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ABSTRACT OF THE DISSERTATION

Two topics in combinatorics:
Generalized coinvariant algebras and Catalan-pair graphs

by

Daniél Kroes

Doctor of Philosophy in Mathematics

University of California San Diego, 2021

Professor Brendon Rhoades, Chair

In this dissertation we study two combinatorial problems. The starting point of the
first problem are coinvariant algebras, quotients of the polynomial ring in n variables that
serve as a remarkable connection between symmetric functions, representation theory and
permutation statistics. Recently, inspired by the Delta Conjecture, generalized quotients
were introduced, whose combinatorics are controlled by set partitions of a set of size n into

a given number of blocks. We exhibit quotients of the Stanley-Reisner ring of the Boolean

xil



algebra isomorphic to the given generalizations, extending an isomorphism known in the
classical setting. Additionally, we introduce a quotient whose combinatorics are related
to all set partitions of a given set, without any restrictions on the number of blocks.
Secondly, we look at Catalan numbers, a well-known combinatorial sequence with a
variety of interpretations and applications. We study the interaction between two objects
chosen from one of these interpretations, and represent this interaction in terms of a
graph, also known as a bipartite circle graph. We introduce a random model to generate
such graphs, and describe the asymptotic behaviour of various properties, including the

number of edges, the number of isolated vertices, and its subgraphs.
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Chapter 1

Introduction

1.1 Coinvariant algebras

The polynomial ring Q[x,] := Qlz1,...,z,] carries an action of the symmetric
group &,, by variable permutation. FElements of the corresponding invariant subring
Q[x,]®" are known as symmetric functions, and the subring has algebraically independent
homogeneous generators given by the elementary symmetric functions e1(x,), . . ., €,(x,).
The invariant ideal I, = (e1(X,), ..., e,(x,)) leads to a quotient R, = Q[x,]/I,, called
the coinvariant algebra.

As I, is 6,-stable, R, is a &,-module and it is known [Che55] that as ungraded
S,,-module its structure concides with that of the regular representation Q[S&,,]. In par-
ticular, R, has dimension n! and R, has many interesting ties with permutations. For

example, the Hilbert series of R, agrees with the generating function of many important



permutation statistics, and R, has vector space bases naturally indexed by permuta-
tions. Moreover, the graded &,, structure of the has been studied extensively and can (for
example) be described in terms of dual Hall-Littlewood symmetric functions.

Inspired by the Delta Conjecture [HRW18] of Haglund, Remmel and Wilson, a
generalization of these coinvariant algebras was introduced by Haglund, Rhoades and
Shimozono [HRS18]. The Delta Conjecture asserts an equality between three quasisym-
metric functions, two of which are Rise, x(x;¢,t) and Val, x(x; ¢, t) for positive integers
k < n. These functions are defined in terms of combinatorial objects and following work

of Rhoades [Rhol8] and Wilson [Will6] it is known that
Rise, x(x; q,0) = Rise, x(x;0,¢) = Val, x(x;¢,0) = Val,, x(x;0, q) (1.1)

and denoting this common function by C,, x(x;q) we can write

ma, "k n— es( des
Custxia) = 3 g0 omnae [950)] . )
q

n—=k
TEeSYT(n)

Haglund, Rhoades and Shimozono introduced quotients R, ; of Q[x,] whose graded &,,-
structure, up to some minor twists, coincides with C,, x(x;¢). Additionally, as ungraded
modules the structure is equal to Q[OP,, x| where OP,, ;. is the set of set partitions of
[n] :== {1,2,...,n} into exactly k blocks. Finally, the Hilbert series of R, is governed
by various statistics on ordered set partitions similar to those on permutations in the
classical case.

The third quasisymmetric function in the Delta Conjecture is defined in terms

of symmetric functions and Macdonald eigenoperators. Recently, D’Adderio and Mellit



[DM20] and Blasiak, Haiman, Morse, Pun and Seelinger [BHM*21] announced proofs
that show the equality between this third quasisymmetric function and the function
Rise, k(x; q,t) from above.

The expression of C,, ; in Equation (1.2) also appears in the setting of the super-
space ring §2,. Originally studied in physics, recently this ring has received attention in
coinvariant theory as well, see [RW20] and [Zab19]. Here, superspace of rank n is the

tensor product

Qn = Q[xl,...,xn] ®/\{91;79n}

of a rank n polynomial ring with a rank n exterior algebra. We let &,, act diagonally

on €2, and let (Qn)f" be the &, -invariants with zero constant term. The superspace

coinvariant ring ,/{(2,)$") is a bigraded &,-module and the Combinatorics Group

and Fields Institute conjectured [Zab19] that

n

grFrob(, /() 7)1 q,2) = Y 2" - Cuk(xs ). (1.3)

k=1

We will build upon the work of Haglund, Rhoades and Shimozono in two directions.
Firstly, it has been shown that the coinvariant algebra can also be obtained as a quotient

of the Stanley-Reisner ring of the Boolean algebra

C[YS}

CB = o)

n

where Clyg] is the polynomial ring in 2" — 1 variables indexed by non-empty subsets
S C [n], and the generators of the ideal range over all pairs (S,7") such that S ¢ T" and

T ¢ S. We will define a quotient of C[3}] that is isomorphic to R, j and using methods



inspired by those used by Braun and Olsen in the classical case k = n [BO18] we describe
a basis of our quotient that intimately relates to a basis found for R, ;. Moreover, our
quotient carries a multigraded Frobenius series that can be viewed as a refinement of
the graded Frobenius series of R, ;. Finally, our methods carry over to a similar family
of quotients for certain reflection groups, which were introduced by Chan and Rhoades
[CR20].

Secondly, we develop a quotient of Q[x,] whose combinatorics are controlled by all
set partitions of [n], or equivalently by the set of all packed words of length n. Packed words
have appeared in various other settings, including Hopf algebras [NT06] and polytopes
[CL20]. Let W, be the set of packed words of length n, then we introduce a &,-module

Sy, with ungraded structure

Moreover, the graded Frobenius series of .5,, is equal to
grErob(S,;q) = Z q" - (rev, o w)Chi(x;q), (1.4)
k=1
which has a striking similarity with the conjectured superspace Frobenius series in Equa-
tion (1.3). Therefore, studying S,, in more detail and exploring similarities between S,

and ©,,/((€,)$") might inspire a proof of Equation (1.3).



1.2 Catalan-Pair graphs

The sequence 1,1,2,5,14,42, ... of the Catalan numbers %H(Qg) is a famous and
abundant sequence in combinatorics. A large body of work has been devoted to studying
this sequence and the objects it enumerates. An overview of many of these objects and
properties can be found in [Pakl4] and [Stal5]. Among these objects are polygon trian-
gulations, binary trees, plane trees, and Dyck paths. One more object counted by the
Catalan numbers is the set of all ways to draw n non-intersecting chords given 2n points
on a circle.

While there are many generalizations and many unanswered questions about Cata-
lan numbers, we will be concerned with studying the interaction between two sets of
non-intersecting chords on a circle. By interpreting the chords as vertices of a graph,
and connecting two vertices if their corresponding chords intersect, we obtain a bipartite
graph. These graphs appeared [BDD™]| as a result of studying and generalizing a magic
trick involving a dollar bill and some paperclips, and the graphs were named paperclip
graphs as a result.

In general, graphs that represent the intersection pattern of a set of chords on a cir-
cle are known as circle graphs, and hence paperclip graphs are precisely the bipartite circle
graphs. Circle graphs have been extensively studied, especially from an algorithmic point
of view. For example, Spinrad [Spi94] produced an O(n?)-time algorithm for identifying

whether a given graph is a circle graph. Many problems that are know to be NP-complete

for general graphs turn out to have polynomial time algorithms when restricted to circle



graphs. Recently Tiskin showed that a maximum clique of a circle graph can be found in
O(n(logn)?) time [Tis15], and Gregg and Nash have shown that a maximum independent
set can be found in time O(an), where o denotes the independence number of the circle
graph [NG10].

We will introduce a random model for these graphs, and study its various prop-
erties. The idea of studying graphs through various random models is well known, see
[Bol84], [ER60] and [Gil59] for a few famous examples. Our model for these graphs allows
us to study the behaviour of these graphs as the number of vertices n increases. In par-
ticular, when n — oo we show that the expected number of edges is asymptotically equal
to %nlogn and by studying the variance we show that we have a strong concentration
around this mean.

Due to the frequent occurence of short chords, our graphs will have many isolated
vertices and small components. In particular, we will show that the number of isolated
vertices is linear in the total number of vertices, determine the coefficient, and show strong
concentration around the mean in this case as well. Additionally, we show that our random
graph is expected to have many components of various small sizes, with components of

sizes of at least order log(n) to be expected.



1.3 Structure of this dissertation

The remainder of this dissertation is organized as follows. In Chapter 2 we will
cover the necessary background material for the remainder of the dissertation. The ma-
jority of this chapter is devoted to the details of the (generalized) coinvariant algebras and
the necessary algebraic definitions and techniques. The final part of this chapter is used
to discuss Catalan-arc matchings, and a probability result needed to study the random
graph model.

In Chapter 3 we will introduce our quotient of the Stanley-Reisner ring of the
Boolean algebra and prove the desired isomorphisms with the rings introduced by Haglund,
Rhoades and Shimozono, and Chan and Rhoades. In Chapter 4 we introduce the quotient
Sp, study its combinatorics and algebraic structure. Finally, in Chapter 5 we introduce
the random model for the bipartite circle graphs and study various interesting properties

of these random graphs.

This chapter contains material from: D. Kroes, ”"Generalized coinvariant algebras
for G(r,1,n) in the Stanley-Reisner setting”, Electronic Journal of Combinatorics, vol.
26 (3), P.3.11, 2018. The dissertation author was the primary investigator and author of
this paper.

This chapter also contains material from: D. Kroes and B. Rhoades, ”Packed words
and quotient rings”, submitted (2021). The dissertation author was one of the primary

investigators and authors of this paper.



This chapter also contains material from: D. Kroes and S. Spiro, "Random Graphs
Induced by Catalan Pairs”, Journal of Combinatorics, Accepted (2020). The dissertation

author was one of the primary investigators and authors of this paper.



Chapter 2

Preliminaries

In this chapter we will cover the background material needed to state and prove
the main results of our thesis. We will also prove some initial results that will be of use in
the later chapters. With an eye towards our results about generalized coinvariant algebras
we will discuss permutations, ordered set partitions, and statistics thereon. Additionally,
we will cover symmetric functions, representation theory, Grobner theory, and some of
the previous results on (generalized) coinvariant algebras.

In a different direction, looking ahead to the Catalan-pair graphs we will cover
Catalan numbers, as well as a concentration result on the sum of independent identically

distributed random variables.



Notation

First we fix some notation. We denote by x = (x, 22, x3,...) an infinite set of

variables and by x,, = (x1,9,...,x,) a set of n variables. Similarly, for any field K,
K[x,] denotes the polynomial ring K[xq,xs,...,z,]| in n variables.
For any positive integer we write [n| = {1,2,...,n}. For integers 1 < k < n we let

S,, be the symmetric group of degree n and OP,, ; the set of ordered set partitions of [n]
into k blocks.
1

The expression C,, will denote the n'" Catalan number P (2:)

2.1 Permutations and ordered set partitions

We start this section by describing some statistics on permutations. Let o =
0109+ -0, be a permutation written in one-line notation. The ascent set Asc(o) and

descent set Des(o) are defined by
Asc(o)={1<i<n—-1: 0;<0i1} and Des(oc)={1<i<n—1: 0;,> 041},

and asc(o) = |Asc(o)| and des(o) = |Des(o)| denote the number of ascents and descents
of o respectively. The major index and comajor index of o are defined via

maj(o) = Z i and comaj(o) = Z 7 (2.1)

1€Des(o) 1€Asc(o)

which are complimentary in the sense that maj(o) 4+ comaj(c) = (3).

10



We define the inversion and coinversion statistics via

inv(ie) ={1<i<j<n : o0;>0;}| and coinv(o)={1<i<j<n : 0, <oj},

(2.2)
which once again satisfy inv(c) + coinv(c) = (3).
The g-binomials are given by
lyim Tt i = el [} =
ki, [Kllg-[n—Fk]Yy

Theorem 2.1.1. The statistics maj, comaj, inv and coinv are equidistributed on &,,.

Proof. By [Macl5] (for maj) and [Net01] (for inv) we know that

Z qinv(a) _ [n]q! _ Z qmaj(a)

geG, oeG,

showing that inv and maj are equidistributed. As by definition [n],! is invariant under
reversal of its coefficients, both coinv and comaj have the same generating function as

well. 0

An ordered set partition is a set partition of [n] with a total order on the blocks.
For example, {1,2} < {3} and {3} < {1, 2} are two different ordered set partitions of [3].
We will have two alternative ways to represent ordered set partitions, where we will use
o=1{1,3,6} <{2,4} < {5,7} € OPr3 as the running example. We let B; = {1, 3,6},

Bg = {2, 4} and B3 = {5, 7}

1. We can write the blocks in list form, seperated by vertical bars. In this notation,

o = (B; | By | B3) or even more succintly o = (136 | 24 | 57).

11



2. We can write o using the ascent starred model. In this model, write the numbers in
the blocks in increasing order, write them in one-line notation, and put stars between
numbers in the same block. This turns our above example into 1,3.6 2,4 5,7.
Alternatively we can represent this by ¢ = (7,5) where 7 = 1362457 € &; and

S ={1,2,4,6} C Asc(7) indicates the positions of the stars.
Upon close examination the ascent starred model identifies OP,, ;, with
{(r,9) | 7 €6,,S C Asc(r),|S| =n — k}.

We now define generalizations of maj and inv to the set OP,, ;. Consider o =
(By | B | -+ | By) € OP,y an inversion is a pair 1 < i < j < n such that 7 is the
minimal element of B,,, j € B, and ¢ < m. Let inv(o) denote the number of inversions.
We let coinv(o) = (n—k)(k — 1)+ (£) —inv(c) where (n — k)(k — 1) + (}) is the maximal

value of inv(o) on OP,,x, (uniquely) achieved by
o=k (k+1) ---n|k—=1]---]1).

To define maj(o) we use the ascent-starred representation o = (7,.5). Write i¢ =
n+1l—idandforv=mm---7,let 7° =775 - 7. We define
maj(o) = maj(r%) = > _[Asc(r)N{i,i+1,...,n—1}]. (2.3)
ies
Again, maj(c) has maximal value (n — k)(k — 1) + (g) with unique maximizer

o=(] - |k=1]k(k+1) - n),

so we define comaj(o) = (n — 1)(k — 1) + (£) — maj(0).

12



Remark. Note that in the case n = k, so when OP,,, = &, this actually reverses the

roles of maj and comaj on the symmetric group. |

Just as in the case of the symmetric group, one can compute the generating func-

tions of these statistics to show the following result, see for example [Stel9] and [RW15].
Theorem 2.1.2. The statistics inv and maj are equidistributed on OP,, k.

Lastly, we introduce the notion of a partition. Let n be a positive integer, then
a partition of (size) m is a non-increasing sequence of positive integers A = (Aq, ..., \g)
with A1 +... 4+ A\ = n. We denote A - n to indicate that X is a partition of n, and write

|A| = n and £(\) = k for the size and number of parts of A respectively.

2.2 r-colored ordered set partitions

Let (’)PXL be the set of r-colored ordered set partitions, which are the ordered set
partitions of [n] where each number 1 < ¢ < n is assigned a color from {0,1,...,r — 1}.
Similar to before we can represent these ordered set partitions as ascent-starred words on
the alphabet {i° | 1 <7 <n,0 < ¢ <r— 1} where we order the alphabet in the following
way

"t 12 <. <

13



Given any word w = wi* - - - wi* on the above alphabet we define the descent set Des(w) =
{1<i<n—1|w>w"} and the major index

maj(w) = c(w) + 1 - i, (2.4)
i€Des(w)

where ¢(w) = ¢; + - - - + ¢, denotes the sum of the colors of w.

When n = k we get the set of r-colored permutations, which can also be inter-
preted as the reflection group G(r,1,n) C GL,(C) consisting of all monomial matrices
with entries in {1,¢,¢?, ..., ("'} where ¢ = exp(2mi/r) is a primitive r-th root of unity.
The correspondence extends the usual connection between permutation matrices and per-
mutations by choosing the color according to the exponent of ¢ in the respective column.

For example, the monomial matrix

0 0 0 0f€G41,5)

will be interpreted as 3311522249,
We can now represent the ascent-starred representations of elements of (97753C as
pairs (g, A) where g € G(r, 1,n) satisfies des(g) < k and A is a partition with k—des(g) —1

parts that are all at most n — k. For example, consider

{4%,22,3%) < {9'} < {6',1°} < {5?} < {7*,8'} € OP}}

14



which we can represent as 432232 91 6119 52 728!, Here g = 43223%9'611°52728! and of the
ascents at positions {1,2,3,5,7,8}, only the third and fifth are unstarred. Representing
each star by a step left and each non-star by a step down, this traces out the following

path from (0, 2) to (4,0)

(0,0) (4,0)

Figure 2.1: A partition traced out by the ascent-starred representation.

which represents the corresponding partition A = (3,2). We define the comajor
index on (9735:3c via

comaj((g, A)) = maj(g) + - |Al. (2.5)

Lemma 2.2.1. For r = 1 the statisic comaj in (2.5) coincides with the statistic comaj

introduced after (2.3).

Proof. Consider o € OP,, k., which is represented as o = (g, A) where in this case g € &,,.

We note that maj(o) as in (2.3) equals the sum over all the ascents of o with
respect to the weight sequence (wy, ..., w,), where w; is the number of completed blocks
when reaching the i*" element of g. Also, comaj(g) is the sum over all ascents of o with

respect to the weight sequence (1,2,...,n).

15



Now observe that every starred ascent of (g, A) results in the weights of that ascent
and all ascents after it to be decreased by 1. As \ is a partition with parts at most
n — k, and the stars correspond to horizontal segments in the bottom left justified Ferrers

diegram, the number of affected ascents is equal to

(14+the height of the last column) 4 (2 + the height of the second to last column) + ...

+ ((n — k) + the height of the first column) = (1 +2+ ...+ (n —k)) + |A].
Therefore, we have
maj((g, \)) = comaj(g) — (1+ ...+ (n — k) — A,
SO we can compute

comaj((g,\) =(1+...+(k—1))+ (n—k)(k—1) —maj((g,\))
=1+..+k=-1)+n—-kE-1)+1+...4 (n—Fk)) —comaj(g) + ||
=1+...4(k=1)+k+...4+(n—1)) — comaj(g) + ||

— 142+ ...+ (n—1) — comaj(g) + |A| = maj(g) + ],
where we expanded (g) =1+...+(k—-1). O
We need one small generalization of r-colored ordered set partitions.

Definition 2.2.2. A G(r,1,n)-face is a set partition of [n] where the letters in every
block, with the possible exception of the first block, are colored with one of r colors from

{0,1,...,r —1}. <

16



If the letters of the first block are uncolored we call this block the zero block. In
particular, G(r, 1,n)-faces come in two types: (1) r-colored ordered set partitions and (2)
a subset of [n] together with an r-colored set partition on the remaining elements of [n].

We write F,, ; for the set of G(r, 1, n)-faces with exactly k& nonzero blocks.

Remark. The use of the word face originates from the fact that F,,; can be identified
with the set of k-dimensional faces in the Coxeter complex of G(r,1,n). As such, a

G(r,1,n)-face in F, ; is also said to have dimension k. <

2.3 Symmetric functions and representation theory

of G,

Let A C Q[x] be the set of symmetric functions. This ring has many bases, but
the most useful from the perspective of representation theory is the set of Schur functions
sx(x) where X is a partition. In particular, the degree n graded piece A, has a basis
{sx(x) | AF n}. For a thorough definition and properties of A, the Schur functions, and
other bases we refer to [MR15] and [Sag01].

We now focus on the representation theory of &,. It is well known that the
irreducible representations of &,, biject with partitions A - n. Consequently, every &,,-

module V' decomposes as

V=P (H” (2.6)

AFn
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for some integers ¢y > 0. The Frobenius character of V' is the symmetric function

Frob(V) = Z - sa(x). (2.7)
Lastly, let V be a graded vector space such that for every d > 0 the degree d homogeneous
component Vj is finite dimensional. The Hilbert series of V' is the power series in ¢ given
by

Hilb(V; q) Zdlm (V) - q°. (2.8)

d>0

If further V' carries a graded &,,-action, we define the graded Frobenius character by

grkrob(V; q) ZFrob (Vi) - ¢“. (2.9)

d>0

A thorough description of the representation theory of &,, can be found in [Sag01].

2.4 Generalized coinvariant algebras

The classical coinvariant algebra is defined as follows. The symmetric functions in

n variables have algebraically independent generators e;(x,),. .., €,(x,) where

eq(X,) = Z Tiy - Ty, (2.10)

1<ir<..<ig<n

is the elementary symmetric function of degree d. Consider the ideal in Q[x,] generated

by all symmetric functions with zero constant term:

L, = (Qx,)S") = (e1(xn), - - -, en(Xn)). (2.11)

The coinvariant algebra R, = Q[x,]/I, has long been studied and this algebraic object

turns out to interact with permutations and their statistics in the following way.
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e dim(R,) = n! and Hilb(R,) = [n],!, which we have seen to be the generating

function of any of inv, coinv, maj and comaj on &,,.

e As ungraded &,-module R, = Q[&,] is isomorphic to the regular representation of

S,.

e As graded G,,-module we have

ngrOb Z q 5hape(T) = Z qmaj(w)xwl c o Loy,

TeSYT(n W=wW1 Wy

where w € W,, is a word of length n on the alphabet of positive integers.

Inspired by the Delta Conjecture, Haglund, Rhoades and Shimozono [HRS18] gen-
eralized this and provided a family of algebraic quotients whose combinatorics is controlled

by OP, rather than &,,.

Definition 2.4.1. [HRS18, Def. 1.1] Given two positive integers k < n, let I,,, C Q[x,]

be the ideal

Iy = (xh, ... ,dﬁ, en(Xn), €n—1(Xn)s -y €n—ki1(Xn))- (2.12)

Let R, be the corresponding quotient ring:

R, = . < (213)

Remark. It can be shown that when k£ = n, 27 belongs to I,,, hence we have I,, , = I,, and

Ry, =R,. <

)

They show various similar properties to above, namely
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o dim(R,) = k!-Stir(n, k) = |OP, x| and Hilb(R,, ; q) = rev,([k],! - Stir,(n, k)), which

is the generating function of coinv and comaj on OP,, k.

e As ungraded &,-module we have R, = Q[OP,, 1]

e As graded 6&,-module we have

grErob(R, k: q Z qmaJ(T) [” des(T) 1] Sshape(T) (X).
TESYT(n I
This equation can also be written as grkrob(R,x;q) = (rev, o w)Cy k(q), where

Chx(x;q) is as in Equation (1.2) and rev, is the operator that reverses a polynomial
with respect to the variable ¢. Finally, w is the involution on symmetric functions

that sends s,(x) to sy (x), or equivalently trades e, (x) for h,(x).

Chan and Rhoades [CR20] further generalized this to r-colored ordered set parti-

tions. We use x], to denote (z7,...,z").

rn

Definition 2.4.2. [CR20, Def. 1.1] Let n, k, and r be nonnegative integers which satisfy

n>k,n>1, and r > 2. We define two quotients of the polynomial ring C[x,] as follows.
(1) Let I, C C[x,] be the ideal
Loy = (T bttt e (X0, e p (X)) (2.14)
and let R, ; be the corresponding quotient:

Rn,k = (C[Xn]/fn,k‘ (215)
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(2) Let J, ) C C[x,] be the ideal
Doy = (b b 2k e (X0, en i (X0)) (2.16)
and let R, ; be the corresponding quotient:

R, = C[x,)/ L. < (2.17)

Remark. Note that there is a slight conflict in notation here: the quotient R, ; by Haglund,
Rhoades and Shimozono is obtained by taking the r = 1 specialization of S,, ; introduced

by Chan and Rhoades. <

Once again, these quotients have nice combinatorial properties: Chan and Rhoades

show that as ungraded G(r, 1, n)-modules we have
Roy = C[Fny] and S, = COPY))].

For the Hilbert series and graded Frobenius series of R, j and S, ; we refer to [CR20].

2.5 Grobner theory

Let K be any field and let I C KJx,| be an ideal. On various occasions we
will be interested in the dimension of K[x,]/I. One useful tool in such calculations is
Grobner theory. Following [CLO15], a monomial order < on K[x,] is a total order on

the monomials satisfying

1. 1 < m for any monomial m;
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2. for any monomials m, my, mo with m; < my we have m - my; < m - mo.

Given such an order and a nonzero f € K|[x,], the leading monomial LM(f) is the largest
monomial (with respect to the monomial order) that has nonzero coefficient in f. For an
ideal I C K|[x,]| we let LM(I) be the ideal generated by the leading monomials of all the
nonzero elements of 1.

Grobner theory [CLO15, Ch.5, §3, Prop. 1] tells us that one basis for the vector
space K[x,]/1 is given by all the monomials that do not belong to LM(7), or equivalently
all monomials that are not divisible by any LM(f) for f € I. We will refer to this basis
as the standard monomial basis of K|[x,|/I with respect to <.

The following monomial orders are of interest to us.

