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Abstract

A unified statistical theory for bimolecular chemical reactions is
developed. In the limit of a "direct" mechanism it becomes the usual
transition state theory, which is correct for this situation, and if the
reaction proceeds via a long-lived collision complex it reduces to the
statistical model of Light and Nikitin. A general criterion for locating
the "dividing surfaces" that are central to statistical theory is also
discussed. This prescription (Keck's variational principle) is shown
not only to locate the usual dividing surfaces that pass through saddle
points and miﬁima of the potential energy surface, but it also selects
the critical surfaces relevant to the "qrbitting"vand "non-adiabatic

trapping" models of complex formation.
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I. INTRODUCTION.

Recent workl—s‘on the.transition state theory6 of chemical reactions
has exploitéd'the.fact that the fundamental dynamical assumption of transi-
tion state theory is that the reaction méchanism is "direct". Within the
framework of classical mechanics this means that transition state theory
is aﬁtually exact if there exists a surface, that divides reactant and
product configuration space, through which no claséical trajectory passes
more than onéel7 Furthermore, for a simple reaction with a single saddle
point separating reactants and products——such as the prototype H + H2 >
H2 + H reaction-~this assumption of direct dynamics is indeéd true forv
energies‘not.too far above t:hreshold.l’-8 Progress has also been made in
constructing a fully quantum mechanical version of this model which, unlike
the conventional quantum mechanical version of transition state theory, does
not require the Hamiiionian to be separable about the saddle point. -

All reactions are not "direct'", however; many of them proceed by
"complex" mechanisms, i.e., they form long-lived collision complexes.
Within the.fraﬁework of classical mechanics this corresponds to classical
trajectories that undergo a number of oscillations back and forth through
the interaction region, and it is intuitively cleér that in this situation
there is no 'dividing surface" through which all tfajectories pass only
once. The fundamental dynamical assumption of traﬁsition state theory is
thus not valid.

There do exist statistical theories which are designed especially for
describing 'complex'" reactions, the best known of these being associated

with the work of Lightlo and Nikitin.11 Because this approach explicitly



incorporates the assumption of a long-lived collision complex, however,
it becomes inapplicable when the reaction dynamics is "direct".

There are thus two kinds of statistical models for bimolecular
reactions, transition state theory6 which is appropriate for "direct"

reaction dynqmics, and the phase space theory 0,11

for "complex"
reactions. The purpose of this paper is to construct a unified statistical
theory whicH includes both of these models in the appropriate limiting
cases.

This unified statistical theory is developed in Section II, and Section
III discusées a general criterion for defining the édiyiding surfaces"
which Separate reactants from products, or reactahts and products from
collision complexes. In addition to the simple casevof a dividing surface
through a saddlé point or a minimum in the potential energy surface, the
general criterion discussed in Section III ié also shown to yield the
dividing surfaces that are relevant to "orbitting" and "non-adiabatic"

collision complexes, situations for which there are no actual saddle points

on the (statié) potential surface.



IT. UNIFIED STATISTICAL THEORY.

For simplicity of presentation the initial development below (Sections
IIa-11d) doeé not take explicit account of total angular momentum conserva-
tion; Sectioﬁ IIe gives the modificationé of the final expressions that are
necessary to‘take this into account. Also for simplicity, the figures are
all drawn for the case of a collinear A + BC > AB + C reaction for which
there are onlf'two degrees of freedom. Sections IIa and IIb first summarize
the usual tranéition state theory6‘for "direct'" reactions and the phase
space theory_lo’-11 for "complex" reactions, respectively, and Section Ilc
then constructs‘their synthesis. Classical mechanics is assumed throughout

the paper althdugh in most instances it is clear what the corresponding

quantum mechanical expressions are.

