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Abstract

How should benefit-cost analysis account for the value that benevolent individ-

uals place on others’ pleasure from public goods? When adding up the benefits

to be compared with costs, should we sum the private valuations, the altruistic

valuations, or something else? This paper proposes a partial answer and offers

some suggestions for benefit-cost practitioners.



1 Introduction

Alice and Bob live together. Though they are fond of each other, they maintain

separate budgets. They have been offered a chance to rent a larger apartment.

It has two extra rooms; a study for Alice and a lounge for Bob. Alice would

be willing to pay $100 a month for the study and Bob would be willing to pay

$100 a month for the lounge. Alice would never use the lounge and Bob would

never use the study, but each likes the other to be happy. For this reason, Alice

is willing to pay $50 a month for Bob to have the lounge and Bob is willing to

pay $50 a month for Alice to have the study. The additional rent for the larger

apartment is $250 per month. Should they accept the offer on the grounds that

total benefits from the larger apartment are $300, or reject it on the grounds

that total benefits are only $200?

To pose the question more generally, how should benefit-cost analysis ac-

count for the value that benevolent individuals place on other people’s pleasure

from public goods? When adding up benefits to be compared with costs, should

we sum the private valuations, the altruistic valuations, or something else?

Viscusi, Magat, and Forrest [29] proposed that the benefits from improve-

ments in public health “consist of two components, the private valuation con-

sumers attach to their own health, plus the altruistic valuation that other mem-

bers of society place on their health.” They conducted a survey, ingeniously

designed to isolate these two components. They asked their subjects to state

their willingness to pay for a hypothetical product that would reduce their own

personal risks of contracting a carefully described illness. In a separate question,

they asked subjects for their willingness to pay for an advertising campaign that

would result in an equivalent reduction in risk for all members of a larger pop-

ulation. The authors point out that even a slight concern for the well-being of

each member of a large population could amount to a substantial total willing-

ness to pay for benefits to others. In a sample of citizens of Greensboro, North

Carolina, Viscusi and coauthors found that, on average, subjects were willing

to pay about 5 times as much to reduce a specific hazard for all North Car-

olinians as to reduce this hazard for themselves alone. For a similar benefit to

all U.S. citizens, subjects would be willing to pay about 6 times as much as for

themselves only. Even if these hypothetical claims of altruism are overstated,
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the magnitude of the altruistic component of public benefits appears to be sig-

nificant. Thus, the question of how to treat altruistic valuations in benefit-cost

analysis is a matter of the first order of importance.

Before attempting a general answer, let us try to resolve the dilemma of

Alice and Bob. Suppose that they decide to take the new apartment and split

the rent equally. If they do this, then considering only her self-interest, Alice

will be worse off. She is giving up $125 in return for a study that she values

at only $100. Perhaps she will be compensated by an improvement in Bob’s

well-being? But Bob is now paying $125 for a lounge that he values at $100.

It does not seem reasonable that two people who care about each other could

both benefit from an outcome that makes each of them privately worse off.

The fable of Alice and Bob suggests a general principle. If we are to count the

sympathetic gains that each obtains from the other’s enjoyment of the a shared

public good, then we should not forget to also count sympathetic losses that each

bears from the share of its cost paid by the other. To deepen our understanding

of this principle, we need an explicit model of interpersonal benevolence.

We begin with a simple utility model that is consistent with the story of

Alice and Bob. Alice and Bob have private utility functions

vA(xA, y) = xA + 100y (1)

vB(xB , y) = xB + 100y (2)

where xA and xB are the amounts of money that each spends on private con-

sumption and where y is either 0 or 1 depending on whether they take the new

apartment. Alice and Bob’s affections take the form of social utility functions,

UA(vA, vB) = vA + vB/2 = xA + xB/2 + 150y (3)

UB(vA, vB) = vB + vA/2 = xA/2 + xB + 150y. (4)

Equation 1 implies that Alice values her private benefits from the new apartment

at $100. Equation 3 implies that when she accounts for Bob’s benefits from the

apartment, she would be willing to pay $150. Similarly, Equations 2 and 4 imply

that Bob would willing to pay just $100 for his private benefits, but accounting

for Alice’s benefits, he would willing to pay $150.
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Assume that Alice and Bob have incomes wA and wB , which they can spend

on their own consumptions if they do not take the new apartment. In this case,

their private utilities will be vA = wA and vB = wB , and their social utilities

will be UA = wA + wB/2 and UB = wB + wA/2. We can show the alternatives

available to Alice and Bob with a private utility possibility diagram, in which

private utilities, vA and vB are registered on the axes.

Figure 1: Private Utility Possibilities for Alice and Bob

vA

vB

A

A′

B

B′

P

P ′

wB

wA

On this diagram, we draw indifference curves reflecting the social preferences

of Alice and Bob. Since UA(vA, vB) = vA + vB/2, the set of all points (vA, vB)

that Alice likes as well as the allocation (vA, vB) = (wA, wB) is the line AA′

through this point with slope −2. Similar reasoning shows that Bob’s indiffer-

ence curve through this point is the line BB′ with slope −1/2. Alice and Bob

can both increase their social utilities by taking the apartment if and only if

they can achieve a distribution of private utilities that lies above the two lines

AA′ and BB′.

