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ABSTRACT OF THE DISSERTATION

Design and Analysis of Interconnected Systems:
Optimization Algorithms and Linear-Threshold Brain Networks

by

Ahmed Allibhoy

Doctor of Philosophy in Engineering Sciences (Mechanical Engineering)

University of California San Diego, 2023

Professor Jorge Cortés, Chair

From the electric power grid, to social networks, to the human brain, many systems
of engineering and scientific interest are obtained by interconnecting simpler subsystems.
This interconnection can be as simple as a feedback loop, or have a complicated network
structure. However, in each case, the dynamic coupling results in complicated behaviors
that cannot be explained simply by looking at the constituent components in isolation. This
poses two major challenges: first, in terms of developing mathematical models to gain insight

into the behavior of complex systems, and second, in terms of optimizing their operation

Xiv



or controlling them. The goal of this thesis is to develop a mathematical framework to
tackle these challenges using tools from nonlinear dynamics, control theory, optimization,
and network science.

This thesis is divided into two parts, each focusing on a specific class of intercon-
nected system arising in real world applications. In the first part, we focus on developing
a “systems theory” of optimization algorithms, in order to understand their properties and
study their interconnection with physical processes. We demonstrate that tools from safety-
critical control can be used to synthesize flows solving constrained nonlinear optimization
problems, with safety, stability and robustness guarantees that make them ideal for online
implementation when interconnected with physical processes. The second part of this thesis
discusses mathematical modeling of interconnected neurological systems, in order to under-
stand and control epileptic seizures. We model the epileptic brain with Linear Threshold
Networks (LTNs), and analyze the interplay between the network structure and the dynami-
cal properties they exhibit. We characterize conditions on the network structure under which
oscillations spread in LTNs, and develop strategies to optimally modify networks to prevent

the spread of epileptic seizures.
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Chapter 1

Introduction

Engineering interconnected systems are increasingly important in the 21st century,
but introduce a number of practical challenges. For example, advances in green technology
have resulted in renewable energy resources distributed across the electric power grid, thus
reducing our carbon footprint, but it is difficult to coordinate these resources while ensuring
reliable operation of the power grid that was designed for a paradigm where energy is gen-
erated centrally. Autonomous vehicles promise to make our transportation system safer and
more efficient, but initial roll-outs of this technology have exposed deficiencies in their ability
to navigate safely while ensuring smooth traffic flow. And in synthetic biology, engineered
genetic circuits are on the verge of revolutionizing biotechnology, but circuits designed in
vitro often do not behave predictably and reliably when embedded within a host cell. Despite
the sheer breadth covered by these examples, the fundamental challenge is the same: engi-
neering systems considered in isolation are not enough, one must consider their interactions

with other systems.



By interaction we refer to any situation where multiple systems are dynamically
coupled, meaning the state of one influences the other and vice versa. This interaction can
manifest in many ways, e.g., as a simple feedback loop between two systems, or through a
complex network with thousands of nodes. In the network case, a large number of nodes, a
lack of full knowledge of the network topology, and heterogeneity contribute to engineering
challenges. However, even when the interconnection structure is simple, the dynamical
nature of the interactions between components can still cause problems. For example, given
two systems which are individually stable, it is possible to couple them in a way such that
the aggregate system as a whole is unstable. Other sources of challenges arising from the
dynamic aspects of interactions include unknown dynamics, parametric uncertainties, and
stochastic noise.

The goal of this dissertation is to build a mathematical framework to tackle challenges
that arise in modeling, optimization, and control of interconnected systems. While the
tools we develop are broadly applicable, we focus our attention on two specific classes of
interconnected systems: online optimization algorithms used to control physical processes
and the human brain. Despite the differences in these applications, the mathematical tools
we use are remarkably similar. In both cases, the underlying task can be formalized using
notions from control theory, we can obtain a set of conditions on the structure and dynamic
properties of the interconnection that ensure correct performance, and we can use these

conditions to develop a set of design principles for these systems.



1.1 Organization of Thesis

This thesis is divided into two parts. The first part is devoted to the study of the
“systems theoretic” properties of optimization algorithms. This perspective allows us to
understand the qualitative and quantitative properties of algorithms, study their intercon-
nection with physical processes, and systematically design novel algorithms. Using tools
from safety-critical control, we synthesize continuous-time flows solving constrained non-
linear optimization problems, while ensuring the constraint set is forward invariant. This
ensures that in real-time applications, feasibility is maintained even when the algorithm is
terminated early. We show that these flows have safety and stability properties that make
them ideal for their implementation in online feedback optimization problems.

The second part of this thesis discusses mathematical modeling of neurological sys-
tems, in order to understand and control epileptic seizures. We model the epileptic brain
using a class of network dynamical system called Linear Threshold Networks (LTNs). After
performing a detailed bifurcation analysis of planar LTNs, we associate behaviors originating
from these bifurcations to prototypical waveforms observed in EEG signals during epilep-
tic seizures. This provides a mathematical characterization of biomarkers associated with
epilepsy. Next, we discuss conditions on the network structure under which oscillations
spread in LTNs, and develop an optimization-based framework to design networks that are
robust to oscillations spreading, providing a path toward effective interventions to mitigate

epileptic seizures.



1.2 Statement of Contributions

The unifying theme of this thesis is understanding and controlling interconnected
systems that arise in engineering applications, with each part looking at this challenge from
a different angle. Part I focuses on the systems-theoretic aspects of optimization algorithms
with a view toward interconnecting them with physical properties. Part II considers the
brain as a complex networked dynamical system in an effort to model and control epileptic

seizures. We describe next in detail our contribution in each chapter.

Chapter 2: We introduce the reader to the idea of analyzing optimization algorithms from
a systems-theoretic perspective, and review in detail the literature in this area. We then recall
preliminary notions from variational analysis, optimization theory, and safety-critical control

which will be used to develop our results in later chapters.

Chapter 3: We consider the synthesis of continuous-time dynamical systems that solve
constrained optimization problems while making the feasible set forward invariant and
asymptotically stable. Our solution to the problem is a novel continuous-time flow, which we
call the safe gradient flow. We discuss two equivalent derivations of the system: the first as a
gradient flow controlled with a feedback controller implemented as a control barrier function
based quadratic program, and the second as as a continuous modification of the projected
gradient flow, based on a design parameter. We show that equilibria correspond exactly
with critical points of the original optimization problem, and conduct a thorough stability
analysis. We provide a suite of constraint qualification-based conditions under which iso-

lated local minimizers are either locally asymptotically stable with respect to the feasible set,



locally asymptotically stable with respect to the global state space, or locally exponentially
stable. We also characterize conditions for semistability of nonisolated local minimizers and
establish global convergence to critical points of the optimization problem. We compare
the safe gradient flow with other continuous-time methods in optimization on a numerical

example to illustrate its advantages.

Chapter 4: We extend the framework we developed in Chapter 3 to synthesize continuous-
time dynamical systems that solve monotone variational inequalities. We discuss three dy-
namical systems that solve this problem. The first, the projected monotone flow, is already
known, but we discuss a novel reinterpretation of it through the lens of control theory. The
second is the safe monotone flow, which analogous to the safe gradient flow, can either be in-
terpreted as a system controlled with a feedback controller synthesized using techniques from
safety critical control, or as an approximation of the projected monotone flow. We show that
equilibria correspond exactly with critical points of the original problem, and derive global
stability guarantees under the additional assumption of convexity and monotonicity. In the
case where the constraint set is polyhedral, we establish that the system is contracting. The
third flow is the recursive safe monotone flow, which is derived by interconnecting two dy-
namical systems evolving on different time scales. Using tools from singular perturbation
theory for contracting systems, we show that for variational inequalities with polyhedral con-
straints, the KK'T points are locally exponentially stable and globally attracting, and obtain
practical stability guarantees. We compare the three flows on a simple example problem.

We also demonstrate that the safe monotone flow can be interconnected with dynamical



processes using an example of a receding horizon linear quadratic dynamic game.

Chapter 5: In this chapter we motivate our analysis of brain networks by discussing
challenges in the treatment of epilepsy. We discuss how the brain can be interpreted as a
network dynamical system and review in detail various models that exist on different spatial
scales. Next, we review properties of Linear Threshold Networks, to set the stage for our

contributions in the following chapters.

Chapter 6: In this chapter we focus our attention on a specific type of planar Linear
Threshold Network, referred to as an excitatory-inhibitory pair (EI pair). We fully char-
acterize the dynamical properties of EI pairs, including computing the equilibrium points,
deriving necessary and sufficient conditions for the existence of stable limit cycles, as well
as providing a full topological characterization of the possible bifurcation diagrams with the
input as the bifurcation parameter. This analysis allows us to show that the behavior of the
system in different dynamical regimes approximates prototypical patterns of EEG activity
observed before, during, and after epileptic seizures, and relate the transition between differ-
ent states corresponds to the bifurcations in EI pairs. Our result pave the way to designing

control systems that suppress the spread of epileptic seizures.

Chapter 7: In this chapter, we build on results from Chapter 6 to characterize conditions
for the spreading of oscillations in brain networks and to formulate and solve optimization
problems for the design of networks that are robust to oscillation spreading. In particular,

we model the excitatory and inhibitory activity of a small brain tissue (micro-domain) using



networks of coupled EI Pairs. Using these networks, we model the complex interactions
among domains of the human brain. Our goal is to exploit the known properties of the
single EI pairs to infer global properties of the brain network. Once formal conditions on the
spreading of oscillations are derived, we develop and solve a series of optimization problems
through which we can efficiently compute conditions to isolate localized oscillations from the
rest of the network. We show how these optimization problems are computationally efficient
and practically effective. We conclude the discussion with extensive numerical simulations

on synthetically generated networks.

Chapter 8: We summarize the contributions of the thesis and propose future directions

to extend our work.



Part 1

On the Systems Theory of

Optimization Algorithms



Chapter 2

On the Systems Theory of

Optimization Algorithms

The first part of this thesis concerns progress toward a “systems theory” for optimiza-
tion algorithms. The idea is to interpret iterative algorithms solving optimization problems
— either in continuous time or discrete time — as dynamical systems, and to use tools from
control and systems theory to understand them.

There are two primary motivations for this perspective. First, the systems approach
opens the door for understanding both qualitative and quantitative properties of algorithms
themselves. In practical applications, one seeks guarantees that the algorithm converges to
the optimizer, as well as estimates of the convergence rate. Furthermore, the real world
is full of uncertainties, which manifest themselves in problems in a myriad of ways, e.g.,
stochastic noise, parametric uncertainties, unmodeled disturbances. Thus, when deploying

optimization algorithms, one needs assurances that their performance would be robust to



these uncertainties. Control theory offers a structured way to reason about the dynamical
properties of algorithms and provides tools for quantifying the effects of uncertainty, making
this perspective useful for analysis. However, the systems theoretic approach also holds value
for the design of algorithms, since at its core, control theory is the study of synthesizing
dynamical systems with desired properties. The ultimate promise of a “systems theory” for
optimization algorithms is to provide a design methodology enabling a user to obtain an
algorithm that can handle the specific challenges inherent to their intended application.

The second motivation stems from the interconnection of optimization algorithms
with physical processes, a set-up often referred to as online feedback optimization. Feedback
optimization is required when information relevant to the optimization problem cannot be
known a priori, thus necessitating an online approach. This approach also presents an
opportunity in situations where the objective function or the constraints of the optimization
problem are not known in closed form: solving the optimization problem online allows the
evolution of the physical process to “compute” these functions.

Feedback optimization problems arise in many engineering applications e.g., power
grids, transportation systems, robotics, and communication networks. A shared feature
in all of these examples is that the optimization algorithm is in a feedback loop with a
dynamically varying plant, and thus the analysis of the system as a whole is done naturally
within a control-theoretic framework. The feedback is due to the fact that the estimate of
the solution to the optimization problem is used to influence the state of the plant (e.g., by
providing a set-point, specifying the input using an optimization-based feedback controller,

steering the plant toward an optimal steady-state), and in turn the state of the plant modifies
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the parameters of the optimization problem. The optimization algorithm, when deployed,
progresses in parallel to the time evolution of the plant.

We illustrate this set-up diagrammatically in Figure 2.1. On the left, we depict the
ideal situation, where the exact solution to the optimization problem is used to regulate the
plant. On the right we show the actual implementation, where the optimization problem is
solved using a flow that evolves alongside the plant dynamics. The principal challenge in
feedback optimization is ensuring the interconnected system behaves optimally, which leads
one to consider questions such as: does the trajectory u(t) track the time-varying optimizer?
Are the constraints satisfied for all time? Is the interconnected system stable? Answering
these questions is nontrivial, even when stability and convergence can be verified for both
the plant and the optimizing flow individually, and requires the full battery of controls and

systems theoretic tools.

> i = f(z,u) > & = f(z,u)
U x U T
u*(x) = argmin {J(z,u)} |,
ueK(x) A u:g(m,u) <

Figure 2.1: Diagram depicting a typical instance of an online feedback optimization prob-
lem. (Left) The ideal case, where the input to the plant is determined by the exact solution
to a parametric optimization problem, where the parameter is the system state. (Right)
A real-time implementation of feedback optimization. Here the flow u = g(z,u) is used to
solve the optimization problem on the left, and evolves in parallel to the plant dynamics.

Finally, we mention the utility of the systems theoretic approach to optimization in the
network setting. For distributed optimization problems, care must be taken to ensure that
nodes can solve the problem using only information that is available to them locally. Recent

advances in consensus dynamics and distributed control provide a path to solving difficult
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network optimization problems in real-time. As computing power increases and becomes
distributed over large-scale networks, we can expect online and distributed optimization to
play a more prominent role in the future, so systems and control theory will continue to be

indispensible in the development and analysis of optimization algorithms.

2.1 Related Work

Here we review the literature that connects systems-theoretic concepts with optimiza-
tion. Early works include the study of dynamical systems solving optimization and saddle
point problems [AHUS58], and demonstrating that certain combinatorial optimization prob-
lems can be solved using continuous-time flows on manifolds [Bro91, HM94]. More recent
work has focused on uncovering the phenomenon of acceleration in first-order optimization,
synthesizing flows solving constrained optimization problems, understanding the theoretical
properties of projected systems, studying saddle flows, and connecting optimization algo-
rithms with plants in a feedback loop. We now discuss in detail each of these areas in the

literature.