a. '"Direct" Mechanism

Figure 1 shows the sketch of a potential surface with a single saddle
point separating reactants and products, the type for which the reaction
mechanism will be "direct" at low energy. Transition state theory gives

the rate constant for this reaction as

k(D) = (2mhqy) L ﬁE o E/KT NE) (2.1)

where "a'" and '"b" denote reactants and products, respectively, Q, is the
partition function per unit volume for non-interacting reactants, E is
the total energy, and NO(E) is (proportional to) the microcanonical

average of flux through the "dividing surface" So\shown in Figure 1:
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N_(E) = 2mh h‘Fﬁgﬁg 6[E-H(p,q)] S[£,(q)] 3 p/u h(Z=p) .+ (2.2)

~

In Eq. (2.2):H(p,q) is the total (classical) Hamiltonian function, £5(q)

is the function of coordinates which defines the dividing surface S via ‘

the equation

and h( ) is the unit step function,

h(x) =1, x > 0

0, x<O0 3

F is the number of degrees of freedom, and (p,q) = (pi,qi), i=1, ..., F

are the cartesian coordinates of the system; for the collinear system

. o f

illustrated in Figure 1 F = 2. The factor aqo'p/u in Eq. (2.2) is the
df <7

expression for —2L in terms' of the cartesian coordinates and momentum

dt

(p,q); if it should be more convenient to choose non-cartesian coordinates

~ o~

and momenta in order to evaluate the phase space integral, then this factor

is given more generally by

4= o, MG@ag)
dt o3 3q op )

For interpretational reasons it is useful to multiply and divide the

integrand of Eq. (2.1) by N,(E), so that it reads

_ -1 ' -E/KT
K o = (21hQy) .Z:iE e P, (B N, (E) _ (2.4)
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with

P (B) SN _(B)/N_(B) o (2.5)

where Na(E) is the microcanonical flux through the surface Sa (cf. Fig. 1)
which lies far out in the reactant region. N (E) is given by an expression
identical to Eq. (2.2) with f (q) replaced by £ (q), the function which

defines surface S via the equation

S0 @ =0 . (2.6)

(E), defined by Eq. (2.5) as the ratio of reactive flux to incident

flux, has the interpretation of an average reactlon probablllty 13,14

It is useful to note that the flux integrals N0 and Na introduced
above have an alternate, more common interpretation than that of micro-
canonical flux through surfaces SO and Sa' Thus consider the generic

expression for'No or N_,

N = om0 fap fig siE-nGp9)] SLE(Q)] Ep . @D

Let the coordinates q = {qi}, i=1, ..., F be chosen so that dp measures

~

distance away from the surface, and {qi}, i=1, ..., F-1 measure displace-

ments on the F-1 dimensional surface. The function f(q) is then given by
£@ = ap « | (2.8)

and in properly scaled coordinates the Hamiltonian isv

H(p,q) 2 7p T V(e cees ap_gs ap) , (2.9)



so that Eq. (2.7) becomes

A 2
' P
- F"l ! ' 1 [] F .
vw =0 fo! fog! farp foap stEn @'a") - -

Py
x 8(qp) (TT) h(pp) R : (2.10)

' v .
where (p ,q) = (pi,qi), i=1, ..., F-1 and HF—l is the Hamiltonian
with the F-E-kl degree of freedom removed, i.e., the Hamiltonian on the
surface:

] o 2 N
HF"'].(E ,,Vsl’ ) - & pi /21-1 + V(q1’ ey qF_l’O) . . (2011)

The integrals over dp and Py are triQial, and one obtains

N(E) = h'(F'l)ﬁg'ﬁg' h[E-H,_, (p',q)] -, (2.12)

which is recognized as the microcanonical partition fﬁnction——i.e., the

number of quantum states with energy less than or equél to E--for the

reduced system of F-1 degrees of freedom. This identification of the flux
intégral N(E) as the number of quantﬁﬁ sgatés (iﬁ‘the statistical mechanical
sense) on the dividing surface--which is only rigorﬁﬁsly valid within classical
mechanics——is»also the way in which these statistical theories are usually

v"quantized": "Eq. (2.12) is replaced by counting discrete energy levels to

‘determine the number of quantum states with energy below E.

