
UC San Diego
UC San Diego Electronic Theses and Dissertations

Title
Leak Detection in Fluid Distribution Networks

Permalink
https://escholarship.org/uc/item/6gt1g0jw

Author
Alawadhi, Abdulrahman Amin

Publication Date
2019
 
Peer reviewed|Thesis/dissertation

eScholarship.org Powered by the California Digital Library
University of California

https://escholarship.org/uc/item/6gt1g0jw
https://escholarship.org
http://www.cdlib.org/


UNIVERSITY OF CALIFORNIA SAN DIEGO

Leak Detection in Fluid Distribution Networks

A dissertation submitted in partial satisfaction of the
requirements for the degree

Doctor of Philosophy

in

Engineering Sciences (Mechanical Engineering)

by

Abdulrahman Amin Alawadhi

Committee in charge:

Professor Daniel M. Tartakovsky, Chair
Professor Prabhakar Rao Bandaru, Co-Chair
Professor Marcos Intaglietta
Professor Ratneshwar Lal
Professor John Scott Mccartney

2019



Copyright

Abdulrahman Amin Alawadhi, 2019

All rights reserved.



The dissertation of Abdulrahman Amin Alawadhi is approved,

and it is acceptable in quality and form for publication on

microfilm and electronically:

Co-Chair

Chair

University of California San Diego

2019

iii



DEDICATION

To

My mother for keeping me in her prayers

My father for always encouraging me

My wife for never leaving me alone

My children for giving my life a new meaning

My siblings for being helpful and supportive

My mother and father in law for always being around my family

Everyone who helped me to be who I am

iv



TABLE OF CONTENTS

Signature Page . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iii

Dedication . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iv

Table of Contents . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . v

List of Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vii

List of Tables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ix

Acknowledgements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . x

Vita . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xi

Abstract of the Dissertation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xii

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.2 Transient Test Based Techniques . . . . . . . . . . . . . . . . . . . . . . . . . 3

2 Method of Distributions for Water Hammer Equations With Uncertain Parameters . . 6
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.2 Problem Formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
2.3 PDF Solutions to Water Hammer Equations . . . . . . . . . . . . . . . . . . . . 11
2.4 Simulation Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
2.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
2.6 Acknowledgments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

3 Bayesian Updating and Method of Distributions: Application to Leak Detection in Pipes 21
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
3.2 Problem Formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
3.3 Method of distributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
3.4 Data Assimilation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
3.5 Simulation Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
3.6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
3.7 Acknowledgments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

4 Leak Detection in Networks via Bayesian Update of the Method of Distributions . . . 36
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37
4.2 Problem Formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
4.3 Method of Distributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41
4.4 Data Assimilation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

v



4.5 Numerical Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
4.5.1 Branching Pipe . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
4.5.2 Network of Pipes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
4.5.3 Comparison with an Alternative Method . . . . . . . . . . . . . . . . . 52

4.6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54
4.7 Acknowledgments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

A Water Hammer Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
A.1 Derivation of Water-Hammer Equations . . . . . . . . . . . . . . . . . . . . . 58

A.1.1 Continuity Equation . . . . . . . . . . . . . . . . . . . . . . . . . . . 58
A.1.2 Navier-Stokes Equation . . . . . . . . . . . . . . . . . . . . . . . . . . 60

A.2 Method of Characteristics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

B Method of Distributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67
B.1 Derivation of PDF Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . 68
B.2 Derivation of Moments Equations . . . . . . . . . . . . . . . . . . . . . . . . . 71
B.3 Initial Conditions for PDF Equation . . . . . . . . . . . . . . . . . . . . . . . 72

B.3.1 PDFs of u and h at the first contact discontinuity . . . . . . . . . . . . 73
B.3.2 PDFs of u and h at the second contact discontinuity . . . . . . . . . . . 75

Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

vi



LIST OF FIGURES

Figure 1.1: Propagation and reflection of a pressure wave in frictionless reservoir-pipe-
valve system (Chaudhry 2013). . . . . . . . . . . . . . . . . . . . . . . . 4

Figure 2.1: Left: A pipe of length L equipped with a pressure sensor and a valve located
at x = x? and x = L, respectively. Right: The contact discontinuities (waves),
induced by the instantaneous closure of the valve, propagate with the wave
speed a along two families of characteristics. . . . . . . . . . . . . . . . . 10

Figure 2.2: Sampling errors in estimating the sample mean (a) and PDF (d) of the pressure
head h in the middle of the pipe after the first contact discontinuity passed
through it. Also shown are the corresponding sampling errors in estimating
the closure variables α1 (b) and α2 (c) . . . . . . . . . . . . . . . . . . . . 15

Figure 2.3: Temporal snapshots of the PDF fh(H;x?, t) of the pressure head h(x, t) at the
observation point x = x?, for three times t: at initial time t = 0.00 s (a); and
the times t = 1.10 s (b) and t = 3.24 s (c) . . . . . . . . . . . . . . . . . . 16

Figure 2.4: Temporal snapshots of the PDF fh(H;x?, t) of the pressure head h(x, t) at the
observation point x = x? obtained by solving the PDF equation (2.4) (dashed
line) or by using the kernel density estimator to post-process NMC = 30000
(solid line) and NMC = 1000 (dotted line) Monte Carlo realizations. . . . . 17

Figure 2.5: Temporal snapshots of the PDF fh(H;x, t) of the pressure head h(x, t) for an
intact pipe and a pipe with leak at point xleak = 2450 m with uncertain initial
conditions. The results are presented at the middle of the pipe, x = x?, at time
t = 3.21 s. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

Figure 3.1: Left: A reservoir-pipeline-valve system. Right: Space-time domain with the
time that the shock passes through a sensor located at x?. . . . . . . . . . . 24

Figure 3.2: Scenario 1: Unknown leak location xleak and known leak strength CLAL =
10−4 m2. The top row exhibits the sensor’s pressure head readings, hobs(t),
for a leak located either upstream of the sensor (left column), or downstream
(right column). The bottom row depicts the posterior PDFs fxleak|hobs(X). . . 30

Figure 3.3: Scenario 2: Known leak location xleak = 2475 m and unknown leak strength
CLAL. The top figure exhibits the sensor’s pressure head readings, hobs(t),
for the leak strength CLAL = 5 · 10−5 m2. The bottom figure exhibits the
posterior PDFs fCLAL|hobs(A). . . . . . . . . . . . . . . . . . . . . . . . . 32

Figure 3.4: Scenario 3: Both leak location xleak and its strength CLAL are unknown. The
top figure exhibits the sensor’s pressure head readings, hobs(t), for xleak =
1975 m and CLAL = 10−4 m2. The remaining two figures depict the posterior
PDFs of the leak location, fxleak|hobs(X), and leak strength, fCLAL|hobs(A). . . 34

Figure 4.1: Numerical implementation of Bayesian update of the method of distribution
used to locate a leak in a fluid distribution network. . . . . . . . . . . . . . 44

vii



Figure 4.2: A branched pipe system used in Test I with a mother pipe connected to a
tank, a daughter with a dead end, and the other daughter connected to a valve. 45

Figure 4.3: Scenario 1: Branched pipe case with a leak in pipe 1 at xleak = 1900 m with
a strength of CLAL = 10.0 ·10−5 m2, where both leak location xleak and its
strength CLAL are assumed unknown. The top figure depicts the posterior
PDF fxleak|hobs(X). The bottom figure exhibits the posterior PDF fCLAL|hobs(A). 46

Figure 4.4: Scenario 2: Branched pipe case with a leak in pipe 2 at xleak = 1100 m with
a strength of CLAL = 10.0 ·10−5 m2, where both leak location xleak and its
strength CLAL are assumed unknown. The top figure depicts the posterior
PDF fxleak|hobs(X). The bottom figure exhibits the posterior PDF fCLAL|hobs(A). 47

Figure 4.5: Scenario 3: Branched pipe case with a leak in pipe 3 at xleak = 800 m with
a strength of CLAL = 8.0 · 10−5 m2, where both leak location xleak and its
strength CLAL are assumed unknown. The top figure depicts the posterior
PDF fxleak|hobs(X). The bottom figure exhibits the posterior PDF fCLAL|hobs(A). 48

Figure 4.6: Pipe network system used in Test II with a tank connected to the inlet and a
valve connected to the outlet. . . . . . . . . . . . . . . . . . . . . . . . . . 49

Figure 4.7: Scenario 4: Pipe network case with a leak in pipe 7 at xleak = 1000 m with
a strength of CLAL = 10.0 ·10−5 m2, where both leak location xleak and its
strength CLAL are assumed unknown. The top figure depicts the posterior
PDF fxleak|hobs(X). The bottom figure exhibits the posterior PDF fCLAL|hobs(A). 51

Figure 4.8: Scenario 5: Pipe network case with a leak in pipe 9 at xleak = 1400 m with
a strength of CLAL = 10.0 ·10−5 m2, where both leak location xleak and its
strength CLAL are assumed unknown. The top figure depicts the posterior
PDF fxleak|hobs(X). The bottom figure exhibits the posterior PDF fCLAL|hobs(A). 51

Figure 4.9: Scenario 6: posterior PDF fxleak|hobs(X) for pipe network case with a leak in
pipe 10 at xleak = 1450 m with a strength of CLAL = 10.0 ·10−5 m2, where
leak location xleak is assumed unknown and leak strength CLAL is known. . 52

Figure B.1: The relationship between u0 and u2 computed with (B.42), (B.43), and mul-
tiple solves of the WHE (2.1) for different values of u0. This relationship is
monotonic in the region of interest. . . . . . . . . . . . . . . . . . . . . . 78

viii



LIST OF TABLES

Table 4.1: Lengths and diameters of pipes in the pipe network system used in the last
three scenarios. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

Table 4.2: A comparison between the actual values, values obtained with Bayesian
updating, and values obtained using best fitness function for the branched pipe
case results. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

ix



ACKNOWLEDGEMENTS

I would like to thank my advisor Professor Daniel M. Tartakovsky for being a great

guidance during my last four years. He provided me with a continues support to produce this

work. I would also like to thank my co-advisor Professor Prabhakar Rao Bandaru, and my

committee members Professor Marcos Intaglietta, Professor Ratneshwar Lal, and Professor John

Scott Mccartney.

Chapter 2, in full, is a reprint of the material as it appears in Method of distributions for

water-hammer equations with uncertain parameters. Alawadhi, A.; Boso, F.; and Tartakovsky,

D.M., Water Resource Research, 2018. The dissertation/thesis author was the primary investigator

and author of this paper.

Chapter 3, in full, has been submitted for publication of the material as it may appear

in Bayesian Updating and Method of Distributions: Application to Leak Detection in Pipes.

Alawadhi, A.; and Tartakovsky, D.M., Water Resource Research, 2019. The dissertation/thesis

author was the primary investigator and author of this paper.

Chapter 4, in full, has been submitted for publication of the material as it may appear in

Leak Detection in Networks via Bayesian Update of the Method of Distributions. Alawadhi, A.;

and Tartakovsky, D.M., Water Resource Research, 2019. The dissertation/thesis author was the

primary investigator and author of this paper.

x



VITA

2004-2008 Undergraduate Student, Kuwait University

2008 Bachelor of Science in Mechanical Engineering, Kuwait University

2011-2012 Graduate Student, University of California San Diego

2012 Master of Science in Mechanical Engineering, University of California
San Diego

2015-2019 Graduate Student Researcher, University of California San Diego

2019 Doctor of Philosophy in Engineering Sciences (Mechanical Engineering),
University of California San Diego

xi



ABSTRACT OF THE DISSERTATION

Leak Detection in Fluid Distribution Networks

by

Abdulrahman Amin Alawadhi

Doctor of Philosophy in Engineering Sciences (Mechanical Engineering)

University of California San Diego, 2019

Professor Daniel M. Tartakovsky, Chair
Professor Prabhakar Rao Bandaru, Co-Chair

Leakage is an undesired abnormality that causes economical losses and impacts the

environment. Leak detection tests in pipe networks are usually interpreted using water-hammer

equations (WHE). These equations are nonlinear hyperbolic partial differential equations (PDEs)

used to describe transient flows in pipes. The associated uncertainties in initial and boundary

conditions, parameters, and leak strength and location increases the stochastic behavior of these

equations. The method of distributions is used to derive a deterministic PDE for probability

density function (PDF) of pressure head and flow velocity under uncertain initial conditions. The

derivation requires a closure approximation that ensures its consistency with the mean and the

xii



variance of the state variables. A series of numerical experiments confirms the computational

gain of this method over Monte Carlo simulations.

The PDF of pressure head obtained using the method of distributions serves as a prior

PDF for data assimilation. Bayesian framework is used to update this distribution with a statistical

model for observations obtained from the data collected by a pressure sensor. The result is

posterior PDFs for leak location and leak strength. Series of numerical experiments are conducted

for a single pipe and pipe networks under uncertain initial velocity and measurement noise to

identify leak location and leak strength. The results are compared with the best fitness function

that is used in inverse transient analysis.
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1.1 Introduction

Water is a vital natural resource. It is crucial for the environment and human beings.

Water is usually transmitted through distribution networks from the source to the end user.

These networks consist of a large number of interconnected pipes, and most of them are buried

underground. This raises questions of the reliability of these pipes and leak detection.

As a pipe ages it becomes more susceptible to erosion and corrosion, which leads to

unwanted abnormalities in the system. Brothers (2001) reported that real water losses in distri-

bution and transmission systems are between 20% and 50%. An abnormality in any pipe can

lead to high risk for human health. A partial blockage in a pipe due to contamination might be

associated with a high concentration of harmful particles in drinking water. A leak is another

abnormality that can introduce unhealthy materials to the distributed water. It also can impact

the environment by discharging the fluid to the surrounding (Kirmeyer & Martel 2001, Karim

et al. 2003). This risk might be even higher if the discharged fluid is a chemical other than water.

These abnormalities are associated with potential economic losses as well. The wasted water

through leakages decreases potential profits. This will also lead to increased use of energy to pay

off for the wasted fluid. In addition to that, there will be a direct cost required for locating these

abnormalities and repairing them. The World Bank estimated the global non-revenue water to be

worth $14.7 billion per year (Thornton et al. 2008).

The common leak detection techniques are hardware based methods. Examples of these

techniques are leak noise correlation (Muggleton & Brennan 2004, Gao et al. 2009), gas injection

(Ratcliffe & Field 1978, Hargesheimer 1985), ground penetrating radar (O’Brien et al. 2003,

Demirci et al. 2012), and acoustic sensing (Mergelas & Henrich 2005, Fletcher & Chandrasekaran

2008). Hardware based methods have high cost due to their need for equipment and manpower.

Moreover, there might be significant delay between the time of leak occurrence and the time

that these methods are used, especially for small leaks of which the facility owners are unaware.
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Therefore, there is a need to have software based methods that are cheaper and can capture small

leaks as soon as they occur. Since the pipes carry fluids, it is beneficial to utilize this fluid as a

vehicle that delivers the information about any abnormalities.

Transient methods are the most promising software based methods since they require

fewer sensors and can lead to a conclusion regarding the abnormality in shorter time than the

steady state methods. Colombo et al. (2009) provide a comprehensive review on transient test

based techniques (TTBTs). Direct transient approach (Jönsson & Larson 1992, Brunone 1999,

Brunone & Ferrante 2001, Wang et al. 2002), frequency domain approach (Mpesha et al. 2001,

Lee et al. 2005, Covas et al. 2005, Ghazali et al. 2012, Lee et al. 2013), and inverse transient

analysis approach (Liggett & Chen 1994, Vı́tkovskỳ et al. 2000, 2007, Covas & Ramos 2010,

Soares et al. 2011) are three approaches that fall under TTBTs.

1.2 Transient Test Based Techniques

The idea for TTBTs is based on a sudden change of pressure in a point, which creates a

wave that travels to the sensor carrying information about the abnormality. In reservoir-pipe-valve

system shown in figure 1.1, frictionless case will be used for demonstration, a pipe is connected

between a reservoir and a valve. The system is assumed to have initial head pressure, Hin, and

initial velocity u0. A sudden closure of the end valve creates a wave traveling upstream. This

wave increases the pressure head in the pipe to H = Hin +∆H while reducing the velocity to

zero u = 0 (Fig. 1.1a). As this wave reaches the reservoir, the pressure head reduces back to the

initial pressure H = Hin and this is associated with a velocity equal to the initial velocity but in

the opposite direction, u =−u0, with the wave traveling downstream (Fig. 1.1b). In figure 1.1c,

the wave switches and starts to travel upstream after reaching the closed valve. This results in

zero velocity u = 0 and a pressure head equal to H = Hin−∆H behind the wave front. Finally

(Fig. 1.1d), the wave returns back to travel downstream after it reaches the reservoir, but this

3



Figure 1.1: Propagation and reflection of a pressure wave in frictionless reservoir-pipe-valve
system (Chaudhry 2013).
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time the pressure head returns to H = Hin with the velocity being equal to the initial velocity

u = u0 behind the wave front (the system returns back to the original conditions before shutting

off the valve). This whole process can be described by one-dimensional water-hammer equations

(Chaudhry 2013, Wylie et al. 1993), which is derived from the cross-sectionally averaged Navier-

Stokes equations (Appendix A.1),

∂h
∂t

+
a2

g
∂u
∂x

= 0 (1.1a)

∂u
∂t

+g
∂h
∂x

= k|u|u, k =− f
2D

(1.1b)

where h(x, t) and u(x, t) are cross-sectionally averaged pressure head and velocity, respectively,

a is the wave speed, g is the gravitational acceleration, f is the Darcy-Weisbach friction factor.

These equations can be solved with method of characteristics to obtain (Appendix A.2),

du
dt

+
g
a

dh
dt

= k|u|u, along
dx
dt

=+a (1.2)

du
dt
− g

a
dh
dt

= k|u|u, along
dx
dt

=−a. (1.3)

Most of the software based methods rely on solving these equations and comparing the

predicted response to the one obtained from the sensors to locate abnormalities. The methods

succeeded in finding abnormalities in a single pipe. However, it is hard to obtain accurate results

when it comes to networks, where many uncertainty and complexity are introduced. This is

the reason of introducing a new method in this thesis to account for parametric uncertainty and

measurement noise to obtain better results.
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2 Method of Distributions for Water

Hammer Equations With Uncertain
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2.1 Introduction

Pipe networks are the main way for transporting fluids (e.g., water and hydrocarbons) from

a reservoir to their final destination. However, as pipes age, they become prone to leakage due to

corrosion. This raises environmental concerns and impacts public health when contaminants enter

a compromised water distribution system or hydrocarbons spill into the ambient environment.

Leaks also lead to economical losses due to wasted resources and repair costs. The World Bank

estimates the global “nonrevenue” water, due to real and apparent losses and unbilled authorized

consumption, to be worth $14.7 billion per year (Thornton et al. 2008); real water losses in

distribution and transmission systems operated by water utilities are between 20% and 50%

(Brothers 2001). Localizing and quantifying such losses is critical for monitoring the reliability

of pipe networks and planning repairs.

Since leakage affects pressure and flow rate in a pipe, comparison between measurements

of these quantities in a compromised pipe with their counterparts in the intact pipe could, in

principle, be used to identify the location and intensity of a leak. However, each pipe in a network

rarely contains more than one pressure gauge, so that pressure values at any location along

a pipe (with and without a leak) must be inferred from an appropriate model. Practical and

financial constraints on the number and positioning of measurement devices within a pipe network

often result in the data being collected only upstream of a maneuver valve. Even if pressure

measurements were available along the length of a pipe, the leak localization from steady-state

pressure measurements would not be accurate. Consequently, transient test-based techniques

were developed, mostly for single pipes (transmission mains) but also for laboratory pipe systems

used to mimic distribution networks (Meniconi et al. 2015).

A popular leak-detection test involves an abrupt valve closure; it creates a contact-

discontinuity wave moving upstream of the valve, which conveys information about fluid pressure

and velocity to a sensor. This hydraulic regime is described by the cross-sectionally averaged
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Navier-Stokes equations, which are called the water hammer equations (WHE) (Chaudhry 2013,

Wylie et al. 1993). This experimental setup for leak detection and its interpretations with the WHE

are reviewed in considerable detail by Colombo et al. (2009). (An alternative strategy, in which

pressure waves along the pipes are generated by means of water injection (Brunone et al. 2008,

Taghvaei et al. 2010), is not considered in this study). Relevant techniques for identification of a

leak’s location and intensity can be subdivided into forward methods (Brunone & Ferrante 2001,

Wang et al. 2002) and inverse methods in the time (Vı́tkovskỳ et al. 2007, Massari, Yeh, Ferrante,

Brunone & Meniconi 2013) and frequency (Mpesha et al. 2001, Covas et al. 2005) domains. In

the first class of the inverse methods, several pressure transducers installed in the pipe system

provide measurements, which are used to calibrate possibly very complex models of pressure and

flow throughout the distribution system. In the second class, time or frequency pressure signals

measured at a single location are analyzed as the system responds to a perturbation by comparing

these readings to the no-leak conditions.

Predictability of WHE-based models and their use in conjunction with data are undermined

by both uncertainty in the model parameters and measurement errors. Within the probabilistic

framework both uncertain parameters and noisy data are treated as random quantities, and

probabilistic model predictions are reported in terms of probability density functions (PDFs)

of pressure and velocity or, more often, their ensemble means and (co)variances. These PDFs

provide a complete probabilistic description of fluid flow in a pipe, including assessment of

probabilities of rate events, and serve to quantify predictive uncertainty of WHE-based models.

Probabilistic solutions of the WHE are also needed for identification of leaks and blockages in

pipes by means of stochastic successive linear estimator (Massari et al. 2014) or data assimilation

techniques based on Kalman filter (Ye & Fenner 2010).

Probabilistic solutions of the WHE can be obtained with Monte Carlo simulations (MCS)

(Zhang et al. 2011, Duan 2015). This method is robust and easy to implement, but suffers

from slow convergence and correspondingly high computational cost. If input parameters have
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large correlation lengths, polynomial chaos expansions (Sattar & El-Beltagy 2016) are often,

but not always (Barajas-Solano & Tartakovsky 2016), more efficient than MCS. The first-order

perturbation analysis (Neuman et al. 1996) provides yet another alternative to MCS, which is

appropriate for small variances of the input parameters and yields the means and variances

of system states; it has been used in the WHE context by Massari, Yeh, Ferrante, Brunone &

Meniconi (2013), Massari et al. (2014). Our goal is to derive and solve deterministic equations

for the (joint) PDFs of pressure head and flow velocity governed by the stochastic WHE, without

linearizing the latter and accounting for shocks.

The stochastic WHE are formulated in Section 2.2; they describe spatiotemporal evolution

of cross-sectionally averaged fluid pressure head, h(x, t), and velocity, u(x, t), in a pipe following

an abrupt closure of a valve. In Section 2.3, we derive a deterministic equation for the joint PDF

of these two state variables, fhu, which provides a full probabilistic description of the system’s

behavior at any point x along the pipe at any time t. In Section 2.4, we report a series of numerical

experiments that demonstrate the accuracy and computational efficiency of this PDF equation

by comparing its solution with the corresponding PDF estimated with Monte Carlo simulations.

Major conclusions drawn from this study are summarized in Section 2.5.

2.2 Problem Formulation

We consider a pipe of length L and diameter D, which is equipped with a pressure sensor

at x = x? and a shut-off valve at the outlet x = L (Fig. 2.1); it forms a part of a distribution network.

Steady-state fluid flow in the pipe is pressure driven, with the inlet pressure head Hin exceeding

the outlet pressure head Hout (Hin > Hout). A water hammer test are often conducted in an attempt

to identify the location (x = xleak) and intensity (Qleak) of a leak. The leak intensity is defined

as Qleak(h) = CleakAleak
√

2gh = γleak
√

h, where Cleak and Aleak are the coefficient and area of

discharge, respectively, and γleak =CleakAleak
√

2g. The test consists of an instantaneous, at time
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t = 0, shutoff of the flow at the outlet, u(x = L, t > 0) = 0, and observing the pressure transients

at the sensor.

x
<latexit sha1_base64="2U+kaIR65WB8NLzl+2aYLBt2RLI=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGOZgPmA5Ah7m7lkzd7esbsnhiO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+i0jyW92aSoB/RoeQhZ9RYqfHUL1fcqjsHWSVeTiqQo94vf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpHVR9dyq17is1G7yOIpwAqdwDh5cQQ3uoA5NYIDwDK/w5jw4L86787FoLTj5zDH8gfP5A+RrjPY=</latexit><latexit sha1_base64="2U+kaIR65WB8NLzl+2aYLBt2RLI=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGOZgPmA5Ah7m7lkzd7esbsnhiO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+i0jyW92aSoB/RoeQhZ9RYqfHUL1fcqjsHWSVeTiqQo94vf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpHVR9dyq17is1G7yOIpwAqdwDh5cQQ3uoA5NYIDwDK/w5jw4L86787FoLTj5zDH8gfP5A+RrjPY=</latexit><latexit sha1_base64="2U+kaIR65WB8NLzl+2aYLBt2RLI=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGOZgPmA5Ah7m7lkzd7esbsnhiO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+i0jyW92aSoB/RoeQhZ9RYqfHUL1fcqjsHWSVeTiqQo94vf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpHVR9dyq17is1G7yOIpwAqdwDh5cQQ3uoA5NYIDwDK/w5jw4L86787FoLTj5zDH8gfP5A+RrjPY=</latexit><latexit sha1_base64="2U+kaIR65WB8NLzl+2aYLBt2RLI=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGOZgPmA5Ah7m7lkzd7esbsnhiO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+i0jyW92aSoB/RoeQhZ9RYqfHUL1fcqjsHWSVeTiqQo94vf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpHVR9dyq17is1G7yOIpwAqdwDh5cQQ3uoA5NYIDwDK/w5jw4L86787FoLTj5zDH8gfP5A+RrjPY=</latexit>

L
<latexit sha1_base64="t6Z70tqhp1CpQEqMjbFsbz5SVlY=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGNhkYD5gOQIe5u5ZM3e3rG7J4Qjv8DGQhFbf5Kd/8ZNcoUmPhh4vDfDzLwgEVwb1/12CmvrG5tbxe3Szu7e/kH58Kil41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g/HtzG8/odI8lg9mkqAf0aHkIWfUWKlx3y9X3Ko7B1klXk4qkKPeL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5sfOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhNd+xmWSGpRssShMBTExmX1NBlwhM2JiCWWK21sJG1FFmbHZlGwI3vLLq6R1UfXcqte4rNRu8jiKcAKncA4eXEEN7qAOTWCA8Ayv8OY8Oi/Ou/OxaC04+cwx/IHz+QOhu4zK</latexit><latexit sha1_base64="t6Z70tqhp1CpQEqMjbFsbz5SVlY=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGNhkYD5gOQIe5u5ZM3e3rG7J4Qjv8DGQhFbf5Kd/8ZNcoUmPhh4vDfDzLwgEVwb1/12CmvrG5tbxe3Szu7e/kH58Kil41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g/HtzG8/odI8lg9mkqAf0aHkIWfUWKlx3y9X3Ko7B1klXk4qkKPeL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5sfOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhNd+xmWSGpRssShMBTExmX1NBlwhM2JiCWWK21sJG1FFmbHZlGwI3vLLq6R1UfXcqte4rNRu8jiKcAKncA4eXEEN7qAOTWCA8Ayv8OY8Oi/Ou/OxaC04+cwx/IHz+QOhu4zK</latexit><latexit sha1_base64="t6Z70tqhp1CpQEqMjbFsbz5SVlY=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGNhkYD5gOQIe5u5ZM3e3rG7J4Qjv8DGQhFbf5Kd/8ZNcoUmPhh4vDfDzLwgEVwb1/12CmvrG5tbxe3Szu7e/kH58Kil41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g/HtzG8/odI8lg9mkqAf0aHkIWfUWKlx3y9X3Ko7B1klXk4qkKPeL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5sfOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhNd+xmWSGpRssShMBTExmX1NBlwhM2JiCWWK21sJG1FFmbHZlGwI3vLLq6R1UfXcqte4rNRu8jiKcAKncA4eXEEN7qAOTWCA8Ayv8OY8Oi/Ou/OxaC04+cwx/IHz+QOhu4zK</latexit><latexit sha1_base64="t6Z70tqhp1CpQEqMjbFsbz5SVlY=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGNhkYD5gOQIe5u5ZM3e3rG7J4Qjv8DGQhFbf5Kd/8ZNcoUmPhh4vDfDzLwgEVwb1/12CmvrG5tbxe3Szu7e/kH58Kil41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g/HtzG8/odI8lg9mkqAf0aHkIWfUWKlx3y9X3Ko7B1klXk4qkKPeL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5sfOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhNd+xmWSGpRssShMBTExmX1NBlwhM2JiCWWK21sJG1FFmbHZlGwI3vLLq6R1UfXcqte4rNRu8jiKcAKncA4eXEEN7qAOTWCA8Ayv8OY8Oi/Ou/OxaC04+cwx/IHz+QOhu4zK</latexit>
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<latexit sha1_base64="6nD/HcHcExPLfbPPCDJTuAr0XtY=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwMYygvmA5Ax7m71kyd7esTsnhiM/wsZCEVt/j53/xk1yhSY+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9mfvuRayNidY+ThPsRHSoRCkbRSu2nh55Bqvvlilt15yCrxMtJBXI0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/Nz52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjlZ0IlKXLFFovCVBKMyex3MhCaM5QTSyjTwt5K2IhqytAmVLIheMsvr5LWRdVzq97dZaV+ncdRhBM4hXPwoAZ1uIUGNIHBGJ7hFd6cxHlx3p2PRWvByWeO4Q+czx+CtI+m</latexit><latexit sha1_base64="6nD/HcHcExPLfbPPCDJTuAr0XtY=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwMYygvmA5Ax7m71kyd7esTsnhiM/wsZCEVt/j53/xk1yhSY+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9mfvuRayNidY+ThPsRHSoRCkbRSu2nh55Bqvvlilt15yCrxMtJBXI0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/Nz52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjlZ0IlKXLFFovCVBKMyex3MhCaM5QTSyjTwt5K2IhqytAmVLIheMsvr5LWRdVzq97dZaV+ncdRhBM4hXPwoAZ1uIUGNIHBGJ7hFd6cxHlx3p2PRWvByWeO4Q+czx+CtI+m</latexit><latexit sha1_base64="6nD/HcHcExPLfbPPCDJTuAr0XtY=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwMYygvmA5Ax7m71kyd7esTsnhiM/wsZCEVt/j53/xk1yhSY+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9mfvuRayNidY+ThPsRHSoRCkbRSu2nh55Bqvvlilt15yCrxMtJBXI0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/Nz52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjlZ0IlKXLFFovCVBKMyex3MhCaM5QTSyjTwt5K2IhqytAmVLIheMsvr5LWRdVzq97dZaV+ncdRhBM4hXPwoAZ1uIUGNIHBGJ7hFd6cxHlx3p2PRWvByWeO4Q+czx+CtI+m</latexit><latexit sha1_base64="6nD/HcHcExPLfbPPCDJTuAr0XtY=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwMYygvmA5Ax7m71kyd7esTsnhiM/wsZCEVt/j53/xk1yhSY+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9mfvuRayNidY+ThPsRHSoRCkbRSu2nh55Bqvvlilt15yCrxMtJBXI0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/Nz52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjlZ0IlKXLFFovCVBKMyex3MhCaM5QTSyjTwt5K2IhqytAmVLIheMsvr5LWRdVzq97dZaV+ncdRhBM4hXPwoAZ1uIUGNIHBGJ7hFd6cxHlx3p2PRWvByWeO4Q+czx+CtI+m</latexit>

Hin
<latexit sha1_base64="2ON/OiPEP9BY+IPLOasf5sG1tWo=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUQEXbgouOmygn1AGspkOmmHTjJh5kYsoZ/hxoUibv0ad/6N0zYLbT0wcDjnXuaeE6ZSGHTdb2dtfWNza7u0U97d2z84rBwdt43KNOMtpqTS3ZAaLkXCWyhQ8m6qOY1DyTvh+G7mdx65NkIlDzhJeRDTYSIiwShayW/0e8ifMBfJtF+pujV3DrJKvIJUoUCzX/nqDRTLYp4gk9QY33NTDHKqUTDJp+VeZnhK2ZgOuW9pQmNugnx+8pScW2VAIqXtS5DM1d8bOY2NmcShnYwpjsyyNxP/8/wMo5vA5kkz5AlbfBRlkqAis/xkIDRnKCeWUKaFvZWwEdWUoW2pbEvwliOvkvZlzXNr3v1VtX5b1FGCUziDC/DgGurQgCa0gIGCZ3iFNwedF+fd+ViMrjnFzgn8gfP5A6qLkXk=</latexit><latexit sha1_base64="2ON/OiPEP9BY+IPLOasf5sG1tWo=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUQEXbgouOmygn1AGspkOmmHTjJh5kYsoZ/hxoUibv0ad/6N0zYLbT0wcDjnXuaeE6ZSGHTdb2dtfWNza7u0U97d2z84rBwdt43KNOMtpqTS3ZAaLkXCWyhQ8m6qOY1DyTvh+G7mdx65NkIlDzhJeRDTYSIiwShayW/0e8ifMBfJtF+pujV3DrJKvIJUoUCzX/nqDRTLYp4gk9QY33NTDHKqUTDJp+VeZnhK2ZgOuW9pQmNugnx+8pScW2VAIqXtS5DM1d8bOY2NmcShnYwpjsyyNxP/8/wMo5vA5kkz5AlbfBRlkqAis/xkIDRnKCeWUKaFvZWwEdWUoW2pbEvwliOvkvZlzXNr3v1VtX5b1FGCUziDC/DgGurQgCa0gIGCZ3iFNwedF+fd+ViMrjnFzgn8gfP5A6qLkXk=</latexit><latexit sha1_base64="2ON/OiPEP9BY+IPLOasf5sG1tWo=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUQEXbgouOmygn1AGspkOmmHTjJh5kYsoZ/hxoUibv0ad/6N0zYLbT0wcDjnXuaeE6ZSGHTdb2dtfWNza7u0U97d2z84rBwdt43KNOMtpqTS3ZAaLkXCWyhQ8m6qOY1DyTvh+G7mdx65NkIlDzhJeRDTYSIiwShayW/0e8ifMBfJtF+pujV3DrJKvIJUoUCzX/nqDRTLYp4gk9QY33NTDHKqUTDJp+VeZnhK2ZgOuW9pQmNugnx+8pScW2VAIqXtS5DM1d8bOY2NmcShnYwpjsyyNxP/8/wMo5vA5kkz5AlbfBRlkqAis/xkIDRnKCeWUKaFvZWwEdWUoW2pbEvwliOvkvZlzXNr3v1VtX5b1FGCUziDC/DgGurQgCa0gIGCZ3iFNwedF+fd+ViMrjnFzgn8gfP5A6qLkXk=</latexit><latexit sha1_base64="2ON/OiPEP9BY+IPLOasf5sG1tWo=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUQEXbgouOmygn1AGspkOmmHTjJh5kYsoZ/hxoUibv0ad/6N0zYLbT0wcDjnXuaeE6ZSGHTdb2dtfWNza7u0U97d2z84rBwdt43KNOMtpqTS3ZAaLkXCWyhQ8m6qOY1DyTvh+G7mdx65NkIlDzhJeRDTYSIiwShayW/0e8ifMBfJtF+pujV3DrJKvIJUoUCzX/nqDRTLYp4gk9QY33NTDHKqUTDJp+VeZnhK2ZgOuW9pQmNugnx+8pScW2VAIqXtS5DM1d8bOY2NmcShnYwpjsyyNxP/8/wMo5vA5kkz5AlbfBRlkqAis/xkIDRnKCeWUKaFvZWwEdWUoW2pbEvwliOvkvZlzXNr3v1VtX5b1FGCUziDC/DgGurQgCa0gIGCZ3iFNwedF+fd+ViMrjnFzgn8gfP5A6qLkXk=</latexit>