Let additional rent for the new apartment be c and suppose that Alice and

Bob divide the costs, with Alice paying cA and Bob paying c−cA. Their private

utilities will then be vA = wA − cA +100 and vB = wB − (c− cA)+100. Adding

these expressions, we see that if they take the apartment, possible distributions

of private utilities lie on the line vA +vB = wA +wB +200−c. Where c = $250,

as in the story of Alice and Bob, these possible distributions are represented by
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the line segment PP ′ in Figure 1.1 This line passes below the point (wA, wB)

and does not intersect the area above AA′ and BB′. Therefore there is no way

that Alice and Bob can both be made better off if they rent the new apartment

at $250.

Since all points (vA, vB) on PP ′ satisfy the equation vA + vB = wA + wB +

200 − c, it must be that PP ′ extends into the region above AA′ and BB′ if

and only if c < 200. Therefore a necessary and sufficient condition for the new

apartment to be Pareto improving in terms of their social utilities is that the

sum of their private values for this apartment exceeds the extra rental cost. The

remainder of this paper explores the generality of this conclusion.

2 Benevolence and benefit-cost

2.1 Nonmalevolent and Benevolent Preferences

An informal description of benevolent preferences is that Alice agrees with Bob

about what is good for Bob and vice versa. Our formal definition applies to

an economy that has n people, one private good and m public goods. Let xi

be the quantity of the private good consumed by person i and let y be an m-

vector of public goods. An allocation (x, y) = (x1, . . . , xn, y) lists the private

consumption of each i and the vector of public goods. Private preferences of

consumer i are represented by a private utility function vi(xi, y) defined on i’s

own consumption of private goods and the vector of public goods.

Definition 1 (Nonmalevolent Preferences) Person i has nonmalevolent pref-

erences if i’s preferences over allocations can be represented by a “social utility

function”

Ui(x, y) = Ui (v1(x1, y), . . . , vn(xn, y)) (5)

where Ui is an increasing function of vi and a non-decreasing function of vj for

all j 6= i. We say that i is selfish if Ui if constant with respect to all j 6= i, and

we say that i is benevolent if i is nonmalevolent and not selfish.

Benevolent preferences were defined in this way by Kolm [21], Winter [30],

and Bergstrom [4]. Archibald and Donaldson [1] refer to preferences repre-

sentable in the form of Equation 5 as non-paternalistic. According to Kolm [21]

1The diagram is drawn to scale for wA = wB = 400. The endpoints P and P ′ corresponds

to the extreme allocations where all of the private goods remaining after rent is paid go to

one or the other individual.
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[22], this model can be traced to Pareto [26] who used the word “ophelimity”

for the measurement of private utility and “utility” for that of social utility.2

We consider nonmalevolent preferences that satisfy the following technical

assumptions.

Assumption 1 (Social and Private Utility Functions) Each consumer i

has nonmalevolent preferences, with a social utility function Ui(v1, . . . , vn) that

is continuous and nondecreasing in all vj and increasing in vi. The private

utility functions vi(xi, y) are continuous and strictly increasing in xi.

2.2 Technology, Utility Possibilities, and Private Values

We assume that the technology allows redistribution of private goods in any

way that does not change their total, that private goods are freely disposable,

and that there is a well-defined cost function C(y) for public goods such that:

Assumption 2 (Public Goods Technology) The set of all feasible alloca-

tions is

{(x1, . . . xn, y)|
∑

xi + C(y) ≤ W and xi ≥ 0 for all i},

where C(y) is continuous and W > 0 is the total resource endowment.

We define non-wasteful allocations in which no private goods are discarded.

Definition 2 (Non-wasteful allocations) A feasible allocation is non-wasteful

if
∑

xi + C(y) = W .

Each feasible allocation (x1, . . . , xn, y) determines a feasible distribution of

private utilities, (v1(x1, y), . . . , vn(xn, y)). Thus we can define private utility

possibility sets and utility possibility frontiers, contingent on the quantity of

public goods.

Definition 3 (Contingent private utility possibility set) The y-contingent

private utility possibility set is the set of all feasible distributions of private util-

ities in which the vector of public goods is y. The “upper boundary” of this set,

which is generated by non-wasteful allocations, is called the y-contingent private

utility possibility frontier.

2Kolm [21] suggested that social utility functions of the of the form in Equation 5 can be

derived from a more fundamental theory in which the social utility of each i depends on i’s

private utility vi(xi, y) and on the social utilities Uj of other consumers, j 6= i. Bergstrom [6]

and [7] establishes conditions under which such a derivation is possible.
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Let us define a consumer’s private value for a change in the amount of public

goods to be the amount of private goods that she would have to give up in order

to have exactly the same private utility after the change as before.3 In order

for private values to be conveniently defined, we assume that every possible

change in the amount of public goods can be compensated by some change in

a consumer’s private consumption.

Assumption 3 (Compensability) Where the initial allocation is (x1, . . . , xn, y),

for every possible vector y′ of public goods and for all consumers i, there exists

x′

i ≥ 0 such that vi(x
′

i, y
′) = vi(xi, y).

