577 ] (4.16)

(5)°
where M’ = M/P*. The field A, in Eq. (4.14) has been replaced by iD} and F,” to obtain

Eq. (4.15) and Eq. (4.16) respectively. The parity and time reversal implies the following
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relations

Fpo(v,a0) = —Fhp(v1,2),  Ghp(z,21) = Ghp(z,z), (4.17)
Fg‘T(ZE’xl) = F}?‘T(xlvw)a GqFT(I,LL'l) = _G%T(I'l,l‘). (418)

The above expressions form the following relations

F(x, 1) :qu: -

1
Ghr(z, 1) :va -

F}zT(l‘7$1)>
! (4.19)

Ghp(x,21) + 0(2 — 21) 3% ().

Here, Py is the principal value, and g is the additional twist-3 function which is defined as the
first k,-moment of g{, [306]. The quark-quark correlator of Eq. (4.12) leads to a contribution

from the twist-3 g7 as follows

T [@9(r, P,5.)] = S5 Sl (). (4:20)

Hence, we have already identified six twist-3 PDFs. In the twist-3 FF case, we can consider

the following correlation functions
d + : — ¢+ —
AP = ¥ = [ e (e P X)L X)), (421)

A Py = 2 [ S ene o) P X P XITHO)0), (422

h/qu dé— d< zP &z z(z1 2)Pp (Y212 B+, 04 ( e+
AN YD N S OH@WIENRX)

x (P, X[¢7(0)[0).
Similar to twist-3 distribution correlators, the Wilson lines are suppressed and will not
contribute in the light-cone gauge (A* = 0). Similar to twist-3 distribution correlators, the

gluon field A, in Eq. (4.23) can be replaced by the covariant derivative i¢D? or the field
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strength tensor F” which lead to the following twist-3 FFs

i}/;ljﬂ(z 21, Py) = =M, [%l o 75HF{;1(2 zl)] " (4.24)

AP Mpr1 w4 #n

Az, B) = [ B (2,2 (4.25)
h

where I:I;i/g (z,21) and I:Ig/g(z,zl) are twist-3 complex functions. In terms of the principle

value Py, and the twist-3 function HM 4(z), they can be expressed as

h/q(z Zl) PV h/fI(Z7 1)_ 2f{h/Q(Z)5(Z)’ (426)

4

where £ = (21 — 2)/2z. The function H"4(z) can be obtained from the Collins func-
tion Hllh/q(z,ZZp%) by double-integrating over p,, thus H"4(z) is similar to the function
H; h Q(l)(z) which is the first p,-moment of the Collins function. The quark-quark correla-

tion function A?j/ (2, P,) leads to the following expressions [33]

4 M, e

Tr [AM4(z, By )io" 5] =

HMa(2), Tr[AMi(z, P,).1] =

4M,
5 R phla(z),  (4.27)

h
where H"4(z) and EM4(z) are the twist-3 functions. These twist-3 functions also can be
expressed in terms of the z;-integration of imaginary part of ]:Ig/g(z, z1) and the real part of
ﬁ;@l(z,zl) respectively. Eq. (4.26) contains three twist-3 FFs and Eq. (4.27) contains two

twist-3 FF's; thus, we obtain five twist-3 FFs.

4.2 TMD factorization theorems

This section presents a fundamental overview of the TMD factorization theorems pertaining
to the Drell-Yan process, pp - v*/Z — [*I~, involving unpolarized protons. This serves
the purpose of establishing fundamental notations and concepts essential to elucidate TMD

factorization. To explore hard scattering processes effectively, employing light-cone coordi-
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nates proves advantageous. This choice is driven by the fact that the dynamics of hadrons
are predominantly examined along the collision axis, involving partons whose behavior is
characterized by fluctuations near the light-cone. The momenta P4, and Pg of the incoming

protons in Drell-Yan process are defined as
Pl = Pi(1,e7%4,07), Pt = Py(e"®%,1,07), (4.28)

where the components have the form, p* = (p*,p~, pr) and the proton rapidities are defined

as

1. Pl
Yi=-In-4=21

2(P)? 1. P o1 m2
= n ——
2 Py 2 mg

, Yp==In-2=-In —,
2 Py 2 2(Pp)?

(4.29)

where m,, is the proton mass. The massless limit, m, — 0, leads to Y4 g — +00, and then
the protons are exactly aligned along the light-cone directions. For a lepton pair [t~ of
total momentum ¢* and invariant mass QQ? = ¢?, the lepton pair rapidity Y and transverse

momentum ¢y are defined as
Y:llq_ = (0.0%.g%. 0 4.30
5 nq ) dr ( 475 475 )- (4. )

Here, ¢ is defined with respect to the Minkowski space-time (t,z,y,%). The Euclidean
transverse momentum is denoted by qr. Assuming that Q? > AéCD, the cross section is

decomposed as

do doW do¥ A?QCD
- 1 4.31
1QdY Par (deYd2qT+deYd2qT)[ +O( Q? ) | .

where do" represents the portion of the cross section that predominates at small ¢ values
and is commonly referred to as the W term. This part of the cross section includes all terms
that are proportional to 1/¢% as ¢r approaches zero at any order of expansion in the strong

coupling «;. The remaining portion doY, usually referred as the Y term [38, 39, 40], is
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suppressed by O(¢%/Q?) with respect to do". The TMD factorization was first put forward
by Collins, Soper and Sterman (CSS) and in their original formulation, the " is expressed

as
doW . ~ g
— =NH Q% p)[ d*bre®™ 9 £ (20, b1, 11, Cas p)
2 Z 757 ’ ’ J/p ’ ’ ’ ’
dQAY qr 4 (4.32)

% [ (6, b1, 1, G, ),
where f and p are rapidity regulator parameters, and by is the two-dimensional variable
which is conjugate to the transverse momentum qp. The hard function H,; stands for
corrections to the hard process, q¢ — v*/Z — [*l~. In the modern formulation proposed
by Collins [11], which results in a factorization theorem analogous to several definitions in
soft-collinear effective theories (SCET) [12, 43, 44, 45, 46, 47, 48] the cross section do™ is
expressed as

doW

m=ij,j(Q2,M)f deTeibT'qTfj/p(Ia,bT,MCa)JE;/p(Ib,bT;M,Cb)
J

=2 H;5(Q% 1) f d*bre®T B (24, by, 11, CufV?) (4.33)
J

X B}/p(‘rlh bTv Hs Cb/yz)g(bTv 2 I/)7
where & is the soft function which encodes soft exchange between partons (j,7), and v is the
rapidity renormalization scale. The function f is the unpolarized TMD parton distribution
function (PDF), and the function B is the TMD beam function(BF). This function describes

the collinear radiation close to the proton. For a quark flavor ¢, the simple relation between

these two functions can be expressed as

fQ/p(x’ br, p, C) = Bq/p($7bT7N7 C/VQ) S(bT,u, V). (434)

The dependence of the TMD PDFs on both pu and ¢ are governed by evolution equations

which allow to evolve from initial scales g and (; to final scales u and ¢. The final Collins-
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Soper scales (,; are defined as
Ca = 2(x P})?e™ = 22m2e? ¥ = 2wy PY)Pe = afm2e2 Ve, (4.35)

where Y, and Yp are the rapidities of protons A and B respectively. In the center of mo-
mentum frame, Y4 = Yp. The variable y represents the rapidity which govern an additional
scheme dependence that cancels between the two TMD PDFs. The combination of (, and

(p is directly related to the hard scale () as follows

Cap = (2uqm, PiPg)* = Q. (4.36)

The quantity, 2P} Py = (P} + Pg)? is just the center of mass energy s of the proton-proton
(pp) collision. Since y does not have other great benefit than allowing to obtain evolution
equations with respect to (,; the frequently adopted choice is y = 0. The main difference
between Eq. (4.32) and Eq. (4.33) is the nature of the scheme which is utilized for the
hard function ;> that directly defines the scheme for the remaining functions because the
cross section o" is scheme-independent. The hard function H,7 described in Eq. (4.33) is
established within the MS framework, therefore affected solely by the hard scale @ and the
renormalization scale p. The hard function H,5 in Eq. (4.33) can be obtained using MS
subtractions of 1/e poles in dimensional regularization with d = 4 — 2. However, The hard
function H, > in Eq. (4.32) depends on an additional scale p, and the TMD formalism uses

different Collins-Soper scales.

4.3 TMD parton distribution functions

This section explores fundamental field theory definitions of transverse momentum dependent

parton distribution functions(TMDPDFSs). For more details, see Ref. [19]. In Drell-Yan
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process, the definition for a TMDPDF can be expressed as

. b lim 77 Ji%u)(ﬂfij,e,TwP*)W (4.37)
7 T, 5 My = 1m ;v 6, € ~ y6T), .
Foplaor i ©) =l 2, (0. €. )i (br.e,7)

70

where expressions with the superscript © are bare quantities, for example, S©) is the bare
soft function, and S©s is the subtracted bare soft function. T hey experience both ultravio-
let (UV) and rapidity divergences. The UV divergences can be regulated using dimensional
regularization with d = 4 — 2¢ dimensions, and rapidity divergences necessitate a regula-
tor [50, 38, 51, 52, 42 45 53] which is indicated by 7 in Eq. (4.37). The divergences in
rapidity effectively nullify each other across different factors in Eq. (4.37) , such that the
renormalization counterterm Z!, in Eq. (4.37) only addresses divergences in €. Typically,
UV divergences lead to the introduction of the renormalization scale u, which is established
within the MS scheme. Similarly, the presence of rapidity divergences introduces sensitivity
to the Collins-Soper scale ¢ [39, 54|, the precise definition of which relies on the chosen
regulator e. Since there are two protons in the process of interest, half of the soft func-
tion integrates into the TMDPDF f;/,, while the other half integrates into the TMDPDF
fj/p associated with the other proton. After the renormalization of both UV and rapidity

divergences, the renormalized beam and soft functions in Eq. (4.33) are expressed as

l;’i/p(x, by, i, ¢/v?) :leiir& ZZU(B)(bT’ v, 6,7, xPHBY (x,br,e, 7, xP),

i/p
70 (4.38)
S(bT7 H? V) = hHOl ZZU(S) (bT7 H> v, €, 7—)So(bTa €, 7—)'
70

The bare beam function B° can be expressed in terms of the bare unsubtracted PDF f0(w)

as ~
~ fO(U)(xabT7€77_7$P+)

BY (z,bp,e,7,2P") = ifp (4.39)
b e ) S e

i/p
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Here, v is the rapidity renormalization scale which emerges because of the subtraction of
poles in 7. Notice that Eq. (4.34) can easily be obtained from Eq. (4.38) and Eq. (4.39).
The v dependence in Eq. (4.34) cancels between beam and soft functions, and thus, in terms
of rapidity, f only depends on the Collins-Soper scale (.

To establish the gauge invariance, the bare unsubtracted TMD PDF (or equivalently the
bare beam function) and the bare soft function should be expressed in terms of the Wilson

lines W. and W, as

fo(“)(x,bT,e,T,xP+):/ C; b ($P+< P)H (V)W (b, 0) @/}0(0)]

p<P>),

T

(4.40)
SO(br,e, T)— (0T [W (br)]-(0),

C

where the notation [---], means that operators inside depend on an additional rapidity

/ |
"/Zi»/t\“\
Figure 4.1: Illustration of the structure of the Wilson line W of the TMD parton distri-
bution function (left) and that of the Wilson line WS of the soft function S (right).

regulator 7. The proton p is moving close to the light-cone direction nf = (1,0,07) with a
momentum P* = P*(1,e2%,0r). If the proton is moving along the direction n} = (0,1,07),
the corresponding expressions can be obtained from Eq. (4.40) by using the prescription
ng <> np. Due to Poincare invariance, the matrix element of the proton solely relies on the

difference in position of the quark fields, denoted as b* — 0 = b#, with b* = (0,0, br). The
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Wilson lines Wy corresponding to f is

We(b",0) = Wy, (b, —00,0)W;,_(—00mp,0,by) Wy, (0,0, -00), (4.41)
and for the soft function S the Wilson line W, is defined as

W>(bT) =Wna(bT7_OO,O)Wnb(bT,_OO,O)W{,T(_OOnb;O;bT)Wnb(OaO7_oo) ( )
4.42
X Wna(oa —00, O)W(;T(_oonaa bTa O)a

where ZA# = b /bp. Here, the Wilson line along a general path 7 is defined by the following

the path-ordered exponential

W] :Pexp{—igov/vdx“Aﬁo(x)tc}, (4.43)

where t¢ are the generators of SU(3) in the fundamental representation, gy denotes the bare
strong coupling and A% stands for the bare gluon fields. The Wilson line of the form,
W (z,a,b) is defined as path-ordered exponential which links the point z# + an* to x* + bnH

along the direction n
b
W, (2", a,b) = Pexp {—igg [ dsn. A (2" + sn“)tc}, (4.44)

where n is a four-vector. The symbol P employed in W, (2", a,b) indicates the path ordering
utilized for the expanded exponential. In this ordering, the matrices t¢ are arranged based
on their respective values along a specific path, starting from the right and going to the
left. The diagrams depicting the Wilson line structures present in the unsubtracted TMD
PDF and soft functions are shown in Figure (4.1). The transverse Wilson lines W, follow a
straight line path in the transverse plane at the light-cone —oo. The particular shape of the

Wilson line We is dictated by the proof of factorization.
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4.4 Rapidity regulator

The emergence of rapidity divergences stems from the derivation of TMD factorization, where
the cross section is partitioned into distinct hard, collinear, and soft regions. Perturbatively,
Feynman diagrams are dissected into these delineated sectors. Assume a full theory that
contains the integrand 1/k . The integral of 1/k can be expanded into collinear and soft

regions as

Q Q o0
A & lim d—:Rc(k,T) e [ %Rs(k,r) I (Qfqr). (4.45)
q TV Jqr

T k 70 Jo

In the collinear region, the transverse momentum ¢pr which is much small compared to
@ is expanded away, and in the soft region, the large momentum Q is expanded away.
These expansions are inevitable because they are the cornerstone for the derivation of the
factorization theorem. The divergence of collinear and soft integrals requires the introduction
of respective regulating functions R.(k,7) and Rs(k,7) where 7 is a regulator. The final
result is obtained by removing the regulator, 7 — 0, in all sectors.

Here, we present a rapidity regulator that is used to regularize the rapidity divergence
in our TMD formalisms. This is called the n-regulator in the literature. The n regulator
changes the Wilson lines in the unsubtracted TMD PDF and soft functions [53]. This requires
the introduction of factors |k*/v|™ in the Wilson lines in W,.(b*,0) and factors |k*/v|™/? in
the soft function S. Amplitudes undergo an expansion in the limit, n — 0 and rapidity
divergences arise as poles in 7. This regulator is often used for the renormalization of either
the unsubtracted TMD PDF or soft functions. The rapidity renormalization factor removes

poles in n and this leads to an appearance of a rapidity v. In this regulating scheme, the
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expression for the renormalized TMD PDF is [53]

Fip( b, 1.€) =lim Zi, (1., €) fif " (2, b, €, 2PF)\ SO(br €,1m)
-0 (4.46)

:Bi/p(l‘? bT> H, \/Z/V) V g(bTa M, V)7

where the Collins-Soper kernel is given by ¢ = 2(zP*)2.