Hout
<latexit sha1_base64="XUTFpUnBUZ/zRR09bKqsRfI+AXI=">AAAB83icbVBNSwMxEM36WetX1aOXYBE8lV0R9OCh4KXHCvYDukvJptk2NJssyUQsS/+GFw+KePXPePPfmLZ70NYHA4/3ZpiZF2eCG/D9b29tfWNza7u0U97d2z84rBwdt42ymrIWVULpbkwME1yyFnAQrJtpRtJYsE48vpv5nUemDVfyASYZi1IylDzhlICTwkY/BPYEubIw7Veqfs2fA6+SoCBVVKDZr3yFA0VtyiRQQYzpBX4GUU40cCrYtBxawzJCx2TIeo5KkjIT5fObp/jcKQOcKO1KAp6rvydykhozSWPXmRIYmWVvJv7n9SwkN1HOZWaBSbpYlFiBQeFZAHjANaMgJo4Qqrm7FdMR0YSCi6nsQgiWX14l7cta4NeC+6tq/baIo4RO0Rm6QAG6RnXUQE3UQhRl6Bm9ojfPei/eu/exaF3zipkT9Afe5w+XxJIE</latexit><latexit sha1_base64="XUTFpUnBUZ/zRR09bKqsRfI+AXI=">AAAB83icbVBNSwMxEM36WetX1aOXYBE8lV0R9OCh4KXHCvYDukvJptk2NJssyUQsS/+GFw+KePXPePPfmLZ70NYHA4/3ZpiZF2eCG/D9b29tfWNza7u0U97d2z84rBwdt42ymrIWVULpbkwME1yyFnAQrJtpRtJYsE48vpv5nUemDVfyASYZi1IylDzhlICTwkY/BPYEubIw7Veqfs2fA6+SoCBVVKDZr3yFA0VtyiRQQYzpBX4GUU40cCrYtBxawzJCx2TIeo5KkjIT5fObp/jcKQOcKO1KAp6rvydykhozSWPXmRIYmWVvJv7n9SwkN1HOZWaBSbpYlFiBQeFZAHjANaMgJo4Qqrm7FdMR0YSCi6nsQgiWX14l7cta4NeC+6tq/baIo4RO0Rm6QAG6RnXUQE3UQhRl6Bm9ojfPei/eu/exaF3zipkT9Afe5w+XxJIE</latexit><latexit sha1_base64="XUTFpUnBUZ/zRR09bKqsRfI+AXI=">AAAB83icbVBNSwMxEM36WetX1aOXYBE8lV0R9OCh4KXHCvYDukvJptk2NJssyUQsS/+GFw+KePXPePPfmLZ70NYHA4/3ZpiZF2eCG/D9b29tfWNza7u0U97d2z84rBwdt42ymrIWVULpbkwME1yyFnAQrJtpRtJYsE48vpv5nUemDVfyASYZi1IylDzhlICTwkY/BPYEubIw7Veqfs2fA6+SoCBVVKDZr3yFA0VtyiRQQYzpBX4GUU40cCrYtBxawzJCx2TIeo5KkjIT5fObp/jcKQOcKO1KAp6rvydykhozSWPXmRIYmWVvJv7n9SwkN1HOZWaBSbpYlFiBQeFZAHjANaMgJo4Qqrm7FdMR0YSCi6nsQgiWX14l7cta4NeC+6tq/baIo4RO0Rm6QAG6RnXUQE3UQhRl6Bm9ojfPei/eu/exaF3zipkT9Afe5w+XxJIE</latexit><latexit sha1_base64="XUTFpUnBUZ/zRR09bKqsRfI+AXI=">AAAB83icbVBNSwMxEM36WetX1aOXYBE8lV0R9OCh4KXHCvYDukvJptk2NJssyUQsS/+GFw+KePXPePPfmLZ70NYHA4/3ZpiZF2eCG/D9b29tfWNza7u0U97d2z84rBwdt42ymrIWVULpbkwME1yyFnAQrJtpRtJYsE48vpv5nUemDVfyASYZi1IylDzhlICTwkY/BPYEubIw7Veqfs2fA6+SoCBVVKDZr3yFA0VtyiRQQYzpBX4GUU40cCrYtBxawzJCx2TIeo5KkjIT5fObp/jcKQOcKO1KAp6rvydykhozSWPXmRIYmWVvJv7n9SwkN1HOZWaBSbpYlFiBQeFZAHjANaMgJo4Qqrm7FdMR0YSCi6nsQgiWX14l7cta4NeC+6tq/baIo4RO0Rm6QAG6RnXUQE3UQhRl6Bm9ojfPei/eu/exaF3zipkT9Afe5w+XxJIE</latexit>

x
<latexit sha1_base64="2U+kaIR65WB8NLzl+2aYLBt2RLI=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGOZgPmA5Ah7m7lkzd7esbsnhiO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+i0jyW92aSoB/RoeQhZ9RYqfHUL1fcqjsHWSVeTiqQo94vf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpHVR9dyq17is1G7yOIpwAqdwDh5cQQ3uoA5NYIDwDK/w5jw4L86787FoLTj5zDH8gfP5A+RrjPY=</latexit><latexit sha1_base64="2U+kaIR65WB8NLzl+2aYLBt2RLI=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGOZgPmA5Ah7m7lkzd7esbsnhiO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+i0jyW92aSoB/RoeQhZ9RYqfHUL1fcqjsHWSVeTiqQo94vf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpHVR9dyq17is1G7yOIpwAqdwDh5cQQ3uoA5NYIDwDK/w5jw4L86787FoLTj5zDH8gfP5A+RrjPY=</latexit><latexit sha1_base64="2U+kaIR65WB8NLzl+2aYLBt2RLI=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGOZgPmA5Ah7m7lkzd7esbsnhiO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+i0jyW92aSoB/RoeQhZ9RYqfHUL1fcqjsHWSVeTiqQo94vf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpHVR9dyq17is1G7yOIpwAqdwDh5cQQ3uoA5NYIDwDK/w5jw4L86787FoLTj5zDH8gfP5A+RrjPY=</latexit><latexit sha1_base64="2U+kaIR65WB8NLzl+2aYLBt2RLI=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGOZgPmA5Ah7m7lkzd7esbsnhiO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+i0jyW92aSoB/RoeQhZ9RYqfHUL1fcqjsHWSVeTiqQo94vf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpHVR9dyq17is1G7yOIpwAqdwDh5cQQ3uoA5NYIDwDK/w5jw4L86787FoLTj5zDH8gfP5A+RrjPY=</latexit>

L
<latexit sha1_base64="t6Z70tqhp1CpQEqMjbFsbz5SVlY=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGNhkYD5gOQIe5u5ZM3e3rG7J4Qjv8DGQhFbf5Kd/8ZNcoUmPhh4vDfDzLwgEVwb1/12CmvrG5tbxe3Szu7e/kH58Kil41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g/HtzG8/odI8lg9mkqAf0aHkIWfUWKlx3y9X3Ko7B1klXk4qkKPeL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5sfOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhNd+xmWSGpRssShMBTExmX1NBlwhM2JiCWWK21sJG1FFmbHZlGwI3vLLq6R1UfXcqte4rNRu8jiKcAKncA4eXEEN7qAOTWCA8Ayv8OY8Oi/Ou/OxaC04+cwx/IHz+QOhu4zK</latexit><latexit sha1_base64="t6Z70tqhp1CpQEqMjbFsbz5SVlY=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGNhkYD5gOQIe5u5ZM3e3rG7J4Qjv8DGQhFbf5Kd/8ZNcoUmPhh4vDfDzLwgEVwb1/12CmvrG5tbxe3Szu7e/kH58Kil41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g/HtzG8/odI8lg9mkqAf0aHkIWfUWKlx3y9X3Ko7B1klXk4qkKPeL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5sfOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhNd+xmWSGpRssShMBTExmX1NBlwhM2JiCWWK21sJG1FFmbHZlGwI3vLLq6R1UfXcqte4rNRu8jiKcAKncA4eXEEN7qAOTWCA8Ayv8OY8Oi/Ou/OxaC04+cwx/IHz+QOhu4zK</latexit><latexit sha1_base64="t6Z70tqhp1CpQEqMjbFsbz5SVlY=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGNhkYD5gOQIe5u5ZM3e3rG7J4Qjv8DGQhFbf5Kd/8ZNcoUmPhh4vDfDzLwgEVwb1/12CmvrG5tbxe3Szu7e/kH58Kil41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g/HtzG8/odI8lg9mkqAf0aHkIWfUWKlx3y9X3Ko7B1klXk4qkKPeL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5sfOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhNd+xmWSGpRssShMBTExmX1NBlwhM2JiCWWK21sJG1FFmbHZlGwI3vLLq6R1UfXcqte4rNRu8jiKcAKncA4eXEEN7qAOTWCA8Ayv8OY8Oi/Ou/OxaC04+cwx/IHz+QOhu4zK</latexit><latexit sha1_base64="t6Z70tqhp1CpQEqMjbFsbz5SVlY=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGNhkYD5gOQIe5u5ZM3e3rG7J4Qjv8DGQhFbf5Kd/8ZNcoUmPhh4vDfDzLwgEVwb1/12CmvrG5tbxe3Szu7e/kH58Kil41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g/HtzG8/odI8lg9mkqAf0aHkIWfUWKlx3y9X3Ko7B1klXk4qkKPeL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5sfOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhNd+xmWSGpRssShMBTExmX1NBlwhM2JiCWWK21sJG1FFmbHZlGwI3vLLq6R1UfXcqte4rNRu8jiKcAKncA4eXEEN7qAOTWCA8Ayv8OY8Oi/Ou/OxaC04+cwx/IHz+QOhu4zK</latexit>

0
<latexit sha1_base64="WeuUcDrPpGCGsNrnwz0afFPh820=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUtMdlCtu1V2ArBMvJxXI0RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLQ6dkQurDEkYK1vSkIX6eyKjkdbTKLCdETVjverNxf+8XmrCGz/jMkkNSrZcFKaCmJjMvyZDrpAZMbWEMsXtrYSNqaLM2GxKNgRv9eV10r6qem7Va15X6rd5HEU4g3O4BA9qUId7aEALGCA8wyu8OY/Oi/PufCxbC04+cwp/4Hz+AHdLjK4=</latexit><latexit sha1_base64="WeuUcDrPpGCGsNrnwz0afFPh820=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUtMdlCtu1V2ArBMvJxXI0RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLQ6dkQurDEkYK1vSkIX6eyKjkdbTKLCdETVjverNxf+8XmrCGz/jMkkNSrZcFKaCmJjMvyZDrpAZMbWEMsXtrYSNqaLM2GxKNgRv9eV10r6qem7Va15X6rd5HEU4g3O4BA9qUId7aEALGCA8wyu8OY/Oi/PufCxbC04+cwp/4Hz+AHdLjK4=</latexit><latexit sha1_base64="WeuUcDrPpGCGsNrnwz0afFPh820=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUtMdlCtu1V2ArBMvJxXI0RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLQ6dkQurDEkYK1vSkIX6eyKjkdbTKLCdETVjverNxf+8XmrCGz/jMkkNSrZcFKaCmJjMvyZDrpAZMbWEMsXtrYSNqaLM2GxKNgRv9eV10r6qem7Va15X6rd5HEU4g3O4BA9qUId7aEALGCA8wyu8OY/Oi/PufCxbC04+cwp/4Hz+AHdLjK4=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="C3ciTuue+b5c2wfKqTmvMG3yLmo=">AAAB2XicbZBLSwMxFIXv1Fcdq9a1m2ARXJUZN7oU3LisYB/QDiWT3mljM5khuSOUob/AjQvF/+XOf2P6WGjrgcDHOQm598S5kpaC4Nur7Ozu7R9UD/2j2vHJad2vdWxWGIFtkanM9GJuUUmNbZKksJcb5GmssBtP7xd59wWNlZl+olmOUcrHWiZScHLWYzCsN4JmsBTbhnANDVirNax/DUaZKFLUJBS3th8GOUUlNySFwrk/KCzmXEz5GPsONU/RRuVy0Dm7dM6IJZlxRxNbur9flDy1dpbG7mbKaWI3s4X5X9YvKLmNSqnzglCL1UdJoRhlbLE1G0mDgtTMARdGulmZmHDDBblufFdCuLnyNnSum2HQDKEK53ABVxDCDdzBA7SgDQIQXuEdPrxn721VVcVbd3YGf+R9/gAI+4o+</latexit><latexit sha1_base64="C3ciTuue+b5c2wfKqTmvMG3yLmo=">AAAB2XicbZBLSwMxFIXv1Fcdq9a1m2ARXJUZN7oU3LisYB/QDiWT3mljM5khuSOUob/AjQvF/+XOf2P6WGjrgcDHOQm598S5kpaC4Nur7Ozu7R9UD/2j2vHJad2vdWxWGIFtkanM9GJuUUmNbZKksJcb5GmssBtP7xd59wWNlZl+olmOUcrHWiZScHLWYzCsN4JmsBTbhnANDVirNax/DUaZKFLUJBS3th8GOUUlNySFwrk/KCzmXEz5GPsONU/RRuVy0Dm7dM6IJZlxRxNbur9flDy1dpbG7mbKaWI3s4X5X9YvKLmNSqnzglCL1UdJoRhlbLE1G0mDgtTMARdGulmZmHDDBblufFdCuLnyNnSum2HQDKEK53ABVxDCDdzBA7SgDQIQXuEdPrxn721VVcVbd3YGf+R9/gAI+4o+</latexit><latexit sha1_base64="G6q47KwIkBy0vkP1heT4A0/0jdE=">AAAB5HicbVA9SwNBEJ3zM55f0dZmMQhW4c5GC4uAjWUE8wHJEfY2c8ma3b1jd08IR36BjYVi62+y89+4Sa7QxAcDj/dmmJkXZ4IbGwTf3sbm1vbObmXP3z84PDqu+idtk+aaYYulItXdmBoUXGHLciuwm2mkMhbYiSd3c7/zjNrwVD3aaYaRpCPFE86oddJDMKjWgnqwAFknYUlqUKI5qH71hynLJSrLBDWmFwaZjQqqLWcCZ34/N5hRNqEj7DmqqEQTFYtDZ+TCKUOSpNqVsmSh/p4oqDRmKmPXKakdm1VvLv7n9XKb3EQFV1luUbHloiQXxKZk/jUZco3MiqkjlGnubiVsTDVl1mXjuxDC1ZfXSfuqHgb1sNa4LcOowBmcwyWEcA0NuIcmtIABwgu8wbv35L16H8vGDa+cOIU/8D5/AA0Ri4Q=</latexit><latexit sha1_base64="WeuUcDrPpGCGsNrnwz0afFPh820=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUtMdlCtu1V2ArBMvJxXI0RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLQ6dkQurDEkYK1vSkIX6eyKjkdbTKLCdETVjverNxf+8XmrCGz/jMkkNSrZcFKaCmJjMvyZDrpAZMbWEMsXtrYSNqaLM2GxKNgRv9eV10r6qem7Va15X6rd5HEU4g3O4BA9qUId7aEALGCA8wyu8OY/Oi/PufCxbC04+cwp/4Hz+AHdLjK4=</latexit><latexit sha1_base64="WeuUcDrPpGCGsNrnwz0afFPh820=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUtMdlCtu1V2ArBMvJxXI0RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLQ6dkQurDEkYK1vSkIX6eyKjkdbTKLCdETVjverNxf+8XmrCGz/jMkkNSrZcFKaCmJjMvyZDrpAZMbWEMsXtrYSNqaLM2GxKNgRv9eV10r6qem7Va15X6rd5HEU4g3O4BA9qUId7aEALGCA8wyu8OY/Oi/PufCxbC04+cwp/4Hz+AHdLjK4=</latexit><latexit sha1_base64="WeuUcDrPpGCGsNrnwz0afFPh820=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUtMdlCtu1V2ArBMvJxXI0RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLQ6dkQurDEkYK1vSkIX6eyKjkdbTKLCdETVjverNxf+8XmrCGz/jMkkNSrZcFKaCmJjMvyZDrpAZMbWEMsXtrYSNqaLM2GxKNgRv9eV10r6qem7Va15X6rd5HEU4g3O4BA9qUId7aEALGCA8wyu8OY/Oi/PufCxbC04+cwp/4Hz+AHdLjK4=</latexit><latexit sha1_base64="WeuUcDrPpGCGsNrnwz0afFPh820=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUtMdlCtu1V2ArBMvJxXI0RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLQ6dkQurDEkYK1vSkIX6eyKjkdbTKLCdETVjverNxf+8XmrCGz/jMkkNSrZcFKaCmJjMvyZDrpAZMbWEMsXtrYSNqaLM2GxKNgRv9eV10r6qem7Va15X6rd5HEU4g3O4BA9qUId7aEALGCA8wyu8OY/Oi/PufCxbC04+cwp/4Hz+AHdLjK4=</latexit><latexit sha1_base64="WeuUcDrPpGCGsNrnwz0afFPh820=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUtMdlCtu1V2ArBMvJxXI0RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLQ6dkQurDEkYK1vSkIX6eyKjkdbTKLCdETVjverNxf+8XmrCGz/jMkkNSrZcFKaCmJjMvyZDrpAZMbWEMsXtrYSNqaLM2GxKNgRv9eV10r6qem7Va15X6rd5HEU4g3O4BA9qUId7aEALGCA8wyu8OY/Oi/PufCxbC04+cwp/4Hz+AHdLjK4=</latexit><latexit sha1_base64="WeuUcDrPpGCGsNrnwz0afFPh820=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUtMdlCtu1V2ArBMvJxXI0RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLQ6dkQurDEkYK1vSkIX6eyKjkdbTKLCdETVjverNxf+8XmrCGz/jMkkNSrZcFKaCmJjMvyZDrpAZMbWEMsXtrYSNqaLM2GxKNgRv9eV10r6qem7Va15X6rd5HEU4g3O4BA9qUId7aEALGCA8wyu8OY/Oi/PufCxbC04+cwp/4Hz+AHdLjK4=</latexit>

t
<latexit sha1_base64="HFu1F8a14IdgpJhBwWpbK/NY3To=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYRCswp0IWlgEbCwTMB+QHGFvM5es2ds7dueEEPILbCwUsfUn2flv3CRXaOKDgcd7M8zMC1MpDHnet7O2vrG5tV3YKe7u7R8clo6OmybJNMcGT2Si2yEzKIXCBgmS2E41sjiU2ApHdzO/9YTaiEQ90DjFIGYDJSLBGVmpTr1S2at4c7irxM9JGXLUeqWvbj/hWYyKuGTGdHwvpWDCNAkucVrsZgZTxkdsgB1LFYvRBJP5oVP33Cp9N0q0LUXuXP09MWGxMeM4tJ0xo6FZ9mbif14no+gmmAiVZoSKLxZFmXQpcWdfu32hkZMcW8K4FvZWlw+ZZpxsNkUbgr/88ippXlZ8r+LXr8rV2zyOApzCGVyAD9dQhXuoQQM4IDzDK7w5j86L8+58LFrXnHzmBP7A+fwB3luM8g==</latexit><latexit sha1_base64="HFu1F8a14IdgpJhBwWpbK/NY3To=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYRCswp0IWlgEbCwTMB+QHGFvM5es2ds7dueEEPILbCwUsfUn2flv3CRXaOKDgcd7M8zMC1MpDHnet7O2vrG5tV3YKe7u7R8clo6OmybJNMcGT2Si2yEzKIXCBgmS2E41sjiU2ApHdzO/9YTaiEQ90DjFIGYDJSLBGVmpTr1S2at4c7irxM9JGXLUeqWvbj/hWYyKuGTGdHwvpWDCNAkucVrsZgZTxkdsgB1LFYvRBJP5oVP33Cp9N0q0LUXuXP09MWGxMeM4tJ0xo6FZ9mbif14no+gmmAiVZoSKLxZFmXQpcWdfu32hkZMcW8K4FvZWlw+ZZpxsNkUbgr/88ippXlZ8r+LXr8rV2zyOApzCGVyAD9dQhXuoQQM4IDzDK7w5j86L8+58LFrXnHzmBP7A+fwB3luM8g==</latexit><latexit sha1_base64="HFu1F8a14IdgpJhBwWpbK/NY3To=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYRCswp0IWlgEbCwTMB+QHGFvM5es2ds7dueEEPILbCwUsfUn2flv3CRXaOKDgcd7M8zMC1MpDHnet7O2vrG5tV3YKe7u7R8clo6OmybJNMcGT2Si2yEzKIXCBgmS2E41sjiU2ApHdzO/9YTaiEQ90DjFIGYDJSLBGVmpTr1S2at4c7irxM9JGXLUeqWvbj/hWYyKuGTGdHwvpWDCNAkucVrsZgZTxkdsgB1LFYvRBJP5oVP33Cp9N0q0LUXuXP09MWGxMeM4tJ0xo6FZ9mbif14no+gmmAiVZoSKLxZFmXQpcWdfu32hkZMcW8K4FvZWlw+ZZpxsNkUbgr/88ippXlZ8r+LXr8rV2zyOApzCGVyAD9dQhXuoQQM4IDzDK7w5j86L8+58LFrXnHzmBP7A+fwB3luM8g==</latexit><latexit sha1_base64="HFu1F8a14IdgpJhBwWpbK/NY3To=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYRCswp0IWlgEbCwTMB+QHGFvM5es2ds7dueEEPILbCwUsfUn2flv3CRXaOKDgcd7M8zMC1MpDHnet7O2vrG5tV3YKe7u7R8clo6OmybJNMcGT2Si2yEzKIXCBgmS2E41sjiU2ApHdzO/9YTaiEQ90DjFIGYDJSLBGVmpTr1S2at4c7irxM9JGXLUeqWvbj/hWYyKuGTGdHwvpWDCNAkucVrsZgZTxkdsgB1LFYvRBJP5oVP33Cp9N0q0LUXuXP09MWGxMeM4tJ0xo6FZ9mbif14no+gmmAiVZoSKLxZFmXQpcWdfu32hkZMcW8K4FvZWlw+ZZpxsNkUbgr/88ippXlZ8r+LXr8rV2zyOApzCGVyAD9dQhXuoQQM4IDzDK7w5j86L8+58LFrXnHzmBP7A+fwB3luM8g==</latexit>

L/2
<latexit sha1_base64="MwzSDxT5c+ZTvhDONJb80FpzK6A=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCs4l0QtLAI2FhYRDQfkBxhb7OXLNnbO3bnhHDkJ9hYKGLrL7Lz37hJrtDEBwOP92aYmRckUhh03W9nZXVtfWOzsFXc3tnd2y8dHDZNnGrGGyyWsW4H1HApFG+gQMnbieY0CiRvBaObqd964tqIWD3iOOF+RAdKhIJRtNLD3Xm1Vyq7FXcGsky8nJQhR71X+ur2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjqWKRtz42ezUCTm1Sp+EsbalkMzU3xMZjYwZR4HtjCgOzaI3Ff/zOimGV34mVJIiV2y+KEwlwZhM/yZ9oTlDObaEMi3srYQNqaYMbTpFG4K3+PIyaVYrnlvx7i/Ktes8jgIcwwmcgQeXUINbqEMDGAzgGV7hzZHOi/PufMxbV5x85gj+wPn8AX9fjT8=</latexit><latexit sha1_base64="MwzSDxT5c+ZTvhDONJb80FpzK6A=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCs4l0QtLAI2FhYRDQfkBxhb7OXLNnbO3bnhHDkJ9hYKGLrL7Lz37hJrtDEBwOP92aYmRckUhh03W9nZXVtfWOzsFXc3tnd2y8dHDZNnGrGGyyWsW4H1HApFG+gQMnbieY0CiRvBaObqd964tqIWD3iOOF+RAdKhIJRtNLD3Xm1Vyq7FXcGsky8nJQhR71X+ur2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjqWKRtz42ezUCTm1Sp+EsbalkMzU3xMZjYwZR4HtjCgOzaI3Ff/zOimGV34mVJIiV2y+KEwlwZhM/yZ9oTlDObaEMi3srYQNqaYMbTpFG4K3+PIyaVYrnlvx7i/Ktes8jgIcwwmcgQeXUINbqEMDGAzgGV7hzZHOi/PufMxbV5x85gj+wPn8AX9fjT8=</latexit><latexit sha1_base64="MwzSDxT5c+ZTvhDONJb80FpzK6A=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCs4l0QtLAI2FhYRDQfkBxhb7OXLNnbO3bnhHDkJ9hYKGLrL7Lz37hJrtDEBwOP92aYmRckUhh03W9nZXVtfWOzsFXc3tnd2y8dHDZNnGrGGyyWsW4H1HApFG+gQMnbieY0CiRvBaObqd964tqIWD3iOOF+RAdKhIJRtNLD3Xm1Vyq7FXcGsky8nJQhR71X+ur2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjqWKRtz42ezUCTm1Sp+EsbalkMzU3xMZjYwZR4HtjCgOzaI3Ff/zOimGV34mVJIiV2y+KEwlwZhM/yZ9oTlDObaEMi3srYQNqaYMbTpFG4K3+PIyaVYrnlvx7i/Ktes8jgIcwwmcgQeXUINbqEMDGAzgGV7hzZHOi/PufMxbV5x85gj+wPn8AX9fjT8=</latexit><latexit sha1_base64="MwzSDxT5c+ZTvhDONJb80FpzK6A=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCs4l0QtLAI2FhYRDQfkBxhb7OXLNnbO3bnhHDkJ9hYKGLrL7Lz37hJrtDEBwOP92aYmRckUhh03W9nZXVtfWOzsFXc3tnd2y8dHDZNnGrGGyyWsW4H1HApFG+gQMnbieY0CiRvBaObqd964tqIWD3iOOF+RAdKhIJRtNLD3Xm1Vyq7FXcGsky8nJQhR71X+ur2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjqWKRtz42ezUCTm1Sp+EsbalkMzU3xMZjYwZR4HtjCgOzaI3Ff/zOimGV34mVJIiV2y+KEwlwZhM/yZ9oTlDObaEMi3srYQNqaYMbTpFG4K3+PIyaVYrnlvx7i/Ktes8jgIcwwmcgQeXUINbqEMDGAzgGV7hzZHOi/PufMxbV5x85gj+wPn8AX9fjT8=</latexit>

⌧?
<latexit sha1_base64="VMUNVDOirJRQ44XNRtPI6pE8tq8=">AAAB8XicbVBNS8NAEN34WetX1aOXxSJ4KokIevBQ8OKxgv3AJpbJdtMu3WzC7kQoof/CiwdFvPpvvPlv3LY5aOuDgcd7M8zMC1MpDLrut7Oyura+sVnaKm/v7O7tVw4OWybJNONNlshEd0IwXArFmyhQ8k6qOcSh5O1wdDP1209cG5GoexynPIhhoEQkGKCVHnyE7NE3CLpXqbo1dwa6TLyCVEmBRq/y5fcTlsVcIZNgTNdzUwxy0CiY5JOynxmeAhvBgHctVRBzE+Sziyf01Cp9GiXalkI6U39P5BAbM45D2xkDDs2iNxX/87oZRldBLlSaIVdsvijKJMWETt+nfaE5Qzm2BJgW9lbKhqCBoQ2pbEPwFl9eJq3zmufWvLuLav26iKNEjskJOSMeuSR1cksapEkYUeSZvJI3xzgvzrvzMW9dcYqZI/IHzucPxNGQ8g==</latexit><latexit sha1_base64="VMUNVDOirJRQ44XNRtPI6pE8tq8=">AAAB8XicbVBNS8NAEN34WetX1aOXxSJ4KokIevBQ8OKxgv3AJpbJdtMu3WzC7kQoof/CiwdFvPpvvPlv3LY5aOuDgcd7M8zMC1MpDLrut7Oyura+sVnaKm/v7O7tVw4OWybJNONNlshEd0IwXArFmyhQ8k6qOcSh5O1wdDP1209cG5GoexynPIhhoEQkGKCVHnyE7NE3CLpXqbo1dwa6TLyCVEmBRq/y5fcTlsVcIZNgTNdzUwxy0CiY5JOynxmeAhvBgHctVRBzE+Sziyf01Cp9GiXalkI6U39P5BAbM45D2xkDDs2iNxX/87oZRldBLlSaIVdsvijKJMWETt+nfaE5Qzm2BJgW9lbKhqCBoQ2pbEPwFl9eJq3zmufWvLuLav26iKNEjskJOSMeuSR1cksapEkYUeSZvJI3xzgvzrvzMW9dcYqZI/IHzucPxNGQ8g==</latexit><latexit sha1_base64="VMUNVDOirJRQ44XNRtPI6pE8tq8=">AAAB8XicbVBNS8NAEN34WetX1aOXxSJ4KokIevBQ8OKxgv3AJpbJdtMu3WzC7kQoof/CiwdFvPpvvPlv3LY5aOuDgcd7M8zMC1MpDLrut7Oyura+sVnaKm/v7O7tVw4OWybJNONNlshEd0IwXArFmyhQ8k6qOcSh5O1wdDP1209cG5GoexynPIhhoEQkGKCVHnyE7NE3CLpXqbo1dwa6TLyCVEmBRq/y5fcTlsVcIZNgTNdzUwxy0CiY5JOynxmeAhvBgHctVRBzE+Sziyf01Cp9GiXalkI6U39P5BAbM45D2xkDDs2iNxX/87oZRldBLlSaIVdsvijKJMWETt+nfaE5Qzm2BJgW9lbKhqCBoQ2pbEPwFl9eJq3zmufWvLuLav26iKNEjskJOSMeuSR1cksapEkYUeSZvJI3xzgvzrvzMW9dcYqZI/IHzucPxNGQ8g==</latexit><latexit sha1_base64="VMUNVDOirJRQ44XNRtPI6pE8tq8=">AAAB8XicbVBNS8NAEN34WetX1aOXxSJ4KokIevBQ8OKxgv3AJpbJdtMu3WzC7kQoof/CiwdFvPpvvPlv3LY5aOuDgcd7M8zMC1MpDLrut7Oyura+sVnaKm/v7O7tVw4OWybJNONNlshEd0IwXArFmyhQ8k6qOcSh5O1wdDP1209cG5GoexynPIhhoEQkGKCVHnyE7NE3CLpXqbo1dwa6TLyCVEmBRq/y5fcTlsVcIZNgTNdzUwxy0CiY5JOynxmeAhvBgHctVRBzE+Sziyf01Cp9GiXalkI6U39P5BAbM45D2xkDDs2iNxX/87oZRldBLlSaIVdsvijKJMWETt+nfaE5Qzm2BJgW9lbKhqCBoQ2pbEPwFl9eJq3zmufWvLuLav26iKNEjskJOSMeuSR1cksapEkYUeSZvJI3xzgvzrvzMW9dcYqZI/IHzucPxNGQ8g==</latexit>
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Figure 2.1: Left: A pipe of length L equipped with a pressure sensor and a valve located at x= x?

and x = L, respectively. At steady state, i.e., with the open valve, flow is driven by the difference
in hydraulic heads at the inlet, Hin, and the outlet, Hout. Right: The contact discontinuities
(waves), induced by the instantaneous (at time t = 0) closure of the valve, propagate with the
wave speed a along two families of characteristics defined by dx/dt = a and dx/dt =−a. The
first contact discontinuity, traveling backward from the shut valve, reaches the sensor’s location
x? = L/2 at time τ? = L/(2a), and the pipe’s inlet (x = 0) at time τ = L/a. At that time, it turns
into the second contact discontinuity that travels forward, reaching the sensor’s location at time
2τ− τ?.

Cross-sectionally averaged pressure head, h(x, t), and velocity, u(x, t), of the resulting

turbulent flow in the pipe (0 < x < L) are governed by the (hyperbolic partial differential) WHE

(Chaudhry 2013, Wylie et al. 1993),

∂h
∂t

+
a2

g
∂u
∂x

=
Qleak

A
δ(x− xleak) (2.1a)

∂u
∂t

+g
∂h
∂x

= k|u|u, k =− f
2D

(2.1b)

where a is the wave speed, g is the gravitational acceleration, f is Darcy-Weisbach friction

factor. These equations describe the dynamics of contact discontinuities moving back and forth

between the inlet and outlet (Fig. 2.1). The simplified model (2.1) relies on a quasi-steady

state approximation of the wall shear stress (equating it to the squared local velocity), but the

methodology presented below can also handle unsteady friction formulations.
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These equations are subject to boundary conditions

h(x = 0, t) = Hin and u(x = L, t) = 0. (2.2a)

The initial conditions for both u and h correspond to the steady-state condition of the system. It

has a spatially uniform velocity u0 and a spatially varying pressure head h0, which is related to u0

by the steady-state WHE,

h0(x;u0) =
k
g
|u0|u0x+Hin. (2.2b)

The initial value u0 is uncertain and treated as a random variable with prescribed PDF fu0(U0);

the latter quantifies upon integration, e.g., the probability of u0 not exceeding any given value U0.

Consequently, predictions of u(x, t) and h(x, t) based on (2.1)–(2.2) are uncertain as well;

their probabilistic description at a space-time point (x, t) is given by the joint PDF fuh(U,H;x, t).

It can be used to compute, e.g., the probability of both flow velocity u exceeding a certain value

U and pressure head h exceeding a certain value H. Estimating fuh(U,H;x, t) with MCS is

computationally expensive and often prohibitively so if one has to reassemble an exhaustive set

of MC runs for each potential leak location xleak.

