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ABSTRACT 

This report describes a synthesis of more than ten years of 
this program's development and application of multilayer 
analyzeri for absolute Bragg spectrometry in the low-energy x-ray 
region of 50-1000 eV. Multilayers, defined here as systems of 
periodic layered structures parallel to the analyzer surface 
have been applied principally in the diagnostics and application 
of the new, intense sources of synchrotron and high-temperature 
plasma x radiation. Detailed absolute reflectivity 
characterizations are presented for selected examples of these 
multilayers which have been semi-empirically determined for 
Mica, KAP and the fabricated Langmuir-Blodgett and sputtered 
multilayer analyzers with d-spacings in the 10-200 A range. 
Design requirements for absolute spectrometry are established. 
Efficient analytical multilayer reflectivity models are .derived 
and parameterized (based upon a modification of the Darwin-Prins 
model for the low-energy x-ray region) -- including, for the 
sputtered multilayers, parameters for defining interface 
structure. The dependence of the reflectivity characteristics, 
high-order Bragg diffraction suppression, and over-all efficiency 
upon the model parameters is analyzed. A special spectrograph 
and procedure for the absolute measurement of the relevant 
reflectivity characteristics qre described. Detailed 
measurements and semi-empirical characterizations are presented. 
Programs for small laboratory computers have been developed that 
allow rapid and flexible spectral analysis, transforming measured 
spectra to absolute spectra. 

lLBL Emeritus, 1200 Mira Mar Ave., No. 1324, Medford, OR 97504. 

2u.s. Dept. of Commerce, Natl. Inst. of Standards and Technology, 
Bldg. 221 Rm. A251, Gaithersburg, MD 20899. 

3Dept. of Physics, B-019, Univ. of Calif. at San Diego, La Jolla, 
CA 92093. 
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I. INTRODUCTION 

Low energy x-ray physics and its technology have been 
advanced considerably in the last decade as a result of the 
development and application of new synchrotron, high temperature 
plasma and now x-ray laser sources of high intensity x-ray 
radiation. These have important modern applications, for 
example, in the material sciences (physical and chemical 
structure analysis, x-ray microscopy, micro-radiography, micro­
lithography) and in the quest for fusion energy. [1-5] Along with 
these developments has arisen a considerable special need for 
accurate, abs~lute x-ray spectrometry, particularly in the 
technically difficult soft x-ray measurement region of 50~1000 eV 
(10-200 A wavelength range). 

In this report we describe the design and characterization 
of an important group of x-ray analyzers that can be effectively 
applied in this low energy x-ray region of 50-1000 eV and which 
utilize a multiple beam interference (Bragg reflection) from a 
periodic system of layered structures that are parallel to the 
analyzer surface. We define this type of analyzer as a 
multilayer (see Fig. 1). X radiation of wavelength A will 
reflect at approximately the angle 8 0 , according to the well 
known Bragg equation: 

(1) 

in which d is the spacing between layers and the integer, m, is 
the diffraction order. As will be shown later, the actual 
diffraction peak positions will be at angles slightly larger than 
those predicted by (1) because of refraction. For x rays the 
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refractive index is less than unity by the unit decrement optical 
constants 5 and p, and given by the relation, n = 1-o-ip. For 
ihe low energy region, the constants 6 and p (where p introduces 
the effect of absorption), are considerably larger than those for 
the conventional x-ray region. 

XBL 894-6201 

1. Defining the multilayer: A periodic system of layered 
structures that establish characteristic groups or "cells" 
of atomic reflecting planes that are parallel to the 
multilayer surface. Analyzer reflectivity is thus simply 
determined by the one-dimensional distribution of the 
scattering atoms within the cell. 

The diffraction "lines" will be broadened as the number of 
layers which contribute to the multiple beam interference is 
limited by absorption within the analyzer. Elementary optical 
principles suggest that the energy and wavelength resolutions may 
be estimated by the relation: 

IAAI IAEI 1 T = E = mNeJJ (2) 

where Neff is the effective number of reflecting layers. Neffd 
is then an effective depth and 2Neffd/sin0 is a pathlength within 
the multilayer and which we may set proportional to the mean 
absorption pathlength, 1/p. Here p is the linear absorption 
eoefficient and is related to p of the multilayer by p - pl/4~. 
Combining this relation for al/l with that obtained by 
differentiating the Bragg relation (1), we obtain a relationship 
for aO, the angular width of the broadened diffraction "line": 
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!1() = 1/1,\ I tan () = tan () 
,\ ~f{eff 

2jJd 
~cos() · (3) 

This relationship of the multilayer's diffraction line width to 
absorption is rigorously established in Sect. III fo~ a system of 
parallel and ordered reflecting layers for the low energy x-ray 
region. 

The required d-spacings for soft x-ray analyzers must be in 
the 10-200 A range. Over the past ten years we have successfully 
applied several types of practical multilayers with large 
d-spacings for absolute x-ray spectrometry in the areas of 
materials analysis and the diagnostics of laser-produced 
plasmas[6,7]. Examples of these multilayer analyzers are: (1) 
the natural crystals, mica and the acid phthalates (cleavage 
plane spacings of approximately 10 and 13 A respectively); (2) 
the molecular multilayers of the Langmuir-Blodgett type 
(d-spacings in the 35-80 A range); and (3) the 
sputtered-or-evaporated multilayers (d-spacings in the 20-200 A 
range). All of these multilayers can be mounted in sufficiently 
thin sections to be used for curved, focussing optics. [8] 

In Sect. II we define the appropriate measurement parameters 
for characterizing multilayer reflectivity and we discuss some of 
the basic design requirements for the application of multilayers 
for optimized absolute spectrometry. In Sect. III we introduce· 
new and efficient analytical descriptions for low energy x-ray 
multilayer analyzer reflectivity, establishing the appropriate 
material parameters that determine reflectivity. In Sect. IV we 
describe the experimental procedures that are applied in this 
laboratory for the absolute measurement of multilayer 
reflectivity. We then, in Sect. V, combine our analytical and 
experimental descriptions to obtain semi-empirical, detailed 
characterizations of practical multilayer analyzers which are 
representative of the natural crystal and of the synthesized 
Langmuir-Blodgett and sputtered multilayer systems. Finally we 
present in Sect. VI comparisons of the reflectivity 
characteristics of these multilayer types when optimally applied 
in the 50-1000 eV region. 

II. DESIGN REQUIREMENTS FOR ABSOLUTE SPECTROMETRY 

Plotted in Fig. 2 is the reflected intensity of low energy x 
radiation (930 eV/13.3 A) vs reflection angle, 8, for a 
tungsten-carbon multilayer showing both the first order 
diffraction (8 = 11°) and the low angle, "total reflection" 
region: This response was predicted using the analytical 
modified Darwin-Prins model developed in Sect. III and for a 
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multilayer of 100 layer pairs with 14 A of W and 21 A of C 
(assuming sharply defined interfaces). Also defined here are the 
reflectivity parameters that determine the absolute 
characteristics of a spectral line analysis. 0, P, R and w are 
the position, peak reflectivity (reflected fraction of incident 
intensity), integrated reflectivity (usually given here in 
milliradians--mr) and full-width-at-half-maximum (FWHM) of a 
given diffraction line. Also defined here is Oc which measures 
the exten~ of the Fresnel "specular" reflection region (angle for 
half-total-reflection-intensity, I 0 /2). For a given line shape, 
R is proportional to wP. Usually, low energy multilayer 
diffraction lines are well approximated by a Lorentzian for which 
R- (~/2)wP (established in Sect. III). As is suggested in Fig. 
3, the spectrometric signal is determined by the peak 
reflectivity, P, when the incident beam collimation, 6¢, is sharp 
compared to the FWHM, w; however, this signal is determined by 
the integrated reflectivity, R, when the collimation angular 
width embraces the total diffraction line. Specifically, for 
incident x radiation of i 0 photons/stearadian from a small source 
region which is sharply collimated by 6¢ - 60s in the reflection 
plane and by ~ in the oblique directions, the number of photons 
reflected is given by: 

and with broad collimation the number of photons reflected is 
given by: 

Nz: = J 1(0) dO= iot/JR 

(4) 

(5) 

In (4) and (5), we are neglecting the possible contributions of 
background radiation. 

The quality of a spectral line measurement is usually 
strongly affected by the presence of background radiation. This 
background may be effectively an extension of the reflection 
"tail" resulting from the specular reflection of low energy x 
radiation present in the source along with that of the diffusely 
scattered radiation from structures on the surfaces of the 
optical elements, the analyzer and collimating system. (Usually 
for the low energy x rays, fluorescent radiation from these 
surfaces contributes negligible background.) [Note: as will be 
discussed below, it is important to define the parameters w, P 
and R for our analytical modeling as well as for our experimental 
measurement of the diffraction line profile after a background 
subtraction has been made.] 
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0 

d= 35A 

r=o.4 

TUNGSTEN-CARBON 

N = 100 d-spocings 

E = 930 eV 

N- Dependent 

Modified Oorwin-Prins 

XJH. A'14-11SIJ 

2. A multilayer reflectivity curve, 1(1), (fractional 
intensity reflected at abgle I) including the small-angle 
"total" reflection region and the first order diffraction 
"line• calculated using the modified Darwin-Prins (MOP) 
model developed in Sect. III. For a Tungsten-Carbon system 
of 100 layer-pairs of 14 A-W and 21 A-c with assumed sharp 
interfaces and for incident 930 eV/13.3 Ax radiation. 
Defined here are the spectral characteristics: lc, the 
critical angle for total reflection (at 1 0 /2 intensity);_ Is. 
the diffraction line position; R, the integrated 
reflectivity (area within the diffraction "line• relative 
intensity profile, I( I)); P, the relative peak intensity; 
and~. the full-width•at·half·maximum (FWHM) angular width. 

3. The geometry that determines the "signal" (total no. of 
photons reflected at the diffraction line position for a 
small sourc• of i 0 photons/stearadian with collimAtion of 6• 
in the reflection plane and ~ in the plane normal to the 
reflection plane. Illustrated schematically here are the 
two collimation limits: 6• • 61 5 for sharp collimation, 
within the peak of the diffraction profile and 6• • 6lb for 
broad collimation, embracing essentially the total 
diffraction line. 
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The statistical precision of a spectral line measurement is 
determined in part by the ratio of this signal to the associated 
background radiation and it is therefore required that this 
background be minimized when possible by the design of the 
spectrometry. This is accomplished by choosing a multilayer 
d-spacing that allows the spectral lines to be measured in the 
large-angle region where the "tail" of the low-angle 
reflected/scattered background is either negligible or accurately 
accountable. 

Another important advantage of applying multilayer analyzers 
in the larger angle region is that in this way the product of its 
resolving power, l/61, and the "signal" (the number of photons 
reflected to the detector within a diffraction line) will be 
maximized. This quantity may be generally considered as an 
important "Figure of Merit." Using relations noted above, we may 
obtain a good estimate of this quantity, for broad collimation, 
as follows: 

( 
.\ ) . N . ·'·R msinO. ·'·R · iot/JR . 20 a.\ 1ot/JR = m eJJ1o'f' - 2pd 1o'~-' - -;x-sm 

Therefore, for the measurement of a given wavelength, l, 
important to maximize the quantity Rsin2(8)/JJ. 

(6) 

it is 

In summary, we need, for optimized spectral analysis, to 
choose a multilayer with a d-spacing that allows large ~ngle 
spectroscopy (typically in the 10°-80° range) in order to 
maximize signal and signal-to-background. It is also essential, 
for optimized spectral analysis, to have a multilayer analyzer of 
the required resolution with the highest attainable associated 
integrated reflectivity, R. 

In the following, Sect. III, we present relatively simple 
and accurate analytical models for the prediction of the 
spectrometric parameters R, w, P and 8c and their dep•ndence upon 
the structure and composition of a given multilayer analyzer. 

III. ANALYTICAL MODELS FOR MULTILAYER ANALYZERS 

Macroscopically, a multilayer analyzer may be described as a 
system of heavily and lightly scattering layered regions with a 
periodicity spacing, d, approximately equal to the wavelength to 
be analyzed. The simplest of such systems is a 
sputtered-or-evaporated set of perfectly spaced and uniform pairs 
of "heavy" and "light" layers with sharp interfaces. Layer 
spacing and analyzed wavelengths are to be sufficiently large 
compared to atomic and other fluctuations in electron density to 
permit description by macroscopic optical constants. For such a 
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long wavelength analyzer, each layered region can be accurately 
characterized by the optical constants, o and ~. which define the 
refractive index, n (- 1-o-i~). For theoretically modeling such 
a system, it has been conventional to apply optical E&M (OEM) 
solutions, e.g. by successive applications of the Fresnel 
reflection equations at each interface. Computer programs for 
OEM modeling have been developed and made available at this and 
other laboratories which also allow descriptions of "soft" 
interfaces by using "stepped" sub-layered interface profiles 
[9,10,11]. These modeling procedures originally evolved from 
optical interference filter technology. 

Presented here is an analytical model of the multilayer 
analyzer which we have recently introduced [12] that is based 
upon the calculation of reflected amplitude by summing the 
amplitudes scattered from the atoms comprising the multilayer 
structure. We have used a modified Darwin-Prins crystallographic 
description that can now be applied accurately in the low energy 
x-ray region. 

This "microscopic" description, complementary to that of the 
OEM approach, has several important advantages: (1) as the 
wavelengths approach atomic dimensions, the atomic diffraction 
contributions have an angle-dependence which may be simply 
included in the atomic scat~ering description as a form-factor 
correction (described below); (2) more precise criteria may be 
defined for the allowable extent of layer inhomogeneities in the 
practical multilayer system that can be· tolerated in a given 
model description; and finally, (3) this approach yields 
relatively simple, analytical models that permit flexible and 
rapid multilayer reflectivity prediction with a small laboratory 
computer. 

We begin our development with a review of the basic 
description of the reflection of x rays from planes of atoms, 
following the approaches presented in the excellent classic 
texts, The Optical Principles of the Diffraction of X-Rays by 
James and X-Rays in Theory and Practice by Compton and 
Allison. [13,14] 

A. Reflection from a Single Layer of Atoms or Unit Cells; 
Defining the Atomic Scattering Factor, ~. and the Unit Cell 
Structure Factor, £ 

We describe first the amplitude that is reflected from an 
elementary plane of atoms irradiated by a parallel beam of x 
rays. The magnitude of the reflected amplitude at a finite 
position, B, can be most readily obtained by summing the 
amplitudes from the Fresnel half-period zones around a central 
point, P, as depicted in Fig. 4. These zones are bounded by the 
loci of points for which the path difference to B is nA/2 greater 
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than that for the central ray, APB. The integer order number, n, 
of these loci specifies a set of ellipses with major and minor 
axes, an and bn given by: 

rn>:r 
an = -- , bn = v;;r:; 

sin(} 
(7) 

where r is the distance PB. The area of each annulus is nearly 
equal to the area of the central elliptical zone. However, as 
the major and minor axes, an and bn, of the successive zones 
increase, the mean scattered amplitude of the atoms involved 
decreases because the mean pathlength and obliquity increase (see 
Compton and Allison [14]). The relative direction of the 
decreasing resultant amplitude vectors from each zone will 
reverse for each successive half-period zone, resulting in a 
summed amplitude that simply approaches one-half that from the 
central zone (depicted in Fig. 4). The amplitude reflected to 
point B from the central zone .may be obtained by summing the 
scattered waves from the individual points taking into account 
their phase relative to P, which yields the product -i2/~ times 
the sum of the amplitudes scattered by the individual atoms in 
the zone. The phase shift upon reflection from this central zone 
is found to be 90 deg behind that from point P, this shift is in 
addition to any phase shift in the wave scattered from a single 
atom, A. Using (7) yields the net scattered amplitude at B, 

. A r.X -am-­
sin(} 

(8) 

where m is the number of atoms per unit area and A is the 
amplitude scattered per atom and is given below using the atomic 
scattering factors. If the atomic plane is comprised of 
different atoms, with mq atoms per unit area of type q, of 
scattering amplitude Aq, we would replace rnA in (8) by ImqAq. 