4.5 Omne-loop TMD parton distribution functions

This section introduces the perturbative study of the quark TMD PDF at one loop. For
more details, see Ref. [19]. The purpose is to show the origin of rapidity divergences and
different methods for their regularization. We focus on both unsubtracted quark TMD PDF
and soft function, which can be combined into TMD PDF'. Consider the following expression

for the unsubtracted TMD PDF at next-to-leading order (NLO)

#0(u db~ T S , — +
fo(z, bre,7) = f Soe e )<q (p)“zbg(b“)wc(b“,0)%¢2(0)]T

q'<o>), (4.47)

where the subscript on fg/, means that the analysis is about the contribution from an
external parton of flavor ¢’ to the quark TMD PDF of flavor ¢q. At one loop, ¢ = ¢/, this
means that quark flavors are identical, but for high-order loops, quark flavors can be different,
q # ¢'. In addition, there can exist contributions from a mixture of quarks with gluons at
one loop, which will not be the subject of investigation.

Thus, we require ¢ to be a non-singlet combination of quark flavors. As illustrated in
Fig. (4.2), there are no more than four Feynman diagrams and their mirror diagrams at
one-loop level. Since we work in the Feynman gauge which a physical gauge transverse
gauge links have no contributions. The nature of gluon exchange between the quarks and
Wilson lines leads to different diagrams. The presence of Wilson lines in the diagrams

requires the Feynman rules for the connection of a gluon to a Wilson line where k is the
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Figure 4.2: The diagrams for the one-loop contribution to the quark-TMD parton distri-
bution function. The double lines and the dashed line represent the Wilson lines and the
on-shell cut respectively. Since diagrams (c) and (d) are scaleless, only diagrams (a) and (b)
contribute in the dimensional regularization.

incoming gluon momentum, a is the color index, and e* is the polarization vector. There
are no contributions from gluon exchange between the Wilson line portions since such gluon
exchange is proportional to n? which is just equal to zero. The dimensional regularization
with d = 4-2¢ dimensions is chosen to regulate infrared (IR) and ultraviolet (UV) divergences.

The application of Feynman rules for diagrams (4.2) leads to the following expressions

i / ddk db T ——— {u(p)[zg(pk)lji'yz*o(]ﬂ(kljlvggc)(p)}’ (4.48)

(2m)d 2(k* +1i0)[(p — k)% +140]2(k2 +40)
(4.49)

= ~2ig;Cr f dk —z‘lf(m)ei(p-k).b { u(p)y* (p - K)v u(p) }

where ¢# is the momentum flowing out the right vertex ®. There are no contributions from
diagrams (c) and (d) in dimensional regularization because they depend on integrals which
vanish in the dimensional regularization. The overall factor of 2 in M, is due to the mirror
diagram. The b~ integral in expressions for M, and M, can be evaluated in the following

way

db- _zb (zP™) z(p k).b f ﬂexp{ ib~ [(1 —:L‘)p+ _ k+] +ibT.kT}

o ¢ 2m (4.50)
=0 [(1-2x)p* -k ]exp {ibr.kr},

where we have chosen b* = p~ = 0. Thus, the phase in final result depends solely on the

transverse momentum. The b~ integral result indicates that the gluon is emitted with the
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longitudinal momentum k* = (1 -z)p* and the remaining momentum zp* is carried by the
quark field. Now, the b~ integral result can be used in the evaluation of M,, and M,. After

the Dirac algebra calculations, expressions for M, and M, become

g2 kg otbr k7 - @-d)(d-=z)p
Mo=igiCr [ “sre™ [ d oS e vy (4.51)

, di-2k 4z /(1 -x)p*
.2 le kr
My =igiCr n )d f dk~ [(p— k)2 +i0] (K2 +70)° (4.52)

The residue theorem can be utilized to compute the k= integral,

) 1 . 1
f I [(p—k)?no](/{;um):/ dk (—2zpthk— - k2 +0i) [2(1 - 2)p k= — K2 + 0]

O(x)0(1 - x),

+k2
(4.53)

If x and 1 — 2 have opposite signs, the residues of k= live in the same complex plane, and
the deformation of the k= contour can lead to a vanishing integral. The only values of x
that provide physical contributions are 0 < x < 1, and, surprisingly, these are expected values
for the momentum fraction. The condition of the gluon on the shell is k2 = 0, which is the
same as choosing the residue at k= = k2./(2k*) > 0. The one-loop contribution to the bare
unsubtracted quark TMD PDF is obtained by combining expressions for M, and M, and

the resulting expression is

gOCF 1+ 22 [ dd_QkT etbr kr
M, + M, = %[ (1 - x)] Gy i (4.54)

The evaluation of the ky integral requires making choice for kr and by in 2 —2¢ dimensions,
the choice can be arbitrary because every choice yields the same TMD PDFs. The choice

of kr =(br,0,0_5.) and kg = kp(cosf,sinf,0_5.) leads to the following result for the kg
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integral

dd72kT eibT.kT ~ Q_2€ 1o T 9 eikaTcosﬁ ~ F(—E) .
(2m)d-2 k% - (27T)2—25/ dkrpky [0 dfsin™" 0 k:% T T ar (7b7)¢, (4.55)

where €2, is defined as the area of a unit n-sphere. Using the k7 integral result, the sum of

the matrix elements M, and M, becomes

b
de~E

_ay(p)Cp|1+a?
Mg+ My = o [ - —6(1—1’)]F(—6)(

2 ,2\€
zh! ) . (4.56)
The use of the MS scheme allowed to replace the bare coupling by renormalized coupling.

In this scheme, the relation between the bare and renormalized coupling is

YE /2 2
go = Zgugg(u)(z—ﬂ) ,as(p) = %7 (4.57)

where Z, = 1+ O(g?) is the counterterm for the strong coupling. The presence of the factor
(e7e [47)/? indicates the use of the MS scheme. The expansion of Eq. (4.56) in € — 0 leads
to the desired bare result. However, there is an appearance of poles 1/e resulting from the
regularization of the kr — 0 region in Eq. (4.55). In addition, there is a divergence in
Eq. (4.56) in the limit all energy is transferred to the struck quark, x — 1, which means
that the emitted gluon would carry no energy, k* — 0. This is the rapidity divergence and
will only be canceled by the divergence, k# — 0, in the soft function. The proper inclusion
of the soft function to cancel the rapidity divergence requires a regulator which can then
be removed to obtain the finite result. The regulator that can be easily incorporated into

Eq. (4.56) is the n regulator!

2k*
R.(k,T) = ‘\/1_/
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This regulator allows to cancel divergence in Eq. (4.56) through the following identity

1+ 22

(1—x)-7=—(§+§)5(1—x)+l1”2] +O(7). (4.59)

1-x 1-2x

The application of Eq. (4.58) to Eq. (4.56), and the substitution of Eq. (4.59) lead to the

following expression for the bare unsubtracted TMD PDF

f;)/(:)(l)(x, br,e,7) :M{ - (% + Lb)[qu(a:)]+ +(1-2)+6(1- x)(% + Lb)

2
5 9 (4.60)
xp*
x[=+—-2In +O(7)+0(e) ¢,
(303-2m5) oo
where
b2 2
Ly=In Zf bo = 267 (4.61)

0

The exponent g is the Euler’s constant. The quark-quark one loop splitting function in

Eq. (4.60) is expressed as

1+ 22

Pyg(z) = (4.62)

1-z°
The divergence as x — 0 in Eq. (4.60) is regulated through [P,,(z)]., and this causes the
divergence to show up as a pole in 1/7. In addition, there is a presence of a pole 1/e from the
kr — 0 region of the integral in Eq. (4.55). The divergence which is proportional to P, ()

in Eq. (4.60) is also present in the collinear PDF.
The diagrams for the one-loop calculation of the soft function are shown in Fig. (4.3) and

previous methods of calculations for unsubtracted TMD PDF can be applied for evaluations

of diagrams for the soft function. The matrix element for the soft function can be expressed
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Figure 4.3: The diagrams for the one-loop contribution to the soft function S. The double
lines represent the Wilson lines and the dashed lines indicate the one-shell cut. Since the
diagram (a) is scaleless, its contribution to S vanishes in dimensional regularization.

as

dik —i 1
-9 20 / ibp.kr
Ms oL F (27]_)616 (2/€+/€7—k%+i0) (kJr —i())(—ki +i0)
2 d'k ibp .k 2 1
_ gSCF d2-2¢k eibrkr dk~
= e e

Clearly, there are divergences in Eq. (4.63) when &~ - 0 and k=~ — oo. Since the rapidity
is defined by, yx = (1/2)In(k./k_), the limits k&~ - 0 or k* - oo lead to yy — *oo, in
other words, the rapidity divergence. Using the methods used for the calculations of the
unsubstrated TMD PDF's, the regulation of this rapidity divergence requires the following n
regulator

-7

L w?(7,v), (4.64)

V/\/§

where, w(T,v) is the bookkeeping parameter of the rapidity divergence, and is related to a

Ry(k,T) = ‘

bare parameter by w® = w(7,v)r7/2. Thus, the regulation with R,(k, ) leads to the following

regulated integral

©dk- v\ rede| k2 |77 vk (1 7\.(1
] A TR - | - | ) 4.65
fo e (\/5) [0 k- ‘2/@— ‘ or/m \2 2) \2 (4.65)

The substitution of Eq. (4.65) into Eq. (4.63) yields the following rapidity-regulated soft
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function '
GCr vT I 7\ [T d?-%k, ek

500 p 0T E Vo p(2oTp(I) [ S
o (boen) =02 3 M3 ) ) e e
gCp V7 1 7 T\ ml(-e-7/2) ..
- r(=-Z|r beT

T 277 A2 T (1 + 7/2)

2 2
where the k, integral is the same as the ky integral of Eq. (4.55). After expanding in € —» 0

(4.66)

2

and 7 — 0 and using Eq. (4.57) the bare rapidity-regulated soft function becomes

27 €2 € T

S (e = ozs(u)CFlg +4(1 N Lb)(_l N m%) . %2] +O(T) +0(e).  (4.67)

Now, using the calculated unsubtracted TMD PDF and soft function the physical TMD
PDF is
Foa (. br, . €) = im 2L, (.. ) 32 (. by, e 7. POV S ). (4.68)

70

The product of ngo/(:)v SP leads to the cancellation of poles in 7 in Eq. (4.68) and the final

bare result of the physical TMD PDF at the one-loop is

2
1 L2 (1 3 . p2\
] P Sy WY .
. o( .:1:)[62 2+(€+bb)(2+ng) 12]+O(e)

There are an infrared (IR) 1/e pole and ultraviolet (UV) 1/e poles in the first and second

b0 - S (L im0 01-0)
(4.69)

lines of Eq. (4.69) respectively, these poles are removed by renormalization. The renormalized
TMD PDF f,, is obtained by canceling out all UV 1/e poles with the counterterm Z},,, which

is defined in MS as follows

Z0 (11, C.€) :1-Mll+1(g+m’?)]+0(ag). (4.70)

27 e €

The substitution of Eq. (4.70) and other expressions into Eq. (4.37) lead to the quark-to-
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quark contribution to the renormalized TMD PDF at one-loop as follows

FO (@, by, p,¢) = 2:(1)Cr

" o 2 ) 2 ] (4.71)

x [—(% + Lb)[qu(:zr)]+ +(1-x)- %g + Lb(g +ln%

The remaining 1/e pole is just the IR pole. This collinear divergence is also present for the

PDF and serves for matching the TMD PDF onto the PDF for perturbative by. There is no

dependence of the chosen rapidity regulator in the results of Eqs. (4.69) and (4.71).

4.6 TMD fragmentation functions

This section provides a short introduction to the TMD fragmentation functions (FFs) which
describe the final-state nonperturbative process of a quark that is produced in hard interac-
tion and then fragments into a detected hadron. To better introduce TMD FFs and compare
with with TMD PDFs, one may start with DY process. The factorization theorem in the
DY process, p(P4) + p(Pg) - £*(1) +¢~(I') + X, is appropriate when measuring ¢ = [ + 1

of (¢~ final state at small g7, thus the cross section can be expressed as

doW

WN/ d2bT€ibT'qT];i/p(37a,bTa/ﬁaCa)]%/p(xb,bTﬁiaCb)a (4'72)
1

where fi/p denotes the TMD PDF that characterizes the process of extracting a parton of
flavor ¢ from the hadron p at low transverse momentum. The SIDIS process, e~ (1) + p(P)
- e (") + h(P,) + X, can be obtained from the DY process by exchanging the incoming
hadron with outgoing hadron, thus ¢ = [ - {’. For a small transverse momentum F,, of the

produced hadron, the factorization is appropriate, thus the cross section can be expressed as

doW
dxdydz, d*Pyr

~ / deTeibT'PhT/Zh‘fi/p(m7anuaCa)Dh/i(zhabT7u7Cb)‘ (473)
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The TMD PDF ﬁ/p in Eq. (4.73) is similar to that in the DY process as it plays the identical
role of extracting a parton from a hadron, however the second TMD PDF was replaced by
the TMD FF Dh/i which describes the fragmentation of the parton of flavor ¢ into the hadron
h that carries a longitudinal momentum fraction z.

The bare unsubtracted TMD FF for a parton of flavor 7 inside a hadron h is expressed

as

~0(u) + _ 1 E ib_(P+/z ) .
Ah/i (Zh’ bT’ “T P /Zh) - 4Nth Ir [ 2m ; ¢ " Yoo!

(4.74)
. (o‘[(vv)w?axb)]f h(P>,X)(h<P>,X‘[(WQ’W)(O)JT

o)

where P denotes the hadron momentum, b* = (0,57, br), and 7 is a rapidity regulator. The
quantity, 1/N.zp, is the normalization factor where N, is the number of colors. The Wilson
lines W and W~ each represent half of the Wilson line .. The trace runs over color and
spin indices «, a’. The hadron state is just an out-state in the matrix element as indicated
in Eq. (4.74). Since P in Eq. (4.74) has no transverse component, the TMD FF in the

momentum space is defined with respect to the transverse momentum p’. of the quark field

P as

AN (zn,br,e, 7, P 2) = f dpe®rPT AN (2, ~ 2Dl €, 7, P [2). (4.75)

Finally, the TMD FF can be expressed in terms of Eq. (4.75) by incorporating the soft

function and the UV renormalization factor as follows

A b 1 ZZ Az;?)(z’bl?€77—7 P+/z) 5’0 b <4 76)
h/i(Z, T:MaC)_GIE% ufu(u?gae) SO(S)(bT,€7T) V ( Ta€77_)7 .