B. "Complex" Mechanism

Figure 2 shows the sketch of a potential energy surface that has an

attractive well in the A-B-C region of configuration space, corresponding
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to a stable triatomic molecule. In Fig. 2 this region of the collision
complex is separated from reactants and products by two saddle points,
but the following analysis also applies if there are no such saddle points,

i.e., if the potential surface is monotonically "downhill" from reactants

and products toward the well.



The "phase space theory"lo’ll

for deseribing collision compiexes

has the form of competing first order rate processes. The rate constant

is given by an expression similar to Eq. (2.1) with the flux integral

No replaced acéording to

Nl(E) NZ(E)
Nl(E)+N2(E)

N (E) >
o _

(2.13)

where N an‘d‘N.2 are the flux integrals through surfaces Sl and S2

1
(cf. Fig. 2), respectively;

| o N, (E) N, (E)
_ -1 -E/kT 1 2
kpeg = (20 Q) ’l)ziE e INGENG)

(2.14)

(If there are no saddle point regions separating the well in the

potential surface from the asymptotic regions, then the surfaces

1

S, and 82 are shifted to their asymptotic regions, i.e.,‘Sl > 8 .,

a

S, > 8, , so that in Eq. (2.14) Nl > Na, N2 - Nb.) ‘It is customary

2 b

in the statistical model of long-lived collision complexes to think

of N1 and N2 as the number of internal states
but as noted in the last paragraph of Section

to their interpretation as fluxes.

Again, for interpretational reasons, one

the integrand in Eq. (2.14) by common factors

in Eq. (2.4) is given by Eq. (2.4), but where

is now given by

'Pb+x Px+a

P (E) = o=
b+ - ’

a Pb+x+Pa+x

on surfaces Sl and 82’

Ila, this is equivalent
multiplies and divides

so that the rate constant

the net reaction probability

(2.15)



where
Px+a(E) = Nl(E)/Na(E) » (2.16a)
Pa*x(E)'= Nl(E)/Nx(E) (2.16b)
Pb*x(E) = N2(E)/NX(E) s : (2.16¢)

Nl’ Nz, and Nx being the flux integrals through surfaces Sl’ SZ’ and

P ’ ; _
a<x’ and P have the inter

Sx’ respectlvgly, in Fig. 2. P bex

x+a’

pretations of the probability of reactants "a" forming a collision
complex "x", the probability that the complex decays back to reactants,
and the prdbability that the complex decays to products "b'", respectively.

(Note that the flux integral Nx actually cancels out in the equation for

. L1 15
Pb+a') The net reaction probability Pb+a thus has the usual form™ ~ of

the probability that reactants from a collision complex, Px*a’ times

) for the complex breaking up to

the branching ratio Pb+x/(Pb+x+Pb+x

give products.

c¢. Unified Theory

To summarize the results of Sections ITa and IIb, the rate constant

is in general given by

k., = (2m Q)7 ,Z;E T mvm (2.4)

where in the "direct' case one has

direct '
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and in the "complex' case
complex _'Pb+x Px«a
Pb*—a . P, +P i » (2.15)
bex ~a*x :

/N /N E (2.15")
(N, /N ¥ N /N ) ' |

where the various flux integrals N(E) are all of the form of Eq. (2.7)
for the various surfaces indiqated in Figures 1 and 2.
Pgi:eCt in Eq. (2.5) is clearly inapplicable to the "complex"

situation, aﬁ& P;z:plex in Eq. (2.15) is also inco?rect in the "direct"
limit. To see this, suppose the potential surface in Fig. 2 is distorted

so that the well is raised and the saddle point through which S2 passes

is diminished,bso much so that the well and saddle point merge and disappear.
In this limit the potential surface reverts to one with a single saddle
point, i.e., the "direct" type in Fig. 1; surfaces S2 and 5, in Fig; 2

merge so that N2 = Nx’ and Nl’ the flux through the remaining saddle

point, is what is designated No in Fig. 1. The reaction probability given

by the "complex" prescription in Eq. (2.15')vthus becomes

complex (1)(N0/Na)

> - , (2.17)
ba 1+ (W /N)

P

which is not the correct result, Eq. (2.5), for the "direct" case.
The reason that Eq. (2.15') fails in the "direct'" limit is clear--the

existence of a long~lived collision complex necessarily implies that

Prex? Paex <51 s (2.18)
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otherwise the collision complex would not be long-lived. In the "direct"

limit considered above, however, P +> 1, which is physically correct

' bex
but which violates Eq. (2.18), an assumption implicit in Eq. (2.15).