1. The lezicographical order: Here, for two monomials m; # mgy write my = z{* - - - 2%~

and my = 2 ...zt Let j € {1,2,...,n} be minimal such that a; # bj, then

n

my <jegx Mo if and only if a; <iex bj.

2. The graded lexicographical order: Here, for we have m; <gue, mo if and only if

either deg(m;) < deg(ms) or deg(my) = deg(mz) and my <jep Mo

2.6 Catalan numbers

#1 (2;) form a sequence of numbers that is ubiquitous

The Catalan numbers C,, =
in combinatorics. They enumerate a wide variety of objects, including polygon triangula-

tions, binary trees, plane trees, and Dyck paths. For a thorough background of Catalan
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numbers and their properties we refer to [Pak14] and [Stal5]. In our case we will be inter-
ested in yet another set of objects counted by the Catalan numbers, which we will refer
to as the Catalan-arc matchings (of size n), which are placements of n non-intersecting,
semi-circular arcs on 2n given collinear points.

For example, below one can see the ('3 = 5 Catalan-arc matchings of size 3.

() (ad) (e ald aca

Figure 2.2: Catalan-arc matchings of size 3.

2.7 Results in probability

In our probabilistic approach to the Catalan-pair graphs we will use the following

concentration result.

Lemma 2.7.1. Let n be a positive integer and let X, Xs, ..., X, be mutually independent
random variables with P[X; = 0] = P[X; = 1] = % Define S, = X1+ Xo+ ...+ X, and
let a > 0. Then

P[|S, — n/2| > a] < 2¢72/". (2.18)

Proof. Let Y; =2X;,—1,and T,, = Y1 + Yo +... 4+ Y, = 25, —n. Using [AS08, Cor A.1.2]

we see that

P[|S, —n/2| > a] = P[|T,| > 2a] < 2¢~29*/2n = 9¢=2%/n, -

23



Additionally, we will make use of Chebyshev’s inequality [AS08, Thm. 4.1.1].

Lemma 2.7.2. Let X be a random variable with finite expected value E[X] and finite

nonzero variance Var[X|. Then, for any positive k we have

Var[X]

PIIX - B[X]| 2 K] <

(2.19)

This chapter contains material from: D. Kroes, “Generalized coinvariant algebras
for G(r,1,n) in the Stanley-Reisner setting”, Electronic Journal of Combinatorics, vol.
26 (3), P.3.11, 2018. The dissertation author was the primary investigator and author of
this paper.

This chapter also contains material from: D. Kroes and B. Rhoades, “Packed words
and quotient rings”, submitted (2021). The dissertation author was one of the primary
investigators and authors of this paper.

This chapter also contains material from: D. Kroes and S. Spiro, “Random Graphs
Induced by Catalan Pairs”, Journal of Combinatorics, Accepted (2020). The dissertation

author was one of the primary investigators and authors of this paper.
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Chapter 3

Generalized coinvariant algebras in

the Stanley—Reisner setting

3.1 The Stanley-Reisner ring

Consider the polynomial ring Clygs| where ys = {yq3, -1, Y} -~ Yg1,2,..n} f 18

a list of variables indexed by the non-empty subsets S C [n]. The Stanley—Reisner ring

Clys]
(ys-yr)’

of the Boolean algebra is given by C[B}] := where the generators of the ideal
satisify S € T and T'Z S. It is easy to see that C[B}] has a C-basis given by multichain
monomials, which are monomials of the form y = yg, ---ys, with ) #£ 57 C Sy C ... C

Sy C [n].

One important tool will be the following ring homomorphism Clygs] — C[x,].

Definition 3.1.1. Let n be a positive integer. Let ¢ : Clys] — C|x,] be the ring
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homomorphism defined by

plys) = [ [ <

i€S
Note that ¢ does not vanish on (ys - yr), so ¢ does not induce a ring isomorphism
between C[B}] and C[x,]. However, it is well known that defining ¢ on the multichain
basis of C[B}] yields a &,-module isomorphism between C[B}] and C|x,]. Furthermore,
this even gives us a G,-module isomorphism if we equip C[B}] with a G,-structure in
the following way. For g € G,, and yg we set g - ys = ayr where a and T are selected
according to g - [[;eg2i = a[];cr 2j, and extend this multiplicatively to Clys].
Garsia and Stanton [GS84] show that one can obtain the coinvariant algebra as a
quotient of C[B]. For 1 <1i < n, denote
0; = Z Ys. (3.1)
SCnl,IS|=i
Note that applying our homomorphism from above we have ¢(6;) = e;(x,). It is shown
by Garsia and Stanton that there is an isomorphism between the coinvariant algebra R,

and the quotient

3.2 The main result

For the remainder of this chapter we fix r > 1, and we denote G,, = G(r,1,n) as

usual. From now on, we also write OP,, , to denote OPg:L. We first define the quotients
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of C[B;] that will be the analogues of R, introduced in Definition 2.4.1 and R, ; and

Sy, from Definition 2.4.2.

Definition 3.2.1. Let 0 < k£ < n be integers with n > 1. In C[yg| we define the following

ideals:

In,k = <yS “Yr, Qn—k+17 B 70717 Ys, - yskr+1>; (32)

jn,k: = <Z/S “Yr, 0n7k+17 oo 79n7 Ys, - ySkr>7 (33)

where S and T range over all pairs of nonempty subsets S,T C [n] with S € T and

TS,
0; = Z Ys
SC[n],|S|=¢
and (S1,...,Sk+1) and (Si,...,Sk-) range over all multichains S; C ... C Sk.41 and

S1 C ... C Sk of nonempty subsets of [n] of length kr + 1 and kr respectively.

Lastly, define R, = Clys]/Znx and S, = Clys|/Tnk- <

Remark. Even though we will show that there exist bases for R, and R, (and S,
and S, ;) such that the image of the y-variable basis under ¢ is exactly the x-variable
basis, the map ¢ will not define a G,-module isomorphism on these bases, not even in
the case of the classical coinvariant algebra. Instead, ¢ is often referred to as the transfer
map, indicating the analogy between the Stanley—Reisner quotients and the traditional

x-variable quotients. <

The main result of this chapter is the following.
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Theorem 3.2.2. For r > 2, we have G,-module isomorphisms Ry = Ry, and S, =

Sk

)

Remark. Note that the assumption r» > 2 is introduced to have notational consistency
with [CR20] as in Definition 2.4.2. However, all the proofs transfer over to the case r = 1

to show an isomorphism between S, and R, from [HRS18] as in Definition 2.4.1. <

3.3 Preliminary results

Before proving Theorem 3.2.2 we will need some auxiliary results. In this section,
we will work towards bases for R, and S, that resemble bases introduced in [CR20].
Often we will show a result for the S, ; quotient and then most of the arguments will
directly transfer over to the case of R, .

In order to prove some results we need a monomial order on Clyg]. In our case,
we will equip Clyg] with the graded lexicographical monomial order with respect to the
ordering of the variables by yg > yp if |S| > |T| or |S| = |T'| and min(S\T") < min(7\95).

For example, for n = 3, this order is given by

Y{1,2,3} > Y{1,2} = Y{1,3} > Y{2,3} > Y{1} > Y{2} > Y3}

We remark that only this ordering on the variables is essential, because we will mainly
work in homogeneous components of C[yg|. Therefore, one could use any monomial order

with this ordering on the variables instead.
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3.3.1 Garsia—Stanton type bases

Let us recall the Garsia—Stanton type bases for R, and S, j, as introduced by

Chan and Rhoades [CR20, Def. 5.7 & Def. 5.9]. In order to do so we need the classical

Cn

o, set

Garsia—Stanton basis for R,,, indexed by elements ¢ € G,. When g = 7{*--- 7
di(g) = #{j > i : j € Des(g)} for the number of descents at or after position i. The

descent monomial b, is defined by
by = [ [ ardto)rte:. (3.4)
i=1
Now, the following set descends to a C-vector space bases for S, [CR20, Def. 5.7 &

Thm. 5.8]:

Dy = {by -t ---alnk : g€ Gy, des(g) < k,k—des(g) >i1 > ... > i, > 0}. (3.5)

Tn—k

Furthermore, R, ) has a similar basis &, [CR20, Def. 5.9 & Thm. 5.10] given by all

elements of the form

| CRLC T e (36)
JjEZ
where Z C [n] satisfies 0 < |Z] = 2 < n —k, 7.5 ...7¢ is a word on [n] — Z with

des(miif .. .wér) <k and k — des(moy .. 75) > dppq > oo > iy > 0.
Since, |D,, x| = |OP, x| one might wonder whether there is a natural way to index
those basis elements by elements of OP,, ;. One way to do so is using our ascent starred

model for OP,, k.
Definition 3.3.1. Given an element in OP,, ;, represented by (g, \) we define

Dign) 1= by @y} -k (3.7)
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where i; = #{m : \,, > j}. <

Similarly, since |&, x| = |Fnx| we would like to index elements of &, by elements
of F, . Again, we will use our model for elements of F,, ;. To this end, note that the
definitions of b, and b, ) make sense even if g is just a word on the alphabet {#/ : 1 <

i <n,0<j<r—1}. Therefore, we have the following definition.

Definition 3.3.2. Let (Z, g, \) represent an element in F,, ;. Set

biz.gn) = for “bgn)- < (3.8)

1€Z
It is an easy check that D, = {byn : (9,A) € OPyy} and £, = {bz g

(Z7g7/\) € Fn,k}

3.3.2 An intermediate quotient
We will first consider the quotient Clyg| by the ideal (ys - yr, 0p_ki1, .., 0n).
Definition 3.3.3. Let g € G, with g = 07" --- 07", and let d € Z%,,.

1. Define b, = [, yr', where T; = {o; : 1< j <4} and

(ci—ci“—i—r if i <n and i € Des(g);
mi =g ¢ — cin if i <n and i & Des(g);
Cn if 1 =n.
L
2. Set biga) = by - [T, v <
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As an example let n = 5, » = 3 and g = 4°22523%1!. Then we have descents at

positions 1 and 3, so b, = y{4}y?274?5}y{2,374,5}y{1,2’3,475}.

Lemma 3.3.4. Every multichain monomial y = ys, - - - ys, s equal to B(g7d) for a unique

(9.d) € Gy X Z%,,.

Before we give the proof, let us illustrate the idea of the proof. Let n =6, r = 3
and consider y = y?4}yzl73’4}y{172737476}y?1,273747576}. If we want to write this in the form i’(g,d)
the underlying permutation of g has to be 4abcdb with {a,b} = {1,3} and {¢,d} = {2,6}.
Now, note that if ab = 31, then yy4 3, will have exponent at least 1 in by, either because
3 and 1 have different colors, or because 3 and 1 have the same color, which implies
that ¢ has a descent at the second position. Similarly, we have c¢d = 26 and hence the
underlying permutation is 413265. Now, let ¢, ..., cs be the colors (of 4, 1, 3, 2, 6 and
5). By the above, we have ¢; = ¢3 and ¢4 = ¢5. Note that y123456 has exponent cg
in by, hence exponent equivalent to cg modulo 3 in b, q). Therefore, since 0 < ¢ < 2,
we need cg = 1. Equivalently, y¢ 2346 has exponent equivalent to ¢5 — ¢g modulo 3 in
by (it is either ¢5 — cg or ¢5 — ¢ + 3) hence we have c; — ¢g = 1 mod 3 in by q) as well.
We conclude that ¢4 = ¢5 = 2. Similarly, ¢o = ¢3 = 0 and ¢; = 2, hence the only option
for ¢ is 42193922625, Note that in this case by = yil}y{17374}y{l72737476}y{1,273747576}, SO we can

uniquely write y = b4y for d = (1,0,2,0,0,1).

Proof. Suppose that our multichain monomial is of the form y = ygjl = ygj, where 1 <
J

i1<...,z'j§n, |Sik|:ikforlgkgjandal,...,aj>O. LetS“:{g1<...<g7;1},
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Sim \Sin_1 = {Giy111 < - < gip, } for 2 <m < jand [n]\S;; = {gi;11 < ... < gn} (if
this set is non-empty). Note that if y = B(g,d) then the one-line notation of the underlying
permutation of g has to be ¢g1¢>...g, and all elements that are in the same set (from
{or <. < g} {91 < --. < g} and {gs;41 < ... < gn}) need to have the same
color. Let these colors be ¢y, ..., ¢;; and ¢4 (the last one appearing only if necessary).
Indeed, from the definition, if A € G, and h; and h;;1 have different colors then yyp, .
has exponent ¢; —¢; 41 or ¢; —¢;11 +7 (depending on whether there is a descent or not) and
in both cases this exponent is nonzero, so l;(hd) does not equal y. And if h; and h;; have
the same color, but h; > h;y1, then ygp, . 5,3 would appear with exponent r > 0, so again
this cannot happen. Therefore, the underlying permutation of ¢ is uniquely determined
(if it exists). On the other hand, if such ¢; up to ¢; (and possibly ¢ji1) exist, they are
also uniquely determined, by a backwards inductive argument. Indeed, if S;; # [n], then
Y} has coefficient 0 modulo r, hence we need c;4; = 0, and else S;; = [n] and ¢; has to
be the exponent of S;; taken modulo n. Now, suppose ¢, has been determined, then we
will determine c;_;. It is clear that we need c¢;_1 — ¢, = ax_1 mod r, and since c;_; has
to be taken from {0,...,r — 1} this gives a unique choice. Now, for this choice of the
colors, and the corresponding g, we show that there is a suitable d € Z%,. Note that by
construction, Bg = ygtl ybsjj, where b; = a; mod r. Furthermore, b; € {0,1,...,r}. It
is clear that we can get d by taking d,, = 0 when m # i; and taking d; , = (b, — a,)/r
when m € {1,...,;j}. Note that this is an integer by b,, = a,, mod r. Furthermore, it is

nonnegative, since a,, > 0, b,, > 0, a,, = b,, mod r and b,, € {0,1,...,r} implies that
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b = . O
Using this we can find a different basis for C[B}].

Definition 3.3.5. Let g € G,, and d € Z>(. Define

71 dn_k dn T
D) = O kvt 00" bg.(da, s 1,0,...,0)) <

Lemma 3.3.6. The set {B/(g,d) : g € Gp,d € Z>o} is a C-basis for C|B].

Proof. Order the basis l;(g,d) according to the monomial order from above. Note that for
each monomial y, the set of monomials 3/ with ¢’ < y is finite, since any such monomial
v’ must have deg(y’) < deg(y) and there are finitely many such monomials.

Now, if we expand E’( 4.4y i terms of the basis {l;(g,d)} we find that

bigay = l;(g’d) + lower terms with respect to <.

Indeed, suppose g has underlying permutation ¢ - - - g,,. Set S; = {¢g1,...,¢9;}. Note that
if g; > git1, or ¢; # c;11 then necessarily we have that yg, occurs in 139 with a positive
exponent. Note that (since we only allow multichains), we have 0; = 3" _, y5’. Now,
terms in l;’( g, correspond to picking one of the terms from each of the 6° with positive
b, in such a way that the result is still a multichain. Because of our monomial order, we
should pick from larger a first. Suppose we are picking a subset of size ¢ and suppose
iy <1 <y (set i1 =n) (we can exclude i = 7;, because of the multichain condition we
must pick ;). Then, we are asking for the largest ys with |S| =i and S;, €S C S, ,,

which is S = {g1,..., ¢}, due to the fact that g;,11,...,gi,, all have the same color and
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are in increasing order, by the proof of the lemma above. Therefore, the largest possible
monomial that could possibly appear is obtained by picking yg, for every ¢ > n — k with
d; > 0. Now note that if we take this choice for all i simultaneously we indeed get a
multichain monomial, and this monomial is equal to l;(g,d), as desired.

Therefore, I;’( g.4) €Xpands in a unitriangular way in terms of the basis {B(g,d)} and
because of the initial observation in this proof, it follows that {5’( gd) - 9EGn,dE Zso}

is a basis for C[B]. O

0))- Then the following is

n—ks05-e)

For (dl, - 7dn—k) =de Zgak set B(gd) = 5(97((117,”@

immediate.
Corollary 3.3.7. C[B}] is a free Cl0,—k+1, - .., 0n)-module with basis given by

{bga) : 9 € Gn,d e L") (3.9)
Furthermore, this set descends to a vector space basis for C[B}]/(On—k+1;--.,0n) =
Clysl/(ys - yr, On—r+1, - -, 0n).

Additionally, this allows us to quickly determine a vector space basis for the quo-
tient Clys|/(ys - yr, On—k+1,-- - +0n,Ys;...s,.), of which we will be interested in the cases

m = kr and m = kr + 1. Again, the result is immediate, so the proof is omitted.

Corollary 3.3.8. Let m € Z~q and consider Clys|/{ys - yr,0n—ts1,-- 00, Ys; - Ys,.),
where (S,T) runs over all pairs with S € T and T € S, and (Sy,...,Sm) runs over all
h#£8,C...C S, Cn|. This is a finite-dimensional C-vector space with basis given by

all elements l;(g,d) with g € G, d € Zgg’“ and deg(g(gd)) <m.
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3.3.3 Bases for the rings R, ; and S,

Note that Corollary 3.3.8 yields bases for R, and S, ;. In this section we will
show that these bases can be indexed by elements of F,; and OP, respectively. We

will use the models introduced before.

Definition 3.3.9. 1. For (g,\) € OP,., let B(QA) = b, - Ys, -+ Ys,, where S; = {g; :
1<j< AN}

2. Let (Z,9,)\) € Fny. If (loosely extending the definition above) we have by, =

~ ~ kr—de (l~7 , ) 7
Ysy -+ s, thenset by = yg,uz -+~ Ys,uz- Now, set bzgny =y, Vb, <

It is an easy check that ¢(biy ) = bigay and ©(bzgr)) = bizgr). The main result

is now the following.

Theorem 3.3.10. The sets {byx) : (9,\) € OPur} and {bizyn : (Z,9,)\)} are bases

for 8,1 and R, respectively.

Proof. Let us first show that there is a bijection between elements of the form B(g, » and
I;(g,d) with deg(i)(g,d)) < kr. Note that for any partition A with parts at most n — k, we
have (after extending the above definition to allow for any partition) 5(97 N = E(g,d), where
d=(dy,...,d,—) with d; = #{j : \; = i}. Therefore, it suffices to show that A has at

most k — des(g) — 1 parts if and only if deg(b(y,1)) < kr. Now, note that if X\ has m parts,
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we have
~ ~ n—1
deg(bg,n)) = deg(by) + mr = Z(CZ — ¢ip1 + 1 x(i is a descent)) + ¢, +mr

i=1

= ¢; + rdes(g) + mr = ¢; + (m + des(g))r,

where y is the indicator function given by x(S) = 1 if statement S is true and x(S) = 0
otherwise. Now, since ¢; € {0,1,...,7 — 1} we have deg(l;(g,,\)) < kr if and only if
m + des(g) < k — 1, that is if and only if A has at most k£ — des(g) — 1 parts.

Similarly, we have to show that there is a bijection between elements of the
form B(Z,g,,\) and E(g,d) with deg(g(g,d)) < kr. A similar calculation to above shows that
deg(l;(z7g,,\)) < kr if Z = () and clearly deg(l;(zyg%\) = kr when Z # (), so it suffices to show
that there is a bijection between elements of the form lN)( Zgx With Z # () and B(g,d) with
deg(b(y.a)) = kr. Note that deg(byg.a)) = c1+7(des(g) +dy +. .. +dy_4), so deg(bya) = kr
if and only if ¢; = 0 and des(g) +dy + ... + dp—i = k.

Now, given B(g,d) with deg(l;(g,d)) = kr, we show that there is a unique (Z, h, \)
such that E(Z,h)\) = b(ga). Let S be the smallest subset (in size) such that yg has positive
exponent in B(g7A). It is clear that if (Z, h, \) exists we must have Z = S. Now, suppose
that |S| > n—k. Then in particular we have d; = ... = d,_; = 0, and g has no descents at
positions 1, ..., n—k. But then, using ¢; = 0, we have deg(b, ) = deg(by) = ¢1+rdes(g) =
rdes(g) < r(k — 1), a contradiction. Therefore, let z = |S|, so that 1 < z <n — k. Using

0

c1 = 0 and minimality of S, we see that g = ¢%---¢%---

with g1 < ... < g,. Additionally,
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di=...=d,_1=0. Set b= 5(g7d)/y§, where e is the exponent of yg, and write

b= ﬁ Ysus;s
i=1

where ) # S, € ... C S,, C [n]\S. Note that [, ys, = bpa for h = g -+ g
and d = (d,11,...,d,—r). We now want to show that there is a unique (h, A) such that
(Z,h,\) € F, and l;(h,)\) = l;(hd). However, since deg(g(hyd)) < kr the first part of the
proof shows that indeed we can find such a (h, \).

Conversely, we show that l;(z’h,,\) is of the form E(M) for a unique (g,d). Write
Z ={{g1 < ... < g} and let h = h{*---h;"7. Tt is clear that we must have g =
g5+ gShyt - hy'7 for a suitable ¢. Furthermore, since we need deg(l;g) =0 mod r, we
in fact have to pick ¢ = 0. Therefore, g is uniquely determined, and hence d (if it exists)
is also uniquely determined. By construction, if S; = {g1,...,¢:}, the exponent of yg, in
Bg and in l;( z,h,») agree modulo 7. Indeed, this is obvious for ¢ > 2, and for ¢ < z the choice
of ¢ = 0 guarantees this. Furthermore, for ¢ > n — k we still have that the exponents
agree as integers (so not only modulo 7). Therefore, it only suffices to show that for any
1 <t < n—k the exponent of yg, in Z’(Z,h,)\) is at least the exponent of yg, in l;g. Again, this
is obvious for z < t < n — k. Additionally, it is clear for 1 <t < z, since by construction
ys, has exponent 0 in lN)g. Now, for t = 2z, we are immediately okay if ys, = yz occurs with
exponent less {0,1,...,7 — 1} in ZN)g. Therefore, the only thing that might fail is that y,
occurs with exponent r in l;g but exponent 0 in l;( Zhn)- However, since deg(g(hg\)) < kr,
we know that y, occurs with exponent at least 1 in l;(z,h,,\) and therefore, with exponent

at least r, as desired. O
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3.3.4 A Grobner theory result

In this section we will show that the above bases are actually the standard mono-
mial bases with respect to the monomial order used. Our proof methods are inspired by

Braun and Olsen [BO18|, who obtain similar results in the case that n = k.

Theorem 3.3.11. Let 0 < k < n be integers with n > 1. Then the set {B(QA) : (g,M) €

OP,.x} is precisely the standard monomial basis for S, .

Proof. Since we know that the given set is a basis, it suffices to show that the standard
monomial basis of S, is contained in {13(97,\) : (g,\) € OP, i}

Similar to Braun and Olsen [BO18] we show that y € {b,) : (9, \) € OP, .} if
and only if y is not divisible by any of the monomials in the list below. The proof will
then be completed by showing that each of these monomials occurs as the leading term

of some element of 7, ;. The list of monomials is given by

1. ys-yr for SZT and T € S

2. Y form>n—-k+1;

3. yst! for |S| >n—k+1;

4. yL-yr for SC T, |S| >n—k+1and min(7T\S) > max(S);
5. Ys-yr for SCT,|T|>n—k+1and T = S U/ for some ¢,

6. Ys, - ng *YSs for Sl g SQ g 53, |SQ| Z n— ]C—l—l and maX(Sg\Sl) < IniIl(Sg\SQ);
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T Ys, YS,, where S; C ... C S,,.

We will first show necessity of these conditions, then sufficiency and lastly will exhibit
these monomials as leading terms in 7, 4.

Necessity: we will assume that ¢ is of the form 77" ---7¢*. Note that if yg with
S| > n—k+1 occurs in some b, 5y then its contribution completely comes from b,. Now,
if there is no descent at position |S|, yg will have exponent ¢g41 —¢5) < (r—1) =0 < r.
Furthermore, if there is a descent at position |S|, we have cjgj11 > ¢jg|, so yg will have
exponent 7 + ¢|gj41 — ¢|5) < r. Therefore, if y5 occurs with exponent at least r, it occurs

with exponent exactly r, we have a descent at position |S| and ¢sj+1 = g

1. Each variable occurring in 5(97)\) is of the form yg, for 1 < ¢ < n, where S5; =
{m,...,m}. Since Sy C Sy C ... C S, every two variables in l;(g,)\) will automati-

cally be indexed by subsets one of which is contained in the other.

2. Sincem >n—k+1, Yim] would have to come from a descent of ¢ at position m with
Cm = Cmy1. In order to have a descent we need 7,1 < m,. However, m, € [m],

hence 7, < m, whereas m,,+1 € [n]\[m], so T,41 > m+ 1.
3. This was observed above.

4. Suppose such a product y§ - yr actually occurs. Since |S| > n—k+1, y§ comes from
a descent at position |S| with ¢jgj41 = ¢|s), s0 | > mgj41. Since {m, ..., Mg} =S
and {my,...,mp} =T, we have min(T\S) < mg41 < 7mg) < max(S), which is an

obvious contradiction.
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5. Suppose that such a product occurs. Again, y} has to come from a descent at
position |T'| with ¢jpj = ¢jpj41, hence w7 > mp41. Note that mp € T\S C [4],
so mr < £. Furthermore, mp1 € T, hence in particular w4, > £, which is a

contradiction.