A Extremum Seeking Control

We begin by reviewing extremum seeking control. This refers to a class of feedback
controllers which steer a dynamical system to the optimizer of an unknown map. These
methods are widely used in real-time applications where the model being controlled is un-
known and is used in applications as varied as automotive control, bioreactors, formation

flight, and gas turbines (c.f. [AKO03] and references therein). Extremum seeking control
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methods were first introduced in the 1920s [Leb22|, and although these methods are related
to those in adaptive control, the historical development proceeded in parallel to develop-
ments in control theory until being rediscovered by the community in the 2000s [KWO00].
Recently, there has been a resurgence of interest in extremum seeking control after it was
discovered that extremum-seeking feedback can be studied using Lie-algebraic methods in
nonlinear control [DSEJ13, GZE18]. These methods have been extended to nonsmooth op-
timization [FZE18, FBE21], and have been applied to safety critical applications [WKS23],

game theory [KG21], power systems [CPL22], and particle accelerators [WSH*23].

B Accelerated Optimization

The dynamical systems approach to optimization has also been fruitful for gain-
ing insight into the phenomenon of acceleration in optimization, where certain first-order
descent algorithms achieve super-linear convergence rates. An example of this is the cel-
ebrated Nesterov’s method [Nes83]. Similar to how gradient descent can be viewed as a
discretization of the gradient flow, recent work has uncovered that Nesterov acceleration can
be viewed as discretization of an ordinary differential equation (ODE) [SBC16]. This con-
nection has enabled the use of control-theoretic methods in analyzing acceleration, such as
Lyapunov-based convergence estimates [WRJ21], and analysis of discretization and stability
[MJ21]. These continuous-time flows can be derived using variational methods in mechanics
[WWJ16], and recent work has focused on developing rate-matching discretizations, either

using the notion of “high-resultion” differential equations [SDJS22|, or symplectic integrators

[SDSJ19, FSRV20].
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C Flows Solving Equality Constrained Problems

We now discuss the dynamical systems approach for solving problems involving only
equality constraints. The works [Tan80, Yam80] employ differential geometric techniques
to design a vector field that maintains feasibility along the flow, makes the constraint set
asymptotically stable, and whose solutions converge to critical points of the objective func-
tion. Recently [SS00] introduces a generalized form of this vector field to deal with inequality
constraints in the form of a differential algebraic equation and explores links with sequential
quadratic programming. Recently, this work has been extended in [FZL20] to study the re-
gion of attraction of local minima, showing that the introduction of a stochastic perturbation

allows solutions to escape sharp local minimizers.

D Projected Dynamical Systems

A particularly fruitful area of research is in the area of projected dynamical systems,
which are commonly employed to solve optimization problems [NZ96]. Typically, this ap-
proach proceeds by projecting the gradient of the objective function onto the cone of feasible
descent directions. Projected systems are closely related to differential inclusions [AC84],
and have also been shown to be equivalent to complementary systems [HSW00, BDLAOG].
These systems are, in general, discontinuous, which from an analysis viewpoint requires prop-
erly dealing with notions and existence of solutions, cf. [Cor08]. The discontinuous methods
also introduce challenges in the computation implementation of these systems [AB08]. Pro-
jected systems have been employed to solve problems arising in power systems applications

[HSB*18, DSSPG19], coverage control in robotics [GCB06], and control of transportation
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systems [NZ96].

Several modifications and extensions to projected dynamical systems have been pro-
posed in recent years. The work [HBD21] discuss projected dynamical systems on non-
Euclidean manifolds. A continuous modification of the projected gradient method was in-
troduced in [FBM'94] and its stability was analyzed in [XWO00]. However, this method
projects onto the constraint set itself, rather than the tangent cone, and may fail when it
is nonconvex. Another modification is the “constrained gradient flow” proposed in [MJ22],
derived using insights from nonsmooth mechanics, and is well-defined outside the feasible
set. The resulting method is related to the one we present in Chapter 3, though unlike the
flow we discuss, this one is discontinuous and stability guarantees are only provided in the

case of convexity.

E Saddle-Point Dynamics

A common method for solving convex optimization problems is by searching for sad-
dle points of the associated Lagrangian. This can be done via a primal-dual dynamics,
consisting of a gradient descent in the primal variable and a gradient ascent in the dual one.
The analysis of stability and convergence of this method has a long history [AHUS58, Kos56],
however, because they are particularly well suited for distributed implementation on network
optimization problems, they have been the subject of intense research in recent years. Stabil-
ity of these methods has been analyzed both for discrete-time implementations [LJJ20], and
continuous-time ones [FP10, CGC17, CMLC18]|. Recent work has also extended these meth-

ods for nonsmooth optimization problems [CN19], and explored their contraction properties
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[CVJB21].

F Online Feedback Optimization

Here we review the literature analyzing applications where the solution to the op-
timization problem used to regulate the behavior of a physical plant [JLvdB09, CDB20,
LSPM21]. Feedback optimization problems arise in a number of advanced engineering ap-
plications, including power systems [CDB20, LSPM21], network congestion [LPD02], and
transportation [BCPD22]. We refer the reader to [HBHD21] for a review on both theoretical
methods and applications in this line of research. One particularly interesting example of
feedback optimization is model predictive control (MPC), where an optimal control prob-
lem is solved in a receding horizon manner. While stability and robustness guarantees for
MPC can be provided [RM09], recent work has explored the case where the optimization
problem is embedded in a feedback loop with a continuous-time plant [NLMK18], or solved
only approximately and warm-started on each iteration [LMNK20]. In these settings, un-
derstanding the convergence and robustness properties of the optimization algorithm is of

key importance, and necessitates a systems-theoretic approach.

2.2 Mathematical Preliminaries

We now discuss various mathematical preliminaries, included Variational Analysis,
nonlinear programming, variational inequalities, stability notions for dynamical systems,

and safety-critical control.
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2.2.1 Notation

We let R denote the set of real numbers. For v,w € R", v < w denotes v; <
w; for i € {1,...,n}. We let |[v|| denote the Euclidean norm and ||v||,, = maxi<i<, v
the infinity norm. For y € R, we denote [y], = max{0,y}, and sgn(y) = 1 if y > 0,
sgn(y) = —1if y < 0 and sgn(y) = 0 if y = 0. We let 1,, € R™ denote the vector of all
ones. For a matrix A € R™™, we use p(A) and A to denote its spectral radius and its
Moore-Penrose pseudoinverse, respectively. We write A = 0 (resp., A = 0) to denote A is
positive semidefinite (resp., A is positive definite). Given a symmetric matrix @, let Ay (Q)
and Apax(Q) denote the minimum eigenvalue and maximum eigenvalue of ) respectively.
For a matrix @ > 0 and z € R", let ||z, = \/m Given a subset C C R™, the distance
of x € R" to C is diste(x) = infyec ||z — y||. We let C, int(C), and IC denote the closure,
interior, and boundary of C, respectively. Given ¢ : R" — R, we denote its gradient by Vg
and its Hessian by V2¢g. For g : R® — R™, 8‘[’3—(5) denotes its Jacobian. For I C {1,2,...,m},

we denote by agéiéx) the matrix whose rows are {Vg;(x) " }icr.

2.2.2 Variational Analysis

We review basic notions from variational analysis following [RW98]. The extended
real line is R = R U {+o0}. Given f : R" — R, its domain is dom(f) = {x € R" | f(x) #
00, —o0}. The graph of f is graph(f) = {(x, f(x)) | z € R"}. Similarly, given a set-valued

map F : X = R™, its graph is graph(F) = {(z,y) | z € X,y € F(z)}.
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Consider a subset C C R™. The indicator function of C is é¢c : R® — R,

0 ifzeCd,
dc(x) =

oo ifxé¢C.

Note that dom(d¢) = C. For x € dom(f) and d € R", consider the following limits

Posd) — i LW - T@

(h.y)=(0+ ) h ’
: fly +hd) = f(x) = hf'(y; d)
"(z;d)= 1 .
FED = e o h?

(2.1a)

(2.1b)

If the limit in (2.1a) (resp. (2.1b)) exists, f is directionally differentiable in the direction d

(resp. twice directionally differentiable in the direction d). By definition, f'(z;d) = V f(x)"d

if f is continuously differentiable at x and f”(z;d) = d"V2f(x)d if f is twice continuously

differentiable at z.

Given a dynamical system & = G(z) and a function V' : R" — R, the upper-right Dini

derivative of V' along solutions of the system is

DSV (z) = limsup ilz [V (@n(z)) — V(2)],

h—0t

where @, is the flow map of the system. If V' is directionally differentiable then DSV (z) =

V'(x;G(z)), and if V is differentiable then DSV (z) = VV (z)"G(x).
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The tangent cone to C C R™ at z € R" is

Te(r) = {f € R™ [3{t"})L, € (0,00), {a"})L, € C

v

t”—>0+,x”—>a:,m t:x —>§asy—>oo},
and the normal cone to C at x € R" is
Ne(z) = {w e R" |3(z")52, CC,
v w' (2" — )
T —>x,V7—>OaSV—>oo .
|z — ]

When C is convex, then the normal and tangent cones simplify to

Nc(x):{weR"|wT(y—x)§0 VyEC},

Tc(l’)

{ﬁER" |d"w <0 Yw ENC(JC)}.

If C is an embedded submanifold of R", then the tangent cone coincides with the usual

differential geometric notion of tangent space. Let Iz : R® = C, with

Me(z) = {y €T | |lz — y|| = diste(x)},

19



be the projection map onto C. The prozimal normal cone to C at x is

Ncprox<x) _ {d c R" | El{tu 1(30:1 - (0; 00)7

{(=",y")},2; C graph(Ile),

v v

xXr
t — 0T, 2" — a,

—dasv — oo}.
When C is convex, the proximal normal cone coincides with the usual notion of normal cone.

2.2.3 Nonlinear Programming

We present the basic background on necessary conditions for optimality [Ber99]. Con-

sider a nonlinear program of the form

minimize f(z)

subject to g(z) <0 (2.2)

where f : R® -+ R, g : R® — R™, and h : R® — R* are continuously differentiable. Let
C={zeR"|g(x) <0,h(x) =0} denote its feasible set. Necessary conditions for optimality

can be derived provided that the feasible set satisfies appropriate constraint qualification
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conditions. Let the active constraint, constraint violation, and inactive constraint sets be

In(z)={1<i<m]|gz) =0}, (2.3a)
I(z)={1<i<m]|g(x)>0}, (2.3b)
I (z)={1<i<m]|g(z) <0}, (2.3¢)

respectively. We say that the constraint set C satisfies

e the Constant Rank Constraint Qualification (CRCQ) condition at z if there there exists
an open neighborhood U containing x such that for all y € U, and all I C {1,...,m}

the set {Vgi(y)}ier U{Vh;(y)}¥_, has constant rank.

e the Mangasarian-Fromovitz Constraint Qualification (MFCQ) at = if {Vh;(z)}_, are
linearly independent and there exists & € R™ such that Vh;(z)'¢ = 0 for all j €

{1,...,k} and Vg;(z)"€ < 0 for all i € Ip(z);

e the Extended Mangasarian-Fromovitz Constraint Qualification (EMFCQ) at x if
{Vh;(z)}*_, are linearly independent and there exists £ € R" such that Vh;(z) ¢ =0

j=1

forall j € {1,...,k} and Vg;(z) "¢ < 0 for all i € Ip(z) U I (x);

e the Linear Independence Constraint Qualification (LICQ) at z, if {Vg;(2)}icr @) U

Vh;(x)}%_, are linearly independent.
J 7j=1

Note that LICQ implies MFCQ, and EMFCQ implies MFCQ, however CRCQ neither implies

nor is implied by MFCQ.
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If z* € C is a local minimizer solving (2.2), and any of the above constraint qual-
ification conditions hold at z*, then there exists u* € R™ and v* € R* such that the

Karash-Kuhn-Tucker (KKT) conditions hold,

V(r*) + ag;j*)Tu* + ahgf)Tu* —0, (2.4a)
g(z") <0, (2.4b)
hz?) =0, (2.4¢)

w0, (2.4d)
(u*)Tg(z*) = 0. (2.4e)

The pair (u*,v*) are called Lagrange multipliers, and the triple (z*, u*, v*) satisfying (2.4) is
referred to as a KKT triple. If MFCQ holds at x*, then the set of all Lagrange multipliers
corresponding to z* is bounded. If LICQ holds at z*, then the Lagrange multiplier (u*,v*)

such that (z*, u*, v*) satisfies (2.4) is unique.

2.2.4 Variational Inequalities

Here we review the basic theory of variational inequalities following [FP03]. Let
F:R" — R"™ be a map and C C R" a set of constraints. A variational inequality refers to

the problem of finding z* € C such that

(x — ") F(2*) >0, Vz e C. (2.5)
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Using the language of variational geometry, the problem (2.5) can be equivalently stated in

the form of a generalized equation|Rob83],

F(2*) + Ne(z*) 2 0. (2.6)

We use VI(F,C) to refer to either (2.5) or (2.6), and SOL(F,C) to denote its set of solu-
tions. Variational inequalities provide a framework to study many different analysis and

optimization problems, including

e Solving the nonlinear equation F'(z*) = 0, which corresponds to VI(F,R");

e Minimizing the function f : R® — R subject to the constraint that x € C, which

corresponds to VI(V f,C);

e Finding saddle points of the function ¢ : R” x R™ — R subject to the constraints that

x1 € X7 and x9 € X, which corresponds to VI([V,,4; =V, 0], X1 X X5).

e Finding the Nash equilibria of a game with N agents, where the ith agent wants to
minimize the cost J;(z;,z_;) subject to the constraint x; € X;, which corresponds

to VI(F,C), where F' is the pseudogradient operator defined by

F(z) = (Va, Ji(2), ..., Vi In (1))

and C = X7 x Xg X --- x Xy.

A key concept in the study of variational inequalities is the notion of monotonicity.
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We say the map F': R® — R" is monotone if

(z1 — m2) " (F (1) — F(x2)) > 0,

for all x1,29 € R™, and F' is p-strongly monotone if there exists o > 0 such that

(21 — 22) " (F(21) — F(22)) > p |y — o,

for all 1,25 € R". When F' is a gradient map, i.e. F' = V f for some function f : R" — R,
then monotonicity (resp. p-strong monotonicity) is equivalent to convexity (resp. p-strong
convexity) of f. When F is monotone and C is convex, we say VI(F,C) is a monotone
variational inequality.