70

where ¢ depends on the rapidity cutoff parameter 7. Hence, the Fourier transform of

Eq. (4.76) can yield the TMD FF in the momentum space.
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Chapter 5

TMD Evolution

5.1 Importance of resummation

The renormalization group equation (RGE) of a function G(q, 1) which contains In (¢/p) can
be expressed as

u%ﬁm = —sG(q, 1), (5.1)

where the anomalous dimension g is replaced by —a,. Assuming that the p dependence of

as is negligible, then the solution to the RGE equation is

G(q,10) = G(q, 10)G (10, 1), G (o, 12) = exp (a5 In (po/ 1)), (5.2)

where /1 is an arbitrary reference scale and G (1o, 1) is the evolution kernel with G (g, j10) = 1.
The boundary condition is defined by G at the reference scale 1, namely, G(q, o). The
exponential in G (o, 1) allows the resummation of the logarithms In (p0/4). In perturbation
theory, if ¢ is a scalar quantity then the boundary term G(q,uo) can have a logarithmic
structure

1
G(q, po) :1+aslni+—ailn2i+---. (5.3)
po 2 Ho

51



The choice on the reference scale, py = ¢, eliminates all large logarithms in the boundary
function G. Thus under this particular choice, the boundary function ¢ becomes finite,

G(q, 10 =q) = 1+ -, then the function G(q, 1) can be expressed as

G(q, 1) =(1+)G(po = q, 1)

1
:1+a51ni+—agln2i+w,

to 2 Ho

(5.4)

in this particular choice, the evolution kernel G is capable of predicting and resumming all
large logarithms in G(q, 1) to all orders in «,. However, this depends on the nature of the

boundary term G(q, j10) and is usually possible whenever G(q, 1) is a regular function.

5.2 Resummation through RG evolution

The resummation through RG evolution incorporates naturally a classification of the order

of accuracy

d
u% =v6(q,11)G(q, 1),

(5.5)
(g, 1) =—2rcusp<as<m>1n% — g (as(p)),

where Icusp(as), and yg(as) are cusp and non-cusp anomalous dimensions respectively. For

to = ¢, the solution to Eq. (5.5) is expressed as

d !
G(q,1) =G(q,q) exp fqu lﬁfw(k,u’))

~G(q,q)exp| -2 [ " %rm(asw))ln%— f “%ln(%w») (5.6)

:g(Q7 Q) exXp Fcusp(Oés(M)) 1n2 % + *}/g(Oés(,Uz)) ln% + )7

where (...) stands for higher-order expansion terms in ay. In certain situations, for instance
L =1In(q/p) ~ 1/ag, the perturbative expansion in ay of the exponential factor in G(q, )

becomes divergent. Then the resummation method plays an important role to resum the
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large logarithms. For the case of L = In(q/u) ~ 1/ag, the expansion of G(gq,p) can be

expressed in the single-logarithmic resummation scheme as

G(q, p) = g(q,q)exp{F0(4 )L ——Foﬁo( )L3+O(anLn+l)

+r1(4 )L2 2L - roﬁl( )L%@(ML”) 6.7)

+F2(4 ) L?+ (4—) PO,BQ( ) L+ O(a2 L™ 1)}

where (3, are the coefficients of the beta function. Each line in Eq. (5.7) corresponds to a
particular order in «,. Using the scaling parameter L ~ 1/ay , it is obvious that the first line
corresponds to a1, the second line corresponds to o, and the third line corresponds to al.
The expansion up to O(a? L") corresponds to a leading-logarithmic (LL) accuracy, the
expansion up to O(amL™) corresponds to a next-to-leading logarithmic (NLL) accuracy, and
the expansion up to O(a?L"1) corresponds to a next-to-next-to-leading logarithmic (NNLL)
accuracy. In addition, the boundary term G(q,q) that possesses an expansion in terms of
a5, can be consistently incorporated in the expansion.
The QCD factorization requires two scales ¢ and ) and is only relevant up to power cor-
rections O(q/Q) where ¢ is the resolution scale and () is the hard scale of the collision.
However, if ¢ ~ @ the singular logarithms In (¢/Q) are small, thus the resummation is not
necessary and should be turned off for better results. To prove that one can start with the

cross section as follows

do . I q/Q
dq 1+4/Q
=1+asln9—asln(1+9)+---, (5.8)
q q
[ —
=0(q/Q)

where (---) stands for additional terms. The logarithms In (¢/Q) can be resummed at all
orders in a; and the logarithm In (1 + ¢/Q) is only included as fixed order. Both logarithmic

terms are of similar magnitude if ¢ ~ @, and for ¢/Q > 1, there is a cancellation among
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these two logarithmic terms and with the naive resummation, the cross section of Eq. (5.8)

is expressed as

— ~exp(aslng) —asln(l + 9) +
q q
(5.9)
=1+ asln a/Q +1a§ln2g+
1+q/Q 2 q

However, there is a cancellation only at O(«a,) and hence the resummation should be turned
off at this order of expansion to avoid the inclusion of unnecessary high-order terms. To
achieve that, the reference scale g can be chosen as pg(g) so that the expression for the

cross section becomes

Ccil_z ~exp (asln Moc()q)) —asln(l + %) + -

(5.10)
=1 +aslnM + 1oz?ani + e
L+q¢/Q 2 po(q)
The scale po(q) should satisfy the following relations
po(q) ~ ¢, <@,
(5.11)

po(q) ~Q, ¢2Q.

This method allows the resummation of all logarithms in the limit, ¢ <« @, but the
resummation is turned off at ¢ ~ () to avoid the inclusion of unnecessary terms, in order

words, the O(a?) terms.

5.3 TMD evolution equations

This section provides on overview of the derivation of the TMD evolution equations for the
rapidity and renormalization scales, ¢ and p, respectively. In the CSS scheme [38, 55, 11],

the evolution equations for the TMD PDEFs of flavor ¢ are expressed as
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ol fijp(w,br, 1, C)

Naln\/z :f((bT,,u), (512)
dlnfi/péﬁznu,@ (o). L), (5.13)
Tt e, (5.14)

where K is the Collins-Soper (CS) kernel, and 7, and vk are anomalous dimensions. The
first equation is the rapidity evolution equation for the Collins-Soper scale ( originating from
regulating rapidity divergences. The last two equations are the usual RG evolution equations
for the renormalization scale p originating from the UV renormalization. Using the evolution
equations, the relation between the anomalous dimensions 7, and yx can be expressed as

Ovlas(). S/w*)
(VD) Yre (1)) (5.15)

The direct integration of Eq. (5.15) with respect to ¢ ,where (y ~ p?, yields the following

expression solution

1), 6/ = = e (10) 5 + 201 ), (5.16)

where v is the anomalous dimension in the differential equation of the SC kernel. Further-
more, the expression of the Collins-Soper kernel, K, can be obtained by the integration of

Eq. (5.14) with respect to u as follows

/

R(or) == [ Pt + K (br. 101), (5.17)

where by =br/by, by = 2e772. The first term directly depends on the SC equation, but

the remaining term arises due to the boundary condition, therefore such term cannot be
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predicted by the SC evolution equation. The solutions of the TMD evolution equations for

TMD PDFs can generically expressed as

fi/p(x, br,p,¢) = ﬁ/p(I7 br, 1o, Co)Ura (o, £, C0) Vera (€0, ¢, br, 1), (5.18)

where Ugrg is the contribution of the evolution from a scale pg to another scale p, and Vgrag
is the contribution of the evolution from a rapidity scale (y to another scale (. Since Ugrg is
the solution obtained by integrating Eq. (5.13) over the renormalization scale u/, and Vrgrg
is the solution obtained by integrating Eq. (5.12) over the rapidity scale (’, then the evolved
TMD PDFs can be expressed as follows

fi/p(a?a bT> 22 C) = fi/p(xa bT7 Ko, CO)

wdy! . (5.19)
X eXp{[uO %%(%(M'),CO/M&)}eXp {K(bT,[L) In é},

where «, controls the RG evolution between jiy and g scales, and K controls the rapidity
evolution between (; and ( scales. Since the full description of the TMD PDF's requires the
Fourier integration over by to involve all values of by, which demands the consideration of
both perturbative and non-perturbative domains of by, and the existence of large logarithms
from higher order terms in the fixed order perturbation expansion of the CS kernel K (br, p),
then the standard perturbation approach is not applicable. To deal with this issue, the CSS
formalism utilizes the b,-prescription function to connect smoothly both perturbative and

non-perturbative domains.

br

Vit b%/b?\mx,

where byr4x is the cutoff. The prescription clearly shows that for large by, the value of b,

b, =b,(br) = (5.20)

is byrax. The value of byrax is chosen to be ~ 1 GeV~l. The implementation of the b,
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prescription allows to express the evolved TMD PDFs as follows

fz/p(x bTa 23 C)

~ip ba i/p bx—a
Fipp(x b, 1,C) = fipn(, Mof,/p(x b )

(5.21)

For large by the mismatch between fi/p(x, br, 1,¢) and fi/p(x,b*, i, ) can be expressed in

terms of functions g;/,(x,br,bar) and gi(br, bas) as follows
Fip.br. . €) _fuula br.po.G5) {1 \/?(K b B )}
fz/p(x *7H>C) fz/p(m b*a,UOaCO) ! CO ( T’M) ( hu)
ZeXP{ gisp(, bT)}GXP{ \/Egk(bTabMAX)}
0

Here, the quantities g;,(z,br,barax) and gi(br,barax) are the nonperturbative universal

(5.22)

functions which do not depend on scales. The nonperturbative part of the Collins-Soper

kernel gx(br,byrax) is defined as

g (br, barax) = K (bs, o) — K (br, po). (5.23)

And the function g,,(z,br) is related to the intrinsic transverse momentum distribution.
The functions, g;/,(z,br,barax) and gi(br,barax) are independent of ¢ and p scales and
they tend to vanish in the limit, by - 0. The substitution of Eq. (5.22) and Eq. (5.23) into

Eq. (5.19) allows the evolved TMD PDF can be written as

]Ei/p(xa bTa 2 C) :.fi/p(xv b*nuOv CO)

x exp \/7K(bmuo) fu

(vq(as(u ),1)—In %w«(as(u )))]

xexp| = gip(x,br) —In (\/?gk(bTy bMAX))]
0

(5.24)
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Perturbative calculations of K and f require the application of the respective RG and RRG

transformations, o - 1/b., (o = 1/b2, thus Eq. (5.27) can be expressed as

fz‘/p(x7 bTa M, C) :fi/p(aja b*a Mb*’/iz*)

xexp: JT R "5 (ot -m e <u’>>)]
< exp :— gy (2, br) = In (\/Czégk(bT, bMAX))],

where p,. = C1/b, is the hard scale which is usually utilized to perform perturbative cal-

(5.25)

culations of b.-dependent quantities, and C is a constant whose value is selected to avoid
large logarithms in perturbative methods [11, 56]. For small by, the TMD PDFs can be

expressed in terms of collinear PDF's using operator product expansion (OPE) as follows

- Ldr ~ [z .
fi/p(x7b*nub*7y’l%*) = Z / ?Ci/j(gabTaﬂb*yﬂg*aOés(/l/b*))fj/p(l‘yﬂb*) + O((mb*(bT))p)v
7 Jz
(5.26)

where the sum is taken over all flavors j = ¢, ¢g. The substitution of Eq. (5.26) into Eq. (5.27)

leads to the following expression for the evolved TMD PDF

fz/p(w bTalu C) Z/ z]( AabTalub*nub* &s(ub*))fj/p(ia,ub*)

XeXphlIl %K(b*,ﬂb*)—i—/;: Ciij;,('yq(ogs(u’)71) \:/Z (,LL’)))]

xexp| = gisp(x,bp) —In (\/C?)gk(bT, bMAX):|
0

where f1, is the renormalization scale for the collinear PDE f;/,. In the CS scheme, the

(5.27)

rapidity divergence is regulated by tilting a space-like gauge link away from the light-cone.
A similar method of tilting is used in the Ji-Ma-Yuan (JMY) scheme, where a time-like

gauge link is tilted away from the light-front direction to regulate the rapidity divergence.

58



The off-light-front direction v of the gauge link introduces a rapidity regulator (2 = (v.P)/v?.

5.4 Evolution in Soft Collinear Effective Theory

This section provides the TMD PDF evolution equations which are obtained in terms of
RG evolution and rapidity RG evolution equations of beam and soft functions for collinear
and soft modes in the context of SCET. Without loss of generality, we will consider in this

section the DY process.

5.4.1 Evolution equations in SCET

The differential cross section in terms of beam function and soft function for the DY process

can be expressed as

doW

W = H(Qu :u) / d2bT6ibT.qTB(xa7 bT7 °2 Ca/y2)B(xb7 bT7 , Cb/y2)‘§’(bT7 1, V)a
T

(5.28)
where H is the hard function, B is the beam function, and S is the soft function. Anomalous
dimension for 4 and v evolution equations which are associated with the beam and soft

functions are expressed as

-, d = ~ 1 4 =
75(#7(/1/2) :_(ZB) lu@ZB(bT,,U,I/,ZEP), 75(:“7:“/”) :_(ZS) 1M@ZS(bT7/L7V)7

. d - _ d -

vaB(anu) = _(ZB)_IVEZB(bTu K, V,Z‘P), 75(6T7 M) = _(ZS)_IVEZS(Z)T?/% V)a
(5.29)
where Zp, and Zg are the counter-terms for the beam function and soft function respectively.

The expression z P is either equal to x,P; or 2, P, depending on whether the beam function

depends on x, or x;. Since the hard function H does not depend on v, the only one anomalous
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evolution equation is for the scale p

d
i = —(ZH)*M@ZH(Q,#), (5.30)

where ZH is the hard function counter-term. The RG and rapidity RG evolution equations

for the beam and soft functions are expressed as

d - : - d - ) .
na B = % C)B, v B =7 (br, i) B, (5.31)
Lo S s vl g oSk )§ (5.32)
ludﬂ =Y s ) dv =Y 01, )5, :

where B = B(z, by, 1, ¢/v?), and S = S(br, p,v). And the RG evolution equation for the

hard function H is expressed as

M%H(Q,u) =1(Q, W) H(Q, ), (5.33)

Since the DY cross section is an observable, there is no dependence on the RG and ra-
pidity RG scales p, v, hence such independence yields additional equations for anomalous

dimensions
0= (Q, ) + 75 (s o v) + 7 (s Caf V) + 41 (1, G V),

0= (b, p) + 297 (br, ).

(5.34)

An additional significant equation arises due to the commuting properties between p and v

derivatives, and can be expressed as

d d
Hg = ud—yﬁ =219 (5.35)

The above equation establishes a strong restriction on the beam and soft anomalous dimen-

sions, ensuring the equivalence between RG evolutions along two different paths. Thus, the

60



RG evolution becomes path-independent.

5.4.2 Solutions to evolution equations

The RG and RRG solutions are obtained by solving RG and RRG evolutions equations
respectively. The solutions to RG and RRG evolution equations for the beam function B

and the soft function S are expressed as

B = BuUp(pr, i, v)Us (v, v, ur), S =8SUs(ur, p, v)Us(vr, v, 1) (5.36)

where By = E’(x,bT,uL,C/l/?{) and Sy = g(bT,/LL,I/L). The functions B and S are de-
rived from their natural scales, where the fixed-order logarithms in their expansions remain

relatively small. The corresponding RG evolution kernels are defined by

%IWE(M'aE;)], Us(pir, j1,v) = exp [_/: Ciﬁf,v,f(u’ﬁ)], (5.37)

Up(pr, iy V) = exp [f
o

m
L
where B = (/v? and § = p//v. The corresponding RRG evolution kernels are defined by

y vdv! - v dy'
Us (v, v, 1) =eXp[f 775(6T,u)], Us(vy,v, 1) =eXp[f 775(bT,u)]- (5.38)

H vy

The natural scales of the function B are ur, vy, and the natural scales for the function S
are fir,, vr. While the beam and soft functions undergo both RG and RRG evolutions, the

hard function undergoes RG evolution only.
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Chapter 6

Simultaneous Extraction of Sivers

function in TMD physics

6.1 Introduction

This chapter is partially based on the paper titled ‘Simultaneous global analysis of the Sivers
Asymmetry in SIDIS, Drell-Yan, and Jet Production’, in preparation to submit to JHEP,
authored by Zhong-Bo Kang, John Terry, and Fidele J. Twagirayezu.