2.3 PDF Solutions to Water Hammer Equations

The main result of this study is the derivation in Appendix B.1 of a deterministic equation

for the PDF fuh(U,H;x, t),
∂ fuh

∂t
+ ∇̃ · (V fuh) = 0, (2.3a)
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where ∇̃=(∂/∂H,∂/∂U)> is the del operator in the phase space (H,U) of fuh, and V=(VH ,VU)
>

is the phase-space velocity with components

VH =−a2

g
∂ū
∂x

+
Qleak(H)

A
δ(x− xleak)+α1(H− h̄), VU =−g

∂h̄
∂x

+α2(U− ū)+ k|U |U.

(2.3b)

Here, ū(x, t) and h̄(x, t) are the ensemble means (averages) of random u(x, t) and h(x, t), respec-

tively; σ2
u(x, t) and σ2

h(x, t) are their respective variances; and the coefficients α1 and α2 are given

by (Appendix B.1)

α1 =−
γleakδ(x− xleak)

2A
√

h̄
+

1
2

∂ lnσ2
h

∂t
and α2 =−2k|ū|+ 1

2
∂ lnσ2

u
∂t

. (2.3c)

As demonstrated below, these statistics are computed with MCS at the fraction of the compu-

tational cost required to generate an MC sample sufficient for accurate estimation of the full

PDF.

Probabilistic predictions of the pressure head h(x, t) and flow velocity u(x, t) separately

are encapsulated in the marginal PDFs fu(U ;x, t) and fh(H;x, t). These are defined from the joint

PDF fuh as fu(U ;x, t) =
∫

fuhdH and fh(H;x, t) =
∫

fuhdU . They satisfy the PDF equations,

∂ fh

∂t
+

∂VH fh

∂H
= 0 (2.4)

and

∂ fu

∂t
+

∂VU fu

∂U
= 0, (2.5)

which are derived by integrating (2.3) over U and H, respectively.

The joint/marginal PDF equations (2.3)–(2.5) are subject to initial and boundary condi-
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tions, that reflect the information about the initial and boundary conditions of the physical system.

Specifically, the initial condition for (2.3) is given in terms of the joint PDF of the initial states u0

and h0, fu0h0(U,H;x). Given fu0 , the (marginal) PDF of u0, the latter is expressed in terms of the

conditional PDF fh0|u0 as fu0h0 = fh0|u0 fu0 . Since (2.2b) provides a deterministic relation between

u0 and h0, knowledge of the former completely determines the latter, i.e., fh0|u0 = δ(H−h0).

Since the PDF equations (2.3)–(2.5) do not contain spatial derivatives, the space coordinate

x acts as a parameter. Consequently, one can obtain the PDFs of u and h only at points where they

are needed for data assimilation, e.g., where the pressure sensors are deployed.

2.4 Simulation Results

In the simulations reported below, we consider fluid flow in a pipe of length L = 3000 m

and diameter D = 0.5 m, and with the Darcy-Weisbach friction factor f = 0.03. An instantaneous

closure of the valve at the outlet (x = L) creates a transient wave whose speed is a = 1403 m/s;

the constant pressure head Hin = 150 m is maintained at the pipe’s inlet (x = 0). The pipe is

assumed to be intact, i.e., Qleak = 0. The time required for the contact discontinuity to travel from

the valve back to the inlet is τ = L/a = 2.14 s, and the time required for the contact discontinuity

to reach the point of interest (sensor) x? = L/2 = 1500 m is τ? = (L− x?)/a = 1.07 s. The

simulation time horizon is set to T = 5 s, which covers the first two contact discontinuities

passing through the sensor. The uncertain initial velocity u0 is modeled as a lognormal random

variable such that u0 = 2.0+0.1exp(z), where z is a Gaussian random variable with mean µz = 0

and standard deviation σz = 0.4. This translates into the mean µu0 = 2.1 m/s and standard

deviation σu0 = 0.045 m/s of the lognormal initial velocity u0, such that 96% of the values of u0

fall between 2.0 m/s and 2.2 m/s.

We use a set of 30000 Monte Carlo realizations as a yardstick against which the accuracy

and computational efficiency of the method of distributions are ascertained. For each realization
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of u0, the interval (0,L) is discretized into 60 elements and the WHE (2.1) are solved using the

method of characteristics with the explicit finite-difference method Chaudhry (2013), Wylie et al.

(1993). Monte Carlo estimates of the PDFs of h(x, t) and u(x, t) are obtained using a Gaussian

kernel density estimator (KDE) provided by the Matlab function ksdensity, which automatically

estimates the KDE bandwidth. The sampling errors in computing the mean (Eh̄) and variance

(E
σ2

h
) of h(x?, t = 3.14 s) from NMC Monte Carlo realizations (NMC ≤ 30000), as well as the

corresponding errors Eα1 and Eα2 in estimating the mixed ensemble moments α1 and α2, are

defined as

EA(NMC) =
∣∣∣A(30000)−A(NMC)

A(30000)

∣∣∣, A = h̄,σ2
h,α1,α2. (2.6)

A sampling error in estimation of fh(H;x?, t = 3.14 s), the PDF of h(x?, t = 3.14 s), is reported

in terms of the Kullback-Leibler (KL) divergence between fh(H;x?, t = 3.14 s) estimated from

30000 Monte Carlo realizations of h(x?, t = 3.14 s), fh,30000, which is treated as ground truth, and

its counterpart computed with a smaller number of realization NMC, fh,NMC . The latter is defined

as

E fh(NMC)≡ DKL( fh,NMC, fh,30000)≡
∫

fh,NMC ln
(

fh,NMC

fh,30000

)
dH. (2.7)

As expected, all five sampling errors in (2.6) and (2.7) decrease as the number of Monte

Carlo realizations NMC increases (Fig. 2.2). The sampling errors in estimating the means, h̄ and

ū, and the closure variable α1 fall below 10−3 after NMC ≈ 1000 realizations, while no less than

NMC = 30000 realizations are required to estimate the PDFs of h and u with the same accuracy.

While the sampling error Eα2(NMC = 1000) = O(10−2), its effect on the overall predictive error

is diminished by the fact that α2 in (2.3)–(2.5) is multiplied by (U− ū) which, during the time

period of significance for leak detection tests (see below), is O(10−2). Since only ū, h̄, α1 and α2

are used in the PDF equations (2.3)–(2.5), the use of the latter to obtain PDFs results in significant

computation saving.
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Figure 2.2: Sampling errors in estimating, from NMC Monte Carlo realizations, the sample
mean (a) and PDF (d) of the pressure head h in the middle of the pipe (x = 1500 m) after the first
contact discontinuity passed through it (at time t = 3.14 s). Also shown are the corresponding
sampling errors in estimating the closure variables α1 (b) and α2 (c). All the errors are defined
in (2.6) and (2.7).
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The coefficients in PDF equations (2.3)–(2.5) exhibit jump discontinuities at space-time

points wherein the forward and backward waves traveling along the corresponding two families

of characteristics intersect (see Appendix B.3 for detail). These discontinuities can be handled

either with an appropriate numerical method or, as we do in Appendix B.3 for the leak-free flows,

analytically by taking advantage of the fact that their dynamics are deterministic.
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PDF method
<latexit sha1_base64="Z/OVp3AHiC0LLy2HRjhhjDgrlOs=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQyCp7Argh4DiniMYB6QLGF2tpMMmX0w06uGNZ/ixYMiXv0Sb/6Nk2QPmljQUFR1093lJ1JodJxvq7Cyura+UdwsbW3v7O7Z5f2mjlPFocFjGau2zzRIEUEDBUpoJwpY6Eto+aPLqd+6B6VFHN3hOAEvZINI9AVnaKSeXe4iPGJWv7qmIeAwDiY9u+JUnRnoMnFzUiE56j37qxvEPA0hQi6Z1h3XSdDLmELBJUxK3VRDwviIDaBjaMRC0F42O31Cj40S0H6sTEVIZ+rviYyFWo9D33SGDId60ZuK/3mdFPsXXiaiJEWI+HxRP5UUYzrNgQZCAUc5NoRxJcytlA+ZYhxNWiUTgrv48jJpnlZdp+renlVqTh5HkRySI3JCXHJOauSG1EmDcPJAnskrebOerBfr3fqYtxasfOaA/IH1+QMfbZPX</latexit><latexit sha1_base64="Z/OVp3AHiC0LLy2HRjhhjDgrlOs=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQyCp7Argh4DiniMYB6QLGF2tpMMmX0w06uGNZ/ixYMiXv0Sb/6Nk2QPmljQUFR1093lJ1JodJxvq7Cyura+UdwsbW3v7O7Z5f2mjlPFocFjGau2zzRIEUEDBUpoJwpY6Eto+aPLqd+6B6VFHN3hOAEvZINI9AVnaKSeXe4iPGJWv7qmIeAwDiY9u+JUnRnoMnFzUiE56j37qxvEPA0hQi6Z1h3XSdDLmELBJUxK3VRDwviIDaBjaMRC0F42O31Cj40S0H6sTEVIZ+rviYyFWo9D33SGDId60ZuK/3mdFPsXXiaiJEWI+HxRP5UUYzrNgQZCAUc5NoRxJcytlA+ZYhxNWiUTgrv48jJpnlZdp+renlVqTh5HkRySI3JCXHJOauSG1EmDcPJAnskrebOerBfr3fqYtxasfOaA/IH1+QMfbZPX</latexit><latexit sha1_base64="Z/OVp3AHiC0LLy2HRjhhjDgrlOs=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQyCp7Argh4DiniMYB6QLGF2tpMMmX0w06uGNZ/ixYMiXv0Sb/6Nk2QPmljQUFR1093lJ1JodJxvq7Cyura+UdwsbW3v7O7Z5f2mjlPFocFjGau2zzRIEUEDBUpoJwpY6Eto+aPLqd+6B6VFHN3hOAEvZINI9AVnaKSeXe4iPGJWv7qmIeAwDiY9u+JUnRnoMnFzUiE56j37qxvEPA0hQi6Z1h3XSdDLmELBJUxK3VRDwviIDaBjaMRC0F42O31Cj40S0H6sTEVIZ+rviYyFWo9D33SGDId60ZuK/3mdFPsXXiaiJEWI+HxRP5UUYzrNgQZCAUc5NoRxJcytlA+ZYhxNWiUTgrv48jJpnlZdp+renlVqTh5HkRySI3JCXHJOauSG1EmDcPJAnskrebOerBfr3fqYtxasfOaA/IH1+QMfbZPX</latexit><latexit sha1_base64="Z/OVp3AHiC0LLy2HRjhhjDgrlOs=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQyCp7Argh4DiniMYB6QLGF2tpMMmX0w06uGNZ/ixYMiXv0Sb/6Nk2QPmljQUFR1093lJ1JodJxvq7Cyura+UdwsbW3v7O7Z5f2mjlPFocFjGau2zzRIEUEDBUpoJwpY6Eto+aPLqd+6B6VFHN3hOAEvZINI9AVnaKSeXe4iPGJWv7qmIeAwDiY9u+JUnRnoMnFzUiE56j37qxvEPA0hQi6Z1h3XSdDLmELBJUxK3VRDwviIDaBjaMRC0F42O31Cj40S0H6sTEVIZ+rviYyFWo9D33SGDId60ZuK/3mdFPsXXiaiJEWI+HxRP5UUYzrNgQZCAUc5NoRxJcytlA+ZYhxNWiUTgrv48jJpnlZdp+renlVqTh5HkRySI3JCXHJOauSG1EmDcPJAnskrebOerBfr3fqYtxasfOaA/IH1+QMfbZPX</latexit>

NMC = 1000
<latexit sha1_base64="16wwcXRV1we59sjo+7Ff3sV7po0=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFGZF0IsQyMWLEsE8IFmW2clsMmT2wUyvJCz7K148KOLVH/Hm3zhJ9qCJBQ1FVTfdXX4ihQZCvq219Y3Nre3STnl3b//g0D6qtHWcKsZbLJax6vpUcyki3gIBkncTxWnoS97xx42Z33niSos4eoRpwt2QDiMRCEbBSJ5duff6wCeQ3TVyfIMdQohnV0mNzIFXiVOQKirQ9Oyv/iBmacgjYJJq3XNIAm5GFQgmeV7up5onlI3pkPcMjWjItZvNb8/xmVEGOIiVqQjwXP09kdFQ62nom86QwkgvezPxP6+XQnDtZiJKUuARWywKUokhxrMg8EAozkBODaFMCXMrZiOqKAMTV9mE4Cy/vEraFzWH1JyHy2qdFHGU0Ak6RefIQVeojm5RE7UQQxP0jF7Rm5VbL9a79bFoXbOKmWP0B9bnD8NbkuE=</latexit><latexit sha1_base64="16wwcXRV1we59sjo+7Ff3sV7po0=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFGZF0IsQyMWLEsE8IFmW2clsMmT2wUyvJCz7K148KOLVH/Hm3zhJ9qCJBQ1FVTfdXX4ihQZCvq219Y3Nre3STnl3b//g0D6qtHWcKsZbLJax6vpUcyki3gIBkncTxWnoS97xx42Z33niSos4eoRpwt2QDiMRCEbBSJ5duff6wCeQ3TVyfIMdQohnV0mNzIFXiVOQKirQ9Oyv/iBmacgjYJJq3XNIAm5GFQgmeV7up5onlI3pkPcMjWjItZvNb8/xmVEGOIiVqQjwXP09kdFQ62nom86QwkgvezPxP6+XQnDtZiJKUuARWywKUokhxrMg8EAozkBODaFMCXMrZiOqKAMTV9mE4Cy/vEraFzWH1JyHy2qdFHGU0Ak6RefIQVeojm5RE7UQQxP0jF7Rm5VbL9a79bFoXbOKmWP0B9bnD8NbkuE=</latexit><latexit sha1_base64="16wwcXRV1we59sjo+7Ff3sV7po0=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFGZF0IsQyMWLEsE8IFmW2clsMmT2wUyvJCz7K148KOLVH/Hm3zhJ9qCJBQ1FVTfdXX4ihQZCvq219Y3Nre3STnl3b//g0D6qtHWcKsZbLJax6vpUcyki3gIBkncTxWnoS97xx42Z33niSos4eoRpwt2QDiMRCEbBSJ5duff6wCeQ3TVyfIMdQohnV0mNzIFXiVOQKirQ9Oyv/iBmacgjYJJq3XNIAm5GFQgmeV7up5onlI3pkPcMjWjItZvNb8/xmVEGOIiVqQjwXP09kdFQ62nom86QwkgvezPxP6+XQnDtZiJKUuARWywKUokhxrMg8EAozkBODaFMCXMrZiOqKAMTV9mE4Cy/vEraFzWH1JyHy2qdFHGU0Ak6RefIQVeojm5RE7UQQxP0jF7Rm5VbL9a79bFoXbOKmWP0B9bnD8NbkuE=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="6LYOphABdJp8DMTSgSU/IJ7qL0k=">AAAB8HicbZBLSwMxFIXv1FetVWu3boJFcFUybnQjCN24USrYB7TDkEkzbWjmQXJHWob+FTcuFPHXuPPfmD4W2nog8HFOwr05QaqkQUq/ncLW9s7uXnG/dFA+PDqunJTbJsk0Fy2eqER3A2aEkrFooUQluqkWLAqU6ATjxjzvPAttZBI/4TQVXsSGsQwlZ2gtv1J98PsoJpjfN2bkhriUUr9So3W6ENkEdwU1WKnpV776g4RnkYiRK2ZMz6UpejnTKLkSs1I/MyJlfMyGomcxZpEwXr7YfUbOrTMgYaLtiZEs3N8vchYZM40CezNiODLr2dz8L+tlGF57uYzTDEXMl4PCTBFMyLwIMpBacFRTC4xraXclfMQ042jrKtkS3PUvb0L7su7SuvtIoQincAYX4MIV3MIdNKEFHCbwAm/w7sycV+djWVfBWfVWhT9yPn8AdeyRjQ==</latexit><latexit sha1_base64="6LYOphABdJp8DMTSgSU/IJ7qL0k=">AAAB8HicbZBLSwMxFIXv1FetVWu3boJFcFUybnQjCN24USrYB7TDkEkzbWjmQXJHWob+FTcuFPHXuPPfmD4W2nog8HFOwr05QaqkQUq/ncLW9s7uXnG/dFA+PDqunJTbJsk0Fy2eqER3A2aEkrFooUQluqkWLAqU6ATjxjzvPAttZBI/4TQVXsSGsQwlZ2gtv1J98PsoJpjfN2bkhriUUr9So3W6ENkEdwU1WKnpV776g4RnkYiRK2ZMz6UpejnTKLkSs1I/MyJlfMyGomcxZpEwXr7YfUbOrTMgYaLtiZEs3N8vchYZM40CezNiODLr2dz8L+tlGF57uYzTDEXMl4PCTBFMyLwIMpBacFRTC4xraXclfMQ042jrKtkS3PUvb0L7su7SuvtIoQincAYX4MIV3MIdNKEFHCbwAm/w7sycV+djWVfBWfVWhT9yPn8AdeyRjQ==</latexit><latexit sha1_base64="ahr1XQx0jlOnZY7ACgMuIuRA11I=">AAAB+3icbVDLSgNBEJyNrxhfazx6GQyCpzDrRS9CIBcvSgTzgGRZZiezyZDZBzO9krDsr3jxoIhXf8Sbf+Mk2YMmFjQUVd10d/mJFBoI+bZKG5tb2zvl3cre/sHhkX1c7eg4VYy3WSxj1fOp5lJEvA0CJO8litPQl7zrT5pzv/vElRZx9AizhLshHUUiEIyCkTy7eu8NgE8hu2vm+AY7hBDPrpE6WQCvE6cgNVSg5dlfg2HM0pBHwCTVuu+QBNyMKhBM8rwySDVPKJvQEe8bGtGQazdb3J7jc6MMcRArUxHghfp7IqOh1rPQN50hhbFe9ebif14/heDazUSUpMAjtlwUpBJDjOdB4KFQnIGcGUKZEuZWzMZUUQYmrooJwVl9eZ10LusOqTsPpNYgRRxldIrO0AVy0BVqoFvUQm3E0BQ9o1f0ZuXWi/VufSxbS1Yxc4L+wPr8AcIbkt0=</latexit><latexit sha1_base64="16wwcXRV1we59sjo+7Ff3sV7po0=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFGZF0IsQyMWLEsE8IFmW2clsMmT2wUyvJCz7K148KOLVH/Hm3zhJ9qCJBQ1FVTfdXX4ihQZCvq219Y3Nre3STnl3b//g0D6qtHWcKsZbLJax6vpUcyki3gIBkncTxWnoS97xx42Z33niSos4eoRpwt2QDiMRCEbBSJ5duff6wCeQ3TVyfIMdQohnV0mNzIFXiVOQKirQ9Oyv/iBmacgjYJJq3XNIAm5GFQgmeV7up5onlI3pkPcMjWjItZvNb8/xmVEGOIiVqQjwXP09kdFQ62nom86QwkgvezPxP6+XQnDtZiJKUuARWywKUokhxrMg8EAozkBODaFMCXMrZiOqKAMTV9mE4Cy/vEraFzWH1JyHy2qdFHGU0Ak6RefIQVeojm5RE7UQQxP0jF7Rm5VbL9a79bFoXbOKmWP0B9bnD8NbkuE=</latexit><latexit sha1_base64="16wwcXRV1we59sjo+7Ff3sV7po0=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFGZF0IsQyMWLEsE8IFmW2clsMmT2wUyvJCz7K148KOLVH/Hm3zhJ9qCJBQ1FVTfdXX4ihQZCvq219Y3Nre3STnl3b//g0D6qtHWcKsZbLJax6vpUcyki3gIBkncTxWnoS97xx42Z33niSos4eoRpwt2QDiMRCEbBSJ5duff6wCeQ3TVyfIMdQohnV0mNzIFXiVOQKirQ9Oyv/iBmacgjYJJq3XNIAm5GFQgmeV7up5onlI3pkPcMjWjItZvNb8/xmVEGOIiVqQjwXP09kdFQ62nom86QwkgvezPxP6+XQnDtZiJKUuARWywKUokhxrMg8EAozkBODaFMCXMrZiOqKAMTV9mE4Cy/vEraFzWH1JyHy2qdFHGU0Ak6RefIQVeojm5RE7UQQxP0jF7Rm5VbL9a79bFoXbOKmWP0B9bnD8NbkuE=</latexit><latexit sha1_base64="16wwcXRV1we59sjo+7Ff3sV7po0=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFGZF0IsQyMWLEsE8IFmW2clsMmT2wUyvJCz7K148KOLVH/Hm3zhJ9qCJBQ1FVTfdXX4ihQZCvq219Y3Nre3STnl3b//g0D6qtHWcKsZbLJax6vpUcyki3gIBkncTxWnoS97xx42Z33niSos4eoRpwt2QDiMRCEbBSJ5duff6wCeQ3TVyfIMdQohnV0mNzIFXiVOQKirQ9Oyv/iBmacgjYJJq3XNIAm5GFQgmeV7up5onlI3pkPcMjWjItZvNb8/xmVEGOIiVqQjwXP09kdFQ62nom86QwkgvezPxP6+XQnDtZiJKUuARWywKUokhxrMg8EAozkBODaFMCXMrZiOqKAMTV9mE4Cy/vEraFzWH1JyHy2qdFHGU0Ak6RefIQVeojm5RE7UQQxP0jF7Rm5VbL9a79bFoXbOKmWP0B9bnD8NbkuE=</latexit><latexit sha1_base64="16wwcXRV1we59sjo+7Ff3sV7po0=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFGZF0IsQyMWLEsE8IFmW2clsMmT2wUyvJCz7K148KOLVH/Hm3zhJ9qCJBQ1FVTfdXX4ihQZCvq219Y3Nre3STnl3b//g0D6qtHWcKsZbLJax6vpUcyki3gIBkncTxWnoS97xx42Z33niSos4eoRpwt2QDiMRCEbBSJ5duff6wCeQ3TVyfIMdQohnV0mNzIFXiVOQKirQ9Oyv/iBmacgjYJJq3XNIAm5GFQgmeV7up5onlI3pkPcMjWjItZvNb8/xmVEGOIiVqQjwXP09kdFQ62nom86QwkgvezPxP6+XQnDtZiJKUuARWywKUokhxrMg8EAozkBODaFMCXMrZiOqKAMTV9mE4Cy/vEraFzWH1JyHy2qdFHGU0Ak6RefIQVeojm5RE7UQQxP0jF7Rm5VbL9a79bFoXbOKmWP0B9bnD8NbkuE=</latexit><latexit sha1_base64="16wwcXRV1we59sjo+7Ff3sV7po0=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFGZF0IsQyMWLEsE8IFmW2clsMmT2wUyvJCz7K148KOLVH/Hm3zhJ9qCJBQ1FVTfdXX4ihQZCvq219Y3Nre3STnl3b//g0D6qtHWcKsZbLJax6vpUcyki3gIBkncTxWnoS97xx42Z33niSos4eoRpwt2QDiMRCEbBSJ5duff6wCeQ3TVyfIMdQohnV0mNzIFXiVOQKirQ9Oyv/iBmacgjYJJq3XNIAm5GFQgmeV7up5onlI3pkPcMjWjItZvNb8/xmVEGOIiVqQjwXP09kdFQ62nom86QwkgvezPxP6+XQnDtZiJKUuARWywKUokhxrMg8EAozkBODaFMCXMrZiOqKAMTV9mE4Cy/vEraFzWH1JyHy2qdFHGU0Ak6RefIQVeojm5RE7UQQxP0jF7Rm5VbL9a79bFoXbOKmWP0B9bnD8NbkuE=</latexit><latexit sha1_base64="16wwcXRV1we59sjo+7Ff3sV7po0=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFGZF0IsQyMWLEsE8IFmW2clsMmT2wUyvJCz7K148KOLVH/Hm3zhJ9qCJBQ1FVTfdXX4ihQZCvq219Y3Nre3STnl3b//g0D6qtHWcKsZbLJax6vpUcyki3gIBkncTxWnoS97xx42Z33niSos4eoRpwt2QDiMRCEbBSJ5duff6wCeQ3TVyfIMdQohnV0mNzIFXiVOQKirQ9Oyv/iBmacgjYJJq3XNIAm5GFQgmeV7up5onlI3pkPcMjWjItZvNb8/xmVEGOIiVqQjwXP09kdFQ62nom86QwkgvezPxP6+XQnDtZiJKUuARWywKUokhxrMg8EAozkBODaFMCXMrZiOqKAMTV9mE4Cy/vEraFzWH1JyHy2qdFHGU0Ak6RefIQVeojm5RE7UQQxP0jF7Rm5VbL9a79bFoXbOKmWP0B9bnD8NbkuE=</latexit>

NMC = 30000
<latexit sha1_base64="Ejw/mJ0La3ky/JGpKIZTnIvrws0=">AAAB/HicbVDLSgNBEJyNrxhfqzl6GQyCpzCrgl6EQC5elAjmAcmyzE5mkyGzD2Z6xbDEX/HiQRGvfog3/8ZJsgdNLGgoqrrp7vITKTQQ8m0VVlbX1jeKm6Wt7Z3dPXv/oKXjVDHeZLGMVcenmksR8SYIkLyTKE5DX/K2P6pP/fYDV1rE0T2ME+6GdBCJQDAKRvLs8q3XA/4I2U19gq/wGTHw7AqpkhnwMnFyUkE5Gp791evHLA15BExSrbsOScDNqALBJJ+UeqnmCWUjOuBdQyMacu1ms+Mn+NgofRzEylQEeKb+nshoqPU49E1nSGGoF72p+J/XTSG4dDMRJSnwiM0XBanEEONpErgvFGcgx4ZQpoS5FbMhVZSByatkQnAWX14mrdOqQ6rO3XmlRvI4iugQHaET5KALVEPXqIGaiKExekav6M16sl6sd+tj3lqw8pky+gPr8wc585Md</latexit><latexit sha1_base64="Ejw/mJ0La3ky/JGpKIZTnIvrws0=">AAAB/HicbVDLSgNBEJyNrxhfqzl6GQyCpzCrgl6EQC5elAjmAcmyzE5mkyGzD2Z6xbDEX/HiQRGvfog3/8ZJsgdNLGgoqrrp7vITKTQQ8m0VVlbX1jeKm6Wt7Z3dPXv/oKXjVDHeZLGMVcenmksR8SYIkLyTKE5DX/K2P6pP/fYDV1rE0T2ME+6GdBCJQDAKRvLs8q3XA/4I2U19gq/wGTHw7AqpkhnwMnFyUkE5Gp791evHLA15BExSrbsOScDNqALBJJ+UeqnmCWUjOuBdQyMacu1ms+Mn+NgofRzEylQEeKb+nshoqPU49E1nSGGoF72p+J/XTSG4dDMRJSnwiM0XBanEEONpErgvFGcgx4ZQpoS5FbMhVZSByatkQnAWX14mrdOqQ6rO3XmlRvI4iugQHaET5KALVEPXqIGaiKExekav6M16sl6sd+tj3lqw8pky+gPr8wc585Md</latexit><latexit sha1_base64="Ejw/mJ0La3ky/JGpKIZTnIvrws0=">AAAB/HicbVDLSgNBEJyNrxhfqzl6GQyCpzCrgl6EQC5elAjmAcmyzE5mkyGzD2Z6xbDEX/HiQRGvfog3/8ZJsgdNLGgoqrrp7vITKTQQ8m0VVlbX1jeKm6Wt7Z3dPXv/oKXjVDHeZLGMVcenmksR8SYIkLyTKE5DX/K2P6pP/fYDV1rE0T2ME+6GdBCJQDAKRvLs8q3XA/4I2U19gq/wGTHw7AqpkhnwMnFyUkE5Gp791evHLA15BExSrbsOScDNqALBJJ+UeqnmCWUjOuBdQyMacu1ms+Mn+NgofRzEylQEeKb+nshoqPU49E1nSGGoF72p+J/XTSG4dDMRJSnwiM0XBanEEONpErgvFGcgx4ZQpoS5FbMhVZSByatkQnAWX14mrdOqQ6rO3XmlRvI4iugQHaET5KALVEPXqIGaiKExekav6M16sl6sd+tj3lqw8pky+gPr8wc585Md</latexit><latexit sha1_base64="Ejw/mJ0La3ky/JGpKIZTnIvrws0=">AAAB/HicbVDLSgNBEJyNrxhfqzl6GQyCpzCrgl6EQC5elAjmAcmyzE5mkyGzD2Z6xbDEX/HiQRGvfog3/8ZJsgdNLGgoqrrp7vITKTQQ8m0VVlbX1jeKm6Wt7Z3dPXv/oKXjVDHeZLGMVcenmksR8SYIkLyTKE5DX/K2P6pP/fYDV1rE0T2ME+6GdBCJQDAKRvLs8q3XA/4I2U19gq/wGTHw7AqpkhnwMnFyUkE5Gp791evHLA15BExSrbsOScDNqALBJJ+UeqnmCWUjOuBdQyMacu1ms+Mn+NgofRzEylQEeKb+nshoqPU49E1nSGGoF72p+J/XTSG4dDMRJSnwiM0XBanEEONpErgvFGcgx4ZQpoS5FbMhVZSByatkQnAWX14mrdOqQ6rO3XmlRvI4iugQHaET5KALVEPXqIGaiKExekav6M16sl6sd+tj3lqw8pky+gPr8wc585Md</latexit>

PDF method
<latexit sha1_base64="Z/OVp3AHiC0LLy2HRjhhjDgrlOs=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQyCp7Argh4DiniMYB6QLGF2tpMMmX0w06uGNZ/ixYMiXv0Sb/6Nk2QPmljQUFR1093lJ1JodJxvq7Cyura+UdwsbW3v7O7Z5f2mjlPFocFjGau2zzRIEUEDBUpoJwpY6Eto+aPLqd+6B6VFHN3hOAEvZINI9AVnaKSeXe4iPGJWv7qmIeAwDiY9u+JUnRnoMnFzUiE56j37qxvEPA0hQi6Z1h3XSdDLmELBJUxK3VRDwviIDaBjaMRC0F42O31Cj40S0H6sTEVIZ+rviYyFWo9D33SGDId60ZuK/3mdFPsXXiaiJEWI+HxRP5UUYzrNgQZCAUc5NoRxJcytlA+ZYhxNWiUTgrv48jJpnlZdp+renlVqTh5HkRySI3JCXHJOauSG1EmDcPJAnskrebOerBfr3fqYtxasfOaA/IH1+QMfbZPX</latexit><latexit sha1_base64="Z/OVp3AHiC0LLy2HRjhhjDgrlOs=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQyCp7Argh4DiniMYB6QLGF2tpMMmX0w06uGNZ/ixYMiXv0Sb/6Nk2QPmljQUFR1093lJ1JodJxvq7Cyura+UdwsbW3v7O7Z5f2mjlPFocFjGau2zzRIEUEDBUpoJwpY6Eto+aPLqd+6B6VFHN3hOAEvZINI9AVnaKSeXe4iPGJWv7qmIeAwDiY9u+JUnRnoMnFzUiE56j37qxvEPA0hQi6Z1h3XSdDLmELBJUxK3VRDwviIDaBjaMRC0F42O31Cj40S0H6sTEVIZ+rviYyFWo9D33SGDId60ZuK/3mdFPsXXiaiJEWI+HxRP5UUYzrNgQZCAUc5NoRxJcytlA+ZYhxNWiUTgrv48jJpnlZdp+renlVqTh5HkRySI3JCXHJOauSG1EmDcPJAnskrebOerBfr3fqYtxasfOaA/IH1+QMfbZPX</latexit><latexit sha1_base64="Z/OVp3AHiC0LLy2HRjhhjDgrlOs=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQyCp7Argh4DiniMYB6QLGF2tpMMmX0w06uGNZ/ixYMiXv0Sb/6Nk2QPmljQUFR1093lJ1JodJxvq7Cyura+UdwsbW3v7O7Z5f2mjlPFocFjGau2zzRIEUEDBUpoJwpY6Eto+aPLqd+6B6VFHN3hOAEvZINI9AVnaKSeXe4iPGJWv7qmIeAwDiY9u+JUnRnoMnFzUiE56j37qxvEPA0hQi6Z1h3XSdDLmELBJUxK3VRDwviIDaBjaMRC0F42O31Cj40S0H6sTEVIZ+rviYyFWo9D33SGDId60ZuK/3mdFPsXXiaiJEWI+HxRP5UUYzrNgQZCAUc5NoRxJcytlA+ZYhxNWiUTgrv48jJpnlZdp+renlVqTh5HkRySI3JCXHJOauSG1EmDcPJAnskrebOerBfr3fqYtxasfOaA/IH1+QMfbZPX</latexit><latexit sha1_base64="Z/OVp3AHiC0LLy2HRjhhjDgrlOs=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQyCp7Argh4DiniMYB6QLGF2tpMMmX0w06uGNZ/ixYMiXv0Sb/6Nk2QPmljQUFR1093lJ1JodJxvq7Cyura+UdwsbW3v7O7Z5f2mjlPFocFjGau2zzRIEUEDBUpoJwpY6Eto+aPLqd+6B6VFHN3hOAEvZINI9AVnaKSeXe4iPGJWv7qmIeAwDiY9u+JUnRnoMnFzUiE56j37qxvEPA0hQi6Z1h3XSdDLmELBJUxK3VRDwviIDaBjaMRC0F42O31Cj40S0H6sTEVIZ+rviYyFWo9D33SGDId60ZuK/3mdFPsXXiaiJEWI+HxRP5UUYzrNgQZCAUc5NoRxJcytlA+ZYhxNWiUTgrv48jJpnlZdp+renlVqTh5HkRySI3JCXHJOauSG1EmDcPJAnskrebOerBfr3fqYtxasfOaA/IH1+QMfbZPX</latexit>