6. Suppose such a triple product occurs. Since [Sy| > n — k4 1, y%, comes from a
descent at position |Ss| with ¢|s, = ¢|s,|+1, SO we must have mg,| > 7|g,+1. However,
s, € S2\S1 and g, |11 € S3\S2, so by assumption we have 7g,| < max(S3\51) <

min(S5\52) < mgy)41-
7. We note that
deg(biy.x) < deg(b,) + (k — des(a) — 1)r = Zml + (k — des(o) — 1)r
i=1
= Z (¢; — cip1 +rx(i is a descent)) + (k — des(o) — 1)r
i=1

=cy +rdes(o) + (k—des(o) = )r=kr+c¢ —r < kr—1,

where ¢,.1 = 0, and x is the indicator function of the indicated event.

Sufficiency: Let m = yg - - - ys; be a monomial not divisible by any of the above
mentioned monomials. Then combining properties 1. and 7. we may assume S; C
Sy C ... C S and t < kr. However, we will rewrite this as m = ytsll x ygz, where
S1C 5% C...CS,.

We will first construct the corresponding g € G,,, after which the augmentation A

will follow automatically. Firstly, the underlying permutation of o will be given by putting
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the elements of S; in ascending order, then the elements of S;\Si, ..., the elements of
Su\Sy—1 in ascending order and finally the elements of [n]\S, in ascending order. Now,
we have to assign colors to each of the elements. We will give all elements of S; the same
color, all elements of S5\S; the same color, ..., all elements of S,\S,_; the same color
and finally all elements of [n]\S, the same color. We will assign these colors in reverse
order. Firstly, assign color 0 to everything in [n]\S,, then assign color ¢, to S,\S. 1,
then color t, + ¢, 1 to Sy_1\Su_2, ... and finally color t, + ¢, 1 + ...+ t; to S;. Here,
everything should be interpreted modulo n. It is an easy check that m = 1~)g Y Yet,
where vy, vg, ..., v, > 0.

Now, let us check that g together with some appropriate A satisfies the condition
that m = by,y. Firstly, using a similar computation to above, rdes(g) < deg(b,) <
deg(m) < kr, hence des(g) < k, as desired. So, to see that the augmented part corresponds

to an appropriate A we have to check two things, namely that v; =0 if |S;| > n—k+1

and that vy + ... 4+ v, < (k —des(g) — 1). For the latter, note that
r(v+ ...+ v,) =deg(m) — deg(by) < kr — deg(b,) < kr — des(g)r = (k — des(g))r,

sov1+...+v, < k—des(g), as desired. For the first part, note that if m = |S;| > n—k+1,
then ys, has exponent at most r by condition 3. Therefore, if v; > 0, we need v; = 1, and
the exponent of ys, in b, equals 0. In particular, ¢,,, and 0,11 have the same color and
Om < Omy1. Furthermore, note that ys, now has exponent exactly r, so in particular we

have S; # [m] by condition 2. Now, we distinguish four cases.
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e j = u = 1: In this case, 0, = max(S;) > m and 0,41 = min([n|\S;) < m, a

contradiction.

e j=1,u> 1: In this case, 0, = max(S;) and 0,11 = min(55\S;). By condition 4.

this implies o, > 0,,11, a contradiction.

e 1 < j < w Now, 0, = max(S;\5;_1) and 0,,41 = min(S;41\95;), but then o, <
om+1 contradicts condition 6.
el < j = w Now min([n]\S,) = Omi1 > om, S0 [on] € S,. Furthermore,

max (S, \Sy—1) = o) hence S,\S,-1 C [o,,] so by [0,,] € S, this implies S, =

Su-1 U [0,]. However, this contradicts condition 5.

Therefore, we need to have v; = 0 if |S;| > n — k 4 1, completing this part of the proof.

Leading monomials:
1. These monomials are among the generators of 7, .
2. These monomials are the leading monomials of 6,, € J, .

3. Write m = |S| and consider ys6,, € Jnx. All monomials in this polynomial are
of the form yg - ¥} where |T| = m = |S|. Note that all such products have S and

T incomparable, except for when 7" = §. Therefore, modulo 7, j this equals y@“,

showing that y5™" in fact occurs in J, .

4. Write m = |S| and consider 6, - yr. All monomials in this polynomial are of the

form y} - yr where |R| = m = |S|. Modulo J,, this is equal to ), y% - yr where
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R runs over all such subsets with R C T'. By assumption, S is the smallest such
set with respect to the monomial order, hence y§ - yr is the leading term of this

monomial.

5. Let m = |T| and note that J, contains yg - O which modulo 7, reduces to
> rYs -y where S C R and |R| = m. Since T' = S U [{] it is clear that T is the

lexicographically smallest such set, so this polynomial has leading monomial yg - y7.

6. Let m = |S| and consider ys,ys, - 6. Similarly, this equals >, ys, y7ys, modulo
JIn. Where T' runs over all m-element subsets S; C 7' C S;. By assumption, S is
the lexicographically smallest such set, hence ys, ys,ys, can be obtained as a leading

monomial.
7. These monomials are among the generators of 7, j.
This completes the proof. O
Similarly, we have the following result.

Theorem 3.3.12. Let 0 < k < n be integers with n > 1. Then the set {I;(Z’%,\)

(Z,9,\) € Foi} is precisely the standard monomial basis for R, .

Proof. Again it suffices to show that the standard monomial basis of R, ;, is contained in
{bzgn) : (Z,9,)) € Fur}. We will show that a monomial y belongs to this set if and
only if it is not divisible by any of the monomials in the exact same list as before, except

that we need to change the 7th condition into
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7. Ys, ' Ysp., Where S C ... C S

Again we will go through the steps necessity, sufficiency and show that they occur as
leading monomials in 7, .

Necessity: Condition 1 is clearly still satisfied, and conditions 2-6 follow by the
exact same argument, since the appropriate monomials yg with |S| > n—k+1 still have to
come from the contribution of g to bz 4 ), since neither Z, nor A will affect the exponent
of these. For condition 7’, we note that bz, ) might now have degree kr (when Z # (),
but will never have degree kr + 1 or more.

Sufficiency: There are two cases to consider. Let y be a monomial not divisible
by any of the monomials specified in the list. We will show that y is of the form b g ). If
deg(y) < kr, then we set Z = () and use the same procedure as in Theorem 3.3.11 to find
the appropriate (g, A). If deg(y) = kr, set Z to be the smallest subset S of [n] (in size)
such that ys has positive exponent in y. Let eg be the exponent of S and set ¢/ = y/ys°.
Now, set y” to be the same monomial as 3’ where each yr is replaced by yr\s. Since
deg(y”) < kr, the same procedure as in Theorem 3.3.11 can be used to find appropriate
(g, A) to complete the triple (Z, g, \).

Leading monomials: For conditions 1-6 the reasoning is exactly the same, since
none of them use the multichain generators of Z,, ;. For condition 7’, it again follows

immediately since these multichain monomials belong to the generators of 7, . O
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3.4 A filtration of R, and §,, ;.

We are now ready to prove Theorem 3.2.2. We first need two definitions.

Definition 3.4.1. 1. For y = yg, ---ys,, € Clys| a multichain monomial with S; C

... €S, we let p(y) be the partition (]S, ..., [S1]).

2. For m € C[x,] a monomial, we let (m) be the partition given by p(y), where y is

the unique multichain monomial with ¢(y) = m. <

Let > be the dominance order on partitions and let (A, A) be (R, Rnx) or

(Snky Snk). Now fix d > 0 and let - d. Set

Usy =span{m : p(m)bEd,p(m)=pp  and Uz, =span{y : u(y) - d, p(y) = p}.

(3.10)
and define Uy, and U,,, in a similar fashion. Let Vi, be the image of Uy, in A, V>, be the
image of V4., in A and similarly for the other 2. Now, A and .4 decompose as G\,-modules

as

@ @ Ve / Vo and @ @ Veu/ Ve

d>0 pkd d>0 p-d

respectively. The proof of Theorem 3.2.2 now follows from the lemma below.

Lemma 3.4.2. For each p, Vs, /Vi, and Vs, /Vs, have bases {b : p(b) = p} and
{l; (b)) = p} respectively, where b and b belong to the Garsia-Stanton type bases

mentioned before. Furthermore, the map b— b= ©(b) induces a G,-module isomorphism

Vor/Vou = Vou/Vou-
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In turn, this lemma follows from two other lemmas, for which we need another

definition.

Definition 3.4.3. Let (A, A) = (Shx, Snk) (resp. (A,A) = (Rug, Rux)). Given a

partition u F d with parts that are at most n we say that p is

1. admissible if p has less than kr (resp. kr 4+ 1) parts, n — k+1 < i <n — 1 occurs

at most r times and n occurs at most r — 1 times.

2. semi-admissible if A has less than kr (resp. kr + 1) parts, has at most r — 1 parts

equal to n, but somen —k+1 <17 <n —1 occurs at least r + 1 times.

3. non-admissible if X has at least kr (resp. kr 4 1) parts or has at least r parts equal

to n. |

For example, when n = 6, k = 3 and r = 2, the partitions (5, 5,2, 2,2), (6,5,5,5,1),
(6,5,4,4,2,2,2,1) and (6, 6, 2) are admissable, semi-admissable, non-admissable and non-
admissable respectively, both when (A, A) = (S, Snx) and when (A, A) = (Ruk, Rok)-
However, the partition (6,5, 5,2,2,2) is non-admissable if (A4, A) = (Se3,563), but ad-
missable for (Re 3, Re.3)-

Note that u is admissible if and only if there exists a basis element b with ,u(lN)) = L.
A move is replacing yg by y§—0js) and cancelling out all non-multichain terms or replacing
xp, g by ap - ap —ej(xq) (forip < ... <';), depending on what setting one is working
in.

The two main lemmas are now as follows:
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Lemma 3.4.4. Let y be a multichain monomial in Clyg| with u(y) = u. Then
1. if p is semi-admissible or non-admissible, y = 0 in A.

2. if u is admissible, one can perform a finite number of moves to find the expansion
of y in A in terms of the Garsia-Stanton type basis. Additionally, any multichain

monomial Y that ever appears in this process has p(Y') = p.

Proof. For part 1, note that since p is semi-admissible or non-admissible, y is divisible by
Yl ys ! forn—k+1 < |S| < n—1 or a multichain monomial of length kr (vesp. kr+1).
Since the ideal we quotient out by to get A contains y5' = ys - Ojs) forn —k+1 <[5 <

]’ yg“ and the multichain monomials belong to the ideal, hence

n—1, we see that all of y
y=0in A.

For the second part, recall the monomial order on C[yg] from before. Now, consider
a monomial y with p(y) = p. We claim that if y is not a Garsia-Stanton type monomial
we can perform a move and rewrite y as a C-linear combination of smaller monomials
y" with u(y') = p(y). Indeed, since p is admissible, a monomial y that is not a basis

monomial is this for one of four reasons (by the classification of monomials that are of

this form given in Theorems 3.3.11 and 3.3.12):
1. y is divisible by Yiy forsomen —k+1<t<n-—1.
2. y is divisible by y5yr for S C T, |S| > n — k+ 1 and min(7\S) > max(S5).

3. y is divisible by ysy} for S C T, |T| >n—k+ 1 and T = S U [¢] for some /.
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4. y is divisible by ys,y%,ys, for S1 C Sy € S35, [S2| > n — k + 1 and max(53\S51) <

min(S3\S2).
In these cases, apply the move, replacing Yis Ys» Yr and yg, respectively. Any monomial
that remains after crossing out non-multichain monomials is obtained by replacing this
specific variable by some y}, so it suffices to show that yp is smaller than the replaced
monomial. In the first case, |[R| = t, so yr < y. In the second case, R is a subset of T
of size |S| and since min(7"\S) > max(S), S was the subset corresponding to the largest
possible monomial over all R, and similarly in the other 2 cases. Therefore, we can rewrite
each non-basis monomial in terms of smaller monomials, so at some point we will be left

with only basis-monomials as desired. O

For the proof of the second lemma we need the following observation. Note that if
y is any monomial in C[ygs] we can still define p(y), even if y is not a multichain monomial.
Now, if y is a non-multichain monomial, let ¥’ be the unique multichain monomial with
o(y) = ¢(y'). We claim that u(y") > u(y). Indeed, starting from y we can repeatedly
replace yayp (for A and B incomparable) by yaupyanp. Note that on the p-level this
corresponds to replacing (..., |A|,...,|B|,...) by (...,|[AUB|,...,|]AN B|,...) which
strictly increases the corresponding partition in dominance order (since A and B are
incomparable). Note that this local replacement does not change the image under ¢ and
since p increases every time we can only do this finitely many times. So we will end up
with some multichain monomial and by uniqueness this is y’. Also, we have done at least

one replacement, so indeed pu(y’) is strictly larger than u(y).
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The x,,-variable analogue of the above lemma is the following.
Lemma 3.4.5. Let m be a monomial in C[x,] with u(m) = p. Then
1. if p is non-admissible, m = 0 in A.

2. af u is semi-admaissible, then in A we can rewrite m as a sum of monomaials m,, with

(ma) > .

3. if pu is admissible, then a finite number of moves can be used to rewrite m as a C-
linear combination of Garsia-Stanton monomials m’ with pu(m’) = p, together with
monomials me, with p(my)>p. Moreover, if the moves in part 2 of Lemma 3.4.4 are

replacing ys,, Ys,, ---» Ys, respectively, then the moves in this case are replacing
T ' T y
[Lics, ¥i Tlies, @5 -5 Tlies, @i respectively.

Proof. Let y be the multichain monomial associated to m.

For the first case, since A is non-admissible, y is divisible by either Yy OF a mul-
tichain of length kr (resp. kr + 1). In the first case, e, (x}) = 7 ---a! divides m, hence
m = 01in R, ;. In the second case, let j be an element that is in the smallest S such that
ys occurs in the multichain. Then a:f" (resp. x?”l) divides m and consequently m = 0
in A.

In the second case, we have that y is divisible by ng for some S withn—k+1 <
S <n —1. Suppose S = {i1,...,i;}. Then apply the move by replacing zj -- ‘T We
can “pull back” the move to Clyg|, where we replace y§ by y§ — s, but we do not get

rid of non-multichains. Now, any monomial that occurs will contain ygyr for |S| = |T|
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but S # T, hence would have been removed in the y-setting, but in the z-setting these
monomials remain. However, by the above observation, all of these monomials have
strictly smaller u-partition, as desired.

In the third case, again “pull back” to the y-setting and do the exact same sequence
of moves as in part 2 of the above lemma, but again we do not get rid of non-multichains.
Instead, we replace them by multichains with the same image under ¢ and again this will

strictly increase the p-partition. O

As an example of this phenomenon, consider 7 = 2 and Ss4. In the y-variable
setting, consider y = y?5}yfz’5}yf172’375}. Note that this is not yet of the form by, for
example since the appearance of y{2,5}y%17273,5} violates condition 5 in the proof of Theorem
3.3.11. Therefore, we apply a step and replace yf172’375} by yf1727375} — 04 and after getting

rid of any monomial that is not a multichain monomial we find that

Y= _9?5}?J?2,5}y%1,2,4,5} - 9?5}9?2,5}%2,3,4,5}-

Here, the first monomial is 5(5120104030)7(1) is of the desired form. However, the second
monomial contains y{5}yf2 51Y{2,3.4,5}, which violates condition 6 in the proof of Theorem

3.3.11. Therefore, we perform a step on ny 5) and get that

Y= —9?5}?/%275}9%1,2,4,5} + 9%5}9%3,5}9%273,4,5} + 9?5}9%475}y%2,3,4,5}7

and one can check that all monomials appearing here are indeed of the form l;(g, »- Also,
note that we started with a monomial with p-partition (4,4,2,2,1,1,1) and each mono-

mial kept that form.
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Now, in the z-variable setting we have to consider xfxizr3zZ. Replacing the mono-

mial (z1792375)% by (v129w375)% — eq(2?, 23, 2%, 23, 22) we get

7,42

2 7,422 7,222 2 5,42 2 2

7 4.2 2
5LoL 1Ly — LgLoXgly — L5l ToXgly — LyLol1Lgly.

Here, the first monomial is a generalized Garsia-Stanton monomial, the second mono-
mial is one we have to perform another step on. Now, the last two monomials have y-
monomial y?5}y%1’273’ 15} and y{5}yf2’5}yf172’37 45} respectively, hence they have p-partitions
(5,5,1,1,1,1,1) and (5,5,2,2,1). Now, it holds that (5,5,1,1,1,1,1)> (4,4,2,2,1,1,1)

and (5,5,2,2,1)1>(4,4,2,2,1,1,1). Therefore,

rlrsried = —wlririe? — riririz? + monomials with larger pu-partition,

and hence the first step of the algorithm carries out in the a way similar to the first step

in the y-variable setting. Now, applying an analogous step to zfxir3z? we find that

viryrirs = —wlryriet + viririet + wlririaes + monomials with larger p-partition,

which indeed show that even though the expansion of y and zlzjx?z% in the Garsia-
Stanton bases are not identical, the monomials that appear and have the same p-partition
as the original monomial do coincide, and their coefficients agree.

Lemma 3.4.2 is now an easy application of the Lemmas 3.4.4 and 3.4.5.

Proof of Lemma 3.4.2. If u is non-admissible or semi-admissible the above lemmas show

that Vs, /V;, and Vs, /V,, are both trivial G,-modules.
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Now, suppose 4 is admissible. We need to show that sending b to b = o(b) (for b a
Garsia-Stanton monomial with p(b) = ) induces a G,-module isomorphism. For g € G,,
we can rewrite ¢ - b in the Garsia-Stanton basis using the moves from part 2 of Lemma
3.4.4. Since the multichain monomial corresponding to b is given by 7b we can use part
3 of Lemma 3.4.5 to rewrite 7b in the same way in this given basis (viewed as basis for

Veu/Vip), since all the additional monomials that appear belong to V4, and hence are 0

in the quotient. [

3.5 Multi-graded Frobenius series

We now specialize to the case r = 1 and determine the multi-graded Frobenius
character of S, ;. We show that the appropriate specialization of this Frobenius character
agrees with the graded Frobenius character of R, j, as seen in [HRS18, Corollary 6.13]
and [HR18, Corollary 6.3].

Note that if p is a partition with parts at most n and if d is a nonnegative integer,
the subspaces Uy = span{m : deg(m) = d} and U, = span{m : p(m) = p} are
S,,-stable subspaces of C[x,] and Clys| respectively, and hence so are their images V,

and V, in S, and S, (for r = 1) respectively. The graded Frobenius character and

92



multi-graded Frobenius character of S, and S, are
(o)

grFrob(Sy x;q) = Y ¢'Frob(Va);

d=0

grErob (S, ki t1, .., 1) = Z tTl(“) -t WErob(V,),
m

where the sum is over all partitions with parts at most n, and m;(x) is the number of parts

of 11 equal to i. We can determine the graded Frobenius image grErob(S,, x;t1, - .., ty).

Theorem 3.5.1. Suppose that r = 1. Then

n—

k
grErob(S,, ki t1, ..., tn) = Z H t; Z til Say
1

aEn  \ieD(a) Jit ik <k—L(Q) 1=
L)<k
where the sum runs over compositions a« = (aq,...,qy) of n and D(a) = {ay,..., a1 +

oo+ Qp_1}. Furthermore, by setting t; = q* we recover the graded Frobenius character of

Sn ks in accordance with [HRS18, Corollary 6.13] and [HR1S8, Corollary 6.5].

Proof. We write § =< « if D(f) C D(«). It is well known that

ha = ZS/}.

BRa
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It follows from work of Garsia and Stanton [GS84] that

grErob(C[B; |it1, ... tn) = Z H ti+t24+--) | hy

yEnR \i€D(v)

> D> I i+t+--) ] sa

afEn axy \i€D(v)

=S\ I G+e+- > ] a+t+t+-)]sa

afEn \i€D(«a) azy \ieD(y)\D(a)
ST e+ 2+ I a+t+6+-) | sa
alEn \i€D(a) i€D(ac)

:<ﬁ(1+ti+t§+---)>z IT | sa

=1 aflE=n \i€D(w)
The Hilbert series of the polynomial algebra C[0,_jy1,...,60,] is

n

Hilb(Cl0nps1s - Onlity, o tn) = [ Q+ti+34--0). (3.11)

i=n—k+1

Since C[B}] is a free module over C[fy,...,6,] (Corollary 3.3.7) and the action of &,, on

C[B;] is linear over Clfy,...,0,], we can rewrite grFrob(C[B]; t1,...,t,) as
Hilb(ClOn—gs1s .-+ 0n);t1, -« o) - grFrob(CIBE]/(On—s1s - - On)it1, .o tn),
hence we have

n—k
grFrob(CBE]/ (Onists - - - On)it1, . .o ty) = (H(1+ti+t?+---)> ST ti] so

i=1 afEn \i€D(a)

Modulo all length £ multichains, which results in retaining everything in degree less than

k and removing everything in degree k£ and above, we have

n—=k
grErob(S,, ki t1, ..., t,) = Z H t; Z H tfl Se-
) i=1

afEn €D () J1tFin—k<k—l(a) i=
L)<k
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We can interpret each (ji, .. ., jn,—x) as a partition fitting inside a (n—k) x (k—{(«))
box, by letting j; be the number of rows of length j; (and by letting (ji,...,Jn_k) run
we obtain all such partitions). Now, the size of the corresponding partition is equal to

J1+2J2+ ...+ (n—k)j._k so setting t; = ¢* yields

SIS SRR ST
akEn AE(n—k)x (k—£()) alEn —Ua)/,

using the fact that Z/\Eaqup" = (“jb)q. Note that this is indeed the expression for

grErob (S, x5 q). O

Remark. The Frobenius character map has an analogue for G, as well [CR20, Section
2.4]. The proofs in Section 3.4 show that R, and S, are a refined version of the graded

G,-modules R,, ; and S, ;, in the sense that

grFrob(Ro ki ¢, 4%, ., q") = grFrob(Ry 4; q);
ngrOb(Sn,k; q, q27 s 7qn) = ngrOb(Sn,k; Q)u
of which we just explicitly handled the case (S, S, ;) for r = 1. By finding the graded

Frobenius image of C[B;] as a G,,-module and factoring out [ (1 + 2} + z7" +...) one

can obtain a similar result for general r. <

This chapter contains material from: D. Kroes, “Generalized coinvariant algebras
for G(r,1,n) in the Stanley-Reisner setting”, Electronic Journal of Combinatorics, vol.
26 (3), P.3.11, 2018. The dissertation author was the primary investigator and author of

this paper.
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Chapter 4

A quotient ring for packed words

4.1 Packed words

In this chapter we consider a quotient ring of Q[x,| whose combinatorics is con-
trolled by the set of packed words. A word w = wy ... w, over the alphabet {1,2,...} of
positive integers is packed if, for all : > 0, whenever i+ 1 appears as a letter in w, so does

1. Let W, be the family of packed words of length n. For example, we have
W, = {123,213,132, 231,312,321, 112,121, 211, 122, 212, 221, 111}.

By interpreting w; as the index of the block the number i belongs to, packed words in W,
are in natural bijection with the family OP,, of all ordered set partitions of [n].
We will consider the following ideal inside Q[x,], where we use the notation e&i) =

eq(T1, ... i1, Tiy1,- .., x,) for the degree d elementary symmetric polynomial with the

variable z; omitted.
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Definition 4.1.1. Let J,, C Q[x,] be the ideal

Jn:(xf-eff)_rzlgign,lgrgd) (4.1)
and let S, := Q[x,]/J, be the corresponding quotient ring. <

By convention, the degree 0 elementary symmetric polynomial is 1, so that J,
contains the variable powers z}. Additionally, we use the convention that e; = 0 for
d < 0.

Although the generators of the ideal J, may appear unusual, they will arise natu-
rally from the perspective of orbit harmonics as follows. More precisely, suppose X C Q"

is a finite locus of points. Consider the ideal

I(X) :={f €Q[x,] : f(x)=0forall x e X} (4.2)

of polynomials in Q[x,] which vanish on X and let

T(X):=(r(f) - f e I(X)—={0}), (4.3)

where 7(f) denotes the highest degree component of a nonzero polynomial f € Q[x,]. The
homogeneous ideal T(X) is the associated graded ideal of I(X') and we have isomorphisms

of Q-vector spaces
QX] = Q[x,]/I(X) = Q[x,]/T(X) (4.4)
which are isomorphisms of ungraded &,-modules when X is closed under the natural

action of &,, on Q"; the quotient Q[x,]/T(X) has the additional structure of a graded

S,,-module.
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Given n distinct rational parameters aq,...,a,, we have a natural point locus

X, C Q" in bijection with W,,, namely

Xn={(B1,.-,6n) €Q" : {B1,..., 00} = {a,...,} for some k}. (4.5)

It will develop that

T(X,) = J,. (4.6)

In other words, the quotient S,, = Q[x,]/T(X,) is the graded quotient of Q[x,] arising
from the packed word locus X,,. Equation (4.6) may be viewed as a more natural, but
less computationally useful, alternative to Definition 4.1.1. We prove the following facts

regarding the module S,,.

e The ungraded &,,-structure of S,, coincides with the natural &,,-action on W, (with-

out sign twist)

Sn = QW,). (4.7)
e The graded &,-structure is described by

grErob(S,; q) = Z q"F - (rev, o w)Chi(X;q). (4.8)
k=1
Here C), ), is as in Equation (1.2) and rev, is the operator on polynomials in ¢ which

reverses their coefficient sequences and w is the symmetric function involution which

trades e,(x) for h,(x).
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4.2 A combinatorial bijection

We first establish a bijection between ordered set partitions and coinversion codes.
The starting point will be a bijection established by Rhoades and Wilson [RW19, Thm.
2.2]. Given an ordered set partition o = (By | -+ | By) € OP,, define a sequence
code(o) = (¢1,...,¢y) as follows. If 1 <i <n and i€ Bj, then

{¢ >j : min(By) > i}| if i = min(B;);
¢ = (4.9)

{¢ >j : min(By) >i}|+ (j —1) if i # min(B;).
The sequence code(o) was called the coinversion code of o in [RW19] and is a variant of
the classical Lehmer code on permutations in the case k = n.
The coinversion code(o) of ordered set partitions o € OP,,; were characterized
in [RW19] as follows. Given a subset S = {s1 < --- < sq4} C [n], define the skip sequence

by v(S) = (7, ... ,7n) where

i—j+1 ifi=s; €8
Vi = (4.10)
0 itigs.
Also let v(S)* = (Vn,-..,71) be the reverse skip sequence. For example, if n = 7 and

S ={2,3,6} we have y(S) = (0,2,2,0,0,4,0) and v(5)* = (0,4,0,0,2,2,0).