We define private values for a change in public goods.

Definition 4 (Private value of changes) If the initial allocation is (x1, . . . , xn, y),

then i’s private value for a change in the vector of public goods from y to y′ is

the unique quantity wi such that vi (xi − wi, y
′) = vi(xi, y).

2.3 Potential Pareto Improvements

Without explicit instructions about how to compare one person’s benefits with

the losses of another, we can not expect benefit-cost analysis to determine

whether a public project should or should not be adopted. The best we can

hope for is to learn whether a project is potentially Pareto improving, in the

sense that there is some way to divide its costs so that the resulting allocation is

Pareto superior to the initial allocation. We define two distinct notions of poten-

tial Pareto improvement. One of these measures Pareto improvement in terms

of the private utility functions vi, and the other measures Pareto improvement

in terms of the social utility functions Ui.

Definition 5 (Potentially privately Pareto improving) With initial allo-

cation (x, y), a change in the vector of public goods from y to y′ is potentially

privately Pareto improving if there exists a feasible allocation (x′, y′) such that

vi(x
′

i, y
′) ≥ vi(xi, y) for all i, with at least one strict inequality.

3This definition is essentially the same as Hicks’ definition of compensating variation, which

he defined as the amount one would have to deduct from a person’s income to make him just

as well off after a change in prices as in the initial situation. (See Hicks [16] and Chipman

and Moore [10])
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Similarly, a change in the vector of public goods is potentially Pareto im-

proving if costs can be distributed so as to achieve an allocation that is Pareto

improving in terms of the social utility functions Ui.

Definition 6 (Potentially Pareto Improving) With initial allocation (x, y),

a change in the vector of public goods from y to y′ is potentially Pareto improv-

ing if there exists a feasible allocation (x′, y′) such that

Ui (v1(x
′

1, y
′

1), . . . , vn(x′

n, y′

n)) ≥ Ui (v1(x1, y1), . . . , vn(xn, yn))

for all i, with at least one strict inequality.

Since with nonmalevolent preferences, the social utility Ui of each i is in-

creasing in i’s own private utility vi and nondecreasing in the private utilities

of all other consumers, a Pareto increase in private utilities implies a Pareto

increase in the social utilities. Therefore we can conclude that:

Remark 1 If preferences are nonmalevolent and if an allocation (x′, y′) is pri-

vately Pareto improving over allocation (x, y), then (x′, y′) is also Pareto im-

proving in terms of the social utility functions, Ui.

Figure 2 represents private utility possibilities for two consumers. The y-

contingent private utility possibility frontier is the curve labelled V PF (y), and

the corresponding utility possibility set contains all points on or below V PF (y).

Point A shows the private utilities of the initial distribution, (v1(x1, y), v2(x2, y)).

The curve V PF (y′) is the y′-contingent private utility possibility frontier, and

points on or below it constitute the corresponding utility possibility set. In

Figure 2, neither of the two utility possibility sets is contained in the other.

However, V PF (y′) includes points that lie above and to the right of the initial

distribution A. Thus it is possible to increase the supply of public goods from

y to y′ and to pay for it in such a way that private utilities for both consumers

are increased. This means that the change from y to y′ is potentially privately

Pareto improving.

Figure 3 demonstrates that the converse of Remark 1 is not true. The initial

allocation is at A and the private utility possibility frontier corresponding to

the initial quantity of public goods is V PF (y). The diagram has indifference

curves reflecting the two consumers’ social utility functions. The indifference

curve U1U1 passes through A and includes combinations of v1 and v2 that give
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Figure 2: A Potentially Privately Pareto Improving Change

v1

v2

A

V PF (y′)

V PF (y)

consumer 1 the same social utility as A. Similarly, U 2U2 is consumer 2’s social

indifference curve passing through A. The set of points that are Pareto superior

to A includes all points that lie above and to the right of both lines, U 1U1 and

U2U2. The curve V PF (y′) is the utility possibility frontier corresponding to

the vector y′ of public goods. The curve V PF (y′) does not extend into the

region V + above and to the right of A. Therefore the change from y to y′ is

not potentially privately Pareto improving. But this curve does extend into the

Pareto improving region above the curve U 1AU2, which implies that the change

from y to y′ is potentially Pareto improving.

Figure 3: Potentially Pareto Improving, But Not Privately

v1

v2

U2

U1

A

V PF (y)

V +

U2

U1

V PF (y′)

When preferences are benevolent, it is also possible that a Pareto improve-

ment can be achieved from some initial allocations, simply by redistributing
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private goods. We define an allocation to be distributionally efficient if there

is no way to achieve a Pareto improvement by redistribution of private goods

with no change in the amounts of public goods.

Definition 7 (Distributionally Efficient) A feasible allocation (x, y) is dis-

tributionally efficient if there is no feasible allocation (x′, y) that is Pareto su-

perior to (x, y).

The allocation (x1, x2, y) that produces the private utility distribution A in

Figure 3 is seen to be distributionally efficient, since the curve V PF (y) does

not extend into the Pareto improving area above the broken curve U 1AU2.