NMC = 1000
<latexit sha1_base64="16wwcXRV1we59sjo+7Ff3sV7po0=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFGZF0IsQyMWLEsE8IFmW2clsMmT2wUyvJCz7K148KOLVH/Hm3zhJ9qCJBQ1FVTfdXX4ihQZCvq219Y3Nre3STnl3b//g0D6qtHWcKsZbLJax6vpUcyki3gIBkncTxWnoS97xx42Z33niSos4eoRpwt2QDiMRCEbBSJ5duff6wCeQ3TVyfIMdQohnV0mNzIFXiVOQKirQ9Oyv/iBmacgjYJJq3XNIAm5GFQgmeV7up5onlI3pkPcMjWjItZvNb8/xmVEGOIiVqQjwXP09kdFQ62nom86QwkgvezPxP6+XQnDtZiJKUuARWywKUokhxrMg8EAozkBODaFMCXMrZiOqKAMTV9mE4Cy/vEraFzWH1JyHy2qdFHGU0Ak6RefIQVeojm5RE7UQQxP0jF7Rm5VbL9a79bFoXbOKmWP0B9bnD8NbkuE=</latexit><latexit sha1_base64="16wwcXRV1we59sjo+7Ff3sV7po0=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFGZF0IsQyMWLEsE8IFmW2clsMmT2wUyvJCz7K148KOLVH/Hm3zhJ9qCJBQ1FVTfdXX4ihQZCvq219Y3Nre3STnl3b//g0D6qtHWcKsZbLJax6vpUcyki3gIBkncTxWnoS97xx42Z33niSos4eoRpwt2QDiMRCEbBSJ5duff6wCeQ3TVyfIMdQohnV0mNzIFXiVOQKirQ9Oyv/iBmacgjYJJq3XNIAm5GFQgmeV7up5onlI3pkPcMjWjItZvNb8/xmVEGOIiVqQjwXP09kdFQ62nom86QwkgvezPxP6+XQnDtZiJKUuARWywKUokhxrMg8EAozkBODaFMCXMrZiOqKAMTV9mE4Cy/vEraFzWH1JyHy2qdFHGU0Ak6RefIQVeojm5RE7UQQxP0jF7Rm5VbL9a79bFoXbOKmWP0B9bnD8NbkuE=</latexit><latexit sha1_base64="16wwcXRV1we59sjo+7Ff3sV7po0=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFGZF0IsQyMWLEsE8IFmW2clsMmT2wUyvJCz7K148KOLVH/Hm3zhJ9qCJBQ1FVTfdXX4ihQZCvq219Y3Nre3STnl3b//g0D6qtHWcKsZbLJax6vpUcyki3gIBkncTxWnoS97xx42Z33niSos4eoRpwt2QDiMRCEbBSJ5duff6wCeQ3TVyfIMdQohnV0mNzIFXiVOQKirQ9Oyv/iBmacgjYJJq3XNIAm5GFQgmeV7up5onlI3pkPcMjWjItZvNb8/xmVEGOIiVqQjwXP09kdFQ62nom86QwkgvezPxP6+XQnDtZiJKUuARWywKUokhxrMg8EAozkBODaFMCXMrZiOqKAMTV9mE4Cy/vEraFzWH1JyHy2qdFHGU0Ak6RefIQVeojm5RE7UQQxP0jF7Rm5VbL9a79bFoXbOKmWP0B9bnD8NbkuE=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="6LYOphABdJp8DMTSgSU/IJ7qL0k=">AAAB8HicbZBLSwMxFIXv1FetVWu3boJFcFUybnQjCN24USrYB7TDkEkzbWjmQXJHWob+FTcuFPHXuPPfmD4W2nog8HFOwr05QaqkQUq/ncLW9s7uXnG/dFA+PDqunJTbJsk0Fy2eqER3A2aEkrFooUQluqkWLAqU6ATjxjzvPAttZBI/4TQVXsSGsQwlZ2gtv1J98PsoJpjfN2bkhriUUr9So3W6ENkEdwU1WKnpV776g4RnkYiRK2ZMz6UpejnTKLkSs1I/MyJlfMyGomcxZpEwXr7YfUbOrTMgYaLtiZEs3N8vchYZM40CezNiODLr2dz8L+tlGF57uYzTDEXMl4PCTBFMyLwIMpBacFRTC4xraXclfMQ042jrKtkS3PUvb0L7su7SuvtIoQincAYX4MIV3MIdNKEFHCbwAm/w7sycV+djWVfBWfVWhT9yPn8AdeyRjQ==</latexit><latexit sha1_base64="6LYOphABdJp8DMTSgSU/IJ7qL0k=">AAAB8HicbZBLSwMxFIXv1FetVWu3boJFcFUybnQjCN24USrYB7TDkEkzbWjmQXJHWob+FTcuFPHXuPPfmD4W2nog8HFOwr05QaqkQUq/ncLW9s7uXnG/dFA+PDqunJTbJsk0Fy2eqER3A2aEkrFooUQluqkWLAqU6ATjxjzvPAttZBI/4TQVXsSGsQwlZ2gtv1J98PsoJpjfN2bkhriUUr9So3W6ENkEdwU1WKnpV776g4RnkYiRK2ZMz6UpejnTKLkSs1I/MyJlfMyGomcxZpEwXr7YfUbOrTMgYaLtiZEs3N8vchYZM40CezNiODLr2dz8L+tlGF57uYzTDEXMl4PCTBFMyLwIMpBacFRTC4xraXclfMQ042jrKtkS3PUvb0L7su7SuvtIoQincAYX4MIV3MIdNKEFHCbwAm/w7sycV+djWVfBWfVWhT9yPn8AdeyRjQ==</latexit><latexit sha1_base64="ahr1XQx0jlOnZY7ACgMuIuRA11I=">AAAB+3icbVDLSgNBEJyNrxhfazx6GQyCpzDrRS9CIBcvSgTzgGRZZiezyZDZBzO9krDsr3jxoIhXf8Sbf+Mk2YMmFjQUVd10d/mJFBoI+bZKG5tb2zvl3cre/sHhkX1c7eg4VYy3WSxj1fOp5lJEvA0CJO8litPQl7zrT5pzv/vElRZx9AizhLshHUUiEIyCkTy7eu8NgE8hu2vm+AY7hBDPrpE6WQCvE6cgNVSg5dlfg2HM0pBHwCTVuu+QBNyMKhBM8rwySDVPKJvQEe8bGtGQazdb3J7jc6MMcRArUxHghfp7IqOh1rPQN50hhbFe9ebif14/heDazUSUpMAjtlwUpBJDjOdB4KFQnIGcGUKZEuZWzMZUUQYmrooJwVl9eZ10LusOqTsPpNYgRRxldIrO0AVy0BVqoFvUQm3E0BQ9o1f0ZuXWi/VufSxbS1Yxc4L+wPr8AcIbkt0=</latexit><latexit sha1_base64="16wwcXRV1we59sjo+7Ff3sV7po0=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFGZF0IsQyMWLEsE8IFmW2clsMmT2wUyvJCz7K148KOLVH/Hm3zhJ9qCJBQ1FVTfdXX4ihQZCvq219Y3Nre3STnl3b//g0D6qtHWcKsZbLJax6vpUcyki3gIBkncTxWnoS97xx42Z33niSos4eoRpwt2QDiMRCEbBSJ5duff6wCeQ3TVyfIMdQohnV0mNzIFXiVOQKirQ9Oyv/iBmacgjYJJq3XNIAm5GFQgmeV7up5onlI3pkPcMjWjItZvNb8/xmVEGOIiVqQjwXP09kdFQ62nom86QwkgvezPxP6+XQnDtZiJKUuARWywKUokhxrMg8EAozkBODaFMCXMrZiOqKAMTV9mE4Cy/vEraFzWH1JyHy2qdFHGU0Ak6RefIQVeojm5RE7UQQxP0jF7Rm5VbL9a79bFoXbOKmWP0B9bnD8NbkuE=</latexit><latexit sha1_base64="16wwcXRV1we59sjo+7Ff3sV7po0=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFGZF0IsQyMWLEsE8IFmW2clsMmT2wUyvJCz7K148KOLVH/Hm3zhJ9qCJBQ1FVTfdXX4ihQZCvq219Y3Nre3STnl3b//g0D6qtHWcKsZbLJax6vpUcyki3gIBkncTxWnoS97xx42Z33niSos4eoRpwt2QDiMRCEbBSJ5duff6wCeQ3TVyfIMdQohnV0mNzIFXiVOQKirQ9Oyv/iBmacgjYJJq3XNIAm5GFQgmeV7up5onlI3pkPcMjWjItZvNb8/xmVEGOIiVqQjwXP09kdFQ62nom86QwkgvezPxP6+XQnDtZiJKUuARWywKUokhxrMg8EAozkBODaFMCXMrZiOqKAMTV9mE4Cy/vEraFzWH1JyHy2qdFHGU0Ak6RefIQVeojm5RE7UQQxP0jF7Rm5VbL9a79bFoXbOKmWP0B9bnD8NbkuE=</latexit><latexit sha1_base64="16wwcXRV1we59sjo+7Ff3sV7po0=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFGZF0IsQyMWLEsE8IFmW2clsMmT2wUyvJCz7K148KOLVH/Hm3zhJ9qCJBQ1FVTfdXX4ihQZCvq219Y3Nre3STnl3b//g0D6qtHWcKsZbLJax6vpUcyki3gIBkncTxWnoS97xx42Z33niSos4eoRpwt2QDiMRCEbBSJ5duff6wCeQ3TVyfIMdQohnV0mNzIFXiVOQKirQ9Oyv/iBmacgjYJJq3XNIAm5GFQgmeV7up5onlI3pkPcMjWjItZvNb8/xmVEGOIiVqQjwXP09kdFQ62nom86QwkgvezPxP6+XQnDtZiJKUuARWywKUokhxrMg8EAozkBODaFMCXMrZiOqKAMTV9mE4Cy/vEraFzWH1JyHy2qdFHGU0Ak6RefIQVeojm5RE7UQQxP0jF7Rm5VbL9a79bFoXbOKmWP0B9bnD8NbkuE=</latexit><latexit sha1_base64="16wwcXRV1we59sjo+7Ff3sV7po0=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFGZF0IsQyMWLEsE8IFmW2clsMmT2wUyvJCz7K148KOLVH/Hm3zhJ9qCJBQ1FVTfdXX4ihQZCvq219Y3Nre3STnl3b//g0D6qtHWcKsZbLJax6vpUcyki3gIBkncTxWnoS97xx42Z33niSos4eoRpwt2QDiMRCEbBSJ5duff6wCeQ3TVyfIMdQohnV0mNzIFXiVOQKirQ9Oyv/iBmacgjYJJq3XNIAm5GFQgmeV7up5onlI3pkPcMjWjItZvNb8/xmVEGOIiVqQjwXP09kdFQ62nom86QwkgvezPxP6+XQnDtZiJKUuARWywKUokhxrMg8EAozkBODaFMCXMrZiOqKAMTV9mE4Cy/vEraFzWH1JyHy2qdFHGU0Ak6RefIQVeojm5RE7UQQxP0jF7Rm5VbL9a79bFoXbOKmWP0B9bnD8NbkuE=</latexit><latexit sha1_base64="16wwcXRV1we59sjo+7Ff3sV7po0=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFGZF0IsQyMWLEsE8IFmW2clsMmT2wUyvJCz7K148KOLVH/Hm3zhJ9qCJBQ1FVTfdXX4ihQZCvq219Y3Nre3STnl3b//g0D6qtHWcKsZbLJax6vpUcyki3gIBkncTxWnoS97xx42Z33niSos4eoRpwt2QDiMRCEbBSJ5duff6wCeQ3TVyfIMdQohnV0mNzIFXiVOQKirQ9Oyv/iBmacgjYJJq3XNIAm5GFQgmeV7up5onlI3pkPcMjWjItZvNb8/xmVEGOIiVqQjwXP09kdFQ62nom86QwkgvezPxP6+XQnDtZiJKUuARWywKUokhxrMg8EAozkBODaFMCXMrZiOqKAMTV9mE4Cy/vEraFzWH1JyHy2qdFHGU0Ak6RefIQVeojm5RE7UQQxP0jF7Rm5VbL9a79bFoXbOKmWP0B9bnD8NbkuE=</latexit><latexit sha1_base64="16wwcXRV1we59sjo+7Ff3sV7po0=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFGZF0IsQyMWLEsE8IFmW2clsMmT2wUyvJCz7K148KOLVH/Hm3zhJ9qCJBQ1FVTfdXX4ihQZCvq219Y3Nre3STnl3b//g0D6qtHWcKsZbLJax6vpUcyki3gIBkncTxWnoS97xx42Z33niSos4eoRpwt2QDiMRCEbBSJ5duff6wCeQ3TVyfIMdQohnV0mNzIFXiVOQKirQ9Oyv/iBmacgjYJJq3XNIAm5GFQgmeV7up5onlI3pkPcMjWjItZvNb8/xmVEGOIiVqQjwXP09kdFQ62nom86QwkgvezPxP6+XQnDtZiJKUuARWywKUokhxrMg8EAozkBODaFMCXMrZiOqKAMTV9mE4Cy/vEraFzWH1JyHy2qdFHGU0Ak6RefIQVeojm5RE7UQQxP0jF7Rm5VbL9a79bFoXbOKmWP0B9bnD8NbkuE=</latexit>

NMC = 30000
<latexit sha1_base64="Ejw/mJ0La3ky/JGpKIZTnIvrws0=">AAAB/HicbVDLSgNBEJyNrxhfqzl6GQyCpzCrgl6EQC5elAjmAcmyzE5mkyGzD2Z6xbDEX/HiQRGvfog3/8ZJsgdNLGgoqrrp7vITKTQQ8m0VVlbX1jeKm6Wt7Z3dPXv/oKXjVDHeZLGMVcenmksR8SYIkLyTKE5DX/K2P6pP/fYDV1rE0T2ME+6GdBCJQDAKRvLs8q3XA/4I2U19gq/wGTHw7AqpkhnwMnFyUkE5Gp791evHLA15BExSrbsOScDNqALBJJ+UeqnmCWUjOuBdQyMacu1ms+Mn+NgofRzEylQEeKb+nshoqPU49E1nSGGoF72p+J/XTSG4dDMRJSnwiM0XBanEEONpErgvFGcgx4ZQpoS5FbMhVZSByatkQnAWX14mrdOqQ6rO3XmlRvI4iugQHaET5KALVEPXqIGaiKExekav6M16sl6sd+tj3lqw8pky+gPr8wc585Md</latexit><latexit sha1_base64="Ejw/mJ0La3ky/JGpKIZTnIvrws0=">AAAB/HicbVDLSgNBEJyNrxhfqzl6GQyCpzCrgl6EQC5elAjmAcmyzE5mkyGzD2Z6xbDEX/HiQRGvfog3/8ZJsgdNLGgoqrrp7vITKTQQ8m0VVlbX1jeKm6Wt7Z3dPXv/oKXjVDHeZLGMVcenmksR8SYIkLyTKE5DX/K2P6pP/fYDV1rE0T2ME+6GdBCJQDAKRvLs8q3XA/4I2U19gq/wGTHw7AqpkhnwMnFyUkE5Gp791evHLA15BExSrbsOScDNqALBJJ+UeqnmCWUjOuBdQyMacu1ms+Mn+NgofRzEylQEeKb+nshoqPU49E1nSGGoF72p+J/XTSG4dDMRJSnwiM0XBanEEONpErgvFGcgx4ZQpoS5FbMhVZSByatkQnAWX14mrdOqQ6rO3XmlRvI4iugQHaET5KALVEPXqIGaiKExekav6M16sl6sd+tj3lqw8pky+gPr8wc585Md</latexit><latexit sha1_base64="Ejw/mJ0La3ky/JGpKIZTnIvrws0=">AAAB/HicbVDLSgNBEJyNrxhfqzl6GQyCpzCrgl6EQC5elAjmAcmyzE5mkyGzD2Z6xbDEX/HiQRGvfog3/8ZJsgdNLGgoqrrp7vITKTQQ8m0VVlbX1jeKm6Wt7Z3dPXv/oKXjVDHeZLGMVcenmksR8SYIkLyTKE5DX/K2P6pP/fYDV1rE0T2ME+6GdBCJQDAKRvLs8q3XA/4I2U19gq/wGTHw7AqpkhnwMnFyUkE5Gp791evHLA15BExSrbsOScDNqALBJJ+UeqnmCWUjOuBdQyMacu1ms+Mn+NgofRzEylQEeKb+nshoqPU49E1nSGGoF72p+J/XTSG4dDMRJSnwiM0XBanEEONpErgvFGcgx4ZQpoS5FbMhVZSByatkQnAWX14mrdOqQ6rO3XmlRvI4iugQHaET5KALVEPXqIGaiKExekav6M16sl6sd+tj3lqw8pky+gPr8wc585Md</latexit><latexit sha1_base64="Ejw/mJ0La3ky/JGpKIZTnIvrws0=">AAAB/HicbVDLSgNBEJyNrxhfqzl6GQyCpzCrgl6EQC5elAjmAcmyzE5mkyGzD2Z6xbDEX/HiQRGvfog3/8ZJsgdNLGgoqrrp7vITKTQQ8m0VVlbX1jeKm6Wt7Z3dPXv/oKXjVDHeZLGMVcenmksR8SYIkLyTKE5DX/K2P6pP/fYDV1rE0T2ME+6GdBCJQDAKRvLs8q3XA/4I2U19gq/wGTHw7AqpkhnwMnFyUkE5Gp791evHLA15BExSrbsOScDNqALBJJ+UeqnmCWUjOuBdQyMacu1ms+Mn+NgofRzEylQEeKb+nshoqPU49E1nSGGoF72p+J/XTSG4dDMRJSnwiM0XBanEEONpErgvFGcgx4ZQpoS5FbMhVZSByatkQnAWX14mrdOqQ6rO3XmlRvI4iugQHaET5KALVEPXqIGaiKExekav6M16sl6sd+tj3lqw8pky+gPr8wc585Md</latexit>

PDF method
<latexit sha1_base64="Z/OVp3AHiC0LLy2HRjhhjDgrlOs=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQyCp7Argh4DiniMYB6QLGF2tpMMmX0w06uGNZ/ixYMiXv0Sb/6Nk2QPmljQUFR1093lJ1JodJxvq7Cyura+UdwsbW3v7O7Z5f2mjlPFocFjGau2zzRIEUEDBUpoJwpY6Eto+aPLqd+6B6VFHN3hOAEvZINI9AVnaKSeXe4iPGJWv7qmIeAwDiY9u+JUnRnoMnFzUiE56j37qxvEPA0hQi6Z1h3XSdDLmELBJUxK3VRDwviIDaBjaMRC0F42O31Cj40S0H6sTEVIZ+rviYyFWo9D33SGDId60ZuK/3mdFPsXXiaiJEWI+HxRP5UUYzrNgQZCAUc5NoRxJcytlA+ZYhxNWiUTgrv48jJpnlZdp+renlVqTh5HkRySI3JCXHJOauSG1EmDcPJAnskrebOerBfr3fqYtxasfOaA/IH1+QMfbZPX</latexit><latexit sha1_base64="Z/OVp3AHiC0LLy2HRjhhjDgrlOs=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQyCp7Argh4DiniMYB6QLGF2tpMMmX0w06uGNZ/ixYMiXv0Sb/6Nk2QPmljQUFR1093lJ1JodJxvq7Cyura+UdwsbW3v7O7Z5f2mjlPFocFjGau2zzRIEUEDBUpoJwpY6Eto+aPLqd+6B6VFHN3hOAEvZINI9AVnaKSeXe4iPGJWv7qmIeAwDiY9u+JUnRnoMnFzUiE56j37qxvEPA0hQi6Z1h3XSdDLmELBJUxK3VRDwviIDaBjaMRC0F42O31Cj40S0H6sTEVIZ+rviYyFWo9D33SGDId60ZuK/3mdFPsXXiaiJEWI+HxRP5UUYzrNgQZCAUc5NoRxJcytlA+ZYhxNWiUTgrv48jJpnlZdp+renlVqTh5HkRySI3JCXHJOauSG1EmDcPJAnskrebOerBfr3fqYtxasfOaA/IH1+QMfbZPX</latexit><latexit sha1_base64="Z/OVp3AHiC0LLy2HRjhhjDgrlOs=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQyCp7Argh4DiniMYB6QLGF2tpMMmX0w06uGNZ/ixYMiXv0Sb/6Nk2QPmljQUFR1093lJ1JodJxvq7Cyura+UdwsbW3v7O7Z5f2mjlPFocFjGau2zzRIEUEDBUpoJwpY6Eto+aPLqd+6B6VFHN3hOAEvZINI9AVnaKSeXe4iPGJWv7qmIeAwDiY9u+JUnRnoMnFzUiE56j37qxvEPA0hQi6Z1h3XSdDLmELBJUxK3VRDwviIDaBjaMRC0F42O31Cj40S0H6sTEVIZ+rviYyFWo9D33SGDId60ZuK/3mdFPsXXiaiJEWI+HxRP5UUYzrNgQZCAUc5NoRxJcytlA+ZYhxNWiUTgrv48jJpnlZdp+renlVqTh5HkRySI3JCXHJOauSG1EmDcPJAnskrebOerBfr3fqYtxasfOaA/IH1+QMfbZPX</latexit><latexit sha1_base64="Z/OVp3AHiC0LLy2HRjhhjDgrlOs=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQyCp7Argh4DiniMYB6QLGF2tpMMmX0w06uGNZ/ixYMiXv0Sb/6Nk2QPmljQUFR1093lJ1JodJxvq7Cyura+UdwsbW3v7O7Z5f2mjlPFocFjGau2zzRIEUEDBUpoJwpY6Eto+aPLqd+6B6VFHN3hOAEvZINI9AVnaKSeXe4iPGJWv7qmIeAwDiY9u+JUnRnoMnFzUiE56j37qxvEPA0hQi6Z1h3XSdDLmELBJUxK3VRDwviIDaBjaMRC0F42O31Cj40S0H6sTEVIZ+rviYyFWo9D33SGDId60ZuK/3mdFPsXXiaiJEWI+HxRP5UUYzrNgQZCAUc5NoRxJcytlA+ZYhxNWiUTgrv48jJpnlZdp+renlVqTh5HkRySI3JCXHJOauSG1EmDcPJAnskrebOerBfr3fqYtxasfOaA/IH1+QMfbZPX</latexit>

(c)
<latexit sha1_base64="uC/QNzpCJJOtdkIkkpAcWSLnafE=">AAAB83icbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPBi8cK9gOaUDbbTbt0swm7E7GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKUw6Lrfztr6xubWdmmnvLu3f3BYOTpumyTTjLdYIhPdDanhUijeQoGSd1PNaRxK3gnHtzO/88i1EYl6wEnKg5gOlYgEo2gl30f+hGGU19jFtF+punV3DrJKvIJUoUCzX/nyBwnLYq6QSWpMz3NTDHKqUTDJp2U/MzylbEyHvGepojE3QT6/eUrOrTIgUaJtKSRz9fdETmNjJnFoO2OKI7PszcT/vF6G0U2QC5VmyBVbLIoySTAhswDIQGjOUE4soUwLeythI6opQxtT2YbgLb+8StqXdc+te/dX1YZbxFGCUziDGnhwDQ24gya0gEEKz/AKb07mvDjvzseidc0pZk7gD5zPH84HkXU=</latexit><latexit sha1_base64="uC/QNzpCJJOtdkIkkpAcWSLnafE=">AAAB83icbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPBi8cK9gOaUDbbTbt0swm7E7GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKUw6Lrfztr6xubWdmmnvLu3f3BYOTpumyTTjLdYIhPdDanhUijeQoGSd1PNaRxK3gnHtzO/88i1EYl6wEnKg5gOlYgEo2gl30f+hGGU19jFtF+punV3DrJKvIJUoUCzX/nyBwnLYq6QSWpMz3NTDHKqUTDJp2U/MzylbEyHvGepojE3QT6/eUrOrTIgUaJtKSRz9fdETmNjJnFoO2OKI7PszcT/vF6G0U2QC5VmyBVbLIoySTAhswDIQGjOUE4soUwLeythI6opQxtT2YbgLb+8StqXdc+te/dX1YZbxFGCUziDGnhwDQ24gya0gEEKz/AKb07mvDjvzseidc0pZk7gD5zPH84HkXU=</latexit><latexit sha1_base64="uC/QNzpCJJOtdkIkkpAcWSLnafE=">AAAB83icbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPBi8cK9gOaUDbbTbt0swm7E7GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKUw6Lrfztr6xubWdmmnvLu3f3BYOTpumyTTjLdYIhPdDanhUijeQoGSd1PNaRxK3gnHtzO/88i1EYl6wEnKg5gOlYgEo2gl30f+hGGU19jFtF+punV3DrJKvIJUoUCzX/nyBwnLYq6QSWpMz3NTDHKqUTDJp2U/MzylbEyHvGepojE3QT6/eUrOrTIgUaJtKSRz9fdETmNjJnFoO2OKI7PszcT/vF6G0U2QC5VmyBVbLIoySTAhswDIQGjOUE4soUwLeythI6opQxtT2YbgLb+8StqXdc+te/dX1YZbxFGCUziDGnhwDQ24gya0gEEKz/AKb07mvDjvzseidc0pZk7gD5zPH84HkXU=</latexit><latexit sha1_base64="uC/QNzpCJJOtdkIkkpAcWSLnafE=">AAAB83icbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPBi8cK9gOaUDbbTbt0swm7E7GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKUw6Lrfztr6xubWdmmnvLu3f3BYOTpumyTTjLdYIhPdDanhUijeQoGSd1PNaRxK3gnHtzO/88i1EYl6wEnKg5gOlYgEo2gl30f+hGGU19jFtF+punV3DrJKvIJUoUCzX/nyBwnLYq6QSWpMz3NTDHKqUTDJp2U/MzylbEyHvGepojE3QT6/eUrOrTIgUaJtKSRz9fdETmNjJnFoO2OKI7PszcT/vF6G0U2QC5VmyBVbLIoySTAhswDIQGjOUE4soUwLeythI6opQxtT2YbgLb+8StqXdc+te/dX1YZbxFGCUziDGnhwDQ24gya0gEEKz/AKb07mvDjvzseidc0pZk7gD5zPH84HkXU=</latexit>

(b)
<latexit sha1_base64="0v+EhPvr27bfNmeuetHd/pGj3+c=">AAAB83icbVBNS8NAEN34WetX1aOXxSLUS0lE0GPBi8cK9gOaUDbbSbt0swm7E7GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKUw6Lrfztr6xubWdmmnvLu3f3BYOTpumyTTHFo8kYnuhsyAFApaKFBCN9XA4lBCJxzfzvzOI2gjEvWAkxSCmA2ViARnaCXfR3jCMMpr4cW0X6m6dXcOukq8glRJgWa/8uUPEp7FoJBLZkzPc1MMcqZRcAnTsp8ZSBkfsyH0LFUsBhPk85un9NwqAxol2pZCOld/T+QsNmYSh7YzZjgyy95M/M/rZRjdBLlQaYag+GJRlEmKCZ0FQAdCA0c5sYRxLeytlI+YZhxtTGUbgrf88ippX9Y9t+7dX1UbbhFHiZySM1IjHrkmDXJHmqRFOEnJM3klb07mvDjvzseidc0pZk7IHzifP8yBkXQ=</latexit><latexit sha1_base64="0v+EhPvr27bfNmeuetHd/pGj3+c=">AAAB83icbVBNS8NAEN34WetX1aOXxSLUS0lE0GPBi8cK9gOaUDbbSbt0swm7E7GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKUw6Lrfztr6xubWdmmnvLu3f3BYOTpumyTTHFo8kYnuhsyAFApaKFBCN9XA4lBCJxzfzvzOI2gjEvWAkxSCmA2ViARnaCXfR3jCMMpr4cW0X6m6dXcOukq8glRJgWa/8uUPEp7FoJBLZkzPc1MMcqZRcAnTsp8ZSBkfsyH0LFUsBhPk85un9NwqAxol2pZCOld/T+QsNmYSh7YzZjgyy95M/M/rZRjdBLlQaYag+GJRlEmKCZ0FQAdCA0c5sYRxLeytlI+YZhxtTGUbgrf88ippX9Y9t+7dX1UbbhFHiZySM1IjHrkmDXJHmqRFOEnJM3klb07mvDjvzseidc0pZk7IHzifP8yBkXQ=</latexit><latexit sha1_base64="0v+EhPvr27bfNmeuetHd/pGj3+c=">AAAB83icbVBNS8NAEN34WetX1aOXxSLUS0lE0GPBi8cK9gOaUDbbSbt0swm7E7GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKUw6Lrfztr6xubWdmmnvLu3f3BYOTpumyTTHFo8kYnuhsyAFApaKFBCN9XA4lBCJxzfzvzOI2gjEvWAkxSCmA2ViARnaCXfR3jCMMpr4cW0X6m6dXcOukq8glRJgWa/8uUPEp7FoJBLZkzPc1MMcqZRcAnTsp8ZSBkfsyH0LFUsBhPk85un9NwqAxol2pZCOld/T+QsNmYSh7YzZjgyy95M/M/rZRjdBLlQaYag+GJRlEmKCZ0FQAdCA0c5sYRxLeytlI+YZhxtTGUbgrf88ippX9Y9t+7dX1UbbhFHiZySM1IjHrkmDXJHmqRFOEnJM3klb07mvDjvzseidc0pZk7IHzifP8yBkXQ=</latexit><latexit sha1_base64="0v+EhPvr27bfNmeuetHd/pGj3+c=">AAAB83icbVBNS8NAEN34WetX1aOXxSLUS0lE0GPBi8cK9gOaUDbbSbt0swm7E7GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKUw6Lrfztr6xubWdmmnvLu3f3BYOTpumyTTHFo8kYnuhsyAFApaKFBCN9XA4lBCJxzfzvzOI2gjEvWAkxSCmA2ViARnaCXfR3jCMMpr4cW0X6m6dXcOukq8glRJgWa/8uUPEp7FoJBLZkzPc1MMcqZRcAnTsp8ZSBkfsyH0LFUsBhPk85un9NwqAxol2pZCOld/T+QsNmYSh7YzZjgyy95M/M/rZRjdBLlQaYag+GJRlEmKCZ0FQAdCA0c5sYRxLeytlI+YZhxtTGUbgrf88ippX9Y9t+7dX1UbbhFHiZySM1IjHrkmDXJHmqRFOEnJM3klb07mvDjvzseidc0pZk7IHzifP8yBkXQ=</latexit>

(a)
<latexit sha1_base64="7iX+xEyeh3JougTstdqlSSu2Zj4=">AAAB83icbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPBi8cK9gOaUDbbTbt0swm7E7GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKUw6Lrfztr6xubWdmmnvLu3f3BYOTpumyTTjLdYIhPdDanhUijeQoGSd1PNaRxK3gnHtzO/88i1EYl6wEnKg5gOlYgEo2gl30f+hGGU1+jFtF+punV3DrJKvIJUoUCzX/nyBwnLYq6QSWpMz3NTDHKqUTDJp2U/MzylbEyHvGepojE3QT6/eUrOrTIgUaJtKSRz9fdETmNjJnFoO2OKI7PszcT/vF6G0U2QC5VmyBVbLIoySTAhswDIQGjOUE4soUwLeythI6opQxtT2YbgLb+8StqXdc+te/dX1YZbxFGCUziDGnhwDQ24gya0gEEKz/AKb07mvDjvzseidc0pZk7gD5zPH8r7kXM=</latexit><latexit sha1_base64="7iX+xEyeh3JougTstdqlSSu2Zj4=">AAAB83icbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPBi8cK9gOaUDbbTbt0swm7E7GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKUw6Lrfztr6xubWdmmnvLu3f3BYOTpumyTTjLdYIhPdDanhUijeQoGSd1PNaRxK3gnHtzO/88i1EYl6wEnKg5gOlYgEo2gl30f+hGGU1+jFtF+punV3DrJKvIJUoUCzX/nyBwnLYq6QSWpMz3NTDHKqUTDJp2U/MzylbEyHvGepojE3QT6/eUrOrTIgUaJtKSRz9fdETmNjJnFoO2OKI7PszcT/vF6G0U2QC5VmyBVbLIoySTAhswDIQGjOUE4soUwLeythI6opQxtT2YbgLb+8StqXdc+te/dX1YZbxFGCUziDGnhwDQ24gya0gEEKz/AKb07mvDjvzseidc0pZk7gD5zPH8r7kXM=</latexit><latexit sha1_base64="7iX+xEyeh3JougTstdqlSSu2Zj4=">AAAB83icbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPBi8cK9gOaUDbbTbt0swm7E7GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKUw6Lrfztr6xubWdmmnvLu3f3BYOTpumyTTjLdYIhPdDanhUijeQoGSd1PNaRxK3gnHtzO/88i1EYl6wEnKg5gOlYgEo2gl30f+hGGU1+jFtF+punV3DrJKvIJUoUCzX/nyBwnLYq6QSWpMz3NTDHKqUTDJp2U/MzylbEyHvGepojE3QT6/eUrOrTIgUaJtKSRz9fdETmNjJnFoO2OKI7PszcT/vF6G0U2QC5VmyBVbLIoySTAhswDIQGjOUE4soUwLeythI6opQxtT2YbgLb+8StqXdc+te/dX1YZbxFGCUziDGnhwDQ24gya0gEEKz/AKb07mvDjvzseidc0pZk7gD5zPH8r7kXM=</latexit><latexit sha1_base64="7iX+xEyeh3JougTstdqlSSu2Zj4=">AAAB83icbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPBi8cK9gOaUDbbTbt0swm7E7GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKUw6Lrfztr6xubWdmmnvLu3f3BYOTpumyTTjLdYIhPdDanhUijeQoGSd1PNaRxK3gnHtzO/88i1EYl6wEnKg5gOlYgEo2gl30f+hGGU1+jFtF+punV3DrJKvIJUoUCzX/nyBwnLYq6QSWpMz3NTDHKqUTDJp2U/MzylbEyHvGepojE3QT6/eUrOrTIgUaJtKSRz9fdETmNjJnFoO2OKI7PszcT/vF6G0U2QC5VmyBVbLIoySTAhswDIQGjOUE4soUwLeythI6opQxtT2YbgLb+8StqXdc+te/dX1YZbxFGCUziDGnhwDQ24gya0gEEKz/AKb07mvDjvzseidc0pZk7gD5zPH8r7kXM=</latexit>

H
<latexit sha1_base64="pF0l4Ix6bukDqUo/nAhaSy8phOo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeClx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbT+4XffUKleSwfzCxBP6JjyUPOqLFSqzEsV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR3fsZlkhqUbLUoTAUxMVl8TUZcITNiZgllittbCZtQRZmx2ZRsCN76y5ukc1P13KrXuq3U3TyOIlzAJVyDBzWoQwOa0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx84nz+YD4y6</latexit><latexit sha1_base64="pF0l4Ix6bukDqUo/nAhaSy8phOo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeClx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbT+4XffUKleSwfzCxBP6JjyUPOqLFSqzEsV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR3fsZlkhqUbLUoTAUxMVl8TUZcITNiZgllittbCZtQRZmx2ZRsCN76y5ukc1P13KrXuq3U3TyOIlzAJVyDBzWoQwOa0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx84nz+YD4y6</latexit><latexit sha1_base64="pF0l4Ix6bukDqUo/nAhaSy8phOo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeClx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbT+4XffUKleSwfzCxBP6JjyUPOqLFSqzEsV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR3fsZlkhqUbLUoTAUxMVl8TUZcITNiZgllittbCZtQRZmx2ZRsCN76y5ukc1P13KrXuq3U3TyOIlzAJVyDBzWoQwOa0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx84nz+YD4y6</latexit><latexit sha1_base64="pF0l4Ix6bukDqUo/nAhaSy8phOo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeClx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbT+4XffUKleSwfzCxBP6JjyUPOqLFSqzEsV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR3fsZlkhqUbLUoTAUxMVl8TUZcITNiZgllittbCZtQRZmx2ZRsCN76y5ukc1P13KrXuq3U3TyOIlzAJVyDBzWoQwOa0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx84nz+YD4y6</latexit>

H
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Figure 2.3: Temporal snapshots of the PDF fh(H;x?, t) of the pressure head h(x, t) at the
observation point x = x? obtained analytically in Appendix B.3 (dashed line) or by using the
kernel density estimator to post-process NMC = 30000 (solid line) and NMC = 1000 (dotted line)
Monte Carlo realizations. The results are presented at x? = L/2 (the middle of the pipe), for
three times t: at initial time t = 0.00 s (a); and the times t = 1.10 s (b) and t = 3.24 s (c) at
which the first and second contact discontinuities pass over x?, respectively.