Theorem 4.2.1. ([RW19, Thm. 2.2]) Let 1 < k < n. The map o — code(o) is
a bijection from ordered set partitions of [n] with k blocks to the family of nonnegative

integer sequences (cy,...,c,) such that
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o forall1 <1v < n we have ¢; < k,

o for any subset S C [n] with |S| =n —k+ 1, the componentwise inequality v(S)* <

(c1y...,¢n) fails to hold.

For future reference we recall the inverse map introduced in the proof of the above
theorem. This inverse map uses the following insertion procedure.

For (By | --- | Bk) a sequence of k (possibly empty) sets of positive integers we
define the coinversion labels as follows. First, label the empty sets 0,1,..., 7 from right

to left, and then label the nonempty sets j +1,...,j +k — 1 from left to right.

For a sequence (cy, .. ., ¢,) satisfying the conditions in Theorem 4.2.1, we construct
an ordered set partition as follows. Start with a sequence (0 | --- | §)) of k copies of the
empty set, and for ¢ = 1,2,...,n insert the number ¢ in the block with label ¢; under the

coinversion labeling.
For example, let n = 7, k = 4 and consider the sequence ¢ = (2,1,2,0,2,0,2). The
resulting ordered set partition will be (6 | 13 | 257 | 4), as shown by the following process,

starting with the labeled sequence of blocks (03 | 0% | @' | ().
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Table 4.1: Construction of the ordered set partition in OP74 with coinversion code
(2,1,2,0,2,0,2).

i | ¢; | updated labeled sequence of blocks
1|2 (0% ] 130" | 0°)

2|1 (@[22 127109

32 (0| 1321 23 | 0°)

410 (0O | 131 | 22 | 43)

5|2 (00 ] 131 | 25% | 43)

610 (6° | 13" | 25% | 43)

72 (6° ] 131 | 2577 | 43)

In our algebraic analysis of 5,, we will need a version of this insertion which maps
the family of ordered set partitions of [n] with at least k blocks bijectively onto a certain
collection (cy,...,¢c,) of length n ‘code words’ over the nonnegative integers. In the
bijection code of Theorem 4.2.1, the ordered set partition (1|2|---|m,m+1,...,n) has
code (0,0, ...,0) for any number of blocks m, so we cannot simply take the union of these
maps for m > k.

We resolve the problem in the above paragraph by working with a different version
of the coinversion code, which we will call the boosted coinversion code. For an ordered

set partition o = (By | -+ | By) we define code(o) = (cy,...,¢,) as follows. Suppose
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1 <i<nandiéc Bj, then

{¢ >j : min(By) > i}| if ¢ = min(B;);
¢ = (4.11)

{¢ >j : min(By) >i}|+ 7 if i # min(B;).
Compared to the coinversion codes from before, the difference is that all the numbers
corresponding to non-minimal elements of blocks are raised by one, and we say that these

numbers are boosted.

The remainder of the section will be devoted to the proof of the following theorem.

Theorem 4.2.2. Let 1 < k < n. The map o — code(o) is a bijection from the set
of ordered set partitions of [n] with at least k blocks to the family of nonnegative integer

sequences such that

e for all1 <1v <n we have ¢; < n.

o for any subset S C [n] with |S| = n — k + 1 the componentwise inequality v(S)* <

(c1,...,¢p) fails to hold.

o foranyl <i,d<nandanyT C [n—1] with |T| =n—d andv(T)* = (Yn-1,---,71),

the componentwise inequality (Yn_1, -, Yis dy Yiz1, - - -,71) < (€1, .., ¢y) fails to hold.

The proof of the necessity of these conditions will be similar to that of the proof
of [RW19, Thm.2.2]. For the sufficiency of the conditions we use an insertion map similar
to that considered above. We begin by showing that both the number of blocks of an
ordered set partition of [n], as well as its classical coinversion code, can be recovered from

its boosted coinversion code.
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Lemma 4.2.3. Let 0 be an ordered set partition of [n]. Given the boosted coinversion
code code(o) one can recover the coinversion code code(o), as well as the number of

blocks of o.

Proof. Note that the second part is immediate once we have recovered code(c), as the
number of blocks will be equal to the number of unboosted numbers, which is easily found
by comparing code(c) and code(s).

Given a boosted coinversion code (cy, ..., ¢,) corresponding to an ordered set par-
tition with ¢ blocks (where ¢ is unknown), we can think of creating the ordered set
partition by following the same procedure as described before, with the only difference
that the labels of all the nonempty blocks should be raised by one.

No matter what, at some point we will fill in the last nonempty block with some
number ¢, which necessarily has ¢; = 0. Additionally, from the boosting, it is clear that
c; > 0 for all j > 7, hence we can recover ¢ by looking for the last entry in our sequence
that equals 0.

Now, assume that we have identified that ¢; < ... <; are minimal in their block
and that all other numbers in [i1,n] are not minimal in their block. If i = 1 we are
done. Otherwise, it is clear that we must have at least j 4+ 1 blocks (as clearly 1 will be
minimal in its block). Now, let ig < i; be the largest number that is also minimal in its
block. By the inverse map, this must correspond to some index with ¢;, < j, as at the
time of inserting ig there are exactly j + 1 empty blocks, labeled 0,1, ..., 7. Additionally,

for any 19 < 7 < 41, at the time of insertion there will be exactly j empty blocks, hence
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the coinversion label of i will be at least 7+ 1 (because of the boosting). Therefore, given

code(o) we can recognize ig as the largest index iy < iy with ¢;; < j. By induction we

are done. O

Explicitly, the procedure above is as follows. Given a sequence (cy,...,¢,), trace
the sequence from right to left, marking the first 0, then the first 0 or 1, then the first
0, 1 or 2, etcetera. Now, decrease all the unmarked numbers by 1 and one recovers the
coinversion code. We call this procedure the unboosting of a sequence (cy,...,¢c,).

As an example, consider the boosted coinversion code ¢ = (2,4,2,4,0,0,1,4).
Working from right to left we mark cg as it is the first 0, then c5 as it is at most 1, then c3
as it is the next number at most 2 and finally ¢, as it is the next number that is at most 3.
Therefore, the number of blocks is equal to 4 and the unboosted coinversion code is given
by (2,3,2,3,0,0,0,3). Applying the earlier bijection this coinversion code corresponds to
(371124 | 6 | 58).

We are now ready to prove the main result of this section.

Proof of Theorem 4.2.2. We first prove the necessity of the conditions. Let o be an or-
dered set partition of [n| with at least k blocks and let code(o) = (ci,...,¢,) be its

boosted coinversion code.

e If 7 is minimal in its block, ¢; will be at most the number of blocks following the

block containing 7, which is at most n — 1. If 7 is not minimal we have at most n —1
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blocks, and if i € B; we have

ci=j+|{>j : min(B) >i}| <j+[{¢>j : the (" block exists}| <n — 1.

e Suppose S = {n+1—ty py1,...,n+1—1t} (with t; < ... < t,_x41) satisfies
v(S)* < (cq,...,cn). We show that none of the numbers {¢y,...,t, 1} is minimal

in its block of o, contradicting that ¢ has at least k£ blocks.

If ¢, 11 is minimal in its block, then

o . ¢ is minimal in its block and
Ctn,kJrl — ’{g > tnkarl + occurs to the right of ¢,,_j41 in o }‘

< ’{tn—k—i-l + 17 RN 17n}| =n-—= tn—k’-i—l'

*

However, the term in +(S)* in position ¢, k.1 equals n — t, ;41 + 1, hence we

conclude that ¢,,_x.; is not minimal in its block.

Now, if t,,_; were minimal in its block, we would have

¢, . = |{¢ > t,—y : £ is minimal in its block and occurs to the right of ¢,,_ in o}|

< WHtnw+ 1, on—=1n} = {tppr} =n—top — 1.

But again, the term in v(S)* in position ¢, equals n —t,_, which shows that ¢,
cannot be minimal in its block either. An inductive argument now shows that none

of {t1,...,tp—k+1} is minimal in its block.

e For d = n this is equivalent to the fact that ¢; < n for all 7, so assume 1 < d <

n. Assume for contradiction that (v,—1,...,%v,d,vi—1,-..,71) < (c1,...,¢,) where
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(Y1, ---,m1) = Y(T)* for some T C [n — 1] of size |T| = n — d. Since c¢,41-; > d,
this implies that ¢ has at least d blocks. Let T'={i1 < ... <4 <n+1—-1i<
Q411 < ... < iys}. By the same argument used in the previous bullet, we see that

all n+1 —1; with j <t are not minimal in their block. Now we consider two cases.

— If n+ 1 —7 is not minimal in its block either, we can continue the argument as
in the previous case to show that none of n + 1 —4; is minimal in its block. In
particular we have 1+ (n —d) elements that are not minimal in their respective

blocks, contradicting the fact that o has at least d blocks.

— Now suppose that n + 1 — ¢ is minimal in its block. Since ¢,11_; = d, this
implies that among {n + 2 —i,...,n} at least d numbers are also minimal in
their respective blocks. In particular, there are at least d numbers that are not
of the form n 4+ 1 — j with j € T. But this implies that T has size at most

(n—1) —d < n — d, which is a contradiction.

Now, we show that these conditions are sufficient. Given a sequence (c1,...,¢,)
we can first unboost the sequence (as we can apply this procedure to every sequence of
nonnegative integers) to determine how many blocks our intended ordered set partition
must have. Given this extra information, we can basically run the same inverse map as
before, with the exception that we should increase the label of every nonempty block by
1. It now suffices to check that we don’t run into any troubles by doing so. Our proof

will go through the following steps.
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e First we will show that the unboosting procedure concludes that there are at most
n — k boosted numbers, as this will ensure that the ordered set partition we aim for

has at least k blocks.
e Then we will inductively show that can basically run the same inverse map as before.

— First we show that the conclusion of the unboosting is that 1 is unboosted,

ensuring we have enough blocks to insert 1 as a minimal element in its block.

— After that we will show that if the first j — 1 numbers have been placed, we
can place j following the appropriate procedure. This argument will depend
on whether j is supposed to be minimal in its block or not (something that we

know from the unboosting procedure).

We will now prove each of these steps.

e Assume that we have ¢ boosted numbers Crt1—i; (with i1 < ... < 4;) and assume
that t > n—k+1. Let S = {iy,...,i,_k+1}, then we claim that (c,...,c,) > v(S5)*.
Ifi ¢ S, we have v(S)*,11-; = 0, 80 ¢ > ¥(9)% 1, _; indeed holds. Furthermore,
for i = i; by assumption on c,41_;; there are (i; — j) unboosted numbers to the right
of n 4+ 1 — ;. Therefore, since c,11-;; was boosted, we have ¢,y1-;, > i —j+1=

V(S)h41-,, as desired.

e As mentioned before, we now show that we can run the inverse map without any

issues.
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— If ¢; = 0 it is clear that we can insert 1, so assume ¢; =d with 1 <d <n —1.
Our goal is to show that in the unboosting procedure we conclude that 1 has to
be minimal in its block. As ¢; = d this happens precisely if the procedure shows
that among {2,3,...,n} at least d numbers were not boosted. For the sake of
contradiction, assume that we have at least n —d boosted numbers, and let the
largest n—dben+1—i; >n+1—iy > ... >n+1—i, 4. Let T = {iy, ... in_q}
then by a similar argument to before we have (¢1, ¢, ..., ¢,) > (d, V-1, -,71)

where (v,_1,...,m) =v(T)*.

— Assume that the inverse map successfully inserted all the numbers in [j — 1]

(with j > 2) and that we now try to insert j according to ¢;.

First assume that ¢; = t is unboosted. Since this is unboosted, there are still
at least ¢ unboosted numbers among {c;;1,...,¢,}. As so far only indices
corresponding to unboosted numbers have been inserted in empty blocks, and
the number of total blocks it the number of unboosted numbers, we have at
least t + 1 empty blocks at this point. As a result, there will be some empty

block labeled with ¢, so we can insert j into an empty block, as desired.

Hence, assume that c¢; was boosted. Suppose that at the time we still have ¢
nonempty blocks, then by the unboosting procedure we know that ¢; > ¢ + 1,
so we can insert j appropriately, unless c; is too big. In other words, the
only thing that can go wrong is that there were ¢ unboosted numbers (hence ¢

blocks in the ordered set partition), but that ¢; > ¢+1. Let n+1—1d; > ... >
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n+1—1i,>7>n—1i441>...>n—1, 41 be all the boosted numbers. But
then, for T' = {i1,...,ip_¢—1} of size n— (€+1), with y(T)* = (yo—1,...,71), We

have (¢1,...,¢,) > (Yn=1s- - Yn—j+1, € + 1, Yn—j, ..., 1), a contradiction. [

4.3 The algebraic quotient

Recall that a word w = wjws - --w, on the alphabet Z.q is packed if whenever
1+ 1 appears, then so does i. It will be convenient for our inductive arguments to consider
packed words in which every letter in some segment 1 < ¢ < k must appear. To this end,

we define

Wik := {length n packed words w = wyws ... w, : the letters 1,2,..., k appear in w}.

(4.12)

Words in W, are in bijection with ordered set partitions of [n] with at least & blocks.
We have the further identifications W, 1 = W,, and W,,,, = &,,.

The symmetric group &,, acts on W, j, by the rule o - (w; ... wy) == Wo(1) - - . Wo(n)-

The quotient rings S, of the following definition will give a graded refinement of this

action. Their defining ideals J, ; contain the ideal J, defining the ring .S,, appearing in

the introduction.

Definition 4.3.1. Let J,, C Q[x,] be the ideal
g = Jn 4 (€ns€n_1,. .\ n_+1) (4.13)

and let S, ; := Q[x,]/J,, be the corresponding quotient ring. <
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Each of the quotients S, ;, is a graded &,-module. Their defining ideals are nested
according to J, = J,1 € Jp2 C -+ C J,, . Note that e,, € J,, will follow from the equality
J, = T(X,), using the fact e, is the top degree component of (x; —ay) - (z, — 1) €
I(X,). We study S, by making use of a point locus X, ; C Q" corresponding to W, .
Fix n distinct rational numbers oy, ..., a, € Q. For any packed word wy ...w, € Wy,
we have a corresponding point (o, ..., a,,) € Q" We let X, € Q" be the family of
points corresponding to all packed words in W,, .

The set X, € Q" is closed under the coordinate-permuting action of &,, and we
have an identification Q[W, ] = Q[X,,x]. Recall that we have isomorphisms of ungraded
S,,-modules

QWai] = QX0 k] = Qx,]/T( X k) = Q[x,]/T( X 1)

It turns out that T(X,, ;) coincides with J,, .

Theorem 4.3.2. For any 1 < k < n, we have the ideal equality J, , = T(X,, ;). Conse-

quently, we have an isomorphism of ungraded &,,-modules QW k] = Sy

Proof. To show that J,, ; C T(X,, ), it suffices to show that every generator of .J,, ; arises
as the highest degree component of some polynomial in I(X, ;). Fix 1 < i < n and
1 < r < d; we begin by showing that the generator x?eni),r lies in T'(X,, ).

Note that if (zy,...,2,) € X, %, we either have z; € {ay,...,aq}, or for any

1 < j < d the number ay must appear among {1, ...,%; 1, Ziy1,...,2,}. We let t be a
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new variable, and define the function

(1 —taq) - (1 —tay)

flzy, ..o xn,t) = (2, — o) -+ (2 — aq) -

(4.14)

and expanding this function in terms of the parameter ¢ yields
f(.%l, e ,.’L'n,t) =

(@i —on) - (2 —ag) - Y ( > (=1 hy(on, .. ,@d)) t

r>0 \a+b=r

Specialization of f(xy,...,z,,t) at (z1,...,2,) = (B4, ..., B,) yields an element of Q[[t]].
We analyze this specialization when (fi,...,08,) € Xnp If 5 € {aq,..., a4}, then

f(Bry-.,Bn,t) = 0. Otherwise, d of the terms in the numerator of f will cancel with

the d terms in the denominator, so that hence f(5i,...,5,,t) is a polynomial of degree
(n —1) —d in t. Either way, the coefficient of "~ in f(xy,...,z,,t) vanishes on X, s, so
that

(2 — 1) (2 — aq) - < Z (=1)%9 - hy(ay, . .. ,ozd)> e I(X, k)

a+b=n—r

and taking the highest degree component gives

2l (=1)""e? e T(Xpp).

n—

The remaining generators e; (for d > n — k) are handled by a similar argument.

We consider the rational function

(1 —tzy)(1 —txg) -+ - (1 — txy,)
(1 —tag)(1 —tag) - (1 —tay)

= Z ( Z (—=1)%yq - hp(a, ... ,ozk)) "

r>0 \a+b=r

g(T1, ..., Ty, t) =
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Evaluating (x1,...,2,) at a point in X, forces the k factors in the denominator to
cancel with k factors in the numerator, yielding a polynomial of degree n — k in ¢. For

any d > n — k, we conclude that

D (—1)%q hylon, . ) € [ Xo),

a+b=d
which implies

eq € T(ka)

This proves the containment J,, ;, C T(X,, ), so that
dim Q[x,]/Jnr > dim Q[x, ]/ T(Xn k) = [Wakl (4.15)

In light of Equation (4.15), to prove the desired equality J,; = T(X,) it is
enough to show that dim(Q[x,]/Jnx) < [Wik|. This is a Grobner theory argument.

Since the elementary symmetric polynomials e, e, _1, . .., €,_x+1 in the full variable
set {z1,...,2,} lie in J,x, [HRS18, Lem. 3.4] implies that for any subset S C [n| with
|S| = n—k+1, the Demazure character k. gy corresponding to the length n sequence v(.5)
also lies in J, ;. The lexicographical leading monomial of x,(s) has exponent sequence

~(S)*. Similarly, for 1 <i,d < n, since

S Jn,k;
for any 7' C [n — 1] of size |T'| = n — d, [HRS18, Lem. 3.4] again implies that

d
z; - I{,Y(T)(‘%l, Y oF J B/ o7 N I ,$n) € Jn,k~
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Writing v(T)* = (Vn—1, ..., ), the exponent sequence of the lexicographical leading term
of & - kyery (1, .. o, Tic1, Tig1, - -+, Tn) 18 (Yn—1, - -5 Yis &, Vi1, - - -, 71)- It follows that

the exponent sequence (cy,...,¢c,) of any member of the standard monomial
basis of Q[x,]/J, « satisfies the conditions in the statement of Theorem 4.2.2.

Theorem 4.2.2 implies the desired dimension bound dim Q[x,]/J,;x < [Wh k|, completing

the proof. n
The standard monomial basis of 5, ; is governed by coinversion codes.

Corollary 4.3.3. The standard monomzial basis of S, i with respect to the lexicographical
term ordering are the monomials x7* - - xS where (¢y,...,c,) = code(o) is the boosted

n

coinversion code of some ordered set partition o of [n] with at least k blocks.
Proof. This follows from Theorem 4.2.2 and the last paragraph of the above proof. n

Our next goal is to derive the graded &,,-module structure of the quotients S, .
This result is stated most cleanly in terms of the generalized coinvariant algebra’s from

Definiton 2.4.1.

Theorem 4.3.4. As graded &,,-module we have

Snk = Rpn(0) & Ryp1(—1) & - & Ryp(—n+ k).

)

Proof. We proceed by descending induction on k. In the case n = k, we claim that
Jnn = Inn = (€1,...,€,) is the classical invariant ideal so that S, , = R, ,. Indeed, each

elementary symmetric polynomial e; appears as a generator of .J,,. On the other hand,
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Theorem 4.3.2 implies that dim S,,,, = n! = dim R,, ,,. This finishes the proof in the case
k=n.

Now suppose 1 < k <n — 1. We exhibit a short exact sequence of &,-modules
0— Rn,k ﬁ> Sn,k l> Sn,kJrl — 07 (416>

where ¢ is homogeneous of degree n — k and 7 is homogeneous of degree 0. The exactness
of this sequence implies

Sn,k = S’mk—i—l S Rn,k<_n + k>a

proving the theorem by induction.
Since every generator of J, ;41 is also a generator of J, ;, we may take 7w : S, —

Sh.k+1 to be the canonical projection. We have a map

©: Qx,] — Snx (4.17)

given by multiplication by e,,_j, followed by projection onto S,, ;. We verify that ¢ descends
toamap ¢ : R, — S,k by showing that ¢ sends every generator of I, j, to zero. Indeed,
we have ¢(e;(z1,...,2,)) = 0 for any j > n— k since e;(z1,...,x,) is a generator of J, 4.

Furthermore, for 1 <i < n we have

k+1 (4) _
Ti€n_k = T;€ +x; e, 1 =0,

p(a7) = af —fff)_k

o(

k+1 (i)

(@)
nop and x e, ”, | are generators of

where the final equality follows because both x¥e
Jni- We conclude that ¢ descends to a map ¢ : R, — S, of &,-modules which is

homogeneous of degree n—k. It is clear that ¢ surjects onto the kernel of 7. The exactness
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of the sequence (4.16) follows from the dimensional equality

dlm(Sn,k) = |Wn,k| == |Wn,k+1| + |O,Pn7k| = dim(5n7k+1) + dlm(Rn,k) L]

The graded Frobenius image of S, is most naturally stated in terms of the C-

functions defined in Equation (1.2).

Corollary 4.3.5. For any 1 < k <n, the graded Frobenius image of S, is given by

grErob (S, x; q) = Z " (worev,)C, i (x;q). (4.18)
=k
Proof. Apply [HRS18, Thm. 6.11] and Theorem 4.3.4. O

This chapter contains material from: D. Kroes and B. Rhoades, “Packed words
and quotient rings”, submitted (2021). The dissertation author was one of the primary

investigators and authors of this paper.
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Chapter 5

Catalan-pair graphs

5.1 Definitions and statement of results

We start by introducing the main object of study of this chapter.

Definition 5.1.1. Let n be a positive integer. A Catalan-pair graph on n vertices is a
graph GG that can be obtained by the following procedure. Start with 2n collinear points,
of which we color 2k points red for some 0 < k& < n and color the remaining points blue.
Then, choose Catalan-arc matchings of sizes k and n — k and place them on the red and
blue points, respectively, with the latter being faced downwards rather than upwards.
Finally, construct a graph GG with one vertex for each of the n arcs, where two vertices

are adjacent if and only if the endpoints of the corresponding arcs alternate. <

For example, below is a Catalan-pair graph on 9 vertices, where we colored the

arcs according to the color of the points they connect. We say that the pair of Catalan-arc
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matchings on the left is a representative for the graph on the right, or alternatively that

it represents the graph on the right.

Figure 5.1: A Catalan-Pair graph on 9 vertices.

As a first observation, note that all of the arcs on the top are chosen to be non-
intersecting, and similarly for all of the arcs on the bottom. Therefore, if the endpoints
of two arcs alternate (and hence correspond to an edge in GG) these arcs necessarily come
from different sides. Thus every Catalan-pair graph is bipartite.

The main purpose of this section is to introduce a model to randomly generate
a Catalan-pair graph on n vertices, which we denote by C'P,, and to establish various
properties about this random graph. Before we precisely define our random graph model,

we briefly summarize our main results.

Theorem 5.1.2. The expected number of edges of the random Catalan-pair graph CP,
satisfies

El[e(CP,)] ~ %nlog n. (5.1)

Moreover, for any ¢ > 0 we asymptotically almost surely have |e(C'P,) — %nlog n| <
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enlogn.

We also obtain an asymptotic formula for the expected number of isolated vertices

in CP,.
Theorem 5.1.3. Let I,, denote the number of isolated vertices in C'P,. Then
E[l] ~n, (5.2)

where 7y is the constant defined by

e8] m—1
i 2m — 2
y=4) 16T < o >Cm_1_be_0.3023....
m=1

b=0

Moreover, for any € > 0 we asymptotically almost surely have |I,, — yn| < en.