We now provide a characterization of the solution set SOL(F,C). We assume that C
has the form C = {z € R" | g(x) <0, h(z) = 0} where g : R® — R™ and h : R" — R* are
continuously differentiable. We can formulate necessary conditions for optimality analogous
to the KKT conditions for optimization problems (2.4). In particular, if any constraint

qualification holds at z* € C and z* € SOL(F,C), then there exists (u*,v*) € R™ x R* such
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that

F(a*) + Zf;usgi(x*) +j§kjlv;th(x*) =0 (2.7a)
g(z") <0 (2.7b)

h(z*) = 0 (2.7¢)

u >0 (2.7d)

(u*) " g(x) = 0. (2.7¢)

We refer to (2.7) as the KKT conditions corresponding to VI(F,C). We denote the set of
KKT triples by Xkkr(F,C). For monotone variational inequalities, when C satisfies any
constraint qualification condition at x*, then the KKT conditions are both necessary and
sufficient for * € SOL(F,C). When F' is monotone, SOL(F,C) is closed and convex. If F
is additionally p-strongly monotone, then the set of solutions is a singleton, provided that a

solution exists.

2.2.5 Stability Notions

We recall basic definitions from the theory of nonlinear dynamical systems follow-
ing [HCO8]. Let G : R® — R™ be a locally Lipschitz vector field and consider the dynamical
system & = G(x). Local Lipschitzness ensures that, for every initial condition zy € R™, there
exists 7' > 0 and a unique trajectory x : [0, 7] — R" such that z(0) = x¢ and &(t) = G(z(1)).
If the solution exists for all t > 0, then it is forward complete. In this case, the flow map

is defined by ®; : R” — R™ such that ®;(x) = z(t), where z(t) is the unique solution with
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x(0) = x. The positive limit set of z € R™ is

w(z) = ﬂ {®y(x) |t >T}.

>0

A set S C R" is forward invariant if + € S implies that ®;(x) € S forall t > 0. If S is
forward invariant and z* € S is an equilibrium, x* is Lyapunov stable relative to S if for
every open set U containing z*, there exists an open set U also containing z* such that for
allz e UNS, ®y(x) € UNS for all t > 0. The equilibrium z* is asymptotically stable relative
to § if it is Lyapunov stable relative to S and there is an open set U containing x* such that
Q,(z) — x* ast — oo for all z € UNS. We say z* is exponentially stable relative to S if it is
asymptotically stable relative to S and there exists g > 0 and an open set U containing z*
such that for all x € UNS, ||Py(x) — z*|| < e # ||z — 2*||. Analogous definitions of Lyapunov
stability and asymptotically stability can be made for sets, instead of individual points.

Consider a forward invariant set S and a set of equilibria & contained in it, S C S.
We say z* € § is semistable relative to S if z* is Lyapunov stable and, for any open set U
containing z*, there is an open set U such that for every 2 € U NS, the trajectory starting
at x converges to a Lyapunov stable equilibrium in U N'S. Note that if z* is an isolated
equilibrium, then semistability is equivalent to asymptotic stability. For all the concepts
introduced here, when the invariant set is unspecified, we mean S = R".

Finally, we discuss Lyapunov based tests for stability of an equilibrium. The first
result is a special case of [BB03, Cor. 7.1], and establishes asymptotic stability stability of

an isolated equilibrium.
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Lemma 2.2.1 (Lyapunov test for relative stability). Let S be a forward invariant set of
& = G(x) and x* an isolated equilibrium. Let U C R™ be an open set containing x* and

suppose that V : U NS — R is a directionally differentiable function such that

(i) x* is the unique minimizer of V.on UNS.
(it) DGV (z) <0 for allz €e UNS\ {z*}.

Then x* is asymptotically stable relative to S.

2.2.6 Safety-Critical Control

We review here notions from the theory of set invariance for control systems follow-
ing [Bla99] and discuss methods for synthesizing feedback controllers that ensure it. Consider

a control-affine system

&= F(z,p) .
2.8

T

= Fo(x) + ) piFi(w),

=1

with Lipschitz-continuous vector fields F; : R — R", for i € {0,...,r}, and a set Y C R™
of valid control inputs p. Let C C R™ be a constraint set of the form C = {z € R" | g(x) <
0, h(x) = 0}, where g : R® — R™ and h : R® — R* are continuously differentiable. We want
to restrict the evolution of the system to remain in C. We consider the problem of designing
a feedback controller k : R" — U such that C is forward invariant and asymptotically
stable with respect to the closed-loop dynamics & = F(x,k(z)). In applications, C often
corresponds to the set of states for which the system can operate safely. For this reason,

we refer to C as the safety set, and call the system safe under a controller £ if C is forward
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invariant and asymptotically stable. A controller ensuring safety is safequarding. We discuss

two optimization-based strategies for synthesizing safeguarding controllers.

A Safeguarding Control via Projection

The first strategy ensures the closed-loop dynamics lie in the tangent cone of the
safety set. If MFCQ holds at z € C, the tangent cone can conveniently be expressed as,
cf. [RW98, Theorem 6.31], T¢(z) = {¢ € R” ‘%(;)é* =0, 89575”)5 < 0}. We then define the
set-valued map Ky : R" = U which characterizes the set of inputs, p, that ensure the

dynamics satisfy F(x, u) € Te(z). The set has the form,

Koproj () = {u €U | Diygi(x)+)_ neDfgi(x) <0, i € (),
/=1

D;Ohj(x) + ZM@DZCZ}TIJ(.CE) = 0, j = 1, ceey k}}
(=1

Any feedback k : C — U such that k(z) € Kpoj(x) for € C renders C forward invariant.

Lemma 2.2.2. (Projection-based Safegquarding Feedback). Consider the system (2.8)
with safety set C and suppose that Kpmi(x) # 0 for all x € C. Then, the feedback controller
k : C — U is safequarding if k(x) € Kpi(z) for all x € C and the closed-loop system

& = F(z,k(x)) admits a unique solution for all initial conditions.

Proof. By hypothesis, the closed-loop system satisfies F(z, k(z)) € Te(x) for all x € C. Tt

follows that C is forward-invariant by Nagumo’s Theorem [Bla99, Theorem 3.1]. O

To synthesize a safeguarding controller, we propose a strategy where k(z) at each

x € C is expressed as the solution to a mathematical program. Because Kp05(2) is defined in
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terms of affine constraints on the control input i, we can readily express a feedback satisfying

the hypotheses of Lemma 2.2.2 in the form of a mathematical program,

k(z) € argmin J(z, u), (2.9)
UEKproj(x)

for an appropriate choice of cost function J : C x Y — R. In general, care must be taken to
ensure that the set K, is nonempty and that the controller k£ in (2.9) satisfies appropriate
regularity conditions to ensure existence and uniqueness for solutions of the resulting closed-
loop dynamics. FEven if these properties hold, the approach has several limitations: the
controller is ill-defined for initial conditions lying outside the safety set and the closed-loop

system in general is nonsmooth.

B Safeguarding Control via Control Barrier Functions

The second strategy for synthesizing safeguarding controllers addresses the limitations
of projection-based methods. The approach relies on the notion of a vector control barrier
functions, which generalize the usual notion of control barrier functions. Given a set X D C
and set of valid control inputs 4 C R™, we say the pair (g,h) : R® x R* — R™ is a

(m, k)-vector control barrier function (VCBF) for C on X relative to U if

(i) The set C can be expressed as

C={re X |g(x) <0,h(x)=0}
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(ii) There exists a > 0 such that the map K.ptq : R” = U given by

Kato(®)={p € U | Df gi(x)+ Y Dy, g:(x) +agi(x) <0,
/=1

Dj hj(x) + Z,ud)}“ﬁhj(x) + ah;(z) = 0,
=1

1<i<m, 1<j<k},

takes nonempty values for all z € X.

In the special case where m = 1 and k = 0, this definition coincides with the usual notion
of control barrier function [ACET19, Definition 2], where the class K function is linear, and
the Lie derivative has been replaced with the upper-right Dini derivative. The use of vector-
valued functions instead of scalar-valued ones allows us to consider a broader class of safe
sets.

Similar to the previous strategy, the set Ko characterizes the set of inputs which en-
sure that the state remains inside the safe set. However unlike the projection-based approach,
this assurance is implemented gradually: the parameter a corresponds to how tolerant we
are of trajectories approaching the boundary of the safety set, with smaller values of o corre-
sponding to situations where the trajectories beginning in the interior are more aggressively
controlled. As a — oo, the set K, better corresponds to K. We have the following

result which is a generalization of [ACE*19, Thm. 2].

Lemma 2.2.3 (VCBF-based Safeguarding Feedback). Consider the system (2.8) with safety

set C and suppose (g, h) is a vector control barrier function for C on X relative to U. Then,
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the feedback controller k : X — U is safequarding if k(z) € K,(x) for all x € X and the

closed-loop system @ = F(z,k(x)) admits a unique solution for all initial conditions.

To synthesize a safeguarding feedback controller, one can pursue a design using a
similar approach to Section 2.2.6.A. Given a cost function J : X xU — R, we let x(x) solve

the following mathematical program:

k(x) € argmin J(x,u). (2.10)

MEchf,a (I)

Similar to the case of projection-based safeguarding feedback control, care must be taken
to verify the existence and uniqueness of solutions to the closed-loop system, as well as to
handle situations where (2.10) does not have unique solutions. If these properties hold, then
the control design addresses the challenges of projection-based methods. In particular, we
can ensure that a controller of the form (2.10) is well-defined outside the safety set and results
in closed-loop system with continuous solutions, under mild conditions which we discuss in

the following chapters.

31



Chapter 3

Control Theoretic Synthesis of
Dynamical Systems Solving

Constrained Nonlinear Programs

This chapter considers the problem of designing a continuous-time dynamical system
that solves a constrained nonlinear optimization problem and makes the feasible set forward
invariant and asymptotically stable. The invariance of the feasible set makes the dynamics
anytime, when viewed as an algorithm, meaning it returns a feasible solution regardless of
when it is terminated. Our approach augments the gradient flow of the objective function
with inputs defined by the constraint functions, treats the feasible set as a safe set, and
synthesizes a safe feedback controller using techniques from the theory of control barrier
functions. The resulting closed-loop system, termed safe gradient flow, can be viewed as

a primal-dual flow, where the state corresponds to the primal variables and the inputs

32



correspond to the dual ones. We provide a detailed suite of conditions based on constraint
qualification under which (both isolated and nonisolated) local minimizers are stable with
respect to the feasible set and the whole state space. Comparisons with other continuous-
time methods for optimization in a simple example illustrate the advantages of the safe

gradient flow.

3.1 Problem Formulation

Our goal is to solve an optimization problem of the form

minimize f(x)

subject to g(z) <0 (3.1)

where f : R® = R, g : R* — R™, and h : R® — R* are continuously differentiable, by

designing a dynamical system & = G(z) that converges to its solutions. Let the feasible set
of (3.1) be denoted by

C={zxeR"|g(x) <0,h(x)=0}. (3.2)
The dynamics should enjoy the following properties.

(i) trajectories should remain feasible if they start from a feasible point. This can be

formalized by asking the feasible set C, defined in (3.2), to be forward invariant;

(ii) trajectories that start from an infeasible point should converge to the set of feasible
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points. This can be formalized by requiring that G is well defined on an open set

containing C, and that C as a set is asymptotically stable with respect to the dynamics.

The requirement (i) ensures that, when viewed as an algorithm, the dynamics is anytime,
meaning that it is guaranteed to return a feasible solution regardless of when it is terminated.
The requirement (ii) ensures in particular that trajectories beginning from infeasible initial
conditions approach the feasible set and, if the solutions of the optimization (3.1) belong to
the interior of the feasible set, such trajectories enter it in finite time, never to leave it again.

The problem is summarized below.

Problem 3.1.1. Find an open set X containing C and design a vector field G : X — R"

such that the system @ = G(x) satisfies the following properties.
(i) G is locally Lipschitz on X ;
(ii) C is forward invariant and asymptotically stable;

(iii) x* is an equilibrium if and only if x* € Xkkr;

(iv) x* is asymptotically stable if =* is a isolated local minimizer.

3.2 Constrained Nonlinear Programming via Safe Gra-

dient Flow

In this section we introduce our solution to Problem 3.1.1 in the form of a dynamical

system called the safe gradient flow. We present two interpretations of this system: first
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from the perspective of safety critical control, where we augment the standard gradient
flow with an input and design a feedback controller using the procedure outlined in Section
2.2.6.B, and second as an approximation of the projected gradient flow. Interestingly, both

interpretations are equivalent.

3.2.1 Safe Gradient Flow via Feedback Control

m \

N
i

Figure 3.1: Intuition behind the design of the safe gradient flow. Grey lines are the level
curves of the objective function and the shaded region is C. In (a), the initial condition is
xo and the minimizer is z*, with —V f(z) in black and —Vg(z) in gray at both points. In
(b), the dashed line is a trajectory of & = —V f(z) — uVg(x) starting from xy. The black
vectors are —V f(x), the gray vectors are —uVg(z), and the red vectors are &. Deep in the
interior of C, one has u ~ 0, as following the gradient of f does not jeopardize feasibility
while minimizing it. As the trajectory approaches the boundary, u increases to keep the
trajectory in C.

Consider the control-affine system

&= -Vf(r)— a%(f)Tu — 8h(az)TU' (3.3)

One can interpret this system as the standard gradient flow of f modified by a “control
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action” incorporating the gradients of the constraint functions. The intuition is that the drift
term takes care of optimizing f toward the minimizer, and this direction can be modified
with the input if the trajectory gets close to the boundary of the feasible set, cf. Figure 3.1.

Our idea for the controller design is to only modify the drift when the feasibility of
the state is endangered. We accomplish this by looking at the feasible set C as a safe set and
using ¢ = (g, h) : R® — R™* as an (m, k)-vector control barrier function to synthesize the
feedback controller, using the strategy outlined in Chapter 2.2.6.B.

Let a > 0 be a design parameter, and define the admissible control set as

Kogalz) = {(u, v) € RY, x R*|

Og(x) 9g(x) " Og(x) Oh(z)" _ dg(x)

Oh(x)dg(x)T  Oh(x)Oh(z)"  Oh(x)
e ar ' Tan e U= oy V@ - ah(x)}.

We want to show that ¢ is a valid VCBF for (3.3).