Figure 2.3 exhibits the marginal PDF fh(H,x?, t) for the pressure head h(x, t) in the sensor

location, x? = L/2, before the first contact discontinuity (a), after the first contact discontinuity

(b), and after the second contact discontinuity (c) pass through it. These PDFs are alternatively

computed with the PDF method and Monte Carlo simulations comprising NMC = 1000 and

NMC = 30000 realizations. The solution of the PDF equation, whose parametrization relies on

NMC = 1000 realizations, agrees with the PDF estimate based on NMC = 30000 realizations: the

difference between these two solutions, as quantified by the KL divergence, is E fh = 0.0017.

The MCS estimate of fh achieves the same accuracy with NMC ≈ 6000 realizations, which

takes about three times longer to compute than the PDF method does. If one were to rely on

the Kolmogorov-Smirnov test, EKS
fh

= supH | fh,NMC − fh,30000|, as a measure of the difference
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between the “exact” and approximate PDFs then the PDF method is nine times faster than MCS

(one needs NMC ≈ 19000 realizations to achieve the error EKS
fh

= 0.0016 of the PDF method),

with an even larger computational gain. The comparison between the PDF estimates provided

by the PDF method and Monte Carlo simulations with NMC = 30000 realizations in Figures 2.3

and 2.4 validates the accuracy of the closure approximation, which underpins the derivation of

our deterministic PDF equation (2.4).
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<latexit sha1_base64="16wwcXRV1we59sjo+7Ff3sV7po0=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFGZF0IsQyMWLEsE8IFmW2clsMmT2wUyvJCz7K148KOLVH/Hm3zhJ9qCJBQ1FVTfdXX4ihQZCvq219Y3Nre3STnl3b//g0D6qtHWcKsZbLJax6vpUcyki3gIBkncTxWnoS97xx42Z33niSos4eoRpwt2QDiMRCEbBSJ5duff6wCeQ3TVyfIMdQohnV0mNzIFXiVOQKirQ9Oyv/iBmacgjYJJq3XNIAm5GFQgmeV7up5onlI3pkPcMjWjItZvNb8/xmVEGOIiVqQjwXP09kdFQ62nom86QwkgvezPxP6+XQnDtZiJKUuARWywKUokhxrMg8EAozkBODaFMCXMrZiOqKAMTV9mE4Cy/vEraFzWH1JyHy2qdFHGU0Ak6RefIQVeojm5RE7UQQxP0jF7Rm5VbL9a79bFoXbOKmWP0B9bnD8NbkuE=</latexit><latexit sha1_base64="16wwcXRV1we59sjo+7Ff3sV7po0=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFGZF0IsQyMWLEsE8IFmW2clsMmT2wUyvJCz7K148KOLVH/Hm3zhJ9qCJBQ1FVTfdXX4ihQZCvq219Y3Nre3STnl3b//g0D6qtHWcKsZbLJax6vpUcyki3gIBkncTxWnoS97xx42Z33niSos4eoRpwt2QDiMRCEbBSJ5duff6wCeQ3TVyfIMdQohnV0mNzIFXiVOQKirQ9Oyv/iBmacgjYJJq3XNIAm5GFQgmeV7up5onlI3pkPcMjWjItZvNb8/xmVEGOIiVqQjwXP09kdFQ62nom86QwkgvezPxP6+XQnDtZiJKUuARWywKUokhxrMg8EAozkBODaFMCXMrZiOqKAMTV9mE4Cy/vEraFzWH1JyHy2qdFHGU0Ak6RefIQVeojm5RE7UQQxP0jF7Rm5VbL9a79bFoXbOKmWP0B9bnD8NbkuE=</latexit><latexit sha1_base64="16wwcXRV1we59sjo+7Ff3sV7po0=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFGZF0IsQyMWLEsE8IFmW2clsMmT2wUyvJCz7K148KOLVH/Hm3zhJ9qCJBQ1FVTfdXX4ihQZCvq219Y3Nre3STnl3b//g0D6qtHWcKsZbLJax6vpUcyki3gIBkncTxWnoS97xx42Z33niSos4eoRpwt2QDiMRCEbBSJ5duff6wCeQ3TVyfIMdQohnV0mNzIFXiVOQKirQ9Oyv/iBmacgjYJJq3XNIAm5GFQgmeV7up5onlI3pkPcMjWjItZvNb8/xmVEGOIiVqQjwXP09kdFQ62nom86QwkgvezPxP6+XQnDtZiJKUuARWywKUokhxrMg8EAozkBODaFMCXMrZiOqKAMTV9mE4Cy/vEraFzWH1JyHy2qdFHGU0Ak6RefIQVeojm5RE7UQQxP0jF7Rm5VbL9a79bFoXbOKmWP0B9bnD8NbkuE=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="6LYOphABdJp8DMTSgSU/IJ7qL0k=">AAAB8HicbZBLSwMxFIXv1FetVWu3boJFcFUybnQjCN24USrYB7TDkEkzbWjmQXJHWob+FTcuFPHXuPPfmD4W2nog8HFOwr05QaqkQUq/ncLW9s7uXnG/dFA+PDqunJTbJsk0Fy2eqER3A2aEkrFooUQluqkWLAqU6ATjxjzvPAttZBI/4TQVXsSGsQwlZ2gtv1J98PsoJpjfN2bkhriUUr9So3W6ENkEdwU1WKnpV776g4RnkYiRK2ZMz6UpejnTKLkSs1I/MyJlfMyGomcxZpEwXr7YfUbOrTMgYaLtiZEs3N8vchYZM40CezNiODLr2dz8L+tlGF57uYzTDEXMl4PCTBFMyLwIMpBacFRTC4xraXclfMQ042jrKtkS3PUvb0L7su7SuvtIoQincAYX4MIV3MIdNKEFHCbwAm/w7sycV+djWVfBWfVWhT9yPn8AdeyRjQ==</latexit><latexit sha1_base64="6LYOphABdJp8DMTSgSU/IJ7qL0k=">AAAB8HicbZBLSwMxFIXv1FetVWu3boJFcFUybnQjCN24USrYB7TDkEkzbWjmQXJHWob+FTcuFPHXuPPfmD4W2nog8HFOwr05QaqkQUq/ncLW9s7uXnG/dFA+PDqunJTbJsk0Fy2eqER3A2aEkrFooUQluqkWLAqU6ATjxjzvPAttZBI/4TQVXsSGsQwlZ2gtv1J98PsoJpjfN2bkhriUUr9So3W6ENkEdwU1WKnpV776g4RnkYiRK2ZMz6UpejnTKLkSs1I/MyJlfMyGomcxZpEwXr7YfUbOrTMgYaLtiZEs3N8vchYZM40CezNiODLr2dz8L+tlGF57uYzTDEXMl4PCTBFMyLwIMpBacFRTC4xraXclfMQ042jrKtkS3PUvb0L7su7SuvtIoQincAYX4MIV3MIdNKEFHCbwAm/w7sycV+djWVfBWfVWhT9yPn8AdeyRjQ==</latexit><latexit sha1_base64="ahr1XQx0jlOnZY7ACgMuIuRA11I=">AAAB+3icbVDLSgNBEJyNrxhfazx6GQyCpzDrRS9CIBcvSgTzgGRZZiezyZDZBzO9krDsr3jxoIhXf8Sbf+Mk2YMmFjQUVd10d/mJFBoI+bZKG5tb2zvl3cre/sHhkX1c7eg4VYy3WSxj1fOp5lJEvA0CJO8litPQl7zrT5pzv/vElRZx9AizhLshHUUiEIyCkTy7eu8NgE8hu2vm+AY7hBDPrpE6WQCvE6cgNVSg5dlfg2HM0pBHwCTVuu+QBNyMKhBM8rwySDVPKJvQEe8bGtGQazdb3J7jc6MMcRArUxHghfp7IqOh1rPQN50hhbFe9ebif14/heDazUSUpMAjtlwUpBJDjOdB4KFQnIGcGUKZEuZWzMZUUQYmrooJwVl9eZ10LusOqTsPpNYgRRxldIrO0AVy0BVqoFvUQm3E0BQ9o1f0ZuXWi/VufSxbS1Yxc4L+wPr8AcIbkt0=</latexit><latexit sha1_base64="16wwcXRV1we59sjo+7Ff3sV7po0=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFGZF0IsQyMWLEsE8IFmW2clsMmT2wUyvJCz7K148KOLVH/Hm3zhJ9qCJBQ1FVTfdXX4ihQZCvq219Y3Nre3STnl3b//g0D6qtHWcKsZbLJax6vpUcyki3gIBkncTxWnoS97xx42Z33niSos4eoRpwt2QDiMRCEbBSJ5duff6wCeQ3TVyfIMdQohnV0mNzIFXiVOQKirQ9Oyv/iBmacgjYJJq3XNIAm5GFQgmeV7up5onlI3pkPcMjWjItZvNb8/xmVEGOIiVqQjwXP09kdFQ62nom86QwkgvezPxP6+XQnDtZiJKUuARWywKUokhxrMg8EAozkBODaFMCXMrZiOqKAMTV9mE4Cy/vEraFzWH1JyHy2qdFHGU0Ak6RefIQVeojm5RE7UQQxP0jF7Rm5VbL9a79bFoXbOKmWP0B9bnD8NbkuE=</latexit><latexit sha1_base64="16wwcXRV1we59sjo+7Ff3sV7po0=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFGZF0IsQyMWLEsE8IFmW2clsMmT2wUyvJCz7K148KOLVH/Hm3zhJ9qCJBQ1FVTfdXX4ihQZCvq219Y3Nre3STnl3b//g0D6qtHWcKsZbLJax6vpUcyki3gIBkncTxWnoS97xx42Z33niSos4eoRpwt2QDiMRCEbBSJ5duff6wCeQ3TVyfIMdQohnV0mNzIFXiVOQKirQ9Oyv/iBmacgjYJJq3XNIAm5GFQgmeV7up5onlI3pkPcMjWjItZvNb8/xmVEGOIiVqQjwXP09kdFQ62nom86QwkgvezPxP6+XQnDtZiJKUuARWywKUokhxrMg8EAozkBODaFMCXMrZiOqKAMTV9mE4Cy/vEraFzWH1JyHy2qdFHGU0Ak6RefIQVeojm5RE7UQQxP0jF7Rm5VbL9a79bFoXbOKmWP0B9bnD8NbkuE=</latexit><latexit sha1_base64="16wwcXRV1we59sjo+7Ff3sV7po0=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFGZF0IsQyMWLEsE8IFmW2clsMmT2wUyvJCz7K148KOLVH/Hm3zhJ9qCJBQ1FVTfdXX4ihQZCvq219Y3Nre3STnl3b//g0D6qtHWcKsZbLJax6vpUcyki3gIBkncTxWnoS97xx42Z33niSos4eoRpwt2QDiMRCEbBSJ5duff6wCeQ3TVyfIMdQohnV0mNzIFXiVOQKirQ9Oyv/iBmacgjYJJq3XNIAm5GFQgmeV7up5onlI3pkPcMjWjItZvNb8/xmVEGOIiVqQjwXP09kdFQ62nom86QwkgvezPxP6+XQnDtZiJKUuARWywKUokhxrMg8EAozkBODaFMCXMrZiOqKAMTV9mE4Cy/vEraFzWH1JyHy2qdFHGU0Ak6RefIQVeojm5RE7UQQxP0jF7Rm5VbL9a79bFoXbOKmWP0B9bnD8NbkuE=</latexit><latexit sha1_base64="16wwcXRV1we59sjo+7Ff3sV7po0=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFGZF0IsQyMWLEsE8IFmW2clsMmT2wUyvJCz7K148KOLVH/Hm3zhJ9qCJBQ1FVTfdXX4ihQZCvq219Y3Nre3STnl3b//g0D6qtHWcKsZbLJax6vpUcyki3gIBkncTxWnoS97xx42Z33niSos4eoRpwt2QDiMRCEbBSJ5duff6wCeQ3TVyfIMdQohnV0mNzIFXiVOQKirQ9Oyv/iBmacgjYJJq3XNIAm5GFQgmeV7up5onlI3pkPcMjWjItZvNb8/xmVEGOIiVqQjwXP09kdFQ62nom86QwkgvezPxP6+XQnDtZiJKUuARWywKUokhxrMg8EAozkBODaFMCXMrZiOqKAMTV9mE4Cy/vEraFzWH1JyHy2qdFHGU0Ak6RefIQVeojm5RE7UQQxP0jF7Rm5VbL9a79bFoXbOKmWP0B9bnD8NbkuE=</latexit><latexit sha1_base64="16wwcXRV1we59sjo+7Ff3sV7po0=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFGZF0IsQyMWLEsE8IFmW2clsMmT2wUyvJCz7K148KOLVH/Hm3zhJ9qCJBQ1FVTfdXX4ihQZCvq219Y3Nre3STnl3b//g0D6qtHWcKsZbLJax6vpUcyki3gIBkncTxWnoS97xx42Z33niSos4eoRpwt2QDiMRCEbBSJ5duff6wCeQ3TVyfIMdQohnV0mNzIFXiVOQKirQ9Oyv/iBmacgjYJJq3XNIAm5GFQgmeV7up5onlI3pkPcMjWjItZvNb8/xmVEGOIiVqQjwXP09kdFQ62nom86QwkgvezPxP6+XQnDtZiJKUuARWywKUokhxrMg8EAozkBODaFMCXMrZiOqKAMTV9mE4Cy/vEraFzWH1JyHy2qdFHGU0Ak6RefIQVeojm5RE7UQQxP0jF7Rm5VbL9a79bFoXbOKmWP0B9bnD8NbkuE=</latexit><latexit sha1_base64="16wwcXRV1we59sjo+7Ff3sV7po0=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFGZF0IsQyMWLEsE8IFmW2clsMmT2wUyvJCz7K148KOLVH/Hm3zhJ9qCJBQ1FVTfdXX4ihQZCvq219Y3Nre3STnl3b//g0D6qtHWcKsZbLJax6vpUcyki3gIBkncTxWnoS97xx42Z33niSos4eoRpwt2QDiMRCEbBSJ5duff6wCeQ3TVyfIMdQohnV0mNzIFXiVOQKirQ9Oyv/iBmacgjYJJq3XNIAm5GFQgmeV7up5onlI3pkPcMjWjItZvNb8/xmVEGOIiVqQjwXP09kdFQ62nom86QwkgvezPxP6+XQnDtZiJKUuARWywKUokhxrMg8EAozkBODaFMCXMrZiOqKAMTV9mE4Cy/vEraFzWH1JyHy2qdFHGU0Ak6RefIQVeojm5RE7UQQxP0jF7Rm5VbL9a79bFoXbOKmWP0B9bnD8NbkuE=</latexit>

{
<latexit sha1_base64="I8FBdZANl0OQhA05BOE7RwQUz0g=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPBi8cq9gPaUDfbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+mfntJ1SaJ/LBTFIMYjqUPOKMGivd9/K+W/Vq3hxklfgFqUKBRt/96g0SlsUoDRNU667vpSbIqTKcCZxWepnGlLIxHWLXUklj1EE+v3RKzqwyIFGibElD5urviZzGWk/i0HbG1Iz0sjcT//O6mYmug5zLNDMo2WJRlAliEjJ7mwy4QmbExBLKFLe3EjaiijJjw6nYEPzll1dJ66LmezX/7rJafyziKMMJnMI5+HAFdbiFBjSBQQTP8Apvzth5cd6dj0VrySlmjuEPnM8fpIqNgw==</latexit><latexit sha1_base64="I8FBdZANl0OQhA05BOE7RwQUz0g=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPBi8cq9gPaUDfbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+mfntJ1SaJ/LBTFIMYjqUPOKMGivd9/K+W/Vq3hxklfgFqUKBRt/96g0SlsUoDRNU667vpSbIqTKcCZxWepnGlLIxHWLXUklj1EE+v3RKzqwyIFGibElD5urviZzGWk/i0HbG1Iz0sjcT//O6mYmug5zLNDMo2WJRlAliEjJ7mwy4QmbExBLKFLe3EjaiijJjw6nYEPzll1dJ66LmezX/7rJafyziKMMJnMI5+HAFdbiFBjSBQQTP8Apvzth5cd6dj0VrySlmjuEPnM8fpIqNgw==</latexit><latexit sha1_base64="I8FBdZANl0OQhA05BOE7RwQUz0g=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPBi8cq9gPaUDfbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+mfntJ1SaJ/LBTFIMYjqUPOKMGivd9/K+W/Vq3hxklfgFqUKBRt/96g0SlsUoDRNU667vpSbIqTKcCZxWepnGlLIxHWLXUklj1EE+v3RKzqwyIFGibElD5urviZzGWk/i0HbG1Iz0sjcT//O6mYmug5zLNDMo2WJRlAliEjJ7mwy4QmbExBLKFLe3EjaiijJjw6nYEPzll1dJ66LmezX/7rJafyziKMMJnMI5+HAFdbiFBjSBQQTP8Apvzth5cd6dj0VrySlmjuEPnM8fpIqNgw==</latexit><latexit sha1_base64="I8FBdZANl0OQhA05BOE7RwQUz0g=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPBi8cq9gPaUDfbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+mfntJ1SaJ/LBTFIMYjqUPOKMGivd9/K+W/Vq3hxklfgFqUKBRt/96g0SlsUoDRNU667vpSbIqTKcCZxWepnGlLIxHWLXUklj1EE+v3RKzqwyIFGibElD5urviZzGWk/i0HbG1Iz0sjcT//O6mYmug5zLNDMo2WJRlAliEjJ7mwy4QmbExBLKFLe3EjaiijJjw6nYEPzll1dJ66LmezX/7rJafyziKMMJnMI5+HAFdbiFBjSBQQTP8Apvzth5cd6dj0VrySlmjuEPnM8fpIqNgw==</latexit>

{
<latexit sha1_base64="I8FBdZANl0OQhA05BOE7RwQUz0g=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPBi8cq9gPaUDfbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+mfntJ1SaJ/LBTFIMYjqUPOKMGivd9/K+W/Vq3hxklfgFqUKBRt/96g0SlsUoDRNU667vpSbIqTKcCZxWepnGlLIxHWLXUklj1EE+v3RKzqwyIFGibElD5urviZzGWk/i0HbG1Iz0sjcT//O6mYmug5zLNDMo2WJRlAliEjJ7mwy4QmbExBLKFLe3EjaiijJjw6nYEPzll1dJ66LmezX/7rJafyziKMMJnMI5+HAFdbiFBjSBQQTP8Apvzth5cd6dj0VrySlmjuEPnM8fpIqNgw==</latexit><latexit sha1_base64="I8FBdZANl0OQhA05BOE7RwQUz0g=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPBi8cq9gPaUDfbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+mfntJ1SaJ/LBTFIMYjqUPOKMGivd9/K+W/Vq3hxklfgFqUKBRt/96g0SlsUoDRNU667vpSbIqTKcCZxWepnGlLIxHWLXUklj1EE+v3RKzqwyIFGibElD5urviZzGWk/i0HbG1Iz0sjcT//O6mYmug5zLNDMo2WJRlAliEjJ7mwy4QmbExBLKFLe3EjaiijJjw6nYEPzll1dJ66LmezX/7rJafyziKMMJnMI5+HAFdbiFBjSBQQTP8Apvzth5cd6dj0VrySlmjuEPnM8fpIqNgw==</latexit><latexit sha1_base64="I8FBdZANl0OQhA05BOE7RwQUz0g=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPBi8cq9gPaUDfbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+mfntJ1SaJ/LBTFIMYjqUPOKMGivd9/K+W/Vq3hxklfgFqUKBRt/96g0SlsUoDRNU667vpSbIqTKcCZxWepnGlLIxHWLXUklj1EE+v3RKzqwyIFGibElD5urviZzGWk/i0HbG1Iz0sjcT//O6mYmug5zLNDMo2WJRlAliEjJ7mwy4QmbExBLKFLe3EjaiijJjw6nYEPzll1dJ66LmezX/7rJafyziKMMJnMI5+HAFdbiFBjSBQQTP8Apvzth5cd6dj0VrySlmjuEPnM8fpIqNgw==</latexit><latexit sha1_base64="I8FBdZANl0OQhA05BOE7RwQUz0g=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPBi8cq9gPaUDfbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+mfntJ1SaJ/LBTFIMYjqUPOKMGivd9/K+W/Vq3hxklfgFqUKBRt/96g0SlsUoDRNU667vpSbIqTKcCZxWepnGlLIxHWLXUklj1EE+v3RKzqwyIFGibElD5urviZzGWk/i0HbG1Iz0sjcT//O6mYmug5zLNDMo2WJRlAliEjJ7mwy4QmbExBLKFLe3EjaiijJjw6nYEPzll1dJ66LmezX/7rJafyziKMMJnMI5+HAFdbiFBjSBQQTP8Apvzth5cd6dj0VrySlmjuEPnM8fpIqNgw==</latexit>
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)
<latexit sha1_base64="7OStWgDE5X/m/LA++mVlQcoaWXo=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahgpREBAUvBS89VrAf0Maw2W7apZtN2J0US+g/8eJBEa/+E2/+G7dtDtr6YODx3gwz84JEcA2O820V1tY3NreK26Wd3b39A/vwqKXjVFHWpLGIVScgmgkuWRM4CNZJFCNRIFg7GN3N/PaYKc1j+QCThHkRGUgeckrASL5th/6wUr99euxpIOoCzn277FSdOfAqcXNSRjkavv3V68c0jZgEKojWXddJwMuIAk4Fm5Z6qWYJoSMyYF1DJYmY9rL55VN8ZpQ+DmNlSgKeq78nMhJpPYkC0xkRGOplbyb+53VTCG+8jMskBSbpYlGYCgwxnsWA+1wxCmJiCKGKm1sxHRJFKJiwSiYEd/nlVdK6rLpO1b2/KtecPI4iOkGnqIJcdI1qqI4aqIkoGqNn9IrerMx6sd6tj0VrwcpnjtEfWJ8/YUySxg==</latexit><latexit sha1_base64="7OStWgDE5X/m/LA++mVlQcoaWXo=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahgpREBAUvBS89VrAf0Maw2W7apZtN2J0US+g/8eJBEa/+E2/+G7dtDtr6YODx3gwz84JEcA2O820V1tY3NreK26Wd3b39A/vwqKXjVFHWpLGIVScgmgkuWRM4CNZJFCNRIFg7GN3N/PaYKc1j+QCThHkRGUgeckrASL5th/6wUr99euxpIOoCzn277FSdOfAqcXNSRjkavv3V68c0jZgEKojWXddJwMuIAk4Fm5Z6qWYJoSMyYF1DJYmY9rL55VN8ZpQ+DmNlSgKeq78nMhJpPYkC0xkRGOplbyb+53VTCG+8jMskBSbpYlGYCgwxnsWA+1wxCmJiCKGKm1sxHRJFKJiwSiYEd/nlVdK6rLpO1b2/KtecPI4iOkGnqIJcdI1qqI4aqIkoGqNn9IrerMx6sd6tj0VrwcpnjtEfWJ8/YUySxg==</latexit><latexit sha1_base64="7OStWgDE5X/m/LA++mVlQcoaWXo=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahgpREBAUvBS89VrAf0Maw2W7apZtN2J0US+g/8eJBEa/+E2/+G7dtDtr6YODx3gwz84JEcA2O820V1tY3NreK26Wd3b39A/vwqKXjVFHWpLGIVScgmgkuWRM4CNZJFCNRIFg7GN3N/PaYKc1j+QCThHkRGUgeckrASL5th/6wUr99euxpIOoCzn277FSdOfAqcXNSRjkavv3V68c0jZgEKojWXddJwMuIAk4Fm5Z6qWYJoSMyYF1DJYmY9rL55VN8ZpQ+DmNlSgKeq78nMhJpPYkC0xkRGOplbyb+53VTCG+8jMskBSbpYlGYCgwxnsWA+1wxCmJiCKGKm1sxHRJFKJiwSiYEd/nlVdK6rLpO1b2/KtecPI4iOkGnqIJcdI1qqI4aqIkoGqNn9IrerMx6sd6tj0VrwcpnjtEfWJ8/YUySxg==</latexit><latexit sha1_base64="7OStWgDE5X/m/LA++mVlQcoaWXo=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahgpREBAUvBS89VrAf0Maw2W7apZtN2J0US+g/8eJBEa/+E2/+G7dtDtr6YODx3gwz84JEcA2O820V1tY3NreK26Wd3b39A/vwqKXjVFHWpLGIVScgmgkuWRM4CNZJFCNRIFg7GN3N/PaYKc1j+QCThHkRGUgeckrASL5th/6wUr99euxpIOoCzn277FSdOfAqcXNSRjkavv3V68c0jZgEKojWXddJwMuIAk4Fm5Z6qWYJoSMyYF1DJYmY9rL55VN8ZpQ+DmNlSgKeq78nMhJpPYkC0xkRGOplbyb+53VTCG+8jMskBSbpYlGYCgwxnsWA+1wxCmJiCKGKm1sxHRJFKJiwSiYEd/nlVdK6rLpO1b2/KtecPI4iOkGnqIJcdI1qqI4aqIkoGqNn9IrerMx6sd6tj0VrwcpnjtEfWJ8/YUySxg==</latexit>

t = 1.10 s
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<latexit sha1_base64="nK+PTVoB6Luljjy4TqoZAZmJhts=">AAAB+HicbVBNS8NAEJ34WetHox69BIvgKSRV0ItQ8OKxgv2ANpTNdtsu3WzC7kSsof4RLx4U8epP8ea/cdvmoK0PBh7vzTAzL0wE1+h539bK6tr6xmZhq7i9s7tXsvcPGjpOFWV1GotYtUKimeCS1ZGjYK1EMRKFgjXD0fXUb94zpXks73CcsCAiA8n7nBI0Utcu4dWZW/GfOsgeMNOTrl32XG8GZ5n4OSlDjlrX/ur0YppGTCIVROu27yUYZEQhp4JNip1Us4TQERmwtqGSREwH2ezwiXNilJ7Tj5Upic5M/T2RkUjrcRSazojgUC96U/E/r51i/zLIuExSZJLOF/VT4WDsTFNwelwximJsCKGKm1sdOiSKUDRZFU0I/uLLy6RRcX3P9W/Py1Uvj6MAR3AMp+DDBVThBmpQBwopPMMrvFmP1ov1bn3MW1esfOYQ/sD6/AEeOZKu</latexit><latexit sha1_base64="nK+PTVoB6Luljjy4TqoZAZmJhts=">AAAB+HicbVBNS8NAEJ34WetHox69BIvgKSRV0ItQ8OKxgv2ANpTNdtsu3WzC7kSsof4RLx4U8epP8ea/cdvmoK0PBh7vzTAzL0wE1+h539bK6tr6xmZhq7i9s7tXsvcPGjpOFWV1GotYtUKimeCS1ZGjYK1EMRKFgjXD0fXUb94zpXks73CcsCAiA8n7nBI0Utcu4dWZW/GfOsgeMNOTrl32XG8GZ5n4OSlDjlrX/ur0YppGTCIVROu27yUYZEQhp4JNip1Us4TQERmwtqGSREwH2ezwiXNilJ7Tj5Upic5M/T2RkUjrcRSazojgUC96U/E/r51i/zLIuExSZJLOF/VT4WDsTFNwelwximJsCKGKm1sdOiSKUDRZFU0I/uLLy6RRcX3P9W/Py1Uvj6MAR3AMp+DDBVThBmpQBwopPMMrvFmP1ov1bn3MW1esfOYQ/sD6/AEeOZKu</latexit><latexit sha1_base64="nK+PTVoB6Luljjy4TqoZAZmJhts=">AAAB+HicbVBNS8NAEJ34WetHox69BIvgKSRV0ItQ8OKxgv2ANpTNdtsu3WzC7kSsof4RLx4U8epP8ea/cdvmoK0PBh7vzTAzL0wE1+h539bK6tr6xmZhq7i9s7tXsvcPGjpOFWV1GotYtUKimeCS1ZGjYK1EMRKFgjXD0fXUb94zpXks73CcsCAiA8n7nBI0Utcu4dWZW/GfOsgeMNOTrl32XG8GZ5n4OSlDjlrX/ur0YppGTCIVROu27yUYZEQhp4JNip1Us4TQERmwtqGSREwH2ezwiXNilJ7Tj5Upic5M/T2RkUjrcRSazojgUC96U/E/r51i/zLIuExSZJLOF/VT4WDsTFNwelwximJsCKGKm1sdOiSKUDRZFU0I/uLLy6RRcX3P9W/Py1Uvj6MAR3AMp+DDBVThBmpQBwopPMMrvFmP1ov1bn3MW1esfOYQ/sD6/AEeOZKu</latexit><latexit sha1_base64="nK+PTVoB6Luljjy4TqoZAZmJhts=">AAAB+HicbVBNS8NAEJ34WetHox69BIvgKSRV0ItQ8OKxgv2ANpTNdtsu3WzC7kSsof4RLx4U8epP8ea/cdvmoK0PBh7vzTAzL0wE1+h539bK6tr6xmZhq7i9s7tXsvcPGjpOFWV1GotYtUKimeCS1ZGjYK1EMRKFgjXD0fXUb94zpXks73CcsCAiA8n7nBI0Utcu4dWZW/GfOsgeMNOTrl32XG8GZ5n4OSlDjlrX/ur0YppGTCIVROu27yUYZEQhp4JNip1Us4TQERmwtqGSREwH2ezwiXNilJ7Tj5Upic5M/T2RkUjrcRSazojgUC96U/E/r51i/zLIuExSZJLOF/VT4WDsTFNwelwximJsCKGKm1sdOiSKUDRZFU0I/uLLy6RRcX3P9W/Py1Uvj6MAR3AMp+DDBVThBmpQBwopPMMrvFmP1ov1bn3MW1esfOYQ/sD6/AEeOZKu</latexit>

Figure 2.4: Temporal snapshots of the PDF fh(H;x?, t) of the pressure head h(x, t) at the
observation point x = x? obtained, alternatively, by solving the PDF equation (2.4) (dashed
line) or by using the kernel density estimator to post-process NMC = 30000 (solid line) and
NMC = 1000 (dotted line) Monte Carlo realizations. The results are presented at x? = L/2 (the
middle of the pipe) for the time interval during which the first contact discontinuity passed
through x? (t = 1.10 s) and just before the second contact discontinuity has reached it (t = 3.21 s).

The support of the PDF fh(H; ·), i.e., a set of values of H for which fh(H; ·) 6= 0, changes

with time; the predictive uncertainty (pressure variance σ2
h or the PDF width) is significantly

larger after the passage of the first contact discontinuity (Fig. 2.3b) than the second one (Fig. 2.3c).

That is why many leak-detection techniques focus on the time interval after the first contact

discontinuity to determine the leak location and size, taking advantage of the fact that during

this time the pressure is highest and the effects of a leak are magnified (Covas et al. 2008).

Damping in the periodic wave gives the first cycle the advantage over the other cycles since

the leak effect is at its peak. In general, the pressure PDF fh and its moments (e.g., the mean
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and variance of h) are discontinuous at the moving wave front. In between the two adjacent

waves carrying, e.g., the first and second contact discontinuities, the pressure h(x, t) is continuous

and the impact of uncertain parameters increases with time (Fig. 2.4); therefore, pressure (and

velocity) measurements collected during that time interval have higher information content (i.e.,

their assimilation would have a higher impact on reduction of the predictive uncertainty) than the

data collected at other times.

The fluid pressure PDF fh(H; ·) remains highly asymmetric (non-Gaussian) at all times,

with skewness that changes sign during the time cycle considered (Fig. 2.3). This suggests that

data assimilation strategies based on different flavors of the Kalman filter are suboptimal and

might yield erroneous estimators of the system states and inputs (e.g., the location and intensity of

a leak). Instead, one might have to deploy Bayesian strategies, which would treat the PDF fh(H; ·)

computed with our PDF equations as a prior distribution and then use pressure measurements to

construct a posterior PDF.

The PDFs in Figures 2.3 and 2.4 quantify the uncertainty in predictions of the fluid

pressure dynamics stemming from uncertain initial conditions in an intact pipe. In the presence of

a leak, the pressure signals typically display faster damping and more complex wave reflections.

Figure 2.5 demonstrates this effect by comparing the pressure PDFs in leaky and intact pipes; in

both cases the initial velocity is set to u0 = 2.1 m/s and, for the leaky pipe, the leak parameter is

set to CleakAleak = 0.0001 m2. The PDF behavior is significantly affected by the presence of the

leak, the most apparent feature being a significant shift of the PDF towards lower pressure values.