If the initial allocation is not distributionally efficient, then the criterion of

potential Pareto improvement is not useful for deciding whether a change in

the amount of public goods is justified. Where Pareto gains can be accom-

plished simply from distribution of private goods, some changes in public goods

would satisfy the definition of potential Pareto improvement, even though these

changes are wasteful in the sense that a better outcome for all consumers could

be achieved by redistribution without the change in public goods.

2.4 A Private Values benefit-cost Test

A simple benefit-cost test determines whether a change is potentially privately

Pareto improving.

Definition 8 (Private values benefit-cost test) A change in the amount

of public goods from y to y′ passes the private values benefit-cost test if the

sum of all consumers’ private values for this change exceeds the cost of this

change, C(y′) − C(y).

A proof of Lemma 1 is found in the appendix.

Lemma 1 If the initial allocation is (x, y), then a change in the amount of

public goods from y to y′ is potentially privately Pareto improving if and only if

this change passes the private values benefit-cost test.

From Remark 1 and Lemma 1 it is immediate that the private value benefit-

cost test is a sufficient condition for a change in the amount of public goods to

be potentially Pareto improving.

Theorem 1 If preferences are nonmalevolent, then a change in the amount of

public goods is potentially Pareto improving if it passes the private value benefit-

cost test.
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2.5 Sufficient but Not Necessary

When preferences are nonmalevolent, passing the private value benefit-cost test

is a sufficient condition but not a necessary condition for a change to be po-

tentially Pareto improving. Figure 3 shows an example of a change that is

potentially Pareto improving, although it fails the private values benefit-cost

test. It is instructive to consider another example in algebraic form.

Example 1: There are two consumers, one private good and one public good.

The initial allocation is (x1, x2, y) = (4, 1, 0). Private utility functions are

v1(x1, y) =
√

x1 and v2(x, y) =
√

x2(1 + y). Altruistic utility functions are

U1(v1, v2) = v1 + 1
2v2 and U2 = v2 + 1

2v1. The initial private utilities are

v1(4, 0) = 2 and v2(1, 0) = 1. The initial altruistic utilities are U1(4, 1, 0) =

2 + 1
2 = 2.5 and U2(4, 1, 0) = 2

2 + 1 = 2. The initial allocation is distribution-

ally efficient since neither consumer would prefer to give private goods to the

other.4 Let the cost function for public goods be C(y) = 1
3y. Consider a change

in the amount of public goods from y = 0 to y′ = 3. This change fails the

private benefit-cost test, since the sum of private values for this change is 3/4,

while the cost of the change is C(3) − C(0) = 1.5 But suppose that Consumer

1 pays the entire cost of supplying 3 units of y. In the resulting allocation,

private utilities would be v1(3, 3) =
√

3 and v2(1, 3) = 2. The altruistic utili-

ties are U1(3, 1, 3) =
√

3 + 1
22 = 2.73 and U2 = 2 + 1

2

√
3 = 3.86. Since both

consumers achieve a higher social utility, a change from y to y′ is potentially

Pareto improving.

3 Private Value Tests as Necessary Conditions

3.1 A Marginal Private Values Test

Although we have seen that some Pareto improving projects can fail the private

values benefit-cost test, there is a useful necessary condition that compares the

sum of marginal private value benefits to marginal cost. In Example 1, the

4Not only is this allocation distributionally efficient. Calculation shows that this allocation

is preferred by Consumer 1 to any other way of allocating 5 units of private goods between 1

and 2.
5Consumer 2’s private value for the change is the solution to

√

(1 − w2)(1 + 3) =
√

1(1 + 0), which is w2 = 3/4. Consumer 1’s private value for the change is w1 = 0.
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change from y = 0 to y = 3 does not pass the private values benefit-cost test,

but a smaller increase in the amount of public goods would do so. For example,

a change from y = 0 to y = 1 passes the private value benefit-cost test, since

consumer 2’s private value for this change is w2 = 1/2, while the cost of the

change is 1/3. More generally, we will show that under suitable assumptions,

the private value benefit-cost test is a necessary condition for potential Pareto

improvement if the change is sufficiently small.

Assumption 4 (Differentiability and convexity) The social utility func-

tions Ui (v1(x1, y), . . . , vn(xn, y)) are differentiable and quasi-concave in (x, y).

The cost function C is differentiable and convex.

Given that private utilities are differentiable, we can define private marginal

rates of substitution and a private values Samuelson test.

Definition 9 (Private marginal rate of substitution) Consumer i’s pri-

vate marginal rate of substitution between public good j and private goods is

the ratio mij(xi, y) between the partial derivative of vi(xi, y) with respect to xi

and the partial derivative of vi(xi, y) with respect to y.

Definition 10 (Private values Samuelson test) At the allocation (x, y), pub-

lic good j is said to pass the private values Samuelson test if

∑

i

mij(x, y) >
∂C(y)

∂yj

. (6)

and to fail the private values Samuelson test if this inequality is reversed.

The following lemma, which is proved in the Appendix, is a key ingredient

in proving our theorem on the private values Samuelson test.

Lemma 2 Given Assumptions A.1-A.4, if an increase in the amount of public

good j fails the private values Samuelson test then some decrease in the amount

of public good j is potentially Pareto improving.