Lemma 3.2.1 (Vector control barrier function for (3.3)). Consider the optimization prob-
lem (3.1). If MFCQ holds for all x € C, then there exists an open set X containing C such
that the function ¢ = (g,h) : R — R™* s q valid (m, k)-VCBF for (3.3) on X relative

toU = RZ, x R,

Proof. We begin by showing that inequalities parameterizing Koo () are strictly feasible
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for all z € C, i.e., for each x € C, there exists € > 0 and (u,v) € RY; x R” such that

Og(x) g(x) "~ dg(x) Oh(x)" ~_ dg(x)

“or oz " or ar VS o /@ —ag@)—eln (3.5)
Oh(z) dg(z)"  Oh(x)Oh(zx)"  Oh(x)
" or oz ' 0z ox | oz Vf(z) — ah(z). (3.5b)

Let g = g(z) + £1,,. By Farka’s Lemma [Roc70], (3.5) is infeasible if and only if there exists

a solution (u,v) to

_9g(x) dg(x) ' o 09() Oh(z) !

>0 3.6
ox Ox Ooxr Oz v= (3.62)
Oh(x)dg(x) "  Oh(x)Oh(x) "
— — =0 3.6b
or Ox v Jr Ox v ( )
u>0 (3.6¢)
h
u' (“aga(?w(x) — ag> +o’ (%f)w — ah(x)> <0. (3.6d)
Then (3.6a), (3.6b), and (3.6¢) imply that
u] " [ 20w T dew) onw) Ty
M oh(z) d0(e) T on(e) ohx) T | w| =V
ox ox ox oz
but, since the matrix is positive semidefinite,
agau) a%uﬁ aga<w> ai(;(x)T boe)T one) T
(U,U) € ker afé(xx) B%fx)—r 6%(20) 82?:90)T = ker { %ac ox } ) (37)
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Next, by (3.7) and that x € C, (3.6d) reduces to

—u' (ag(z) +€l,,) <0, (3.8)

and by a second application of Farka’s Lemma, we see that (3.6¢), (3.7) and (3.8) are feasible

if and only if the following system is infeasible.

dg(z)
ox

Oh(x)
ox

£ < —ag(x) —el,

£=0. (3.9a)

We claim that a solution to (3.9) can be constructed if MFCQ holds at z. Indeed, by MFCQ),

69;“5 < 0 and 242¢ = 0, and for € sufficiently small, there

there exists € € R™ such that 3 B

exists 7 > 0 such that £ = 7€ solves (3.9). Thus (3.6) is infeasible, and therefore (3.5) is
feasible.

-
%(xx)%(;) has full rank, it can

By strict feasibility and the fact that the matrix
be shown by Lemma 3.6.6 that, for all x € C, the affine inequalities that parameterize
Ketal(r) are regular'. Finally, since the affine inequalities parameterizing K, are con-

tinuous, Kcptq(y) is nonempty for any y sufficiently close to x. Hence there exists an open

set X such that K., takes nonempty values on X. O

!Consider a linear system of inequalities of the form Cz < ¢, Dz = d, and a solution zy. The system
is regular (c.f. [Rob75]) if for C’,¢', D’,d' sufficiently close to C, ¢, D,d, the perturbed system C’'z < ¢,
D’z = d’ remains feasible, and the distance of zg to the solution set of the perturbed system is proportional
to the magnitude of the perturbation.
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Since ¢ is a VCBF, we can design a feedback of the form (2.10), where the objective

function is given by
2

dg(z)"  Oh(z)'
ox ut ox

(%

J(z,u,v) = H

This design has the interpretation of finding a controller which guarantees safety while mod-

ifying the drift term in (3.3) as little as possible. The resulting feedback controller is

v } . (3.10)

We refer to the closed-loop system (3.3) under the controller (3.10) as the safe gradient

Oh(x) "

ox

u v GI{cbf a

€ argmln {

flow. In general, the solution to (3.10) might not be unique. Nevertheless, as we show
later, the safe gradient flow is well-defined because, the closed-loop behavior of the system
is independent of the chosen solution.

Comparing the dynamics (3.3) with the KKT condition (2.4a) suggests that the in-
puts (u(x),v(x)) can be interpreted as approximations of the dual variables of the problem.
With this interpretation, the safe gradient flow can be viewed as a primal-dual method.
We use this viewpoint later to establish connections between the proposed method and the

projected gradient flow.

Remark 3.2.2 (Connection with the Literature). The work [Tan80] considers the problem
of designing a dynamical system to solve (3.1) when only equality constraints are present
using a differential geometric approach. Here, we show that the safe gradient flow generalizes
the solution proposed in [Tan80]. Under the assumption that A € C" and LICQ holds, the

feasible set C = {z € R™ | h(xz) = 0} is an embedded C" submanifold of R" of codimension
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k. The approach in [Tan80] proceeds by identifying a vector field F' : R" — R" satisfying:
(i) F € C" and F(x) € Ty(z) for all z € C; and (ii) h(z) = —ah(z) along the trajectories
of & = F(z), where a > 0 is a design parameter. The proposed vector field satisfying both

properties is

S

=

-’
S

s xXr f
F(x):—(l— - ggc))Vf(x)—aaZ;) hz). (3.11)

To see that this corresponds to the safe gradient flow, note that the admissible control

set (3.4) in this case is

Oh(x)

Kata(@) = {v € RE | -2V (o) - S0 E0 o — —ah(a) ).

By the LICQ assumption, Koo (2) is a singleton whose unique element is

Oh(x) 8h(x)T> 1 <8h(x)

vie) = _< oxr Oz ox Vi) - ah(as)).

Substituting this into (3.3), we obtain the expression (3.11). This provides an alterna-
tive interpretation from a control-theoretic perspective of the differential-geometric design
in [Tan80], and justifies viewing the safe gradient flow as the natural extension to the case

with both inequality and equality constraints. 0

Remark 3.2.3 (Inequality Constraints via Quadratic Slack Variables). The work [SS00]
pursues a different approach that the one taken here to deal with inequality constraints
by reducing them to equality constraints. This is accomplished introducing quadratic slack

variables. Formally, for each i € {1,...,m}, one replaces the constraint g;(z) < 0 with the
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equality constraint g;(z) = —y?2, and solves the equality-constrained optimization problem
in the variables (z,y) € R"™™ with a flow of the form (3.11). While this method can
be expressed in closed form, there are several drawbacks with it. First, this increases the
dimensionality of the problem, which can be problematic when there are a large number
of inequality constraints. Second, adding quadratic slack variables introduces additional
equilibrium points to the resulting flow which do not correspond to KKT points of the

original problem. O

3.2.2 Safe Gradient Flow as an Approximation of the Projected

Gradient Flow

Here, we introduce an alternative design in terms of a continuous approximation of
the projected gradient flow. The latter is a discontinuous dynamical system obtained by
projecting the gradient of the objective function onto the tangent cone of the feasible set.
Later, we show that this continuous approximation is in fact equivalent to the safe gradient
flow.

Let x € C and suppose that MFCQ holds at x. Then the tangent cone of C at z is

Oh(x)
Or

5=0,W5§0}.

Te(w) = {¢ e R e}

For x € C, let Iy, ;) be the projection onto T¢(x). In general, the projection is a set-valued

map, but the fact that T¢(x) is closed and convex makes the projection onto T¢(x) unique
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in this case. The projected gradient flow is

& =@ (=Vf(x))

1
= argmin  ~ ||€ + V£ (z)|? (3.12)
¢ern 2
subject to %91, (x)g <0, 3h(w)£ =0
Ox Ox

In general, this system is discontinuous, so one must resort to appropriate notions of solution
trajectories and establish their existence, see e.g., [Cor08]. Here, we consider Carathéodory
solutions, which are absolutely continuous functions that satisfy (3.12) almost everywhere.
When Carathéodory solutions exist in C, then the KKT points of (3.1) are equilibria of (3.12),
and isolated local minimizers are asymptotically stable.

Consider the following continuous approximation of (3.12) by letting o > 0 and

defining G, by

Gulr) = argmin ¢+ V1 ()|

¢eRn
subject to 8%(;)5 < —ag(x) (3.13)
oh
8irx)§ = —ah(x).

Note that (3.13) has a similar form to (3.12), and has a unique solution if one exists. However,
as we show later, unlike the projected gradient flow, the vector field G, is well defined outside
C and is Lipschitz.

We now show that G, approximates the projected gradient flow. Intuitively, this is
because for inactive constraints j ¢ Iy(x), one has g;(z) < 0 and hence the jth inequality

constraint in (3.13), Vg;(z)"¢ < —ag,(z), becomes Vg;(z)"¢ < 0o as a — oo and the
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constraint is effectively removed, reducing the problem to (3.12). This is formalized next.

Proposition 3.2.4 (G, approximates the projected gradient). Let x € C and suppose MFCQ

holds. Then

(i) Ga(x) € Te(x).

(ii) limg_yo0 Ga(x) = Hrp@w) (= V f(2)).

Proof. To show (i), note that if « € C, then h(z) = 0 and g;,(x) = 0, so the constraints in

(3.13) imply that agg:z) Go(z) =0 and %ﬁga(az) <0, and therefore G, (z) € Te(x).

Regarding (ii), for fixed x € C, let J = I_(x) and consider the following quadratic

program

P(e) =argmin e+ Vi)

£ERn
subject to 6’g10(x)5 <0, (9h(a:)£ -0 (3.14)
Ox ox
0g4(x)
< - )
€ o £ < —gs(2)

When e = 0, the feasible sets of (3.14) and (3.12) are the same. Since the objective functions
are also the same, P,(0) = I, (—=Vf(2)). Furthermore, for all o > 0, P,(%) = Gu(x).
Finally, since the QP defining P, has a unique solution, and satisfies the regularity conditions
in [BD95, Definition 2.1], P, is continuous at € = 0 by [BD95, Thm. 2.2]. Hence

Jim Go(z) = lim Py(e) = Py(0) = Iz, @) (= V f(2)).

e—0t O]

A consequence of Proposition 3.2.4 is that solutions of & = G,(x) approximate the

solutions of the projected gradient flow, with decreasing error as « increases, cf. Figure 3.2.
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‘ 5.0
2.5

0.0

Figure 3.2: Projected gradient flow versus continuous approximation. The solution of the
projected gradient flow is in black and solutions of & = G, (x) for varying values of « are in
the colors corresponding to the colorbar. All solutions start from the same initial condition,
marked by the black dot.

3.2.3 Equivalence Between the Two Interpretations

Here we establish the equivalence between the two interpretations of the safe gradient
flow. Specifically, we show that the control barrier function quadratic program (3.10) can
be interpreted as a dual program corresponding to the continuous approximation of the
projected gradient flow in (3.13).

Let L : R" x RZ, x R x R" — R be

Oh(z)

WD 1 agl)) +07 (DDt aney). .19

ox

D6 u,vs2) = 5 e+ V@I +uT

Then for each x € R", the Lagrangian of (3.13) is (£, u,v) — L(§, u,v; ).
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For each z € R", the KKT conditions corresponding to the optimization (3.13) are

Og(x)" . Ohlx)’

E+Vf(x)+ o pe v=0
9,

YT+ agle) <0
oh

8(xx>£ +ah(z) =0

u' (a‘(gfg + ag(x)) =0

(3.16a)
(3.16h)
(3.16¢)
(3.16)

(3.16e)

Because the (3.13) is strongly convex, the existence of a triple (£, u,v) satisfying (3.16) is

sufficient for optimality of £. Since the optimizer is unique, for any triple (£, u,v) satisfying

these conditions, & = G, (7).

Let A, : R® = RZ) x R* be defined by

Ao(z) = {(u,v) € Ry x R |3¢ € R™ such that (£, u,v) solves (3.16)}.

(3.17)

By definition, A, (x) is the set of Lagrange multipliers of (3.13) at x € R™. When A, (z) # 0,

then the conditions (3.16) are also necessary for optimality of (3.13). As we show next, this

necessity follows as a consequence of the constraint qualification conditions.

Lemma 3.2.5 (Necessity of optimality conditions). For o > 0, if (3.1) satisfies MFCQ at

x € C then there is an open set U containing x such that A, (z") # O for all 2’ € U.

Proof. If MFCQ holds at z € C, there exists £ € R™ such that Vg;(z)"¢ < 0 for all i € Iy(x)
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and Vh;(x)T¢ =0 for all j € {1,...,k}. Next, for every j € I_(z), let ¢; > 0 be defined as

ggi?igi)g Vg;(x)T€ >0,

1 Vgi(x)T€ <0.

Then taking 0 < € < minje;_(»){€;} and € = €€, satisfies

dg(z)
ox

Oh(x)

= —ah(x). (3.18)

The above means that the constraints of (3.13) satisfy Slater’s condition [BV09, Ch. 5.2.3]
at x, so the affine constraints are regular [Rob75, Thm. 2|. This implies that there exists an

open set U containing x on which (3.13) is feasible and A, (2') # 0 for all 2’ € U. O

We use the optimality conditions to show that (3.10) is actually the dual problem

corresponding to (3.13) in the appropriate sense.

Proposition 3.2.6 (Equivalence of two constructions of the safe gradient flow). If A, (z)#0,

(i) If (u,v) € Ay(z), then (u,v) solves (3.10);

(7i) G, is the closed-loop dynamics corresponding to the implementation of the feed-

back (3.10) over the system (3.3).

Proof. To show (i), let (u,v) € Ay(xz). Then there is £ € R" such that (&, u,v) solves

T T
(3.16). By (3.16a), ¢ = =V f(z) — 8%(;3) u— aggf) v and substituting ¢ into the constraints

of (3.13), it follows immediately that (u,v) € Kepa(x), defined in (3.4). We claim that (u, v)
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is also optimal for (3.10). To prove this, let (u/,v") be a solution of (3.10) and, reasoning by

contradiction, suppose

2

0g(x)" ~ Oh(z)'
H U+ v

2 _J|og(x)" ,  On(z)'
or or - H vt

ox ox v

T T
Then, ¢’ = —Vf(x)—a%—(xm) u’—ag—(ﬁ) v’ satisfies the constraints in (3.13) and ||’ + V f(2)|| <

1€ + V f(2)]|, which contradicts the fact that & is optimal for (3.13).