In addition to this, we deduce the order of magnitude for the expected number of
(induced) subgraphs of any connected Catalan-pair graph with at least three vertices. To
this end, Let Ny (G) denote the number of subgraphs of G that are isomorphic to H and

let Nj;(G) denote the number of induced subgraphs of G' that are isomorphic to H.

Theorem 5.1.4. Let H be a connected Catalan-pair graph on v > 3 vertices. The expected
number of (induced) subgraphs of the random Catalan-pair graph C P, isomorphic to H
satisfies

E[Ny(CP,)] = ©(n"/?).

E[N;(CP,)] = ©(n"/?).
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Notation. Let a Catalan-pair graph on n vertices be given. For 1 < a < b < 2n, we
say that (a,b) match if the a' and b*™® point have the same color and if there is an arc
connecting these two points. In the earlier example, the matching pairs are (1,7), (2,4),
(3,5), (6,12), (8,9), (10,16), (11,14), (13,18) and (15,17). We similarly say that (a,b)
match in a single Catalan-arc matching of size n if there is an arc connecting these two
points. For 1 < a < b < ¢ < d < 2n we say that (a,b,¢,d) is an edge if (a,c) and
(b, d) match. For example, in the the graph from before (6,10,12,16) is an edge, and it
corresponds to the edge between uy and v. We say that an arc in a single Catalan-pair
matching has length k if it covers k — 1 smaller arcs, or equivalently if the two points it

connects have 2k — 2 points between them. |

5.2 Random Catalan-pair graphs

Let us define a model to generate a random Catalan-pair graphs on n vertices.

Consider the following procedure, starting with 2n collinear points.

1. For each of the first 2n — 1 points, uniformly and independently color each of these
points either red or blue. Then color the last point red or blue, whichever makes it

so that the total number of points of each color is even.

2. Suppose that we have 2k red points, and consequently 2(n — k) blue points. Inde-
pendently and uniformly pick Catalan-arc matchings of size k and n — k from the

set of all possible Catalan-arc matchings of that size, and place these above and
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below the red and blue points respectively.

3. Create a graph according to Definition 5.1.1, and denote this (random) graph by

CP,.

One of the advantages of this model is that due to Lemma 2.7.1 with high proba-
bility roughly half of the points (or any large enough subset of the points for that matter)
will be colored red. Note that because of the forced choice of the color of the last point,
our setting is not completely identical to that of the above result. However, it does apply
for any proper subset of the points, and the concentration result for the total number of

points of a given color is almost unaffected.

5.3 Random Catalan matchings

To generate C'P,, we must choose a random Catalan-arc matching from all such
matchings of a given size. In this section we compute the probability of having a given
set of arcs connecting a given set of points within this randomly chosen Catalan-arc
matching. We note that studying the structure of a random object enumerated by the
Catalan numbers is of independent interest, and other work in this direction has been
done in, for example, [DFH'99] and [FS09].

Let C,, denote the set of Catalan-arc matchings of size n. We recall the asymptotic

formula
4n

Cor e

(5.3)
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which can be derived, for example, by Stirling’s formula.

Throughout this section, let C' be a Catalan-arc matching chosen uniformly from
C.. As mentioned, we are interested in the probability of having a given set of arcs
connecting a given set of points within C. It is clear that in order for this to be able to
happen, the points and arcs have to satisfy some conditions. First of all the endpoints of
any given arc must have an even number of points between them, since any arc connecting
at least one of these points must connect two of these points. Additionally, it is clear that
none of the given arcs are allowed to intersect.

This leads to the following definition, where one should think of having specified

arcs connecting points x; and x; + 2k; — 1 for all 7.

Definition 5.3.1. Let x = (xy,...,25) and k = (ky,...,ks) be s-tuples of positive

integers with x; < ... < x,. We say that (x,k) is a valid pair if

1. For all 2 we have 1 < x; < x; +2k; — 1 < 2n.

2. The integers x1,x1 + 2k; — 1,..., x5, x5 + 2ks — 1 are all distinct.

3. There are no @ # j with o; < z; < x; +2k; — 1 <z; + 2k; — 1. <

As an example, for n = 8, we have the valid pair ((2,4), (5,2)) which we think of

as having specified arcs connecting points 2 and 11 and 4 and 7.
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Figure 5.2: Specified arcs in a Catalan-arc matching for n = 8.

As mentioned before, the conditions imposed on (x,k) are necessary for there to
be a Catalan-arc matching with arcs on these specified positions. In this case, it is not
so hard to see that we can indeed extend this to a Catalan-arc matching, for example as

follows.

Kf-\o\(\o ¢ o 60

Figure 5.3: A completed Catalan-arc matching with the specified arcs.

Below we will see that the condition of (x, k) being a valid pair is also a sufficient
condition to have a Catalan-arc matching with arcs connecting z; and x; + 2k; — 1. In
fact, we will determine the explicit probability of having arcs on these given positions. To
this end, let A(x,k) denote the event that (x;,z; + 2k; — 1) match in C for all i.

Before we can determine the probability of this happening we need some notation.

In the above example, we see that in order to extend to a Catalan-arc matching, we have
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to connect the two points within the smaller arc, we have to connect the four points
within the larger arc (but outside of the smaller arc), and finally we have to connect the
six points outside of the larger arc. Below we define integers that are analogues of the
two, four, and six above.

For a valid pair (x,k) and 1 <1 < s, let M; be the set of x such that z; < z <
x; + 2k; — 1 and such that there exists no j # i with z; <z <z, +2k; — 1. We let M, be
the set of z such that 1 < x < 2n and such that there exists no ¢ with x; < x < x;+2k; —1.
Observe that every x with 1 < z < 2n is either of the form z; or x; + 2k; — 1 for some 1,
or else belongs to a unique M;. Furthermore, it is easy to see that each M; has an even
(possibly 0) number of elements, so the numbers m; = |M;|/2 are nonnegative integers,
and from the definition it follows that these numbers sum to n — s.

We can now explicitly compute the probability that (x;, z; + 2k; — 1) match in C

for all 1.

Lemma 5.3.2. If (x,k) is a valid pair, then

P[A(x,k)]zci. .
"i=0

(5.4)
Proof. Since each Catalan-arc matching is chosen with probability Cin, it suffices to show
that there are [[;_, Cp,, Catalan-arc matchings for which (x;, z; + 2k; — 1) match for all
1. We show that a Catalan-arc matching satisfies this condition if and only if points in

some M; are only connected to points in that M; and the set of arcs on the points in M;

is a Catalan-arc matching.
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First, assume for contradiction that there exists ¢ # j such that there is a Catalan-
arc matching that connects a point = in M; to a point y in M;. Without loss of generality
we may assume that j # 0 and that we do not have z; < z; < x; +2k; — 1 < x; +2k; — 1
(if the latter happens, simply switch ¢ and j). This implies that z; < y < z; + 2k; — 1
and x & [z, z; + 2k; — 1], but then the arc connecting x and y would intersect the arc
connecting x; and x; +2k; — 1, a contradiction. Furthermore, it is clear that the induced
set of arcs on the points in M; still has no intersecting arcs.

Conversely, suppose we choose Catalan-arc matchings to go on the points of each
M;. By definition, there do not exist points a < b < ¢ < d with a,c € M, and b,d € M;
for ¢ # j, so arcs in M; and M; will not intersect when 7 # j, and clearly also not for
i = j. Lastly, points in M; either lie completely inside an interval [z;,z; + 2k; — 1] or
lie completely outside of it, so arcs on the M; will also not intersect arcs of the form
(xj,z; +2k; — 1).

Therefore, since a Catalan-arc matching on the points of M; has m; arcs, there are
Cn, choices for this matching. Since these choices can be made independently, the total

number of desired Catalan-arc matchings equals [[7_, C,, as desired. O
By combining (5.3) and Lemma 5.3.2 we can obtain bounds for this probability.

Corollary 5.3.3. Let (x,k) be a valid pair. There exist positive real numbers o, s such

that
n3/2 n3/2
W < PlA(x, k)] < ﬁSW’

7 7

Qs

(5.5)
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where H/ indicates the product over all 0 < i < s with m; # 0.

Proof. Let us prove the lower bound, the proof for the upper bound is analogous. Because

of the asymptotic formula in (5.3) there exist positive numbers a < 1 < A such that

4n 4n

for all n > 1. Since Cy = 1 we find

PlA(x, k)] = Ci TICn = Ci 1T ¢

3/2 LA , s+1 3/2 3/2
> ﬁnn ' H/ - 43/2 > 4 . s/2 ?7 372~ s T/l 3/2°
A-4 Vrm; A-m 21T m, [T m;
where we use that > m; =Y ;m; =n —s. O

5.4 The expected number of edges

We will determine the asymptotic behavior of the expected number of edges of
CP,. To this end, we start by establishing a general upper bound on the probability that
CP, contains a given structure on a given set of points.

We consider two analogues of the valid pairs introduced in Section 5.3.

Definition 5.4.1. Let x = (xy,...,x5), k= (k1,.. ., ks), y = (Y1, .-, ye), 1= (01, ..., 4)
be tuples of positive integers with 1 < ... < zs and y; < ... < y;.
We say that this quadruple is valid if for all 1 < i < sand 1 < 57 < t we

have 1 < z; < x; + k; <2nand 1 < y; < y; +¢; < 2n, and if there exists at least one
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representative for a Catalan-pair graph on n vertices for which (x;, x; +k;) and (y;, y; +¢;)
match for all 7, j.

Similarly, we say that such a quadruple (x,k,y,1) is good if
1<z <z;+k<2nand1<y; <y, +{;<2nforalll <i<sand1<j<t.
2. Any two numbers of the form x;, z; + ks, y; or y; + k; differ by at least 2.

3. There exists no ¢ # j such that o; < z; < a; +k; <a;+kjory <y, <y +4; <

Y; +£j. <

In the proof of Lemma 5.7.1 we will see that the conditions for a good quadruple
imply that there exists a representative for a Catalan-pair graph G such that (z;, z; + k;)
and (y;,y; + ¢;) match for all 1 <i < s and all 1 < j <t. Therefore, any good quadruple
is also a valid quadruple.

Given a valid quadruple (x,k,y,1), we would like to have an analogue of the
integers m; defined in Section 5.3. To this end, for 1 <17 < s, set f; to be the number of
r; < ¥ < x; + k; such that there is no ¢’ with z; < z < x5 + ky and such that z is not of
the form y; or y; +¢; for any j. Set f, to be the number of 1 < x < 2n that do not belong
to any interval [x;, x; + k;], nor are of the form y; or y; 4+ ¢;. Similarly define go, g1, . .., g:.

Let (x,k,y,1) be a valid quadruple where x and y have length s and ¢ respectively.

Let A(x,k,y,1) denote the intersection of the following events.

1. The points z; and z; + k; are colored red and the points y; and y; + ¢; are colored

blue for all ¢, 7.
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2. For all 7 and j the number of red points x with z; < x < x; + k; and the number of

blue points y with y; <y < y; + ¢, is even.
3. For all ¢ and j we have that (z;,x; + k;) and (y;,y; + ¢;) match in C'P,.

We would like to point out that the second condition is necessary for (x;,z; + k;) and
(yj,y; +¢;) to match for all 7 and j. Therefore, we could technically omit this condition,
but we have included it to improve the readability of our proofs.

We have the following upper bound for the probability that A(x,k,y,1) occurs.

Lemma 5.4.2. There exists a positive real number Bs, such that for sufficiently large n,
and for any valid quadruple (x,k,y,1) (with x and y of length s and t respectively) we

have

—

PlA K,y )] < Bon® T T (5.7

J

where ﬁ indicates the product over all i and j for which f;, g; > 16(s + t)logn.

Proof. Let v = (s+t). Note that with probability 2724 = 47 all of x;, v, +k;, y;, y; +{;
have the correct color. From now on we condition on this event happening. For each
0 <i < s, let 2r; denote the number of points counted by f; which are colored red, where
we note that r; may not be an integer. For each ¢ with f; > 16vlogn, we use Lemma 2.7.1

to conclude that
P[|2r; — fi/2| > \/vfilogn] < 2n~?".

Note that if |2r; — f; /2| < v/vf;logn, then in particular we have 2r; > f;/2— /v f;logn >

fi/4, where we used f; > 16vlogn in the last step. Therefore, with probability at most
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2(v +2)n~% we have r; < f;/8 or b; < g;/8 for some i or j for which f;, g; > 16vlogn.
Let B, and R, be the total number of blue and red points respectively. We
condition on the event that r; > f;/4 and b; > g;/4 for all i and j for which f;,g; >
16vlogn. If any of the numbers 7;,b; is not an integer, or equivalently if the number
of red/blue points in some appropriate region is not even, the probability that all of
(wi, x; + k;) and (y;,y; + ¢;) match is 0, which definitely agrees with the proposed upper
bound. If all the 7; and b; are integers we can apply Corollary 5.3.3 to show that the

probability that all of the (x;, z; + k;) and (y;,y; + ¢;) match is at most

—~

ﬁst/2 . Hri—3/2 . BtB?L/Z . Hb;3/2
i J

< Bo- (2n)* 2 TT(fi/8)7%% - Be(2n)*? - T](g;/8) 7>

7 J
-0 (n3 : ﬁf_?)/z . ﬁg.—?’/?)
i J ’

J

where in the first expression we ignored all ¢ for which f; < 16vlogn since in the formula
of Corollary 5.3.3 these terms either do not appear, or they contribute a multiplicative
factor of the form x73/2 for some x > 1, hence leaving it out will still yield an upper
bound.

Therefore, we know that

J

]P[A(X7 ka Yy, l)] S 47 (2(U + 2)71721) -+ O <n3 . ﬁf;‘gﬂ . ﬁgj3/2)> )

Since f; < 2n, g; < 2n, and since the above products contain at most s +1 and ¢t + 1
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terms respectively, we find

3. Hfi_3/2 . ng—3/2 > n3(2n)—3/2(s+1+t+1) = 973/2(v42) | ;3-3/2(v+2) 5, 20

J
for sufficiently large n, and hence the n? ﬁz f[g/ 2, 1:[; g;?’/ ? term dominates this expression.

]

Using similar ideas, we can deduce an upper bound on the expected number of

arcs in C'P, whose lengths lie in a specific range.

Lemma 5.4.3. For any 1 < o < 8 < 2n, let A, denote the number of matching arcs

in CP, of the form (1,1 + k) with o« < k < . Then
E[Aqs] = O(a™?n + Bne/19). (5.8)
In particular, if 32logn < a we have
E[A, 5] = O(a™?n). (5.9)

Proof. We first consider some reductions of the problem. If « = O(1) the bound is trivial,
so we will assume that o = w(1). For any a > n the proposed bound is O(y/n), so in
this range it suffices to prove the result for & = n and thus we can assume without loss
of generality that o < n. Also, for any & > 2n — 32logn, C'P, contains at most two non-
intersecting arcs of length &k (one for each color) since k > n. Thus we can assume that
B < 2n—32logn, which will cause E[A, 3] to decrease by at most 2-321logn = O(a~Y/2n)

when o < n.
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For a < k < 3, let A(i, k) denote the event that (i,7 + k) matches in C'P,. Let
211 denote the number of points x in ¢ < x < i 4+ k colored red and let 2r, denote the
number of points x with z < i or x > 7 4+ k colored red, where as before we note that r;
or ro may not be an integer. The probability that either |2r; — (kK —1)/2] > (k—1)/4 or
12ry — (2n — k —1)/2| > (2n — k — 1)/4 is at most e~ *=1/8 4 ¢=(n=k=1)/8 = Conditional
on neither of these events occurring, we can proceed as in Lemma 5.4.2 and find that the
probability of (7,7 + k) matching is at most cn®2(k — 1)73/2(2n — (k + 1))73/2 for some

absolute constant ¢. Combining all this we see that
PIAGi, k)] < en®?(k — 1)732(2n — (k + 1)) 732 4 e~ (-D/8 4 o~ Cnok=D)/8,

Moreover, we have that P[A(i, k)] = 0 for ¢ > 2n — k. Because

B 2n
BlAus) = 303 BIAG, ),

k=a 1=1

we have that
B
E[Aag) <> 2n—k)(en®?(k—1)"?2n— (k+1)) %2+ 6084 emCn=k=D/8) - (5 10)
k=«

Let v = min(8,n). For @ < k < v and n sufficiently large, we have that (2n—(k+1)) > in

and (k — 1) > k. Thus the terms in (5.10) are at most

2n(273ck™3/% 4 26716 4 2e7/16) < 9720 3/2 4 dpe=/16,

Thus (5.10) restricted to this range is at most

Y e
Z 27 2enk =32 4 dne=/16 < 2_271/ cx 3 dr + 47716_0‘/16 = O(oz_l/Qn + Bne‘o‘/m).

k=« a—1
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If 8 < n then this completes the proof. Otherwise we can assume § = 2n — 32logn.
Using similar logic as before, for n < k < 2n — 32logn we have that the terms of (5.10)

are at most
272¢(2n — k) Y2 + dne 218" = 272¢(2n — k)Y 4+ 4n~L

Again summing over the relevant range and bounding our sum with an integral gives an

upper bound for (5.10) in this range of

2n—32logn
> @n—k)V+4nt = O(vVn) = O(a™n).
k=n
Summing the contributions from these ranges gives the desired result. O]

5.4.1 The expected number of edges

We are now ready to prove the first part of Theorem 5.1.2. We will do so by

showing that for any € > 0 we have
1 1
(1 —€)—nlogn + o(nlogn) < Ele(CP,)] < (1+¢)—nlogn+ o(nlogn). (5.11)
T 7
It is clear that

Ele(CP,)] =Y PlA(z, k,y,0)]. (5.12)

where the sum is over all valid quadruples (x,k,y,¢) of positive integers such that 1 <
r<y<zr+k<y+l<2norl<y<z<y+l<z+k<2n.
We break up this sum into various parts, and we will show that all but one will

contribute o(nlogn), and that the remaining part will contribute between (1 —¢€)nlogn
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and (1 +e)%n logn. Let ¢ < 1 be a positive real number and d be a positive integer, where
eventually we will pick ¢ small and d large to get our bounds within the desired (1 + €)

region.

Proposition 5.4.4. Consider the contribution to (5.12) coming from each of the following

subsets of the quadruples.
(i) Valid quadruples (z, k,y,l) with k < dlogn or ¢ < dlogn.
(i) Valid quadruples (z,k,y,l) with k > 2n — dlogn or £ > 2n — dlogn.
(1i) Quadruples (z,k,y, ) with dlogn < k,¢ < 2n — dlogn that are valid but not good.

(iv) Good quadruples (z,k,y,?) with dlogn < k < cn < { < 2n — dlogn or dlogn <

(<cn<k<2n—dlogn.
(v) Good quadruples (x,k,y,l) with cn < k, ¢ < 2n — dlogn.
Fach of these contributions is o(nlogn).

Proof. (i) This contribution counts the expected number of edges that come from pairs
of arcs with at least one arc of length at most dlogn. We first show that the number
of such edges with at least one arc of length at most v/logn is of order o(nlogn) in
any Catalan-pair graph, and therefore also in expectation. Indeed, any arc of length
at most y/log n has degree at most y/log n since every interlacing arc must have one
of its endpoints within the given arc. Since we have at most n arcs of length at most

Vlogn, the total number of such edges is at most n/logn = o(nlogn).
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(i)

(iii)

Now consider the edges involving an arc of length between y/logn and dlogn. By
Lemma 5.4.3 there are at most O(n(logn)~"/*+logn-ne=VIe™/16) = o(n) such arcs
in expectation. Since each such arc can be involved in at most dlogn edges, we
conclude that the total expected number of edges involving vertices of this type is

at most o(nlogn).

This contribution counts the expected number of edges that come from a pair of
arcs where at least one of the arcs has length larger than 2n — dlogn. We show
that the number of such arcs is O((logn)?) = o(nlogn) for any Catalan-pair graph,
which implies the same bound for the expected number of such edges. First, note
that for n large enough and each N > 2n — dlogn there is at most one arc of length
N on either side. Indeed, since 2n — dlogn > n for n large enough, if we had two
arcs of length N on one side this would contradict the condition that the arcs do not
intersect. Therefore, there are at most 2dlogn arcs of length at least 2n — dlogn.
Furthermore, each such arc interlaces with at most dlogn arcs on the opposite side.
Indeed, any such interlacing arc must have one of its endpoints outside the arc in
question, and there are at most dlogn such points. Therefore, we have at most

2dlogn - dlogn = O((logn)?) such edges, as desired.

We assume d > 32 in order to apply Lemma 5.4.2.

We know that for any (x, k,y,¢) in this range we have

PlA(z, k,y,0)] = O(n3(2n — (k+ 2))_3/2/€_3/2(2n e+ 2)_3/%_3/2)'
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Furthermore, given k and ¢ we claim that there are at most 16n quadruples (z, k, y, £)
that are valid but not good. This follows since there are at most 2n possibilities for

x, and given x we must have that y or y + ¢ belongs to {x £ 1,z + k £ 1}.

Therefore, the total contribution is at most of the order of

n*> (20 — (k+2)) k220 — (04 2)) 7200
k¢

=n! (Z(?n — (k+ 2))3/%3/2) :

k

We can break up >_,(2n — (k +2))~%2k=3/2 in the regions k < n and k > n. When
k < n we have (2n — (k +2))7%/2 < (n — 2)7%/2, hence the contribution is at most
(n —2)732% k732 = O(n=/?) since the sum of k%2 is bounded. By similar

reasoning the other contribution is O(n~%/2), so

n* (Z@n — (k+ 2))‘3/2k‘3/2> =n*0(n~*??% = 0(n) = o(nlogn),

k
as was to be shown.
Again we assume d > 32. Also, we only consider the case dlogn < k < cn < { <

2n — dlogn, the other case being analogous.

We claim that for given & and ¢ there are at most (2n — ¢) - 2k good quadruples
(x,k,y,¢). This holds since y has to satisfy y + ¢ < 2n, and after choosing y we
must have that y —k <z <y—lory+{—k <z <y+{—1, leaving at most 2k

choices for x. Therefore, this region contributes at most

cn 2n—dlogn
S> T @n—0)-2k-n*2n— (k+2)) k220 — (04 2) 2,

k=dlogn {=cn
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Note that this sum breaks up as

( Z k= 1/2 k+2)) 3/2)

k=dlogn

( nignz 2(2n — 0)(2n — (€ +2))” 3/2> .

{=cn

Using (2n — (k +2))73/2 < 23/2n73/2 we find that

Z = 1/2 —(k+2))" 3/2 _ 73/2 Z L1/2

k=dlogn dlogn+2

=0~ - 0mnY?) =0(n™)

where the second equality follows from comparison of the sum with an integral. An

analogous computation shows that

H_ngnﬁgﬂ@n —0)-(2n—(£+2)3? =0(n),

l=cn
and therefore this range of k and ¢ contributes at most 2n*-O(n™!)-O(n™!) = O(n),

which is in particular o(nlogn) as desired.

Again we estimate the number of good quadruples (z, k, y, ¢) for given k, ¢. Similar
to above we have at most (2n — k) and (2n — ¢) choices for x and y respectively,
and therefore we have at most (2n — k)(2n — ¢) good quadruples in total. Thus this

part of the sum contributes at most
2n—dlogn

> @n—k)@2n—0)-n*2n — (k+2))PE2 (20 — (04 2)) P02,

kJf=cn
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As in case (iv), this factors as

n? ( ”‘Z"gnk3/2(2n —k)(2n — (k+ 2))3/2>

k=cn

. ( nign€_3/2(2n _ E) . (2n N (E—{— 2))—3/2) .

l=cn
Each of the above sums will be O(n™!) by the same argument as before. We conclude
that the total contribution of these terms to the original sum is at most n*-O(n™1)-

O(n™') = O(n) = o(nlogn), completing the proof. O

We point out that using Lemma 5.4.2 and similar arguments to the ones used in
cases (iv) and (v) can be used to show that the region dlogn < k, ¢ < cn will contribute
O(nlogn) to the expected number of edges. In fact, using a later result, Lemma 5.7.1,
we can also show a lower bound of 2(nlogn) for this contribution. However, with a little
bit more care it is possible to determine the exact constant. We first require a probability

lemma.

Lemma. Let X1, Xo, ... be independent random variables with P[X; = 0] = P[X; = 1] =

1/2, and set S; = le X;. Fore>0,d>20/¢® and j > dlogn we have
P[|S; — j/2| < €j/2] < 2n™'°. (5.13)
Proof. By Lemma 2.7.1, the desired probability is at most
2exp(—2(ej/2)%/5) = 2exp(—€2/2) < 2exp(—e2dlogn/2) = 2n= 4% < 210

since d > 20/¢2. O
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By Proposition 5.4.4, in order to show (5.11) it suffices to prove that for suitably
small ¢ and sufficiently large d the contribution from good quadruples with dlogn <
k,¢ < cn is between

1 1
(1—€)—nlogn and (14 ¢€)—nlogn.
T T

To this end we introduce the following notation, which intuitively means that two expres-
sion asymptotically gets arbitrarily close for n — oo, independent of all other variables,

provided one picks a suitably small ¢ and a suitably large d.