Theorem 2 In an economy where Assumptions A.1-A.4 are satisfied and where

the initial allocation (x, y) is distributionally efficient:

1. if public good j fails the private values Samuelson test, then no increase

in the amount of public good j can be potentially Pareto improving.

2. If public good j passes the private values Samuelson test, then no decrease

in the amount of public good j can be potentially Pareto improving.
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Proof: Suppose that the initial allocation is (x, y) and that public good j

fails the private values Samuelson test. Then according to Lemma 2, a small de-

crease in the amount of good j is potentially Pareto improving. Therefore there

is a feasible allocation (x′, y′) that is Pareto superior to (x, y) where y′

j < yj

and y′

k = yk for k 6= j. If an increase in the amount of public good j is poten-

tially Pareto improving, then there must be a feasible allocation (x′′, y′′) that

is Pareto superior to (x, y) and such that y′′

j > yj , and y′′

k = yk for k 6= j. Since

y′

j < yj and y′′

j > yj , there exists λ ∈ (0, 1) such that λy′ + (1 − λ)y′′ = y.

From Assumptions 2 and 4 it follows that the set of feasible allocations is con-

vex. Therefore the allocation λ(x′, y′) + (1 − λ)(x′′, y′′) is feasible and since

y = λy′ + (1 − λ)y′′, this allocation can be achieved from (x, y) by a redistri-

bution of private goods. Assumption 4 on convexity of preferences implies that

the allocation λ(x′, y′) + (1 − λ)(x′′, y′′) is Pareto superior to (x, y). But this

contradicts the assumption that the allocation (x, y) is distributionally efficient.

This proves Assertion 1 of the theorem. A straightforward parallel argument

proves Assertion 2.

3.2 Transferable Private Utility

We have shown that for sufficiently small changes in the amount of public goods,

passing the private goods benefit-cost test is both necessary and sufficient for a

change in public goods to be potentially Pareto improving. For discrete changes,

however, the private goods test is not a necessary condition. In Figure 3 a

change from y to y′ is potentially Pareto improving even though it fails the

private values benefit-cost test. In this example, a change from y to y′ flattens

the private utility possibility frontier, making “cheaper” to increase in v1 at the

expense of v2. Likewise in Example 1, where the private test fails as a necessary

condition, the slope of the private utility possibility frontier changes with the

quantity of public goods.

There is an interesting special class of economies for which, over the relevant

range, the y-contingent utility possibility frontiers are parallel to each other and

lie in hyperplanes described by the equations
∑

vi = H(y). Such economies

are said to have transferable utility. Bergstrom and Cornes [3] prove that a

public goods economy with technology satisfying Assumption 2 has transferable
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utility if and only if utility functions of all consumers can be represented in

the form vi = A(y)xi + Bi(y). A special case of this form is the quasi-linear

family, vi(xi, y) = xi + fi(y). Given the results of Bergstrom and Cornes, it is

appropriate to define transferable private utility in a public goods economy as

follows.

Definition 11 (Transferable private utility) In a public goods economy, there

is transferable private utility if technology satisfies Assumption 2 and if the pri-

vate utility functions of all i can be written in the form vi(xi, y) = A(y)xi +

Bi(y), where A(y) > 0.

If there is transferable private utility, then y-contingent private utilities can

be redistributed additively, so long as all utilities remain above some thresh-

old levels. This observation is formalized in Lemma 3, which is proved in the

Appendix.

Lemma 3 If there is transferable private utility then the y-contingent private

utility possibility set contains the set of distributions (v1, . . . , vn) such that vi ≥
Bi(y) for all i, and

∑

vi ≤ H(y), where

H(y) = A(y) (W − C(y)) +
∑

i

Bi(y). (7)

Figure 4: Transferable Private Utility Possibility Frontiers

v1

v2

L

L′

M

M ′

P

Figure 4 shows y and y′-contingent private utility possibility sets for two

consumers with transferable utilities, where H(y′) > H(y). The y-contingent

private utility possibility frontier is the line segment LL′ consisting of all (v1, v2)

14



such that v1+v2 = H(y) and vi ≥ vi(0, y) for i = 1, 2. The y′-contingent private

utility possibility frontier is MM ′, described by v1+v2 = H(y′) and vi ≥ vi(0, y
′)

for i = 1, 2. The y and y′ utility possibility sets V P (y) and V P (y′) consist of

all points on or below LL′ and MM ′ respectively. Although the segments LL′

and MM ′ are parallel to each other and MM ′ lies “above” LL′, we see that

neither of the private utility possibility sets V P (y) and V P (y′) contains the

other. Figure 4 represents a situation in which for fixed xi, vi(xi, y
′) > vi(xi, y),

but C(y′) > C(y). Although the y′-contingent frontier MM ′ lies strictly above

the y-contingent frontier, LL′, the set V P (y) contains points like P that are

not contained in V P (y′). This is possible because the less expensive vector y of

public goods leaves more resources for private goods, which may be allocated

very unequally so as to achieve highly unequal utility distributions that are not

possible when more is spent on public goods.