To show (ii), suppose that (u,v) solves (3.10), and £ = =V f(x) — a%f)Tu — 8}5(;”)Tv.
We claim that ¢ is optimal for (3.13). Indeed, if £ is the optimizer of (3.13), since Aq(z) # 0,
there exists (@,7) € Aq(z) such that (£,4,9) solves (3.16). Note that (@,d) is feasible

for (3.10), and

2 1og(x) T on(x) T
<
_H ox ut ox v

2
)

e+ V@ = | 242 S, |+ viw)

where the inequality follows by optimality of (u,v). It follows that £ is optimal, but since

the optimizer of (3.13) is unique, & = G,(x). Hence, G,(z) = =V f(z) — 6%(;)Tu — ag(f)Tv,

which is the closed-loop implementation of (3.10) over (3.3). O

Remark 3.2.7 (Lagrange Multipliers of Continuous Approximation to Projected Gradient).
The notion of duality in Proposition 3.2.6 is weaker than the usual notion of Lagrangian du-
ality. While the result ensures that the Lagrange multipliers of (3.13) are solutions to (3.10),
the converse is not true in general. This is because if (u,v) solves (3.10), then (G, (x),u,v)
might not satisfy the complementarity condition (3.16e), in which case (u,v) ¢ Ay(z). An

example of this is given by the following constrained problem with objective f and inequality
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constraints g(z) < 0, where

f@)=llzlI*  g(z) = [8 —11] o m |

The constraints satisfy LICQ for all € R™. The solution is 2* = 0 and A, (z*) = {(0,0)}.

However, (1, 1) is an optimizer of (3.10), even though (1,1) ¢ A, (z*). O

Remark 3.2.8 (Lagrangian Dual of Continuous Approximation to Projected Gradient).
The safe gradient flow can also be implemented using the Lagrangian dual of (3.13). This

is obtained by replacing the feedback controller (3.10) with

u(z) : 1 |u T 3%(@") 8%(:Jc)T 3%(:}0) a}é(x)T
[ 1 © (ui)reglégslxlw 2 [U] Oh(z) dg(z) T Oh(z) Oh(z) T

u
+
v
ox ox ox ox

u' (a‘gf)Vf(x) - ag(ﬂﬁ)) +v' (agf)vf(x) - @h($)> }

and considering its closed-loop implementation over (3.3). Though this controller no longer
has the same intuitive interpretation as the CBF-QP (3.10), it has the advantage that its

values correspond exactly with A, (z). O

Proposition 3.2.6 shows that there are two equivalent interpretations of the safe gra-
dient flow. The first is as the closed-loop system corresponding to (3.3) with the controller
(3.10), which maintains forward invariance of the feasible set C while ensuring the dynamics
is as close as possible to the gradient flow of the objective function. The second interpreta-
tion is as an approximation of the projection of the gradient flow of the objective function

onto the tangent cone of the feasible set. Both interpretations are related by the fact that
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the Lagrange multipliers corresponding to the approximate projection are the optimal con-
trol inputs solving (3.3). Beyond the interesting theoretical parallelism, this interpretation
is instrumental in our ensuing discussion when characterizing the equilibria, regularity, and

stability properties of the safe gradient flow.

3.3 Stability Analysis of the Safe Gradient Flow

Here we conduct a thorough analysis of the stability properties of the safe gradient
flow and show that it solves Problem 3.1.1. We start by characterizing its equilibria and
regularity properties, then focus on establishing the stability properties of local minimizers,

and finally characterize the global convergence properties of the flow.

3.3.1 Equilibria, Regularity, and Safety

We rely on the necessary optimality conditions introduced in Section 3.2.3 to charac-

terize the equilibria of G,.

Proposition 3.3.1 (Equilibria of safe gradient flow correspond to KKT points). If MFCQ

holds at x* € C, then
(i) Go(x*) =0 if and only if v* € Xkkr;
(ii) If * € Xxkr, then Ay (x*) is the set of Lagrange multipliers of (3.1) at z*.

Proof. Suppose that G,(z*) = 0. By Lemma 3.2.5, there exists (u*,v*) € A,(2*) such that
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(0, u*,v*) satisfies the necessary optimality conditions in (3.16), which reduce to

Vf(z®) + 098(;:*)Tu* + ahg*fv* =0 (3.19a)
ag(z™) <0 (3.19b)
ah(z”) =0 (3.19¢)

u* >0 (3.194)
(") (ag(z*)) =0 (3.19)

Because a > 0, it follows immediately that (3.19) implies that (z*,u*, v*) satisfy (2.4) and
T € XKKT-
Conversely, if z* € Xkgkr, then for any (u*,v*) such that (z*,u*, v*) solves (2.4), we

have that (0,u*,v*) solves (3.16), which implies that G,(z*) = 0 and (u*,v*) € A (z*). O

Proposition 3.3.1(i) shows that the safe gradient flow meets Problem 3.1.1(iii). The
correspondence in Proposition 3.3.1(ii) between the Lagrange multipliers of (3.13) and the
Lagrange multipliers of (3.1) means that the proposed method can be interpreted as a primal-
dual method when implemented via (3.13). This is because the state of the system (3.3)
corresponds to the primal variable of (3.1), and the inputs to the system (3.3) correspond
to the dual variables.

We next establish that G, is locally Lipschitz on an open set containing C when both
the CRCQ and MFCQ conditions hold. This ensures the existence and uniqueness of classical

solutions to the safe gradient flow.

Proposition 3.3.2 (Lipschitzness of safe gradient flow). Let o > 0 and suppose that (3.1)
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satisfies CRCQ and MFCQ for all x € C, f,g and h are continuously differentiable, and
their derivatives are locally Lipschitz. Then G, is well defined and locally Lipschitz on an

open set X containing C.

Proof. By the proof of Lemma 3.2.5, ift MFCQ holds at x € C, there is an open neighborhood
U, containing = on which the constraints of (3.13) satisfy Slater’s condition. Then, G, is the
unique solution to (3.13) on U,. Let gi(z,&) and h;(z, &) be the ith and jth constraints of

(3.13) respectively for i € {1,...,m} and j € {1,...,k}. Then

i(x,€) = Vgi(z) "¢ + agi(x)

hj(z,€) = Vhj(x) & + ahy(x)

and therefore V¢g;(x,€) = Vgi(x) and Vehj(z,§) = Vh;(x). Thus if CRCQ holds at = € C,
then the constraints of (3.13) also satisfy CRCQ at (z,€). It follows by [Liu95, Theorem

3.6] that G, is Lipschitz on U,. The desired result follows by letting X = U, ¢ Us. m

Proposition 3.3.2 verifies that the safe gradient flow meets Problem 3.1.1(i). Next,
we show that under slightly stronger constraint qualification conditions at KK'T points, the

triple satisfying (3.16) is unique and Lipschitz near them.

Proposition 3.3.3 (Lipschitzness of the solution to (3.16)). Let z* € Xkgr and sup-
pose (3.1) satisfies LICQ at x*. Then, there exists an open set U containing * and Lipschitz
functions w : U — RZy, v : U — R™ such that (Ga(z), u(z),v(x)) is the unique solution to

(3.16) for allx € U.

Proof. We claim that the variational equation (3.16) is strongly regular [Rob80] for all z* €
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Xkkr. Strong regularity implies, cf. [Rob80, Cor. 2.1], that there exists an open set U
containing x* and Lipschitz functions £ : U — R", u : U — R%;, v : U — R¥ such that
(&(z),u(x),v(x)) is the unique triple solving (3.13). Since the solution (3.13) is unique,
if such a triple exists, then £(x) = G,(x). To prove the claim, we begin by noting that
(3.13) satisfies the strong second-order sufficient condition since V&L(f,u,v;x) =10,
where L is the Lagrangian defined in (3.15). Let (z*,u*,v*) be a KKT triple of (3.1). By
Proposition 3.3.1, (0,u*, v*) satisfies (3.16). Since the ith inequality constraint of (3.13) is
Vgi(z*) "€ + ag;(x*) < 0, when & = 0 the constraint is active if and only if g;(z*) = 0. It
follows that when z* € Xkgr, the indices of the active constraints of (3.13) are the same as

those of (3.1). Moreover, for all £ € R™,

sf(ng‘(x*)Té + agi(z*)) = Vgi(z*) T,

0 *\ T *)) — ST
gg (Vha(e) € +ah;(@) = Vhy ()T,

so the gradients of the binding (i.e., the active inequality and equality) constraints of (3.13)
and (3.1) are also the same. By LICQ, the gradients of the binding constraints are lin-
early independent, which along with the strong second-order condition implies that (3.16) is

strongly regular by [Rob80, Thm. 4.1]. O

The significance of Proposition 3.3.3 is twofold. First, it establishes that, under
certain conditions, the Lagrange multipliers of (3.13) are Lipschitz as a function of x, which
ensures the existence of a locally Lipschitz continuous feedback solving (3.10). Secondly, the

result establishes conditions for uniqueness of the Lagrange multipliers in a neighborhood of
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an equilibrium z*. These facts will play an important role in the stability analysis of local
minimizers in the sequel.

We now show in the next result that the safe gradient flow also meets Prob-
lem 3.1.1(ii). The result follows by applying Lemma 2.2.3 with ¢ = (g,h) as a VCBF

and local Lipschitz continuity of the closed-loop dynamics, c.f. Proposition 3.3.2.

Theorem 3.3.4 (Safety of feasible set under safe gradient flow). Consider the optimization
problem (3.1). If MFCQ is satisfied on C, then C is forward invariant and asymptotically

stable under the safe gradient flow.

Remark 3.3.5 (Advantages of safe gradient flow over projected gradient flow). Unlike the
projected gradient flow, the vector field G, is locally Lipschitz, so classical solutions to
& = Ga(x) exist, and the continuous-time flow can be numerically solved using standard
ODE discretization schemes. Secondly, under mild conditions, G, is well defined for initial
conditions outside C, allowing us to guarantee convergence to a local minimizer starting
from infeasible initial conditions. Finally, because both (3.12) and (3.13) are least-squares
problems of the same dimension subject to affine constraints, the computational complexity

of solving either one is equivalent. O

Remark 3.3.6 (Discretization of safe gradient flow and role of parameter o). When consid-
ering discretizations of the safe gradient flow, the parameter « plays an important role. By
construction, trajectories of the safe gradient flow beginning at infeasible initial conditions
converge to C at an exponential rate o > 0, so larger values of o ensure faster convergence.

On the other hand, smaller values of « result in a design that enforces safety more conserva-
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Figure 3.3: Safe gradient flow on an example problem for varying values of the parameter
a (increasing from top to bottom) and the discretization stepsize h (increasing from left to
right). The gray region is the feasible set and the gray lines are level sets of the objective
function. The black dot is the unique optimizer. The blue line is a solution to the safe
gradient flow, and the blue dots are iterations of the forward Euler discretization of the
safe gradient flow. Larger values of o ensure faster convergence toward the feasible set but
reduce the range of admissible stepsizes h to ensure both convergence and safety. This is
consistent with the interpretation that smaller « results in a design that enforces safety more
conservatively (hence allowing for larger stepsizes).

tively and hence, intuitively, this should allow for larger stepsizes. Our preliminary numerical

experiments, with the forward-Euler discretization 27 = x + hG,(x) on an example problem
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with a quadratic objective function and affine contraints, confirm these intuitions, showing
that larger choices of o reduce the range of allowable stepsizes h that preserve the invariance
of the feasible set C and stability of local minimizers. We depict both the continuous-time
trajectories and the discrete-time iterations for varying values of h and « in Figure 3.3. We
have noticed that the maximal allowable stepsize h}, such that 0 < h < h, ensures stability
and approximate safety, satisfies A}, — 0 as a — oco. For space reasons, we leave to future

work the formal characterization of suitable stepsizes. 0

3.3.2 Stability of Isolated Local Minimizers

Here we characterize the stability properties of isolated local minimizers under the safe

gradient flow. The following result shows that the safe gradient flow meets Problem 3.1.1(iv).

Theorem 3.3.7 (Stability of isolated local minimizers). Consider the optimization prob-
lem (3.1). Let z* be a local minimizer and an isolated KKT point, and let U be an open set

such that x* is the only KKT point contained in U. Then,
(i) If MFCQ holds for all x € UNC, then x* is asymptotically stable relative to C;
(ii) If EMFCQ holds for all x € U, then a* is asymptotically stable relative to R™;

(iii) If LICQ, strict complementarity, and the second-order sufficient condition hold at z*,

then x* is exponentially stable relative to R™.

We divide the technical discussion leading up to the proof of the result in three parts,

corresponding to each statement.
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A Stability of Isolated Local Minimizers Relative to C

Here we analyze the stability of local minimizers relative to the feasible set. We start

by characterizing the growth of the objective function along solutions of the safe gradient flow.

Lemma 3.3.8 (Growth of objective function along safe gradient flow). Let x € R™ such

that Ay (x) £ 0. Then,

o For all (u,v) € Ay(x),

D§, f() = = [Ga(@)|* + aug(x) + avTh().

o [fx cC then,

Dg, f(x) <0,
with equality if and only if x € Xkgkr.

Proof. For x € X (with X given by Proposition 3.3.2) such that (u,v) € A,(z) # 0,

(Galx),u,v) solves (3.16). Next,

Dg, f(z) = Ga(w) 'V f(2)

—
S}
~

~Ga(@)" (al) +

—~
=
=

—1Ga(@)|I* + auTg(x) + avh(z),

where (a) follows by rearranging (3.16a), and (b) follows from (3.16¢) and (3.16e).

To show the second statement, note that if x € C, then g(z) < 0 and h(z) =0 . Since
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u > 0, it follows au' g(z) + av'h(x) < 0 and therefore

Dg f(x) < = [|Ga(2)]* < 0.

Finally, D§ f(z) = 0 if and only if G,(x) = 0, which by Proposition 3.3.1, is equivalent to

x € XKKT' O

As a consequence of Lemma 3.3.8, the objective function decreases monotonically
along the solutions starting in C. We use this fact to show that isolated local minimizers

that are isolated equilibria are asymptotically stable relative to C.

Proof of Theorem 3.3.7(i). By hypothesis and using Lemma 3.2.5, A,(z) # () for all x €
U NC. Because z* is the unique strict minimizer of f on U N C, and by Lemma 3.3.8,
D¢ f(x) <0 forall z € UNC\ {z*}, it follows by Lemma 2.2.1 that «* is asymptotically

stable relative to C. O

B Stability of Isolated Local Minimizers Relative to R"

Here we establish the asymptotic stability of isolated local minima relative to R™. To
do so, we cannot rely any more on the objective function f as a Lyapunov function. This is
because outside of C, there may exist points x € R" \ C where f(x) < f(2*). Therefore, to
show stability relative to R", we need to identify an alternative function whose unconstrained
minimizer is £*. In fact, the problem of finding a function whose unconstrained minimizers
correspond to the local minimizers of a nonlinear program is well studied in the optimization

literature [DG89]: such functions are called exact penalty functions. Our discussion proceeds
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by constructing an exact penalty function that is also a Lyapunov function for the safe
gradient flow.