If the atomic plane is not perfectly uniform but instead 
includes inhomogeneities (e.g. "holes" or fluctuations in atomic 
density), an average value of m may be used to accurately yield 
the reflected amplitude provided that the dimensions of the 
inhomogeneities are small compared to those of the Fresnel zones 
effective in the reflection (approximately equal to ~a1b1). This 
criterion can be useful in the modeling of rough or diffused 
interfaces, as will be discussed later in this Section. 
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4. Geomecry for decermining che amplicude reflecced from an 
acomic plane using the Fresnel half-period zone 
conscruccion. The pathlengch co B from a point source at A 
and scactering from che ellipcical loci of points in che 
plane of the nch ellipse is nA/2 greater than thac reflected 
from the central point ac P. The amplitude reflected from 
each successive annular zone (becween ellipses) may be 
described as a vector thac reverses in direction for each 
successive zone and slowly decreases with n (as the average 
angle, 8, and che average distance co a point wichin che nth 
annulus increases). The total amplicude from all zones thus 
approaches one-half of that which is reflected from the 
central, ellipcical zone as suggested in the vector 
summation diagram. 

X-Ray Reflection 
frgm a Thin Layer 

1/2-Period Zone 
Amplitude Addition 

i 
------ - '=~ j"'' 

0 ------------- -------------------------------------------

X8L 894-6198 

For reflection from a composite layer of mq atoms per unit 
area of type q, the scattered amplitude is 

r,\ 

sinO 
(9) 

For the multilayer analyzer, as s~ggested above, the 
reflection and absorption for each periodic layer (unit group of 
atomic layers) must be small in order to provide a sufficiently 
large number of effective reflecting planes to yield the desired 
spectrometric resolution. We may therefore efficiently describe 
the reflection of a multilayer as the sum of the reflections from 
the periodic, characteristic thin group of layers or "cells." 
Within such a single thin layer set we assume that the incident 
intensity is essentially the same for each plane of atoms and 
that we can neglect any multiple reflections within the unit cell 
thickness (thus using a kinematical description) and obtain the 
total amplitude as summed for all the atomic planes within this 
repeated group or cell: 

{10) 
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in which Zq is the distance of the q-type atoms from a reference 
plane, and 4~zgsin8/l is the phase shift from the phase of the 
refle~ted ampl1tude off the reference plane. 

The needed parameter, Aq, which is the amplitude scattered 
per atom, is defined as proportional to a complex, dimensionless 
factor, the atomic scattering factor as noted in Fig. 5. Here r 0 
is the classical electron radius, and the polarization factor 
P(28) is equal to unity if the incident electric field amplitude, 
A0 , is perpendicular to the plane of reflection, and equal to 
~os(28) if in the plane of reflection. Often, for highly 
polarized x radiation (e.g., with synchrotron radiation) only one 
component need be considered. For unpolarized x radiation (e.g., 
from an x-ray tube anode or a fluorescer) both components would 
need to be considered. 

LOW ENERGY X-RAY SCATTERING 

A>> ATOMIC DIAMETER 

SINGLE ELECTRON 
SCATTERING AMPLITUDE X 

ATOM 

ATOMIC 
SCATTERING FACTOR 

XBL 874-1799 

5. Defining the atomic scattering factor, f (- ft+if2). For 
wavelengths chat are large compared co atoaic diaensions, 
the amplitude scattered at distance R is equal co chat 
scattered by a free electron multiplied by a dimensionless, 
complex atomic scattering factor. Here r 0 is the classical 
electron radius and P(28) is the polarization factor, equal 
co cos 28 for the incident electric vector in the scattering 
plane (as shown) and equal co unity when £ 0 is perpendicular 
co this plane. 

This atomic scattering factor f (- f1+if2), is independent 
of angle 8, for wavelengths which are large as compared to atomic 
dimensions (Rayleigh scattering). When d~ffraction by the atomic 
electron "cloud" introduces an angle dependence (when sin(20)/l > 
0.1) we may simply correct f by reducing the f1 component by an 
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amount, Af 0 , given by: 

lifo= Z- fo (11) 

whe~e f 0 is the well tabulated angle dependent form factor [15) 
given vs sin(28)/A, and Z is the atomic number for the particular 
atom. The satisfactory accuracy of this simple correction for f 
in the region of large angles and shorter wavelengths is 
demonstrated in Appendix A. 

For a particular atom and for the low energy region of 
interest here, the atomic scattering factor can vary considerably 
with photon energy as a result of anomalous dispersion. In order 
to achieve accurate modeling of low energy x-ray interactions we 
have calculated the atomic scattering factors of 94 elements for 
the photon energy region of 100-2000 eV. [16] We are now 
updating these tables which are based semi-empirically upon the 
current theoretical and experimental data bases of 
photoabsorption· cross sections (using a Kramers-Kronig 
formulation), for an extended energy region of 50-10,000 eV[l7]. 

Finally, we may combine these results given above to obtain 
the fractions of the incident amplitude that are reflected, -is,·· 
and transmitted, 1-ia, by a layer of~ unit cells per unit area. 
As noted in Fig. 6, the fractional amplitude that is reflected is 
defined by: 

(12) 

and the fractional amplitude transmitted is defined by: 

in which we introduce the layer's structure factor per unit area. 
MF- MF1+iMF2, given by: 

M F1 = L m9 [ft9 cos ¢z9 + /29 sin ¢z9] 

9 

MF2 = Em9[h9 cos¢z9 -ft9 sin¢z9] (14) 

for a distribution of mq 
atomic scatt~ring factor 
from a reference plane. 
4trsin(8)/A. 

9 

atoms per unit area of species-q and 
fq (- f1q+if2q) located at distance Zq 
Tlie phase factor, ¢, is equal to 
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TRANSMITTED 

T = (I- ia-) T0 

RIT_Lj:_Q~Q 

S=-isT0 

EOR M UNIT CELLS/UNIT AREA OF STRUCTURE FACTOR, F1 + iF2, 

AND OF AVERAGE ATOMIC SCATIERING FACTOR, Tj + ii2 - F
1 

(Ol + iF
2 

(0) 

P(20) = 1 OR COS 29 FOR THE TWO POLARIZED COMPONENTS 

XBL 994-1612 

6. The fra-ctional amplitude that is reflected, ·is, and that 
transmitted, l·ia, kinematically by a thin "group or cell of 
atomic planes characterized by its structure factor per unit 
area, KF. F - F1(l) + iF2(8), is the unit cell structure 
factor and K is the number of unit cells per unit area. 

If the distribution of the atoms within the unit cell can be 
~reated as continuous (e.g. for sputtered or ~vaporated 
multilayers), the structure factor per unit area, MF, may be 
defined by the following integral equivalent of (14): 

M F = L ld n9(z)/9 exp( -i</>z) dz 
q 0 

(15) 

for a distribution of nq(z) atoms per unit volume of species-q, 
where z is measur~d from a reference plane. When (15) is 
expanded to determine its real and imaginary parts, MF1 and MF2, 
both the cosine and sine terms are involved as in (14) except 
when z is measured from a symmetry plane of the unit cell which 
allows the sine terms to drop out of (14) and (15). 

Note: for the calculation of the transmitted amplitude by 
the layer of unit cells, we are concerned only with scattering in 
the forward direction, 8 - 0°, and therefore have introduced F(O) 
into (13) which is the value of F(8) as 8 approaches zero. Hence 
the reflection and the transmission of a single layer (or, as 
shown below, for the multilayer) depends upon its composition, 
density and s true ture simply through the ·quantity MF, as de fined 
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here in (14) and (15). 

B. The Modified Darwin-Prins Model 

We outline next the development of a dynamical analytical 
model for the reflection of low energy x rays by a multilayer 
analyzer with N parallel layered structures, each scattering in 
proportion to its structure factor per unit area, MF, as 
described above. We modify the approach used by Darwin and Prins 
that describes crystal reflection for the conventional x-ray 
region. 

In the dynamical description of the propagation of waves 
through the multilayer all possible multiple reflections within 
the layers must be taken into account in order to describe the 
net downward propagating wave amplitude, T, and the net upward 
propagating wave amplitude, ~- This accounting originally was 
elegantly accomplished by Darwin in his solution of the 
self-consistent difference equations describing the process for 
any two adjacent layers within a non-absorbing semi-infinite 
multilayer. (Prins introduced the effects of absorption by the 
formal substitution of complex atomic scattering factors and a 
complex refractive index for the crystal's corresponding real 
values assumed by Darwin in his original solution which neglected 
absorption.} The resulting difference equations are presented in 

F i g · 7 · Dynamical Reflection and Transmission 

T, and S, are.total downward and upward amplitudes 
at the rlh layer of a large slab 

Difference Equations 

s,·• -Is T, + (1-ln)e411S,.1 

r,.1• (1-to).-'1T, -ls.r-211s,.1 
XBLIII4-8215 

7. The aelf·conaiatent difference equations, the solution of 
which leads to the Darvin·Prins dynamical reflectivity 
equation for the semi-infinite multilayer, S0 /T 0 , given in 
(16). (6 is the phase shift for the path between layers, 
2wdsinl/l.) See, for example, Appendix D for a solution of 
these equations for the kinematical reflectivity from an 
absorbing semi-infinite multilayer. 

Page 13 



This approach yields an analytical result for the ratio of 
the reflected to the incident amplitudes, S0 /T 0 , at the surface 
of the semi-infinite multilayer which is given by: 

(16) 

The new parameter, e. introduced in this result, is defined by: 

e = 
2~d (sin 0- sin Oo) (17) 

where, as discussed below, sin8 0 effectively defines a "region of 
interest" around a particular diffraction line and is given by 
the Bragg equation, mA - 2dsin0 0 . Now, in this Darwin-Prins (DP) 
difference equation solution, it is established that the net 
downward propagating wave at the Nth layer has an amplitude given 
simply by T0 xN, where x is defined by: 

(18) 

The value of x includes the contributing effects of all possible 
multiple reflections within the semi-infinite multilayer. (The + 
or - sign is chosen so as to have the real part of q be 
positive.) Using this result, we derive (in Appendix B), a 
modifying factor which converts the reflected amplitude ratio, 
S 0 /T 0 , given in (16) to the amplitude reflection ratio, S0 N/T 0 , 

for a finite multilayer of N layers. The resulting equation is: 

(19) 

Note: The N-dependent modifying factor (in brackets) must, of 
course, approach unity as N becomes large. It is often of 
practical importance in the construction of optimized multilayers 
to determine the number of layers to be deposited for which this 
factor is equal to about 0.95 for the required energy range of 
application. 

Also derived in Appendix B is the amplitude ratio, T0 N/T 0 , 

that is transmitted through the N layer system. This is given 
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by: 

(20) 

In the usual way, the intensity ratio that is reflected or 
transmitted for unpolarized incident x radiation (e.g. x-ray tube 
radiation) is obtained by taking one-half of the sum of the 
moduli squared of the two polarization component amplitudes as 
obtained from Eq. (19) and (20), by setting P(28) equal to unity 
and to cos(28) in the reflected amplitude, s, of equation (12). 
For polarized x radiation (e.g. synchrotron radiation), the 
intensity ratio is equal to the sum of the moduli squared of the 
two components of the electric field, one for the electric 
vector's perpendicular component to the plane of reflection [with 
P(28) ~ 1] and the other for this electric vector's component 
parallel to the plane of reflection [with P(28)- cos(28)]. 

As may be easily shown, the reflected intensity will be 
significant only when e. defined in (17), is small and therefore 
when sin8 approaches sin8 0 . We may rewrite (17), using the Bragg 
relation (1): 

(21) 

(m - 0 for the small angle, Fresnel reflection region, m - 1 for 
the first order diffraction line, m- 2 for the second order 
diffraction line, etc.) In order to apply this intensity 
function continuously in 8-plots for the total angular range, m 
is automatically set either to zero or to that integer which is 
nearest to the value of (2dsin8/A) in our code. 

In Appendix C it is shown tht the MDP zero-order prediction 
for the reflected amplitudes at the small angles reduces 
identically to the Fresnel reflection description. Also, we have 
found that this MDP prediction for the small-angle reflectivity 
is generally in close agreement with that given by the OEM model 
as discu~sed below and in Appendix C. · 

By using a unit area structure factor, MF, calculated with 
the specific relations presented in Sect. V, we have applied this 
modified Darwin-Prins (MDP) result to obtain the ratio of the 
reflected intensity to that incident, !(8), for a pure 
tungsten-carbon multilayer with assumed sharply defined 
interfaces and of d-spacing- 35 A and with r - 0.4. (r is the 
ratio of thickness of the heavy element to the d-spacing for a 
sharp interface geometry.) A plot of !(8) for the incident 
photons of Cu-La (930 eV/13.3 A) which includes the small angle 
Fresnel region and the first order diffraction line was shown in 
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Fig. 2 for a number of layer pairs, N, equal to 100. This plot 
illustrates a satisfactory design of this W-C analyzer for the 
given wavelength because it places the first-order diffraction 
line well above the "total reflection tail" background. As 
discussed in Sect. II, for the larger angles of diffraction, the 
absorption per layer is minimized and consequently more layers 
participate in the reflection and higher resolution results. We 
show in Appendix C that when the first-order diffraction angle is 
larger than about three times the critical cut-off angle for 
"total reflection", Oc, the magnitude of the parameters a and s 
are small compared to unity, thus insuring accuracy in our MDP 
modeling. 

As a test of the accuracy of this MDP model we compare its 
predictions to those of the OEM model. Equivalence of the two 
model calculations for long wavelength x rays is obtained by 
using the relations between the optical constants, o and~. which 
define a uniform sublayer section of a multilayer and the atomic 
scattering factors of the atoms com~rising the section, viz: 

for a uniform region of nq atoms per unit volume of species-q 
having an atomic scattering factor fq - f1q+if2q· 

(22) 

Note: This optical equivalence is definable for the low 
energy x-ray region only for wavelengths which are: 1) 
sufficiently long compared to the dimensions of the atoms so that 
these may be treated as "point scatters", and 2) sufficiently 
long as compared to fluctuations in atomic densities which 
otherwise may also introduce significant angle-dependent 
diffraction effects. 

In Figs. 8 and 9 we compare the total reflection region and 
the first, second and third order diffraction line intensities 
for this W-C multilayer as calculated by the MDP model to those 
calculated by the optical E&M (OEM) model (dashed lines) for N -
100 and 30 in order to illustrate the equivalence of the two 
models in this low energy x-ray region. Similarly, we compare in 
Fig. 10 the intensity profiles reflected by the multilayer of N -
100 at and near normal incidence. (OEM - dashed lines.) Note: 
Multilayer reflection at normal incidence is of considerable 
current interest in the development of x-ray lasers and of 
reflection x-ray imaging optics. 
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COMPARING MOP AND OEM REFLECTIVITY 
N=IOO -MOP 

---OEM 
.4r---------------------~ 

I'Io 

210 

8. Illustrating the equivalence of the Modified Darwin-Prins 
(MOP) and the Optical E6M (OEM) descriptions for low-energy 
x-ray reflectivity in the small-angle total reflection 
region and large-angle first, second and third order 
diffraction line profiles. (930 eV/13.3 Ax radiation 
reflected from 100 layer-pairs of 14 A -W and 21 A -C with 
sharp interfaces. OEM·dashed line.) 