To construct a theory capable of describing both "direct" and "complex"
limits, therefore, it is necessary to define a net feaction probability
Pb+a that is valid for all values of Px+a’ Pa+x’ and Pb+x between 0 and 1.
This is accomplished by using the probability branching analysis of
Hirschfeldérfand Wigner.16 A sketch of the branching picture is given
"in Fig. 3, and the net reaction probability is the sum of the reaction
probabilities for all the possible branches: |

0
_ 1o n . n
Py o = ii Prox O Phed APu) Py - (2.19)

The nEE-term in_Eq. (2.19) corresponds to a collision complex that

has survived n oscillations back and forth between surfaces Sl and

Sz; the probability of this branch is thé product of the probability

of forming the collision complex from reactants, Px+a’ the probability
that the complex does not decay to reactants or products on n encounters

at surfaces S, and SZ,‘(l—Pbﬁ{)n (1-P )n, and the probability that the

1

complex decays to products, Pb+x' This geometric series is easily summed

a*x

.16
to give

=.Pb+x Px*a
bea  1-(1-P, _J)(1-P__ )

PP
= brx xea ' ' (2.20a)

Pb*—x+Pa<-x f Pb*—xPa<—x

(N,/N_)(N_/N)
IR e Sah i P (2.20b)

N+ QU ) = /N N /N
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The Appendix shows that Eq. (2.20) also results from a WKB treatment of
transmissioh’tﬁrough a double barrier potential.

Eq. (2.20).13 seen to differ from Eq. (2.15) ohly by the term in
the denominator which is quadratic in probability. For a long-lived
collision complex, for which Eq. (2.18) holds, this quadratic term
will be negliﬁle compared to the two linear terms,.so that Eq. (2.15)
is recovered:in the "complex" 1limit. On the other Hand, in the "direct"
limit descriped above--for which N2 > Nx so that Pb+x > 1, anval = No——

- Eq. (2.20) gives

) (l)_(No/Na)
b¢a 1 + Pa+x - () Pa*x

(No/Na) s

which is Eq. (2.5), the correct result for the case of a "direct" reaction.
Eq. (2.20), therefore, is the desired result; it reduces to the

correct "direct' and "complex" expressions in the éppropriate limits.

Inserting Eq. (2.20) into Eq. (2.4) gives the following expression for

the rate constant in this unified statistical theory:

~E/kT N, (BN, (E)

-1
= (mh Q) .7ZE e , . (2.21)
Kea "9, | N, By, (E) - N, (BN, (B)/N_(E)

and one sees that, unlike Eq. (2.14), the flux integral NX(E)——the flux
"out of" the collision complex--does not cancel out in this more general

expression.



-12-

d. Collinear Harmonic Case

In manyvactual applications of these statistical expressions the
flux integrals N(E) are evaluated by approximating the potential surface
as quadratic about the saddle points (and minima);v Thus it is interesting
and illustrative to see the explicit form taken by the reaction probability
in the simplest case, a c;llinear A + BC +-AB + C reaction within the
harmonic approximation.

In this case the generic flux integral N(E) is
- N(B) = (E-V)/hw -, ‘ (2.22)

where V is the potential energy of the saddle point (or minimum), and
w is the harmonic frequency for the direction along the relevant surface
S, i.e., for the vibrational motion perpendicular to fhe reaction
coordinate.