Let Q C R™ be a compact set. A function V' : Qx (0,00) — R is a strong ezact penalty
function relative to 2 if there exists €* > 0 such that for all 0 < € < €*, 2* € int(Q) is a local
minimizer of V.(x) := V(x,¢€) if and only if 2* is a local minimizer of (3.1). The following
result gives a strong exact penalty function for (3.1) whose upper-right Dini derivative along

G, is well defined on .

Lemma 3.3.9 (Existence of strong exact penalty function). Let Q C R™ be compact such that

int(Q) NC # 0. Suppose (3.1) satisfies EMFCQ at every x € Q and let V : Q x (0,00) = R,

k

Slaall+ 3 (o)l (320)

=1

m\»—

V(z,e€) )+
Then, V is a strong exact penalty function relative to Q2, V' is directionally differentiable on
Q, and

1 k
D§ Vi(z) =D§ f Z D§ gi(x) + Engn x))D§, hj(z), (3.21)

€ ieLy ()
for all x € Q).

Proof. The fact that V' is a strong exact penalty function relative to 2 readily follows

from [DG89, Thm. 4]. From [DG89, Prop. 3], V; is directionally differentiable on € and its
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directional derivative in the direction £ € R™ is

V(e:6) = Vi) e+t Y Va@)Ter s Y [Vala) e

i€l (z) € iclo(z)
+= Y sgn(h(x)Vhi(x) "€+ = Y [Vhy(x) "¢l
7 such that 7 such that
h;(z)#0 h;(z)=0

We examine this expression in the case V/(2;Go(x)) = Dg Ve(x). For any 1 < i < m, the

definition of G, implies

Voi(x) " Galz) = Dg, gi(x) < —agi(w).

Therefore, if i € Iy(x), then [Vg;(z)"Go(z)]« = 0. Similarly, for any 1 < j < k, the definition
of G, implies that

Vhj(x)"Ga(z) = D§ hj(x) = —ah;(z),
so if hj(x) =0, then |Vh;(z) "G, (z)| = 0, and the result follows. O

We now show that V, is a Lyapunov function for e sufficiently small and use this fact

to certify the asymptotic stability of isolated local minimizers.

Proof of Theorem 3.3.7(ii). Assume, without loss of generality, that U is bounded. By
Lemma 3.3.9, the function V. defined in (3.20) is a strong exact penalty relative to U.
By definition, this means that there exists ¢, > 0 such that when € < €;, 2* is the only

minimizer of V in U. Let x € U and (u,v) € A,(z). Then, using Lemmas 3.3.8 and 3.3.9
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and the definition of G,, we have

DG, V() < — [|Ga(@)|I* + au”g(z) + av h(x) - ! > agi(z) - 1Z&Ihj(ffﬂ)l-

i€l (x) j=1

Let I<o = In(x) U I_(z). It follows that,

D§ V(@) < = 1Ga(@)|* + o > wigilx) +
1€l<o

o ¥ (=)ot o) (- 7)ol

Next, by [RW98, Proposition 5.15], A, is locally bounded, so there exists a B > 0 such that

sup{ sup H(u,v)”oo} < B. (3.22)
zeU ((u,v)eAa(T)

So if we choose €3 > 0 such that e < %, then for € < ey,

3 (u 1) +§:<|v]| ) ()] <0.

i€l (x) Jj=1
Finally, since u > 0, we have aY;¢;_, uigi(z) < 0. Thus,

D§ Vi(z) < —[|Ga(2)|* < 0,

for all z € U \ {z*}, whenever € < min{e;, e2}. Therefore V, is a Lyapunov function on U

and asymptotic stability of x* relative to R™ follows by Lemma 2.2.1. O

60



Remark 3.3.10 (Relationship to merit functions in numerical optimization). In numerical
optimization, the ¢! penalty function in (3.20) is often used as a merit function, i.e., a
function that quantifies how well a single iteration of an optimization algorithm balances
the two goals of reducing the value of the objective function and reducing the constraint
violation (cf. [NWO06, Sec. 15.4]). Typically, the stepsize on each iteration is chosen so
that the merit function is nonincreasing. Thus, if the algorithm is viewed as a discrete-time
dynamical system, the merit function is a Lyapunov function. The ¢! penalty plays a similar

role for the continuous-time system described here. 0

C Exponential Stability of Isolated Local Minimizers

We now discuss the exponentially stability of isolated local minimizers. Our first
step is to identify conditions under which the safe gradient flow is differentiable. To do
so, we introduce the notions of strict complementarity and second-order condition on the

optimization problem.

Definition 3.3.11 (Strict complementarity and second-order sufficient conditions). Let

(x*,u*,v*) be a KKT triple of (3.1).
o The strict complementarity condition holds if uf > 0 for alli € Io(x*);

e The second-order sufficient condition holds if z'Qz > 0 for all z € keraglgiyﬂ N

ker 8hégx ) where
X

m k
Q=V2f @)+ u;V2g;(a*)+Y_ vy Vhy(x"). (3.23)
j=1

=1
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When LICQ hold and strict complementarity hold for (3.1), these properties together
can be used to establish the differentiability of the KKT triple satisfying (3.16), and one can

compute the Jacobian in closed form.

Lemma 3.3.12 (Jacobian of safe gradient flow). Let z* € Xkkr and (u*,v*) be the associated

Lagrange multipliers. Suppose

e LICQ holds at x*;

o (z* u*,v*) satisfies the strict complementarity condition;

Then G, is differentiable at x* and

0Ga(2*)

where I is the n x n identity matriz, P is the orthogonal projection matrix onto ker 6913753*) N

ker %, and Q is defined in (3.23).

Proof. Let J := I_(z*) and assume. After possibly reordering the rows of g(x), we have Iy =

{1,2,...,|Io|} and J = {|lo| +1,...,m}. For convenience of notation we write G = %,

Gr = 2% G, = 20167 ang g = 2D,

We first show that when LICQ, strict complementarity hold for (3.1), then these
properties also hold for the problem (3.13). By the reasoning in Proposition 3.3.3, (3.13)
satisfies the strong second-order sufficient condition at z*, and the ith inequality of constraint
of (3.13) is active if and only if g;(z*) = 0. Since by Proposition 3.3.1, G,(z*) = 0, and

Ao(z*) = {(u*,v*)}, it follows that uf > 0 for 7 such that the ith inequality constraint of

(3.13) is active, and therefore the problem satisfies strict complementarity as well.
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Therefore, by [Fia76, Theorem 2.3] it follows that G, (z), u(z) and v(z) are differen-

tiable at 2*, and the Jacobian, J = 2(Ga(2*), u(z*),v(z*)), can be computed as

-1

I H" GT —Q
J = —H 0 0 aH |, (3.24)
-D,G 0 —aD, aD,G
M N

where D, = diag(u*) and D, = diag(g(z*)). By strict complementarity, D,, = blkdiag(D,, 0)
and Dy, = blkdiag(O,Dg), where D, > 0 and Dg < 0. We partition matrices M and N

in (3.24) to obtain

1

I |H' G Gj | [ -Q]
—-H 0 0 0 aH
— - ~ 3.25
j —DUG[ 0 0 O~ OéDuG[ ’ ( )
0 0 0 —ab, 0

Let S be the Schur complement of M when partitioned as above. Then

HHT  HG] | HGT
S=|D,G/H" D,G/G] | D,G/G}[,
L 0 0 ‘ aDg

and the inverse of S is

S~ =||D,G;H" D,G,G]

l HHT  HGJ ]1 X]
0 X

where we replace values which will eventually be canceled out by x. Next, we substitute

S~!into the formula for the inverse of a 2 x 2 block matrix given in [LS02, Theorem 2.1] to
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compute M1, and simplify (3.25), which yields

06, (%) H H
=~ I-[HT G] GJ|S7'|DGi||Q—alHT G] GJ|S™|D.G,
v 0 0
= —PQ—a(l - P).
where
b [H] [ HHE  HG] [ H
- Gi| |D.G/HT D,G/GI| |D.G;|

Finally, let D = blkdiag(, D,). It follows that D is invertible and

Po1-[H & (DlHHT HGjlelH]

G’]l‘.’T G[G]T G]
: HHT HGT]™ H

_ _ T T I -1
—1-|H GIHGIHT GIG?] D D[G]]

o [H]'[H
— T al (e

so by the properties of the Moore-Penrose inverse, P is the projection onto keraggi(f*) N

Oh(x*)
ker oz * O

Using the result in Lemma 3.3.12, stability of an isolated local minimizer can be
inferred by showing that the eigenvalues of the Jacobian of the safe gradient flow are all

strictly negative.

Proof of Theorem 3.5.7(ii). By the second-order sufficient condition, 2" PQPz > 0 for all
z € im P\ {0}. It follows that PQPz = 0 if and only if z € ker P. Therefore 0 is an

eigenvalue of PQ) P with multiplicity » and PQ) P has n—r strictly positive eigenvalues, where
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r = dimker P. Let zy,..., z. be the eigenvectors corresponding to the zero eigenvalues, and

Zri1,- .-, 2p be eigenvectors corresponding to the positive eigenvalues, denoted A\.;1,..., \,.
Then

0 21=1,...,rm

PZZ' =

zi t=r+1,...,n.

Let
0 1=1,...,7,
Hi =

N—a it=r+1,....,n.

Then, it follows that (PQP — aP)z; = p;z; for all 1 <i < n. Observe that PQP — aP =
(PQ — oI)P has precisely the same eigenvalues as P(PQ — al) = PQ — aP. Therefore,

since u; is an eigenvalue of PQ) — aP, it follows that p; + « is an eigenvalue of

0Gq(x*
PQ—aP+al = PQ+a(l —P) = _ga(x)‘
x
Hence the eigenvalues of ag%igc*) are
{—OZ, —Q,..., —Q, _AT—l-la ceey _)\n}v

where —« appears with multiplicity r. Since all the eigenvalues are strictly negative, z* is

exponentially stable. O
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3.3.3 Stability of Nonisolated Local Minimizers

We have characterized in Section 3.3.2 the stability under the safe gradient flow of
local minimizers that are isolated KK'T points. In general, if 2* is strict local minimizer that
is not an isolated KKT point (for example, if there are an infinite number of local maximizers
arbitrarily close to z*, cf. [AKO06, page 5]), or if x* is only a local minimizer, then there are
no guarantees on Lyapunov stability. However, as we show here, nonisolated minimizers are
stable under the safe gradient flow under additional assumptions on the problem data.

When there are no constraints, the safe gradient flow reduces to the classical gradient
flow, where conditions for semistability of local minimizers are well known: if the objec-
tive function is real-analytic, then all trajectories of the gradient flow have finite arclength,
cf. [Loj82], in which case the objective function can be used to construct an arclength-based
Lyapunov function satisfying the hypotheses of Lemma 3.6.4 to establish semistability. In
this section, we conduct a similar analysis for the constrained case. Our main result is as

follows.

Theorem 3.3.13 (Stability of nonisolated local minima). Consider the optimization prob-
lem (3.1), and assume f, g and h are real-analytic. Let S be a bounded set of local minimizers

on which f is constant and equal to f* such that

(i) There is an open set U and 3 > 0 such that UN Xgxr = S and f(z) — f* > Bdists(z)?

forallz e UNC;
(ii) LICQ is satisfied at all x* € S;

(iii) Ts(x*) "N NL(z*) = {0} for all x* € S.
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Then there is a* > 0 such that every x* € S is semistable relative to R™ under the safe

gradient flow G, for a > a*.

To prove this result, we first discuss various intermediate results. In particular, the
growth condition in Theorem 3.3.13(i) plays a crucial role in the construction of a Lyapunov
function to prove the result. Any z* € S satisfying this property is called a weak sharp
minimizer of f relative to S. Weak sharp minimizers play an important role in sensitivity
analysis for nonlinear programs as well as convergence analysis for numerical methods in
optimization [BF93, SW99].

We review second-order optimality conditions for weak sharp minimizers. Let z* €
XKk, suppose that LICQ holds at 2*, and let (u*,v*) be the unique Lagrange multipliers

of (3.1) associated to x*. Define the index set of strongly active constraints as

Ij(z*) ={1 <i<m]|u; >0}.

The critical cone is

[(z*) ={d € R" | Vhj(z*)'d=0,j=1,...k,
Vgi(z*)Td=0,i € I (z%), (3.26)

V(") d < 0,5 € Iy(z*) \ I (z)}.

Lemma 3.3.14 (Second-order necessary condition for constrained weak sharp minima
[SW99, Prop. 3.5]). Consider (3.1) and let S C C be a set on which f is constant. Suppose

that x* € 0S is a weak sharp local minimizer of f relative to S and LICQ) is satisfied at x*.
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Let u*,v* be the Lagrange multipliers and define £(z) = f(x)+ (u*)Tg(z)+ (v*) "h(x). Then,

there exists v > 0 such that, for all d € T'(z*),
0" (2% d) > ydistrg (e (d)*.

Lemma 3.3.15 (Second-order sufficient condition for unconstrained weak sharp minima
[SW99, Thm. 2.5]). Consider W : R" — R and suppose that W is constant on S. Suppose
z* € 9S8 and W"(x*;d) > 0 for all d € N (x*) \ {0}, then x* is a weak sharp local

minimizer of W relative to S.

We now proceed with the construction of the Lyapunov function. Let Téa) :R*" = R
be the set-valued map where, for each z € R", Tc(a)(x) is the constraint set of (3.13). Let
Jy : R" x R" — R be

Jol, €) = af (@) + V() €+ 2 el

Consider the optimization problem

minimize J,(z,§) (3.27)
£eTe™ (a)

As we show next, the solution to (3.27) is (3.13).

Lemma 3.3.16 (Correspondence between (3.27) and (3.13)). Let x € R™. Then the program

(3.13) has a solution at x if and only if (3.27) has a solution, in which case G,(x) =

arg mingeTéa)(x){Ja(% f)}
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Proof. Note that the feasible sets of (3.27) and (3.13) coincide. Next, for all (z,£) € R* xR"

Jol€) = 516+ V@I = af(z) - 5 19w

Since the difference of the objectives in (3.27) and (3.13) does not depend on &, both problems

have the same optimizer. O

Lemma 3.3.16 shows that (3.27) is another characterization of the safe gradient flow

in terms of a parametric quadratic program. Let W, : X — R be the value function

Wa(ilf) = . %gf)( ){Ja({lf,f)}
€T (x (3.28)

= () + V) Gale) + 5 IGu(@)]*

Our strategy to prove Theorem 3.3.13 consists of showing that W,, is a Lyapunov function
satisfying the hypotheses in Lemma 3.6.5 whenever « is sufficiently large. Towards this end,
we begin by computing the directional derivative of W,. Let () : X x RZ; X R¥ — R™" be

the matrix-valued function,

Q(z,u,v) = V2 f(x) + f:uiv2gi(a:) + > v, V?hj(z).

i=1 j=1

Since the Lagrange multipliers, (u(x),v(z)) are unique in a neighborhood of S, we slightly
abuse notation by defining Q(z) := Q(z,u(x),v(x)). By Lipschitzness of v and v, @ is
continuous on X . The proof of the next result follows from [Jit84, Thm. 2] and [Sha85, Cor.