It is easy to show that if the initial allocation is (x, y) and if a change from

y to y′ is potentially privately Pareto improving, then H(y′) > H(y). Since the

y-contingent private utility possibility sets are not nested, the converse is not in

general true. To obtain the converse, we need Assumption 3—that changes in

the amount of public goods are compensable.

Lemma 4 If there is transferable utility and if the initial allocation (x, y) is

non-wasteful and satisfies Assumption 3, then a change from y to y′ is poten-

tially privately Pareto improving if and only if H(y′) > H(y).

For the private values test to be necessary, we also must rule out the possi-

bility that some consumer is so benevolent as to prefer an allocation (x′, y′) to

the initial allocation (x, y), even though her private utility would decline to a

level lower than it would be if she gave up all private consumption. In realistic

economies, no private consumption would entail starvation. Thus we call this

the “no voluntary martyrs” assumption.

Assumption 5 (No voluntary martyrs) For all i, if Ui(x
′, y′) ≥ Ui(x, y),

then vi(x
′

i, y
′) ≥ vi(0, y).

Theorem 3 If Assumptions A1-A3 and A5 are satisfied, if the initial allocation

is distributionally efficient, and if there is transferable utility, then a necessary

condition for a change in the vector of public goods to be potentially Pareto

improving is that this change satisfies the private values benefit-cost test.
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Proof: If Theorem 3 is false, then for some initial allocation (x, y), there

is a change from y to y′ that fails the private values benefit-cost test, but is

potentially Pareto improving. Then there is a feasible allocation (x′, y′), Pareto

superior to (x, y). Assumption 5 requires that vi(x
′

i, y
′) ≥ vi(0, y) = Bi(y).

Since the change fails the private values benefit-cost test, Lemma 4 implies

that H(y′) ≤ H(y). It follows from Lemma 3 that (v′

i, . . . , v
′

n) belongs to the

y-contingent utility possibility set. Therefore there exists a feasible allocation

(x∗, y) such that Ui (v1(x
∗

1, y), . . . , vn(x∗

n, y)) = Ui (v1(x
′

1, y
′), . . . , vn(x′

n, y′)) for

all i. Since (x′, y′) is Pareto improving over (x, y), so is (x∗, y). But this

contradicts the assumption that (x, y) is distributionally efficient. This proves

the theorem by contradiction.

4 Discussion and Applications

4.1 Alice and Bob, Revisited

Imagine that Alice and Bob hired a naive benefit-cost analyst to decide whether

they should take the new apartment. If the analyst asked them, “How much

would you be willing to pay to have the larger apartment?” each would reply

$150. The analyst would report total benefits of $300 and recommend that they

take the apartment so long as the extra rent did not exceed $300. But if the rent

is more than $200 and is split equally between them, they will both be worse off

if they take the apartment. What went wrong? The analyst evidently asked the

wrong question. This question encouraged answers that include the sympathetic

benefits that they place on each others utility for the new apartment but neglect

the sympathetic cost that each would feel because the other has to pay more

rent.

The analyst might instead have asked: “If the cost of moving to the new

apartment is split equally between you, what is the most that you yourself would

be willing to pay for the larger apartment?” Then each would take account of

the costs as well as the benefits to the other, and would answer $100. The

analyst would correctly recommend taking the apartment only if the extra rent

did not exceed $200. The symmetry of this example makes it natural for the

analyst to propose splitting costs equally. But in less symmetric circumstances,
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it would not be obvious what division of costs to propose. In principle, the

analyst could discover potential improvements, but this might require asking

many different questions, each of which proposed a different division of costs.

Our results suggest that for many purposes, a simpler approach will suffice.

The analyst could ask Alice and Bob a single question. “How much would

you be willing to pay for the benefits that you yourself realize from the larger

apartment, ignoring any benefits to the other person?” Moving to the larger

apartment will be potentially Pareto improving if and only if the sum of these

two measures of benefit exceeds the additional cost.

4.2 Contingent Valuation Studies

Government agencies routinely use benefit-cost studies based on “contingent

evaluation surveys,” where individuals are asked their willingness to pay for

public amenities. As Hanemann [15] and Carson [9] observe, these studies vary

widely in design and in quality. While there has been energetic debate over

the validity of contingent evaluation studies, Hanemann reviews a body of evi-

dence suggesting that carefully conducted contingent valuation studies exhibit

reliability and consistency with other measures of willingness to pay.

Johansson [17] recognized that if people have altruistic motives, contingent

valuation studies are likely to overestimate the benefits of public projects. Sub-

jects, when asked their willingness to pay for a public amenity, may include

their altruistic valuations as well as their private valuations. To remedy this,

Johansson proposed that subjects be asked to state their own willingness to pay

for a public project, conditional on the assumption that all others are taxed at

rates equal to their private valuations.

Some contingent valuation studies of public health and safety have framed

their questions so as to distinguish between subjects’ private values and the

value that they place on benefits to others. Viscusi and his coauthors [29] asked

their subjects what they would pay for a product that would increase their own

safety, but not that of others, and also asked about their willingness to pay

for extending the same benefits to a larger population. Jones-Lee, Hamerton,

and Philips [18] asked a sample of British adults about their willingness to pay

for a hypothetical safety device on their own cars that would increase only the
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driver’s safety. Dickie and Ulery [13] and Dickie and Gerking [12] asked parents

how much they would be willing to pay to spare their own children from illnesses

with a specific list of unpleasant systems. They also asked their willingness to

pay to avoid the same symptoms for themselves, and for others outside the

family.