For the case of a single barrier, as in Fig. 1, transition state

theory, Eq. (2.5), thus gives

€

direct a E.-Vo
Pb"'a (E) = —u');‘ 7 . (2.23)

where W, énd w  are the vibrational frequencies of.the‘reactant molecule
BC and the symmétric stretch of the "activated complex'", respectively,
Vo is the pétehtial energy of the saddle point, and where the zero of
total energy is chosen as the bottom of the reactant valley. Eq. (2.23)
is a well-known result.l3’14

For the potential surface sketched in Fig. 2, which has a stable

collision complex separated from reactants and products by saddle péints,
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the phase space model for a long-lived collision complex, Eq. (2.15")

gives
Pcomplex - “a (E—Vl)(E-VZ) (2.242)
© "b*a W+ E(E-V) )
172
with
- w,Votw
V = __.2_1_....1.._.2_ . . ‘ (2.24b)

Wyt

where Vl and wl, and V2 and wz, are the potential and frequency for

saddle points 1 and 2, respectively. If the potential surface is

. symmetric--i.e., V2 = Vl’ w, = wl——then Eq. (2.24) simplifies the

w E-V, :
1 (2.25)

complex _
E H]

b<a

N[ =

P

o

which is similar to Eq. (2.23) but with the additional factor of.%;

this is the "transmission coefficient”" implicit in the phase space

10,11

theory sinée it assumes that the complex breaks up equally likely

to give.producté or reactants.
The unified statistical theory, Eq. (2.20), on the other hand, gives
the reaction probability in the symmetrical case'és
e W E-V.\ ' w E-V '
Pun1f1ed - ( _ X 1) a 1 = (2.26)

- >
b<«a wl E Vx wl E

where Vx and w  are the potential energy and frequency for the minimum
of the potential (cf. Fig. 2). This expression may be thought of as

Eq. (2.25) with the addition of an energy-dependent ''transmission coefficient"



~14-

wx E-V1 41
( 'LTIE—‘T) . (2.27)
1 X

For low energies and strongly bound complexes one has

E~-V
1
<<
E-V 1 ’
X
so that
ZY_S.)S'E_V]‘ z2
‘w, -E-V ’
1 X

and Eq. (2.26)‘thﬁs reduces to Eq. (2.25) in this limit. In the "direct”
limit that the well in the potential surface becomes shallow and

disappears—éi.e., Vx > Vl’ W -> wl--one has

w E-Vl
2 - X > 2-1=1 |,
w E-V
1 X

so that Eq. (2.26) also reduces to the correct result, Eq. (2.23), in this

limit.

e. Reactions in Three Dimensions; Conservation

of Total Angular Momentum

To take explicit account of total angular momentum conservation, which

is necessary when treating reactions in three dimensional space, Eq. (2.4)

is replaced by

Kpeg = (27 o) /Ode o"E/kT /o'dJ 23 B (E,0) N (E,J) , (2.28)
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where P (E J) is the net reaction probability for total energy E and

total angular momentuh J. (E,J) is given in terms of flux integrals

Pb+a
by precisely the same expressions as in Sections IIa-IIc but where the

flux integrals are now for a specific value of total angular momentum as

well as total energy and have the generic form

N(E,J)

o o7 fap fig S(E-RGp, @)1 813-T(p9)])

G[M—M(P,q)] S[£(q)] —'p/u h(—’P) . (2.29)

J(p,q) and M(p,q) in Eq. (2.29) are the total angular momentum and its
component along a space-fixed axis, respectively, expressed in terms of
the phase space integration variables (p,q); M may have any value between

~J and J since the flux integrals are independent of it.
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ITII. SPECIFICATION OF DIVIDING SURFACES.

A central role is played in the expressions of the previous section
by the "dividing surfaces" through which the various flux integrals are
calculated. This section explores in more detail the precise way in
which these surfaces can be defined. It is important that the general
definition applies not only to the simple case that the potential energy

surface has actual saddle points and minima, but alsQ includes the

dividing surfaces which define collision complexés within the "orbitting"
and "mon-adiabatic trapping' models, Which are unrelated to saddle points
or minima of the (static) potential energy surface.