Transverse momentum-dependent distribution functions (TMDs) are crucial ingredients
for understanding the three-dimensional partonic structure of nucleons in momentum space.
TMDs provide non-perturbative information, and thus they are obtained either through
lattice calculations [57, 58] or by global fit of the spin asymmetry data within the framework
of TMD factorization theorems [11, 59, 38, 45, 60, 61, 62]. Due to the intense ongoing effort
to understand the partonic structure of matter, significant effort has been dedicated to
extracting TMDs to enhance our understanding of the internal structure of nucleons [63,

, D7, 65, 19, 41]. The correlation between the partonic transverse momentum and the
nucleon’s transverse spin is governed by the Sivers function [66, 67], which plays a key role

in probing the contributions of quark and gluon orbital angular momentum (OAM) to the
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nucleon spin [68]. The study of the Sivers function has greatly advanced our understanding of
spin-momentum interactions and QCD factorization theorems [62, 69, 70, 11]. A key feature
of the Sivers function is its process dependence, meaning it varies depending on the hard
scattering process through which it is probed and extracted. This variation stems from the
differences in the initial-state and final-state interactions between the active parton and the
nucleon remnant [71, 72]. A well-known example is the sign flip of the quark Sivers function
between the semi-inclusive deep-inelastic scattering (SIDIS) process to the Drell-Yan (DY)
process. This arises because, in the SIDIS process, the outgoing quark undergoes “final-
state” interactions with the nucleon remnant after the quark-photon interaction, while in
the DY process, the incoming quark experiences “initial-state” interactions with the nucleon
remnant before the quark-antiquark annihilation into a virtual photon [69, 62, 71, 73, 74,

]. The extraction of the Sivers function presents several challenges. Firstly, experimental
measurements of the Sivers asymmetry are normalized by the unpolarized cross section.
Thus extraction of the Sivers function requires a careful extraction of the unpolarized TMDs.
Modern extractions of the unpolarized TMDs have been performed in for instance [76, 77,

, 79, 80] where the most precise extractions have utilized data from both SIDIS and DY
production and resummation has been performed up to N*LL accuracy with the exception
of the complete 5 loop cusp anomalous dimension. In [31], a global extraction of the Sivers
function from SIDIS and Drell-Yan data was performed at NLO and NNLL accuracy, while
a NLL extraction was performed in [32]. In [83], a global extraction of the Sivers function
from SIDIS, Drell-Yan lepton pair, and W /Z production processes was performed using
resummation at N3LL using the (-prescription. Despite the progress in the perturbative
accuracy used for these extractions, additional experimental data is required to uncover
the behavior of these functions at regions of large x. The second challenge in obtaining
an extraction of the Sivers function is the relatively limited. The previous study for the
first global analysis of the Sivers asymmetry took into consideration experimental data from

SIDIS [13, 84,9, 10, 11] and from DY collisions [25, 15]. In this study, it was shown that there
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was tension between the STAR measurement and the remaining experimental measurements.
A key requirement for resolving this tension was the introduction of additional experimental

measurements that are sensitive to the Sivers function.

6.2 Sivers Formalism

This section we present the TMD factorization formalism for the Sivers asymmetry in semi-
inclusive deep inelastic scattering (SIDIS), Drell-Yan(DY), W/Z productions and single jet
production in pp collisions. The Sivers formalism in SIDIS is presented in (6.2.1), the Sivers
formalism in DY is presented in (6.2.2), the Sivers formalism in W /Z productions is presented
in (6.2.3), and the Ay formalism for single jet production in pp collisions is presented in

(6.2.4) respectively.

6.2.1 Sivers Formalism in SIDIS process

The differential cross section for SIDIS, e(¢) +n (P,S,) = e(¢') + h(F,) + X can be written

in the following form [36, 87]
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Figure 6.1: The kinematics for Semi-Inclusive DIS. The exchanged photon carries a mo-
mentum ¢. The quantity S, is the transverse polarization of the proton, ¢g is the azimuthal
angle between S, and the lepton plane, and ¢, is the azimuthal angle between the hadron
plane and the lepton plane. In this case, the modulation depends on the difference between
azimuthal angles.

do . sin(¢p—¢s
55 = 0" | Fuw + sin(on - 02 Fgir = (6.1)
where the phase space dPS = dxpdQ?dz;, d* Py, the electron-proton center-of-mass (CM)
energy S = (P + ()2 and the exchanged virtual photon momentum ¢ = ¢/ — ¢ with Q? = —¢?,

and the usual SIDIS kinematic variables are defined as

(6.2)

The plane containing the initial and final lepton momentum vectors is termed the lepton
plane, while the momentum vectors of the photon and final state hadron establish the hadron
plane, see Fig. (6.1). The azimuthal angle of the hadron plane with respect to the lepton plane

is designated as ¢, while the azimuthal angle of the transversely polarized proton spin with
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respect to the lepton plane is designed as ¢s. We utilize the Trento conventions [35] to define
these azimuthal angles. In this expression, o™ is the leading order (LO) electromagnetic

scattering cross section given by

2o’
S EM 2
U[I)DI :7[1+(1—y)] (63)

where agy is the electromagnetic fine structure constant.
The quantities Fypy and Féi;(d)h_%) in (6.1) represent the spin-independent and spin-
dependent structure functions, respectively. The experimentally measured quantity, the

A?}r}wh*%), for this process is written in terms of the structure functions

Sivers asymmetry,

as follows

() F[Sjin(¢h_¢s)

si(Qp—Ps T

App™ ™ = — (6.4)
UU

The structure functions Fyy and F(S]i;(¢h_¢s) in the momentum space are expressed as follows

FUU(xBaz}mPhl?Q) = HDIS(Q:M)CDIS [fD] )

sin(¢p,—¢s) DIS DIS h- k, (6.5)
FUT b (:UB7Zh7PhJ_7Q) :H (Q?lu)c [_ M flLTD‘l
where the expression of the the hard factor, HP™(Q, i), is given in [389, 90] as follows
DIS ~ o 3 Q*\ 1. ,(Q? 2
H (Q’M)_1+?CF|:§IH(E)_§IH F —4+E (66)

The shorthand notation utilized in the expressions of structure functions is given by

COS [wAB] = Y e? / Pk, d?p, 8% (2K, + p, - Ph,)
7 (6.7)

x w(klv pl)Aq/p(xB7 k?_a 1y CA) Bh/q(zhnp?_u 1y CB)

for the convolution integrals. The factors, A and B represent the quark distribution function
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and fragmentation function respectively, while e, denotes the fractional electric charge for the
quarks. k, represents the transverse momentum of the quark relative to the nucleon, while
p. is the transverse momentum of the final-state hadron relative to the fragmenting quark.
h = P,/ Py, is the unit vector that points in the direction of the transverse momentum of the
final-state hadron and M is the mass of the struck nucleon. f,/,(xp,k?, it,() is the unpolar-
ized TMDPDF, while fllT’q/p(xB, k%, p,¢) is the SIDIS Sivers function and Dy, q(24,p?, 1, C)
is the unpolarized TMDFF. These functions are dependent of p and ¢ which are just the
renormalization and rapidity (Collins-Soper) scales [11], they are utilized to regulate ultra-
violet and rapidity divergences, respectively. Moreover, the rapidity scales obey the relation
CaCp =Q*[90, 61, 15, 91] in the TMD region.

The expressions for the structure functions are simplified by going to the b ,-space, the
Fourier conjugate space to the transverse momentum space. In the b,-space, these expres-

sions become

b, db

Fyu (g, 2, Pui, Q) =H"S(Q, 1) Z f —
6.8
bJ_PhJ_ ( )

JO( n )fq/p(xBablaﬂaCA)Dh/q(zhameaCB)7
Sln(¢h P (g, 2n, Pry, Q) =HPS(Q, 1) Z f b db,
(6.9)
bJ.PhJ_
x Jl ( 2 ) flT,q/p(xB7 bJ.a I, CA)Dh/q(Zhv bJ_J 1, <B)
Here the b,-space TMDs are defined as
fq/p(xabu/i; C) = f koLe_ikrbqu/p(J% kj2_71u7 C) (6-10)
d? .

Dh/q(z7 bLa 1, <) = f %eﬂprbL/zDh/q(z7pia s C) ) (611)
TRy R T B

(W)pr(a: buotsC)
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At small b, where 1/b, > Aqcp, one can perform an operator product expansion (OPE) of

these functions in terms of their collinear counterparts as follows

fq/p(xa bia,uv C) = I:Cq<—i ® fz/p] (33, bLa 1, C) ; (613)
1712

Dh/q(za bJ_u K, C) = ;[Cﬁ—q ® Dh/z] (27 bJ_J K, C) ) (614)

f1J_T7q/p('r7 bJ—7/’L7 C) = I:C(qei ® TFz/p] (.’13‘7 bJ_a u, C) ) (615>

where f;/p(x, 1), Dpji(2, 1) and Trip(x1,22,10) are the collinear PDF, FF and the Qiu-
Sterman function, respectively [37, 92, 93]. The operator ® denotes the convolution over the
parton momentum fractions and are given by

Ldz

[Cooi® i) @b O = [ ZChi (5b0e) fip ) (6.16)

for fi, and likewise for Dj/. In these expressions, the sum over the index i = (¢, g) is
implicit. The convolution in the case of the Sivers function is more complicated, since it

involves two kinematic variables z; and Z9

_ Ldzy dzy = . N A
[OQ<—i®TFi/p:|(I7bl7/L’C):L 11j_jcq«i(ﬁ/ﬁlax/xz,buﬂaC)TFi/p($17$27M)- (617)

s
The C functions in the above equations are the Wilson coefficient functions, and their ex-
pressions at NLO are in Appendix of Ref. [31].

A few remarks are necessary regarding the Sivers function case. At the outset, although
the coefficient function exhibits complexity across various scales pu and (, it notably simplifies
under the selection of canonical scales p = \/C =y = co/b, where ¢y = 2¢~7¢ and g denotes
the Fuler constant. Such scales are commonly known as the intrinsic scales of the TMDs.
Additionally, there exist diverse conventions for the normalization of the Qiu-Sterman func-

tion. In our approach, we initially adhere to the Trento convention [$8] for the quark Sivers
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function, and subsequently, the convention for the Qiu-Sterman function ensures that the
coefficient C' function in Eq.(6.15) simplifies to a straightforward delta function at lead-
ing order. Our choice aligns with the concept of the first transverse moment of the Sivers

function [71, 94].

i 1

where M is the nucleon mass. The operator ® in the above equations represents the convo-

lution over the parton momentum fractions and are given by

dz T

[Cov® i) b€ = [ SO (5 b ) S o) (6.19)

T

for fi, and likewise for Dy); where i = {q,g}. The sum over the index ¢ is implicit. For the

Sivers function, the convolution is given by

Ldzy dzy ~

[Oq«z' ® TF,i/p](SC, b, ——Cyci(w/ty,2/T,by, 11, C) Tryipp (21, T2, 1) . (6.20)
2

It is important to realize that the C-function for the Sivers function is in general complex
since it involves two momentum fractions x; and x,. However, it reduces to a simple form
at the nominal scales p; = \/(; = up, where the convolution reduces to a single convolution
and one depends on the diagonal part of the ETQS function, Ty, ¢/p(2, 2, 1), at the scale
up. The C-functions in the above equations are the Wilson coefficient functions, and their
expressions at NLO are found in Ref. [31].

Finally, in the large b, region where b, 2 1/Aqcep, the TMD evolution extends into the
non-perturbative domain. To take into account the non-perturbative contribution, we adopt

the conventional b,-prescription [10]

by = by \J1+b2[12, 4y (6.21)
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with byrax = 1.5 GeV~1. With the b, prescription, the resulting expressions for the structure

functions are written as follows

o0 dblbl

Fou(@p, P Q) =HPS(Q.Q) [~ S0 (bug) D (6.22)

1
x [Cqﬂ' ® fi/p] (25, be, 6, 17, ;[Cj«q ® Dh/j] (2, 0wy o, 113,
h

X €XD [ - QSpert(b*alubmul%* Q Q2) - Slj\cIP(xBabJJQO?Q) - SIEI)P(zhvbJ.a QOa Q)] )

sin —¢s db, b
FUT(¢h ¢ )(xBazha-Phl7 ) HDIS(Q Q)/ = J—JI (blql Ze (623)

[Cqﬂ@’TF Z/p](xBab*a,ubHNb*) 2[ Jeq‘g’Dh/J] (Zh’b*nu’bm:uli)

X €XP [ - 2Spert(b*a ,ubm/’Ll%*a Q7 Q2) - S]%P(xBa bJ.? Q07 Q) - SI{I)P(ZIM bJ_a QOa Q)] )

where q, = =Py, /z, with ¢, = |q.|, p has been substituted with py, = bo/b., and @y denotes
the reference scale of the TMDs. The functions SNP, SEp, and S§p represent the respective
non-perturbative Sudakov form factors for the unpolarized TMDPDF, TMDFF, and the
Sivers function which will be elaborated upon in the subsequent section.

It is important to emphasize that the ETQS function, Tp ¢/p(x, 2, ), is an important
ingredient in the above TMD evolution formalism through the OPE procedure for the quark
Sivers function, as encoded in the spin-dependent structure function Fj; Sm(d)h ¢:) " Since the
TSSA for single inclusive jet production in proton-proton collisions crucially depends on the
ETQS function, this allows us to perform a combined fit of the TSSA for single jet production
within the collinear factorization at twist-three level and the Sivers asymmetry within the

TMD factorization.

6.2.2 Sivers Formalism in Drell-Yan process

For Drell-Yan lepton pair production in transversely polarized proton-proton collisions,

p(Pa,S.) +p(Pg) = [v*(q) »]¢+¢- + X, the differential cross section with the relevant terms

70



is given in [95, 74, 96, 97] by the expression

do

55 =70 [Worr +sin(6, - 6 Wiig® %) 4] (6.24)

where dPS = dQ?dy d?q,, y stands for the rapidity of the lepton pair while q, and @ repre-

sents the transverse momentum and invariant mass of the virtual photon, respectively.

S
— lepto™ planc g
l_
l+
r
*\ ng
y “de >77(q) Py ‘
q =
= hadrom p],an@
z Xr

Figure 6.2: The diagram for the Drell-Yan vector boson production in collisions of hadrons
A and B. The transversely polarized hadron A is moving in the +z-direction, while the
unpolarized hadron B is along the -z-direction. The transverse momentum ¢, of the vector
boson is represented by a dotted line

The expression for the leading-order electromagnetic scattering cross section is as follows

2
op" = ?fsgé—ff\fc : (6.25)
where S = (Ps + Pp)? is the center of mass energy squared and N¢ = 3 is the number of
color. We study the Drell-Yan production in the center-of-mass frame of the incoming proton
beams. The polarized proton moves along the +z axis, while the transverse spin vector of
the proton S, and the transverse momentum of the virtual photon q, have azimuthal angles
¢s and ¢, respectively.