COMPARING MOP AND QEM REFLECTIVITY 

9. Similar comparisons as for Fig.8 except for a W·C 
·multilayer with 30 layer-pairs. 

.2~------------------------------------~ 
--179eV 

N= 30 -MOP 
---OEM 

.4r------------------. 

85 ~80 
.02~--------------------,.uosr---------------------, 

m= 3 

10. Illustrating the equivalence of the MOP and the OEM 
descriptions for near normal incidence low-energy x-ray 
multilayer reflectivity. (Multilayer parameters as for Fig. 
8. MDP·solid line, OEM-dashed line.) 

1°4~00~--------------~~~------------------J 1571 8 (mr) 1740 
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11. The Mosaic Multilayer Model. It is assumed that the 
mosaic multilayer is broken up into thin, ordered •crystal" 
segments, each reflec~ing coherently and kinematically but 
with an amplitude that has a random phase relative to those 
from the other segments because of a small random variation 
in the segment's orientation, position or d·spacing. 
Therefore, the total number of photons that are reflected 
within the reflected diffraction line from this mosaic 
~ultilayer is the sum of the angle-integrated number of 
photons from each thin segment reduced by the transmission 
factor for x rays to and from the segment, exp(·2~z/sin 9) 
(where z Ls its depth and~ is the multilayer's linear 
absorption coefficient). This result yields a corresponding 
integrated reflectivity for the mosaic multilayer, Rm• as 
given in (28). Illustrated here are two types of mosaic 
structure which may lead to this Rm. 

XBL894·6212 

We have developed a Modified Darwin-Prins Program for small 
laboratory computers that presents, flexibly and rapidly, for a 
given multilayer MF value and d-spacing: 1) the predicted 
intensity spectrum, 1(8), including the Fresnel low-angle 
reflection region and the large-angle diffraction orders (for 81 
> 38c); and 2) the predicted values versus photon energy or 
wavelength of Oc, R, w and P. In order to present the parameters 
R, w and P which can be compared directly to those measured, the 
program calculates these from the diffraction line profiles that 
are generated after subtracting the background "tail" that passes 
through the intensity points at + and - 3w from the peak 
position. The subtracted background is assumed to decrease as 
(sin0)- 4 (as for the large-angle Fresnel reflection tail). 

C. Lorentzian Approximation to the MOP 1(8) Distribution 

For conventional x-ray reflection from crystal analyzers of 
relatively high perfection and low absorption, the dynamical 
contribution of the internally multiply reflected components to 
the total reflected amplitude is significant. Often, for the low 
energy x-ray reflection from large d-spacing analyzers of 
typically lower perfection and of higher absorption, an accurate 
and simplifying approximation to the MOP model may be obtained by 
neglecting this multiple reflection contribution. 
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In Appendix D we present a derivation of a kinematical (with 
absorption) model for multilayer reflectivity which we obtain by 
solving the difference equations defined in Fig. 7 after setting 
to zero the dynamical, downward reflected amplitude term in the 
second equation. The result for the relative reflected 
intensity, I(e), for an unpolarized incident beam has a 
Lorentzian diffraction line profile given by: 

(23) 

in which e is the angle measured from the refraction-shifted peak 
position and is equal to: 

(24) 

Note: The increase in the angle of ref1ection because of 
refraction is given here as Sjsin8 0 cos8 0 . This prediction of the 
peak shift resulting from refraction may also be obtained by 
combining Snell's law and the Bragg equation (eg. from (29) 
below), and dropping second order and higher terms in delta and 
beta. The diffraction line position is defined and measured in 
this work as the centroid position which is also the maximum 
intensity point for a symmetric line profile such as the 
Lorentzian. For low absorbing, well ordered crystals (with 
significant multiple internal reflections) the diffraction line 
is asymmetric and the maximum intensity position shifts slightly 
from that of the centroid (see for example (12) or (13)). 

The peak intensity (relative to that incident), P, becomes: 

P = 1(0) = 2
R1 (25) 

1rW 

The FWHM, w, is g~ven in this approximation by; 

which has the same dependence upon the multilayer's linear 
absorption coefficient, ~. and upon 8 as predicted in the 
Introduction using elementary optical principles. 

(26) 

By integrating this Lorentzian intensity distribution we 
obtain for the integrated reflectivity, RL: 
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(27) 

which is identical to that for the mosaic crystal description 
given below. 

For a polarized incident beam (as for synchrotron 
radiation), the factor [l+cos2(28)]/2 in (14) will be replaced by 
unity if the electric vector is perpendicular to the plane of 
reflection and by cos2(28) if the electric vector is parallel to 
the plane of reflection. 

As we have noted in an earlier report [18], the measured 
value of R is essentially unaffected by diffraction line 
broadening effects generally. If, however, the x-ray line source 
energy width is relatively large, R then represents an average 
value for this energy interval. (R is not a useful, well defined 
reflectivity parameter if a significant absorption edge of the 
multilayer falls within this energy level.) 

For low energy x-ray analyzers, because of the higher 
absorption within the multilayer (hence fewer effective 
reflecting planes), the intrinsic diffraction line widths are 
relatively large. The measured line widths may be further 
broadened by a mosaic quality of the multilayer structure 
(discussed below), by the energy width of the radiation "line" 
source, and by instrumental collimation widths. Often these 
effects can be accurately "folded" into the Lorentzian 
distribution. If these additional broadening effects are 
themselves Lorentzian (e.g., as for many emission~line sources), 
the fold yields another Lorentzian with the widths linearly 
additive. If, however, an additional line broadening effect is 
more accurately described as Gaussian (e.g., typical instrumental 
broadening), the fold yields a Voigt distribution for which a 
simple but non-linear addition to the Lorentzian FYHM can usually 
be made to within a good approximation [19], and is presented in 
Sect. IV. 

D. The Mosaic Multilayer Model 

It is often helpful in our understanding of multilayer 
reflection to compare the result obtained for the integrated 
relectivity, R, from the MOP model for an ideally perfect crystal 
slab to that from the Mosaic model for a slab which is ideally 
imperfect. In the mosaic crystal model the slab is assumed to be 
broken up into a mosaic of small well-ordered "crystallite" 
regions which reflect coherently, but have a random phase 
relationship with the other reflecting segments of the 
multilayer. Conventionally, the mosaic quality is considered to 
arise from crystallites of small lateral dimensions and 
thicknesses with their reflecting planes slightly and randomly 
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deviating from being parallel to the multilayer surface. A 
diffraction line broadening results from the random orientation 
as well as from the small number of contributing reflecting 
planes within the thin crystallites. Another expected mosaic 
quality likely for large spacing, "soft" multilayers is that of 
stacking within the slab of many independently and coherently 
scattering, essentially parallel thin layer systems because of 
random spacings between these regions and/or because of a 
region-to-region variation of the d-spacings (e.g., in some 
sputtered-or-evaporated multilayers). It is easy to establish 
the integrated intensity reflected from an independently coherent 
crystallite or thin layer region using a simple kinematical 
calculation (allowed because the absorption and multiple 
reflection effects are negligible for the small thicknesses 
involved. See James [12] beginning with his Eq. (2.2).) In the 
derivation of the integrated reflectivity, Rm, for the mosaic 
multilayer slab, the intensities (rather than amplitudes) are 
integrated through all angles and are summed from all regions of 
the slab taking into account the reduction of the intensity to 
and from each segment, exp(-2~z/sin8). Here~ is the linear 
absorption coefficient and 2z/sin8 is the absorption path into 
and out from the differential segment at depth z within the 
multilayer slab (see Fig. 11). This integrated reflectivity, Rm, 
is easily shown to be: 

o = r~Aa [(M F )2 (M F )2] (1 + cos2 20) 
nm 2~d2 1 + 2 2sin20 

(28) 

Note: the mosaic model cannot predict diffraction line 
profiles, I(O), which must depend upon the type and degree of the 
imperfections. Nevertheless, it predicts, for the low-energy x­
ray region of interest here, essentially the ~integrated 
reflectivity as that predicted by the MOP model. (See, for 
example, the r~sults for W-C, Langmuir-Blodgett and 
Acid-Phthalate multilayers presented in [16] .) As noted above, 
the Lorentzian approximation of the MOP distribution (neglecting 
multiple reflection contributions) and the Mosaic model yield 
identical analytical results for the integrated reflectivity, R. 

E. Determination and Parameterization of MF for Multilayer Systems 

The analytical model equations presented above require for a 
given photon energy or wavelength only the d-spacing and the unit 
area structure factor, MF, for their evaluation. General 
expressions for MF have been given in (14) and (15). We now 
present specific examples of the MF functions with appropriate 
parameterization which may then be applied to yield efficient, 
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12. Defining the geometry of the sputtered-or-evaporated 
multilayer's periodic layered structure (cell) of total 
thickness, d. X andY are the thicknesses of the pure 
"light" and "heavy• layers respectively. r 1 and r

2 
are the 

thicknesses of possible interface transition regions. 

analytical, semi-empirical characterizations of practical 
multilayers. 

Inside the multilayer, as a result of refraction, the angle 
of incidence and the wavelength at a unit cell plane must be the 
refraction modified values, 8' and A': The angle after 
refraction, 8', and the modified wavelength, A', which must be 
used in the description of the wave interference within the 
multilayer, are given by Snell's Law, cos8jcos8' - 1-6 - A/A'. 
We use here only the real part of the refractive index, 1-6, 
because it can be easily shown that for x-ray refraction effects 
the first order terms in p cancel. In our model description of 
multilayers in the low energy x-ray region where refraction 
effects become relatively large, we replace the ratio, sinS/A 
which appears in the structure factor F, by sin8'/A' (in the 
parameter, ~- 4~sin8/A appearing in (14) and (15) above). In 
terms of 6, we may easily obtain from Snell's law the relation: 

sin ()' sin () J 
1 

26 - 62 
-xt = T - sin2 () 

(29) 

where 6 is given by (14) and (22) as r 0 A2MF1(0)/2~d. 
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(1) MF for Natural Crystal Multilayers 

The unit cell structure for most natural crystals that can 
be effectively applied as long wavelength multilayer analyzers 
(e.g., mica and the acid phthalates) have a symmetry plane from 
which we can describe the one-dimensional distribution of atoms. 
Setting z-0 at the symmetry plane reduces the summation involving 
the sine terms in (14), to zero value. 

The determination of MF by (14) requires the following 
parameters: the d-spacing along the coordinate, z, perpendicular 
to the multilayer surface; the unit cell cross section area, «, 
(in a plane perpendicular to z); and the number, species and 
z-coordinates of the atoms within the unit cell. 

In Appendix E we outline the procedure for determining the 
one-dimensional multilayer structure (values of nq, Zq) from the 
three-dimensional crystallographic structure. Also in Appendix E 
we present our calculations for the two natural crystal 
multilayers, mica (clear muscovite) and potassium acid phthalate 
(KAP), of the number and z-coordinates of the atoms within their 
unit cells and of their associated d-spacing and cross-sectional 
area, «. In Appendix F we present these data for the synthesfied 
Langmuir-Blodgett "crystal" multilayer, lead ste.arate. (Also in 
Appendix F is outlined our procedures for constructing the LB 
multilayers and determining their structure.) 

2. MF for Sputtered-or-Evaporated Multilayers 

We assume that with the dense atomic packing of the 
sputtered or evaporated multilayers and with the relatively large 
Fresnel zone areas involved that permit the use of average atomic 
density values (even with appreciable statistical "roughness") we 
can accurately apply the continuous distribution integral (15) to 
calculate MF for these multilayers. 

Note: For the sputtered or evaporated x-ray multilayer 
analyzers, the contribution to the reflected amplitude generated 
by multiple reflections within the multilayer will usually be 
small compared to that reflected directly to the detector. 
Therefore the area of the effective Fresnel zones involved is 
approximately that of the first elliptical zone (see Fig. 4) and 
equal to ~r~/sinS from (7) where r is the distance to the 
detector. For angles corresponding to a first order reflection 
(sinS - ~/2d) this effective Fresnel zone area becomes simply 
2~rd. For example, with an analyzer-to-detector distance of 15 
em and a d-spacing of 100 A, the Fresnel zone area is about 
10,000 square microns. Hence fluctuations in the density of a 
reflecting plane of dimensions less than one micron may be 
described as statistically smooth and definable by a mean density 
value. However, for multiple reflections between layers, r for 
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the distance to the next layer is d/sinB and therefore in this 
case becomes about 150 A. The effective Fresnel zone areas then 
become 107 times smaller, so that fluctuations must be within 10 
A2 for the same smoothness statistics. Therefore, interface 
roughness would be expected to greatly reduce coherence for 
multiple reflections within sputtered multilayers. We would thus 
expect the Lorentzian approximation to the MOP model given in 
(23) to be an accurate one. 

To set up the int~gral (15) we define a generalized 
multilayer geometry with the pure "light" and "heavy" layer 
thicknesses equal to X and Y, and with possible transition region 
thicknesses, T1 and T2 as shown in Fig. 12 for this unit cell. 

In Appendix G, we present a brief description of the 
deposition processes that are typically applied for the 
construction of multilayer analyzers. The nature of the 
transition regions at the interfaces between the light and heavy 
layers will depend upon the materials involved and upon the 
conditions of the deposition process. We list below the 
relations obtained by integrating (15) to yield MF functions for 
four basic types of interface structure. 

(a) Sharp Interface (Tl - T2 - 0) 

M F = ..!__ (n f (ei.P' d - ei.P'Y) + n f (ei.P'Y - 1)] . i¢>' z:o z: . yo 11 
(30) 

nxo• fx and nyo• f are the atomic densities and the complex 
atomic scattering !actors for the light (x) and heavy (y) layers 
respectively, and ~, - 4wsin8'/A'. 

(b) Compound Inte~face (Tl ~ T2 - T) 

For a uniform, compound material interface region 
characterized by nzo• fzo (e.g., a possible tungsten carbide 
region between sputtered Wand C.) 

(c) Symmetrical Linear Transition Interface (Tl - T2 - T) 
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13. The dependence given by 1812 (Equ. (38)) of the peak 
reflectivity upon Y9 /d for che first three Bragg diffraction 
orders. (Y 5 /d measures the volume fraction of the "heavy• 
constituent and is equal co (Y+(Tl+T21/2)/d for the linear 
transition model.) These values for Pare normalized for 
the reflection of 13.3 A/930 eV radiation from a C-W 
multilayer of 50 A d-spacing, ~ - 100 and with a linear 
transition layer thickness, T1-T2-T-8 A. Illuscraced here 
are the predicted high-order diffraction suppression values 
for Ys/d and the general decrease in peak intensities as 
absorption increases with the higher values of Ys/d. Y9 /d 
is simply determined by the relative sputtering deposition 
times sec for the heavy and light constituents. 

~r---------------------------~ 
1st Order 

0 0~----o-2-----o-~-----o-.--~~la~--_J 

llr-----------------------------. 
2nd Order 

v, d 

=.-------------------~ 
3rd Order 

\ 

As suggested above we may define a continuous function, 
nq(z) for an interface distribution of the x and y elements 
resulting, for example, from implantation or diffusion and/or 
from roughness providing that the fluctuations within the 
differential layers are of less than micron dimensions. We 
consider here density functions within the transition layer that 
decrease and increase with z linearly in the mixing of the two 
elements. We also make the simplifying assumption that the 
volumes occupied by the x and y element are the same throughout 
the layer pair and equal to (nxo>-1 and (ny~)-1 respectively. 
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(d) Asymmetrical Linear Transition Interface (Tl ~ T2) 

This case describes, for example, the possibility of 
implanting the heavy element more deeply into the light layer and 
than for sputtering the light element into the heavy layer. 