4.1] and is omitted for brevity.
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Lemma 3.3.17 (Differentiability of W,,). Suppose that S satisfies the hypotheses in The-
orem 3.3.13, and X is an open set containing S on which (Gu(x),u(z),v(x)) is the unique

solution to (3.16). Then

(i) For all x € X, W, is differentiable with

VWa(z) = —(al — Q(x))Ga(2); (3.29)

(ii) For all z* € S, W, is twice directionally differentiable in any direction d € R™, where

W (z*;d) =min mT [Og(g;) Q(}”C*)] m

st.  aVhi(@a*)Td+ Vhi(z*) ' ¢=0, Vj=1,....k,
(3.30)
aVgi(z*) d+ Vg(z*) ¢ =0, Viec I (x"),
aVg,(z*)Td + Vgs(z*)T¢ <0, Vs € Io(z*) \ I (z*).
Remark 3.3.18 (Dependence of Q(x) on «). In general, for z € X, the value of Q(z)
depends on the choice of «, since u(z) and v(z) depend on a. However, if 2* € Xgkr, then
u(z*),v(x*) correspond to the Lagrange multipliers of (3.1) and Q(z*) is the Hessian of the

Lagrangian of (3.1). In particular, this means that for all * € Xkgkr, the value of Q(z*)

depends only on the problem data and is independent of «. 0
We now proceed with the proof of Theorem 3.3.13.

Proof of Theorem 3.3.13. Let a* = sup,..s{p(Q(z*))}. For a > a*, we have af —Q(z*) = 0
for all z* € S. Assume without loss of generality that ol — Q(z) > 0 for all x € U (if not,

since () is continuous, we can always find an open subset of U containing S for which these
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property holds). We claim that W, satisfies each of the conditions (i)-(iii) in Lemma 3.6.5
with L = R".

We begin by showing condition (iii). If z* € U is a local minimizer of W,, then
VW, (x*) = (al — Q(2*))Ga(z*) = 0. Since ad —Q(z*) > 0, from (3.29) we deduce G, (z*) =
0, so z* € Xkkr and therefore z* € U N Xgxr = S.

Conversely, suppose that * € S. Note that, by Proposition 3.3.1, W, (z) = af(x)
for all z € S. Therefore, if 2* € int(S), it follows that z* is a local minimizer of W,. On
the other hand, suppose that x* € dS. For d € R", let (; be the unique optimizer of (3.30).
Then

Wl (2% d) = ad" Q(z*)d + 2¢; Q(z*)d + ||l *. (3.31)

From the constraints in (3.30), {4+ ad € I'(z*). Because z* € 9§ is a weak sharp minimizer

of f relative to S, by Lemma 3.3.14, there exists v > 0 such that for all d € R",

0" (2% Ca+ ad) = (¢ + ad) V(%) (( + ad) > distrg e (G + ad)? (3.32)

Since V2{(z*) = Q(x*), we combine (3.31) and (3.32) to get

aWl(z*;d) >¢; (ol — Q(*))(q + Ydistrs(ee) (Ca + ad)®.

Because al — Q(x*) = 0, if W/(x*;d) = 0, then {; = 0 and d € Tg(z*). But Ts(z*) N
N (%) = {0}, which means W/ (z*;d) > 0 for all d € N&*(2*)\{0}, so by Lemma 3.3.15,

x* is a weak sharp local minimizer of W,,.
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Next we verify condition (ii) in Lemma 3.6.5. For all x € U,

D§, W) = VWa(2) Ga(w) = ~Gu() (0] — Q(x))Ga().

Without loss of generality, we can assume that U is bounded. Then, we can choose ¢, ¢y > 0
so that

¢ < inf Dol — Q)

o > sup{Amax(al — Q(x))}.

zelU

It follows that Df W, (z) < —c; |G ()||? for all z € U, but since ||[VIWa(z)| < ¢ [|Ga()]],
we have for all z € U,

D, Wale) < =2 [VWal@) | [Ga()]

Finally, we claim that W,|y is a globally subanalytic function, and therefore condition (i)
holds by [Kur98, Thm. 1] and the fact that the class of globally subanalytic sets is an o-
minimal structure (cf. [Kur98, Definition 1]). To prove the claim, first note that, since f
is real-analytic, J, is real-analytic, and therefore subanalytic [BM88, Definition 3.1]. Since
U is bounded, and the restriction of any subanalytic function to a bounded open set is
globally subanalytic [VADMO96], it follows that J,|y is globally subanalytic. Finally, since

T, éa)|U : U = R" is a globally subanalytic set valued map, and

Waolp(z) = inf  {Jilu(z, )},

€T\ |y ()

it follows by application of Lemma 3.6.2 that W, |y is globally subanalytic. The statement
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follows by applying Lemma 3.6.5 with = R". [

3.3.4 Global Convergence

Finally, we turn to the characterization of the global convergence properties of the
safe gradient flow. We show that when the problem data are real-analytic and the feasible

set is bounded, every trajectory converges to a KKT point.

Theorem 3.3.19 (Global convergence properties). Consider the optimization problem (3.1),
and assume C is bounded, f, g, and h are real-analytic functions, and LICQ holds everywhere
on C. Let X be an open set containing C on which the safe gradient flow is well defined.
Then there is o > 0 such that for a > o*, every trajectory of the safe gradient flow starting

in X converges to some KK'T point.

To prove Theorem 3.3.19, we use the next result characterizing the positive limit set

of solutions of the safe gradient flow.

Lemma 3.3.20 (Convergence to connected component). Consider the optimization prob-
lem (3.1), and assume C is bounded, f, g, and h are real-analytic functions, and MFCQ
holds everywhere on C. Let X be an open set containing C on which the safe gradient flow

is well defined. Then for all x € X, w(x) is contained in a unique connected component

of Xkkr-

Proof. By Theorem 3.3.4, C is asymptotically stable and forward invariant on X, and by
Lemma 3.3.8, D§ f(x) < 0 for all z € C. Using the terminology from [AE10], f is a height

function of the pair (C,G,).
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Because f, g, and h are real-analytic and C is bounded, C is a globally subanalytic
set. Let f = f+9dc. Then f is a globally subanalytic function, f is continuous on dom( f) =
C, and Xkt is precisely the set of critical points of f . By the Morse-Sard Theorem for
subanalytic functions [BDL06, Thm. 14], Xkkr has at most a countable number of connected
components, and f is constant on each connected component. Since f(z) = f(x) for all
x € C, f is also constant on each connected component of Xkkr, meaning that the connected
components of Xgkr are contained in f (cf. [AE10, Definition 5]).

Hence, we can apply [AE10, Thm. 6], and conclude that for all z € X, the positive

limit set w(x) is nonempty and contained in a unique connected component of E, where

E={zeC|D{ f(x)=0}.

However, by Lemma 3.3.8, E = Xkkr, concluding the result. O
We are ready to prove Theorem 3.3.19.

Proof of Theorem 3.3.19. By Lemma 3.3.20, for x € X, there is a connected component
S C Xkkr such that w(z) € S§. Since LICQ holds on S, by Proposition 3.3.3 there is
an open set U containing & and Lipschitz functions (u,v) : U — RZ; x R* such that
UNXkgxr =8 and (G, (x),u(z),v(z)) is the unique solution to (3.16) on U.

Let W, be given by (3.28). By Lemma 3.3.17, W, is differentiable on U, and using the
same reasoning as in the proof of Theorem 3.3.13, W,, is a globally subanalytic function, and
satisfies the Kurdyka-Lojasiewicz inequality. Furthermore, if @ > o* = sup,..s{p(Q(z*))},

then there is some ¢ > 0 such that D W, (y) < —c|[VWa(y)| |Ga(y)|| for all y € U.
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Thus, we can apply Lemma 3.6.5 with = R" to conclude that every trajectory
starting in U that remains in U for all time converges to a point in §. However, since
w(z) C S, there exists a T > 0 such that &p(z) € U, and for all t > 0, &4(Pr(z)) =
®ry () € U. Thus, there exists z* € S such that &7, 4(r) — z* as t — oo, and therefore

the trajectory starting at x converges to x*. O

Remark 3.3.21 (Lower bounds on the parameter « to ensure global convergence). Note
that the proof of Theorem 3.3.19 yields the expression a* = sup,..s{p(Q(z*))} for the
lower bound on « that guarantees global convergence. In general, computing this expression
requires knowledge of the primal and dual optimizers of the original problem. However,
reasonable assumptions on f, g, and h allow us to obtain upper bounds of o*. For instance,
if C is polyhedral and V f is ¢;-Lipschitz on C, it follows that |V2f(z)|| < ¢4, and V3g;(z) =0
and V?h;(z) =0foralli=1,...mand j = 1,... k. Therefore, a* < {;, and ¢; can be used

instead as a lower bound on « to ensure global convergence. 0

3.4 Comparison With Other Optimization Methods

Here we compare the safe gradient flow with other continuous-time flows to solve
optimization problems. We consider the problem of minimizing f(z) = 0.25 ||z]|* — 0.5z; +
0.25z5 subject to x5 > 0 and z; < g (see also [HBHD21, Figure 8] for a comparison of
additional methods). Figure 3.4 shows the outcome of the comparison on the same example
problem taken from [HBHD21]. The methods compared are the projected gradient flow,

the logarithmic barrier method (see e.g. [FGWO02, Sec. 3]), the £*-penalty gradient flow (see
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e.g. [FM90, Ch. 4]), the projected saddle-point dynamics (see e.g., [CMLC18]), the globally

projected dynamics (see e.g., [XW00]), and the safe gradient flow.

1.5 1.5 1.5
1.0 1.0 1.0
05 05 .__/ 05 .

0.0 J 0.0 0.0 \/
050 65 o0 o5 10 %10 65 00 o5 10 %20 05 00 05 10
(a) Projected gradient flow (b) Logarithmic barrier flow (c) £%-penalty gradient flow

15 1.5 1.5

1.0 1.0 1.0

0.5 0.5 ‘\/ 0.5 J

0.0 \f 0.0 0.0
020 —05 00 o5 10 %20 -—05 00 05 10 210 -05 00 05 10
(d) Projected saddle-point dynam- (e) Globally projected dynamics (f) Safe gradient flow

ics

Figure 3.4: Comparison of safe gradient flow with other continuous-time optimization
algorithms. The blue-shaded region is the feasible set and the grey curves are level sets of
the objective function. The initial condition is denoted by the purple dot, and the global
minimizer is denoted by a blue dot. (a) The trajectory converges to the global minimizer,
and the trajectory remains inside the feasible set for all time but it is nonsmooth. (b) The
trajectory is smooth and remains inside the feasible set but does not converge to the global
minimizer. However, by choosing p small enough, the trajectory can be made to converge
arbitrarily close to the minimizer. (c¢) The trajectory is smooth, but does not remain inside
the feasible set or converge to the global minimizer. However, by choosing ¢ small enough,
the trajectory can be made to converge arbitrarily close to the minimizer. (d) Initialized
with «(0) = 0, the trajectory does not remain inside the feasible set, but it converges to
the global minimum. (e) The trajectory is smooth, converges to the global minimizer, and
remains inside the feasible set. However, this method may not be well-defined for nonconvex
problems (f) The trajectory is smooth, converges to the global minimizer, and remains inside
the feasible set. Of the methods implemented here and in [HBHD21, Figure 8|, the safe
gradient flow is the only nonconvex method that satisfies all of these properties.

Under the logarithmic barrier method, the feasible set is forward invariant and the

minimizer of the logarithmic barrier penalty foamier(7; 1) = f(x) — n >, log(—g:(z)), with
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w1 > 0, does not correspond to the minimizer of (3.1). Under the unconstrained minimizer of
the (2-penalty, foenaity(;€) = f(x) + 5 X0 [g:(x)]3, with € > 0, does not correspond to the
minimizer of (3.1), and the feasible set is not forward invariant under the gradient flow of
Jpenalty- Under the projected saddle-point dynamics, the feasible set is not forward invariant,
but each trajectory converges to z*. Under the globally projected dynamics, the feasible
set is forward invariant, trajectories converge to x*, and trajectories are smooth. However,
unlike the safe gradient flow, the globally projected dynamics may be undefined when the

constraints are not convex.

3.5 Conclusions

We have introduced the safe gradient flow, a continuous-time dynamical system to
solve constrained optimization problems that makes the feasible set forward invariant. The
system can be derived either as a continuous approximation of the projected gradient flow or
by augmenting the gradient flow of the objective function with inputs, then using a control
barrier function-based QP to ensure safety of the feasible set. The equilibria are exactly
the critical points of the optimization problem, and the steady-state inputs at the equilibria
correspond to the dual optimizers of the program. We have conducted a thorough stability
analysis of the dynamics, identified conditions under which isolated local minimizers are
asymptotically stable and nonisolated local minimizers are semistable. Future work will
explore the flow’s robustness properties, and leverage convexity to obtain stronger global
convergence guarantees. Further, we hope to explore issues related to the practical imple-

mentation of the safe gradient flow, including interconnections of the optimizing dynamics
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with a physical system, , develop discretizations of the dynamics and study their relationship
with discrete-time iterative methods for nonlinear programming, and extend the framework

to Newton-like flows for nonlinear programs which incorporate higher-order information.

3.6 Chapter Appendix

3.6.1 The Kurdyka-Lojasiewicz Inequality

Here we discuss the Kurdyka-Lojasiewicz inequality, which plays a critical role in
the stability analysis of the systems considered in this chapter. The original formulation of
the Lojasiewicz inequality[Loj82] states that for a real-analytic function V' : R" — R and a

critical point * € V1(0), there exists p > 0, § € [0,1), and ¢ > 0 with

V(@)” <cVV()l,

for all x in a bounded neighborhood of z* such that |V (z)| < p. This inequality is used to
establish that trajectories of gradient flows of real-analytic functions have finite arclength
and converge pointwise to the set of equilibria.

In many applications, the assumption of real analyticity is too strong. For exam-
ple, the value function of a parametric nonlinear program generally does not satisfy this
assumption, even when all the problem data is real-analytic. However, generalizations of
the Lojasiewicz inequality have since been shown [Kur98, BDL07] to hold for much broader

classes of functions, which can be characterized using the notion of o-minimal structures,
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which we define next.