As usual, Wy and W[S;;(%_%) represent the unpolarized and transversely polarized struc-
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ture functions, respectively. The Sivers asymmetry in Drell-Yan processes can be formulated

using the structure function as follows

WSin(¢q—¢s)

A?}nT(m—@): UI?VUU . (6.26)

In the TMD formalism, these structure functions are given by the following expressions

Wou (%, 21,41, Q) = HX(Q, )CY [f f], (6.27)

sin —s g 'ka
W) (0, Q) = Y Qe | Aot g (6.25)

For Drell-Yan process, the above convolution in the structure functions is expressed as follows

COY [wAB] =Y ¢2 f Pk, A%k, 62 (Ko, + Koy — @) (K, Kb, )
q
X Aq/A(IaakE,J_aM?CA)BQ/B('rbakgluuaCB)' (629)

Here, z, and z; represent the momentum fractions of the hadrons carried by the quarks, and

they are given by
(6.30)

In this process, the standard Feynman-z can be expressed in terms of z,p as zp = x, — 3, a
relation that will be referenced in the subsequent section. Additionally, k,, and k;, represent
the transverse momenta of the partons relative to their respective nucleons. The expression
of the hard function is provided in [15] by

Q2

o 3 1. 5 (Q? 7
HDY(Q;M) :1+?OF [ﬁln(ﬁ)_ﬁln (E)+E7T2—4] ) (6.31)

At this point, it is crucial to reiterate that there is a sign flip between the Sivers function
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fi7 for the Drell-Yan process and its counterpart in SIDIS:

FiY (@ k2 1, Q) = =17 (2, k7 1, ) (6.32)

This will lead to slightly different definition for the Sivers function in the b,-space

y ho
1b°

1 e
ffﬁ;?;(%bhl%o :M / d2kl k,ite e bLflLT]?;;p(x7k37/~L7C) = (_7) fllT,q/p(x7bl7”7C)‘

Including the Sudakov factor, we have the following expressions for the b,-space structure

functions

db, b,
2

Wor (20,20, Q) = H(Q,Q) [ S 0o(bian) e (6.33)

x I:Cq<—i ® fi/A] (Tasbss i, s 142 [C@—j ® fj/B] (b, bas i, 117.)
X exXp [ - 2Spert(b>(-a,ub*7ﬂz*aQa Q2) - SIJ\CIP(xaa bia QOa Q) - Slép(zba bu QO7 Q)] )

sin —¢s db b2
Wor ™ (e w0, Q) = H™(Q.Q) | =2 i(big) D (6.34)
q

x [Oq«z' ® TF,i/p](xa, .., ub*,uZ*)[quj ® fj/B] (b, bs, i, 13,

X €Xp [ - 2Spert(b*7 :ub*?ul%*aQa QQ) - SliIP(xaa bJ_a Q07 Q) - SIJ\CIP('TI)) bJ_a Q07 Q)] .

6.2.3 Sivers Formalism in W /Z production

The production of W /Z bosons in proton-proton collisions closely resembles that of virtual-
photon production. Here, the hard scale @) is defined as the mass of the vector boson
produced, denoted () = My, z. The differential cross-section expression for this process is

provided as follows

dO’V

s = o) | Wouw +sin(d, — o)Wy | (6.35)
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where the phase space dPS = dyd?q, and V = W, Z. The leading-order scattering cross

sections are given by

2
oW :M (6.36)
0 SNC )
2
oy Y2CeMy. (6.37)
SN¢

where G is the Fermi weak coupling constant. On the other hand, the structure functions

are given by

db, b,

Wouny (a0, Q) = HY(Q.Q) [ T olbea) ey (6.38)

x I:Oq<—i ® fi/A] (Tasbas i, s 142 [Oq“—j ® fj/B] (23, b0, o, 117.)
X exXp [ - QSpert(b*a,ubw,uz*an Q2) - S]{]P(xaa bJ.a QOa ) - Slj\clp(xh bLa QO? Q)] )

sin —¢s db, b
W (g, w0, 0., Q) = HPY(Q,Q) laumnz%w (6.39)

X [Oqﬂ- ® TF,z‘/p](flfaa b., ub*,uZ*)[quej ® fj/B] (25,00, o, 117,

X €Xp [ - 2Spert(b*7 :U’bmug*aQa QQ) - SliIP(maa bJ_a Q07 Q) - Slj\cIP(mh bJ_u Q07 Q)] y
where we have
ezuw = Vel ety 2= (V2 +AL) bgq - (6.40)

In this context, |V,,|? represents the Cabibbo-Kobayashi-Maskawa (CKM) matrix, while V,
and A, denote the vector and axial couplings of the Z boson to a flavor quark ¢. Similarly
to Eq. (6.26) discussed in the preceding section, the asymmetry can be expressed as a ratio

of these structure functions in an analogous way.
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6.2.4 Sivers Formalism in Ay single jet production in pp collisions

Consider a single-inclusive jet production from transversely polarized proton-proton p'!p

collisions

p(P1,8.) +p(P2) = jet(Py) + X, (6.41)

where the momentum of the incoming transversely polarized proton is denoted by P; with
a transverse polarization vector given by S,. The momenta of the unpolarized proton and
the final jet produced are denoted by P, and Pj, respectively. The energy of the center
of mass is defined as S = (P, + P,)2. In the center-of-mass frame of the incoming proton
beams where P; (P;) moves along the +z (—z) direction, we define ¢g and ¢, as azimuthal
angles for the spin vector S, and the transverse momentum of the jet P, respectively. A
convenient choice of frame is illustrated in Fig. (6.3), where we introduce the so-called the
reaction plane, which is formed by the incoming proton momenta and the final state jet axis.

In this frame, one has ¢; = 0.

.

Figure 6.3: Illustration for single inclusive jet production in transversely polarized proton-
proton collisions, p(Py,S,) + p(P) — jet(P;) + X. The azimuthal angle of the transverse
spin vector, S, with respect to the reaction plane is denoted by ¢s.

The differential cross section for single-inclusive jet production for transversely polarized
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p! p collisions is given by

do(S.) do dAo

EJ d3PJ EJd3P + sin (qf)g—gbj) Ejdg—PJ, (642)

where the first term on the right hand side of this expression is the spin-averaged cross section,
and the second term is a spin-dependent cross section. Within the collinear factorization

formalism [98], the spin-averaged cross section at the leading order can be written as

do dr, dz AN &
d3PJ Zf bfa/p(xanu)fb/p(xbnu) ab»c(57t>u)5(8+t+u) ) (643)

where f,/, are the collinear parton distribution functions (PDFs) with x, and x; the mo-

mentum fractions of the proton carried by the partons. On the other hand, HY _ are the

ab—sc
well-known leading-order (LO) hard functions for the unpolarized process, which are given,
for example, in [99, 71]. The strong coupling constant is denoted by ag, and 3, t, 4 are the
standard partonic Mandelstam variables.

On the other hand, the second term on the right-hand side of Eq. (6.42) is the spin-

dependent contribution. Within the collinear factorization at twist-three level [100], the

spin-dependent cross section can be written as

dAU

B _p f

X [TF,a/p(xaa Lq, ,u) -

dz, dz _— PR
—bfb/p > HEYers(5,4,0)0(3 +1 + 1)

d
xad_%TF,a/p(xayxaaﬂ)] ) (6.44)

Here Tpq/p(Ta, Tq, 1) is the ETQS function that is often referred to as the quark-gluon-
quark correlator inside the proton. H35¥*™s is the hard function for the polarized case, which

ab—c

takes into account the initial-state and final-state interactions, and they can be written as
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follows [100, 101]

: - - - U
HSYers(5 ¢ a) = HY, | (8,t,4)+ HE,  (5,1,1) (1 + ;) , (6.45)
where H!, and HY,  incorporates the initial-state and final-state interactions, respectively.

Finally, the transverse single spin asymmetry Ay for the single inclusive jet production

is defined as the ratio of the spin-dependent and spin-averaged cross sections

dAo do
Av=FE;,— | E . 6.46

N JdSPJ/ T#P (6.46)
Since Ejdo/d3Py = do/dned?P,, the jet asymmetry would be a function of rapidity nje
and transverse momentum P,. Another commonly used variable, zr = 2P,/ V'S, called the

Feynman-z, is related to nj and P, as follows

P

75 (eMet — e7Mhet) (6.47)

TR

6.3 Results

In this section we present the results of the simultaneous global analysis of the Sivers asym-
metries in SIDIS, DY lepton pair, and W /Z production, both with and without the inclusion
of jet Ay data. We begin by detailing the non-perturbative parametrization used in our the-
oretical framework, followed by an explanation of our fitting procedure. Finally, we discuss

the impact of jet Ay data on the Sivers asymmetries and the extracted Sivers functions.

6.3.1 Non-perturbative parametrization

The fitting is carried out at NLO+NNLL accuracy as described in Ref. [31], where we use

the following non-perturbative parametrization for the unpolarized TMD PDFs and TMD
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FFs

b
UléP(x7 bJ_u CO? C) = exp (_g{bi - % 111 £ ln —l) ,
4 CO bx—
b2 g2 C bi (648)
Uxp (2,01, 60,¢) = exp (—gf)z—g - Zlngln Z) ,
with the values of ¢g; and g9 given by
gl =0.106 GeV?,  ¢gP =0.042 GeV?, g,=0.84. (6.49)

To describe the COMPASS Drell-Yan production in 7 +p scattering, we use g{ = 0.082 GeV?
for the pion beam [102] and use collinear pion PDFs in [103]. For numerical calculations,
the HERAPDF20_NLO_VAR parametrization [101] was utilized for the proton PDFs. The
DSS14 parametrization [105] was utilized for the collinear pion FFs. In addition, the DSS17
parametrization [1006] was utilized for the collinear kaon FFs. And for unidentified charged
hadrons, the collinear FF could be viewed as the sum of the collinear pion FF and collinear
kaon FF [77].

On the other hand, the non-perturbative parametrization of the Sivers function is

1 b
UliI‘.lPT(zu bJ_a C07 C) = exXp (_g,{bi - % lnélnb_l) . (650)

Note that the term written in terms of g, is universal. In this case, g{ gives the information
about the width of the Sivers function, and it will be a fit parameter. The ETQS function

Tr, q/p(x, 2, 1) is parametrized in terms of the unpolarized collinear PDF at an initial scale

po [47]

(g + @1)(%%‘;’)

Oé?q ﬁq q

Tr (2,2, 110) = Ny x%(1- x)ﬁq Jarp(@, o) - (6.51)

To obtain the ETQS function at other scale 1, we use the diagonal piece as an approximation
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in its evolution equation [74, ; , , , , , , 114]

dTF,q/p(xa .Z',,LL) _ as(MQ) l

T
d In p? ot Fyeq ® TF,q/p](fEa /), (6.52)

where P is the quark to quark splitting (kernel) function

T ~ 1+22 3
P, (x)=Cp lm+§5(1—x)]—n5(l—x). (6.53)

The fitting was performed with 1 = 0. Finally, the fit parameters are Ny, ay, and 3, where
q stands for quark flavors, g={u,d, s}. We choose N,, N4, N5, Nz, Nz, Nz, v, Qa, Bu, Ba,

gT, along with e, and Bee, for @, d, s, 5. In total, there are 13 fit parameters.

6.3.2 Fitting procedure

To proceed with the fit, we utilize the MINUIT package to minimize x?

elan -y 3 LR, (6.54)

i=1j=1

for ¢ = 1,..N data sets each containing N; data points. Experimental measurement of each
point is £;, and the experimental uncertainty is AE;. The theoretical estimate 7; depends on
a set of parameters {a} which are just fit parameters. We take into account both statistical
and systematic uncertainties in quadrature. The uncertainty band is generated by following
the replica method [17, , ]. We generate 200 replicas and perform the fit on both
noisy and noise-free datasets, resulting in 201 sets of fit parameters. Using these 201 sets
of parameters, we calculate the asymmetry for each data point and other observables. To
determine the uncertainty band at each point, we select the central (middle) 68% of the 200

replicas.
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6.3.3 Impact of jet data on the Sivers function

In this section, we present our global extraction of the Sivers and ETQS functions by fitting
the Sivers asymmetry from various datasets, along with the jet Ay data. The datasets
include SIDIS measurements from JLab on a neutron target [1 1], recent HERMES data [11]
with three-dimensional kinematic binning for charged pion production on a proton target,
and COMPASS data on both proton [9] and deuteron targets [10]. We also incorporate DY
lepton pair data from the COMPASS collaboration [12] and W/Z boson production data from
RHIC [15, 16]. The jet Ay data are provided by the STAR [7] and AnDY [8] collaborations
at RHIC. Additionally, we include previous HERMES SIDIS data on 7% production [13], as
the three-dimensional binning is only available for charged pions. The datasets used in our
fit are summarized in Table (6.1).

We apply the same kinematic cuts as described in Ref. [17]: ¢./Q < 0.75, Py, <1 GeV,
and z, < 0.7. The jet Ay data covers a wide range of xp, providing additional constraints
on the quark Sivers function in the large-x region. In the following, we analyze the impact
of including the jet Ax data on the extraction of the Sivers function. To this end, we
perform two separate fits: one without the jet Ay data, referred to as the ‘SIDIS+DY” fit,
which consists of Sivers asymmetry data from SIDIS, DY lepton pair production, and W/Z
production; and another, the ‘SIDIS+DY+jet’ fit, which incorporates the jet Ay data from
RHIC.

In Table. (6.1), we present the x2?/dof for each of the sets as a well as the x?/dof of all
sets of the SIDIS+DY+jet data. It can be seen that there is an excellent agreement between
the theoretical model and the experiment with a global x2/dof = 1.145. Next, we will start
detailing and interpreting our results.

Even though the global x2?/dof is already very good, Table. (6.2) shows that a significantly
improved global x2/dof= 1.047 is achieved if the AnDY jet data is not included in the fit.
And the STAR 200 and STAR 500 jet data yield x2/Ngao = 1.445, and x2/Ngara = 0.645

respectively. Therefore, the theoretical model is more compatible with STAR jet data than
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AnDY jet data.
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Collab Ref Process Naata | X?/Ndata
ILAB (1] IN - It X 4 0.807
IN - I~ X 4 1.446
Ilp—>IK-X 38 1.292
Ip > IK*X 40 | 0.992
HERMES 4 Ip—lmr X 38 0.995
Ip > In+ X 40 | 1.186
[13] Ip > 170X 4| 1482
ld—-I1K°X 7 0.780
ld—-IK-X 11 1.389
[10] ld > 1K*X 13 | 0.701
COMPASS ld—Inm~X 11 0.788
ld—Irt X 12 0.842
Ip— h-X 41 | 1.058
g Ip > Ih*X 2 | 0772
COMPASS (Drell-Yan) | [12] p >y X 15 0.588
pp— WX 8 | 2135
RHIC (W/2) [15] pp > W-X 8 1.102
op— 20X 1| 0246
[16] pp—> 20X 1| 0862
STAR 200: pp - jetX 9 2.217
RHIC (jet) 4 STAR 500: pp > jetX | 9 | [0%fi6
[8] | AnDY 500: pp - jetX | 5 4.885
Total 361 1.145

Table 6.1: The table presents the experimental data used in our ‘SIDIS+DY-+jet’ fit,
showing the x2/Nyq, for each dataset. The last number (at the bottom) in the right column
is the global x2?/dof. The total number of fitted data points after the kinematic cut is 361.