Viscusi and Aldy [28] survey several “revealed preference” studies that at-

tempt to estimate private valuations of public hazards by examining economic

decisions in which individuals pay for reduced personal risk. Examples include

studies of the relation of wages to occupational hazard, of the relation of house

prices to their distance from hazardous waste sites and of the prices of automo-

biles to their optional safety features.

For many public goods, it is not easy to distinguish private from social values.

The measurement of “existence value” of wilderness areas or of endangered

species, which the subjects never expect to see, is an especially problematic

case. Loomis and White [23] survey a large number of contingent valuation

studies of the value of preserving various animal species. Coursey [11] describes

a typical question of such studies as: “What is the maximum dollar amount

your household would be willing to pay for a program that will lead to a ten

percent increase in the whooping crane population?”6

How are we to interpret the answers to Coursey’s question? A subject might

believe that this question means either: A) How much would you be willing to

pay for a ten percent increase in the whooping crane population, if this increase

depended solely on your own contribution? B) What is the largest tax increase

that you would be willing to accept for you and those like you in order to

accomplish a ten percent increase in the whooping crane population? People

with strong altruistic motives are likely to respond with a much larger answer

to Question A than to Question B. This paper has argued that Question B is

conceptually appropriate for benefit-cost analysis. Contingent valuation studies

may be improved by sharpening the line of inquiry to clarify that what is being

asked is Question B and not Question A.

6See, for example, Bowker and Stoll [8] (for whooping cranes) or Stevens et al [27] (for

bald eagles, Atlantic salmon, wild turkeys, and coyotes).
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4.3 Related Theoretical Work

The idea that “altruistic values” should not be counted in benefit-cost analy-

sis has been debated in the economic literature, but not satisfactorily resolved.

An earlier paper by Bergstrom [5] claimed that with benevolent preferences,

the appropriate way to measure benefits is to sum private valuations, excluding

altruistic considerations. Bergstrom’s argument was based on the observation

that with benevolence, the marginal first-order necessary conditions for opti-

mality are the same as those that apply if account is taken only of the private

valuations. Jones-Lee [19] [20] and Johansson [17] presented more thorough dis-

cussions and extensions of Bergstrom’s ’ result. Jones-Lee showed that when

concern for others is “safety-focussed” rather than purely altruistic, the appro-

priate benefit measures are intermediate between the private and social values.

McConnell [24] concluded from study of first-order conditions that if altruism is

non-paternalistic, then “altruism has no impact on the benefit-cost outcome”.

McConnell suggested, however, that altruism is likely to take a paternalistic

form in the case of natural resource allocation.

In a critical discussion of contingent valuation methods, Milgrom [25] main-

tained that the appropriate measure of benefits must be the sum of private

valuations. Milgrom’s paper, which appeared in a conference volume, provoked

a lively exchange between Milgrom and several environmental economists who

found it difficult to accept the assertion that altruistic values should be ignored

in benefit-cost studies. Hanemann [15] disputed Milgrom’s conclusion on the

grounds that altruistically motivated valuation is as legitimate as valuation for

any other reason.

Flores [14] noticed that earlier discussions lacked a general proof that the

private values benefit-cost test is a necessary condition for a change in the

amount of public goods to be potentially Pareto improving. He produced an

example in which this claim is false. He also conjectured that the private goods

test is necessary for potential Pareto improvement if there is transferable utility.

4.4 Conclusion

What have we learned that can guide policy-makers and practitioners? If altru-

ism is non-paternalistic, can altruistic values be ignored in benefit-cost analysis?
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Our theorems do not justify such a sweeping conclusion. The assumptions un-

der which the private values benefit-cost test is necessary for potential Pareto

improvement need not always be satisfied. Our examples show that discrete

changes in the amount of public goods may be Pareto improving even though

they fail the private values test. If convexity is assumed, then the marginal “pri-

vate values Samuelson condition” provides guidance about the direction in which

Pareto improvements can and cannot be found, but not about the magnitude of

change. If there is transferable utility, then the private values benefit cost test

is a necessary condition for discrete changes, but this conclusion requires the

compensability assumption and the no-voluntary-martyrs assumption. With

or without transferable utility, our results depend on the assumption that the

initial allocation is distributionally efficient.

Despite these qualifications, our theorems indicate that for a broad class of

economies, a comparison of the sum of private values to the cost of a project is

the appropriate test for determining whether it can lead to a Pareto improve-

ment. Understanding this should help policy makers to avoid the mistake of

Alice and Bob’s “naive benefit-cost analyst.” Such understanding may also im-

prove decision-making for real couples like Alice and Bob, when they decide

whether to purchase a new automobile or other household public good.