The most general and rigopoﬁs way of defining the dividing surfaces
is by Keck's17 variational principle, i.e., so that NO(E) in Fig. i,
and Nl and NZ in Fig. 2, are relative minima of flux in the reactive
direction, i.e., so that they are the "bottlenecks" of ﬁhe reaction. It
is then also natural to define SX in Fig. 2 so that NX is a relative maximum
of flux.

To see thié more clearly, consider the continuous family of dividing
surfaces Sp,_skétched in Fig. 4, which are parameterized by the 'reaction
coordinate" p, the arc length along the reaction.path (curve C in Fig. 4).
S 1is the dividing surface perpendicular to curve C at the distance p
along C. “

Considering first the collinear A + BC > AB + C reaction, suppose the
potential energy surface is harmonic in the degree of freedom perpendicular

. . . 18 .
to the reaction path; in natural collision coordinates the potential

surface is given within this harmonic approximation by
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V(p,u) = Vo(p) + gk(p)u , (3.1)

where u is the vibrational coordinate, the degree of freedom perpendicular
to the reaction path, and k(p) is the force constant for this vibrational
mode at position p along the reaction path. As discussed in Section IId,

the flux integral through surface Sp’ Np(EL is then given by

N (B) = —2 , - (3.2)

where w(p) is the vibrational frequency for the u-motion at position p

w(p) =_v klf_p) . (3.3)

If it is first assumed that w(p) does not change Sigﬁificantly with p,

then it is clear frqm Eq. (3.2) that Np has a relative minimum (maximum)

of those values of p for which Vo(p) has a relative maximum (minimum).

For the potential surfaces sketched in Figures 1 and 2 Np(E) has the form
sketched in Figures 5a and 5b respectively. The flux integrals W) of Fig. 1,

‘and N N2, ahd NX of Fig. 2, are the values of Np at po (in Fig. 5a) and

1’
Pys Py> pX (in Fig. 5b).. As’suggested above, therefore, NO’ Nl’ and N2
are relative minima ("bottlenecks'") of the flux along the reaction path,
and N_ is a relative maximum. |

Eq. (3.2) can also be used to illustrate the phenomenon of ''mon-adiabatic
trapping"lg’%%ich results if w(p) varies strongly along the reaction path.

Consider a potential surface of the type sketched in Fig. 1. Typically the

vibrational mode "relaxes" in the region of the saddle point, i.e., w(p)
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has a minimum at p = 0. (For the H + H, reactioﬁzo w() = %—w(m)_) Fig.
6 shows a sketch of the two factors that contribute fo ND(E), E—Vo(p)
and l/u)(p), and one can clearly see that if l/w(p) is sufficiently
sharply peaked, then Np(E) will have the same qua}igative shape as in
Fig. Sb——i.e;,-there can be two bottleneck regiops (minima in NKQ on
either side of the actual saddle point of the potehtial surface. This
qualitative explanation of "non-adiabatic trapping" in terms of relaxation
of the vibfatiénal mode about the saddle point is usually’zo’21 based on
the assumption of vibrational adiabaticity. It is very interesting to
see here that it also comes out of a pﬁrely statistical theory when the
vibrational'ériterion is used to locate thé relevantvdividing surfaces.
Finally, to show that the variational criteribn also predicts the
correct dividiﬁg surface for the "orbitting model" of collision complexes
it is necessary to consider a three dimensional system, A+ BC > AB + C
for example. As discussed in Séction ITIe, for reactions in three dimensions
the flux integrals must be defined for a given value of total angular
momentum J as well as total eneréy E. In the orbifting model the reaction
coordinate isbtaken to be the radial coordinate R, the distance between A

and the center of mass of BC, and the interaction potential between A + BC

is assumed to be a function only of R (usually the van der Waals type —C/R6).

The A + BC system in its overall center of mass has six degrees of freedom,
and the 12-dimensional integral in Eq. (2.29) is most conveniently evaluated
if the six pair of coordinates and momenta are chosen as the following

22,23
action-action variables:

(P,R): ° radial motion of A - BC

(Q,qg): . orbital angular momentum of A relative to BC
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(j,q.): rotational angular momentum of BC
(n,qn):' vibrational motion of BC

(J,qJ): total angular momentum

(M,qM): projection of total angular momentum.