82



T LA B

e S
SIDIS+DY+jet $ AnDY [ § STAR
0.050F SIDIS+DY T I ]
: ¢ STAR E
0.025F pl+p = jet + X T T ;
4 ; 1 T - =
< i T I =

T
1

0.000F S*esse

PR
-t

E /5 =500 Gev 1 V5 =500 Gev — 1 =2w0Gv— 1
—0.025F 34 < <37 T () =331 T 30<nu<35 ]

TR R

0.0

T T T B

1
02 03 04 05

L L

Lo b b b T I A B

03 04 05 0602 03 04

XF

T T Ll
06 0.2 0.5

Figure 6.4: The result illustrates the impact of jet Ay data. The fit results with and
without jet Ay data are compared to STAR measurements at /s = 200 GeV and /s = 500
GeV [7], as well as AnDY measurements at /s = 500 GeV [3]. For each case, the result is

plotted as a function of xp. The 77p - v*X and pp > W /ZX processes are considered as
DY process.
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Collab Ref Process Naata | X2/ Ndata
ILAB 1] IN - It X 4 0.711
IN - lm X 4 0.799
Ip - IK-X 38 | 1.264
Ip—>IK*X 40 1.021
HERMES Y Ip—>lmr X 38 0.951
Ip > In* X 40 | 1.153
[13] Ip > I X 4| 1635
ld—>IK°X 7 0.619
ld—>1K-X 11 1.742
[10] ld—IK+*X 13 | 1.230
COMPASS ld—Inm~ X 11 0.793
ld - In* X 12 0.856
Ip - Ih-X A1 | 0.956
& Ip - Ih*X 42 | 0.786
COMPASS (Drell-Yan) | [12] T p >y X 15 0.219
pp— WX 8 | 2246
RHIC (W/2) [15] pp—W-X 8 1.097
pp = Z°X 1 0.208
[16] pp— 20X 1 | 0862
STAR 200: pp — jetX 9 1.445
RHIC (jet) [l STAR 500: pp > jetX | 9 | [006H5
Total 356 1.074

Table 6.2: The table presents the experimental data used in our fit with jet AE\’;) data only,
showing the Xx?/Ngu. for each dataset and the global x2/dof. The total number of fitted
data points after the kinematic cut is 356. The symbol (*) indicates that the jet Ay data
consists of STAR data only.
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Figure 6.5: The comparison of the fit result without jet AE{;) data with the fit result with
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different hard scale intervals as a function of x5, 25, and Pj,,. The symbol *) indicates that
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the jet Ay data consists of STAR data only.
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Figure 6.6: The comparison of the fit result without jet Ag\’;) data and the fit result with

jet Ag’;) data for SIDIS measurement for A~ [9]. In both cases, the results are shown for
different hard scale intervals as a function of x5, 25, and Pj,,. The symbol *) indicates that
the jet Ay data consists of STAR data only.
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Figure 6.7: The comparison of the fit result without jet AE{;) data with the fit result with

jet AE\’;) data for SIDIS measurements [10] for 7+, 7=, K*, K~ and K°. In both cases, the
results are plotted as a function of xp, 25, and P,,. The symbol (*) indicates that the jet
Ay data consists of STAR data only.
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Figure 6.8: The comparison of the fit result without jet AE{;) data with the fit result with

jet AE\;) data for SIDIS measurements for 7= and 7* using a neutron target [I1]. In both
cases, the results are plotted as a function of xz. The symbol (*) indicates that the jet Ay
data consists of STAR data only.
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Figure 6.9: The comparison of the fit result without jet A%) data with the fit result with

jet Ax) data for DY measurement in the 7~ p collision process [12]. In both cases, the results
are plotted as a function of ¢,, @, zn, and z,. The symbol *) indicates that the jet Ay
data consists of STAR data only.
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Figure 6.10: The comparison of the fit result without jet AE;) data with the fit result with

jet Ag\;) data for SIDIS measurements [13] for 70. In both cases, the results are plotted as a
function of x5, 2, and P,,. The symbol *) indicates that the jet Ay data consists of STAR
data only.
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Figure 6.11: The comparison of the fit result without jet Ag\’;) data with the fit result with

jet AE{;) data for HERMES 7+ measurement [14]. For both cases, the results are shown for
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Figure 6.12: The comparison of the fit result without jet AEJ) data with the fit result with

jet AE\;) data for HERMES 7~ measurement [14]. For both cases, the results are shown for
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Figure 6.13: The comparison of the fit result with jet Ag{;) data the fit result without jet
A%) data for pp - W/Z measurements [15, 16]. The most recent data for Z is plotted with
the empty circle. In both cases, the results are plotted as function of y. The y dependent
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Figure 6.14: The first moment of the Sivers Figure 6.15: The first moment of the sivers
function with and without STAR jet data function with and without STAR4+AnDY jet
(also referred to as jet Ag\’;) data) as a func- data (also referred to as jet Ag\;”‘) data) as a
tion of x. function of x.

Figure (6.4) shows the Ay for the fit result without jet Ay data and the fit result with
jet Ayn data in comparison with RHIC data at 200 and 500 GeV for different ranges of jet
rapidity 7;e and mean jet rapidity (nje:). This involves STAR measurement at /s = 200
GeV,(3.0 < njer < 3.5) and /s = 500 GeV, (3.4 < njet < 3.7) and AnDY measurement at /s
= 500 GeV, ((njer) = 3.31). It can be seen that the fit result with jet Ax data agree very

well with RHIC data for each center-of-mass energy. In addition, the comparison of fit result
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Figure 6.16: The comparison of the ratio of uncertainty of first moment of the Sivers
function with jet A%) data and the ratio of uncertainty of the first moment of the Sivers

function without jet Ag\’;) data. In both cases, the results for u- and d-quarks are plotted as
function of x.

without jet Ay data with the fit result with jet Ay data shows that the inclusion of jet Ay
data has a tendency to reduce the uncertainty.

Table (6.3) shows the values for fit parameters from both fit with and without jet Ay
along with the corresponding x2/dof. The uncertainties are obtained by selecting only 68 %
of replicas among 201 sets of parameters. Table (6.3) shows that x2/dof for the fit without
jet Ay data is slightly less than x?/dof for the fit with jet Ay data.

Figures (6.5), and (6.6) show the plots of the Sivers asymmetry for different hard scale
intervals, 1 < Q% < 4, 4 < (Q? < 6.25, 6.25 < Q? < 16, and 16 < Q? < 81 GeV? for the fit
without jet Ag;) data and the fit with jet Ag\;) data. Figure (6.5) shows the fit result for the
production of hadron h*, and Figure (6.6) shows the fit result for the production of hadron
h~. For each interval, the asymmetry is plotted as a function of the momentum fractions
rg, 2n, and hadron transverse momentum Fj,,. While there is a slight change attributed
to the jet AE\;) data, in both cases, the results show that the fitted asymmetry describe the
experimental data very well.

Figure (6.7) shows the plots of the Sivers asymmetry for the hadron production of 7+ |

7, K*, K-, and K° for both the fit without jet AE\;) data and the fit with jet Ag\;) data.
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SIDIS+DY

SIDIS+DY+jet

N, = 0.06873042 GeV
Ny =-0.128"90% GeV
N, = 0.251*0:9%90 GeV
Nz =-0.088+9-9%9 GeV
Nz =-0.13673318 GeV
N; = 0.044*9336 GeV
a, = 0.832+0132
ag = 1.636+9:529
Bu = 263341353
By = 7.397+2519
Qgen = 0.51079:39
Bsea = 0.0053497
gi = 0.024330%5 GeV?

N, = 0.0645:521 GeV
Ny =-0.267+53-299 GeV
N, = -0.112*992 GeV
Ny = 0.017727%6 GeV
Nz = -0.07675:531 GeV
N, = 1.200°0%7 GeV

a, = 1.323+1817

ag = 1.20639%3

B = 4.067*9:38

By = 1.709+1:920

e = 1.00270-087

Brea = 0.595*8:851
g1 = 0.085*0321 GeV?

x?/dof = 1.017

x?/dof = 1.145

Table 6.3: Summary of the results for the fitted parameters and x?/dof. From left, the
first column shows the result from the fit without jet Ay data, and the second column shows
the result from the fit with jet Ay data. The 77p — v*X and pp — W/ZX processes are
considered as DY process.

For each hadron, the asymmetry is plotted as a function of the momentum fractions x g, z,
and hadron transverse momentum P,,. Similar to Figures (6.5) and (6.6), the comparison
between the two cases shown in Figure (6.7) also indicates a slight change attributed to the
jet Ag\;) data. In both cases, the fitted asymmetry describes the experimental data very well.

Figure (6.8) shows the plots of the Sivers asymmetry for 7=, and 7* for the fit without
jet AE;) data and the fit with jet Ag\’;) data. The experimental data for the production of
7~ and 7t was obtained using the neutron target. In both cases, the results are plotted as
function of the momentum fraction zz. The comparison between the fit result without jet

AE\;) data and the fit result with jet AEJ) data shows a difference that is attributed to the jet
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AE\;) data.

Figure (6.9) shows the plots of the Sivers asymmetry for the fit without jet A%) data
and the fit with jet Ag\;) data. In both cases, the results are plotted as function of transverse
momentum ¢r, invariance mass (), Feynman variable xp=x, — ), momentum fraction xy
in the nucleon target, and momentum fraction x, in the pion target respectively. The effect
of jet Ag;) generates a slight difference, but the results from both cases show that the fitted
asymmetry agrees with the experimental data very well.

Figure (6.10) shows the plot of the Sivers asymmetry for 7% production for the fit without
the inclusion of jet AEV*) data and the fit with jet Ag\;) data. Both fit results are shown as
function of xg, 25, and P,,. The comparison shows that both fit results agree very well with
the experiment result. The jet AE\;) data induces a change but the impact is easily noticeable
for the fit results as function of P, .

Figures (6.11), and (6.12) show the plots of the Sivers asymmetries for 7*, and 7~ pro-
ductions for the fit without jet ASJ) data and the fit with jet Ag\;) data. For both cases, the
fit results are shown for different P, - and z-interval ranges as a function of x. In both case,
the results show that the fitted asymmetry describes the experimental data very well. In
addition, the comparison shows a difference that is attributed to the effect of the jet Ag\;)
data. This difference becomes more noticeable in the large z-region.

Figure (6.13) shows the plots of the AE\;) asymmetry for W=, W+, and Z vector bosons
for the fit without jet Ax) data and the fit with jet Ag\;) data. In both cases, the results are
plotted as function of the rapidity y. The most recent data for the Z vector boson [11] is
plotted with the empty circle. The transverse momentum of the vector boson is integrated
over the range 0.5 < ¢, < 10 GeV. In both cases, the uncertainty band is very small especially
for for W~ and Z vector bosons. The result also shows that the change due to the jet Ay
(*) data is more noticeable for W+,

The Figure (6.14) shows the plots for the extracted first transverse moment of the Sivers

function for u- and d-quarks, ffT(l)(x, lo), and uncertainty bands with and without jet Ag\;)

94



data. And Figure (6.15) shows the plots for the extracted first transverse moment of the
Sivers function for u- and d-quarks, fllT(l)(a:, o), and uncertainty bands with and without
jet A%M) data. The first transverse moment of the Sivers function is plotted as function
of  at the initial scale py =v/1.9 GeV. In each case, the Sivers d function is positive and
the Sivers u function is negative, and the magnitude of the Sivers d function is greater
than that of the Sivers u function. The results in both Figure (6.14) and Figure (6.15)
clearly show the opposite effect of the jet AE\;) data and AE\;M) data, respectively. The xp-
interval for both jet AS\’;) data and Ag\}HA) data is roughly the large z-region, 0.2 < xp < 0.6.
While the jet AEJJrA) data increases the uncertainty, it can be seen that the jet AE\;) data
reduces significantly the uncertainty on the quark sivers function. The reduction of the
uncertainty is an indication that the jet Ag\;) data provides an important information about
the quark Sivers function in the large z-region. The result also indicates that the jet Ag\’;)
data provides a significant complementary information to the low x-region, and there is an
excellent compatibility between the jet Ag\;) data and other data. Figure (6.16) shows the
comparison of the ratio of uncertainty for the first moment of the Sivers function from the fit
with the jet AEV*) data with that of the Sivers function without the jet Ag\’;) data. We realize
that the result in Figure (6.16) agrees with result in Figure (6.14), for instance, in the region

of roughly 0.2 <z < 0.5, there is a significant reduction of uncertainty for d-quarks.

6.4 Conclusions

In this article, we studied for the first time the impact of jet Ay data on the quark Sivers
function at NLO+NNLL within the TMD factorization formalism. To achieve this, we first
extracted the quark Sivers function from the Sivers asymmetry with and without the jet Ay
data, and we then compared the extracted quark Sivers function without the inclusion of
jet Ay data with the extracted quark Sivers function with the inclusion of jet Ay data. We

found that the inclusion of the jet AE\;) data allowed to improve and extend the knowledge
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of the quark Sivers function in the large x-region which was not explored in other data, the
jet AE\?) data led to the remarkable constraint and reduction of the uncertainty on the Sivers
function in such large z-region, especially for d quarks. Our finding was obtained using the
most recent experimental data, but we expect that future high-precision measurements with
reduced uncertainties at COMPASS, JLAB, RHIC or the future EIC [117, 118] will further
constrain the Sivers function. This will allow to gather more information on the impact of the
jet AE\;) data on the Sivers function which is crucial in the model-dependent determination

of the nucleon spin.
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Chapter 7

Simultaneous extraction of Collins
fragmentation function in TMD

physics

7.1 Introduction

This chapter is partially based on the paper titled ‘A simultaneous global extraction of
the Collins function in e*e~ collisions, semi-inclusive DIS, and hadron-in-jet production’; in
preparation to submit to JHEP, authored by Zhong-Bo Kang, Fidele J. Twagirayezu, and
Yiyu Zhou.

Transverse momentum dependent functions (TMDs) are important objects in TMD
physics because they allow to acquire the three-dimensional representation of the inter-
nal nucleon structure. In addition, TMDs can facilitate a better understanding of QCD
properties such as hadronization described by fragmentation function . The TMD function
that describes the hadronization of a transversely polarized hadron into unpolarized hadron
is the Collins fragmentation function [70]. The Collins effect is experimentally measurable

with Collins asymmetry. The Collins effect can be studied in the semi-inclusive deep inelas-
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tic scattering (SIDIS) process [10, 11, 15, ] where the Collins fragmentation function
is coupled to the transversity distribution. The modulation is proportional of sin (¢s + ¢p)
where ¢, is the azimuthal angle of the transverse spin of the nucleon and ¢y, is the azimuthal
angle of the hadron transverse momentum in the final state with respect to the reaction
plane. The collins effect can be studied in di-hadron productions in semi-inclusive electron-
positron annihilation [120), , , ]. In the hadronic-plane method, the modulation
is proportional to cos(2¢g) where ¢q is the azimuthal angle between the two hadrons. In
addition, the Collins effect can be studied in hadron production in a highly energetic jets
in proton-proton collisions [124]. For the universality property, the Collins fragmentation
function is the same in the SIDIS process and electron-positron annihilation [125]. Also,
Kang et al.[19] showed the universality of the Collins fragmentation function in hadron pro-
duction inside jets in proton-proton collisions. To test further the universality property of
the Collins fragmentation function, we establish a formalism to extract the Collins fragmen-
tation function from the combination of SIDIS process, electron-positron annihilation and

hadron production inside jets in proton-proton collisions.