Definition 5.4.5. Let f and g be two functions with the same domain taking positive
values, and whose inputs depend on some positive integer n and some other integer
variables, some of which are restricted to the interval [dlogn,cn|. We say that f ~,. g if

for any € > 0 there exist suitable ¢, d and N with

(1—e)f(z) <glr) < (1+€)f(x) (5.14)
for any input x with n > N. <

Here the subscript ac denotes that we do not have the exact asymptotic behavior,
but that we get arbitrary close asymptotic behavior by choosing suitable ¢ and d.
We now want to show that

S BlA(, .y, 0] ~ae Snlogn (5.15)

(x,k,y,0)

where the sum is over all good quadruples (z, k, y, ) with dlogn < k, ¢ < cn. The desired

result follows by the steps in the proposition below.
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Proposition 5.4.6. We have the following statements.
(i) PlA(2, k,y, 0)] ~ac gk~ 207%2.

(i1) Let g(k,l) be the number of pairs (x,y) such that (x,k,y,{) is a good quadruple.

Then g(k,€) ~ae 4n - min{k, £}.

(iii) We have

n

1
— Z k320732 min{k, €} ~,c —nlogn.
7r

s
dlogn<k/l<cn
Before proving this proposition, we first show that this implies the asymptotic

result of Theorem 5.1.2.
Corollary 5.4.7. The expected number of edges of C'P, satisfies
1
El[e(CP,)] ~ —nlogn. (5.16)
™

Proof. Given Proposition 5.4.6, for any € > 0 there are some ¢, d and N such that for all

n > N we have

1
PlA(x, k,y, 0)] < (1 + e)Fk_3/2€_3/2

™

g(k,0) < (14 ¢)dnmin{k, (}

1
i Z k320732 - min{k, ¢} < (1 + €)—nlogn.
7T

dlogn<k,l<cn
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This implies

1

< Ly 3/29-3/2
ST PlAGky O < (1e) Y kT
(z,k,y,L) (z,k,y,£)

1
= (1 > gk t) - ——k320750

<1+ 6)2% N k2032 mink, ¢}
k.t

1
< (1+¢€)*=nlogn,
T
and similarly for the lower bound. O]

We now prove this proposition.

Proof of Proposition 5.4.6. (i) It is clear that with probability 27* all of x, z + k, y,
y + ¢ have the correct color. We now claim that, conditioning on the event that
this happens, with probability 272 there is an even number of red points between
x and = + k and an even number of blue points between y and y + ¢. Indeed,
consider the case where v < y < x + k < y + {. Then for any possible coloring of
x+2,...,y—lLy+1,... ., o+k—1x+k+1,... y+{— 2 there is a unique choice
of colors for x + 1 and y + ¢ — 1 that makes the number of red and blue points in
the respective regions even, and with probability 272 these points will receive this

color (here we used our assumption that y >z +2 and y +/¢ >z + k + 2).

Condition on the event that all of this happens. Let r; and ry be defined such that

there are 2ry red dots between z and x + k and 275 red dots outside, and similarly
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define b; and by. Then, conditional on the aforementioned event, the probability of

having arcs between x and = + k£ and y and y + ¢ is given by

Cr -Cn, Cy - Ch,
CT1+7“2+1 Cb1+b2+1

(5.17)

By Lemma , with probability at least 1—8n71% we have ry ~,. k/4, ry ~ue n/2—k/4,
by ~ac £/4 and by ~,. n/2 — /4. Furthermore, since k,¢ > dlogn and dlogn —
oo we may replace all Catalan numbers by their asymptotic expressions, which
yields that the probability of having arcs on the desired positions is (asymptotically

arbitrary closely) given by

1 ) 7’1+7’2+1 3/27.,3/2. b1+b2+1 3/2673/2
167 T2 ! bg ! .

Since r1 + 719+ 1 ~pe n/2 — k/A+ k/4+ 1 ~pe n/2 and 19 ~pe 1/2 — k /4 ~ope n/2

. r14+ra+1
(the latter since n/2 > n/2 — k/4 > n/2 — cn/4), we find 2= ~,. 1, and hence

1 1

1 (7“1 + 7o+ 1>3/2 =3/2 <b1 + by + 1)3/2 p-3/2

167 ‘ ) bg
1 1
~ae — (k/4 —3/2 /4 -3/2 _ 26—]{3_3/2f_3/2.
o (/A (/) Ton

Therefore, for any €, and suitable ¢, d and large enough n we have

1
(1= 8071 (1 — €)=k 202 < PlA(, by, )]

1
<(1-8n"19(1+ E)Fk—?’/?e—?’/? +8n710,
Y

Since 1 — 8n71% — 1 for n — oo, and since k320732 > n=3 we have n=10 =

o(k=3/2¢-3/?) (uniformly in n). This shows that P[A(z, k, y, {)] ~ac 7a-k=3/2073/2,

100



(i)

(i)

Without loss of generality we may assume that & < ¢. We show that (4 — 6¢)n(k —
3) < g(k,0) < 4nk. Since k > dlogn and dlogn — oo we have k — 3 ~,. k, and the

result follows.

For the upper bound, note that we have at most 2n choices for x. Furthermore,
given x, either y or y+ ¢ must be among {r+1,2+2,..., 2+ k— 1}, hence we have

at most 2- (k— 1) < 2k choices for y afterwards. Therefore, g(k, () < 2n -2k = 4nk.

For the lower bound, let en < x < (2 —2¢)n. We claim that for any such x there are
at least 2(k — 3) good quadruples with that x. Indeed, let y € {z+2,..., 2+ k—2}
orye{x+2—14,...,0+k—2—/(}, and we claim that any such y works. Since

¢ > k these two sets are disjoint, giving us 2(k — 3) good quadruples.

First suppose that y = x4 7 for 2 < 7 < k — 2. Then we clearly have 1 <z <y <
r+hk<y+Ll y>x+2and x+ k> y+ 2 Furthermore, y+¢>2x+2+/( >
x+2+k=(r+k)+2 Lastly, y+ ¢ <x+k—24+0<2n—2cn+k+{ < 2n, since

k,0 < cn. A similar argument holds in the case y =z + j — /.

We consider the contribution to the sum coming from k£ < ¢, the analysis for the

contribution coming from k > ¢ is analogous. First, note that

en -1 ¢
~1/2)-3/2 _ -3/2 ~1/2 -3/2 ~1/2
g k 14 g 14 g k < g 14 /133 dz

k<t {=dlogn k=dlogn 0
=3 PP -2 < Y 2!
0 {=dlogn

< 2/ v 'dz < 2log(cen) < 2logn.
d

logn—1
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In the other direction, note that we have a lower bound of

Z 0~ 3/2 Z k- 1/2> Z -~ 3/25 3/2/ *1/2d:z:

{=(logn)? k=dlogn t=(log n)? dlogn

Z 0732202 — 2(dlog n)'/?).

{=(logn)?

For any ¢ we have (dlogn) < €*(logn)? < €% for n large enough, hence 2¢'/% —

2(dlogn)/? > 2(1 — €)¢~Y/2 for n large enough. Therefore, we get a lower bound of

cn

2(1—¢) Z 71 >2(1 =€) (log(cn + 1) — log((logn)?))

¢=log(n)?2

by again comparing the sum with an integral. The desired result now follows from

the fact that
log(cn + 1) — log(log(n)?) > logn + log ¢ — log(log(n)?) ~ logn,

hence we have log(cn + 1) — log(log(n)?) > (1 — €) logn for n large enough. O

5.5 The number of isolated vertices

In this section we will determine the asymptotic behavior of the number of isolated
vertices, as stated in Theorem 5.1.3. Recall that I,, denotes the number of isolated vertices

of C'P, and that we defined

m—1
m 2m — 2
_4§ 16 §< 2 )le,,cb. (5.18)

b=0

Before proving Theorem 5.1.3, let us first show why the sum defining ~ is a convergent

sum. Let 7, = 4-16™™ 22:01 (2”;;2) Crn—1-4Cy, then as noted in [BDD™, Section 5] we
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have ~,, < m for m > 2, from which the convergence follows since the sum of the
reciprocals of the squares converges.
In fact, this gives us an error bound on how quickly the finite sums Zi\f:l%n

converge to . Indeed

o) M 0o M 0o 1
Y= Z Tm = Z Z Z Ym + Z m
m=1 m=1 m=M+ m=1 m=M+1

S}

M
e 1 1
<N, L =S
<t T Tl 2.7 LTIV

m=1

Using the trivial lower bound ~ > Z%Zl Ym and taking M = 10* one can compute that
0.30234 < v <0.30238.

We first show that E[I,] is asymptotically at least yn. As a first observation we note
that any arc yielding an isolated vertex must have an even number of points between its
endpoints, as otherwise there would be an arc connecting a point between its endpoints

with a point outside. Such an arc would necessarily be on the other side and would

n
m=1

yield an edge involving the arc in question. Therefore, I,, = > I, where I, ,,, is the
number of isolated vertices induced by an arc connecting two points with 2m — 2 points
between them.

The following result will suffice to prove the lower bound for E[/,,].
Proposition 5.5.1. For m a fized positive integer we have E[I,, ] ~ ymn.

As a result of this proposition, we can see that

E[I,] > 3 ELum) ~ > Ymn, (5.19)

m=1
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which gets arbitrarily close (in the multiplicative sense) to yn by picking M large enough.
However, this approach does not immediately yield the upper bound, since each E[I,, ,,]
will converge to v,,n at its own rate, hence a bit more care is needed to handle the full

sum E[1,,| =>" | E[l,m).

m=1

Proof of Proposition 5.5.1. We count the expected number of such arcs that come from
the top, and by symmetry we can multiply this quantity by two to get our final answer.
As mentioned above, an arc connecting z and x + 2m — 1 is isolated if and only if the
2m — 2 intermediate points are only connected to themselves. The total number of ways
to connect those points is given by

m—1
2m — 2
Z ( 7n2b )lebe, (520)

b=0

2m—2

where b is the number of arcs on the bottom, ( o

) counts the number of ways to select
the 2b points for these arcs, and C,,_1_; and C} count the number of ways to choose the
arcs on the top and the bottom.

Now fix one such configuration with b arcs on the bottom and a arcs on top

(including the arc between x and = + 2m — 1). We claim that the expected number of

such configurations in C'P, is given by

~— Cr Cn—m—r
(2n —2m+1)27°" > " p, .
r=0

I

Cr-i—a Cn—m—r+b
where p,. = p.(n,a,b) is the probability that 2r of the points not among the 2m specified

points are colored red.
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This formula follows from the fact that there are 2n — 2m + 1 possibilities for z,
namely 1 < z < 2n — 2m + 1, and that for each such x the probability of the points
x,x+1,...,2+2m — 1 colored exactly as in our configuration is given by 272™. After
that, given z and conditioning on these points having the correct colors and conditioning
on there being 2r other red points, the probability that the top Catalan-arc matching

(which has size r + a) has exactly the desired configuration on our given 2a red points is

Lemma 5.3.2, and a similar result holds for the probability of the bottom
Catalan-arc matching coinciding with our given configuration on the 2b points.

To complete the proof it suffices to show that

n m—r —-m
E pr : ~ 4 >
r+a

nmr+b

since then
= [2m —2
(Z ( ) S bcb> (2n — 2m 4+ 1)272™ . 4™ ~ ym.
0
Using Lemma 2.7.1 with exponential small probability we have r < n/4 or n—m—r < n/4.

As a trivial lower bound we have

nmn/4

n m—r Cn—m—r
Zpr T+a : Z pr : .

n m— r+b r+a Cnfmfrer
r=n/4

Now in this region, since r, r+a,n—m—r,n—m—r+b > n/4 we can use the approximation
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for the Catalan numbers from (5.3) and find the lower bound

n—m—n/4

Z pr . Cn—m—r

Chr—m—
r=n/4 7"+a n—m—r—+b

n—m—n/4

Z 4" r+a 82 yn—m—r n—m-—r 3/2
Prigrya r Cgn—m—r+b \ g — £ b

r=n/4
n—m—n/4 n—m—n/4

~ Y pAT et =g N g
r=n/4 r=n/4

where the last step follows from the fact that r < n/4 or r > n —m — n/4 holds with
exponentially small probability.

Similarly, we have

Z C nmr

Cn m—r—+b

Cn—m—r
Z P +Pr(r<n/4dorn—m-—r<n/4)
r+a Cnfmfrer

~4T"+Pr(r<n/dorn—m-—r<nfd)~47",
completing the proof. O

We now prove the desired asymptotics for the number of isolated vertices.

Proposition 5.5.2. Let v be the constant defined by

-2
vy=4 Z 16—™ Z ( 9% )Cm_l_be =0.3023.... (5.21)

Let I,, denote the number of isolated vertices of CP,. Then E[L,] ~ yn.

Proof. As mentioned after the statement of Proposition 5.5.1 we have shown an asymp-

totic lower bound of yn on the number of isolated vertices. For the upper bound, note
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that using the notation of Lemma 5.4.3 we have that I, ,,, < Agy,—1.2m-1, since the number
of isolated vertices coming from arcs of length 2m — 1 is clearly at most the the total num-
ber of arcs of this length. By this observation, the fact that Zzzlﬁlogn 1 Aom-12m-1 <

As210gn+1,2n, and Lemma 5.4.3, we have

n

Z E[[mm] < E[A?)Q logn+1,2n] = 0(77,),

m=16logn+1
which shows that
16logn
E[l,] = > E[lm]+o(n).
m=1

Using the argument from Proposition 5.5.1 we see that

]E[[n,m] <d4n 4-m ( )lebe pr<n’ a, b) ro nom-r_
m=1 m=1 b=0 2b r—0 CT+a Cnfmfrer

We now see that for any m, a and b we have that there are at least n points outside of
the configuration, hence 2r is the sum of at least n independent 0 — 1 Bernoulli p = 1/2

variables. This means that with at most some exponentially small probability ¢="

we
have r,n —m —r < n/10.

Therefore, for all cases where r,n —m — r > n/10 we can again (uniformly over

all summands) replace C?ia by 47 (’"ja)?)/ 2 Since ’”;a =1+¢ <1+ 1?11/01%" we can

<

asymptotically replace ”j—“ by 1 over all summands. Using this and the approach as in

Cr . Cn—m—r
C’r+a Cn—m—r+b

Proposition 5.5.1 we have an asymptotic upper bound > """ p,(n, a, b)
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47 4 ¢=™ hence (asymptotically up to arbitrarily small multiplicative factors) we have

m=1 b=0

16logn 16logn m 9 —
S Elha)sin S 4 Z( ” )mlbcb( m )

S’yn+4n(lz 21(27”‘2> mlbcb) -

m=1 b=0

N
[=2]
—_

o

16logn

< yn + 4nc™™ - 16 log n4'6loen
= yn + 64nc™" - logn - 01984 = yn 4 o(1),
since ¢~ goes to zero faster than n!*161°¢4]ogn grows to infinity.

We can use a similar proof to bound the variance of I,.

4_m16m> c " <yn+4dnc™" Z 4™

Proposition 5.5.3. The variance of the number of isolated vertices in CP, satisfies

Var[l,,] = o(n?).

Before giving this proof, let us point out that using Chebyshev’s inequality from

Lemma 2.7.2 we can use this result to complete the proof of Theorem 5.1.3.

Proof of Theorem 5.1.3. The asymptotic result for the expected number of isolated ver-

tices follows from Proposition 5.5.2. From this we know |E[[,] — yn| < €/2 - n for n large

enough. Hence, for sufficiently large n we have,
P(|1, — vn| > en] < P[|I, — E[L,]| > €/2 - n].

Now, applying Chebyshev’s inequality we find

Var(l,] _ o(n?)
(e/2-n)*  (e/2-n)?

P[|I, — E[L,]| > ¢/2 - n] < = o(1),
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as desired. O
We will now prove the result on the variance.

Proof of Proposition 5.5.3. By definition we have Var[l,,] = E[I2] —E[I,]?, where E[],,]* =
(yn)? +o(n?) by the first part of Theorem 5.1.3. Therefore, since variance is nonnegative,
it suffices to show that

E[I2] < (yn)* + o(n?). (5.23)

Observe that I?2 is the number of ordered pairs of isolated vertices.

Just as above we show that we can restrict ourselves to the isolated vertices induced
by arcs of length at most 32log n. Indeed, let A, g be as in Lemma 5.4.3. Then the number
of pairs where at least one vertex comes from an arc of length at least 32logn is at most
2+ A3g210gn,2n - 1, Where the factor 2 represents the choice of the vertex coming from a long
arc being the first or second vertex in the pair, Aszi0gn,2, is the number of ways to pick
this long arc, and n is the number of ways to pick the remaining vertex. Therefore, this
contribution to E[I2] is at most E[2 - A32104n.2s - 7] = 0(n?) by Lemma 5.4.3.

Additionally, the number of pairs of isolated vertices coming from two arcs of
length at most 32logn, where one arc is contained in the other arc (possibly facing the
other way) is deterministically at most O(nlogn), since one can pick the outer arc in at
most n ways and then there are at most 32logn ways to pick the smaller arc. Therefore,
these pairs contribute o(n?) to E[I2] as well. Furthermore, the number of pairs where

both arcs are the same are at most n, so these will also contribute o(n?) to E[IZ].
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Therefore, we can restrict our attention to pairs of isolated vertices coming from
different arcs of length at most 32logn such that neither arc is contained in the other.
Note that since the arcs yield isolated vertices their endpoints cannot interlace, so the
sets of points covered by this arc are disjoint.

Suppose we want to calculate the probability of having a pair of isolated vertices,
one of them induced by an arc connecting (z,z + 2m — 1) and the other connecting
an arc connecting (y,y + 2k — 1), where m,k < 16logn. By a similar argument as in
Proposition 5.5.1, after specifying configurations for {z + 1,...,2 + 2m — 2} and {y +
1,...,y+ 2k — 2} the probability is (asymptotically up to arbitrarily small multiplicative
factors) at most

4—(m+k) . (4—(m+k) 4 C—n)

Y

where 4= (™) is the probability that all of {z,z+1,...,2+2m—1} and {y,y+1,...,y+
2k — 1} receive the correct color, and ¢~ is once again an upper bound on the probability

m+k) is once again the

of not having at least n/10 more blue and red points, and the 4~
factor that shows up by considering the asymptotic behavior of the appropriate quotient
of Catalan numbers. Also, by the same argument we can do these asymptotics for all
possible z, y, k, m and choice of configurations simultaneously.

Taking into account that there are at most (2n)* ways to choose z and y, and

4 ways to choose the side (top or bottom) for the arcs, and considering the possible

configurations for {x+1,...,2+2k—2} and {y+1,...,y+2k—2} we find an asymptotic

110



upper bound for the desired contribution of

16logn 9m — 9
Z 16n Z 2b1 C’m_l_blel

k,m=1 b1=0
k—1
2k — —(m n
. Z Ck 1— b20b2 —(m+k) (4 ( +k)+C )
= 2b,

Using 4=(m+k) - < (47™ 4 ¢7/2)(47F 4 ¢™/2), we can separate the sums over k and

m. Thus the contribution is at most

(Z in- Z( 9%, ) m—1-by Oy - 4 (4"”+c‘"/2)) < (yn)® +o(n?),

b1=0

where the last inequality once again follows from the proof of Theorem 5.1.3. O

Remark. Essentially the same proof can be used to show that E[I] ~ ~™n™ for all

m > 2. |

With all this we can conclude the results on the number of edges of C'P,.

Proof of Theorem 5.1.2. The asymptotic formula for the expected number of edges fol-
lows from Corollary 5.4.7. The concentration result follows from Proposition 5.6.1 and

essentially the same proof used in the proof of Theorem 5.1.3. [

5.6 The variance of the number of edges

This section will be devoted to bounding the variance of the random variable
e(CP,). We will prove the following result, which with a proof similar to that of Theo-

rem 5.1.3 will imply the concentration result of Theorem 5.1.2.
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Proposition 5.6.1. The variance of the number of edges in CP, satisfies
Var[e(CP,)] = o(n®log?n). (5.24)

Similar to the case of isolated vertices, we will prove this statement by showing

that for any € > 0 and n large enough we have
1
E[(e(CP,))? < (1+ e)—2n2 log® n + o(n*log®n).
™

In other words, we want to count the expected number of pairs of edges in C'P,. Just
as when we determined the expected number of edges, we first have to handle some
exceptional cases and show that all of these cases contribute of order o(n?log*n). The
general approach of these proofs are similar to Proposition 5.4.4 and Proposition 5.5.3.
However, there will be more exceptional cases to take care of, and each of the individual
proofs will be slightly longer due to the involvement of more arcs and edges.

Therefore, we will first state the necessary lemmas, and show how they lead towards
the proofs of Proposition 5.6.1 and consequently Theorem 5.1.2, and we will defer the
proofs of the lemmas to the end of the section.

As mentioned, e(C'P,)? is the number of pairs of edges in C'P,. Typically, such a
pair of edges will be induced by four arcs in the representative for C'P,. The first step

will be to show that these pairs are indeed the main contribution to E[(e(CP,))?].

Lemma 5.6.2. The expected number of pairs of edges in C P, induced by at most three

arcs in its representative is at most o(n*log®n).
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Therefore, we can restrict to valid quadruples

q = <X7 k,y, l) = (($1, $2), (kh k2)a (y17y2)> <€1>£2))7

where (x;, ki, y;, ¢;) is a possible edge for i = 1,2. Our goal is now to show that
1
Z PA(x, k,y, )] < (1+ os)ﬁn2 log?n + o(n?log® n), (5.25)
q

where the sum is over all valid quadruples ¢ = (x,k,y,1). We use the notation for
fo, f1, f2, 90,91, g2 as in Section 5.4. Similar to the proof for the expected number of
edges, the first step will be to show that the main contribution comes from quadruples
with f;,g; > dlogn. That is, we will show that if ¢); is the set of quadruples for which
at least one of f;, g; is less than dlogn, then

Z P[A(x,k,y,1)] = o(n?log®n).

q€@1

Without loss of generality we can consider the case where one of the f; is less than dlogn.
Then the result follows from the two lemmas below, the first one of which deals with the

case that the two arcs on top are nested, and the second one deals with the unnested case.

Lemma 5.6.3. Let Q11 be the set of all valid quadruples q for which x; < x9 < x3+ks <
x1 + k1 and for which ko, k1 — ko or 2n — ky is less than dlogn. Then

Z P[A(x,k,y,1)] = o(n?log®n).

q€Q1,1

Lemma 5.6.4. Let ()12 be the set of all valid quadruples q for which neither v1 < x9 <

To + ko < x4+ k1 nor xo < 11 < 11 + k1 < x9 + ko holds, and for which ki,ky or
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2n — (ky + ko) is less than dlogn. Then

Z P[A(x,k,y,1)] = o(n*log®n).

q€Q1,2

In order to complete the proof of Proposition 5.6.1 we can now assume that all
fi» gj are at least dlogn. The first step will be to deal with the case that some of the arcs

are nested.

Lemma 5.6.5. Let Qs be the set of quadruples with x1 < w9 < x9 + ko < 1 + k1 and

fiyg; > dlogn. Then

> PlA(x.k,y,1)] = o(nlog*n).

q€Q2

For the remainder of this section on we will assume that any quadruple has no

nested arcs. First we take care of the quadruples where one of the arcs is too large.

Lemma 5.6.6. Let Q3 be the set of quadruples with max{ky, ks, {1,0s} > cn. Then

Z P[A(x,k,y,1)] = o(n?log®n)

q€Qs3

We lastly rule out all of the remaining quadruples that are valid but not good.

Lemma 5.6.7. Let Q4 be the set of valid quadruples that are not good and have dlogn <
kl, kz, gl; 62 S cn. Then

> PlA(x. K.y, 1)] = o(nlog*n).

q€Qa

Before we give the proof of Proposition 5.6.1 we recall a definition from Proposi-

tion 5.4.6. For positive integers k, ¢, we defined g(k, ¢) as the number of pairs (z,y) such

114



that (x, k,y, () is a good quadruple. We are now ready to prove our desired result on the

variance.

Proof of Proposition 5.6.1. By Lemmas 5.6.2 through 5.6.7 we only have to consider
quadruples (x,k,y,l) that are good, have no nested arcs, and which have dlogn <
ki, ko, 01,05 < cn. In this case, given ki, ks, 1,5 there are g(ki,¢;) ways to pick x1, 1
and after that at most g(ke, f3) ways to pick xq, ys.

Therefore, it suffices to show that for d large enough and ¢ small enough we have

1  _ _ 1 . _ _
PlAG Ky, D] < (1+) - -k g ok 2 (5.26)

as this implies that the desired contribution is at most

1 30, 1 -
> gl a) - glha ) - (1) Tk 20 k¥ %,
bt b 67 67

which factors as

L _3/2,-3/2 L _3/2,-32
(1+e) (Z 9(1451751)167]91 b ) : (Z 9(’472,52)167]‘52 t )

k17é1 k2 762

which by Proposition 5.4.6 is at most (14 €)*- (2nlogn)? for d large enough and ¢ small
enough.

In order to show (5.26) we follow the same approach as the proof of part 1 of
Proposition 5.4.6. First, with probability 278 all of x;, x; + k;, vi, y; + {; receive the correct
color and with probability 27 the number of red points between z; and z; + k; and the
number of blue points between y; and y; + ¢; are all even. This follows immediately from

the aforementioned proof when neither (xi,z7 + k1) and (yo,ys + f2) nor (xe, x5 + ko)
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and (yi,y1 + ¢1) intersect. Otherwise, we may without loss of generality assume that
T <y < T14+k <z <y +0 <yo <9+ ko < ys+ . In this case, color all the
remaining points between z; and ys + f5 except for x; + 1,51 + 1,29 + 1,95 + 1. Then,
given any such coloring there is a unique choice for the remaining four colors that makes
the number of red/blue in the desired regions even, as first yo + 1 is uniquely determined,
then x5 + 1, then y; + 1 and lastly xz; + 1.