The flux integral [Eq. (2.29)] through the dividing surface located at

the value R of the radial coordinate is then given by (setting h = 1)
V ) ?
Ng (E,J) = (21r) 7:13 a1’ jdm [ fdP £dR
_J)
2

' /(Tr 21 2m 2m T . .
x [ dq qu, f dq f dq f dq, O(E-H) 6(J-J') §(M-M")
Jo ®Jo IS J 0 M 0 L

x 8(R-R") %h(P) o, o (3.4)

23
where the Hamiltonian in these variables is

P2 22
H=ge + — + VR + e@,3) , (.5
H 2uR .

E(n,j),being the vibration/rotation energy of BC in terms of the '"quantum
numbers" (actually action variables) ﬁ and j. Since the integrand of

Eq. (3.4) is independent of the five angle variables, the integral over
them is trivial, and the delta functions allow one to do the integrals

. 1]
over R, P, J', and M , yielding

[ 00 ’ +j | 22
Ng (E,J) =fdn fdj f:iTR h(E-V(R) - €(n,j) - —3); (3.6)
0 0 [3-3] 2R
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the limits on the f-integral are the usual "triangle relation'" involving

the angular momenta %, j, and J.

In most applications of the orbitting model it is also assumed that

most of the angular momentum is orbital, i.e.,
R,>>j s

so that

whereby Eq. (3.6) becomes

[ 2 ‘
N, (E,3). = fdn idj 25 h[E-V(R) - J—z - e(n,i)]
6 Yo 2uR
2
= WEVR) - —— ) ,
2uR

where the function W(E) is defined by

o]

W(E) = ﬁn fdj 2j h[E-e(n,j)] .
0 - 0 ,

(3.7a)

(3.7b)

(3.8a)

(3.8b)

(3.9)

W(E) is thus the number of quantum states of the diatomic molecule BC

with energy below E, i.e., the microcanonical partition function of BC.

W(E) is a strictly increasing function of E--if BC is approximated as a

rigid rotor-harmonic oscillator, for example, W(E) « EZ—-so that the value

of R which makes NR(E,j) an extremum is

-2

(3.10)
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2 2
A
--vEve - Lo & o s 50
: 2uR 2uR
or since W,‘> 0, the condition is
3 . 32 | |
0=+ (VR) + —= ) 5 _ (3.11)
oR 2
2uR :

i.e., the diyiding surface théh makes thé flux a minimum is at that
value of R for which the "effective potential” V(lR)'+_J2/2uR2 has a
maximum, and this is the usual criterion of the orbitting model. It
should be notéd, though, that even when the approximations in Eq. (3.7)
are not valid, Eq. (3.6) is still the correct expression for NR(E,J)"
(although thevinfegrals are somewhat messier to evaluatels) and the
optimum choice for R can still be determined variationally, i.e., by
Eq. (3.10). - ‘

One thus sees that tﬂe variational crite;ion for choosing the

dividing surface provides a unified prescription that correctly describes

these several quite different physical situations.
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IV. SUMMARY AND CONCLUDING REMARKS.

Section II has presented a unified statistical theory of bimolecular
reactions that includes as special limiting cases the usual transition
state theory, which is appropriate for a "direct" reaction mechanism, and
the phase épace theory of Light and Nikitin, which is appropriate for
reactions that proceed via a long—livedlcollisioﬁ complex. The theory is
completely noﬁ—empirical, i.e., it involves the potential energy surface
of the reaqfing system but has no empiricél parameters. Since this unified
theory is cofreét in the 1imit of a completely "direct'" mechanism and that
of a long-lived collision complex, one can perhaps reasonably hope that it
will also be useful for intermediate situations.