The comparison of PDFs in leak and no-leak conditions might help one to identify

locations where the difference between the two scenarios is the largest as the the most affected by

potential leaks and the most advantageous for measurement collection when sensor placing is

yet to be determined. In all other cases, it represents a physically-based prior distribution to be

updated via data assimilation for uncertainty reduction and possibly leak detection.
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NMC = 30000
<latexit sha1_base64="Ejw/mJ0La3ky/JGpKIZTnIvrws0=">AAAB/HicbVDLSgNBEJyNrxhfqzl6GQyCpzCrgl6EQC5elAjmAcmyzE5mkyGzD2Z6xbDEX/HiQRGvfog3/8ZJsgdNLGgoqrrp7vITKTQQ8m0VVlbX1jeKm6Wt7Z3dPXv/oKXjVDHeZLGMVcenmksR8SYIkLyTKE5DX/K2P6pP/fYDV1rE0T2ME+6GdBCJQDAKRvLs8q3XA/4I2U19gq/wGTHw7AqpkhnwMnFyUkE5Gp791evHLA15BExSrbsOScDNqALBJJ+UeqnmCWUjOuBdQyMacu1ms+Mn+NgofRzEylQEeKb+nshoqPU49E1nSGGoF72p+J/XTSG4dDMRJSnwiM0XBanEEONpErgvFGcgx4ZQpoS5FbMhVZSByatkQnAWX14mrdOqQ6rO3XmlRvI4iugQHaET5KALVEPXqIGaiKExekav6M16sl6sd+tj3lqw8pky+gPr8wc585Md</latexit><latexit sha1_base64="Ejw/mJ0La3ky/JGpKIZTnIvrws0=">AAAB/HicbVDLSgNBEJyNrxhfqzl6GQyCpzCrgl6EQC5elAjmAcmyzE5mkyGzD2Z6xbDEX/HiQRGvfog3/8ZJsgdNLGgoqrrp7vITKTQQ8m0VVlbX1jeKm6Wt7Z3dPXv/oKXjVDHeZLGMVcenmksR8SYIkLyTKE5DX/K2P6pP/fYDV1rE0T2ME+6GdBCJQDAKRvLs8q3XA/4I2U19gq/wGTHw7AqpkhnwMnFyUkE5Gp791evHLA15BExSrbsOScDNqALBJJ+UeqnmCWUjOuBdQyMacu1ms+Mn+NgofRzEylQEeKb+nshoqPU49E1nSGGoF72p+J/XTSG4dDMRJSnwiM0XBanEEONpErgvFGcgx4ZQpoS5FbMhVZSByatkQnAWX14mrdOqQ6rO3XmlRvI4iugQHaET5KALVEPXqIGaiKExekav6M16sl6sd+tj3lqw8pky+gPr8wc585Md</latexit><latexit sha1_base64="Ejw/mJ0La3ky/JGpKIZTnIvrws0=">AAAB/HicbVDLSgNBEJyNrxhfqzl6GQyCpzCrgl6EQC5elAjmAcmyzE5mkyGzD2Z6xbDEX/HiQRGvfog3/8ZJsgdNLGgoqrrp7vITKTQQ8m0VVlbX1jeKm6Wt7Z3dPXv/oKXjVDHeZLGMVcenmksR8SYIkLyTKE5DX/K2P6pP/fYDV1rE0T2ME+6GdBCJQDAKRvLs8q3XA/4I2U19gq/wGTHw7AqpkhnwMnFyUkE5Gp791evHLA15BExSrbsOScDNqALBJJ+UeqnmCWUjOuBdQyMacu1ms+Mn+NgofRzEylQEeKb+nshoqPU49E1nSGGoF72p+J/XTSG4dDMRJSnwiM0XBanEEONpErgvFGcgx4ZQpoS5FbMhVZSByatkQnAWX14mrdOqQ6rO3XmlRvI4iugQHaET5KALVEPXqIGaiKExekav6M16sl6sd+tj3lqw8pky+gPr8wc585Md</latexit><latexit sha1_base64="Ejw/mJ0La3ky/JGpKIZTnIvrws0=">AAAB/HicbVDLSgNBEJyNrxhfqzl6GQyCpzCrgl6EQC5elAjmAcmyzE5mkyGzD2Z6xbDEX/HiQRGvfog3/8ZJsgdNLGgoqrrp7vITKTQQ8m0VVlbX1jeKm6Wt7Z3dPXv/oKXjVDHeZLGMVcenmksR8SYIkLyTKE5DX/K2P6pP/fYDV1rE0T2ME+6GdBCJQDAKRvLs8q3XA/4I2U19gq/wGTHw7AqpkhnwMnFyUkE5Gp791evHLA15BExSrbsOScDNqALBJJ+UeqnmCWUjOuBdQyMacu1ms+Mn+NgofRzEylQEeKb+nshoqPU49E1nSGGoF72p+J/XTSG4dDMRJSnwiM0XBanEEONpErgvFGcgx4ZQpoS5FbMhVZSByatkQnAWX14mrdOqQ6rO3XmlRvI4iugQHaET5KALVEPXqIGaiKExekav6M16sl6sd+tj3lqw8pky+gPr8wc585Md</latexit>

PDF method
<latexit sha1_base64="Z/OVp3AHiC0LLy2HRjhhjDgrlOs=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQyCp7Argh4DiniMYB6QLGF2tpMMmX0w06uGNZ/ixYMiXv0Sb/6Nk2QPmljQUFR1093lJ1JodJxvq7Cyura+UdwsbW3v7O7Z5f2mjlPFocFjGau2zzRIEUEDBUpoJwpY6Eto+aPLqd+6B6VFHN3hOAEvZINI9AVnaKSeXe4iPGJWv7qmIeAwDiY9u+JUnRnoMnFzUiE56j37qxvEPA0hQi6Z1h3XSdDLmELBJUxK3VRDwviIDaBjaMRC0F42O31Cj40S0H6sTEVIZ+rviYyFWo9D33SGDId60ZuK/3mdFPsXXiaiJEWI+HxRP5UUYzrNgQZCAUc5NoRxJcytlA+ZYhxNWiUTgrv48jJpnlZdp+renlVqTh5HkRySI3JCXHJOauSG1EmDcPJAnskrebOerBfr3fqYtxasfOaA/IH1+QMfbZPX</latexit><latexit sha1_base64="Z/OVp3AHiC0LLy2HRjhhjDgrlOs=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQyCp7Argh4DiniMYB6QLGF2tpMMmX0w06uGNZ/ixYMiXv0Sb/6Nk2QPmljQUFR1093lJ1JodJxvq7Cyura+UdwsbW3v7O7Z5f2mjlPFocFjGau2zzRIEUEDBUpoJwpY6Eto+aPLqd+6B6VFHN3hOAEvZINI9AVnaKSeXe4iPGJWv7qmIeAwDiY9u+JUnRnoMnFzUiE56j37qxvEPA0hQi6Z1h3XSdDLmELBJUxK3VRDwviIDaBjaMRC0F42O31Cj40S0H6sTEVIZ+rviYyFWo9D33SGDId60ZuK/3mdFPsXXiaiJEWI+HxRP5UUYzrNgQZCAUc5NoRxJcytlA+ZYhxNWiUTgrv48jJpnlZdp+renlVqTh5HkRySI3JCXHJOauSG1EmDcPJAnskrebOerBfr3fqYtxasfOaA/IH1+QMfbZPX</latexit><latexit sha1_base64="Z/OVp3AHiC0LLy2HRjhhjDgrlOs=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQyCp7Argh4DiniMYB6QLGF2tpMMmX0w06uGNZ/ixYMiXv0Sb/6Nk2QPmljQUFR1093lJ1JodJxvq7Cyura+UdwsbW3v7O7Z5f2mjlPFocFjGau2zzRIEUEDBUpoJwpY6Eto+aPLqd+6B6VFHN3hOAEvZINI9AVnaKSeXe4iPGJWv7qmIeAwDiY9u+JUnRnoMnFzUiE56j37qxvEPA0hQi6Z1h3XSdDLmELBJUxK3VRDwviIDaBjaMRC0F42O31Cj40S0H6sTEVIZ+rviYyFWo9D33SGDId60ZuK/3mdFPsXXiaiJEWI+HxRP5UUYzrNgQZCAUc5NoRxJcytlA+ZYhxNWiUTgrv48jJpnlZdp+renlVqTh5HkRySI3JCXHJOauSG1EmDcPJAnskrebOerBfr3fqYtxasfOaA/IH1+QMfbZPX</latexit><latexit sha1_base64="Z/OVp3AHiC0LLy2HRjhhjDgrlOs=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQyCp7Argh4DiniMYB6QLGF2tpMMmX0w06uGNZ/ixYMiXv0Sb/6Nk2QPmljQUFR1093lJ1JodJxvq7Cyura+UdwsbW3v7O7Z5f2mjlPFocFjGau2zzRIEUEDBUpoJwpY6Eto+aPLqd+6B6VFHN3hOAEvZINI9AVnaKSeXe4iPGJWv7qmIeAwDiY9u+JUnRnoMnFzUiE56j37qxvEPA0hQi6Z1h3XSdDLmELBJUxK3VRDwviIDaBjaMRC0F42O31Cj40S0H6sTEVIZ+rviYyFWo9D33SGDId60ZuK/3mdFPsXXiaiJEWI+HxRP5UUYzrNgQZCAUc5NoRxJcytlA+ZYhxNWiUTgrv48jJpnlZdp+renlVqTh5HkRySI3JCXHJOauSG1EmDcPJAnskrebOerBfr3fqYtxasfOaA/IH1+QMfbZPX</latexit>

NMC = 1000
<latexit sha1_base64="16wwcXRV1we59sjo+7Ff3sV7po0=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFGZF0IsQyMWLEsE8IFmW2clsMmT2wUyvJCz7K148KOLVH/Hm3zhJ9qCJBQ1FVTfdXX4ihQZCvq219Y3Nre3STnl3b//g0D6qtHWcKsZbLJax6vpUcyki3gIBkncTxWnoS97xx42Z33niSos4eoRpwt2QDiMRCEbBSJ5duff6wCeQ3TVyfIMdQohnV0mNzIFXiVOQKirQ9Oyv/iBmacgjYJJq3XNIAm5GFQgmeV7up5onlI3pkPcMjWjItZvNb8/xmVEGOIiVqQjwXP09kdFQ62nom86QwkgvezPxP6+XQnDtZiJKUuARWywKUokhxrMg8EAozkBODaFMCXMrZiOqKAMTV9mE4Cy/vEraFzWH1JyHy2qdFHGU0Ak6RefIQVeojm5RE7UQQxP0jF7Rm5VbL9a79bFoXbOKmWP0B9bnD8NbkuE=</latexit><latexit sha1_base64="16wwcXRV1we59sjo+7Ff3sV7po0=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFGZF0IsQyMWLEsE8IFmW2clsMmT2wUyvJCz7K148KOLVH/Hm3zhJ9qCJBQ1FVTfdXX4ihQZCvq219Y3Nre3STnl3b//g0D6qtHWcKsZbLJax6vpUcyki3gIBkncTxWnoS97xx42Z33niSos4eoRpwt2QDiMRCEbBSJ5duff6wCeQ3TVyfIMdQohnV0mNzIFXiVOQKirQ9Oyv/iBmacgjYJJq3XNIAm5GFQgmeV7up5onlI3pkPcMjWjItZvNb8/xmVEGOIiVqQjwXP09kdFQ62nom86QwkgvezPxP6+XQnDtZiJKUuARWywKUokhxrMg8EAozkBODaFMCXMrZiOqKAMTV9mE4Cy/vEraFzWH1JyHy2qdFHGU0Ak6RefIQVeojm5RE7UQQxP0jF7Rm5VbL9a79bFoXbOKmWP0B9bnD8NbkuE=</latexit><latexit sha1_base64="16wwcXRV1we59sjo+7Ff3sV7po0=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFGZF0IsQyMWLEsE8IFmW2clsMmT2wUyvJCz7K148KOLVH/Hm3zhJ9qCJBQ1FVTfdXX4ihQZCvq219Y3Nre3STnl3b//g0D6qtHWcKsZbLJax6vpUcyki3gIBkncTxWnoS97xx42Z33niSos4eoRpwt2QDiMRCEbBSJ5duff6wCeQ3TVyfIMdQohnV0mNzIFXiVOQKirQ9Oyv/iBmacgjYJJq3XNIAm5GFQgmeV7up5onlI3pkPcMjWjItZvNb8/xmVEGOIiVqQjwXP09kdFQ62nom86QwkgvezPxP6+XQnDtZiJKUuARWywKUokhxrMg8EAozkBODaFMCXMrZiOqKAMTV9mE4Cy/vEraFzWH1JyHy2qdFHGU0Ak6RefIQVeojm5RE7UQQxP0jF7Rm5VbL9a79bFoXbOKmWP0B9bnD8NbkuE=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="6LYOphABdJp8DMTSgSU/IJ7qL0k=">AAAB8HicbZBLSwMxFIXv1FetVWu3boJFcFUybnQjCN24USrYB7TDkEkzbWjmQXJHWob+FTcuFPHXuPPfmD4W2nog8HFOwr05QaqkQUq/ncLW9s7uXnG/dFA+PDqunJTbJsk0Fy2eqER3A2aEkrFooUQluqkWLAqU6ATjxjzvPAttZBI/4TQVXsSGsQwlZ2gtv1J98PsoJpjfN2bkhriUUr9So3W6ENkEdwU1WKnpV776g4RnkYiRK2ZMz6UpejnTKLkSs1I/MyJlfMyGomcxZpEwXr7YfUbOrTMgYaLtiZEs3N8vchYZM40CezNiODLr2dz8L+tlGF57uYzTDEXMl4PCTBFMyLwIMpBacFRTC4xraXclfMQ042jrKtkS3PUvb0L7su7SuvtIoQincAYX4MIV3MIdNKEFHCbwAm/w7sycV+djWVfBWfVWhT9yPn8AdeyRjQ==</latexit><latexit sha1_base64="6LYOphABdJp8DMTSgSU/IJ7qL0k=">AAAB8HicbZBLSwMxFIXv1FetVWu3boJFcFUybnQjCN24USrYB7TDkEkzbWjmQXJHWob+FTcuFPHXuPPfmD4W2nog8HFOwr05QaqkQUq/ncLW9s7uXnG/dFA+PDqunJTbJsk0Fy2eqER3A2aEkrFooUQluqkWLAqU6ATjxjzvPAttZBI/4TQVXsSGsQwlZ2gtv1J98PsoJpjfN2bkhriUUr9So3W6ENkEdwU1WKnpV776g4RnkYiRK2ZMz6UpejnTKLkSs1I/MyJlfMyGomcxZpEwXr7YfUbOrTMgYaLtiZEs3N8vchYZM40CezNiODLr2dz8L+tlGF57uYzTDEXMl4PCTBFMyLwIMpBacFRTC4xraXclfMQ042jrKtkS3PUvb0L7su7SuvtIoQincAYX4MIV3MIdNKEFHCbwAm/w7sycV+djWVfBWfVWhT9yPn8AdeyRjQ==</latexit><latexit sha1_base64="ahr1XQx0jlOnZY7ACgMuIuRA11I=">AAAB+3icbVDLSgNBEJyNrxhfazx6GQyCpzDrRS9CIBcvSgTzgGRZZiezyZDZBzO9krDsr3jxoIhXf8Sbf+Mk2YMmFjQUVd10d/mJFBoI+bZKG5tb2zvl3cre/sHhkX1c7eg4VYy3WSxj1fOp5lJEvA0CJO8litPQl7zrT5pzv/vElRZx9AizhLshHUUiEIyCkTy7eu8NgE8hu2vm+AY7hBDPrpE6WQCvE6cgNVSg5dlfg2HM0pBHwCTVuu+QBNyMKhBM8rwySDVPKJvQEe8bGtGQazdb3J7jc6MMcRArUxHghfp7IqOh1rPQN50hhbFe9ebif14/heDazUSUpMAjtlwUpBJDjOdB4KFQnIGcGUKZEuZWzMZUUQYmrooJwVl9eZ10LusOqTsPpNYgRRxldIrO0AVy0BVqoFvUQm3E0BQ9o1f0ZuXWi/VufSxbS1Yxc4L+wPr8AcIbkt0=</latexit><latexit sha1_base64="16wwcXRV1we59sjo+7Ff3sV7po0=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFGZF0IsQyMWLEsE8IFmW2clsMmT2wUyvJCz7K148KOLVH/Hm3zhJ9qCJBQ1FVTfdXX4ihQZCvq219Y3Nre3STnl3b//g0D6qtHWcKsZbLJax6vpUcyki3gIBkncTxWnoS97xx42Z33niSos4eoRpwt2QDiMRCEbBSJ5duff6wCeQ3TVyfIMdQohnV0mNzIFXiVOQKirQ9Oyv/iBmacgjYJJq3XNIAm5GFQgmeV7up5onlI3pkPcMjWjItZvNb8/xmVEGOIiVqQjwXP09kdFQ62nom86QwkgvezPxP6+XQnDtZiJKUuARWywKUokhxrMg8EAozkBODaFMCXMrZiOqKAMTV9mE4Cy/vEraFzWH1JyHy2qdFHGU0Ak6RefIQVeojm5RE7UQQxP0jF7Rm5VbL9a79bFoXbOKmWP0B9bnD8NbkuE=</latexit><latexit sha1_base64="16wwcXRV1we59sjo+7Ff3sV7po0=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFGZF0IsQyMWLEsE8IFmW2clsMmT2wUyvJCz7K148KOLVH/Hm3zhJ9qCJBQ1FVTfdXX4ihQZCvq219Y3Nre3STnl3b//g0D6qtHWcKsZbLJax6vpUcyki3gIBkncTxWnoS97xx42Z33niSos4eoRpwt2QDiMRCEbBSJ5duff6wCeQ3TVyfIMdQohnV0mNzIFXiVOQKirQ9Oyv/iBmacgjYJJq3XNIAm5GFQgmeV7up5onlI3pkPcMjWjItZvNb8/xmVEGOIiVqQjwXP09kdFQ62nom86QwkgvezPxP6+XQnDtZiJKUuARWywKUokhxrMg8EAozkBODaFMCXMrZiOqKAMTV9mE4Cy/vEraFzWH1JyHy2qdFHGU0Ak6RefIQVeojm5RE7UQQxP0jF7Rm5VbL9a79bFoXbOKmWP0B9bnD8NbkuE=</latexit><latexit sha1_base64="16wwcXRV1we59sjo+7Ff3sV7po0=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFGZF0IsQyMWLEsE8IFmW2clsMmT2wUyvJCz7K148KOLVH/Hm3zhJ9qCJBQ1FVTfdXX4ihQZCvq219Y3Nre3STnl3b//g0D6qtHWcKsZbLJax6vpUcyki3gIBkncTxWnoS97xx42Z33niSos4eoRpwt2QDiMRCEbBSJ5duff6wCeQ3TVyfIMdQohnV0mNzIFXiVOQKirQ9Oyv/iBmacgjYJJq3XNIAm5GFQgmeV7up5onlI3pkPcMjWjItZvNb8/xmVEGOIiVqQjwXP09kdFQ62nom86QwkgvezPxP6+XQnDtZiJKUuARWywKUokhxrMg8EAozkBODaFMCXMrZiOqKAMTV9mE4Cy/vEraFzWH1JyHy2qdFHGU0Ak6RefIQVeojm5RE7UQQxP0jF7Rm5VbL9a79bFoXbOKmWP0B9bnD8NbkuE=</latexit><latexit sha1_base64="16wwcXRV1we59sjo+7Ff3sV7po0=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFGZF0IsQyMWLEsE8IFmW2clsMmT2wUyvJCz7K148KOLVH/Hm3zhJ9qCJBQ1FVTfdXX4ihQZCvq219Y3Nre3STnl3b//g0D6qtHWcKsZbLJax6vpUcyki3gIBkncTxWnoS97xx42Z33niSos4eoRpwt2QDiMRCEbBSJ5duff6wCeQ3TVyfIMdQohnV0mNzIFXiVOQKirQ9Oyv/iBmacgjYJJq3XNIAm5GFQgmeV7up5onlI3pkPcMjWjItZvNb8/xmVEGOIiVqQjwXP09kdFQ62nom86QwkgvezPxP6+XQnDtZiJKUuARWywKUokhxrMg8EAozkBODaFMCXMrZiOqKAMTV9mE4Cy/vEraFzWH1JyHy2qdFHGU0Ak6RefIQVeojm5RE7UQQxP0jF7Rm5VbL9a79bFoXbOKmWP0B9bnD8NbkuE=</latexit><latexit sha1_base64="16wwcXRV1we59sjo+7Ff3sV7po0=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFGZF0IsQyMWLEsE8IFmW2clsMmT2wUyvJCz7K148KOLVH/Hm3zhJ9qCJBQ1FVTfdXX4ihQZCvq219Y3Nre3STnl3b//g0D6qtHWcKsZbLJax6vpUcyki3gIBkncTxWnoS97xx42Z33niSos4eoRpwt2QDiMRCEbBSJ5duff6wCeQ3TVyfIMdQohnV0mNzIFXiVOQKirQ9Oyv/iBmacgjYJJq3XNIAm5GFQgmeV7up5onlI3pkPcMjWjItZvNb8/xmVEGOIiVqQjwXP09kdFQ62nom86QwkgvezPxP6+XQnDtZiJKUuARWywKUokhxrMg8EAozkBODaFMCXMrZiOqKAMTV9mE4Cy/vEraFzWH1JyHy2qdFHGU0Ak6RefIQVeojm5RE7UQQxP0jF7Rm5VbL9a79bFoXbOKmWP0B9bnD8NbkuE=</latexit><latexit sha1_base64="16wwcXRV1we59sjo+7Ff3sV7po0=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFGZF0IsQyMWLEsE8IFmW2clsMmT2wUyvJCz7K148KOLVH/Hm3zhJ9qCJBQ1FVTfdXX4ihQZCvq219Y3Nre3STnl3b//g0D6qtHWcKsZbLJax6vpUcyki3gIBkncTxWnoS97xx42Z33niSos4eoRpwt2QDiMRCEbBSJ5duff6wCeQ3TVyfIMdQohnV0mNzIFXiVOQKirQ9Oyv/iBmacgjYJJq3XNIAm5GFQgmeV7up5onlI3pkPcMjWjItZvNb8/xmVEGOIiVqQjwXP09kdFQ62nom86QwkgvezPxP6+XQnDtZiJKUuARWywKUokhxrMg8EAozkBODaFMCXMrZiOqKAMTV9mE4Cy/vEraFzWH1JyHy2qdFHGU0Ak6RefIQVeojm5RE7UQQxP0jF7Rm5VbL9a79bFoXbOKmWP0B9bnD8NbkuE=</latexit>
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Figure 2.5: Temporal snapshots of the PDF fh(H;x, t) of the pressure head h(x, t) for an intact
pipe and a pipe with leak at point xleak = 2450 m with uncertain initial conditions. The results
are presented at the middle of the pipe, x = x?, at time t = 3.21 s.

2.5 Conclusions

We developed a deterministic partial-differential equation for the joint probability density

function (PDF) of the fluid pressure and flow velocity in a pipe. The latter are governed by the

water hammer equations for hydraulic transients following the valve shut-down. Our probabilistic

approach accounts for uncertainty in initial and boundary conditions for the system, and represents

a computationally efficient alternative to Monte Carlo simulations.

The closure of the PDF equation relies on the knowledge of the time evolution of the first-

and second-order moments (i.e., the mean and variance of pressure and velocity) in a specific

location along the pipe. We demonstrate how using a subset of Monte Carlo simulations (MCS)

to compute the moments (and consequently the closures) for the PDF equation yields the same

accuracy in the PDF as obtained via MCS using the full set of realizations, resulting in significant

computational savings.

The (joint) PDF obtained as a solution of the PDF equation represents a physically-based

prior distribution for pressure and/or velocity, which lends itself to assimilation of flowmeters

and pressure transducers measurements. Data can thus be used for parameter identification and
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for leakage/blockage detection.
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3.1 Introduction

Underground water distribution networks are susceptible to leakage, especially as pipes

age due to mechanical fatigue and corrosion. Compromised pipes raise environmental concerns

and might impact public health if contaminants enter a distribution system. Perhaps more

significant, leaks lead to economical losses due to the wasted resources and the cost and time

required for repair. Water losses in distribution and transmission systems are estimated to be

between 20% and 50% for water utilities (Brothers 2001). This dire situation, caused by the

perennial lack of funds needed to upgrade water distribution systems, puts a special premium on

monitoring the reliability of pipe networks in order to localize leaks and to decrease time and cost

of repairs.

Leakage is a hydraulic process that affects the pressure and flow rate in pipes. This makes

tracking hydraulic characteristics and comparing them to their counterparts for intact pipes a

natural way to identify leak location and size. Unfortunately, the scarcity of pressure gauges

and their accuracy in pipe networks complicate this procedure at steady state. Consequently,

contemporary leak detection typically relies on transient test-based techniques (TTBTs), in

which a valve downstream of the valve or water injection devices is abruptly closed to induce

unsteady flow (Taghvaei et al. 2010, Brunone et al. 2008); this procedure also creates a pressure

discontinuity, which travels upstream of the pipe and carries the information about a leak to

the sensors. This procedure is modeled by water-hammer equations (WHE) (Wylie et al. 1993,

Chaudhry 2013), hyperbolic partial differential equations obtained by cross-sectional averaging

of Navier-Stokes equations. A comprehensive review of TTBTs is provided by Colombo et al.

(2009). One of these techniques is the inverse transient analysis, which minimizes the difference

between pressure measurements and (numerical) solutions of WHE to locate defects (Liggett &

Chen 1994, Vı́tkovskỳ et al. 2000, 2007). This method requires multiple pressure sensors. Another

technique is referred to as the direct transient approach. It looks for a defect in the pressure signal

22



passing through a sensor (Brunone 1999, Brunone & Ferrante 2001, Wang et al. 2002). The third

techniques is called the frequency domain method; it involves a periodically actuated device with

pressure measurements confined to a part of a network or of a single pipe (Mpesha et al. 2001,

Lee et al. 2005, Covas et al. 2005).

These and other similar techniques assume the model parameters and operating conditions

to be known with certainty (deterministic). This is seldom the case in water distribution networks

that suffer from variable/uncertain demand levels, build ups on pipes, etc. The probabilistic

framework, which equates uncertainty with randomness, provides a natural way of dealing with

such complications. Some of the probabilistic approaches used to account for uncertainty in

WHE are Monte Carlo simulations (MCS) (Zhang et al. 2011, Duan 2015), polynomial chaos

expansions (Sattar & El-Beltagy 2016), and the method of distributions (Alawadhi et al. 2018).

Instead of giving a single prediction of fluid pressure, these methods yield its probability density

function (PDF), which can be used to assign the likelihood of occurrence (probability) to a

particular prediction. It can also be used for Bayesian updating to assimilate the pressure data

into model predictions, facilitating detection of leaks and estimation of their strength.

Among various data assimilation techniques, which include variational methods (Bannister

2017), stochastic successive linear estimator (Massari, Yeh, Brunone, Ferrante & Meniconi 2013,

Massari et al. 2014), and different variants of Kalman filter (Ye & Fenner 2010), we select

Bayesian updating (Wikle & Berliner 2007) because it can handle nonlinear non-Gaussian systems.

Rougier & Goldstein (2001) used Bayesian analysis for pipelines with uncertain characteristics,

and showed that this method refines the belief about the pressure and flow. Despite its strengths,

Bayesian data assimilation is notoriously computationally expensive, in part because it requires

a large number of MC realizations to estimate a system state’s PDF. We accelerate this step by

deploying the method of distributions, which provides the prior PDF of pressure at the fraction of

the computational cost of MCS (Alawadhi et al. 2018).

Our paper is organized as follows. Section 3.2 contains a problem formulation and
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introduces WHE with random inputs. Its solution, given in terms of the PDF of fluid pressure in a

pipe, is presented in Section 3.3. This solution serves as a prior for Bayesian data assimilation,

which is used in Section 3.4 to locate a leak. Results of our numerical experiments are reported in

Section 3.5. Major conclusions drawn from this study are summarized in Section 3.6.

3.2 Problem Formulation

Following the standard practice, we consider a reservoir-pipe-valve system (Fig. 3.1),

which represents a transmission main as a pipe of length L and diameter D. The pipe is equipped

with a sensor located at x = x? and a shutoff valve at the pipe outlet x = L. A water-hammer test

consists of instantaneous shut off of the downstream valve at time t = 0, which creates a pressure

wave traveling upstream, and monitoring the pressure response at the sensor. The signal carried

towards the sensor is used to identify leak location (xleak) and its intensity (Qleak). Prior to the

shut off, the flow is assumed to be steady.

Figure 3.1: Left: A reservoir-pipeline-valve system. Right: Space-time domain with the time
that the shock passes through a sensor located at x?.

This test is described by WHE (Chaudhry 2013, Wylie et al. 1993), which predict the
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response of cross-sectionally averaged pressure head, h(x, t), and velocity, u(x, t):

∂h
∂t

+
a2

g
∂u
∂x

=
Qleak

A
δ(x− xleak) (3.1a)

∂u
∂t

+g
∂h
∂x

= k|u|u, k =− f
2D

(3.1b)

where a is the wave speed; g is the gravitational acceleration constant; A = πD2/4 is the cross-

sectional area of the pipe; f is Darcy-Weisbach friction factor; xleak and Qleak are the unknown

location and strength of the leak, respectively; and δ(·) is the Dirac delta function used to represent

the leak as a point source/sink.

Boundary conditions for (3.1) are

h(x = 0, t) = Hin and u(x = L, t) = 0, (3.2a)

where Hin is the prescribed pressure head at the pipe inlet. The initial conditions are obtained

from the steady-state conditions before the valve shut off. The initial velocity u0 is uniform along

the pipe, while the corresponding initial pressure head h0 is spatially varying and related to u0 by

the steady-state WHE,

h0(x;u0) =
k
g
|u0|u0x+Hin. (3.2b)

Since δ(x− xleak) = 0 for x 6= xleak, Eqs. (3.1) can be replaced with their homogeneous

counterparts defined on the sub-domains 0 < x < xleak and xleak < x < L. Solutions of these

homogeneous equations on the two sub-domains are coupled by the interfacial conditions at

x = xleak. One of these conditions is pressure continuity, h(x−leak, t) = h(x+leak, t), where the

subscripts − and + indicate the limits of h(x, t) as x→ xleak from the left and the right of xleak,
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respectively. The second condition stems from mass conservation (Brunone 1999),

Q− = Q++Qleak, Qleak(t) =CLAL
√

2gh(x = xleak, t), (3.2c)

and relates the flow rates upstream, Q− ≡ Q(x−leak, t), and downstream, Q+ ≡ Q(x+leak, t), of the

leak. Here CL and AL are the discharge coefficient and the leak area, respectively.

In addition to xleak and Qleak, we allow the initial velocity u0 to be uncertain. The latter

uncertainty is quantified by treating u0 as a random variable with prescribed PDF fu0(U0). In the

absence of additional information, we assign to xleak and CLAL the uniform (uninformative) prior

PDFs on the intervals (0,L) and [Amin,Amax], respectively:

xleak = U(0,L) and CLAL = U[Amin,Amax]

We also account for measurement errors affecting the pressure sensor readings hobs(t),

hobs(t) = h(x?, t)+ξ(t), (3.3)

where ξ(t) is the zero-mean Gaussian white noise with variance σ2
ξ
, i.e., E[ξ(t)] = 0 and

E[ξ(t1)ξ(t2)] = σ2
ξ
δ(t1− t2).

A goal of Bayesian updating is to refine the uninformed estimates of xleak and CLAL

by combining the probabilistic predictions provided by (3.1) and (3.2) with observations (3.3).

The PDF of h(x, t), the solution of (3.1) and (3.2), is computed in Section 3.3. Our strategy for

Bayesian updating of this prior PDF with data (3.3) is detailed in Section 3.4.
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3.3 Method of distributions

When applied to (3.1) and (3.2), the method of distributions (Tartakovsky & Gremaud

2015) yields a deterministic equation for the PDF fh(H;x, t) of the pressure head h(x, t) (Alawadhi

et al. 2018),

∂ fh

∂t
+

∂V fh

∂H
= 0, V =−a2

g
∂ū
∂x

+
Qleak

A
δ(x− xleak)−α1(H− h̄). (3.4a)

This equation describes advection of a passive scalar, fh, in the velocity field V (h,H, t). The

latter depends explicitly on the mean flow velocity ū(x, t) and the mean pressure head h̄(x, t), and

implicitly on the pressure head variance σ2
h(x, t), through the closure variable α1 that is given by

α1 =−
CLAL

√
2gδ(x− xleak)

2A
√

h̄
+

1
2

∂ lnσ2
h

∂t
. (3.4b)

These low-order statistics can be computed via, e.g., moment-differential equations (MDEs)

for (3.1) and (3.2). Instead, we compute them with Monte Carlo simulations (MCS) to avoid the

closure approximations that underpin the derivation of MDEs. This strategy is computationally

more efficient than MCS estimation of fh, since it take significantly few MC realization to

compute, with prescribed accuracy, the low moments than the full PDF.

The PDF equation (3.4) is subject to the initial and boundary conditions that reflect the

degree of certainty in the initial and boundary conditions of the physical system. This is done by

relating the output pressure head hi to the initial velocity u0 after ith discontinuity (i = 1,2, · · · ).

This relation is obtained as follows. From the PDF fu0 , we draw N realizations of u0, denoted by

u(1)0 , · · ·u(N)
0 . For each of these realizations, the WHE (3.1) is solved numerically by means of

the method of characteristic with explicit finite differences Chaudhry (2013) to obtain the values

of the pressure heads after the ith discontinuity, hi = hi(u0), i = 1,2, · · · . This procedure results

in an array of data {u(k)0 ,h(k)i }N
k=1. Then, we fit a second-order polynomial, u0 = αih2

i +βihi + γi,
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to these data, i.e., find the coefficients αi, βi, and γi that minimize the mean root square error

between the polynomial and the data. Once the map between u0 and hi is available, the PDF of

the pressure head after each discontinuity is obtained as

fhi =

∣∣∣∣du0

dhi

∣∣∣∣ fu0 where u0 = αih2
i +βihi + γi. (3.5)

Equations (3.4) and (3.5) are solved multiple times, for each node xleak on the discretized

interval (0,L), to obtain fh|xleak(H;x, t), the conditional PDF for the pressure head h(x, t) given the

leak location at x = xleak. Since the PDF equation (3.4a) does not contain spatial derivatives, the

physical space coordinate x acts as a parameter in this equation. Hence, it is sufficient to solve (3.4)

and (3.5) only for the sensor node x = x?. The resulting conditional PDF fh|xleak(H;x?, t) is used

for data assimilation.

3.4 Data Assimilation

Once the conditional PDF fh|xleak(H;x?, t) is computed by solving the PDF equation, the

joint PDF between h and xleak, fh,xleak(H,X ;x?, t), is computed as

fh,xleak(H,X ;x?, t) = fh|xleak(H;x?, t) fxleak(X) (3.6)

where fxleak(X) is the prior PDF of the leak location, e.g., uniform PDF on [0,L] to reflect the lack

of prior knowledge. Bayesian updating (Wikle & Berliner 2007) requires a statistical model for

observations, fhobs|h,xleak , which is obtained from sensor readings. Then, the posterior distribution

fh,xleak|hobs(H,X ;x?, t) is computed with the Bayes formula,

fh,xleak|hobs =
fhobs|h,xleak fh,xleak

fhobs

, fhobs =
∫

fhobs|h,xleak fh,xleakdH (3.7)
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where fhobs is a normalizing constant. Finally, the posterior PDF fxleak(X) is computed as the

marginal of fh,xleak|hobs , i.e., by computing the integral fxleak|hobs =
∫

fh,xleak|hobsdH. This new PDF

can then be used as a prior for the next time step until the simulation horizon T is reached. The

resulting PDF fxleak|hobs(X) is expected to be much more narrow than the initial uninformed (i.e.,

uniform) prior PDF. It allows one to predict the leak location with a given/required degree of

certainty.