MF = _1 {n f (ei<f>'d -1) + (n f - n f) [-1-(ei<f>'Tl -1)- _l_(ei<f>'T~ -l)ei<f>'(Y+Td]} (33) 
i¢/ :ro :r yo y :ro :r it/J'T1 i¢/T2 

F. Predicted Effects of MF-Parameters upon Multilayer Reflectivity 

For the sub-kilovolt region it was noted above that the MDP 
multilayer model reduces to a Lorentzian described by (23) 
through (27) yielding the following dependence upon MF (­
MF1+iMF2): 

R- [(MFt? + (MF2?J/MF2(0) 

P- [(M Ft)2 + (M F2)2]j(M F2(0))2 

w- F2(0) 

(34) 

where F(O), as noted earlier, may be related to the linear 
absorption coefficient, ~. and to the optical constants, S and p, 
by the relations: 

(35) 

In our modeling of practical multilayers for this study we 
have chosen to apply only the first two terms of a series 
expansion for the atomic density functions within the transition 
layers, [n(z) - a+bz] as described above for the Linear 
Transition Model. We now rewrite (32) in order to identify more 
specifically the dependence of this MF upon its material and 
structural parameters. We are interested only in MF around the 
Bragg diffraction angles and therefore have re-expressed the 
phase factor(~') in (32), using the Bragg Equation, mA' -
2dsin0': 
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~, - 4~sin0'/A' - 2~m/d 

and setting the exp(i2~m) term equal to unity. MF in (32) near 
the Bragg angles becomes: 

M F = d(nxofx- nyo/y) [1 _ ei2,..m(Y+T)/d] [-d-(ei21rmT/d _ 1)] =A.B. C (36) 
21rm 21rmT 

Because, as noted above, the multilayer's integrated and peak 
reflectivities, Rand P, are proportional to (MF1)2 + (MF2)2, we 
multiply A, B and C in (36) by their respective complex 
conjugates to obtain: 

where IAI 2 , IBI 2 and ICI 2 are given by: 

IAI2 = ( 2:m) 2 
[ ( nxoflx - nyo/ty )2 + ( nxohx - nyo/2y )

2
] 

IBI2 = 2 [ 1 - cos ( 21rm y ~ T)] 

ICI2 
= 2 (21r~T) 

2 

[1- cos ( 21rm ~)] 

(37) 

(38) 

(39) 

IAI2 expresses the effect of composition of the multilayer 
through the difference or "contrast" between the scattering 
factor per unit volume of the "heavy" and light" elements of the 
layer-pair. 

IBI2 expresses the effect of the fractional amount of the unit 
cell layer that is originally deposited with the "heavy " 
element, Ys/d, which is equal to (Y+T)/d for this linear 
transition model. This parameter is simply preset by the 
relative sputtering times given the two elements. 

ICI 2 expresses the effect of the relative size of the transition 
region thickness, T/d, which, for a given choice of heavy and 
light mat~rials, may often be controlled by sputtering 
conditions. 

(a) Suppression of Higher diffraction Orders for T1 - T2 

An important design requirement is often that a particular high 
order background reflection be suppressed (usually the second 

Page 27 



order radiation). This may be fulfilled, 6y adjusting the heavy 
element thickness fraction, Ys/d, so that B in MF is equal to 
zero. We note from (36) that the zero values for IBI2 occur for: 

(Y + T)/d = Y./d = n/m 

for n equal to any positive integer less than m. For example 
second order suppression will occur for Ys/d - 1/2 which is 
achieved by sputtering equal volume amounts of the heavy and 
light elements. 

(40) 

Missing orders may also occur when ICI2 has its zero values. 
It may readily be shown, using (39), that this will occur for: 

T/d= n/m (41) 

for n equal to any positive integer equal to or less than m/2. 

In our semi-empirical modeling of practical multilayers by 
fitting experimental spectra through several diffraction orders 
(discussed below) we have often been able to immediately verify 
values for Ys (and sometimes fo~ T) by noting which orders are 
strongly suppressed. 

(b) Suppression of Higher Diffraction Orders for T1 ~ T2 

Following the procedure presented above, we may also 
describe the effect of the thickness parameters upon MF for the 
asymmetrical linear transition multilayer model. For example, it 
may be shown that for this type of multilayer, MF as given in 
(33) will have its zero values and mth diffraction order 
suppression when: 

Ttfd = lfm and T2/d-;::. nfm 

for positive integer values of 1 and n, and for l+n s m. 

(c) Summarizing the Effects of Sputtered-or-Evaporated 
Multilayer Structure upon Reflectivity 

(42) 

In Sect. II we introduced a "Figure of Merit" for the 
multilayer analyzer that is the product of its resolving power 
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l/6l, and the "signal" within the diffraction line, which is 
dependent upon the multilayer's material properties through the 
factor R/~. It follows from the Lorentzian description of a 
diffraction line profile as given in Eqs. (25) and (26) that the 
peak intensity, P, is also proportional to R/~ and is therefore a 
measure of this Figure of Merit. 

In Figs. 13, 14 and 15 we plot the peak reflectivity, P, of 
a hypothetical multilayer of C-W of 50 A d-spacing, N - 100 
layer-pairs, for the first three diffraction orders as a function 
of the structural parameters introduced above. 
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1st Order 

oL-------------------------~ 
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l" 
> 
~ ::; -... 
£ 
1 
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":) :J 
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14. The dependence given by ICI2 (Equ. (39)) of peak 
reflectivity upon the transition layer thickness. T (using 
the linear transition model with Tt•T2•T). These normalized 
values of P are for the reflection of 13.3 A/930 eV 
radiation from a SO A d·spacing multilayer of C·W, ~ - 100 
and with Y5 /d set to 0.4. Illustrated here is the p~edicced 
third-order diffraction suppression at T - d/3 - 17 A and 
elao indicated is the marked decrease generally of peak 
intensities with increasing r. 
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15. Effect of the aaymaetry factor, T1/T2, upon the 
relationahip between the peek reflectivity and the average 
tranaition layer thickneea, Tave - (Tl+T2)/2. Theae plota 
of P va Tave have been obtained uaing KF given in (33) for 
the reflection of 13.3 A/930 eV radiation froa a C-W 
aultilayer of 50 A d•spacing, N • 100 an4 Y8 /d • 0.4. Aa 
expected, aayaaetry •aoftena• the affect of order 
auppresaion and of a general deer•••• in peak reflectivity 
fro• that ahovn hera an4 in Fig. 14 for Tt • T2. 
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In Fig. 13 is plotted P vs Ys/d for the linear transition 
multilayer (T1-T2-T-8A). Indicated here along with the 
zero-values predicted above is the general decrease in the peak 
reflectivities with increasing Ys/d (causing increased F2(0) and 
therefore absorption within the multilayer.) 

In Fig. 14 is plotted P vs T with Ys/d fixed at 0.4 for the 
linear transition multilayer (T1-T2-T). Note the suppression of 
the third order at T - 17 A corresponding to d/3 as predicted by 
(41). Also illustrated here is the fact that increasing the 
transition region thickness rapidly decreases peak reflectivities 
generally. 

In Fig. 15 is plotted P vs Tave [Tave - (Tl+T2)/2] for 
different values of the asymmetry factor, equal to T1/T2. As 
expected, increasing asymmetry "softens" the effect of order 
suppression and of the decrease of reflectivity as Tave 
increases. 

In the next Section we describe the experimental procedures 
that have been developed in this laboratory for the measurement · 
of the multilayer reflectivity characteristics including I(6), R, 
w and P. These experimental data are ne~ded to validate the 
application of the detailed model descriptions which have been 
given here for absolute spectrometry. 

IV. MEASUREMENT OF MULTILAYER REFLECTIVITY 

The detailed characteristics of multilayer reflectivity e.g. 
as depicted in Fig. 2, have been measured using a specially 
designed vacuum spectrograph that is schematically described in 
Fig. 16. A fine slit and filter is positioned at the isolation 
gate window of one of our demountable x-ray tubes [19] to provide 
a strong, characteristic line source in the 50-10,000 eV region. 
The multilayer is mounted with its surface on the axis of a 
precision 6 - 26 goniometer. A sharply defined incident beam is 
restricted to a small sampled area (typically a few millimeters) 
of the multilayer by a razor blade edge placed close to its 
surface. The angular resolution of the measurement is set by the 
divergence of the incident beam which is essentially established 
by the slit width at the x-ray source which is 120 em from the 
goniometer axis. This is usually set to an angular resolution 
width that is small as compared to the diffraction line width, w, 
of the multilayer analyzer. The reflected beam is measured by a 
sub-atmospheric, gas flow proportional counter ("tuned" in 
pressure to about 90% gas path absorption for the wavelength 
being measured) with a window 10 em from the goniometer axis 
which accepts a beam width of a few millimeters off the 
multilayer analyzer and with a slit width that is larger than 
that of the reflected beam. This effective incident beam is 
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limited in vertical width by the projection 
razor edge and is therefore angle-dependent 
cos9 as noted in Fig. 16. 

of the opening at the 
and proportional to 

In the small angle region an inflection point appears in the 
reflected intensity at 9 0, as illustrated in Fig. 17. It may 
be readily shown that the intensity at this feature is I 0 /2 so 
that both the incident intensity, I 0 , and the zero angle 
calibration of the spectrograph are determined in this way. 

X-ray Slit . 
source l/FIIter 

"'o:r-----------r:-~. 

16. Tba a••••cry of cha apeclally •••Laocd apactroa~apb for 
eba a~aoluca aaparl•ancal cbaraccar1:atlon of •ultllayara. 

·a flao alit &Dd fllcar la placed ac ebe •acuua taolaeloa 
aaco of • hl&h•pover. br••• fecal .,.c, da•ouacabl• •·ray 
cu~o. Tbo aulellayor aurfaca la •ouated oa ebo aa1a ef • 
practalon I·ZI a•ato .. cer wblcb la 120 c• fro• cbo aource 
alit. A raaor ••a• la .auaca• oa ehe cryacal bolder aad la 
located ac a •••11 dlataaca, a, •'ovc cho eultilayor aad 
aoaleaocar aala eo oaca~lla~ a co111aeco4 ra' ayacoa froa 
ebe •••rca cbac •aa .. lae• a f•• •llltaecara of aulcllayar 
a.cface aad La of a oec dt~ora•••• cbac la ... 11 coap•~•• to 
t~• aaa-1•~ wtdc~ of t-• 41ff~•ccloa 11ae bela& aeaau~e4. 4 
••r••••r•·cuaad• a•• fl•• p~•••rcloa~l couacar ia ••~aced oa 
cba z•-·~· wltb ltl ., .... 10 •• f~os tbe aoa&o .. car •• , •. 
Tba caaacar w&ada• •••••c• c~a cecal raflaccad baaa wblcb 11 
11•1ta4 ••17 by cbe allto a& ~ ... rca oa4 8UlCll•7•~· 4 
acr••l cberaccerlaclc 11 .. tr .. c~ low kll .. alcaaa ... rc• 
,. laelaced r ... ••••clac•• t ... r····-~~·-·r •••ray 
backar .... ra•taclaa ~, c._ •~•o aod cauacer 
fl1t•~·•l••••• ••• by tbo f•lao•bol&b&·41ac~la1ao&1aa 
•wta.._• of tbe ••••••••·cwaa• •••••rctaaal couacar. 4a a 
••••c~ 1• ••••--•~ ~--111 ebrauab oe•or•l 41ffracctaa 
ordere. 1c la d&a,lay•• oa a .. tc&•cbaaaal aaalyaa~ vblcb 
la praara .. ad ca preeaac cba '•· a_. ._ aad Pa •alYea for 
eacb •tffracctoa llaa. Tba .. aaured •••ocra are atatlar co 
cboc .. ,loco4 ta Fla. 2. Iac~•••taa. fto~aaltaa4 acapa ta 
••urea tacaaatcy are •••11a4 la order to aalacala ~•tforaly 
, ... acectactca fa~ cbo bl&b•~ •~••• 4tffraccloa_ 11•••-·----
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~ CHARACTERIZATION 

er 
SPECULAR REFLECTIVITY, E' 

17. Using the measured characteristic onset o~ the ~ow-angle 
"total reflection" to determine the incident LntensLty, I~. 
at t~e multilaver and the zero-angle position of the . 
spectrograph. ·Shown here are predicted onset resp~nses tor 

Po(%) 

!0 -,-------, 100-------

' 75---------
veral levels (\) of low-angle specular reflectivltY along 

:~th a tvpical measured onset characteristic. The 
inflecti~n point at 8 - 0 and I - Alo is at a relative angle 
of s/a from the initial zero-intensity point. (A is the 
slit-defined cross sectional area beneath the razor edge and 
Alo is the no. of photons per sec directly reaching the 
detector at 8-0.) The incident no. of photons/sec that may 
be reflected from the multilayer at angles beyond the onset 
region is 21 0 Acos 8. 

25 -----------

0.8 

0.6 
Ill, 

0.4 

0.2 

-sla 0 8--

Mo-Si 
1254 eV 

0·0-a~.~5~~~0~.0~~~0~.5~~~~1.~0~~~1~.5~~~~~~~ 

9(degrees) 

The intrinsic full-width-at-half-maximum (FWHM) of the 
diffraction line profile (in 0) may be simply determined in terms 
of the experimentally measured width, wx, the Gaussian 
instrumental width, g, and the Lorentzian emission source line 
energy width, E, by the following expression [19]: 

where E is given by (3) 

for which the x-ray source line of photon energy, E, has an 
effective energy width of e. 

The integrated reflectivity is determined by the total 
number of photons reflected, Nx, as the diffraction line is 
scanned at an angular rate in 0 of dO/dt by the relation[l8] 
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R = Nee (dd()t) 
10 COS() 

(45) 

The experimental peak reflectivity, Px, is measured as the 
ratio of the number of photons reflected at the peak of the 
diffraction profile to that of the incident beam intensity, 
I 0 cos8. Assuming that the shape of the intrinsic diffraction 
profile is essentially the same as that for the experimentally 
measured profile, the area under the profile, R, (integrated 
reflectivity) is equal to KwP and also to KwxPx, where K is a 
shape factor [see (25) for example]. We may therefore obtain an 
estimate of the intrinsic peak reflectivity, P, by the relation: 

(46) 

Note: It is required that the I 0 value used in these 
measurements be for only those incident photons of energy that is 
within the characteristic line source that is being measured. 
Low energy background photons can usually be suppressed by an 
appropriate filter. The high energy photon background is 
effectively eliminated by the pulse height discrimination of the 
"tuned" proportional counter. For our measurements, the 
Fresnel-reflection region and several orders of diffraction lines 
are measured (at appropriate, normalized x-ray intensities), 
recorded, and displayed with a multi-channel analyzer (MCA). 
This spectrum along with the associated extended pulse height 
spectrum for the detector provide an accurate check on the 
existence of any significant background radiation that may need 
to be further eliminated literally or by correction. 

The MCA and an associated laboratory computer are programmed 
to permit an immediate determination for each diffraction line of 
its centroid position, Ox, FWHM, wx, peak reflectivity, Px, and 
integrated reflectivity, R. These values are derived from a 
diffraction line profile that is generated for the region +3w and 
-3w from the peak position after a background subtraction is made 
for approximately this region. This background subtraction is 
usually a small correction because only those diffraction lines 
are measured which are at angles greater than 38c as has been 
discussed in Sect. III for our corresponding model definitions of 
R, w and P. 