7.2 Collins Formalism

This section we present the TMD factorization formalism for the Collins asymmetry in semi-
inclusive deep inelastic scattering (SIDIS), electron-positron (e*e~) processes, and hadron
in jet production from proton-proton (pp) collisions. The Collins formalism in SIDIS is
presented in (7.2.1), the Collins formalism in e*e~ process is presented in (7.2.2), and the
Collins formalism for hadron in jet production from pp collisions is presented in (7.2.3)

respectively.
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7.2.1 Collins formalism in SIDIS

We consider an electron e that scatters on a polarized proton p, by exchanging a virtual

photon of momentum ¢, and produce a hadron h in the final state.

e(l) +p(P) > e(l') + h(P) + X (7.1)

The exchanged momentum ¢ is directly related to the hard scale ) through the invariant

mass, —¢% = Q2.

Figure 7.1: The kinematics for Semi-Inclusive DIS. The exchanged photon carries a mo-
mentum ¢. The quantity S, is the transverse polarization of the proton, ¢g is the azimuthal
angle between S, and the lepton plane, and ¢, is the azimuthal angle between the hadron
plane and the lepton plane. In this case, the modulation depends on the sum of azimuthal
angles.

The Collins asymmetry is defined as

FSin(¢h+¢s )

Ao o) DNN—U}UU ; (7.2)
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where Dyy is the depolarization factor which is given by

- 2(1-y)

Sin(¢h+¢s
FUT

while Fyy and ) denote the unpolarized and polarized structure functions. These

structure functions are related to the cross section for Semi-Inclusive DIS as

do

——— =0o(2,y,Q%)| Fuuy +sin(¢p, + ¢5) Dnx F§¥(¢h+¢5) +oee (7.4)
dPSp1s

where the dots denote additional structure functions that do not contribute to the Collins
asymmetry. The quantity, sin (¢, + ¢,), is the modulation in the Collins formalism. In this

expression, dPSpis denotes the phase space, which is given by
dPSDIS = dxdydzdzP;u (75)

where we have the usual parton fraction variables defined as

R
w

. PP,
= — 2 =
2P'q7 y 'l’ P-q Y

(7.6)

while P, denotes the transverse momentum of the final-state hadron. The structure func-

tions in Eq. (7.4) can be written as convolutions of TMDs as

sin s P :
Fou=Cois[f D], Fop™'*) = cms[ Sy H] (7.7)
h

where the convolution integral is given by

Cois[cAB] = Hpis(Q, 1) Z 63 fkoldzpl 52(21& +p. —Pny)e(k,, py, f)hL)
q

x Agpp(@, ki, 11, C1) Bryg (2,01, 1, G2) (7.8)
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where ¢ denotes an arbitrary kinematic prefactor, A denotes a TMD PDF and B denotes a
TMD FF. Namely, f; and D; denote the unpolarized TMD PDF and TMD FF, while h; and
Hi denote the transversity TMD PDF and the Collins fragmentation function. Additionally,
k, denotes the transverse momentum of the incoming quark with respect to the incoming
hadron, while p, denotes the transverse momentum of the final-state hadron with respect to
the fragmenting quark. These convolution integrals can be simplified by working in b-space,
the conjugate space to =Py, /z. After converting these convolutions to b-space, we have the

expression for the unpolarized structure function

bdb

Fyy = Hms(Q,u)Zeif gc]o(bphl/z)flq/p(ﬂ%bw, C1)Drgjp(2,0,11,G),  (7.9)
q

where Jj is the zeroth Bessel function of the first kind. In this expression, we have introduced
and we have introduced Hpis, the hard function for DIS, as well as the b-dependent TMDs,

which are defined as

fl q/p(x7 b, M, C) = f koLe_ib'klfl q/p(‘ra kl7 M, C) ) (71())

1 .
Dipyg(2,0,11,¢) = ;fdeLe”b'pl/leh/q(z,pl,u,C). (7.11)

For the unpolarized TMDs, we can perturbatively match them onto the collinear distributions

as follows

fIQ/P(vaaﬂa Cl) = [O® f](x7b7M761)7

|
le]/P(Zabal%C?):;[C®D](zabaﬂag2)a (712)
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where the convolutions for the TMD PDFs and TMD FFs are given by

[Co (w00 = Y [ FCu(E b 0) Ayl (713)
[€'® B)(2.b.41,€) = Zf C a1 Q) Bag o). (7.14)

These operator product expansions involve large logarithms which must be resummed. This

resummation is captured by the perturbative Sudakov term

rr o du!
Spert(b7M17C17ﬂf7Cf):A ' 5 [7V+Fcusp ln(/f )]+D(b /’LZ)I (i—) (715)

where vV, T'cysp, and D denote the non-cusp, cusp, and rapidity anomalous dimension. In
Appendix (B), we have included the expressions for these anomalous dimensions up to NNLL
accuracy.

The convolution entering into the polarized structure function can also be simplified by

working in b-space as

sin s b2db
FUT(¢h+¢ Ze HDIS(Q u)/—J1(me/2)h1q/p($ b s I, Cl)qu/p(Z,b,M7C2),

(7.16)

where we have introduced the b-space spin-dependent TMDs which are defined as Fourier

transforms of the momentum space ones

i q/p(,b, 18, C) = /dzkle_ib‘klhlq/p (2, k1, Q) (7.17)
1
Hip (2,0,p1,¢) = ;/de e—szl/z;\zl Hipy (2,00, 1,C) - (7.18)

We can once again perform an operator product expansion of these distributions onto
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collinear ones

hi g (2,0, 10,G) = [CP®, B (2,0, 1, 1) - (7.19)

We note that there is additional complications associated with the matching of the Collins
function. This is due to the prefactor of p¢, which causes the Collins function to match onto

a higher twist collinear distributions. The matching procedure can be performed as follows

b
Hi g, (2,0,11,G2) = —22 Tap (22011, C2) (7.20)
Hypp (2,6, 1,G2) = — [CH@H(3)] (2,0, 11,G2) (7.21)

where the H®) denotes a twist-3 collinear distribution. As in the case of the unpolarized
TMDs, this OPE contains large logarithms which need to be resummed by the perturbative
Sudakov in Eq. (7.15). After resumming the large logarithms in the unpolarized and polarized

TMDs, we have the expressions for the cross section

bdb

Fou(z,z, Py, Q) = HDIS(QM)% [0 —Jo (bPui/2) ) el (7.22)

X [C@fl] (x7b7lLLi7Ci) [é@)Dl] (Z,b,,LLi,Ci)
X exXp [ - 2Spert(b7/1”i7 Ci?“f? Cf) - Slj\cIP(x b7 QO’ Cf) - SﬁP(’% b’ QO’ Cf):l )

sin(¢p+¢s 1 1 b2 db
FUT(¢ ¢L)(x7Z7PhJ.7Q) = _ZHDIS(Qaﬂf);A Jl (bphl/z)ze (723)

X [Ch ® hl](x, b, 1, Ci)[C'H ® H(g)] (2,b, i, G;)

X €eXp [ - 2Spert(b7ljli7 Cinuf7 Cf) - SI’\ZIP(I7 b7 QO; Cf) - SI{IIP(za b7 Q07 Cf):l )

where one usually takes y7 = ¢; = g7 and p} = ¢f = Q* In these expressions, we have

introduced the non-perturbative Sudakov terms associated with each TMD as well as the
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initial TMD scale Q9. We will discuss these functions in more depth in Sec. (7.3).

7.2.2 Collins formalism in e*e”

In this section we present the Collins formalism of the di-hadron productions in the e*e~

process,

et(ly)+e (I) > him X (7.24)

where [, and [_ are initial momenta, P,; and P,; are the momenta of hadrons h; and
ho respectively. The center of mass energy is defined as, S = Q% = (I, +[_)?. The hard
scale @ is expressed in terms of the hadron momentum Py; as, zp; = 2|P|/Q, where zp; is
the longitudinal momentum associated with fragmentation functions. The thrust-axis and
hadronic-plane methods are two methods which are frequently utilized to study the collins
effects. The thrust-axis method consists of defining a thrust-axis and measure the azimuthal
correlation between hadrons, see Figure (7.2), this method corresponds to A5 asymmetries.
The hadronic-plane method consists of choosing one hadron as a reference to define the
azimuthal angle of another hadron, see Figure (7.3); this method that will be the subject of

use in our formalism, is the cornerstone for Ay asymmetries.
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Figure 7.2: The kinematics for double-inclusive annihilation in the thrust-axis method.
Py, and Py are the momenta of the produced hadrons h; and hsy respectively.

In the hadronic-plane method the differential cross section for di-hadron productions in
e*e” annihilation can be written in terms of the unpolarized structure function Z{5~, and

the double Collins structure function Z&5, = as follows

do
dPSg

=0 Z&E +cos (2¢0) 0g ZE5n .. (7.25)
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Figure 7.3: The kinematics for double-inclusive annihilation in the hadronic plane method.
The hadron hs is chosen to be a reference to measure the azimuthal angle ¢q for the hadron
hy.

where the unintegrated phase space is given by dPSg = dz; dzg d? Py, dcosf and the Born

cross section for the unpolarized and transversely polarized quarks are given by

N.wa2, sin?
O'(I)J = 2@2 (]_ + COS2 6) s O'OT = mO’g . (726)

The structure functions can be written as a convolution of the unpolarized TMD FF and

the Collins function as

Zy~ =C[D1 Dy,
1

Zéoiims =C [m (QPhL : pllphl “P21 — P11 p2¢) H} HQ{I , (7.27)
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where the convolution for ete™ is given by

Z
C [CBl B2] = Z 62 H(Q“u) f d2ph d2p2l 52 (Phl —P1L— Z—lem)
2

q

C(pll,ph_,p}u_) Bq/h1 (Zhhplu,ua(:l) Bq/h2 (Zh27p2l7,u7<2) . (728)

By Fourier transform, the structure functions for the unpolarized and double Collins asym-

metries take the following form, from the b-space to the momentum space.

et+e— 1 d*b ib-Pp, /2 2
250 :THU(Q7N)f—2€ mim e
(2m) q

Zh1

x Dhl/q (Zhlv b?,ua Cl) th/q (Zh27 b?,ua CQ) ) (729)

Z&ifim = HC(Q 1) [ IS G (2 B, o)

(27)°
Hi g CGas b, Q) Hyp (2o, by 11, Go) (7.30)

After performing the OPE for the TMDs and resumming the large logs, the expressions for
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the structure functions are given by

25 (P @ = Ho(@.p) [ 52 doOPuufn) T

< [CP ® D1 ] (2n b1, ) [CP ® Dy | (212 b, i, )

X €Xp |: - 2Spert(b>ﬂi7 Cia oy, Cf) - S£P(2h17 ba Q07 Cf) - SIEI)P(zh% b7 Q07 Cf)] )

1
Z&ins(Pas, Q) = —— ———Ho(Q, py) /

Zp1 Fh1%Zh2

b3 db

J2 (bP./2) ) el

X [(SCC ® H(3)](a:, b, 14, Q)[(SCC ® H(3)] (2,b, i, Gi)

(7.31)

X €Xp [ - 2Spert(b7lvbi7 Ci7 K, Cf) - SlgP(Zhb b7 Q07 Cf) - SIEIJP(Zh% b7 Q07 (f):l .

(7.32)

To eliminate false asymmetries, BELLE and BABAR consider the ratios of unlike-sign “U”

, like “L”, and conjugate “C” pion pairs in the asymmetries.

Us(n"n"+7n 7)), L=(r"n"+7n777), C=(r"n"+nn +7'n +7 7).

The asymmetries AJY and AJC are written as

. 2
0
AUL 0,Py)=——" (Py-P
0 (Zhlazh27 3 hJ_) 1 +COS29 ( U L) )
22
0
AYC 6, Pp,) = ——— (Py - P
o (2n1,2n2,0, Phy) 1+COSQQ( U )
where
Py= 28080 2oy, Pu= 28000 Zovn, Pe= 2008 [ Zuu e
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Here, the subscript COL is simply a shorthand notation for Collins. Similarly, one can define

the P}, -integrated asymmetries as

AUL ( 0) SiIl2 Ja f PhJ_dPhLZggg%O) f PhldPhLZ(CJ(ggiO) (7 37)
21, 2 = B '
0 hl; Zh2; 1+ cos2f f Py.dPy, Zyu v f Py, dPy, Zyu 1, ;
AVC ( 6) sin?0 (] PhdD) hLZgg(LZ,%O) / PhLdPhlZgg(Lz’gO) (7.38)
211y 2 = a '
0 \%hl>“h2 1+cos?0 \ [ Ph.dPy Zyuu J PridPy Zyu o

For the structure function Z¢¢ , the hard factor Hy is the same as that for Drell-Yan
lepton pair production but differs for SIDIS. The reason for this is that the virtual photon
is time-like (¢2 > 0) in e*e™ and Drell-Yan processes, whereas in SIDIS, the virtual photon
is space-like (¢? < 0). Additionally, the hard part Hc of the structure function Z§¢. = is the
same as that of the structure function Z¢ ¢ due to the spin-independence of hard interaction

in perturbative QCD.

7.2.3 Collins formalism for hadron-in-jet production from proton-

proton pp collisions

We consider the hadron azimuthal distribution inside jets in transversely polarized pr col-

lisions,

pT(PAa ST7¢SA) +p<PB)_>jet(n7pT)h(zh7jLa ¢h) + X7 (739)

where P, is the four-momentum of a transversely polarized proton with a transverse po-
larization vector St moving the +z-direction, and Ppg is the four-momentum of unpolarized
proton moving in the —z-direction. The azimuthal angle of S with respect to the reaction
plane is denoted by ¢g,. For the jet function, 7 is the rapidity, and pr is the transverse

momentum of a jet in the final state. For the hadron function, z; is the momentum fraction
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of a hadron, jr is the transverse momentum of a hadron inside a jet which forms an angle
¢n with the reaction plane. Here, j, is defined with respect to the standard jet axis, the
choice of this type of axis is due to the fact that it allows a direct relation to the transverse

momentum fragmentation functions (TMDFFSs).

Figure 7.4: Illustration for single inclusive jet production in transversely polarized proton-
proton collisions, p(Pa,S,)+p(Pg) = h(n,pr)jet(zn, ji, ¢n)+ X. The azimuthal angle of the
transverse spin vector, S|, with respect to the reaction plane is denoted by ¢g.