This strategy can be augmented as follows. If the leak location is known but its strength is

uncertain, then fxleak is replaced with fCLAL . If both leak location and its strength are unknown, then

fxleak is replaced with fCLAL,xleak which, under the reasonable assumption of statistical independence

between the leaks location and strength, becomes fCLAL,xleak = fCLAL fxleak .

3.5 Simulation Results

In the simulations reported below, we consider a pipe of length L = 3000 m and diameter

D = 0.5 m. The Darcy-Weisbach friction factor is set to f = 0.03. A transient wave with speed

a = 1403 m/s is initiated by instantaneous closure of the valve at the downstream of the pipe

(x = L). The pipe inlet (x = 0) has a constant pressure head of Hin = 150 m. A sensor is located

at x? = L/3 = 1000 m to measure the response of the pressure head. The time required for the

contact discontinuity to travel from the valve back to the inlet is τ = L/a = 2.14 s, and the time

required for it to reach the sensor point is τ? = (L− x?)/a = 1.43 s (see Fig. 3.1). The simulation

time is set to T = 2τ in order to cover two contact discontinuities passing through the sensor. If

the leak is located at point x = xleak, then the time needed for the contact discontinuity to reach it

is τleak = (L− xleak)/a.

Synthetic data hobs(t) are generated as follows. For a given leak location and strength, and

for a known initial velocity chosen randomly from its distribution, the WHE (3.1) and (3.2) are

solved to obtain the “exact” solutions u(x, t) and h(x, t). The pressure time series h?(t)≡ h(x?, t)
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is assumed to be available only at the sensor location x?. Finally, the data hobs(t) are generated

with (3.3) in which the variance of the zero-mean white noise ξ(t) is set to σ2
ξ
= 1 to account

for measurement errors and ambient noise. This gives a Gaussian observation model with mean

hobs(t) and variance 1.

We consider three scenarios. In the first, the leak location is unknown while its strength

is certain; in the second, the leak location is certain while its strength is unknown; and in the

third, both the leak location and strength are unknown. In all cases, the pipe is sub-divided into

N = 120 equal segments. The uncertain initial velocity u0 is modeled as a lognormal random

variable such that u0 = 2.0+0.1exp(z), where z is a Gaussian random variable with mean µz = 0

and standard deviation σz = 0.4. In all cases, the prior PDF fh|xleak is computed by solving (3.4)

and (3.5).
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2.5

Figure 3.2: Scenario 1: Unknown leak location xleak and known leak strength CLAL = 10−4 m2.
The top row exhibits the sensor’s pressure head readings, hobs(t), for a leak located either
upstream of the sensor, at xleak = 475 m (left column), or downstream, at xleak = 1975 m (right
column). The bottom row depicts the posterior PDFs fxleak|hobs(X) for these two cases.

Scenario 1: The leak strength is known, CLAL = 10−4 m2, and the unknown leak loca-

tion xleak is uniformly distributed in (0,L). More specifically, since the simulation domain is

discretized with 120 segments (121 nodes), the leak can be in any of 117 internal nodes (i.e.,
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excluding two nodes from each edge) with equal probability P = 1/117. Figure 3.2 (top row)

exhibits the sensor’s pressure head readings, hobs(t), for a leak located either upstream of the

sensor, at xleak = 475 m (left column) with u0 = 2.066 m/s, or downstream, at xleak = 1975 m

(right column) with u0 = 2.152 m/s. The two time series are virtually indistinguishable, with the

leak discharge of about 1% of the initial flow rate in steady-state conditions. Yet our Bayesian

updating procedure is capable of identifying the leak location from these data (Fig. 3.2, bottom

row). During the update, the uninformative prior PDF fxleak has been replaced with sharply

peaked posterior PDFs fxleak|hobs . In the case of xleak = 475 m, the posterior PDF has the mean

x̄leak = 467.2 m and, with the 95% confidence, places the leak between 402 m and 525 m. In

the case of xleak = 1975 m, the posterior PDF has the mean x̄leak = 1961.7 m and, with the 95%

confidence, places the leak between 1886.4 m and 2000 m. Although not shown here, we found

the width of the posterior PDF fxleak|hobs , i.e., uncertainty in the estimation of the leak location,

to increase as the leak strength becomes smaller and/or the measurement noise increases. This

intuitive finding serves as a consistency check for the proposed approach.

Scenario 2: The leak location is known, xleak = 2475 m, and the unknown leak strength

CLAL is uniformly distributed between 10−5 m2 and 10−3 m2. The pressure head response at the

sensor, hobs(t), for the (unknown) leak strength CLAL = 5 ·10−5 m2 with u0 = 2.104 m/s is shown

in Figure 3.3, together with the posterior PDF fCLAL|hobs(A) used to estimate the leak strength

from pressure measurement. This PDF has the mean CLAL = 4.1 ·10−5 m2 and, with the 95%

confidence, predicts the leak strength CLAL to lie between 2.7 ·10−5 m2 and 6 ·10−5 m2.Although

not shown here, we found the performance of our method in this scenario to be sensitive to the

degree of uncertainty in the initial velocity u0. If a guessed value of u0 is far from the mean ū0,

then the posterior PDF of the leak strength is centered around an erroneous value of CLAL.

Scenario 3: Both leak location xleak and its strength CLAL are unknown. The prior PDF

fxleak(X) is uniform on the 117 internal nodes; the prior PDF fCLAL(A) is uniform on the interval

[10−5 m2,10−3 m2]. The pressure head response at the sensor, hobs(t), for the (unknown) leak
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Figure 3.3: Scenario 2: Known leak location xleak = 2475 m and unknown leak strength
CLAL. The top figure exhibits the sensor’s pressure head readings, hobs(t), for the leak strength
CLAL = 5 ·10−5 m2. The bottom figure exhibits the posterior PDFs fCLAL|hobs(A).
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location xleak = 1975 m and the (unknown) leak strength CLAL = 10−4 m2 with u0 = 2.091 m/s

is shown in Figure 3.4, together with the posterior PDFs fxleak|hobs(X) and fCLAL|hobs(A) used to

estimate, respectively, the leak location and strength from pressure measurement. Even in the

presence of two sources of uncertainty, Bayesian updating is capable of accurate leak identification.

The posterior PDF fxleak|hobs has the mean x̄leak = 1995.5 m and, with the 95% confidence, places

the leak between 1950 m and 2045 m. The posterior PDF fCLAL|hobs has the mean CLAL = 10−4 m2

and, with the 95% confidence, predicts the leak strength CLAL to lie between 9 · 10−5 m2 and

1.2 ·10−4 m2. In other words, the means of these distributions provide accurate estimates of both

the location and strength of the leak, but predictive uncertainty associated with these estimators

increases relative to Scenarios 1 and 2.

The results reported above show that Bayesian data assimilation, combined with the

method of distributions, is powerful tool for detection of small leaks in the presence of uncertain

conditions and ambient noise. Bayesian updating produces a posterior PDFs for non-Gaussian

nonlinear models. The results are accurate even for small leaks with uncertain initial velocity and

errors in sensor reading.

3.6 Conclusions

We introduces an approach, which combines Bayesian data assimilation with the method

of distributions, for leak detection in water pipes instrumented with pressure sensors. The method

of distributions provides a deterministic linear equation for the PDF of pressure head, whose

dynamics is described by (highly nonlinear) water hammer equations; this significantly reduces

the computational cost relative to Monte Carlo simulations of the water hammer equations. A

solution of this PDF equation serves as a prior distribution in the Bayes formula. We conducted a

series of numerical experiments to demonstrate the applicability of our approach to pipe flows

with uncertain initial velocity and ambient noise.
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Figure 3.4: Scenario 3: Both leak location xleak and its strength CLAL are unknown. The top
figure exhibits the sensor’s pressure head readings, hobs(t), for the leak location xleak = 1975 m
and strength CLAL = 10−4 m2. The remaining two figures depict the posterior PDFs of the leak
location, fxleak|hobs(X), and leak strength, fCLAL|hobs(A).
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Unlike various flavors of Kalman filter, Bayesian updating does not require a system to

be linear or Gaussian; that is particular pertinent for highly nonlinear water hammer equations

whose solutions exhibit multiple discontinuities. Our numerical experiments demonstrated how

uninformed priors, which reflect the lack of knowledge about a leak’s location and strength,

transform themselves into sharp posterior distributions centered around the actual values of the

leak’s location and strength. This was done for fairly small leaks, which are characteristic of

initial stages of pipe bursts.

The width of the posterior PDFs, i.e., uncertainty in the estimation of the leak location,

to increase as the leak strength becomes smaller and/or the measurement noise increases. This

intuitive finding serves as a consistency check for the proposed approach.
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4 Leak Detection in Networks via

Bayesian Update of the Method of

Distributions
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4.1 Introduction

Pipe networks provide a safe and economical way to deliver a fluid from its source to a

desired location. They consist of many pipes connected to each other with fittings. As networks

age, their pipes and fittings develop undesired abnormalities, such as leakage and contamination

build up, due to increased susceptibility to erosion and corrosion. These abnormalities increase

the economic and environmental costs of operating a fluid distribution network. For example,

American Society of Civil Engineers estimates that around 240,000 water mains break in the

United States each year (ASCE 2015); and close to 1500 major buried gas pipeline incidents have

been detected in the last forty years in Europe (Guo et al. 2018).

Since visual inspection is not an option for underground fluid distribution networks, one

has to rely on indirect measurements of hydraulic characteristics (e.g., pressure sensors) to identify

leak locations. (A practical approach based on the mass balance between the amounts of fluid

put in at the source and extracted at the end points works only when leaks are sufficiently large

and does not pinpoint their locations.) Leak detection tests induce pressure transients (e.g., by

shutting off a valve in one of the pipes), which carry information about a leak to the sensor in

a pipe network. These so-called transient test-based techniques (TTBTs) can be grouped into

the frequency domain approach (Mpesha et al. 2001, Lee et al. 2005, Covas et al. 2005), direct

transient approach (Brunone 1999, Brunone & Ferrante 2001, Wang et al. 2002), and inverse

transient analysis (ITA) approach (Liggett & Chen 1994, Vı́tkovskỳ et al. 2000, 2007, Covas

& Ramos 2010, Soares et al. 2011). An extensive review of these approaches can be found in

Colombo et al. (2009). Most of these approaches give accurate results for a single pipe, but have

hard time dealing with networks due to the associated uncertainty and flow complexity. With

some caveats, the ITA is capable of locating leaks in controlled pipe networks; yet its performance

in real pipe networks is less reliable (Covas & Ramos 2010, Meniconi et al. 2015) .

Accounting for uncertainty in input parameters and operating conditions, i.e., treating
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the underlying transient flow equations as stochastic, has a potential to overcome the limitations

of the approaches mentioned above (Zhang et al. 2011, Duan 2015, Massari et al. 2014, Sattar

& El-Beltagy 2016, Ye & Fenner 2010). Solutions of such stochastic equations are given in

terms of the probability density function (PDF) fh of pressure head h. This strategy provides a

natural venue for assimilating pressure head measurements by means of either (various flavors

of) Kalman filter or the Bayesian update [ibid]. The latter strategy does not assume that the

PDF of pressure head is Gaussian, which is a poor assumption when fluid flow obeys the water

hammer equations (WHE) (Alawadhi et al. 2018). A major downside of Bayesian updating

(Wikle & Berliner 2007) is its computational cost, because computation (e.g., with Monte Carlo

simulations) of a full PDF used in Bayesian data assimilation is typically orders of magnitude

more expensive than computation of the corresponding mean and (co)variance needed by Kalman

filter.

To alleviate the computational burden of Monte Carlo computation of the PDF of pressure

head, whose dynamics is described by the WHE with uncertain (random) coefficients, Alawadhi

et al. (2018) used the method of distributions (Tartakovsky & Gremaud 2015) to derive a single

deterministic partial differential equation (PDE) for fh. Using the solution of this PDE as a

prior distribution, and using Bayesian update to assimilate hydraulic head measurements, i.e., to

compute a posterior distribution, Alawadhi & Tartakovsky (2019) identified both the location and

strength of a leak in a single pipe.

In this paper, we build upon these results to develop a computationally efficient methodol-

ogy for identification of leaks in a network of pipes. Section 4.2 provides a problem formulation of

fluid flow in a network, which involves the WHE with random initial velocity. In section 4.3, we

present equations used to obtain the PDF of the pressure head, fh, via the method of distributions.

This PDF is then used in section 4.4 as a prior for Bayesian assimilation of pressure sensor mea-

surements. In section 4.5, we present results of our numerical experiments, which demonstrate

our method’s ability to localize leaks in pipe networks. This section also provides a comparison
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of our method’s performance with that of the commonly used “best fitness function” method of

inverse transient analysis. Finally, major conclusions drawn from this study are summarized in

Section 4.6.

4.2 Problem Formulation

A transient leak detection test is conducted by shutting off a valve in a pipe and taking

pressure measurements from a sensor located upstream from the valve. Fluid flow induced by

this procedure is described by the WHE (Chaudhry 2013, Wylie et al. 1993),

∂h
∂t

+
a2

g
∂u
∂x

=
Qleak

A
δ(x− xleak) (4.1a)

∂u
∂t

+g
∂h
∂x

= k|u|u, k =− f
2D

, (4.1b)

where h(x, t) and u(x, t) are the cross-sectionally averaged pressure head and flow velocity,

respectively; g is the gravitational acceleration constant; a is the wave speed; f is Darcy-Weisbach

friction factor; A = πD2/4 is the cross-sectional area of the pipe; xleak is the location of a possible

leak; Qleak is the intensity of the leak; and δ(·) is the Dirac delta function which represents the

leak as a point source/sink. These equations are obtained by averaging Naiver-Stokes equation in

a pipe over the pipe’s cross-section.

The WHE (4.1) are subject to initial and boundary conditions, which reflect a pipe

network’s topology. We consider scenarios in which the pressure head at the inlet of the pipe

containing a pressure sensor is known, h(0, t) = Hin, while flow velocity at the outlet is u = 0 after

the valve’s shut off (t > 0). The initial conditions are obtained from the steady-state flow before the

valve’s shut off. This gives a constant initial velocity u0 along the length of the instrumented pipe.

The corresponding initial pressure varies spatially, h0(x;u0) = (k/g)|u0|u0x+Hin, in accordance

with the steady-state WHE.
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The intersecting pipes are assumed to have the same pressure head at junction nodes,

while the velocities are related to each other by continuity equation

Nin

∑
i

Qini =
Nout

∑
i

Qouti (4.2)

where Qin and Qout are the flow rates entering the junction node and exiting the junction node,

respectively. The same reasoning applied to the leak location x = xleak suggests the equality of

the pressure head immediately upstream and downstream of the leak, h(x−leak, t) = h(x+leak, t) =

h(xleak, t). The velocities at this point are related by mass conservation (Brunone 1999),

Q− = Q++Qleak, Qleak(t) =CLAL
√

2gh(x = xleak, t), (4.3)

where Q− and Q+ are the upstream flow rate and the downstream flow rate, respectively; CL is

the discharge coefficient; and AL is the leak area. The product CLAL is referred to as the strength

of the leak.

The location (xleak) and strength (CLAL) of the leak and the initial flow velocity (u0) are

all unknown. They are treated as random variables with prescribed PDFs. The initial velocity is

assigned a PDF fu0 . The PDF of the leak location, fxleak and the PDF of the strength of the leak,

fCLAL , are a priori assigned uniform distributions on the intervals [Xmin,Xmax] and [Amin,Amax],

respectively. Within the Bayesian framework, such PDFs are referred to as uninformative priors

and reflect no prior knowledge of the leak.

Measurements are collected by a pressure sensor located in one of the pipes at a point

x = x?. Measurement errors are accounted for by adding zero-mean Gaussian white noise, ξ(t),

to obtain the model for pressure sensor readings, hobs(t),

hobs(t) = h(x?, t)+ξ(t). (4.4)
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This formulation implicitly assumes that the WHE provides an accurate representation of reality,

i.e., that the model’s prediction h(x?, t) differs from the measurements at the same point, hobs(t),

only by measurement error.

The prior PDF of the pressure head, fh(H;x, t), can be computed with high-resolution

Monte Carlo simulations of the WHE (4.1), which is computationally expensive and often

prohibitively so. Instead, we compute it by solving the PDF equation introduce in the following

section.

4.3 Method of Distributions

Applying the method of distributions (Tartakovsky & Gremaud 2015) to the WHE (4.1),

one obtains a deterministic equation for the PDF, fh(H;x, t), of the pressure head h(x, t) (Alawadhi

et al. 2018):

∂ fh

∂t
+

∂V fh

∂H
= 0, V =−a2

g
∂ū
∂x

+
Qleak

A
δ(x− xleak)−α1(H− h̄). (4.5a)

This linear equation, which is valid at space-time intervals between the pressure discontinuities

(see below), implies that the PDF fh is advected in the two-dimensional space (x,H) by the

velocity field V (h,H, t) that is aligned with the H coordinate. The velocity field depends on the

ensemble mean velocity, ū(x, t), and ensemble mean pressure head, h̄(x, t). It also depends on the

variance of the pressure head, σ2
h(x, t), through the closure variable α1, which is given by

α1 =−
CLAL

√
2gδ(x− xleak)

2A
√

h̄
+

1
2

∂ lnσ2
h

∂t
. (4.5b)

The PDF equation (4.5) is subject to initial and boundary conditions that reflects the

information about the initial and boundary conditions of the physical system. This is done by

numerically relating the pressure head after the ith discontinuity, hi (i = 1,2, · · · ), to the initial
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velocity, u0. The relation hi = hi(u0) is obtained by solving the WHE (4.1) with the method of

characteristics N times, each with a different realization of u0, to obtain the pressure head after

the ith discontinuity, hi. This procedure results in a data array {u(k)0 ,h(k)i }N
k=1, which is then fitted

with a second-order polynomial, u0 = αih2
i +βihi + γi. The coefficients αi, βi, and γi are obtained

through minimization of mean root square error between the data and this polynomial. Finally,

the PDF of the pressure head after each discontinuity is computed as

fhi =

∣∣∣∣du0

dhi

∣∣∣∣ fu0. (4.6)

The PDF equation (4.5) is solved multiple times for each leak candidate (location/strength)

to obtain a conditional PDF for the pressure head, fh|xleak,CLAL(H;x?, t), which is used for data

assimilation. It only needs to be solved for the sensor node x = x?, since the physical space

coordinate x is a parameter in the equation. This prior PDF is updated with the pressure head

measurements using the Bayesian procedure described below.

4.4 Data Assimilation

Once the conditional PDF fh|xleak,CLAL(H;x?, t) is computed, and the leak-related priors

fxleak(X) and fCLAL(A) are assigned, the prior joint PDF fh,xleak,CLAL(H,X ,A;x?, t) is evaluated as

fh,xleak,CLAL(H,X ,A;x?, t) = fh|xleak,CLAL(H;x?, t) fxleak(X) fCLAL(A). (4.7)

We use Bayesian updating (Wikle & Berliner 2007) to assimilate the measurement hobs at a given

time t into this probabilistic prediction. For the measurement error model in (4.4), fhobs|h,xleak,CLAL ,
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the PDF of hobs conditioned on the WHE’s prediction h(x, t), is Gaussian,

fhobs|h,xleak,CLAL =
1√

2πσ2
ξ

exp

[
−(H−hobs)

2

2σ2
ξ

]
(4.8)

Then, Bayes’ theorem gives the posterior joint PDF,

fh,xleak,CLAL|hobs =
fhobs|h,xleak,CLAL fh,xleak,CLAL

fhobs

, (4.9a)

where fhobs is the normalizing constant,

fhobs =
∫

fhobs|h,xleak,CLAL fh,xleak,CLALdH. (4.9b)

The posterior PDFs for leak location, fxleak(X), and leak strength, fCLAL(A), are marginals of the

posterior PDF fh,xleak,CLAL|hobs ,

fxleak|hobs =
∫ ∫

fh,xleak,CLAL|hobsdHdA (4.10)

and

fCLAL|hobs =
∫ ∫

fh,xleak,CLAL|hobsdHdX . (4.11)

These posterior PDFs for leak location and leak strength at time t are used as prior PDFs for the

next time step. This procedure is repeated until all pressure sensor readings are assimilated. The

result is the posterior PDFs fxleak|hobs and fCLAL|hobs that are narrow and centered around the actual

location and strength of the leak. Numerical implementation of our method follows the algorithm

in Figure 4.1.
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Start	the	program	by	defining	leak	
location/	leak	strength	candidates	

Pick	a	candidate	and	solve	
1000	MCS	with	random	𝑢!		

Solve	for	steady	state	case	to	obtain	initial	conditions	(this	
requires	solving	steady	state	version	of	WHE	for	each	pipe	with	
the	relations	in	the	junction	nodes	and	leak	nodes)	(Eq.1-3)	

Obtain	the	gradients	for	mean	and	variance	
to	use	them	in	closure	approximation	

Solve	WHE	equations	to	obtain	ℎ(𝑥, 𝑡)	and	𝑢(𝑥, 𝑡)	(Eq.1-3)										

Use	method	of	distributions	to	obtain	𝑓!|!!"#$,!!!! 	(Eq.5,6)	

Done	with	all	
candidates?	

No	

Yes	

Use	Bayesian	updating	to	get	𝑓!,!!"#$,!!!!|!!"#	(Eq.9)	

Obtain	ℎ!"#(𝑡)	(Eq.4),	and	
calculate	𝑓!!"#|!,!!"#$,!!!! 	(Eq.8)	

Integrate	to	get	𝑓!!"#$|!!"# 	(Eq.10)	and	𝑓!!!!|!!"# 	(Eq.11)	

Is	it	the	last	
time	step?	

Report		𝑓!!"#$|!!"# 	and	𝑓!!!!|!!"# 	

No	

Yes	

Obtain	𝑓!,!!"#$,!!!! 	(Eq.7)	

Assume	initial	𝑓!!"#$and	𝑓!!!! 	to	
be	uniform	distribution	

Figure 4.1: Numerical implementation of Bayesian update of the method of distribution used to
locate a leak in a fluid distribution network.
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4.5 Numerical Experiments

To demonstrate the ability of our method to identify leaks, we consider two pipe systems,

a branching pipe and a pipe network consisting of 13 pipes.

4.5.1 Branching Pipe

As a first test, we consider a long pipe that splits into two “daughter” pipes (Fig. 4.2).

The “mother” pipe is connected to a water tank in which constant and known pressure head,

Hin = 150 m, is maintained; the pipe is equipped with a pressure sensor located at x= x?= 1000 m.

The mother and daughter pipes have respective lengths L1 = 3000 m and L2 = L3 = 2000 m, and

diameter D1 = D2 = D3 = 0.5 m. One of the daughter pipes has a dead end, while the other

daughter pipe is connected to a downstream shutoff valve that is used to create transient effects

by sudden closure at time t = 0. (The remainder of a possible pipe network downstream of the

valve is immaterial for this test.) The pressure signal induced by the valve closure is captured by

the sensor and used to identify leak location (xleak) and intensity (Qleak). A leak can be in any of

the three pipes.

Figure 4.2: A branched pipe system used in Test I with a mother pipe connected to a tank, a
daughter with a dead end, and the other daughter connected to a valve.

The flow before the valve shutoff is steady. All the pipes have the Darcy-Weisbach friction

factor f = 0.03. The valve shutoff creates a wave traveling upstream with the wave speed whose
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value is set to a = 1403 m/s. In numerical simulations, the pipes are discretized into equally

spaced nodes with the mesh size dx = 100 m. Absent any information, the leak can be in any

of the internal nodes of the three pipes, and leak strength can be between CLAL = 10−5 m2 and

20.0 · 10−5 m2. This lack of information about the leak’s location and strength is treated by

assigning the uniform (uninformative) prior PDFs to both.

In this test and the one described in the following section, as well as for all scenarios

considered, we treat the uncertain initial velocity u0 as a lognormal random variable, u0 =

2.0+0.1exp(z), where z is a Gaussian random variable with mean µz = 0 and standard deviation

σz = 0.4. Data hobs(t) are generated by solving the WHE (4.1) for a given leak location and

strength, with a known initial velocity chosen randomly from the distribution fu0 , and then

adding a zero-mean white noise to the result at sensor location x?. The variance of the noise is

set to σ2
ξ
= 1 to account for ambient noise and measurement errors, which translates into the

measurement errors that are up to 2.5% of the original signal in some realizations. This choice of

ξ gives a Gaussian distribution for the observation model with mean hobs(t) and variance 1.

Figure 4.3: Scenario 1: Branched pipe case with a leak in pipe 1 at xleak = 1900 m with a
strength of CLAL = 10.0 · 10−5 m2, where both leak location xleak and its strength CLAL are
assumed unknown. The top figure depicts the posterior PDF fxleak|hobs(X). The bottom figure
exhibits the posterior PDF fCLAL|hobs(A).
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Figure 4.4: Scenario 2: Branched pipe case with a leak in pipe 2 at xleak = 1100 m with a
strength of CLAL = 10.0 · 10−5 m2, where both leak location xleak and its strength CLAL are
assumed unknown. The top figure depicts the posterior PDF fxleak|hobs(X). The bottom figure
exhibits the posterior PDF fCLAL|hobs(A).

We investigate our method’s ability to identify a leak located in pipe 1 (scenario 1), pipe 2

(scenario 2), or pipe 3 (scenario 3). Figures 4.3–4.5 show the posterior PDF of the leak location,

fxleak|hobs and the posterior PDF of the strength of the leak, fCLAL|hobs for these three scenarios.

Our method is capable of correctly identifying a leaky pipe in the network by transforming the

uniform priors into sharper PDFs centered around the actual values for leak location and strength.

The mean and the 95% confidence level computed with the posterior PDFs in Figures 4.3–4.5 are

reported in Table 4.2.

4.5.2 Network of Pipes

The second test involves a network of 13 pipes, whose intersections form 7 junction

nodes (Fig. 4.6). The lengths and diameters of these pipes are listed in Table 4.1. This network

configuration has been used by Liggett & Chen (1994), Vı́tkovskỳ et al. (2000), Kapelan et al.

(2003) to study their transient test-based techniques (TTBTs). The Darcy-Weisbach friction factor
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Figure 4.5: Scenario 3: Branched pipe case with a leak in pipe 3 at xleak = 800 m with a strength
of CLAL = 8.0 · 10−5 m2, where both leak location xleak and its strength CLAL are assumed
unknown. The top figure depicts the posterior PDF fxleak|hobs(X). The bottom figure exhibits the
posterior PDF fCLAL|hobs(A).

for all pipes is f = 0.02. The inlet of the network is connected to a water tank with a known

pressure head, Hin = 150 m. A pressure sensor is installed on the inlet pipe at x = x?. The outlet

pipe is connected to a shutoff valve that is used for water-hammer test.

The experiment starts with steady flow before the valve shutoff. Three scenarios are dis-

cussed for this test, each with its own pipe discretization and sensor location. For scenario 4, pipe

1 is equipped with a pressure sensor at x? = 1750 m and is discretized with a uniform mesh of size

dx = 250 m. All the pipes in the network (or, more precisely, their internal nodes) are treated as

leak candidates, and the prior PDF for leak strength CLAL is a uniform distribution on the interval

from 5.0 ·10−5 m2 to 20.0 ·10−5 m2. The actual leak, used to generate data, is located in pipe 7

at xleak = 1000 m (which is the 61st node) and has the intensity of CLAL = 10.0 ·10−5 m2; the

initial flow velocity is u0 = 2.110 m/s. The posterior PDF after Bayesian updating, fxleak|hobs(X),

is shown in Figure 4.7. It identifies the leak in pipe 7 with 90% confidence, and has the mean of

x̄leak = 1960 m. The 95% confidence predicted the leak strength to lie between 6.8 ·10−5 m2 and
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Figure 4.6: Pipe network system used in Test II with a tank connected to the inlet and a valve
connected to the outlet.
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15.0 ·10−5 m2, with the mean of CLAL = 10.5 ·10−5 m2.

Table 4.1: Lengths and diameters of pipes in the pipe network system used in the last three
scenarios.

Length (m) Diameter (m)

Pipe 1 3000 0.5
Pipe 2 4000 0.4
Pipe 3 3000 0.4
Pipe 4 3000 0.5
Pipe 5 3000 0.4
Pipe 6 3000 0.3
Pipe 7 3000 0.25
Pipe 8 2500 0.25
Pipe 9 2500 0.4
Pipe 10 2500 0.3
Pipe 11 2500 0.4
Pipe 12 3000 0.3
Pipe 13 4000 0.4

We used the previous scenario to demonstrate the method’s ability to locate the leaky

pipe; in doing so, a coarse numerical mesh was used to speed up the computations. The next

two scenarios refine the computational mesh to pinpoint the leak location within the leaky pipe

(identified, e.g., by using the coarse mesh of scenario 4). This strategy reduces the computation

time by searching for the leak candidates on the refined mesh only in a leaky pipe. In scenario 5

the sensor is placed in pipe 1 at x? = 2000 m, and this pipe is discretized with a finer mesh of

size dx = 100 m. In this scenario, pipe 9 is known to be leaking, but the exact leak location is

unknown and treated as a random variable uniformly distributed between 200 m and 2300 m. The

leak strength is also unknown and treated as a uniform random variable on the interval between

2.0 ·10−5 m2 and 14.0 ·10−5 m2. The actual leak used in this test is at xleak = 1400 m and has the

strength CLAL = 10.0 ·10−5 m2; the initial flow velocity is u0 = 2.102 m/s. Our method predicts

the mean for leak location at x̄leak = 1426 m; with 95% confidence it places the leak between
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Figure 4.7: Scenario 4: Pipe network case with a leak in pipe 7 at xleak = 1000 m with a strength
of CLAL = 10.0 · 10−5 m2, where both leak location xleak and its strength CLAL are assumed
unknown. The top figure depicts the posterior PDF fxleak|hobs(X). The bottom figure exhibits the
posterior PDF fCLAL|hobs(A).

Figure 4.8: Scenario 5: Pipe network case with a leak in pipe 9 at xleak = 1400 m with a strength
of CLAL = 10.0 · 10−5 m2, where both leak location xleak and its strength CLAL are assumed
unknown. The top figure depicts the posterior PDF fxleak|hobs(X). The bottom figure exhibits the
posterior PDF fCLAL|hobs(A).
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600 m and 1991 m. The predicted mean for the leak strength is CLAL = 9.0 ·10−5 m2; with 95%

confidence the leak strength is between 6.0 ·10−5 m2 and 11.7 ·10−5 m2 (Fig. 4.8).

Figure 4.9: Scenario 6: posterior PDF fxleak|hobs(X) for pipe network case with a leak in pipe 10
at xleak = 1450 m with a strength of CLAL = 10.0 ·10−5 m2, where leak location xleak is assumed
unknown and leak strength CLAL is known.

The last scenario has a sensor in pipe 1 at x? = 1000 m, which is discretized with a very

fine mesh of size dx = 50 m. The leak is known to be in pipe 10 with unknown exact location,

a situation modeled by treating xleak as a uniformly distributed random variable on the interval

between 600 m and 1900 m. The leak size is assumed to be known, CLAL = 10.0 ·10−5 m2. The

actual leak used to generate data is at xleak = 1450 m, and the initial flow velocity is u0 = 2.091 m/s.

Our method places the mean of leak location at x̄leak = 1363 m; with 95% confidence, the leak is

located between 1149 m and 1500 m (Fig. 4.9).

4.5.3 Comparison with an Alternative Method

We compare the performance of our Bayesian method with that of the commonly used

inverse transient analysis method based on a “best fitness function”. The fitness function is

defined as the discrepancy between the observed and predicted pressure heads,

F (u0,xleak,CLAL) =
Tmax

∑
t=i·dt

|hobs(t)−h(x?, t;xleak,CLAL)|, i = 0,1,2 · · ·Tmax/dt
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and the “best” refers to a solution of the minimization problem

{x̂leak,ĈLAL}= argmin
u0,xleak,CLAL

F (u0,xleak,CLAL).

In its standard formulation, all the quantities in the best fitness function are deterministic, i.e.,

uncertainty in the input parameters and measurement errors are ignored.

Table 4.2: A comparison between the actual values, values obtained with Bayesian updating,
and values obtained using best fitness function for the branched pipe case results.

Actual Bayesian updating Best fitness

u0 xleak CLAL xleak CLAL xleak CLAL
(m/s) (m) (10−5m2) (m) (10−5m2) (m) (10−5m2)

(95% CL) (95% CL)

Scenario 1 2.082 1900 10.0 1895 12.1 1900 14.0
(1725-2100) (9.2-14.0)

Scenario 2 2.120 1100 10.0 1167 6.5 1100 8.0
(933-1400) (4.2-9.0)

Scenario 3 2.109 800 8.0 948 5.9 900 6.0
(600-1560) (3.0-8.1)

The result using the best fitness function is reported in Table 4.2 for the branched pipe

case. For scenario 4, the method was able to locate the leak in the correct pipe with xleak =

1750 m and CLAL = 15.0 · 10−5 m2. It predicted the leak at xleak = 600 m with a strength of

CLAL = 8.0 ·10−5 m2 for scenario 5, and predicted the leak at xleak = 1300 m for scenario 6. Both

the best fitness function and our method correctly pick a leaky pipe in the networks, and their

respective accuracy in terms of the leak’s location and strength vary from one scenario to the next.

It is important to emphasize though that our method yields predictions under uncertainty that

come with corresponding confidence intervals, while the best fitness function method disregards

all sources of uncertainty yielding a single (deterministic) prediction.
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4.6 Conclusions

We developed a leak identification method that combines the method of distributions

for the water hammer equations and Bayesian updating. The former component facilitates the

efficient and accurate computation of a prior probability density function (PDF) of pressure head,

while the latter allows one to update this PDF with pressure measurements collected by a sensor in

one pipe of a fluid distribution network. The method of distributions transfers the nonlinear WHE

with uncertain inputs into a deterministic linear equation for the PDF of pressure head. Bayesian

updating was chosen for data assimilation because it allows one to handle highly non-Gaussian

PDFs typical of solutions to the WHE and to make inference from noisy data in the presence of

ambient noise.

Our method was applied in multiple scenarios for a bifurcating pipe and a pipe network.