These data and the spectra are transferred from the MCA to 
the small desktop computer and processed for the final 
semi-empirical characterization of a multilayer. Examples of the 
semi-empirical characterizations are presented in the next 
sections. 
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V. SEMI-EMPIRICAL MODELING FOR MULTILAYER CHARACTERIZATION 

In our testing of the validity and applicability of the 
model descriptions that have been presented in Sect. III, we 
compare theory and experiment principally for the integrated 
reflectivity parameter, R, which is the basic parameter that is 
applied in most quantitative x-ray spectral analyses. Unlike the 
line shape parameters, i.e., the FWHM and the relative peak 
intensity, P(%), the measured R values are essentially unaffected 
by the spectrographic resolution (the instrumental resolution and 
the energy width of the incident "line" source). For the low 
energy region of interest here (50-1000 eV), the theoretical 
predictions of the integrated reflectivity, R, do not require 
knowledge of the degree and type of imperfections of the 
analyzer. (As noted in Sect. III, the dynamical, kinematical and 
mosaic models yield nearly the same values for R in this low 
energy region. For the practical multilayer analyzer R is 
accurately determined simply by the two quantities, MF and d.) 

A. Determination of the Absolute d-Spacing 

The absolute d-spacing, from the Bragg equation, is given by 
mA'/(2sin8') where A' and 8' are the values inside the 
multilayer. We define the measurable, effective spacing, dx, by 
mA/(2sin8). Using (29) we related to dx values by: 

6 
d ~ d~(l- -:--r-(J) (47) 

SlD 

where 6 determines the multilayer's parameter, MF1(0), as given 
by (35). Because 6 is very small compared to unity, we are able 
to determine d semi-em~irically as the zero-angle, extrapolated 
limit of a dx vs cosec 8 plot of dx-8 data for several 
diffraction orders at a given photon energy. The slope of this 
linear plot yields a consistency check value for 6 and MF1(0) at 
this photon energy (to be compared to these values as determined 
by using our tabulated atomic scattering factor data and semi­
empirically determined MF values). An example of such 
determinations is presented in Fig. 18. [21] 

B. Fitting MF for Natural Crystal and Langmuir-Blodgett 
Multilayer Characterization 

For multilayers such as the natural crystals: mica and the 
acid phthalates, and the synthetic, Langmuir-Blodgett "crystals", 
MF values may often be determined simply by using (17) with 
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18. Tho datarainAtion of absolute d·spacina froa tho anaular 
positions of savaral diffraction ardara for a &ivan 
low-enaray characteristic aourca line. It follows directly 
froa Snall'"s law that aftar· droppin& tha vary saall taros in 
&2 and #2 wa obtain tho relation: 

ds • a~/2slol • d(l·l cac2(1)) 

d ia dataraioad by the aatrapolatioo of ds va cac2(1) data 
for eha ••••ral diffraction orders. Tba slopa of this plot 
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tha &l••o .Photon anaray. Showo hera ie this aoalyais for a 
!o·S1 ••ltilayar for which our aodaliDI procedures ha•• 
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aco•ic acac~erin& faccor 4aca for ch• eoaacicueacs, Ko aad 
Sl). Froa tba ••••urad alopaa of tba plots shown bare we 
obtain for tba corraapoodio& l·•aluaa 9.0 a 10" 4 and 3.7 a 
10" 4 , ia aood •ar••••at with our KDP •odal valuaa (saa 
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available crystallographic structure data and atomic scattering 
factors. The accuracy is sufficient to yield, with the MDP 
modeling, R-values that are in satisfactory agreement with those 
measured. (When, however, accurate experimental R-values differ 
systematically from the directly predicted ones, inaccurate 
values for the unit cell areal density, M, may be suspected, and 
our analytical MDP function may then be least-squares fit to the 
Rx vs photon energy, E, curves to determine semi-empirically a 
value forM. Because, as noted in (34), R is essentially 
proportional to M, we have often simply normalized (by raising or 
lowering) the model log R vs log E curves to fit the calibrating 
data for a particular crystal analyzer (assuming that the 
theoretically predicted relative energy dependence is precise and 
insensitive to small variations in its parameterization for 
atomic densities and scattering factors.) Detailed 
characterizations for mica, KAP and Lead Stearate multilayers 
based upon the crystallographic data in Appendices E and F and 
upon our atomic scattering factor tables [17] are presented in 
Sect. VI. 

C. Fitting MF for Sputtered Multilayer Characterization 

MF values for the sputtered or evaporated multilayers must 
always be determined semi-empirically because the unit cell 
structure is not "locked in" as for the crystal or molecular 
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- multilayers. The relative amount of the heavy element initially 
deposited, Ys/d, is usually difficult to precisely measure 
directly, as is the transition layer structure. For a given 
multilayer, we attempt to make these determinations by fitting 
the general MF expression (33) for the asymmetrical linear 
transition interfaces by varying the transition layer 
thicknesses, T1 and T2, and the pure heavy and light layer 
thicknesses, Y and X. Our fitting procedure is as follows: We 
apply our analytical MOP computer program [based upon (19) as 
described earlier] which predicts for a given MF and energy, E, 
the R-value as obtained by a numerical integration of I(€) in the 
range ±3w from the diffraction line after a background 
subtraction (similarly defined for the experimental R-value as 
discussed in Sect. IV). Assuming bulk densities for nxo and nyo• 
R(MDP) values are least-squares fit to a measured set of R(exp) 
values for appropriate energies and diffraction orders, varying 
Y, T1 and T2. Using these results to determine Ys and an 
asymmetry ratio, T1/T2, we then repeat this fitting procedure 
varying now the density values and the transition layer 
thicknesses for our semi-empirically determined "best" values for 
nxo• nyo• Y, T1 and T2. (The variation of the density values is 
limitea to the range 70-100% of bulk values.) 

We have carried out this semi-empirical modeling procedure 
upon a series of sputtered multilayer types obtained from three 
laboratory sources [21]. Presented here are the semi-empirically 
determined MF parameters for a representative set of nine of 
these multilayers. In Table 1 are presented the structure 
parameters, Y, T1 and T2 [X- d-(Y+T1+T2)]. In Tables 2 and 3 
are presented the experimental R-values for the diffraction 
orders and phoeon energies measured and compared to our predicted 
R values. The relative standard deviation between the measured 
and predicted R-values for all measured diffraction orders (with 
no statistical weighting) for each multilayer are also included 
in Table 1. 

1. •aeac ftc• veluea of cbe linear cranaltlon KF paraaacera, 
Y, T1, T2, Px and Py for nine repreaencaclve 
•••l·eaplrlcally characterized apuctered aultllayera. Alao 
given here are the relaclve atandard devlaclona, (Rexpc • 
Rcheory)/Rexpc for all diffraction order• and enargl•• 
aaaaured (See Tablaa 2) for cha "baac ftc• dacar•lnaclona of 
che paraaecara for a given aultllayar. 
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Si - Mo 2d = 196.6A 

I t ! 

IE (e\') j order i ~ ! Ra'-v II 

183.4 
929.7 
929.7 
929.7 

1486.7 
1486.7 
1486.7 

C-W 

2 
2 
3 
4 
2 
3 
4 

2d 

0.385 : 
0.014 : 
0.0281 

I 
I ,, 

Jl 
II 
i 

o.4o8 1 

0.016 I 

0.032 

- 75.2A 

II E (eV) 

i :; 
I !I 

·order i ~ IUA-v il 
li 

! 
192.6 4.200 2.985 
929.7 1 2.040 1.903 
929.7 2 0.020 0.019 
929.7 i 0.014 0.011 

1486.7 ! 1.258 1.478 •, 
I !' 

1486.7 2 : 0.016 0.018 
1486.7 3 i 0.010 0.011 

C-V 2d - 62.oA 

il E (eV). 
I 

p 
II 

order 1 R..,c Ra~ I~ ., 

i 
929.7 1 i 0.314 0.341 
929.7: 2 I o.o12 0.013 

1486.7 ' 1 i 0.480 0.~27 

1486.7 2 ! 0.019 0.017 

c - v 2d = 96.oA 

! . I 
E (eV) ! order I R..,.o Rt'-v 

I 
192.6 
277.0 

I 929.7 
il 929.7 
li 1486.7 
111486.7 

BN- V 

1 
1 
1 
2 
1 
2 

1.196 1.194 
2.319 2.365 
0.539 0.557 
0.030 0.033 
0.694 0.666 
0.052 0.046 

2d = 69.oA 
I I I 
I ' I I 
~ E (eV) ! order J R..,.o R.u-w 

I 
277.0 i I 0.271 0.288 
929.7 i 0.451 0.394 
929.7 I 2 i 0.023 0.024 

I 

1486.7 i 0.519 : 0.487 
1486.7 ! 2 : 0.028 ; 0.027 

c ~ w 2d = 136.6A 
I I 

II E (eV) order I a..,.. 

ij I 
II 277.0 I 
I 

277.0 i 
1 
2 
1 
2 

929.7 1 

!i 929.7 II 

'II 929.7 • 3 

II
i 1486.711 

1486.7 2 

5.691 
0.220 

1

2.740 
0.174 

1

0.002 
1.847 
0.106 

::~~~ Ill 2.875 
.0.134 
0.002 
2.182 
0.114 

Si- v 2d = 148.2A 
c- v 2d = 94.6A 

! E (eV) l order I a-.1 Rt-.j II 1 ! . i 11 

i E (eV) I order I IU.,.o i RtM-w 1: 
E (eV) 

, • t II i i 
i 

277.0 1 
929.7 2 
929.7 3 
929.7 4 

1486.7 1 
1486.7 2 
1486.7 3 

183.4 192.6! 
I 

! 1.501 ! 1.406 

J 

192.6 
929.7 
929.7 

1486.7 

0.448: 0.442 
0.015 i 0.014 
0.006: 0.007 
0.004; 0.004 

277.0 i [2.468: 2.463 
929.7 I 1 : 0.603: 0.634 
929.7: 2 : 0.046! 0.045 

1486.7 i : 0.741 : 0.749 

1.411 i 1.435 1486.7 ! 2 . 0.061 I 0.062 1486.7 
I 0.019 I 0.020 1486.7 
I 0.014 ; 0.011 

2. Tba axpariaantel and •beat fit• theoretical valuaa of the 
integrated raflactivitae at varioua diffraction order• end 
photon anargiaa for nine rapreeantative aultilayars of thi• 
inv••tigation. 
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I I 
order ~ R..,.o I Rt'-w 

1 13.139 3.081 
1 1.245 1.625 
2 0.074 0.065 
3 .0004 .0004 
1 1.034 0.924 
2 0.105 0.077 
3 .0006 .0006 
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Crystal Type Tt(A) T2(A) 
Si- Mo 10 20 
Si- V 10 25 
C-V 8 8 
C- \V 8 8 
BN- V 7 7 

B4C- Pd 15 15 

Table 3 
3. Moainal value• for •elected multilayer• of 
•e•i·eapirically determined linear tran•ition interface 
thickne••e•, Tt and T2, that may be applied to predict the 
reflectivity of any of the•e aultilayer• vith any d·•pacings 
•ufficiently l•rge to provide •on·zero thicknes•e• for X and 
Y. 

We identify the multilayers with the formula, ab#, where a 
is the top (last deposited) layer and b the next of the layer 
pair, and # is the 2d-value. It is of interest to note that 
there is a systematic difference in the determined T1 and T2 
values for the same multilayer type as constructed at different 
laboratories. This observation suggests that the T values may be 
minimized by control of the sputtering procedure. 

VI. APPLICATION FOR ABSOLUTE SPECTROMETRY 

A. Detailed Characterization of Selected Multilayers for the 
50-1000 eV Region 

We would like now to apply the semi-empirical modeling 
procedures outlined above to obtain in detail the absolute values 
for the reflectivity characteristics R, P, w and E/6E for 
selected examples of multilayer analyzers that can be effectively 
applied for absolute spectrometry in the 50-1000 eV region. 
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Presented in Figs. 19 and 20 are the reflectivity 
characteristic plots for Mica and KAP using the structural data 
given in Appendix E, and similarly, the reflectivity plots are 
presented in Fig. 21 for Lead Stearate based upon its structural 
data given in Appendix F. Experimental points in Figs. 19, 20 
and 21 are from [21, 22, and 23]. 

0 
C"' g ---1-------- -- ---·---·- -·-- -----------. ------------- ----------

--------~-.- --
C2 

~--·-.-· .-~~ ~ E a: . ---CE' ~ ..... ;. .... ~~-~ -::.·-· ""' ., -
C"' 
0 
C) 

600 
E(eV) 

3600 600 
E(eV) 

3600 

0 
19. First-order reflectivity data, R, P, w and E/dE, for 
Hica. (Calculated using our tabulated atomic scattering 
factors, the structure given in Appendix E and for Bragg 
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20. First-order reflectivity data, R, P, w and E/dE, for 
Potassium Acid Phthalate (KAP). (Calculated using our 
tabulated atomic scattering factors. the structure given in 
Appendix E and for Bragg reflections in the 10·80 deg 
range.) R(HDP) ___ and R(Hosaic) Exp. data [23]. 
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21. First:·order reflect:ivit:y dat:a, R, P, "' and E/~E. for 
lead st:earat:e (PbS!:). (Calculat:ed using our cabulaced 
atomic scattering factors, che scruct:ure· given in Appendix F 
and fo~ Bragg reflect:ions in che 10·80 deg range.) Exp. 
data [24j . 

As has been discussed earlier, it is important when applying 
multilayer analyzers for absolute, optimized spectrometry to make 
measurements in the large-angle diffraction range. Consequently, 
our reflectivity plots are limited to the photon energies 
corresponding to first-order diffractions in the 8-range of 10° 
to 80° as fixed by the d-spacings of these multilayers. 

An important advantage of the sputtered or evaporated 
multilayers is that the d-spacing can be "tailored" within a 
continuous range of values. Generally, as expressed in the MOP 
modeling, the optimum energy region of application for a given 
multilayer type is that for which the MF values are 
maximized--mostly through the energy dependence of the "contrast" 
factor, IAI2 given in (37). The d-spacing may then be so chosen 
that it will place the first-order diffraction at the desired 
large angles for this optimum energy region. We shall assume 
here that for d-spacings which are large compared to the 
interface transition regions, the T1 and T2 values are determined 
principally by the sputtering materials and process and are not 
dependent upon the overall d-spacing. In Table 3 we list the 
semi-empirically determined nominal values of T1 and T2 for five 
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100 

types of sputtered multilayers which we have selected as 
particularly promising. Using these parameters, we have plotted 
the R vs E curves for multilayers with 2d values of SO, 100 and 
150 A in order to identify the optimum energy regions for their 
application. These are presented in Figs. 22, 23 and 24. 
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• 22. Co11paring the integrated reflectivities, R, for several 
practical sputtered multilayers vith 2d - 50 A that are 
appropriate for the shorter wavelength and hence for smntler 
d·spacing applications. The integrated reflectivity is 
calculated for N - 100 layer pairs, Y5 - 40 ' and the 
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23. Comparing the integrated reflectivity, R, for practical 
sputtered 11ultilayers with 2d - 100 A. The integrated 
reflectivity is calculated for N • 100 layer pairs, Y, - 40 
\ and the transition layer thicknesses given in Table 3. 
(a) C·ll _, BN·V • .. , C·V ·. • .. ·. (b) Si·Ko _, Si·V 
B4C·Pd 

Page 42 



100 

-a: 
E -a: 

100 

-a: 
E -a: 

. I l --- . -. L::.. :~:::~~:_::-_ -. -. 

E(eV) 

2d = 150A 
---C-W 
.................. sN-V 

-·-·-·-·-·-·- C-V 

5000 

XBL 894-1608 

2d = 15oA 
---Si-Ma 
··················Si-V 
----- B4C-Pd 

........... T··· 
I 
I 
! 