The variational criterion17 for choosing the relevant 'dividing surfaces"
which appear in' the theory i1s discussed in Section III. In addition to
yielding the usual dividing surfaces that are related to saddie points and
minima in the potential energy surface, this general criterion ig seen also
to produce the critical surfaces relevant to the "orbitting model' and also
that which describes ''non-adiabatic trapping'". It thus appears that this
unified statistical theory, together with the variational criterion for
locating the dividing surfaces, is capable of describing a wide variety

of different kinds of dynamical phenomena in chemical reactionms.
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APPENDIX: DERIVATION OF EQ. (2.20) VIA THE WKB APPROXIMATION

It is interesting to see that the fundamental equation of the
unified statistical model, Eq. (2.20), is also obtained by a WKB treat-
ment of transmission by a double barrier potential.

Considef the one-dimensional potential sketched in Fig. 6, where
E is the collision energy. 91 and 62 are the barrier penetration
integrals thfough barriers 1 and 2, and ¢ is the phase integral across

the potential well:

Y

N .
2

8, =-/X-dx {zu[V(x)-E]/h2
1

X
4

0, =/}: dx ‘EJ[V(X)-E]/hZ
Xy

X
3 T T
_ 2
) —j;zdx ‘[’Zu[?—V(x)]/h

The WKB approximation for the transmission probability has been considered

by Child,24 and the general result can be written in the following simple

form

PPy
PE) = l+(1—p1)(l—p2) + 2¢i—pl\/l—pé cos 2¢ ’

(A.1)

where Py and pzvare the WKB tunneling probabilities through barriers 1

and 2:
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S i=1,2 . (A.2)

As a function of energy E, P(E) in Eq. (A.l) has a resonance
structure that is uninteresting for purposes of détermining an average
transmission'probability. This average transmission probability P(E)--which
corresponds to averaging P(E) over an energy interval that contains many
individual reSdnances but which is still small compared to the energy

variation of ?(E)—-can be obtained by averaging Eq. (A.l) over ¢:

p.P '
= 1 . 172 .
P(E) = = Z&¢ = - == s (A.3)
m 1+(1 pl) (1 p2) + Z‘/l plf.[ P, cos2c§
and it is easy to show that this gives
- P,P P,P
PE) = oSS - s , (A.4)
py) (1-p, P1+P, = P1Py

which is the form of Eq. (2.20). If P1sPy << 1, then Eq. (A.4) becomes

corresponding to a long-lived collision complex, and if pi -+ 1, then it

becomes
P(E) = P, (3* 1) ,

the "direct'' limit.
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FIGURE CAPTIONS

Figure 1. Sketch of a potential energy surface for a collinear A + BC -
AB + C reaction that has a single saddle point separating
reactants and products. Curve C is tﬁe "reaction path", and
So and Sa are "dividing surfaces" perpendicular to it, S0
through the saddle point and Sa far out in the reactant region.

Figure 2. Skétch of a potential energy surface for a collinear A + BC -
AB:% C reaction that has an attractivé Well, corresponding to
a_sfable ABC molecule, that is separated from reactants and
products by saddle points. Curve C is the reaction path, and
the dividing surfaces Sl and 82 crossvit thrqugh the saddle

points, Sx through the minimum of the potential well, and Sa

and S, in the reactant and product regions, respectively.

b

"_tt

Figure 3. Sketch of the flow of probability from reactants "a" through

"

the complex "x" to products "b". P re

P , and P

x€a’ " a%x bex 2

the transition probabilities between the indicated regions for
a given encounter at one of the "dividing surfaces", Sl gnd 82.

Figure 4. Sketch of a potential ~energy surface indicating the reaction
path C and reaction coordinate p, the arc length along C. 'Sp
is a "dividing surface" that crosses C at the_vaiue p of the
reaction coordinate.

Figure 5. The flux integral Np(E) through surface Sp’ as a function of p,
for a potential surface of the type in (a) Fig. 1 and (b) Fig. 2.

Figure 6. Sketch of the two factors that contribute to Eq. (3.2), for a

potential surface of the type in Fig. 1.
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Y

Figure 7. A one-dimensional double barrier potential function; E is .

the collision energy.
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Figure 1
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Figure 4
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Figure 5
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Figure 6
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