5 Appendix

Proof of Lemma 1

Suppose that the change from y to y′ passes the private values benefit-cost

test. Then ∆ =
∑

i wi − (C(y′) − C(y)) > 0 , where vi(xi − wi, y
′) = vi(xi, y)

for all i. Let x′

i = xi − wi + ∆/n. Then vi(x
′

i, y
′) > vi(xi, y) for all i and

∑

x′

i =
∑

xi −
∑

wi + ∆ =
∑

xi + C(y) − C(y′). Therefore
∑

x′

i + C(y′) =
∑

xi +C(y) ≤ W . It follows that the allocation (x′, y′) is feasible and privately

Pareto preferred to (x, y). Therefore the change from y to y′ is potentially

privately Pareto improving.

Conversely, suppose that there exists a feasible allocation (x′, y′) that is

Pareto superior to (x, y). Since vi(x
′, y′) ≥ vi(x, y) for all i with at least one

strict inequality, it must be that x′

i ≥ xi − wi for all i, with strict inequality
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for some i and therefore
∑

x′

i +
∑

wi <
∑

xi. Feasibility implies that
∑

x′

i ≤
W − C(y′) and

∑

xi ≤ W − C(y). Substituting these two inequalities into

the previous inequality and rearranging terms, we have
∑

wi < C(y′) − C(y).

Therefore the change satisfies the private values benefit-cost test.

Proof of Lemma 2

Suppose that an increase in the amount of public good j from the initial al-

location, (x, y), fails the Samuelson test. Then since
∑

i mij(xi, y) < Cj(y),

there exists ε > 0 such that
∑

i(mij(xi, y) + ε) < Cj(y). For t > 0, de-

fine xi(t) = xi + (mij(xi, y) + ε)t and y(t) = (y1, . . . , yj − t, . . . , ym). Define

ṽi(t) = vi (xi(t), y(t)). Then d
dt

ṽi(0) > 0 and therefore there exists t∗ > 0 such

that for all i, ṽi(t
∗) = vi(xi(t

∗), y(t∗)) > vi(xi, y).

The allocation (x(t∗), y − t∗) is Pareto superior to (x, y) and y(t∗) differs

from y only by a reduction in yj . We not show that this allocation is feasible,

which will complete the proof. We have

∑

i

xi(t
∗) −

∑

i

xi = t∗(mi(xi, y) + ε) < t∗Cj(ȳ).

Since C(·) is a convex function, t∗Cj(y) ≤ C(y)−C(y−t∗). Therefore
∑

i xi(t
∗)−

∑

i xi < C(y)−C(y − t∗) and hence
∑

i xi(t
∗) + C(y − t∗) < C(y) +

∑

xi ≤ W,

which implies that (x(t∗), y − t∗) is feasible.

Proof of Lemma 3

Let (v′

1, . . . , v
′

n) be a vector of private utilities such that
∑

v′

i ≤ H(y) and

v′

i ≥ Bi(y). Let x′

i = (v′

i − Bi(y)) /A(y). Assumption 5 implies that x′

i ≥ 0.

Also, vi(x
′

i, y) = A(y)x′

i + Bi(y) = v′

i, and

∑

x′

i =

∑

v′

i −
∑

i Bi(y)

A(y)
≤ H(y) − ∑

i Bi(y)

A(y)
= W − C(y).

This implies that the allocation (x′

1, . . . , x
′

n, y) is feasible and hence that (v′

1, . . . , v
′

n)

belongs to the y-contingent utility possibility set.

Proof of Lemma 4

Let (x, y) be the initial allocation and suppose that H(y′) > H(y). For each i,

let x̂i = A(y)xi+Bi(y)−Bi(y
′)

A(y′) . Assumption 3 implies that x̂i ≥ 0. Then A(y′)x̂i +
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Bi(y
′) = A(y)xi +Bi(y). Summing both sides of this equation over i, and using

the assumption that (x, y) is non-wasteful, we have A(y′)
∑

x̂i +
∑

Bi(y
′) =

A(y)
∑

xi +
∑

Bi(y) = A(y) (W − C(y)) +
∑

Bi(y) = H(y). Since H(y′) >

H(y), it follows that

H(y′) = A(y′) (W − C(y′)) +
∑

i

Bi(y
′) > A(y′)

∑

x̂i +
∑

i

Bi(y
′).

Since A(y′) > 0, it must then be that W −C(y′) >
∑

x̂i. Let δ = W −C(y′)−
∑

x̂i > 0, and for each i, let x′

i = x̂i + δ/n. The allocation (x′

1, . . . , x
′

n, y′)

is feasible since
∑

x′

i = W − C(y′) and privately Pareto improving over (x, y)

since vi(x
′

i, y
′) > vi(x,y) for all i. Therefore a change from y to y′ is potentially

privately Pareto improving.

Conversely, suppose that the initial allocation (x, y) is non-wasteful and a

change from y to y′ is potentially privately Pareto improving. Then for some

feasible (x′, y′), A(y′)x′

i + Bi(y
′) > A(y)xi + Bi(y) for all i with at least one

strict inequality. Therefore A(y)
∑

x′

i +
∑

Bi(y
′) > A(y)

∑

xi +
∑

Bi(y). Non-

wastefulness of (x, y) implies that
∑

xi = W − C(y), and feasibility of (x′, y′)

implies that
∑

x′

i ≤ W − C(y′). Substituting these expressions in the previous

inequality implies that H(y′) > H(y).
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