·-l··r~~~~~~-:-
0.0 1 L-.i. ....... -_! ._I .... l- -_· _--_· ··_~.--__.:.._i-.-,J ........ _._:....I...J ____ _..l...__.--J 

50 100 1000 5000 

E(eV) 
XBL 894•1607 

24. Same •• for Fig. 23 but vith 2d • 150 A. 

Page 43 



To compare directly the integrated reflectivities and optimum 
energy regions of the selected and optimized multilayers, we 
present in Fig. 25 R vs E in the 50-2000 eV region embracing the 
large-angle (10°-80°) first-order diffraction application 
segments for SiMol50, B4CPdlOO, PbStlOO, CW50, KAP (26.6 A) and 
Mica (19.9 A). For the sputtered multilayers we use the 
semi-empirically determined interface structure given in Table 3 
and a volume fraction of 0.4 for the heavy constituent. The 
complete reflectivity characterizations R, w, P and E/aE, for 
these examples of optimized sputtered multilayers are presented 
in Fig. 26. 

E(eV) 

0 
0 
N 

25. Comparing R vs E in the 50-5000 eV region: plots of the 
large-angle (10-80 deg) diffraction application segments for 
SiMo240 ... s4 CPdl65 - .. - - .. -, PbStlOO - - - . C.l50 __ 

. -. KAP(26.6 A)---. and Mica(l9.9 Al _. (Sputtered 
;ultilavers with chosen optimal d-spacings .and with nominal 
linear transition interface values of !1 and !z given in 
Table 3 and with voluae fractions of heavy constituent equal 
to 0.4 and N - 100 layer pairs). 
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26. Coaplata •••1·••p1rical raflactlvlty charactarizationa 
of the three selected aputtared aultllayara praaantad in 
Fig. 2S. I, P, wand E/AE, for SiKo240 ···, a4 CPdl6S •·•·• 
and CIISO -· 
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As an example of an optimized design of a multilayer 
analyzer for reflection at normal incidence we present in Fig. 27 
MOP reflectivity curves around 90° incidence for a Si-Mo 
multilayer that is "tuned" by varying the d-spacing to yield a 
peak reflectivity at normal incidence for x radiation of 131 A 
(of particular interest in the current x-ray laser development). 
The parameters for this practical multilayer are: T1 - 10 A, T2 -
20 A, Ys/d- 0.4, N- 100 and 2d- 269.5 A. 
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/95eV 
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1/10 
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27. Normal-incidence reflectivity for the Si·Mo multilayer, 
•tunad" in d·spacing for 131 A radiation. Tt and T2 
semi-empirically deter•ined to be 10 A and 20 A. N • 100. 
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B. Absolute Spectrometry 

In the application of multilayer analyzers to absolute 
spectrometry one needs to transform a measured x-ray spectrum to 
an absolute spectrum. Typically, this may be accomplished using 
a small laboratory computer and relations that follow from those 
given in (4) and (5). As an example, we consider the 
transformation of an emission line spectrum that is obtained 
during a measured time interval, r, (e.g., per sec, per 
microsecond burst, etc.) and recorded by a suitable 
time-integrating detection mechanism, assumed here to be 
photographic. We will also assume a "point source" geometry (a 
small physical source or a slit of small dimensions in front of 
an extended source as required for dispersive spectroscopy). The 
absolute emission line intensity (at a point source or at a short 
slit in photons/stearadian) and at photon energy, E, is defined 
here as 1.0 il.l.. 

The differential solid angle of ~he radiation from the 
source to the multilayer is equal ·to ~ dx, where ~ is measured in 
the plane normal to the reflection plane and x is the emission 
angle from the source in the plane of reflection as depicted in 
Fig. 3. The differential angle, dx, is then related to the 
corresponding differential range in Bragg angle, de, at the 
multilayer by dx/d9, where dx/d9 is a geometric function derived 
for a particular cylindrical curvature of the multilayer analyzer 
(convex, flat or concave). dx/d9 is unity for the flat 
multilayer illustrated in Fig. 3. 

The number of photons, Nx, that is reflected by the 
multilayer to the detector within a particular diffracted source 
emission line is given by: 

(48) 

where K1 is the product of the transmission of a filter-window at 
the source and of that for any primary monochromator (e.g. a 
mirror). The corresponding photon energy for this emission line 
is given by the measured diffraction angl~ using the 
refraction-corrected Bragg equation. 

This reflected number of photons, Nx, may, in this example, 
be measured by the micro-densitometry of the diffraction line 
recorded on a suitable photographic film by the relation: 

(49) 

where K2 is the transmission of a filter-window at the film 
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cassette and f(D) is the photographic response function relating 
photons/unit area incident at the film to the photographic 
density, D, at position s along the spectrographic film. The 
micro-densitometer's effective slit of length 1 has a width, As, 
that corresponds to the spectrograph's collimation width which is 
chosen to be small as compared to the diffraction line width. 
Finally, by equating (48) and (49) we obtain the absolute 
emission, i 0 (E): 

(50) 

where the integration limits bracket the effective line profiles 
(usually at ±3w (FWHM) as discussed earlier). 

Using the Lorentzian approximation given in (23) for the MDP 
diffraction line profile we may write for this discrete emission 
line source, of i 0 (E) total number of photons per stearadian, the 
distribution, i(e), for the number of photons reflected by the 
multilayer per unit reflection angle (measured from the 
refraction-shifted peak position): 

(51) 

where the FWHM, wx, may now be considered to be the linear sum of 
the diffraction width w and of any additional angular width 
corresponding to an assumed Lorentzian emission line ·width in 
energy, e, and equal to (e/E) tan 9 (recalling that a fold of two 
Lorentzians yields another Lorentzian of width equal to a linear 
sum of widths). The measured profile may also include additional 
Gaussian broadening resulting, for example, from an instrumental 
broadening or plasma temperature broadening which may fold to a 
Voigt distribution if the Gaussian broadening is significant 
relative to the Lorentzian broadening. Then, as noted in (43) 
and discussed in detail in [19], the additional Gaussian width is 
added non-linearly. This simple but effective description of 
measured line broadening can often provide a precise diagnostic 
of, for example, plasma temperature and/or pressure of a high 
temperature plasma source. 

Similarly, we can obtain the absolute intensity S0 (E), 
(photons/stearadian-eV) for a continuum spectral distribution. 
See detailed procedures for transforming measured to absolute 
spectral data (by ·small computer) which have been presented for 
various types of multilayer optics in [8] and for several 
appropriate types of photographic films [26, 27 and 28] and in 
application to laser-produced fusion diagnostics [6 and 7]. 
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As suggested here and in Eqs. (23)-(26), absolute 
spectrometry depends principally upon the multilayer analyzer 
through its parameters, integrated reflectivity, R, and its 
linear absorption coefficient, ~- These may be determined from 
our compilations of atomic photoabsorption and scattering factor 
data presented in [16 and 17]. We present in Tables 4 and 5 
detailed R vs E values that may be applied when transforming 
measured to absolute spectral data for the six selected 
multilayer analyzers which have been plotted in Fig. 25 for the 
50-2000 eV region. 

Si-:\lo ~C-Pd c.w 
d- 120~ 
T 1 =lOA 

d = 82.5A 
T1 = 15A 

d=~ 
Tt=8A 

T2 = 20A T,= t5A T2 :SA 
E(eV) R{mr) E(eV) R(IIU't E(eV) R{mrl 

611.0 611.8 93.0 42.5 275.0 3.490 
70.5 67.3 99.0 35.4 300.0 0.928 
n.o 63.5 105.0 29.9 325.0 0.693 
13.5 60.3 111.0 27.1 350.0 0.617 
75.0 57.8 117.0 25.0• m.o 0.593 

71.5 35.7 123.0 23.5 400.0 0.595 
71.0 53.7 1211.0 22.2 425.0 0.628 
711.5 32.1 13$.0. 20.6 450.0 C!.-682 
81.0 50.8 141.0 18.11 475.0 0.732 
82.5 50.0 147.0 17.1 500.0 o.m 
14.0 411.5 153.0 15.7 525.0 0.811 
16.5 411.1 1511.0 14.6 550.0 0.845 
17.0 41.11 1A.O 13.7 575.0 0.867 
81.5 411.1 m.o 13.1 600.0 0.890 
110.0 411.5 177.0 12.8 825.0 0.1123 

111.5 50.1 liS.O 12.7 ao.o 0.1163 
113.0 50.8 181.0 9.52 sn.o 0.11111 
114.5 51.8 1115.0 7 . .0 700.0 1.010 
-.a 53.5 201.0 6:77 721.0 1.()30 
117.5 5U 201.0 6.34 7SO.O 1.o50 

llt.o 41.5 213.0 S.02 175.0 urro 
100.5 31.3 2111.0 5.74 800.0 UIIIO 
1112."0 34.5 225.0 5.50 825.0 1.100 
lOU J2.5 23LO Ul sao.o 1.110 
106.0 31.0 237.0 U5 81U 1.120 

106.5 2U 241.0 4.111 100.0 1.130 
101.0 :!1.3 2411..0 U2 121.0 1.130 
1011.5 27'.2 255.0 ue -.o 1.140 
111.0 28.2 281.0 U1 m.o 1.1.0 
112.5 25.2 287.0 4.36 1000.0 1.140 

114.0 24.3 m.o 4.22 1021.0 1.140 
115.5 23.4 m.o 4.08 10110.0 1.1.0 
117.0 22.5 285.0 3.112 um.o 1.140 
111.5 21.4 2111.0 3.78 11110.0 1.1.0 
120.0 I 20.11 2117.0 3.511 1125.0 1.130 

121.5 I 15.1 

123.0 I 11.6 
124.3 10.2 

303.0 I 3.42 
3011.0 I 3.24 I 315.0 3-04 

1150.0 1.120 
1175.0 1.120 
12110.0 1.110 

128.0 9.5 321.0 2.84 1225.0 1.100 
127.5 327.0 2.60 1250.0 1.0110 

1211.0 mo 2.37 1275.0 1.080 
1 • .5 3311.0 2.15 18.0 1.070 
132.0 346.0 1.113 1325.G 1.050 
13U 351.0 1.71 1350..0 1.040 
13$.0 357.0 1.51 1375.0 1.020 

13U 383.0 1.33 1400.0 1.010 
131.0 3611.0 1.111 1425.0 1.000 
13U m.o 1.10 1450.0 

4. R va I valuaa •••i·••p1rically datar•inad for tha 
aalactad practical aputtarad •ultilayara , SiMo240, B4CPdl6S 
and CVSO for photon anaraiaa corraapondia& to laraa·anal• 
firat•ordar diffraction• of 10" to ao•. 
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Lead Stearate 
d = 50A 
a= .8 

E(eV) R(mr) 

150.0 1.400 
180.0 0.751 
210.0 0.580 
240.0 0.485 
270.0 0.451 

300.0 0.083 
330.0 0.094 
360.0 0.108 

. 390.0 0.124 
420.0 0.138 

450.0 0.147 
480.0 0.155 
510.0 0.154 
540.0 0.127 
570.0 0.219 

600.0 0.249 
630.0 0.269 
660.0 0.284 
690.0 0.295 
720.0 0.307 

750.0 0.319 
780.0 0.330 
810.0 0.339 
840.0 0.347 
870.0 0.353 

900.0 0.359 
930.0 0.367 
960.0 0.374 
990.0 0.379 

1020.0 0.383 

1050.0 0.387 
1080.0 0.390 I 

1110.0 0.391 
I 1140.0 0.392 

1170.0 0.393 I 
1200.0 0.393 I 
1230.0 0.393 I 
1260.0 0.302 
1290.0 0.391 
1320.0 0.390 

1350.0 0.389 
1380.0 0.387 
1410.0 0.385 
1440.0 0.383 
1470.0 0.381 

1500.0 
1530.0 
1560.0 
1590.0 

KAP (001) 
d = 13.31500A 
E(eV) R(mr) 
.)00.0 0.0476 
550.0 0.0371 
600.0 0.0432 
650.0 0.0417 
700.0 0.0419 

750.0 0.0436 
800.0 0.0459 
850.0 0.0482 
900.0 0.0504 
950.0 0.0531 

1000.0 0.0561 
1050.0 0.0586 
1100.0 0.0610 
1150.0 0.0630 
1200.0 0.0649 

1250.0 0.0666 
1300.0 0.0681 
1350.0 0.0695 
1400.0 0.0706 
1450.0 0.0715 

1500.0 0.0723 
1500.0 0.0729 
1600.0 0.0734 
1650.0 0.0738 
1700.0 0.0740 

1750.0 0.0741 
1800.0 0.0741 
1850.0 0.0741 
1900.0 0.0740 

i 1950.0 0.0738 

2000.0 0.0731 
2050.0 0.0725 
2100.0 0.0721 
2150.0 0.0719 
2200.0 0.0713 

2250.0 0.0708 

I 2300 o o.o7o2 1 

' 2350.0 o.o69.'i 1 

2400.0 0.0689 
24.)0.0 0.0682 

2500.0 0.0674 
2550.0 0.0667 
2600.0 0.0659 
2650.0 0.0652 
2700.0 

2750.0 
2800.0 
2850.0 
2900.0 
2950.0 

~lica (002) 
d = 10.0049A 
E(eV) R(mr) 
660.0. 0.0336 
720.0 0.0194 
780.0 0.0154 
840.0 0.0140 
900.0 0.0136 

960.0 0.0136 
1020.0 0.0139 
1080.0 0.0143 
1140.0 0.0147 
1200.0 0.0151 

1260.0 0.0154 
1320.0 0.0154 
1380.0 0.0152 
1440.0 0.0142 
1500.0 0.0117 

1560.0 0.0059 
1620.0 0.0116 
1680.0 0.0150 
1740.0 0.0177 
1800.0 0.0207 

1860.0 0.0153 
1920.0 0.0137 
1980.0 0.0140 
2040.0 0.0145 
2100.0 0.0149 

2160.0 0.0154 
2220.0 0.0158 
2280.0 0.0163 
2340.0 0.0167 
2400.0 0.0171 

2460.0 0.0176 
2520.0 0.0180 
2580.0 0.0184 
2640.0 0.0188 
2700.0 0.0192 

2760.0 0.0196 
2820.0 0.0200 
2880.0 0.0204 
2940.0 0.02081 
3000.0 0.0213 

3060.0 0.0217 
3120.0 0.0222 
3180.0 0.0227 
3240.0 0.0232 
3300.0 0.0238 

3360.0 0.0245 
3420.0 0.0254 
3480.0 0.0266 
3540.0 0.0285 
3600.0 0.0276 

5. a •• I valuoa tor PbSt(lOO!), &AP(26.6A) aad K1ca(l9.9A) 
tor pbotoa oaara1•• corroapoadiaa to lara•·•aal• . 
tirat•ordor dittractiOD ot 10" to 10". 
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APPENDICES 

APPENDIX A - Form Factor Correction for f1 

For the higher photon energies of interest here, we may no 
longer consider the atoms within a multilayer as "point" 
scatterers and often must take into account the angle-dependent 
diffraction by the charge distribution around the nuclei, i.e. by 
applying the form factor correction given in (11) which reduces 
somewhat the f1 component. We have derived (11) in [16] 
following a suggestion by James [13]. 