The differential cross-section of hadron azimuthal distribution inside jets in transversely

polarized pr collisions can be expressed as

do

dndprdznd®y, Fyu +sin(gs — gn) Fp = + o (7.40)
1

where the dots contain additional asymmetries which do not contribute to the Collins asym-
metry. Once again Fyy and F[S;;ws_d’h) denote the spin averaged and spin-dependent struc-
ture functions respectively. The Collins azimuthal spin asymmetry can be expressed in terms

FSin(¢s ~¢n)
uT

of structure functions Fyy and as follows

FSin(d)S*d)h)

APOSTO) (o G pr) = UTFT (741)

The structure functions Fyy and Féi§(¢s_¢h) depend on zp, j,, 1, and pr, but we will
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omit 1 and pr for simplicity. The QCD factorization at the lowest approximation or leading

order (LO) leads to the following expressions for the structures functions

a? dx; dxs .
Fou(zh, j1) =— Z/ fa/A(xb )[ _2fb/B(m%N)Dh/c(zha]laNaCJ)

a,b,c

X Hab—>c(8’£7ﬂnu) 5(§+£+ﬂ), (742)

Sln ‘ Oé2 d.’L' a d]} . .
(¢S ¢l)(2 7.7J_) — Z f _1h ( lalu)[ 2fb/B($27 )j—LHfh/c(zhajJ.’/J’?CJ)

a,b,c Zth

x HEOMNS (8 ¢ 41, 1) 6(3 + 1 +0). (7.43)

ab—c

The factorization for the above structure functions involves two steps: the first step is a
collinear factorization for the production of the jet and the second step is a TMD factorization
for the hadron j, -distribution inside the jet. The factorized form for the above structure

functions was derived within the standard soft-collinear effective theory (SCET). The hard

HColhns

function HY, _is related to the unpolarized structure function and the hard function HS°U

is related to the Collins fragmentation function. The sum is taken over all relevant channels
ab - c¢. The center of mass energy squared is defined by s = (P4 + Pg)? and M), is the
observed hadron mass inside a jet. The strong coupling constant is denoted by «a, and §, ¢,
and 4 are the usual partonic Mandelstam variables. In terms of py and 7, the Mandelstam

variables @ and ¢ are expressed as

~

= —zprv/se”, b= —xopr/se’, (7.44)

where z; and x5 are momentum fractions. In the parton massless limit, the expression for the
Mandelstam variable § is deduced from the condition § 4 @ + £ = 0. The functions f, ja(@1, )

and fy/5(x2, 1) are the unpolarized parton distribution functions (PDFs) for protons A and

111



B respectively, while the function h{(zy, i) is the collinear transversity distribution function.

xrel N xre "
To =T

X1

(7.45)

2 —xpe’ 22y — xpel’

where x7 = 2pr/\/s. The unpolarized TMD fragmentation functions and Collins fragmen-
tation function are denoted by Dy/q(2n, 1,1, ¢s) and Hllh/q(zh,jbu,gj) respectively. The
momentum scale () represents the appropriate factorization scale for both the unpolarized
TMD fragmentation functions and Collins fragmentation functions. The )-dependence of
these TMD functions is referred as the TMD evolution, thus the TMD evolution is different
from the DGLAP evolution associated with the scale u. The TMD fragmentation functions

can be expressed as

. 1 < bdb , R
Dijo(2ny 715 14,Cr) _z_,%./(; %JO(]Lb/Zh)[C@’D] (2n, 14)
X exp [_Spert(b7 Hi, <i>ﬂ7 CJ) - Sl?lg('% ba QOJ CJ):I ) (746>
T ~ _L e brdb g i g A0 |
o HGndon ) = 5 [ G5 hGbfa) [0 e 1] )
X exp [_Spert(ba His gia , CJ) - SI{I{P(Z7 bv QOa CJ)] ) (747)

where Jy and J; are the usual Bessel functions, and () is just the initial scale. The relevant
scale @) for TMD fragmentation functions for hadron distribution inside a jet is usually set
by the jet dynamics scale p; ~ prR where R is the jet size parameter. Thus, one should
have a TMD evolution from pup to py ~ prR scale to resum double logs to all orders in the
strong coupling constant and a DGLAP evolution from u; ~ prR to u ~ pr scale to resum
single logs to all orders in the strong coupling constant. But, at LO in QCD there is no
dependence on the jet parameter R. In this paper, we work at LO so @ is simply set to pr

for TMDs and also we set p to pr for collinear PDFs and quark transversity function.
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7.3 Non-perturbative parameterization

In order to reconstruct the measured cross-section, one needs to perform the Fourier trans-
form over all values of b. However, the TMD evolution contains a non-perturbative piece
in the region where 1/b > Aqgcp. This requires the introduction of a certain prescription
to extrapolate smoothly between the perturbative small-b region and the non-perturbative
large-b region. Similar to our Sivers formalism, we choose the standard b, prescription of

the form

N — (7.43)

V1+02/03,

One can see that b, - by;ax for large b. Here, byr4x is the cut-off parameter in the prescrip-
tion and is usually chosen to be byax = 1.5 GeV~!. After introducing b, in the Sudakov
factor, the total Sudakov factor is just the sum of a perturbative factor Spet(Q,b.) and a
non-perturbative Sudakov factor Syp(Q,b). In this prescription, the b, variable lives in the
perturbative region. The expressions for Syp(Q, b) for both unpolarized TMD fragmentation

functions and Collins fragmentation functions are written as

SPL(Q,b) = %m(%)m(%) ; Z—%zﬂ, (7.49)
SCL(Q,b) = %m(bﬁ)ln(%) P Oty (7.50)
* h

where Q2 = 2.4 GeV2, go = 0.84, g, = 0.042 GeV2, and g. = 0.0236 + 0.0007 GeV2. In
the parametrization of the Sudakov function, In(b/b,) oc In(1 +b%/b3, ), which is impor-
tant for including low-Q? data. This parametrization at small b is in agreement with the
standard b? parametization that was used in high-Q? extraction. The favored and unfavored

twist-3 Collins fragmentation functions are parametrized in terms of unpolarized collinear
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fragmentation functions as follows

HY) (2,Q0) = Ngz* (1= 2) Do (2, Qu), (7.51)

HE)(2,Q0) = N§z(1 - 2)% Dy ja(2, Qo) (7.52)

The parametrization of the strange quark fragmentation function in terms of its collinear
counterpart is given in Ref. [126]. In addition, the quark transversity distribution function
h{ is parametrized at the initial scale )y as follows

(ag +by)a*ba 1

hi(z, Qo) = Né‘xa‘l(l — )b e
aq"bg

5 (1@, Qo) + g1(z, Qo). (7.53)

where f{ is the collinear quark distribution function and ¢{ is the quark helicity distribution

function at the initial scale Q).

7.4 Current status

Unpolarized FF with TMD evolution is defined as

1 b
Dig(2,0,Q) = C’f_lq ® Dyyi(2, 1)

1 (7.54)
X exp (_§Spert(Q7 b*) - Sﬁﬁ’(@a b)) :

Figure (7.5) displays TMD unpolarized FF at z = 0.4 and at different scales Q? = 2.4 (dotted
line), @2 = 10 (solid line), and @? = 1000 (dashed line) GeV2. We observe that the unpolarized
FF at % = 1000 (dashed line) peaks in the perturbative region, and the peak shifts towards

the non-perturbative region as the energy decreases. The Collins FF with TMD evolution is

defined as L g
(20, Q)r = <5500, @ i) (2 )7

(7.55)
coxp (=5 Spun(Q.0.) - 56 (@.0)).
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where the subscript 7 indicates the use of the Trento convention. Figure (7.6) shows that
the TMD Collins FF at @2 = 1000 (dashed line) peaks in the perturbative region, and the

peak shifts towards the non-perturbative region as the energy decreases.

b(Gev)

Figure 7.5: Unpolarised FF u — 7% as function of b at three different scales Qo = 2.4
(dotted line), @2 =10 (solid line) and Q2 = 1000 (dashed line) GeV?2.

---- Q=v24
—Q = V10
= Q =V1000

0.04

b(GeV ™)

Figure 7.6: Collins FF u — 7+ as function of b at three different scales Q2 = 2.4 (dotted
line), Q2 =10 (solid line) and ()3 = 1000 (dashed line) GeV?2.

STAR collaboration at RHIC has performed measurement for Collins asymmetry of
hadron-in-jet in transversely polarized proton-proton collisions. The experimental data was
compared with the theory prediction based on the Collins functions extracted from e*e~

collisions and SIDIS process.
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Figure 7.7: The comparison of STAR measurements [17] to the previous theoretical calcu-
lations with the DMP+2013 model of Ref. [15] and the KPRY model of Ref. [19] .

Figure (7.7) clearly shows that the theory curves do not describe the Collins asymmetry
very well, especially for 7= at large 2z region. This indicates that the previous extraction of
the Collins function based on e*e~ and SIDIS do not give a good constrain on the Collins
function at large z, most likely the d-quark Collins functions. This points to the new direction
we are undertaking in the future, that is, to perform a global analysis of the Collins function

by including the data from e*e~, SIDIS and hadron-in-jet in proton-proton collisions.
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Chapter 8

Summary

Asymmetries and transverse polarization effects offer vital insights into the internal archi-
tecture of hadrons and the intricacies of the hadronization process, particularly with respect
to parton distribution and fragmentation functions. Early investigations primarily examined
collinear parton distribution and fragmentation functions; however, it soon became evident
that these collinear functions alone were insufficient to fully elucidate the internal structure
of hadrons. This realization underscored the need for a more comprehensive understanding,
leading to the development of transverse momentum-dependent functions (TMDs).

In the introductory section of this dissertation, we explore the concept of transverse
single spin asymmetry (TSSA), highlighting its essential role in deriving the TMD functions
central to our study. We also delve into Soft-Collinear Effective Theory (SCET), valued
for its robust framework that systematically addresses processes involving diverse modes,
particularly within the realm of high-energy hadronic physics. SCET enables us to exclude
modes irrelevant to the asymptotic behavior of Quantum Chromodynamics (QCD), thereby
providing an effective description. Given the recurring significance of Wilson lines in gauge
theories, we elaborate on their relevance to non-local operators, delineating various types of
Wilson lines and offering some physical interpretations.

As our TMD frameworks incorporate twist-2 and twist-3 functions, we detail their deriva-
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tions from correlation functions (correlators). We also examine TMD factorization theo-
rems—a potent tool in quantum field theory (QFT)—which facilitate the expression of cross
sections through a combination of perturbatively calculable and non-perturbative quantities.
Furthermore, we address the use of the 7 regulator to mitigate rapidity divergences. Given
that our TMD frameworks involve QCD evolutions, we outline the derivations of evolution
equations and their solutions. The significance of SCET prompts further discussion on TMD
factorization and evolution within this context.

The primary objective of this dissertation is to develop TMD formalisms for the con-
current global extraction of Sivers and Collins asymmetries. Initially, we establish a TMD
formalism for the simultaneous global extraction of Sivers asymmetries across Semi-Inclusive
Deep Inelastic Scattering (SIDIS), the Drell-Yan (DY) process, and W/Z production, with
and without jet Ay data from proton-proton (pp) collisions. In both scenarios, the fitted
asymmetries align exceptionally well with experimental data, and the Sivers function is con-
sistently extracted. Comparing outcomes with and without jet Ay data reveals a marked
reduction in uncertainty for the Sivers function when jet Ay data is included. The results
are found in Sec. (6.3). Subsequently, we formulate a TMD framework for the simultane-
ous extraction of Collins asymmetries in the SIDIS process, ete™ annihilation, and hadron

production within jets in pp collisions.
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A Mellin Transformation

In this section, we outline the approach for streamlining the OPE and DGLAP evolution
of the transversity TMD PDF and the Collins TMD FF through the use of Mellin space
techniques. The transversity TMD PDF can be perturbatively matched to the collinear
transversity PDF using Eq. (7.19). In this equation, the matching is implemented as a

convolution that can be simplified by employing Mellin space techniques.

hlq/P (Na Mo, g, Ci) =Ch (N7 by M, Ci) h (377 ,Ui) ) (1)

where we have introduced the Mellin transform, which is explicitly given by

A(N) = fo L a1 A(), 2)

while the inverse Mellin transform is defined as

A(x) = % fooo dzj[ei‘ﬁx‘c_zewA(N)] : (3)

Taking the canonical scale choice for the TMDs, p? = p2 = (;, the Mellin-space MS matching

coefficient for the transversity TMD PDF is given by:

OéSCF 7T2

ch (N> ,uba,uiag) =1+ +0 (042) . (4)

S
Thus the Mellin-space formalism reduces the integration in x to an integration in the complex
plane. However, the Mellin-space formalism also simplifies the evolution of the collinear

transversity TMD PDF as well. Namely, the evolution equation of this distribution is given

by
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Oh(z,p) _
W =y [Pq};@)h] (z, 1), (5)

which can be simplified in Mellin space. The solution to the Mellin transform of this

equation is given by

(6)

—%P:q(N)
WV 1) = B, o) (%)

where we have introduced the Mellin transform of the transversity PDF's splitting function

Pl(N) = /xN-lpqh(x) =-2H(N) *;7 (7)

q

for the harmonic number, H(n). OPE of the transversity TMD PDF can be written as a

single integral in the complex plane as
[Ch ® h1] (ZE, Hoy b, Ce?) = % [000 dzJ [ei%fcfzewch (N, Moy b, Mg) h (N, Mb)] : (8)
Following the same procedure, the expression for the Collins TMD FF is given by
[CH ® H(3)] (Zaﬂb, b, Cz?) = % [000 dzJ [ei%f&zewcH (N, Mbvﬂb;ﬂg) HE) (N, Mb)] ) (9)

where the Mellin-space matching coefficient is given by

Qg C(F

CH N, o, iy, i) =1+ =

[—81/11(1 in)— %2] | (10)

where 1! is the tri-gamma function while the twist-3 collinear FF follows the same evolution
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equation as the transversity PDF such that

3 3 as (1) g )
H (N7M):H (NHMO)(CY (,UD))

B Anomalous dimensions

Below we give the expressions for the anomalous dimensions and the QCD [-function, in

the MS renormalization scheme. We use the following expansions

= 47
v_w v [as)"
_ s 13
V=3 () (13)
[ele] as n
/8 - _2a8 Z ﬁn—l (E) (14)
n=1

The coefficients for the cusp anomalous dimension I, are

Ty = 40, (15)
67 2 20
D =40- (= -2 o, - = 16
1 F[(g 3) A 9 an], ( )
245 13472 117t 22
e (-
2= 40P O\ 5 T T3

418 4072 56
~Caeny (7 + G- 56)

5h)
+ CFTan (—E + 16C3)

16

The anomalous dimension v can be determined up to three-loop order from the partial
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three-loop expression for the on-shell quark form factor in QCD. We have

/y(‘)/ = _60F7 (18)

1 11x? 2 42
v =C% (-3 +4m* - 48(3) + CpCa (—%— 37T +52§3)+C’FTan (2i70+%) (19)

The rapidity anomalous dimension, Collins-Soper kernel, is defined perturbatively as

D(b, 1) :ii (nk)( ) Lk, (20)

where the coefficients up to NNLL are given by

4(1,0) =0, ALY = To/2, (21)
404 112

d®0 =C,Cr ( 0 14(;3) - _CFTan: (22)
27 27

d@D =T, /2, d(22) = ToBo/4. (23)

The description of the perturbative TMD evolution requires finding the analytic solution to

2
- /NU d,u |:7 4 Topep I (Ug)] (24)
pr 2

where the coefficients of perturbative expansions of the anomalous dimensions up to NNLL

the following expression

accuracy are found in Ref. [31].
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