Now suppose that r; is half the number of red points between x; and x; + k; for
1 = 1,2, rg is half the number of red points outside of the arcs, and by, b1, by are defined

similarly. Conditioned on the values of r; and b; we can write the desired probability as

C CriCry  CiyCh,Ch,

CT‘O +ritre+2 Cbo +b1+b2+2

Again by Lemma , with high enough probability we can approximate r; with k;/4 (i =
1,2) and ro with n/4 — ky/4 — ky/4, and similarly for the b;, and the same asymptotic

considerations as in Proposition 5.4.6 will now yield the desired result. ]

5.6.1 Proofs of the technical lemmas

We are now ready to prove all the lemmas from above. First, we prove the lemma

that concerns all pairs of edges coming from at most three arcs.

Proof of Lemma 5.6.2. Since it is clear that at least two arcs must be involved, there
are two cases to consider. First, suppose that the total number of arcs involved equals

two. Then both edges in the pair are the same edge, so the number of such pairs equals
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e(C'P,) < n? On the other hand, if there are a total of three arcs involved, there are at
most n-e(C'P,) pairs of such edges. Indeed, there are e(C'P,) ways to choose the first edge
in the pair, which yields two arcs, and then there are at most n ways to choose a third arc
that interlaces with either of the two arcs used already. Therefore, in expectation there

are at most

1
E[n - e(CP,)] = =n*logn = o(n®log®n)
T
such pairs. n

The next two lemmas are used to show that we may assume that each of the gap
sizes is of order at least logn. We define ¢/(C'P,) as the number of edges in C'P,, at
least one of whose arcs has size at most dlogn or at least cn. We refer to such edges as

exceptional edges. In Proposition 5.4.4 we showed that E[e/(C'P,)] = o(nlogn).

Proof of Lemma 5.6.3. First we consider the number of pairs with 2n — k; < dlogn.
We claim that there are at most (dlogn)? - ¢(CP,) such pairs. Indeed, we can pick
the edge (w9, ko, Y2, l2) in at most e(C'P,) ways, and the edge (x1,k1,y1,¢1) in at most
(dlogn)? ways: we can pick k; in dlogn ways, after which there is at most one
such that z; and x; + ky are connected (since k; > n) and the vertex corresponding to
this arc has degree at most dlogn (as each interlacing arc must have an endpoint less
than x; or larger than z; + k;). By taking expectations we see that we have at most
(dlogn)?E[e(CP,)] = o(n?log®n) such pairs.

Now suppose that k1 — ks < dlogn or ke < dlogn. First consider the pairs with
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(1, k1,y1,01) an exceptional edge. We claim that the number of such pairs is at most
n - dlogn - ¢ (CP,), from which taking expectations will suffice. In order to prove this,
note that there are at most €/'(C'P,) ways to pick an exceptional edge. Then, in the case
k1 — ko < dlogn, there are at most dlogn ways to pick x,, and the corresponding arc has
degree at most n. Similarly, if ky < dlogn, there are at most n ways to pick x5, and the
corresponding arc has degree at most d logn.

Therefore, we may assume that (x1,ky,y1,¢1) is not an exceptional edge. Assume
that k; and ¢, are given. By the same logic as the proof of Proposition 5.4.6, we know that

there are at most 4n min{k;, ¢;} options for x; and y;, and by Lemma 5.4.2 the probability

3/2 - 3/2)

of having arcs connecting (x1, z1+k1) and (y1, y1+¢1) is O(k; . Furthermore, given

1
(21, k1,y1,¢1) there are at most ki - dlogn possible second edges by a similar argument

as above, where we now use k; instead of n since we have fixed the size of the outer arc.

Hence, the expected number of such pairs of edges is given by

O <2n logn - Z min{k,, 51}]?;1/25;3/2)

k1,61

so it suffices to show that »_, , min{k:l,él}krl_lﬂél_g/2 = o(nlogn). The contribution

from k; < /¢; is at most

Z IS 3/2 Z k;l/2 < Z 0o 3/2) 3/2 — O(n),

£1<cn k1<ty ¢1<cn

and the contribution from ¢; < ky is at most

Z k1—1/2 Z 61_1/2 Z k_l/Q 1/2 — O(n)

ki1<en 11<kq ki1<cn

completing the proof. O
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Proof of Lemma 5.6.4. We first consider the case that one of ki, ko is less than dlogn.
By symmetry we can assume that k; < dlogn. As in the previous lemma, the number
of pairs of edges with (z2, k2, o, f2) an exceptional edge is at most n - dlogn - '(CF,) as
there are at most n - dlogn edges where one vertex has degree at most dlogn, and there
are at most ¢’(C'P,) ways to pick the second edge. Therefore, in expectation, there are at
most O(nlogn) - E[e/(CP,)] = o(n?log®n) such pairs.

Thus we may assume that (2, k2, Yo, f2) is not an exceptional edge. Consider all
pairs of edges where k; < /logn. The number of such pairs is at most n-v/logn-e(CP,), as
one can pick the arc (1, x;+ k1) in at most n ways, this vertex has degree at most /log n,
and there are at most e(C'P,) ways to pick the second edge. In particular, the expected
number of such pairs is at most n - v/logn - E[e(CP,)] = O(n*(logn)*/?) = o(n*log®n).

Lastly we handle the case where v/logn < k; < dlogn. We consider the expected
number of pairs of an arc and an edge ((x1, k1), (2, k2, Yo, £2)) such that k; is in the given
range, and the arcs (zq,21 + k1) and (22, x2 + ko) are not nested. If we can show that
the expected number of such pairs is o(n?logn) the result follows. Indeed, any pair of
edges of interest comes from such an arc-edge pair together with an arc that interlaces
with (21, k1), and there are at most O(logn) such arcs. Thus in total we will get at most
o(n?logn) - O(logn) = o(n?log®n) pairs of edges.

To accomplish this, consider any valid quadruple ¢ = ((x1, z2), (k1, k2), (y2), (¢2))

giving an arc-edge pair as described above. We show that we have

P[A(q)] = O (b ¥26,°% - (k™2 4+ = VET/19) ) (5.27)
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Showing the above bound on the probability suffices because then the number of arc-edge
pairs is at most

ZP[A(Q)] =0 ((Z k:l_3/2 + 6—\/@/1@’) ) ( Z k2_3/2£2_3/2)>

z1,k1 x2,k2,y2,02

where we note that some combinations of some (z1, k;) used in the first sum and some
(29, k2, Y2, £2) used in the second sum will not give a desired quadruple ¢, but this is no issue
since we are only interested in an upper bound. By Lemma 5.4.3 and Proposition 5.4.6
the first sum is o(n) and the second sum is O(nlogn), showing the desired result. We
will deviate slightly and assume that ¢, is at least 2dlogn, but we note that this change
will not affect our previous arguments.

To prove (5.27) we note that P[A(q)] can be written as

Cno O”l Om Omo Cm2

Y
Cn0+n1 +n2+2 Cm0+m2+1

PlA(q)) =27

[

(5.28)

where the sum is over all colorings ¢ of the points such that all the points coming from
q receive the correct color and the number of points of the desired color in each region is
even. Here ny and mg are half the number of red and blue points outside of the desired
arcs, n is half the number of red points within arc (1, x; + k1) and ny and my are half
the number of red an blue points respectively in the arcs (2, x5 + ko) and (ya, y2 + £2).
Note that ¢5 > 2dlogn, hence the number of points between y, and y, + ¢» that do not
lie between z; and xq + k; is at least dlogn.

Consider all the possible colorings of all the points except for the points in the

interval [z, x1+k;]. By using Lemma , for d large enough, we can say that with probability
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at least 1—O0(n™1%) we have ng,mg = Q(n), ny = Q(k2) and my = Q(¢3), where the bound
on my follows by the above remark that there are still at least dlogn points that we are

considering. Since
10— o ((k;3/2 n e_m/w) ) <k53/2€;3/2>>

we can restrict our attention to all colorings where the above bounds are satisfied. Now,
for any such coloring, using the asymptotic formula for the Catalan numbers, we have

Crg Oy

OMO +ma+1

= 0(6,").

Furthermore, we can rewrite

Cno Cm an _ Cno-i-nz-i-lcm Cno 0”2

Cn0+n1+n2+2 Cno+n1+n2+2 Cno-‘rnz-f—l

Y

Cno +n2+lcn1
Cn0+n1 +ng+2 )

then as in Lemma 5.4.3 we can show that which is the probability of an arc
connecting z; and 7 + k1, is given by O (/{:1_3/2 + 6_@/16) , where this case is even a bit
easier since we already specified the number of red points outside the arc. Furthermore,
plugging in ng = Q(n) and ny = Q(ky) we find ~2“2 = O(k;**), and plugging all

Chg+ng+1

these results into (5.28) yields

P[A(q)] = 272”20 <<kf3/2 " 67\/@/16> . (k;3/2£;3/2>) ’

which is O ((/{;1_3/2 + efvlog”/w) . (k;3/2£;3/2>) since there are at most 22" valid color-
ings c. The finishes the case that one of ki, ks is less than dlogn.
Secondly, consider the case that 2n — (k; + ko) < dlogn. By the above we may

assume that k1, ko > dlogn. For any dlogn < k; < 2n—dlogn there are at most O(logn)
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values of ks for which 2n — (ky + ko) is satisfied. Furthermore, given ki and ks there are
at most O((logn)?) ways to pick x; and x, as there are at most dlogn dots outside of
the arcs (z1, 1 + k1) and (x9, 25 + ko). A variant of the proof of Lemma 5.4.2 shows that
with probability O(n3/2k51_3/2k2_3/2) we have arcs connecting xr; and x; + &, and x2 and
To + ko.

Given ki, ko, r1 and x9, and assuming that (z1, 21 + k1) and (22, 25 + ko) match
there are at most kq - kg edges involving these two arcs. Therefore, the expected number
of pairs of edges is at most

Z O((log n)2> . O(n3/2k‘1_3/2k'2_3/2) feyky = O 3/2 IOgn Z k_1/2 —1/2
e ot ks

We now claim that ky > %(Qn — k). Indeed, if k; > 2n — 2dlogn we have %(Qn — k) <
dlogn, whereas ko > dlogn. Otherwise, we have ko > 2n — k; — dlogn > (2n — k)
since the last inequality is equivalent to k; < 2n — 2dlogn. Using this, together with the

earlier observation that there are at most O(logn) choices for ko given ki, we find

O(n3?(logn)? Zk V2, 1/2 = O(n*?(log n)? Zk 1/2 — ky) Y2

kl k2 kl k2

= O(n**(logn)*) > ky *(2n — ky) V2.

k1

Using that z — (2(2n — x))~Y/2 is decreasing on (0,7n) and increasing on (n,2n) we can
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compare the last sum with an integral to find that

2n—1
> kP en — k)T < / (z(2n — 2))"? da
ki 1

2n—1
[
= 2arctan
( 2n — x) 1
1
= 2arctan(v2n — 1) — 2arctan <1 / i 1) <.
n j—

Therefore, the expected number of pairs of these edges is O(n*?(logn)?) = o(n?log®n).

O

The next lemma takes care of the cases where the arcs on at least one side are

nested.

Proof of Lemma 5.6.5. There are three cases to consider, based on the relative position

of the arcs coming from the bottom:
1. These arcs are unnested.
2. We have ys < y1 <1 + 41 < yo + £s.
3. We have y; < yo < yo + ¥l < y1 + 4.
We will prove that in each case we have
P[A(x,k,y,1)] = O (n3k:1_3/2(2n k) 2072 (2 — el)—S/%,;?’/%jﬂ) L (529

where k,, = min{ks — k1, ko} and ¢, is defined based on which of the three cases we are

working in. Furthermore, in all cases we will show an upper bound of O(g(ky, (1) - ki -
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min{k,,, {,,}) on the number of choices for x1,zs,y1,yo given ky, ko, l1,ls. Here g(k,{)
is the number of pairs (z,y) such that (z,k,y,¢) is a good quadruple, as defined in
Proposition 5.4.6 . We note that given k,, and k; there are only two possibilities for ko
and we will define /,, in such a way that the same thing holds for ¢y given ¢,, and /;.
Therefore, the desired contribution will be of the order

ST gl ) ko min{k, G} 0k @0 — k)00 20— 0) TR0,
k17‘€17km7‘€m

Simply allowing all the variables in this sum to run between dlogn and 2n — dlogn we
can factor this as

( Z min{k,,, Em}km3/2€m3/2>

km bm

. (Z g(k'1’€ _ 1) . kl . n3k;3/2(2n o k1>73/2£;3/2<2n N 61)3/2> '

k1,61
Note that the first sum is of order O(logn). Now, if max{ky,¢;} > cn we can use the
estimate k; = O(n), to show that the total contribution is given by

O(nlogn) - (Z g(ki,0—1)- n3k1_3/2(2n - kl)_3/2€1_3/2(2n - 61)_3/2> = o(n*log®n),

k1,61

as the last sum is of order o(nlogn) by Proposition 5.4.4. Else, we can use n3(2n —
k1)~3/2(2n—£,)73/2 = O(1) and the estimate g(ky,¢;) < 4nmin{ky, ,} < 4nf; to see that

the total contribution is of the order

O(nlogn) - (Zk 2y 1/2) O(n*logn) = o(n*log®n),

k1,01
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where we used that

EZkJV%?”::( > kf”)-( > m4”)=4Xv%rcxv%»

k1,01 dlogn<ki<cn dlogn<ki<cn

We now show (5.29) and the desired bounds on the number of quadruples for each
of the cases. We handle the first case in full detail, the other two cases are very similar

so we only highlight the details.

1. We know from Lemma 5.4.2 that P[A(x, k,y,1)] equals
O (n*2n — k)2 (ks — ko) "2k, %220 = € = 0) 200G

In this case, we define ¢, = min{2n — {; — {5, {s}. Now, since (k1 — ko) + ko = k1 we
have max{k, — ko, ka} > k1/2, s0 (k1 — ko) ~3%ky*/* = O(k;**km”’?) and similarly
we find (2n — 6, — 6)73/20;%/% = O((2n — £,)~3/26,?).

Furthermore, given ki, ks, {1, {5 there are at most g(ki,¢1) + O(n) = O(g(ky, 1))

ways to pick (z1,y1), where we have to add O(n) to account for the option that

(21, k1,y1,¢1) is not a good quadruple. Now suppose that (z1,y;) has been chosen.

If k,, < £y, there are at most (k; — ko) ways to pick xo and after that at most 2k
ways to pick yo, so there are at most O((ky — k2)k2) = O(k1ky,) ways to pick (z2,y2)

(where we used ky — ko, ko < ky).

Similarly, if ¢, < k,, there are at most k; ways to pick x5 and we claim that there
are at most O({,,) ways to pick ys. Indeed, if ¢, = 2n — ¢; — {5 then there are at

most two ways to pick the relative order of the arcs, after which y; is determined
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by how many of the 2n — ¢; — ¢, = ¢, outside points are to the left of y,, whereas if
l,, = U5 the value of y is determined by the relative order of x5 and y, and by how
many points the arcs (xg9, 23 + ko) and (y2,ys + f2) have in common. For the first

option we have two choices and for the last one we have ¢y = ¢, choices.

. In this case we see that P[A(x, k,y,1)] equals
O (n*(2n — ki) ™2 (k= ko) "2k, (20 — )20 (0 — 1))

so defining ¢,,, = min{2n — ly, {5 — {1} gives the desired bound on the probability.

For the count of the number of options for (z1,y1, 22, y2) the only thing that changes
is the number of ways to pick (xs, y2) given (z1,y;) and given ¢, < k,,,. Again, there
are at most k; ways to pick xy. If £,, = €5 — f; then ys is determined by the number
of dots between y; and vy, whereas if ¢,, = 2n — {5 the value of y, is determined by

choosing how many of the outside points should be to the left of ys.
. Here we can bound P[A(x, k,y,1)] by
o) <n3(2n k)2 (ke — ko) "2k, Y2 (20— 00) 7320, (0, — 62)‘3/2> ,

so we define ¢,,, = min{¢; — {5, l5}.

Again, the only thing that remains is to bound the number of ways to pick y, given
(1,41, %2) in the case £, < ky,. If £,, = {1 — {5 then y, is determined by picking

the distance between y; and 1o, whereas if £,, = f5 the value of y, is determined by
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picking the relative order of x5 and y, and choosing the number of points that the

two arcs (zg, X2 + ko) and (Y2, y2 + ¢2) have in common. O
Next we handle the case where at least one of the arcs has size linear in n.

Proof of Lemma 5.6.6. We assume ki = max{ky, ko, {1, {5} without loss of generality. Let
ko = 2n — ky — ko and g = 2n — {1 — {5 and set m; = min{k;, ¢;} for i = 0,1,2. First
assume that (1 # max{{y, {1, (5}

We claim that given ky, ko, £1, {5, the number of quadruples is at most O(mammy) =
O(m2lyms). Since there are only finitely many options for the orderings of the endpoints
of the arcs, it suffices to show the bounds for each specific ordering. But, given the or-
dering of the arcs, we claim that there are at most mom; ways to pick (z;,¥;). Indeed,
consider the case that kg = min{ko, {o}. Then we can pick z; in at most ko ways, as it is
determined by the number of points to the left of x; (if the arc (x;, z; + k;) is the leftmost
arc) or to the number of points to the right of x; + k; (if the arc is the rightmost arc), so
x; can be picked in at most kg = my ways. After that, y; is determined by the number of
points that the arcs (x;, z; + k;) and (y;, y; + ¢;) have in common and this is at most m,.
The case ¢y = min{ko, {y} is similar.

Now given a quadruple, by Lemma 5.4.2 the probability that that all the desired
arcs match is O(n®2ky /205 %207k, %2 0;*%) where we used that k; > cn. Therefore,

the desired contribution is at most

O(n3/2) ) ng£63/2k0—3/2 _€1—1/2 . m2k2_3/2€2_3/2. (5_30)
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Since ¢y + ¢ + {5 = 2n we have max{{y, {1,¢>} > 2n/3. Since we assumed that ¢; is not

the maximum we have two cases.

e (y is the maximum. In this case n®20;"* = O(1). As ly + b, + b, = 2n, {

is determined by ¢; and ¢y and similary k; is determined by ky and ks, so the
contribution to (5.30) is

o(1) - Z mgk53/2£;1/2m2k2_3/2€2_3/2,
ko,k2,€1 02

where the sum is over some appropriate range. To find an upper bound we can split
this sum as

O(1) - (Z mgkozs/z) , (Z £11/2> _ (Z m2k23/2£23/2> 7

ko ka2
which after merging back involves more terms than before, but that is fine as we
are only interested in an upper bound. We will now estimate each individual sum.
For the first one, if ko < £, this contributes >, ks> = O(n3/?), whereas if ko > £,
this sum is at most O(n2) Y. kg ™% = O(n?)-O(n~Y2) = O(n??) where we used that
ko > 2n/3 in this case. For the second sum we get a bound of O(n'/?). For the last
sum we may assume ko < {5 by symmetry and see that this sum is

0 (Z Gy k;1/2> =0 <Z £;1> = O(logn),

ko <la

so altogether we get O(n?logn) in this case.

e Now assume that £y = max{fo, (1, 0;}. Using the estimate O(n3/2) - £;*/* = O(1)
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the contribution to (5.30) is at most

ko Lo 141 ko

Similar arguments to above give that the first sum is O(n), the second one is O(n'/?)
and the last one is O(n'/?) where here one has to distinguish cases based on whether

ko > U5 or ky < f5 just as for the first sum in the case above, so the total contribution

will be O(n?) = o(n?log®n), as desired.

It remains to handle the case ¢; = max{/ly, (1, l2}. In this setting, we claim that (after
being given an ordering of the endpoints of the arcs) we can choose z1,xs,7; and ys in
ko - U - mg - mo ways. Indeed, we can still pick x5, ys in mg - ms ways, whereas we have at
most kg ways to pick x; and £y ways to pick y;. In this case, we get a contribution of at

most

O(n3/2) ) Zmogal/zkalm ~€;3/2 ~m2k;3/2€53/2.

Using O(n*2) - ;%% = O(1) we have to evaluate

<Zmoeo”2ko”2> ~ (Z mzk;’%?’”) ,

ko,eo k2 152

where the second sum is O(logn) as before and by a similar argument we find that the

first sum is O(n?), showing that this contribution is O(n?logn) = o(n?log®n). O
Lastly, we handle all quadruples that are valid but not good.
Proof of Lemma 5.6.7. By Lemma 5.4.2 we know

PlA(x, k,y,1)] = O(k;*?ky 20720,
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Also, we know by Proposition 5.4.6 that >, , g(ki, l;)k; 3/262 32 = O(nlogn) and by
Proposition 5.4.4 that »_, nk‘_gﬂﬁ 82 = o(nlogn).
Our goal is to show given (ky, ks, €1, {2) there are at most O(g(k1, ¢1)n+ng(ks, l2)+
n?) quadruples ¢ € Qy, since then the desired contribution is at most
9, ( 7 (gkr. )+ ng(ky, o) +n)ky >0y 3/2k23/2€23/2> ,
kb1 k.o

which is the sum of

((Zg ki, 1) k_3/2 3/2> (Z k_3/2 3/2> = O(nlogn) - o(nlogn)
kl 41 ]CZ 42
@) ((Z nk13/2€13/2> (Z g(ka, L) k5 21?0 3/2> = o(nlogn) - O(nlogn)
k1,f1 k2,€2
O ((Z nk13/2€13/2> : (Z nk23/2€23/2> = o(nlogn) - o(nlogn)
k1,€1 k2,€2

so the total contribution is o(n?log?n) as well.
Now, given (ki, ko, {1, ¢3) there are only a few ways in which we can have a valid

but not good quadruple.

o (z1,k1,y1, 1) is good, but (3, k2, Yo, £2) is not good. In this case we can pick (z1,y1)

in at most g(ki, ¢1) ways and (x2,y2) in O(n) ways, so we are done.

o (9, ko, y2,ls) is good, but (xy, k1, y1,¢1) is not good. Similarly to the previous case

this will give a bound of O(ng(ks, ls)).

e Neither of the (z;, ki, y;, ¢;) are good. In this case we get a bound of O(n?) as there

are O(n) ways to pick any individual (x;, k;, v, 4;).
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e Both of the (z;, k;, y;, £;) are good, but the endpoint of one arc of the first four-tuple
is adjacent to the endpoint of an arc of the second four-tuple. Note that there are
only finitely many possible orderings of the endpoints of the arcs. Given an ordering,
there are now at most g(ki,¢;) ways to pick (x1, 1), which determines either 5 or
Y2 since one of {xq, xo + ko, Y2, y2 + Lo} is adjacent to a now known point, and after
that there are at most 2n ways to pick the other of xs, y2, so there are O(g(ky,¢1)-n)

possible quadruples in this case. O

5.7 Induced subgraphs and connected components

In this section we prove results on the number of induced subgraphs of C'P, iso-
morphic to a given Catalan-pair graph H on at least 3 vertices, and we will use this to
prove Theorem 5.1.4. At the end of the section we will also discuss a result about the

connected components of CP,.

5.7.1 A lower bound for the number of induced subgraphs

Recall that Nj;(G) denotes the number of induced subgraphs of G isomorphic to

H, and that A(x,k,y,1) denotes the intersection of the following events.

1. The points z; and z; + k; are colored red and the points y; and y; + ¢; are colored

blue for all 7, 7.

2. For all 7 and j the number of red points  with z; < x < x; + k; and the number of
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blue points y with y; <y < y; + {; is even.
3. For all ¢ and j we have that (z;,x; + k;) and (y;,y; + ¢;) match in C'P,.

The following lemma will be a key step to proving the general lower bound. Note

that this lemma can be seen as a converse to Lemma 5.4.2.

Lemma 5.7.1. There exists a positive real number o, with

s t
PlAx K,y D] > o, [T 622 ] % (5.31)
i=1 j=1

for all good quadruples (x,k,y,l) where x and y have length s and t respectively.

Proof. We first show that with probability 273 the first two conditions are satisfied.
It is clear that with probability 1/2 all of the points z;,x; + ki, y;,y; + {; receive the
correct color, so with probability 2721 all of these points have the correct color. Now
conditioned on all of these points having the correct color, we show that with probability
2=+ the second condition is satisfied. Consider all the points of the form z; + 1 and
y; + 1, and note that by assumption of (x,k,y,1) being a good quadruple all of these
points are different and not equal to any of the z;, x; + k;, y; and y; + £;. Consider the
rightmost of these points, and suppose that it is equal to x; + 1 for some 7. Since all of the
points to the right have been colored, we have that in particular all of the points x with
r; < v < x; + k; except for this one have been colored. Therefore there is a unique choice
for the color of z; + 1 that makes the number of red points x with x; < x < x; + k; even.
Inductively apply this argument for the remaining points, always taking the rightmost

uncolored point.
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Now suppose the first two conditions are satisfied. We apply Lemma 5.3.2 to
determine a lower bound for the probability that the third condition is met. To this end,
for each 1 <7 < s, let 2r; be the number of red points = with z; < x < z; + k; that do
not satisfy z; < x < z; + k; for any j # i. Let 2ry be the number of red points that
have not been counted for any of the r; and that are not of the form z; or z; + k;. Define
bo, b1, ..., b, similarly. Let R, and B, denote the total number of red and blue points
respectively. Note that for any 1 < ¢ < s we have 2r; < k;, hence in particular r; < k;.