In order. to illustrate the accuracy of this simple form 
factor correction, we compare in Figs. Al and A2 our corrected f1 
vs E curves for the carbon and neon atoms ~based upon our 
semi-empirical, Kramers-Kronig calcula~ed f1 tables [16,17] and 
the tabulated f 0 , form factor values given in [15]) to the 
theoretical f1 values presented by Kissel, Pratt and Roy [29] 
(based upon ab initio calculations using the relativistic, 2nd 
orderS-Matrix model). These plots, presented for a scattering 
angle (28) of 90°, are to be compared with the tabulated f1 
curves which correspond to scattering at zero angle (hence 
requiring no form factor correction) and illustrate the anglular 
dependence for large angle scattering and high photon energies. 
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Al. For the larger scattering angles (21) and higher photon 
energies, the real part of the tabulated atomic scattering 
factors (e.g., in our tables, [16] and [17]) must be reduced 
to account for an angle-dependent diffraction by the atom's 
electron "cloud" about its nucleus. Coapared here for the 
~ atoa are the· corrected f1 curve for 90 deg scattering 
using the siaple fora-factor correction presented in (11) 
and that for 0 deg scattering as we have tabulated in [16] 
and [17]. Also illustrated here is the excellent agreement 
with the reduced. f1 values (+) that have been calculated by 
an accurate, ab initio theoretical aodel (relativistic, 2nd 
order S ·Matrix theory by Kissel et al. [ 29]). This 
fora·factor correction is usually significant when sin 21/~ 
> 0.1 . 
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12 
!t - Atomic Scattering Factor for Neon 
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A2. Comparison, for ehe ~atom, of the form·factor 
corrected ft values for 21 • 90 deg uaing (11) and ft for I 
- 0, aa eabulated, with ehe value& calculated by ehe 
S·Maerix eheory as noeed in Fig. Al for the Carbon aeom. 
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APPENDIX B - Finite Crystal, Modified Darwin-Prins Model 

As noted in part B of Sect. III, the Darwin-Prins (DP) 
solution establishes that the phase and effective reduction of 
the net amplitude for a wave propagating into the semi-infinite 
crystal through N layers may simply be expressed as T0 xN, x being 
given ~y the relation: 

z,; ( -1)m exp( -q) 

17 = -=F-Js2 _ (o- + {)2 (B1) 

and is the result of the contributions from all possible multiple 
reflections and transmissions occurring within the semi-infinite 
multilayer. (The + or - sign for ~ is chosen by the physical 
requirement that its ~eal part be positive.) 

The amplitude reflection ratio at the Nth layer, 
corresponding again to a boundary at an infinitely deep crystal, 
must also be -S 0 /T 0 , and therefore the upward propagating wave 
amplitude at the Nth layer must be S0 xN as depicted in Fig. Bl 
(A). In order to obtain the reflection ratio for a finite 
multilayer of N layers, we need to eliminate the boundary 
condition of an effect of the wave interaction of the infinite 
multilayer below the Nth layer. Let us reverse the roles of 
downward and upward waves in Fig. Bl (A) by inverting the 
reflection geometry of (A) as shown in (B). Now by multiplying 
each boundary wave amplitude indicated in (B) by the same 
constant factor, S0 xN/T 0 , we obtain another consistent set of 
values for the boundary wave amplitudes, as depicted in (C), with 
an incident wave from below of amplitude S0 xN and which is now 
identical to that in (A). 

We next subtract, by a superposition, the two boundary wave 
solutions depicted in (A) and (C), obtaining the corresponding 
boundary amplitudes indicated in (D) and with the net upward 
propagating wave at the lower boundary equal to zero, the 
required boundary condition for the finite multilayer of N 
layers. 

Finally, by dividin~ each amplitude in (D) by the incident 
amplitude, T0 (1 -(S 0 /T 0 ) x2N) we obtain the amplitude ratio for 
finite multilayer reflection and for finite multilayer 
transmission as was given in (19) and (20), viz.: 

and 

T. /T. _ [1 - (So/T0 )
2]zN 

oN o - 1 - (So/To)2z2N 

Page A3 

(B3) 



MODIFIED DARWIN-PRINS (MOP) FOR N LAYERS 

A 

m 
x= (-ll exp{-'7) 

8 

t. 
0 

where '7·=+/s2-(v+~f 

c 

81. Illustrating the superposition of particular solutions 
of the Darvin·Prins model for the semi-infinite crystal in 
order to obtain the reflected and transmitted amplitudes 
for a finite crystal of N layers (included in the Modified 
Darvin·Prins model). 

I 
Nd 

l 

XBL 858-3318 

These analytical results combined with (16) above can be 
easily and rapidly applied for the computation of finite 
multilayer reflectivity using a small laboratory computer having 
a complex number arithmetic capability[30]. · Generally this 
analytical MDP model is considerably more adaptable and flexible 
and requires considerably less computational time than the usual 
optical E&M (OEM) programs, as has been discussed earlier. 
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APPENDIX C - Characterizing Multilayer Low-Angle Diffraction 
and Reflection 

A. Low-Angle Diffraction 

As discussed in Sec.III, usually the optimum angular range 
for the application of multilayer analyzers is at the larger 
angles, typically 10° to 80° Bragg angles. Occasionally, 
however, it is of interest to utilize a low-angle diffraction 
from the multilayer, using a sufficiently large d-spacing to 
place the diffraction line where the total reflection region 
would normally be. An important example of low-angle diffraction 
is for synchrotron radiation primary monochromator mirrors, where 
large d-spacing reflective multilayer coatings can extend the 
low-angle reflection region and indroduce some band-pass 
reflectivity enhancement [31]. 

For the design and characterization of low-angle diffraction 
mirrors we choose a combination of elements (for sputtering) that 
will maximize IAI2 in (37) for the wavelength region to be 
enhanced. We then determine semi-empirically, as described 
above, the T1 and T2 values for this multilayer's transition 
regions using conventional large-angle diffraction measurements 
(with sufficien~ly small d-spacings) for which our MDP 
semi-empiri~al modeling is precise. Finally, we choose a large 
d-spacing that places the diffraction region at the desired 
low-angles (often set by mechanical constraints of the 
synchrotron radiation beamlines). Using the optical E&M model 
with the transition layers expressed by "stepped" profiles as 
discussed earlier [11], predicted I vs 8 reflectivity curves for 
the required wavelength may be plotted for various values of 
d-spacing in order to determine a d-spacing that presents a 
strong first-order diffraction for an allowed reflection angle. 
Finally, with d and 8 so chosen, an energy response curve may be 
generated which can then establish the mirror's band-pass 
characteristic. 

As an example for the design of a synchrotron radiation 
monochromator we consider a low-angle diffraction mirror that 
presents a band~pass at the low-energy side of the oxygen-K 
absorption edge, around 525 eV (a radiation energy that is 
strongly absorbed in organic material but not by oxygen-rich 
materials, e.g. within the "water window"--useful for important 
applications in x-ray microscopy, microradiography and 
microlithography.) A typical beam geometry for the new 
low-energy synchrotron radiation sources (proposed in [32] for 
the Advanced Light Source (ALS) of the Lawrence Berkeley 
Laboratory) is about 2.5 mr in 60s and about 5 mr of the "fan" in 
~. (See Fig. 3.) Because 2.5 mr may usually be considered small 
compared to the FWHM of a first-order diffraction by a sputtered 
multilayer at 500 eV, we may describe the reflected intensity per 
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unit -energy, dN/dE, of the multilayer by 

where S0 (E) is the number of photonsjsec-eV-steradian in the 
incident beam at photon energy E from the "white" synchrotron 
radiation source, and I(Obp•E) is the reflectivity at the fixed 
band-pass Bragg angle of the multilayer. In Fig. Cl we have 
plotted I(Obp•E) vs E for a C-W multilayer fixed at 8-- 10 deg 
for a first-order 525 eV reflection with a d-spacing of 75 A. (Tl 
- T2 - 8 A, Ys/d- 0.4 and N- 100.) Usually the effect of 
S 0 (8bp•E), which includes the transmission of a filter-window of 
the source, can essentially eliminate the low energy component of 
this response curve. The beam cross section will be J~ x lAOs, 
where l is the total source-to-multilayer-to-work chamber 
distance. 

0.0 200.0 400.0 800.0 800.0 1000.0 1200.0 

E (eVl 

Cl. The photon en•~l7 rea~onea, l/1 0 vm I, of a C·W 
avltllayar dealaned to provlda a band·paaa at 525 eY aa a 
prlaa~y aonocbroaator for a ayacbrocroa ~adtacion aovrce 
baviaa a dtveraence in the reflection plana chat ia aaall 
coapared to tta diffraction line vtdtb (provldlna an 
effective radiation for qvantltativa a-ray atcroacopy and 
aicroradloaraphy of oraantc aetartala). laca~•• lc requtroe 
a caleulaclon throuab tba total reflection reaioa co 
evaluate tea lov•eaaray cranaataatoa backaround, the optical 
E•K aodal auac be applied hare. A d•apactna of 75 A vaa 
cboaea, plactaa tha 525 eV band·peaa at 10 4•&· The 
calculation uaea the noatnal interface tranaltlon layer 
thtcknaaaca atven tn Tabla l, Tt•T2al A, and a heavy ela••nt 
voluae fraction Ya/d • 0.4 and M • 100. 

An OEM model calculation for I(Obp•E)) was required for the 
low-angle diffraction involved in Fig. Cl (using a small computer 
program described in [11]). Our more convenient analytical MOP 
model program [30] cannot be applied to calculate low-angle 
reflectivity characteristics because, as noted earlier, its 
parameters, o and s, must have magnitudes that are small as 
compared to unity in order to yield a solution of the difference 
equations that leads to the analytical result (16). It may 
readily be shown as follows that this limit on o and s 
corresponds to having the first-~rder diffraction line at angles 
greater than about 38c· 
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The critical angle for the "total reflection" cut-off is 
defined as that angle at which the intensity drops to half of its 
low angle limit, 1 0 . This critical angle, Oc, is given, within a 
good approximation [31] by: 

sinOc = .,fU (Cl) 

The analytical Darwin-Prins solution for reflected amplitude 
(16) was obtained by letting a and s be small as compared to 
unity [given in (12) and (13)]. Since s is always smaller than 
a, we need only require that a be small. From (12), we may write 
for the approximate magnitude of a: 

(C2) 

where we have neglected F2(8), which is relatively small except 
at certain threshold energies. (Modeling cannot be applied at 
these energies in any event.) We may write for 6, using (22): 

6 = ro~2 M F1(0) 
211' d 

(C3) 

Combining these relations with the Bragg relation for first-order 
diffraction (sin81- A/2d), we obtain the approximate result: 

(C4) 

Letting a - 0.2, we obtain a convenient "rule of thumb" for the 
smallest angle allowed for a first-order diffraction profile that 
may be accurately described by the MDP model: 

The accuracy of the MDP solution for diffraction at angles 
greater than 30c has been illustrated in Figs. 2, 8 and 9. 

B. Low-Angle Fresnel Reflection 

(C5) 

For 81 larger than 30c and correspondingly for a and s small 
compared to unity, the MDP model accurately describes the 
multilayer reflectivity in the low-angle •total reflection" 
region. We show as follows that the MDP description reduces 
identically to the Fresnel specular reflection equations at the 
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small angles: 

In the small angle region, we note from (12) and (13) that 
the parameters a and s become equal and the expression for the 
reflected amplitudes, So/To, given in (16) reduces to: 

where now E - 2wd sin9/l, since this small angle "region of 
interest" is defined by letting sin 9 0 (equivalently, the 
diffraction order, m) be equal to zero in (17). 

(C6) 

The Fresnel equation or the amplitude ratio reflected at the 
small angles may be given by (see, for example Eq. 4.84 of James 
[ 13 l ) : 

where « - 6 + ip. 

So/To = sin() - Vsin
2 
()- 2a 

sin()+ v'sin2 ()- 2a 
(C7) 

Multiplying the numerator and denominator of (C7) by the 
denominator gives the result: 

(C8) 

Now by multiplying (C8) through its numerator and 
denominator by the factor 2•d/(lsin8), and using the relations 
(35) and (13) we obtain a relation which is identical to the MDP 
result (C6). This was obtained with the assumption that the 
optical constants (6 and p) are the average values for the 
multilayer system. Generally the penetration depth at "total 
reflection" [33] will include a sufficient number of layer-pairs 
(necessarily "thin" for multilayer analyzers) to allow the "bulk" 
values for 6 and p to be applicable. This is demonstrated by the 
generally close agreement between the low-angle reflectivity 
curves that are calculated by the zero-order MOP model and by the 
OEM model, where the latter is calculated for the two possible 
systems, with the heavy layer~ the-light layer at the surface. 
The curves differ significantly only for the larger d-spacing 
multilayers applied at x-ray wavelengths which place the 
first-order diffraction line near the reflection cutcoff region 
(i.e. when 81 is less than 38c)· 

Comparing the MDP low-angle reflection characteristic (with 
81 greater than 38c) to that measured can be a useful check on 
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surface structure and the multilayer's optical constants. 

APPENDIX D - The Kinematical (with Absorption) 
Multilayer Model 

In this appendix we present a derivation of a kinematical 
model using the difference equations defined in Fig. 7. It is 
shown that the relative reflected intensity has a Lorentzian line 
profile. The integrated reflectivity is shown to be equal to the 
integrated reflectivity of the Mosaic crystal model. Expressions 
are derived for the peak reflectivity and diffraction line width. 

Following Darwins approach[l3] we write a set of difference 
equations for the upward, Sr, and downward, Tr, propagating waves 
above the rth layer in a semi-infinite multilayer as shown in 
Fig. 7. The second term in the equation for Tr+l results from 
the downward reflection of the upward propagating (i.e. 
previously reflected) wave, Sr+l· By neglecting this term we 
effectively ignore multiple reflections and arrive at a 
kinematical model. The difference equations then become, 

(Dl.a) 

(Dl.b) 

where 6 - 2wd sin(8)/A. Assuming that o << 1 implies that (1-io) 
= e-io and Eq. (Dl.b) becomes · 

(D2) 

If we consider a multilayer with N layers then SN - 0, and using 
Eqs. (Dl.a) and (02) we may solve for SN-1 and SN-2• ... until 
finally one obtains for S0 , 

(D3) 

which can be expressed as 

(D4) 

If we take the limit as N becomes large then, since o has a 
negative imaginary part, the expression in the numerator goes to 

Page A9 



one. Letting 6 - m~+e where, 

e=6-m11'=211'd(sin8-sin8o)f>.. (D5) 

and 8 0 is the Bragg angle defined by IDA - 2dsin8 0 , Eq. (D4) 
becomes, 

Now again making the assumptions that both e and a are small 
compared to unity we obtain the following expression for the 
ratio of the reflected to the incident amplitudes at the 
multilayer surface, 

So/To= -sj[2(a +e)] (D.7) 

The reflected intensity is obtained by taking the magnitude of 
Eq. (D2) squared. For unpolarized radiation we take the average 
of the intensities for each polarization. This yields a 
reflectivity which is a Lorentzian as a function of angle and is 
given in the text equations (23) through (27). 

At sufficiently high energies the absorption coefficient 
becomes small and the peak relectivity given by this model will 
exceed unity,· which, of course, is unphysical. The requirement 
that the peak reflectivity be less than one provides a limit on 
the. applicability of this kinematical model. This condition is 
violated when multiple reflections become important, in which 
case the Modified Darwin-Prins model for the line profile must be 
used. 

APPENDIX E -Determination of the One-Dimensional Crystal 
Structure 

A conventional way to present the three-dimensional unit 
cell is to use a set of three vectors normally denoted ~. ~. and 
~with magnitudes a, b, and c, and with the included angles «, p, 
and ~. The coordinates relative to this basis set of individual 
atoms are usually designated x', y' and z' (z' is usually 
different from z as used here). Formulae for the determination 
of the z-coordinates of the atoms (hence the one-dimensional 
distribution) from the general coordinate values are presented 
below. 
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Generally it is necessary to search the crystallographic 
literature to find these coordinate values. A good source of 
such data is Crystal Structures by Wyckoff [34]. However, its 
notation is very compact, and the reader is encouraged to read 
its Introduction carefully. For further help in understanding 
the notation used, and for a good general reference, see the 
International Tables for X-Ray Crystallography [35]. Finally, 
for a very helpful "consistency" check, the mass density of an 
assumed unit cell should be calculated and compared to the bulk 
density of the crystal. 