The results of our numerical experiments demonstrates our method’s ability to correctly identify

a leaky pipe for all levels of uncertainty and noise considered. It also predicted the leak’s location

and strength, together with the corresponding confidence intervals. The actual location and

strength fell within these intervals in all experiments.
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A key accomplishment of this work is the derivation of a deterministic linear partial

differential equation for the probability density function for fluid pressure head using the method

of distributions. This equation is derived from the stochastic nonlinear water-hammer equations

with uncertain initial conditions. The new approach has the ability to estimate the probability

density function for pressure head and velocity in less computational cost than Monte Carlo

simulations.

The obtained PDF is used as a prior distribution to locate leaks and their strength by

combining it with a statistical model for pressure sensor observations using Bayesian data

assimilation. We demonstrated the method’s ability to obtain leak location and leak strength

distributions around the actual values with acceptable accuracy. The obtained results give full

distribution for the probability, which can be used to obtain higher moments and get detailed

statistics about the leak. The accuracy of the results can be improved by collecting data from

more than one sensor.

The method can be combined with inverse transient analysis to further improve leak

identification and reduce false alarms. It can also be used to identify best locations for placement

of pressure sensors and their optimal number.

The method is promising but it still needs to be tested in real complex networks. It also

needs to include other types of uncertainties, such as uncertainty in parameters (friction, diameter,

wave speed) and uncertainty in boundary conditions. This is possible through different closure

approximations, which will lead to new sets of PDF equations.

The method can be applied to non-Newtonian fluids to cover other chemicals.
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A Water Hammer Equations

57



A.1 Derivation of Water-Hammer Equations

A.1.1 Continuity Equation

∂ρ

∂t
+

1
r

∂

∂r
(ρrur)+

1
r

∂

∂θ
(ρuθ)+

∂

∂x
(ρux) = 0 (A.1)

assuming unidirectional, axisymmetric flow:

∂ρ

∂t
+

∂

∂x
(ρu) = 0 (A.2)

Integrating the equation over the area and using Leibnitz rule:

the first term will be:

∫ D/2

0

∂ρ

∂t
2πrdr =

∂

∂t

∫ D/2

0
2πρrdr−2πρr

dr
dt

∣∣∣∣
r=D/2

=
∂ρ̄A
∂t
−2πρr

dr
dt

∣∣∣∣
r=D/2

(A.3)

Where the average density, ρ̄ = 1
A
∫ D/2

0 2πrρdr

the second term will be:

∫ D/2

0

∂ρu
∂x

2πrdr =
∂

∂x

∫ D/2

0
2πρurdr−2πρur

dr
dx

∣∣∣∣
r=D/2

=
∂ρuA

∂x
−2πρur

dr
dx

∣∣∣∣
r=D/2

(A.4)

Where ρu = 1
A
∫ D/2

0 2πrρudr

Substitue in (2):

∂ρ̄A
∂t

+
∂ρuA

∂x
−2πρr

(
dr
dt

∣∣∣∣
r=D/2

+u
dr
dx

∣∣∣∣
r=D/2

)
= 0 (A.5)
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assume ρu≈ ρ̄ū and assume no leak:

∂ρ̄A
∂t

+
∂ρ̄ūA

∂x
= 0 (A.6)

A
∂ρ̄

∂t
+ ρ̄

∂A
∂t

+ ρ̄A
∂ū
∂x

+ ρ̄ū
∂A
∂x

+ ūA
∂ρ̄

∂x
= 0 (A.7)

ρ̄

(
∂A
∂t

+ ū
∂A
∂x

)
+A

(
∂ρ̄

∂t
+ ū

∂ρ̄

∂x

)
+ ρ̄A

∂ū
∂x

= 0 (A.8)

divide by ρ̄A

1
A

dA
dt

+
1
ρ̄

dρ̄

dt
+

∂ū
∂x

= 0 (A.9)

1
ρ̄A

dρ̄A
dt

+
∂ū
∂x

= 0 (A.10)

but 1
ρ̄A

dρ̄A
dt = 1

ρ̄a2
dP
dt where a2 = k/ρ

1+ kD
Ee c1

1
ρ̄a2

dP
dt

+
∂ū
∂x

= 0 (A.11)

∂P
∂t

+ ū
∂P
∂x

+ ρ̄a2 ∂ū
∂x

= 0 (A.12)

Using Dimensionless Analysis:

Let û = ū/U1, x̂ = x/L, P̂ = P/P1 =
Pζ

ρoaU1
, t̂ = t/T = ta

ζL

ρoa2U1

ζ2L
∂P̂
∂t̂

+
ρoaU2

1
ζL

û
∂P̂
∂x̂

+ ρ̄a2U1

L
∂û
∂x̂

= 0 (A.13)
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divide by ρ̄a2U1
L and let M = U1

a � 1

ρo

ρ̄ζ2
∂P̂
∂t̂

+
ρoU1

ρ̄ζa
û

∂P̂
∂x̂

+
∂û
∂x̂

= 0 (A.14)

ρo

ρ̄ζ2
∂P̂
∂t̂

+
ρo

ρ̄ζ
Mû

∂P̂
∂x̂

+
∂û
∂x̂

= 0 (A.15)

ρo

ρ̄ζ2
∂P̂
∂t̂

+
∂û
∂x̂

= 0 (A.16)

going back to dimensional form:

∂P
∂t

+ ρ̄a2 ∂ū
∂x

= 0 (A.17)

Use Piezometric Head:

P = ρ̄g(h̄−Z) (A.18)

∂P
∂t

= ρ̄g
∂h̄
∂t

(A.19)

ρ̄g
∂h̄
∂t

+ ρ̄a2 ∂ū
∂x

= 0 (A.20)

∂h̄
∂t

+
a2

g
∂ū
∂x

= 0 (A.21)

A.1.2 Navier-Stokes Equation

∂ux

∂t
+ur

∂ux

∂r
+

uθ

r
∂ux

∂θ
+ux

∂ux

∂x
=−1

ρ

∂P
∂x

+
κ+µ/3

ρ

∂

∂x

(
∂ux

∂x

)
+ν

(
1
r

∂

∂r

(
r

∂ux

∂r

)
+

1
r2

∂2ux

∂θ2 +
∂2ux

∂x2

)
+ fx (A.22)
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assuming unidirectional, axisymmetric flow:

∂u
∂t

+u
∂u
∂x

=−1
ρ

∂P
∂x

+
κ+4µ/3

ρ

∂

∂x

(
∂u
∂x

)
+

ν

r
∂

∂r

(
r

∂u
∂r

)
+ fx (A.23)

Integrating the equation over the area and using Leibnitz rule:

the first term will be:

∫ D/2

0

∂u
∂t

2πrdr =
∂

∂t

∫ D/2

0
u2πrdr−2πru

dr
dt

∣∣∣∣
r=D/2

=
∂(ūA)

∂t
−2πru

dr
dt

∣∣∣∣
r=D/2

(A.24)

Where the average velocity ū = 1
A
∫ D/2

0 2πrudr

the second term will be:

∫ D/2

0
u

∂u
∂x

2πrdr =
∫ D/2

0

1
2

∂u2

∂x
2πrdr

=
∂

∂x

∫ D/2

0

1
2

u22πrdr− 1
2

u22πr
dr
dx

∣∣∣∣
r=D/2

=
1
2

∂(βū2A)
∂x

− 1
2

u22πr
dr
dx

∣∣∣∣
r=D/2

(A.25)

Where β = 1
ū2A

∫ D/2
0 u22πrdr

Let f (ρ) = 1
ρ

, f ′(ρ) =− 1
ρ2 , f ′′(ρ) = 2

ρ3

using taylor approximation: f (ρ)≈ 1
ρ̄
− ρ′

ρ̄2 +
ρ′2

ρ̄3 + ...
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the third term will be:

∫ D/2

0
−1

ρ

∂P
∂x

2πrdr =−∂P
∂x

∫ D/2

0

2πr
ρ

dr

=−∂P
∂x

[∫ D/2

0

2πr
ρ̄

dr−
∫ D/2

0

2πrρ′

ρ̄2 dr+
∫ D/2

0

2πrρ′2

ρ̄3 dr
]

=−∂P
∂x

[
A
ρ̄
− Aρ′

ρ̄2 +
Aρ′2

ρ̄3

]
=−∂P

∂x
A
ρ̄
− ∂P

∂x
Aρ′2

ρ̄3 (A.26)

the fourth term will be:

∫ D/2

0

κ+4µ/3
ρ

∂

∂x

(
∂u
∂x

)
2πrdr

= κ+4µ/3
[∫ D/2

0

1
ρ̄

∂

∂x

(
∂u
∂x

)
2πrdr−

∫ D/2

0

ρ′

ρ̄2
∂

∂x

(
∂u
∂x

)
2πrdr+

∫ D/2

0

ρ′2

ρ̄3
∂

∂x

(
∂u
∂x

)
2πrdr

]
= κ+4µ/3

[
∂

∂x

∫ D/2

0

1
ρ̄

∂u
∂x

2πrdr− 1
ρ̄

∂u
∂x

2πr
dr
dx

∣∣∣∣
r=D/2

− A
ρ̄2

〈
ρ
′∂

2u
∂x2

〉
+

A
ρ̄3

〈
ρ
′2 ∂2u

∂x2

〉]

= κ+4µ/3

[
∂2

∂x2

∫ D/2

0

1
ρ̄

u2πrdr− 2πr
ρ̄

(u+
∂u
∂x

)
dr
dx

∣∣∣∣
r=D/2

− A
ρ̄2

〈
ρ
′∂

2u
∂x2

〉
+

A
ρ̄3

〈
ρ
′2 ∂2u

∂x2

〉]

= κ+4µ/3

[
1
ρ̄

∂2(ūA)
∂x2 − 2πr

ρ̄
(u+

∂u
∂x

)
dr
dx

∣∣∣∣
r=D/2

− A
ρ̄2

〈
ρ
′∂

2u
∂x2

〉
+

A
ρ̄3

〈
ρ
′2 ∂2u

∂x2

〉]
(A.27)

the fifth term will be:

∫ D/2

0

ν

r
∂

∂r

(
r

∂u
∂r

)
2πrdr =

∫ D/2

0
2πν

∂

∂r

(
r

∂u
∂r

)
dr = πDν

∂u
∂r

∣∣∣∣
r=D/2

(A.28)

the sixth term will be:

∫ D/2

0
fx2πrdr = A fx (A.29)
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Substitue in (21) and assume no leak:

∂(ūA)
∂t

+
1
2

∂(βū2A)
∂x

=−∂P
∂x

A
ρ̄
− ∂P

∂x
Aρ′2

ρ̄3

+(κ+4µ/3)
[

1
ρ̄

∂2(ūA)
∂x2 − 1

ρ̄2 A
〈

ρ
′∂

2u
∂x2

〉
+

1
ρ̄3 A

〈
ρ
′2 ∂2u

∂x2

〉]
+πDν

∂u
∂r

∣∣∣∣
r=D/2

+A fx (A.30)

Let fx =−ρ̄gsin(θ) , τ =−µ∂u
∂r

∣∣∣∣
r=D/2

Using Dimensionless Analysis:

Let û = ū/U1, x̂ = x/L, P̂ = P/P1 =
Pζ

ρoaU1
, t̂ = t/T = ta

ζL , τ̂ = 8τ

ρo fU2
1

aU1

ζL
∂(ûA)

∂t̂
+

1
2

U2
1

L
∂(βû2A)

∂x̂
=−A

ρ̄

ρoaU1

ζL
∂P̂
∂x̂
− Aρ′2

ρ̄3
ρoaU1

ζL
∂P
∂x

+(κ+4µ/3)
U1

L2

[
1
ρ̄

∂2(ûA)
∂x̂2 − 1

ρ̄2 A
〈

ρ
′∂

2û
∂x̂2

〉
+

1
ρ̄3 A

〈
ρ
′2 ∂2û

∂x̂2

〉]
− τ̂ρo fU2

1 πD
8ρA

−Aρ̄gsin(θ) (A.31)
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multiplying the equation by ζL
aU1

, and assuming M� 1 where M = U1
a and RL = LU1ρ

κ+4µ/3

∂(ûA)
∂t̂

+
1
2

ζU1

a
∂(βû2A)

∂x̂
=−Aρo

ρ̄

∂P̂
∂x̂
− Aρoρ′2

ρ̄3
∂P
∂x

+(κ+4µ/3)
ζ

aL

[
1
ρ̄

∂2(ûA)
∂x̂2 − 1

ρ̄2 A
〈

ρ
′∂

2û
∂x̂2

〉
+

1
ρ̄3 A

〈
ρ
′2 ∂2û

∂x̂2

〉]
− τ̂ρo fU1πDLζ

2ρπD2a
− ζL

aU1
Aρ̄gsin(θ) (A.32)

∂(ûA)
∂t̂

+
1
2

ζM
∂(βû2A)

∂x̂
=−Aρo

ρ̄

∂P̂
∂x̂
− Aρoρ′2

ρ̄3
∂P
∂x

+
ζM
RL

[
1
ρ̄

∂2(ûA)
∂x̂2 − 1

ρ̄2 A
〈

ρ
′∂

2û
∂x̂2

〉
+

1
ρ̄3 A

〈
ρ
′2 ∂2û

∂x̂2

〉]
− τ̂ρo f LζM

2ρD
− ζL

aU1
Aρ̄gsin(θ)

(A.33)

∂(ûA)
∂t̂

=−Aρo

ρ̄

∂P̂
∂x̂
− Aρoρ′2

ρ̄3
∂P
∂x
− τ̂ρo f LζM

2ρD
− ζL

aU1
Aρ̄gsin(θ) (A.34)

going back to dimensional form and assuming constant Area:

∂(ūA)
∂t

+
A
ρ̄

∂P
∂x

+
Aρ′2

ρ̄3
∂P
∂x

+
πD
ρ

τ+Aρ̄gsin(θ) = 0 (A.35)

∂(ū)
∂t

+
1
ρ̄

∂P
∂x

(
1+

ρ′2

ρ̄2

)
+

πD
ρA

τ+ ρ̄gsin(θ) = 0 (A.36)

Use Piezometric Head and substitute in (23):

P = ρ̄g(h̄−Z) (A.37)

∂P
∂x

= ρ̄g
∂h̄
∂x
− ρ̄g

∂Z
∂x

= ρ̄g
∂h̄
∂x
− ρ̄gsin(θ) (A.38)

∂ū
∂t

+
ρ̄g
ρ̄

∂h̄
∂x

(
1+

ρ′2

ρ̄2

)
+

πD
ρA

τ− ρ̄gsin(θ)+ ρ̄gsin(θ) = 0 (A.39)
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let τ = ρ f ū|ū|
8

∂ū
∂t

+g
∂h̄
∂x

(
1+

ρ′2

ρ̄2

)
+

πD
ρA

τ = 0 (A.40)

∂ū
∂t

+g
∂h̄
∂x

(
1+

ρ′2

ρ̄2

)
+

f ū|ū|
2D

= 0 (A.41)

assuming ρ′2� 1 leads to
∂ū
∂t

+g
∂h̄
∂x

+
f ū|ū|
2D

= 0 (A.42)

A.2 Method of Characteristics

Starting with water-hammer equations

∂h
∂t

+
a2

g
∂u
∂x

= 0 (A.43)

∂u
∂t

+g
∂h
∂x

= k|u|u, k =− f
2D

(A.44)

multiplying (A.43) by a multiplier, λ and adding it to (A.44) results in

[
∂u
∂t

+λ
a2

g
∂u
∂x

]
+λ

[
∂h
∂t

+
g
λ

∂h
∂x

]
= k|u|u (A.45)

This is the total derivative for du
dt =

∂u
∂t +

dx
dt

∂u
∂x and dh

dt =
∂h
∂t +

dx
dt

∂h
∂x , where dx

dt = λ
a2

g and dx
dt =

g
λ

To find λ let

λ
a2

g
=

g
λ

(A.46)

This will result in λ =±g
a . Substituting this (A.45) will result in the following equations along
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the characteristic lines

du
dt

+
g
a

dh
dt

= k|u|u, along
dx
dt

=+a (A.47)

du
dt
− g

a
dh
dt

= k|u|u, along
dx
dt

=−a (A.48)
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B Method of Distributions
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B.1 Derivation of PDF Equations

The derivation of a PDF equation starts by defining a “raw” PDF function (Tartakovsky &

Gremaud 2015),

Π(U−u,H−h) = δ[U−u(x, t)]δ[H−h(x, t)], (B.1)

where δ(·) is the Dirac delta function. Its ensemble mean, over the realization of random variables

u and h at the space-time point (x, t), is the joint PDF fuh(U,H;x, t):

E[Π]≡
∫

∞

−∞

∫
∞

−∞

δ(U−U)δ(H−H ) fuh(U,H ;x, t)dH dU = fuh(U,H;x, t). (B.2)

Recalling the sifting property of the Dirac delta function, r(u)δ(U−u) = r(U)δ(U−u); noting

that
∂Π

∂t
=

∂Π

∂h
∂h
∂t

+
∂Π

∂u
∂u
∂t

=−∂Π

∂H
∂h
∂t
− ∂Π

∂U
∂u
∂t

; (B.3)

multiplying (2.1a) by −∂Π/∂H and (2.1b) by −∂Π/∂U ; and adding the resulting equations

together leads to

∂Π

∂t
− ∂Π

∂H
a2

g
∂u
∂x
− ∂Π

∂U
g

∂h
∂x

=− ∂

∂U
[r(U)Π]− 1

A
δ(x− xleak)

∂Qleak(H)Π

∂H
. (B.4)

Because of Reynolds’ decompositions of the variables involved, including Π = fuh +Π′, the

ensemble mean of this equation is

∂ fuh

∂t
+

∂

∂H

[
Q1−

a2

g
∂ū
∂x

fuh +
Qleak(H)

A
δ(x− xleak) fuh

]
+

∂

∂U

[
Q2−g

∂h̄
∂x

fuh + k|U |U fuh

]
= 0

(B.5)

where

Q1 =−
a2

g
E
[

∂u′

∂x
Π
′
]

and Q2 =−gE
[

∂h′

∂x
Π
′
]
. (B.6)
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As a closure approximation, we postulate that

Q1 = α1(x, t)[H− h̄(x, t)] fuh and Q2 = α2(x, t)[U− ū(x, t)] fuh. (B.7)

The coefficients α1(x, t) and α2(x, t) are obtained by ensuring that the PDF fuh in (B.5) has the

same means, ū and h̄, and variances, σ2
u and σ2

h, as those resulted from the moment differential

equations (B.18), (B.19), (B.22) and (B.23). To derive an expression for α1(x, t), we recall that

fh(H;x, t) =
∫

fuhdU so that the integration of (B.5) with (B.7) over U yields an equation for

fh(H;x, t),

∂ fh

∂t
+

∂

∂H

[
α1(H− h̄) fh−

a2

g
∂ū
∂x

fh +
Qleak(H)

A
δ(x− xleak) fh

]
= 0, (B.8)

which relies on the boundary condition fuh(±∞,H;x, t) = 0. We rely on a truncated Taylor

expansion around the mean value to approximate

E[
√

h]≈
√

h̄− σ2
h

8h̄
√

h̄
and E[

√
hh]≈ h̄

√
h̄+

3σ2
h

8
√

h̄
.

Moreover, since
∫

∞

−∞
fhdH = 1 and

∫
∞

−∞
H fhdH = h̄, and since fh(±∞;x, t) = 0 such that the

limit limH→±∞[H fh(H;x, t)] = 0, multiplying the above equation by H and integrating it over H

leads to (B.18). This means that the closure for Q1 preserves the mean, regardless of the choice

of α1(x, t). To compute the variance of fh, i.e., σ2
h =

∫
∞

−∞
(H− h̄)2 fhdH, we multiply (B.8) by

(H− h̄)2 and integrate over H. This gives an equation for the variance,

∂σ2
h

∂t
−2α1σ

2
h =

γleakσ2
h

A
√

h̄
δ(x− xleak). (B.9)

For this equation to be consistent with (B.22), the coefficient α1 in the closure approximation (B.7)
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has to be

α1 =−
1

2σ2
h

β1. (B.10)

Combining this with the expression for β1 derived in Appendix B.2 leads to (2.3c).

Determination of α2(x, t) follows a similar procedure. An equation for the marginal PDF

fu(U ;x, t) =
∫

fuhdH is derived by integrating (B.5) with (B.7) over H, while accounting for the

boundary conditions fuh(U,±∞;x, t) = 0,

∂ fu

∂t
+

∂

∂U

[
α2(x, t)(U− ū) fu−g

∂h̄
∂x

fu + k|U |U fu

]
= 0. (B.11)

Multiplying this equation with U , integrating the result over U , and accounting for the boundary

condition fu(±∞;x, t) = 0, yields

∂ū
∂t

+g
∂h̄
∂x
−

∫
∞

−∞

k|U |U fudU = 0. (B.12)

Expanding E[|u|u] into the truncated Taylor series (B.16), we obtain E[|u|u]≈ |ū|ū+ sgn(ū)σ2
u,

so that (B.12) reduces to (B.19) for any choice of α2(x, t). Multiplying (B.11) by (U− ū)2 and

integrating over U results in

∂σ2
u

∂t
−2α2σ

2
u = 2kE[|u|u2]−2kūE[|u|u]. (B.13)

The second-order Taylor expansions E[|u|u] ≈ |ū|ū+(|ū|/ū)σ2
u and E[|u|u2] ≈ |ū|ū2 +3k|ū|σ2

u

reduce (B.13) to
∂σ2

u
∂t
−2α2σ

2
u = 4k|ū|σ2

u. (B.14)

This the variance equation is consistent with (B.23) if

α2 =−
1

2σ2
u

β2. (B.15)
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Combining this with the expression for β2 derived in Appendix B.2 leads to (2.3c).

B.2 Derivation of Moments Equations

We use the Reynolds decomposition to represent random quantities (e.g., u) as the sums of

their ensemble means (e.g., ū) and zero-mean random fluctuations (e.g., u′). Next, we decompose

the nonlinear terms Qleak = γleak
√

h and r(u) = k|u|u in (2.1b) into a Taylor series about h̄ and ū,

respectively, such that

Qleak(h) = Qleak(h̄)+
dQleak

dh
(h̄)h′+

1
2

d2Qleak

dh2 (h̄)(h′)2 +O(h′3)

= γleak

√
h̄+

γleak

2
√

h̄
h′− γleak

8h̄
√

h̄
(h′)2 +O(h′3) (B.16)

r(u) = r(ū)+
dr
du

(ū)u′+
1
2

d2r
du2 (ū)(u

′)2 +O(u′3) = k|ū|ū+2k
ū2

|ū|u
′+ k

ū
|ū|(u

′)2 +O(u′3).

(B.17)

Taking the ensemble mean of the resulting version of (2.1) yields

∂h̄
∂t

+
a2

g
∂ū
∂x

=

(
γleak
√

h̄
A

− σ2
hγleak

8Ah̄
√

h̄

)
δ(x− xleak) (B.18)

∂ū
∂t

+g
∂h̄
∂x

= k|ū|ū+ k
ū
|ū|σ

2
u. (B.19)

Subtracting these from the expanded version of (2.1) leads an equation for perturbations,

∂h′

∂t
+

a2

g
∂u′

∂x
=

(
γleakh′

2A
√

h̄
− γleak(h′)2

8Ah̄
√

h̄
+

γleakσ2
h

8Ah̄
√

h̄

)
δ(x− xleak) (B.20)

∂u′

∂t
+g

∂h′

∂x
= 2k|ū|u′+ k

ū
|u|(u

′)2− k
ū
|ū|σ

2
u. (B.21)
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Multiplying (B.20) by h′(x, t) and (B.21) by u′(x, t), and taking the ensemble average of the

resulting equations leads to

∂σ2
h

∂t
+β1 =

γleakσ2
h

A
√

h̄
δ(x− xleak), β1 =

2a2

g
E
[

h′
∂u′

∂x

]
(B.22)

∂σ2
u

∂t
+β2 = 4k|ū|σ2

u, β2 = 2gE
[

u′
∂h′

∂x

]
. (B.23)

B.3 Initial Conditions for PDF Equation

The lognormal PDF fu0(U) of the initial velocity u0 = 2.0+0.1exp(z) with Gaussian z is

given by

fu0(U) =

∣∣∣∣ dz
du0

∣∣∣∣ fz =
1√

2π(U−2)σz
exp
[
− [ln(10(U−2))−µz]

2

2σ2
z

]
, U > 2. (B.24)

This distribution is used as the initial condition for the PDF equation before the first contact

discontinuity reaches the point of interest x?, i.e., during the time interval 0≤ t < τ?. Given the

deterministic relation between h0 and u0 in (2.2b), the conditional PDF fh0|u0 is

fh0|u0(H;U ;x) = δ(H−Hin−
kx
g
|U |U). (B.25)

The initial condition for the joint PDF equation (2.3), defined on the time interval 0≤ t < τ?, is

fu0h0(U,H;x) = fh0|u0 fu0 .

An equation for characteristics of the WHE (2.1),

dx
dt

=±a, (B.26)

defines two families of characteristics, x(t) = at +ξ+ and x(t) =−at +ξ−, where the constants

of integration ξ± = x(0) label individual characteristics within each family. Specifically, the
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characteristic that carries backward the first contact discontinuity originating at the moment of

the valve closure, x(0) = L, is labeled with ξ− = L (Fig. 2.1). The wave traveling along this

characteristic, x(t) =−at +L, reaches the observation point x? = L/2 at time t ≡ τ? = L/(2a). A

characteristic from the family of characteristics x(t) = at +ξ+, which intersects the characteristic

x(t) =−at+L at the space-point point (x?,τ?) is labeled by ξ+= 0, i.e., has the equation x(t) = at

(Fig. 2.1).

Along all characteristics defined by (B.26), including those specified by equations x(t) =

at and x(t) =−at +L, the state variables u(x(t), t) and h(x(t), t) satisfy

du(x(t), t)
dt

=
∂u
∂t
±a

∂u
∂x

and
dh(x(t), t)

dt
=

∂h
∂t
±a

∂h
∂x

. (B.27)

Hence, the WHE (2.1) transform into

du
dt
± g

a
dh
dt

= k|u|u± g
a

Qleak

A
δ(x− xleak), (B.28)

such that the equations with the plus and minus signs are defined along the characteristics x(t) = at

and x(t) =−at +L, respectively.

B.3.1 PDFs of u and h at the first contact discontinuity

Integrating (B.28) for the characteristic x(t) = at from 0 to τ?, while accounting for the

initial conditions u[x(0) = 0, t = 0] = u0 and h[x(0) = 0, t = 0] = Hin, yields

u1−u0 +
g
a
(h1−Hin) = k

∫
τ?

0
|u|udt +

g
aA

∫
τ?

0
Qleakδ(at− xleak)dt, (B.29)

where u1 = u(x?,τ?) and h1 = h(x?,τ?). In the absence of a leak (Qleak = 0), the one-dimensional

velocity u along the characteristic x = at remains constant, u = u0 > 0, for t < τ?. Hence, (B.29)
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reduces to

u1−u0 +
g
a
(h1−Hin) = kτ

?u2
0. (B.30)

Integrating (B.28) on the characteristic x(t)=−at+L from 0 to τ?, while accounting for the initial

conditions u[x(0) = L, t = 0] = 0 and h[x(0) = L, t = 0] = Hin +(kL/g)u2
0 +(a/g)u0 obtained

from (2.2b), yields

u1 +u0−
g
a
(h1−Hin−

kL
g

u2
0) = k

∫
τ?

0
|u|udt− g

aA

∫
τ?

0
Qleakδ(−at +L− xleak)dt. (B.31)

For Qleak = 0, the first integral on the right-hand side is approximately 0 since u(L,0) = 0, which

yields

u1 +u0−
g
a
(h1−Hin−

kL
g

u2
0) = 0. (B.32)

(The impact of this approximation on the accuracy of our PDF method is investigated via

comparison with MCS.) Recalling that L/a = 2τ?, it follows from (B.30) and (B.32) that

u1 =−
kτ?

2
|u2

0 or u0 =

√
− 2

kτ?
u1. (B.33)

Substituting this expression into (B.30) gives the corresponding value of h1,

h1 = Hin +
a
g

(
u0 +

3kτ?

2
u2

0

)
. (B.34)
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Since the function U0 = U0(U1) in (B.33) is monotonic, the PDF of u1, fu1(U), is obtained as

fu1(U) = |dU0/dU1(U)| fu0(U0(U)) resulting in

fu1(U) =
1√

−2kτ?U
fu0(U0(U)), U > 0. (B.35)

Given the deterministic relations between h1 and u1 in (B.34) and between u0 and u1 in (B.33),

the conditional PDF fh1|u1(H;U) is the Dirac delta function,

fh1|u1 = δ

(
H−Hin−

a
g

√
−2U

kτ?
+

3a
g

U
)
. (B.36)

Finally, the joint PDF for u1 and h1 is obtained as fu1h1 = fh1|u1 fu1 .

B.3.2 PDFs of u and h at the second contact discontinuity

The second contact discontinuity originates at (and is reflected from) the inlet boundary

x(t) = 0 at time t = τ; it travels along the characteristic line x(t) = at +ξ+ with ξ+ =−L, and

reaches the point x? = L/2 at time t = 2τ− τ? (Fig. 2.1). At the space-time point (x? = L/2, t =

2τ− τ?), this characteristic line intersects with the characteristic line x(t) =−at +ξ− labeled by

ξ− = 2L.

The two PDEs in (B.28), to be solved along the characteristics x(t) = at−L and x(t) =

−at + 2L, need boundary conditions at the space-time points {x(τ) = 0,τ} and {x(τ) = L,τ},

respectively. The value of h[x(t), t] at the point {0,τ} is h[x(τ) = 0,τ] = Hin, while the correspond-

ing boundary value for u[x(t), t] is obtained by integrating in time, from 0 to τ, the PDE (B.28)

along the characteristic x(t) =−at +L. This equation is subject to the auxiliary conditions

u[x(0) = L,0] = 0, h[x(0) = L,0] = Hin +
kL
g

u2
0 +

a
g

u0.

Since in the absence of the leak (Qleak = 0), u≈ 0 for t < τ along the characteristics x(t)=−at+L,
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and accounting for these boundary conditions, the time integration of the respective PDE (B.28)

yields the required value of u[x(t), t] at the point {0,τ},

u[x(τ) = 0,τ] =−u0−
kL
a

u2
0. (B.37)

Likewise, the value of u[x(t), t] at the point {x(τ) = L,τ} is u[x(τ) = L,τ] = 0. The

corresponding boundary value for h[x(t), t] is obtained by integrating in time, from 0 to τ, the

PDE (B.28) along the characteristic x(t) = at. This equation is subject to the auxiliary conditions

u[x(0) = 0,0] = u0, h[x(0) = 0,0] = Hin.

A solution of this boundary-value problem is

−u0 +
g
a
(h[x(τ) = L,τ]−Hin) = k

∫
τ

0
|u|udτ

′. (B.38)

According to the fundamental theorem of integral calculus,
∫

τ

0 g(τ′)dτ′ = g(ξ)τ with 0 < ξ < τ; as

an approximation, we choose g(ξ) = [g(0)+g(τ)]/2. Since u(L,τ) = 0, this leads to the required

value of h[x(t), t] at the point {L,τ},

h[x(τ) = L,τ] = Hin +
a
g

(
u0 +

kτ

2
u2

0

)
. (B.39)

With these boundary conditions, and in the absence of leaks, the initial-value prob-

lem (B.28) along the characteristic x = at−L is

du
dt

+
g
a

dh
dt

= k|u|u, h[x(τ) = 0,τ] = Hin, u[x(τ) = 0,τ] =−u0− kτu2
0.

Integrating this problem from τ to 2τ− τ? yields the values of u and h at the second contact

76



discontinuity (Fig. 2.1), u2 ≡ u(x?,2τ− τ?) and h2 ≡ h(x?,2τ− τ?),

u2 +u0 + kτu2
0 +

g
a
(h2−Hin) =−k(τ− τ

?)(u0 + kτu2
0)

2. (B.40)

This equation is derived by assuming that u ≈ u[x(τ) = 0,τ] = −u0− kτu2
0 for τ < t < 2τ− τ?.

Likewise the initial-value problem (B.28) along the characteristic x =−at +2L is

du
dt
− g

a
dh
dt

= k|u|u, h[x(τ) = L,τ] = Hin +
a
g

(
u0 +

kτ

2
u2

0

)
, u[x(τ) = L,τ] = 0.

Integrating this problem from τ to 2τ− τ?, while accounting for the fact that u≈ 0 for τ < t <

2τ− τ?, yields

u2−
g
a
(h2−Hin)−

(
u0−

kτ

2
u2

0

)
= 0. (B.41)

A solution of (B.40) and (B.41) for u2 is a fourth-degree polynomial in u0,

u2 =−
k3(τ− τ?)τ2

2
u4

0− k2(τ− τ
?)τu3

0− kτu2
0−u0. (B.42)

This polynomial has four roots. We approximate the root, u0, on the interval of interest, u0 =

2.0+0.1exp(z) with z∼N (0,0.42), as

u0 = αu2
2 +βu2 + γ. (B.43)

The constants α, β, and γ are obtained by fitting (via minimization of the mean root square errors)

the parabola in (B.43) to the array of {u0i,u2i}N
i=1 obtained from (B.42). (The second-degree

polynomial (B.43) turned out to provide a better fit than the first-degree polynomial.) Figure B.1

shows the agreement between the graphs of u0 = u0(u2) obtained, alternatively, from (B.42)

and (B.43) on the domain of interest. The figure also demonstrates the agreement between these

relations and the solution u2 = u2(u0) computed with multiple solves of the original WHE (2.1)
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for different values of u0. It serves to validate the approximations we have made to derive the

analytical expressions for ui and hi with i = 1,2.
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Figure B.1: The relationship between u0 and u2 computed, alternatively, with (B.42), (B.43),
and multiple solves of the WHE (2.1) for different values of u0. This relationship is monotonic
in the region of interest.

Substituting (B.43) into (B.41) gives an expression for h2

h2 = Hin +
a
g

u2 +
a
g
(αu2

2 +βu2 + γ)+
kaτ?

g

∣∣αu2
2 +βu2 + γ

∣∣(αu2
2 +βu2 + γ). (B.44)

Since the function u0 = u0(u2) is monotonic in the region of interest (Fig. B.1), the corresponding

PDFs are
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(αU2 +βU + γ)− kaτ?

g

∣∣αU2 +βU + γ
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)
(B.46)

fu2h2 = fh2|u2 fu2. (B.47)

The same procedure can be repeated after each contact discontinuity, until t = tmax.
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