Applying the aforementioned lemma we find that

/Rz/2 ’33/2

PlA Ky 1) 2 270 o TT o [T i
r; j

t 133/2

s R3/2
> | | - '
= Qg | maX(Ti, 1)3/2 ] maX(bj, 1)3/2

s t
—3/2 —3/2
> oo [[ L6
i=1 j=1

where we used that R,, > max(ro, 1), B, > max(by, 1), max(r;,1) < k; and max(b;,1) <

0. 0

We are now ready to prove the lower bound of Theorem 5.1.4. In fact, we will give

a lower bound for any Catlan-pair graph regardless of whether it is connected or not.

Proposition 5.7.2. Let H be a Catalan-pair graph on v vertices with i isolated vertices

and m isolated edges. Then

E[N;(CP,)] = Q(n'% (logn)™). (5.32)
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Proof. We will prove this by first showing that the result holds for m = ¢ = 0, then for
1 = 0, and finally for arbitrary m and i. We note that one can prove the most general case
without first going through the other two cases, but this would decrease the readability
of the proof.

First assume m = ¢ = 0, and let qy be any quadruple representing H. Our goal

will be to find a large number of “blowups” of qy. Let ¢ > 4v be a fixed constant, and let

Pp={1+0-Dln/c,2+ (G = Dlnfel,.... =1+ j[n/c]},

P:=P x---x P,

Given p = (p1,...,p2) € P, we will define a quadruple ¢.(p) as follows. If in g5 we have
x; = a and x; + k; = b, then in ¢.(p) we let z; = p, and z; + k; = p,, and we similarly
define y; and y; + ¢; to correspond to the bottom jth arc of qi. We note that the reason
we force all the points of the left of 2v|n/c] < n/2 is to make sure that in the general case
we have enough space left to place or find arcs yielding the isolated edges and vertices.
We claim that ¢.(p) is a good quadruple that represents H for any p € P. First
observe that the points of ¢.(p) have the same relative order as the points of ¢y, which
shows that ¢.(p) satisfies the third condition for being a good quadruple (since gp satisfies
this condition), and moreover that ¢.(p) represents H. The first condition for being a good
quadruple follows since the largest point we could choose for ¢.(p) is —1 4 2v|n/c| < n/2
since ¢ > 4v, and the second condition follows since | max P; — min P;| > 2 for all j, k by

the way we defined these sets. This proves our claim.
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Now let Qp(c) denote the set of all g.(p) with p € P. Observe that for large n we
have
Qu(e)| = (ln/c] = 1)* = (2¢)7n™.
Also observe since kj, £; < 2n for all j, Lemma 5.7.1 gives that P[A(x,k,y,1)] > a,n=3"/2

for all (x,k,y,1) € Qu(c), where a, := 273/ max, ,—, a, ;. In particular, we have that

E[N.(H)] > > PlAX Ky, D] > (80) 0 - ayn = Q(n'/?).
xk,y,1)EQ

( m(4v)

Now assume that ¢ = 0 and let ¢ = 4m + 4v. We will say that two vectors k, | each
of length m are nice if we have 4 < k; < {¢; < |n/c| for all j. Let Q.(k,1) denote the set

of all quadruples (x,k,y,1) such that

14+ (2 —2+2v)|[n/e] <z; < —1+(2j — 14 20v)|n/c|,

Ij+2§yj§l’j+kj—2,

We claim that each quadruple of Q.(k,1) is good whenever k, 1 is nice. The first condition

follows since the largest point we pick is yp, + £, < —1 + (2m + 2v)[n/c] < % since

¢ = 4m + 4v. Similarly one can verify that
TSy —2<w+th =A<y +6; -6 <25 -8,

where the first two inequalities follow from x; +2 < y; < x; + k; — 2, the third inequality
from ¢; > k; and y; > x;+2, and the last inequality from y; +¢; < —1+(2j+2v)|n/c| <

Zj+1 — 2. This shows that the second and third conditions of being a good quadruple are

135



satisfied, proving the claim. We also note that, for n sufficiently large,

m

Qc(k, )| = ([n/e] =)™ [ (ks —3) = (80)™ mHkJ,

J=1

where we have used that k; — 3 > ik;j for all j.

Now let H' denote H after deleting its m isolated edges. For k,1 nice, let Q(k,1)
be the set of all quadruples ¢ which are obtained by taking the union of the arcs of some
@1 € Qu/(c) and some ¢ € Q.(k,1). We claim that every such ¢ is good. Indeed, the
first condition holds since it holds for both ¢; and ¢s. The second condition holds since
it holds restricted to any two points of ¢; or g2, and because the largest point of ¢; is at
most —1+2v|n/c| while the smallest point of ¢s is at least 1 +2v|n/c|. This also implies
that the third condition is satisfied since it is satisfied for both ¢; and ¢o, so the claim is
proven.

Observe that each quadruple (x,k,y,1) € Q(k,1) represents H and that

]P[A(X, k, y, 1)] > avn—S(v—Qm)/Q H k;j—3/2€j—3/2

i=1

by Lemma 5.7.1. Also observe that our previous work shows that

Q& V)| = Qe (0)] - 1Qelk, | = fen®™ > [ [ &5
j=1

for some absolute constant 3.. We conclude that

=3 Yo PAXKkYD= D af nv/?Hk 12g-a2

k.1 nice (x,k,y,1)€eQ(k,]) k,1 nice
_ avﬂcnv/Q Z k_1/2€_3/2 _ Q(nv/Q(log n)m)7
4<k<t<|n/c]
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where we use the fact that the above sum is of order Q(logn).

Now let H be an arbitrary Catalan-pair graph. Let H” be H with its isolated
vertices removed, and let N/(H) be the number of induced copies of H” in C'P, which
have all of its points in the interval [1,n/2]. Note that implicitly our above argument
shows that E[N.(H)] = Q(n=9/2(logn)™).

We claim that, deterministically, N.(H) > N/(H) - (”{4). Indeed, observe that
there are at most n/2 arcs which have an endpoint in the interval [1,7n/2], and hence
there exists at least n/2 arcs with both endpoints not in this interval. Let Ar denote the
set of these arcs that are colored red, and similarly define Ag. One of these sets must
have size at least n/4, so let C' be such that |A¢| > n/4.

We claim that any induced copy of H” contained in [1,n/2] together with ¢ arcs of
Ac is an induced copy of H. Indeed, by definition no arc in A¢ can interlace with any arc
of the H”, and none of the Aq arcs interlace with one another since they are all colored
the same way. Thus the graph that these arcs induce will be H” together with i isolated

vertices, which is precisely H. We conclude that

]

N.(H) > ('A,C|> N'(H") > ("f) N'(H").

The result now follows by taking expectations of the above inequality and using that

E[N!(H)] = Q(n~/2(log n)"). =
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5.7.2 An upper bound for the number of induced subgraphs

A key step in finding the expected number of edges was to bound the number of
good quadruples (z, k,y, ¢) for given k and ¢. Therefore, for general H we would like to
bound the number of valid quadruples (x,y,k,1) for given k and 1. One of the reasons
this is more complicated in the general setting is that H might have several different
representatives. However, since there are only finitely many representatives, it suffices to
prove the desired bounds for each of them separately.

In order to do this we introduce some new notation. Let H be a Catalan-pair
graph on v vertices and let ¢ = (X,k,¥,1) be a quadruple with X and y increasing such

that the following conditions are satisfied.
e The lengths of x and y add to v.
e We have {7;} U{%; + ki} U {g;} U{y; + 6} = {1,2,...,20}.
e The quadruple ¢ is valid and the resulting Catalan-pair graph is isomorphic to H.

We say that a valid quadruple (x,k,y,1) represents H by g if the relative order of the z;,
x; + ki, y; and y; + {; coincides with the relative order of #;, #; + k;, y; and ¢; + ¢;. Note
that the f; and g; as defined in the beginning of Section 5.4 depend solely on k, 1, and g,
and are independent of the exact values of x and y.

We wish to prove a lemma that upper bounds the number of valid quadruples for
given k, 1, and representing quadruple ¢g. From now on we assume that H is a connected

Catalan-pair graph on v > 3 vertices that has s and t vertices in its bipartite components
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respectively. Additionally, let ¢ be a quadruple as above where X and y have length s and
t respectively.

When k and 1 are known we denote by (z;) the arc (z;,z; + k;). For a valid
quadruple (x,k,y,1) we say that (x;) is a mazimal arc if there is no j with z; < z; <
x;+k; < x;j+kj. We say that arc (z;) covers arc (x;) if we have z; < x; < z;+k; < x;+k;
and there is no ¢ with z; < xy < z; < x; + k; < vy + ky < z; + k;. Note that each
arc is either maximal, or has a unique arc that covers it. However, a single arc can cover

multiple arcs.

Lemma 5.7.3. Let k and 1 be s and t-tuples of positive integers for which there exists a

valid quadruple (x,k,y,1) representing H by q. The number of such quadruples is at most

(min{ fo, g0} +2v+1) - H(fz +2v+1)- H(gj +2v+1) (5.33)
iZio =

for any ig # 0, and it also at most

(fo+20+1)(go+20+ 1) [J(fi+20+ 1) [J(g;+20+1) (5.34)
i>1 Jj=>1
i#io J#Jo

for any io, jo # 0.

Proof. In order to prove the first bound we first consider the case that f; = min{ fo, go}.
Let ig,i1,...,iq be such that (z;,) is maximal and such that (x;,) covers (z;,_,) for all

1 < p <d. We claim that there are at most

d

(f0+21}+1)‘H(fip + 20 +1)

p=1
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ways to choose x;,, x;, ., ..., T;, T;. Indeed, since we specified ¢, k, and 1 (and hence
the f; and g;), we know how many points m < z;, are of the form m = y;, m = y; +¢;, or
which satisfy x; < m < zy + ky for some i'. By definition of fy, we know that there are
at most fo < fo + 2v points outside of arc x;, that are not of this form. We can choose
amongst these at most fo + 2v points how many lie to the left of z;,, and such a choice
uniquely determines z;, (since we now know the total number of points which lie to the
left of z;,). We conclude that we can place xz;, in at most fy + 2v + 1 ways. A similar
argument shows that there are at most f;; +2v +1 ways to place each x;, ; given that x;,
has already been placed, where now f;. plays the role of fy by restricting our attention to
points of the form x;; < m < x;, + k;;. This completes the proof of the claim.

Now suppose that we have inductively placed some (proper) subset of the arcs.
Let Z denote the set of arcs z which have not been placed and whose endpoints alternate
with some arc that has already been placed. Since H is connected, Z # (). Since Z is
finite, let z € Z be such that z covers no other 2’ € Z. Without loss of generality, assume

that z is of the form (y;). Then, we are in one of the following situations.

1. The arc (y;) is minimal.

2. The arc (y;) is not minimal and all the arcs covered by (y;) have been placed already.

3. The arc (y;) is not minimal, at least one arc covered by (y;) has not been placed

and any such arc does not alternate endpoints with any of the arcs placed so far.

We claim that in all cases there are at most g; + 2v + 1 ways to choose y;.
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1. Note that in this case there are at most g; + 2v points between y; and y; + ¢;.
Indeed, there are g; points that are not of the form z; or x; + k; and there are at
most 2v points that are of this form. By assumption, the endpoints of (y;) alternate
with the endpoints of some (z;). Consider the case where y; < z; < y; + ¢;. Then
the number of points between y; and z; is at most g; + 2v, else there would be too
many points between y; and y; 4+ ¢;. Note that this number of intermediate points
uniquely determines y; since z; is known. Therefore we have at most g; + 2v + 1

ways to choose y;.

2. In this case we can follow a similar argument as used when choosing x;,. Note
that since the y; are increasing, y;4; is the leftmost arc that is covered by (y;). By
definition of g;, there are at most g; + 2v points between y; and y;;; and the value

of y; is known, so we again have at most g; + 2v + 1 ways to choose y;.

3. In this case, suppose that (y;) intersects (z;) and that we have y; < x; < y; + ¢;.
We again count the possible number of points between y; and z;. As before, there
are between 0 and g; + 2v such points that do not lie below an arc covered by (y;).
We claim that we know how many of the other points lie between y; and z;, which

again yields that there are at most g; + 2v + 1 options for y;.

Indeed, consider an arc (y;) that is covered by (y;). If (y;) has not been placed,
then it does not alternate endpoints with (x;) by assumption. Thus this arc either

lies completely between y; and x; or completely between z; and y; + ¢;, and since
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we specified the quadruple ¢ representing H, we know which of these two cases
happens. Thus we know exactly how many such points lie between y; and x;. Now
if (y;/) has been placed, we know all of y;/, y;» + {;; and z;, so clearly we also know

how many of the points between y;, and y;: + ¢,/ lie to the left of ;.

Inductively, we can place the arcs one by one (in the order described above) and note
that in this process we get the product of all of the numbers of the form f; + 2v + 1 and
g; +2v + 1 except for the numbers f;) +2v + 1 and go + 2m + 1, establishing the first
bound when fy = min{ fo, go}-

Now assume that go = min{ fy, go}. Since H is connected, there exists some jy # 0
such that (y;,) and (z;,) interlace, and moreover we can choose jo such that it does
not cover any (y;) that also interlaces with (z;,). Let jo,j1,...,je be such that (y;,.) is
maximal and such that (y;,) covers (x; _,) for all 1 < p < e. By the same reasoning as
above, there are at most (go + 2v + 1) - H]izl(gip + 2v + 1) ways to choose y;., Yj. 1, - -
Yir, Yjo- We now place the remaining arcs Z as we did before. We use almost all of the
same bounds as before, except we now use the bound g;, + 2v + 1 instead of f;; +2v +1
when we place (x;,). We are justified in using this bound since, by assumption of (yj,)
not covering any arc that interlaces with (z;,), one of the endpoints of (z;,) must be one
of the points counted by g;,. Ultimately this gives us the product of all of the numbers of
the form f; +2v+1 and g; + 2v + 1 except for the numbers f;; +2v + 1 and fo +2m +1
as desired.

To prove the final bound, let 4,1, ...,7; be such that (z;,) is maximal and such
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that (z;,) covers (z;,_,) for all 1 < p < d, and similarly define jo, ji,. .., je. By reasoning

similar to that above, the number of ways we can place all of these arcs down in at most

&

d
(fo+2v+1)(go+ 20+ 1) - [J(fi, + 20+ 1) - [ (g, + 20+ 1).

p=1 p=1

We then place the remaining arcs and use the same bounds as we did before, and this

ultimately gives us a product of all of the terms except for f;, +2v+1 and g;, +2v+1. O

Proposition 5.7.4. Let k andl be s and t-tuples of positive integers for which there exists

a valid quadruple (x,Kk,y,1) representing H by q. Then the number of such quadruples is

at most
v+2
(1 420+ 1) (ha+20+1) - (hy+ 20+ 1) - [ (b + 20 + 1), (5.35)
i=6
where hy < hg < ... < hyy1 < hyio are fo, f1,..., fs and go, g1, - . ., g written in increasing
order.

Proof. Without loss of generality we may assume that f;; = max; ;jzo{fi,g;}. Observe
that f;, > hs since we assume v > 3, and further that f;, > hs if max{fo, go} < hy. First
assume that {fo,g0} # {h1,he}. In this case we apply the first bound of Lemma 5.7.3
with our choice of ig. This bound consists of the product of all the values h; + 2v 4+ 1
except for the terms f;, + 2v + 1 and max{fy, go} + 2v + 1, and in this case we say that
our bound “omits” the values f;, + 2v + 1 and max{fo, go} + 2v + 1. If max{fo, g0} > hs
then these two terms are at least hsy + 2v + 1 and hs + 2v + 1. If max{fy, go} < h4, then
we again omit at least kg3 + 2v + 1 and hs + 2v + 1 since {fy, go} # {h1, ho} implies that

max{ fo, go} > h3. Thus in this case we achieve our desired result.
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Now assume that {fo, g0} = {h1,h2}. In this case we apply the second bound of
Lemma 5.7.3 to ip and jo = 1. Now we omit only f;, +2v+1 (which is at least hs+2v+1)

and g; + 2v + 1 (which is at least h3z 4+ 2v 4+ 1). We conclude the result. O

With this proposition we can prove an upper bound on the expected number of

induced subgraphs.

Proposition 5.7.5. Let H be a connected Catalan-pair graph on v > 3 vertices. Then
E[N}(CP,)] = O(n"?). (5.36)

Proof. First notice that there are only finitely many valid quadruples ¢ = (%,k,y,1) for
which {#;} U {Z + k} U {g} U {y; +{;} = {1,2,...,2v} and such that the resulting
Catalan-pair graph is isomorphic to H. Therefore, it suffices to show for each such ¢ that
the expected number of induced Catalan-pair graphs of C'P, that is represented by ¢ is
O(n*/?).

Consider 1 < hy < hy < ... < hyyr < hyro < 2n. We claim that the number of
pairs (k, 1) such that there exist a valid quadruple (x, k,y,1) representing H by ¢ and for
which {h;} = {fi} U{g;} is at most (v+2)!. Indeed, note that since ¢ defines the relative
order of all the points, knowing the values of f; and g; uniquely determines k and 1. Since
there are (v 4 2)! ways to distribute the h; over the f; and g;, there are at most (v + 2)!
possible pairs (k,1).

Therefore, using Lemma 5.4.2 and Proposition 5.7.4 we find that the expected
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number of induced subgraphs isomorphic to H and represented by ¢ is at most

(v+2)!-Z((h1+2v+l)-(h2+20+1)-(h4+21)~|—1)

h
v+2 —~
: H(h’ +20+1) - Beyn® - Hh;3/2>
i=6 i
where the sum is over all possible sequences h = (hy, ha, ..., hyi1, hyi2) and ﬁ indicates

the product over all ¢ with h; > 16vlogn. Note that implicitly this sum is over all possible
(k,1), and we will break up this sum into the cases where {max f;, max g;} = {hq, hy1o}
for all possible a. We will show the desired upper bound of O(n"/?) in each of these cases.
Note that Y fi = 2n — 2v, so max f; is at least linear and is uniquely determined by the
other f;. We first consider v > 5.
First, assume that a > 6. In this case, we can take out the factors (h, +2v +1) -
(hyto + 20+ 1) - ha/? h;ﬁéQ and note that this is O(n™!), by virtue of h,, h,.o being
linear in n. Therefore, the remaining part can (up to some large constant) be estimated
by
2n hat2  hat1 ha
n?o Y > (m+2041) - (ha+20+1) (5.37)
hog1=1  hay1=lha_1=1  hi=1
v+l

(ha+ 20+ 1) [ + 20+ 1) - T2,

i=6
i#a
where the last product no longer involves h, nor h,,5. Note that this expression is actually

independent of a, so for simplicity we assume that a = v + 1. Let b be the number of h;

for which h; < 16vlogn. First consider the case where b = 0. In this case, (5.37) is of the
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order

2 ho hr he hs ha h3 ha
n? . Z h;l/z Z h;_l{? o Z h6—3/2 Z h5—3/2 Z h;l/? Z h;3/2 Z h2—1/2 Z h1—1/2.

hy=1 hy—1=1

he=

1 hs=1 ha=1 hz=1 ha=1 hi1=1

Once again estimating these sums by integrals we find that

he hs hy R ha
Zh;?ﬁ Z h21/2 Z h§3/2 Z h;1/2 Z hfl/Z

hs=1 ha

=0

=0

Furthermore, each of the rema

sum is O(n? - (nY/?2)v=5.n1/2) =

=1 h3=1 ho=1 h1=1
he hs hy hs3
—-3/2 —1/2 —3/2
SUED S ST oE)
hs=1 ha=1 h3=1 ho=1
he hs hy
—3/2 —-1/2 —-1/2
>t 3 3 )
hs=1 ha=1 h3=1
he hs
>3 )
hs=1 ha=1
he
> h) — O(h%) = O”)
hs=1

ining sums is at most Yo", 2~"/2 = O(n'/?), so the total

O(n"/?).

All of the cases b = 0 and 2 < a < 5 have essentially the same proof as one another,

so we will only explicitly go through one of these cases, namely a = 3. In this case we

take out the factors (h, o + 2v

-3/2

+ 1)h§3/2hv+2 = O(n™?) from (5.37), and we use the fact

that h; > hs is linear for all ¢ > 3 to conclude (5.37) is of the order of magnitude at most

n-
hv+1:1

:o<

2n
nv/271 §

ho=1

QZn nY2 L 2Zn n1/2 QZH n3/2 QZn /2 2Zn h2—1/2 i h1—1/2

he=

1 hs=1 ha=1 ha=1 hi=1
ho

h;1/2 Z h11/2) _ O(n”/2).
h1=1
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Now consider the case that a > b > 5, and again we can assume for simplicity that

a=v+ 1. Then (5.37) is at most of the order of

2n hy hyt2 16vlogn
n 3 RN R T R Y (2w 1)
hy=1 hy—1=1 hpt1=1 hp=1
16vlogn 16vlogn 16vlogn
> he+20+1) > > (a+20+1)
he=1 hs=1 hy=1
16vlogn 16mlogn 16vlogn
> (a+20+1) Y (m+20+1).
h3=1 ho=1 h1=1

Note that each of the rightmost b sums will contribute at most O((logn)?) each, and the
remaining sums will contribute O(n(*=%/2) by an argument similar to the one above. Thus
the total contribution will be of the order O(n? - n(*=%/2 . (logn)?) = o(n/?).

Similar arguments give a bound of o(n"/?) when b € {1,2,3,4} and for any a > b.
Note that since h, is linear in n, we always have b < a for n large enough, so these
finitely many cases are all that need to be checked for v = 5. The proofs for v = 3,4 are
essentially the same, and we note that we did not deal with these cases earlier because

we could not write, for example, hg. We omit the details. O

We note that the above proof shows the somewhat stronger result that the only

v/2

quadruples that contribute to the order of magnitude of n*/= are those which have all of

their gap sizes at least 16vlogn. With this we can now prove Theorem 5.1.4.

Proof of Theorem 5.1.4. The result for induced subgraphs follows from Proposition 5.7.2

and 5.7.5. For any H we claim that

N} (CP,) < Ny(CP,) <!> Ny (CPy),

Hl
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where the sum is over all Catalan-pair graphs H’ on v vertices that contain H as a
subgraph. The lower bound is obvious. For the upper bound, note that for any given
subgraph of C'P, isomorphic to H, the induced subgraph on these vertices is isomorphic
to some H' appearing in this sum, and for given H’ there are at most v! subgraphs of H’
isomorphic to H. Taking the expectation of both sides of this inequality and using the

result for induced subgraphs gives the desired conclusion. O]

5.7.3 The sizes of the connected components

Computational evidence suggest that a typical random Catalan-pair graph on n
vertices will have one large component with roughly n/2 vertices and many smaller com-
ponents. As we proved in Section 5.5, many of these components will be isolated vertices,
but a significant amount will have larger size. In fact, we show that for any fixed Catalan-
pair graph the number of connected components of C'P,, isomorphic to this graph is linear

n n.

Proposition 5.7.6. Let H be a connected Catalan-pair graph on v vertices and let n >
v+ 2. There exists a constant C, independent of H, such that the expected number of

connected components of C P, isomorphic to H is at least C - (n —v +1/2)-167".

Proof. Let a and A be as in (5.6) and take C' = (%)2. Assume that H has bipartite
components of sizes s and t. We show that for any 1 < z < 2n—2v+1, we have probability

at least 1/2- (a/A)?- 167" that there are v arcs connecting {z,z+1,...,z+2v — 1} and
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that the resulting Catalan-pair graph on these 2v points is isomorphic to H, which in
particular yields a connected component of C'P, isomorphic to H.

Consider a fixed representative for H. With probability (1/2)?" the points z,z +
1,...,x 4+ 2v — 1 are colored in the exact same order as the points in the representative.
Furthermore, since there are at least four other points, with probability at least 1/2 the
other points do not all have the same color. Therefore, we have r > s and b > ¢ red

and blue points in total. Given r and s, the probability that we the arcs on the points

r,x+1,..., 24 2v — 1 exactly match those in the representative for H is given by
1 Co_y Cyy S 1 a-r3? a- b2 S 1 (a>2 1
2 G, Cy, =2 45-A-(r—s)32 4t-A-(b—1)32 =2 \A 4s+t’

Since s +t = v this implies that with probability at least 47V - % (a/A)?- 47V we get such
a connected component isomorphic to H starting at point x. By linearity of expectation,

the expected number of connected components isomorphic to H is at least

(2n—20+1)-47" = (3)2 A= (n—v+1/2)- (3>2 167" O

A A

DN | —

In particular, we expect a typical Catalan-pair graph on n vertices to have con-

nected components of size at least logarithmic in n.

This chapter contains material from: D. Kroes and S. Spiro, “Random Graphs
Induced by Catalan Pairs”, Journal of Combinatorics, Accepted (2020). The dissertation

author was one of the primary investigators and authors of this paper.
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