The specific crystal planes being used are normally 
specified by their Miller indices (h,k,l). When these indices 
and the unit cell's dimensions a, b and c, are known along with 
the atomic coordinates, x', y' and z', the following relations, 
involving the unit cell volume V, may be applied to define the 
needed multilayer structural parameters: 

V = abcyfl + 2 cos a cos /3 cos "Y - cos2 a - cos2 /3 - cos2 r 

(V/d) 2 = h2b2c2 sin2 a+ k2a2c2 sin2 /3 + 12a2b2 sin2 r 

+2hk(abc2)(cos a cos/3- cosr) 

+2kl(a2bc)(cosf3cosr- cos a) 

+2lh(ab2c)( cos r cos a- cos /3) 

(El) 

(E2) 

from which we may determine the cross-sectional areai «, and the 
d-spacing. 

The one-dimensional z/d coordinates are given by: 

z/d = hz' + ky' + lz' (E3) 

A constant may be added to these coordinates to have z - 0 
correspond to a symmetry plane. NGte: For crystals having a 
hexagonal unit cell, often four-component Miller indices are 
given; this notation may be converted to normal Miller indices by 
neglecting the third component. 

In Tables El and E2 are presented our calculations [36] for 
the one-dimensional structural parameters for the cleavage planes 
of the multilayers, mica and KAP, along with those for other 
analyzers generally used for x-ray spectroscopy. 
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Mica (002) 
d = 10.0049A A = 93.3735A l 

Z/d no. 
K+ 

±.5000 2 
Al+l.S 

±.0032 2 
±.2744 1 
±.7256 1 
±.9968 2 

H 
::.1040 2 
::.8960 2 

Si+~ 

::.2730 2 
::.2744 1 
::.7256 1 
:t:. 7270 2 

o-
::.1040 2 
::.1054 2 
±.1084 2 
±.3240 2 
±.3348 2 
:1::.3360 2 
:1::.6640 2 
±.66.52 2 
±.6760 2 
:1::.8916 2 
±.8946 2 
:1::.8960 2 

Table El 

El. Unic cell one·d1•ena1onal· acruccure (ato•ic z/d 
p·oaicion). d and croaa·uoction for cha (002) cleavage plana 
refleccion of Kuacovice Kica, naedad for the calculacion of 
IU' uaing (14). 

KAP (001) 
d = 13.3150A A= 62.013A2 

Z/d no. 
K+ 

±.0388 2 
0 

±.1440 2 
±.0931 2 
±.1273 2 
±.2626 2 

c 
±.2584 2 
±.3251 2 
±.4205 2 
±.4505 2 
±.3847 2 
±.2894 2 
±.1569 2 
±.2176 2 

H 
±.3030 2 
±.4640 2 
±.5210 2 
±.4000 2 
±.2350 2 

Table E2 

!2. Unic cell oue-di•enaional acructure (ato•ic z/d 
poaition), d and croaa-aection for the (001) cleavage plane 
reflection of KAP, naedad for the calculation of KF uaiug 
(14). 
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APPENDIX F - The Langmuir-Blodgett Multilayer: Construction and 
Structure Determination 

The Langmuir-Blodgett (LB) multilayers are constructed by 
successively depositing N mono-molecular layers of typically a 
lead or barium salt of a straight-chain fatty acid upon a smooth 
substrate (e.g. a highly polished glass or a silicon wafer). The 
resulting multilayer has a periodic structure comprised of thin 
double atomic layers of the heavy cation (e.g. Pb or Ba) 
separated by the low density, long carbon-chain matrix providing 
the desired high x-ray scattering "contrast". The d-spacings are 
set simply by the choice of the straight-chain fatty acids that 
can be successfully applied for constructing high quality 
multilayer analyzers which, from our experiments, are in the 35 
to 80 A range. 

In comparison to the atomically densely-packed 
sputtered-or-evaporated multilayers, the LB multilayers are 
low-density, low absorbing systems for which the effective number 
of reflecting layers is appreciably higher. Typically optimized 
LB multilayer analyzers will have similar peak reflectivities, 
lower integrated reflectivities and higher resolution than the 
optimized sputtered-or-evaporated multilayers, thereby 
complementing well these mul~ilayer analyzers. (The more rugged 
sputtered multilayers can provide wider band-pass characteristics 
and can be used at higher radiation loading. For example, these 
may be the primary monochromators for modern synchrotron 
radiation sources and may be followed by low energy spectrographs 
utilizing the higher resolution LB analyzers.) 

Our methods of constructing LB multilayer analyzers (which 
have been developed in this program through two decades) are 
illustrated in Fig. Fl. A monomolecular fatty acid layer is 
deposited upon an ultra-clean water surface which contains a 
small concentration of Pb++ ions, for example, thereby · 
establishing a monomolecular layer of the lead salt ions of the 
straight-chain fatty acid. This monomolecular layer is 
compressed by a floating (Teflon sheet) "piston" as shown. The 
multilayer substrate is mounted on a high~inertia, balanced 
rocking arm (mounted from a heavy table supporting the tank) and 
is driven in and out of the water surface by a constant-speed, 
reversing motor (micro-switched at dipping limits). The shallow 
tank is machined from a solid Teflon block about 120 em long. 
(An extra block of Teflon is cemented below one end of the tank 
to allow the machining of a well into which the substrate is 
dipped.) 

Initially, monomolecular layers are deposited upon the 
substrate on the downstroke and on the upstroke, generating a 
multilayer defined by Langmuir as the Y-type film. This process 
is depicted schematically in Fig. F2 which includes a diagram of 
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MOLECULAR MULTILAYER DIF'f'ING ~ 
Fl. Dipping tank for constructing Langmuir-Blodgett 
multilayer analyzers for the 100-1000 eV region. A shallow 
tank and well is machined in Teflon which is non-wetting and 
permits using concentrated H2S04·chromate cleaning solution 
and provides the required positive meniscus that allows 
efficient sweeping of the water surface with a Teflon bar. 
The Teflon block is bolted to a massive aluminum base 
through which chilled or heated water may be circulated to 
provide temperature control. Surface pressure is maintained 
by pulling against the deposited monomolecular film a Teflon 
sheet "piston• with a Nylon thread that passes over a 
jeweled-bearing pulley to a counter-weight. Back-eo-back 
multilayer substrates are dipped at constant speed in and 
out of the film surface, driven by a reversing motor that 
raises and lowers a high inertia rocking arm that is pivoted 
and balanced by counter weight on a structure which is also 

- IUOOIIIID ,_ TPUIII attached to the base of the tank. A de -ionized doubly 
ILOCit.~IJIIOOIII&S! distilled water supply is provided to maintain the positive 

~~-=-~ meniscus by replacing any loss following surface sweeping 
after each monolayer film has been used up through 
successive dips. The tank is about 25 by 120 em and sits -·TO·-...... M!ILnL.AYU suasTIIATES 
upon a slow laminar-flow clean bench. (We have also been 
able to construct very successful and efficient dipping 
tanks by machining these directly into an aluminum block 
base which was ~hen Teflonated.) 

XBt .,, .. :.151 

P2. Ill~~era~lns cbo procooa by wblcb cbo •oaolayor la 
depoa1Cm6 oa ~ tba dowa aad up ocrokea·-daflalal cbe 
Y-cypo fila. (Vhaa dapool~ioa occura oaly oa ~b• dowa 
ocroka. lt 11 daflaod aa aa X· type· fll•.) ScbaDaclcally. 
4aKAl& acoarlc cbalaa ara abowa bera aa •aclcka" orlaated 
oearly aoraal ta tba water aurfaca wltb tbalr hydrophobic 
CH3 oade oa~•r•••c sad tbolr bydropblllc carboxyl eLda 
carDinacloa oc cba ourfaco accacblaa co a blvolaac cetloa 
(clrcloa), •·C·· tba Pb cocloa. Nolacular forcoe dictate 
tboc on tbo doea acroka, cbo CH] aada cooa to1atbar, and on 
tba up otroka • double layer of tba cacloaa la forDed. Ia 
tb1a way a doaoo layer of tho baawy cacloa• (as Pb or Ia) 1 1 
aeparotod by o ll&ht carbon •ocrlx wlch a d·apaclnl aqual :o 
~ ataarlc aolecular chain lenstha •• ahovn hare. 

HiJ + Pb ION SUBSTRATE 
MENISCUS 

Table Fl 

1U.TILAY£R DEPOSITIOII COIUI!l!OIIS fOR LEAD ~TS Of FATTY ·ACIDS 

II(TAl 1011 SWHAS£ pll l~ 
SURFACE OfPOS IT lOll RAT£ Of 

COMPOIJIO CHOUCAL FCIAIUA SOLVEIIT SOLUT£ COIICENTRATIOII 
CIJIIC[JITAATIOII (M)' PAESSURf TTP[ DEPOSIT lOll 

. 101111•1) (tl)onn/ca) (COl/sec) 
lntthl Subse 

,.z•. 1.1 • 10_. 5.7 20·22 l1 Y·fll• -.----
CH3(CHz)lOCDOII lie- (Ill wl) ... 0.71 o.oz o.oa 

lourtc octd Holu- (20 wl) All>• 4.4 x to·• 
o.a ~,.r.. e.s • to-• 5,4 n-n 14 X· ttl a o.z 

Myrhttc 1cld tH3(C"zluCOOII !luana 
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the stearic acid molecule. In our depiction of the formation of 
the Y-type film, the carbon chains with their hydrophobic carbon 
tails are shown as line segments and the lead carboxylate, 
hydrophilic ends of the lead stearate molecule are shown as 
circles. During a downward stroke, the hydrophobic ends (carbon 
tails) attach themselves to the carbon tails of the last fatty­
acid-salt soap molecules that were previously deposited upon the 
solid multilayer. During the following upward stroke of the 
substrate-multilayer, the hydrophilic (lead carboxylate group) 
ends of the monolayer molecules adhere to the similar polar 
groups on the outer surface (under water) of the previously 
deposited layer as depicted here in Fig. F2. In this way, with 
each up and down cycle, a "heavy" double-lead carboxylate 
sublayer is generated, separated by a d-spacing equal to two 
"light" straight-chain molecule lengths. 

Invariably, when constructing multilayers with the lead 
cation (appropriate for constructing our most efficient . 
analyzers) the deposition mode reverts, after a few cycles,. ro an 
X- type for which deposition only occurs on the downstrok·e. 
Remarkably, the resulting periodic structure of the multilayer is 
identical to that for the Y-type film deposition described in 
Fig. F2. Now, however, two in-and-out cycles are required to 
generate a d-spacing of the structure. In contract to the 
formation description presented above for the Y-film, that 
required for the X-film is more complex. For example, see 
Langmuir [37] and Honig [38] for proposed X-formation models. 

The "art" of constructing molecular multilayer analyzers 
(usually of sub-micron thicknesses on a substrate) involves 
careful, system~tic, ultra-clean laboratory practice. The most 
easily constructed multilayer analyzers are those that deposit 
well at room tempratures, viz. the lead salts of myristic, 
stearic and behenic acids (yielding d-spacings of 40, 50 and 60 A 
respectively). Along with tank temperature, the other variables 
that need to be adjusted are its cation concentration and pH, and 
the surface (piston) pressure and dipping rate. In Table Fl we 
present typical construction conditions which we have found 
suitable for constructing LB multilayers in the 35-80 A d-spacing 
range. [39] 

The general chemical formula for a salt of a straight-chain 
fatty acid with the required bi-valent cation (as Pb) may be 
written: 

where n is the number of CH2 groups between an end CH3 group and 
the carboxylate. We have measured the absolute spacing of 
multilayers generated from a series of fatty acids and have found 
that the d-spacing may be closely predicted for a given value of 
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n by: 

d = 2.5(n + 4)A (Fl) 

which establishes the projected spacing 
along the molecule z-axis to be 1.25 A. 
crystalographic data on fatty acids and 
assign positions for the other atoms in 
These are indicated in Fig. F3. 

between the CH2 groups 
We have used available 

on the carboxyl groups to 
the fatty acid molecule. 

-CHz-

-CH1-

_L-c~-
1.25! 
~-CHz-

_L_O- C -0 
1.334 ---------· 
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0 0 
- c-
-CHz-
-CHz-

-CH,-

-CH,-

-CHz-

i 
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60r 
~ sof-
. i 

' 
d 401-
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Measured d-Spacing 
for 

Lead Multilayers 

[ CH3(CH 2)nC00]2Pb 

; d•2.50 (n.4) 

cJ • a 12 ~6 ;:o 24 2a 32 36 "o 

(n•4)-. 

F3. Unit cell for a lead salt of a straight-chain fatty acid 
•• {CHJ(CH2>n<COO)J2Pb, n- 16 for lead stearate (PbSt). The 
one-dimensional distribution of acoma within the unit cell 
that ia assumed in our modeling is presented here. Ye have 
measured the d·spacing for the multilayers generated as 
salts of the fatty acids to be equal to approximately 
2.S(n+4) and the cross-sectional area occupied by a typical 
film's unit cell to be about 20.5 A2. 

By calculating the z/d positions from the symmetry Ph-layer 
position, we may drop the second summation (with odd sine terms) 
in ( 14) and calculate MF using: MF _ 1"' I [411'zq • ] 

1--LJZq !qCOB --sm0 
Q 1 ,\ 

(F2) 
M F2 = .!. L Zq/2q cos [

4
11'Zq sino] 

Q 1 ,\ 

where Xq is the number of atoms of species-q at position Zq from 
the symmetry plane and having atomic scattering factor, flq + 
f2q• and the cross sectional area occupied per molecule is «. 
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We have applied this relation for MF with the measured 
d-spacings and have varied the area density, M, of the molecules 
[-(~)-1] to semi-empirically fit the measured integrated 
reflectivity data for a series of molecular multilayers in the 
35-80 A d-spacing range using the modeling procedures presented 
in Sect. V. Generally, the precision of the fitting through 
several diffraction orders was found to be well within 
experimental errors. The unit cell area (molecular cross 
section) was determined by this fitting procedure to be about 
20.5 A2. An example of these semi-empirical model fits has been 
presented in Fig. 21 for the lead stearate analyzer. 

APPENDIX G - Construction of Sputtered or Evaporated Multilayers 

The fabrication of these multilayers has been accomplished 
with a variety of techniques, such as for example, 
evaporation[40], magnetron sputtering[41], ion beam 
sputtering[42], and laser plasma source deposition[43]. A brief 
description of the-most commonly applied methods, magnetron 
sputtering and evaporation, is given below. 

The construction of evaporated multilayers has been 
developed by Spiller and co-workers at IBM and is reviewed in 
ref. 40. The substrat·e is located in front of two evaporation 
sources which are controlled by means of mechanical shutters. A 
major problem is with the stabilization of the evaporation rate 
which is difficult due to the strong dependence of vapor pressure 
on temperature. This problem was overcome by the use of in situ 
monitoring of the x-ray reflectivity during the multilayer 
growth. 

The most commonly applied technique for multilayer 
construction, magnetron sputtering, was developed by Barbee and 
co-workers and is reviewed in ref. 41. The substrate is 
typically moved on a table between two sputter sources, often 
rotated at constant velocity. Through the use of stable power 
supplies, either de or rf depending on the material being 
deposited, and control of the sputtering gas pressure, remarkably 
stable deposition rates are achievable. The thicknesses of the 
layers are then determined simply by the deposition rates and the 
time spent over each source. 
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