Definition 3.6.1 (o-minimal structures). For each n € N, let O,, be a collection of subsets

of R*. We call {O,, }nen an o-minimal structure if the following properties hold.

(i) O, is closed under complements, finite unions and finite intersections.

(i) If A€ O,, and B € O,, then A x B € Oy, 4p,.

(iii) Let © : R""1 — R™ be the projection map onto the first n components. If A € O,1,

then m(A) € O,,.

(iv) Let gi,...,Gm and hy, ..., hy be polynomial functions on R™ with rational coefficients.

Then {z € R | g;(x) < 0,h;(z) =0,1<i<m,1<j<k}eO,

(v) Oy is precisely the collection of all finite unions of intervals in R.

Examples of o-minimal structures include the class of semi-algebraic sets and the class
of globally subanalytic sets. We refer the reader to [VADMO96] for a detailed overview of these
concepts. The notion of o-minimality plays a crucial role in optimization theory, since the
remarkable geometric properties of definable functions allows nonlinear programs involving
them to be studied using powerful tools from real algebraic geometry and variational analysis,
cf. [Lof09].

Let {O,,}nen be an o-minimal structure. A set X C R” such that X € O, is said to
be definable with respect to {Op}nen. When the particular o-minimal structure is obvious
from context, then we simply call X definable. Given a definable set X and f : X — R™ and

F : X = R™ we say that f (resp. F) is definable if graph(f) € Opm (resp. graph(F) €
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Oni+m)- The image and preimage of a definable set with respect to a definable function is
also definable, and the class of definable functions is closed with respect to composition and
linear combinations. Furthermore, as we show below, the value function of a parametric

nonlinear program is definable when the problem data is definable.

Lemma 3.6.2 (Definability of value functions). Let X C R", J : X x R™ — R and
F X =2 R™ be definable. Let V : X — R be given by V(z) = infecr{J(z,&)}, and

suppose that dom(V') = X. Then V is also definable.

Finally, functions definable on o-minimal structures satisfy a generalization of the

Lojasiewicz inequality [Kur98].

Lemma 3.6.3 (Kurdyka-Lojasiewicz inequality for definable functions). Let X C R™ be
a bounded, open, definable set, and V : X — R a definable, differentiable function, and
V* = infyex V(y). Then there exists ¢ > 0, p > 0, and a strictly increasing, definable,

differentiable function v : [0, 00) — R such that

V(V(z) = V) VV(@)] 2 ¢

for all x € U where V(xz) — V* € (0, p).

3.6.2 Lyapunov Tests for Stability

Here we present Lyapunov based tests for attractivity and stability of a nonisolated

equilibria. Each of the tests we discuss exploit the fact that pointwise convergence follows
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as a consequence of the trajectories of the system having finite arclength. We begin with the

“arclength”-based Lyapunov test from [BB10, Thm. 4.3 and Theorem 5.2].

Lemma 3.6.4 (Arclength-based Lyapunov test). Let KC be a forward invariant set of & =
F(z). Let S C K be a set of equilibria and U C R"™ an open set containing S where
UNF1{0})=S8. Let V: UNK — R be a continuous function. Consider the following

conditions.

(i) There exists a ¢ > 0 such that for all x € UNK,

DpV(x) < —c||F(z)]|. (3.33)

(ii) x* is a minimizer of V if and only if x* € S.

If (i) holds then every bounded trajectory that starts in U N K and remains in U N K for all
time has finite arclength and converges to a point in S. If (i) and (ii) hold then, in addition,

every x* € S is semistable relative to K.

In the case where the Lyapunov function V' is definable with respect to an o-minimal
structure, we show that the condition in (3.33) for the arclength-based Lyapunov test can be
replaced with D5V (z) < —c||F(x)||||[VV (z)|]. This is referred to as the “angle-condition”
and has been exploited [AMAO05, Lag07] to show convergence of descent methods to solve non-
linear programming problems. The name arises from the fact that the inequality implies that
the angle between F'(x) and VV (x) remains bounded in a neighborhood of the equilibrium.
In the next result, we show that the angle condition, together with the Kurdyka-Lojasiewicz

inequality, implies that all trajectories of the system have finite arclength.
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Lemma 3.6.5 (Angle-condition-based Lyapunov test). Let K be a forward invariant set
of t = F(x). Let S C K be a bounded set of equilibria and U C R™ a bounded open set
containing S where U N F71({0}) = S. Let V : UNK — R be a differentiable function.

Consider the following conditions.

(i) V is constant and equal to V* on S and definable with respect to some o-minimal

structure;

(ii) There is c3 > 0 such that for all x € UNK,

DiV(z) < =2 [VV (@) [ | F ()]

(7ii) x* is a minimizer of V if and only if x* € S.

If (i) and (ii) hold then every trajectory that starts in U N K and remains in U N K for all
time has finite arclength and converges to a point in S. If (i)-(iii) hold then, in addition,

every x* € § is semistable relative to K.

Proof. Suppose (i) holds. By Lemma 3.6.3, there exists ¢; > 0 and a strictly increasing,
definable, differentiable function ¢ : [0,00) — R such that ¢/(|]V(z) — V*|) |[VV(2)| > &
forall x € (UNK)\S. Assume without loss of generality that ¢(0) = 0, and define

V:UNK—Rby

—p(V* =V(x)) V(ix)< V™
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Then for all z € U with V(x) > V*, we have

DV (z) =/ (V(x) — V*)DEV (2)
< —c!(V(x) = V) [|[VV ()| || F ()|

< —ac||F)].

A similar argument can be used to show that the above inequality also holds when V' (z) < V*.
Since 1 is increasing, * € UNK is a local minimizer of V' if and only if * is a local minimizer
of V. Hence, the result follows by applying Lemma 3.6.4 with the Lyapunov function V.

]

3.6.3 Regularity of Systems of Linear Inequalities

The proof of Lemma 3.2.1, requires the following technical result which gives condi-

tions for which a linear system of inequalities is regular.

Lemma 3.6.6. Consider a linear inequality system in the variables (u,v) € R™ x R¥ with

the form

G1U + GQ’U S C (334&)
u>0 (3.34¢)

where ¢ € R, d € R™, G; € R**™ Gy € R**k [, ¢ Rw™ H, ¢ Rk The

system (3.34) is reqular if Hy is full rank and there exists (ug, vo) such that Giug+ Gavy < c,
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H1u0 + HQU() = h, Ug Z 0.
Proof. By [Rob75, Theorem 2], the system (3.34) is regular if and only if:
(i) There exists (ug, vg) such that Giug + Gavg < ¢, Hyug + Havg = d, ug > 0.

(ii) The following system is regular:

H1U + HQU =d (335&)

u>0. (3.35D)

We claim that (3.35) is regular whenever Hj has full rank. Indeed, by a second application

of [Rob75, Theorem 2], (3.35) is regular if and only if
(i) There exists uy, vy such that u; > 0 and Hyuy + Havq = d
(ii) [Hy H>| has full rank.

Because Hj has full rank, (i) holds since for any u; > 0, we can always find some v; such

that Hovy = h— Hyuy and (ii) holds since if Hy is full rank, range([H; Hs)) = range(Hs). O
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Chapter 4

Control Theoretic Synthesis of
Dynamical Systems Solving Monotone

Variational Inequalities

In this chapter, we extend the framework we developed in Chapter 3 to synthesize
anytime algorithms, in the form of continuous-time dynamical systems, to solve monotone
variational inequalities. We introduce three algorithms that solve this problem: the projected
monotone flow, the safe monotone flow, and the recursive safe monotone flow. The first two
systems admit dual interpretations: either as projected dynamical systems or as dynamical
systems controlled with a feedback controller synthesized using techniques from safety-critical
control. The third flow bypasses the need to solve quadratic programs along the trajectories
by incorporating a dynamics whose equilibria precisely correspond to such solutions, and

interconnecting the dynamical systems on different time scales. We perform a thorough
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analysis of the dynamical properties of all three systems. For the safe monotone flow, we
show that equilibria correspond exactly with critical points of the original problem, and the
constraint set is forward invariant and asymptotically stable. The additional assumption
of convexity and monotonicity allows us to derive global stability guarantees, as well as
establish the system is contracting when the constraint set is polyhedral. For the recursive
safe monotone flow, we use tools from singular perturbation theory for contracting systems
to show KKT points are locally exponentially stable and globally attracting, and obtain
practical safety guarantees. We illustrate the performance of the flows on a two-player
game example and also demonstrate the versatility for interconnection and regulation of
dynamical processes of the safe monotone flow in an example of a receding horizon linear

quadratic dynamic game.

4.1 Problem Formulation

Consider a variational inequality

(x — ") F(2*) >0, Va € C. (4.1)

which we denote by VI(F,C), where F' : R® — R" is continuously differentiable and C is a

convex set of the form

C={zxeR"|g(x) <0, h(z) = Hx — ¢, = 0}, (4.2)
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where g : R® — R™ is continuously differentiable. Our goal is to synthesize a dynamical

system that solves the variational inequality. We formalize this next.

Problem 4.1.1. (Anytime solver of wvariational inequality). Design a dynamical

system, © = G(x), which is well defined on a set X containing C such that

(i) Trajectories of the system converge to SOL(F,C);

(i) C is forward invariant;

(iii) Trajectories of the system with initial condition outside C converge to C.

Item (i) ensures that the dynamical system can be viewed as an algorithm which
solves (4.1): solutions can be obtained by simulating system trajectories and taking the
limit as ¢ — oo of z(t). Item (ii) ensures that this algorithm is anytime, meaning that even if
terminated early, it is guaranteed to return a feasible solution provided the initial condition
is feasible. Item (iii) accounts for infeasible initial conditions, and ensures asymptotic safety.
Both the expression of the algorithm in the form of a continuous-time dynamical system and
the anytime property are particularly useful for real-time applications, where the algorithm
might be interconnected with other physical processes — e.g., when the algorithm output is
used to regulate a physical plant and constraints of the optimization problem ensure the safe
operation of the plant.

In the following, we introduce three dynamics to solve Problem 4.1.1, synthesized
using the techniques outlined in Section 2.2.6. The first is the projected monotone flow,

which is already well-known, but we reinterpret it here through the lens of control theory.
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The next two are the safe monotone flow and the recursive safe monotone flow. Both

dynamics are entirely novel.

4.2 Projected Monotone Flow

In this section, we discuss our first solution to Problem 4.1.1, in the form of the pro-
jected monotone flow. We show that the system can be implemented in two equivalent ways:
either as a control system with a feedback controller designed using the strategy outlined in
Section 2.2.6.A, or as a projected dynamical system. In fact, this system admits many other
equivalent descriptions, for example in terms of monotone differential inclusions, or com-
plementarity systems [BDLA06, HSW00, AC84], and its properties have been extensively
studied [NZ96]. However, we focus here on the control-based and projection-based forms. In
the following sections we describe in detail the derivation of each implementation, show they

are equivalent, and discuss the properties of the resulting flow regarding safety and stability.

4.2.1 Control-Based Implementation

Our design strategy originates from the observation that, when F' is monotone, the
system & = —F(x) finds solutions to the unconstrained variational inequality VI(F,R").

However, trajectories flowing along this dynamics might leave the constraint set C. This
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leads us to consider the control-affine system:

&= F(x,u,v)

ZuZng Z v]Vh

(4.3)

Here, we have augmented the system with inputs from the admissible set U = RZ; X R¥ to
modify the flow of the original drift —F to account for the constraints in a way that ensures
that the solutions to (4.3) stay inside of or approach C. The idea is that if the constraint
gi(z) < 01is in danger of being violated, the corresponding input u; can be increased to ensure
trajectories continue to satisfy it. Likewise, the input v; can be increased or decreased to
ensure the corresponding constraint h;(z) = 0 is satisfied along trajectories.

Our design proceeds by thinking of C as a safety set for the system and using the
approach outlined in Section 2.2.6.A to synthesize a safeguarding feedback controller (u,v) =

#(x). Assuming that MFCQ holds for all z € C, Kpoj : R” = R x RF takes the form

m dg dgr dg dgr Oh "
Kproj(T) = {(“ U)€R>0XR]€‘_7IF< >_87x1% U—aix[% v <0,

T T
oh . dh g Oh Oh _0}'

- Ox (@ Ox Oz Y ox Ox v

The following result states that the set of admissible controls is nonempty. We omit its proof

for space reasons, but note that it readily follows from Farka’s Lemma [Roc70].

Lemma 4.2.1. (Projection onto Tangent Cone is Feasible). If x € C and MFCQ

holds at x, then Kpi(z) # 0.
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We then use the feedback controller

k(z) € argmin J(z,u,v), (4.4)
(u,0)€Kproj(2)

where we set the objective function to be

J(z,u,v) = ;H ijluivgi(l‘) +Zlvthj(x)H2. (4.5)

This function measures the magnitude of the “modification” of the drift term in (4.3). Thus,
the QP-based controller (4.4) has the interpretation, at each x, of finding the control input
such that the closed-loop system dynamics are as close as possible to —F'(z), while still being
in T¢(x). In general, the program given by (4.4) does not have unique solutions. Despite
this, we show below that the closed-loop dynamics of (4.3) is well defined regardless of which

solution to (2.9) is chosen. We refer to it as the projected monotone flow and denote it by P.

4.2.2 Projection-Based Implementation

The second implementation of the projected monotone flow consists of projecting
—F(z) onto the tangent cone of the constraint set. In general, the tangent cone does not
have a representation that allows us to compute the projection easily. However, when the
appropriate constraint qualification condition holds, the tangent cone admits a convenient
parameterization which allows for the projection to be implemented as a quadratic program.

Let x € C and suppose that MFCQ holds at xz. It follows that the tangent cone can be
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parameterized as

To(x) = {g eR"| ag;x)g _o, agggﬁ””)g < o}. (4.6)

The projection-based implementation of the projected monotone flow takes then the following

form:

i‘ = HTC(QC)(—F(Z‘))

1
= argmin 5 [|€ + F(x)| (4.7)
gerRn 2
subject to %91, (I)g <0, 8h(:v)§ =0
ox ox

The projection onto the tangent ensures by Nagumo’s Theorem [Bla99, Theorem 3.1]

that C is forward invariant.

4.2.3 Properties of Projected Monotone Flow

Here, we lay out the properties of the projected monotone flow. We begin by estab-
lishing the equivalence between the control- and projection-based implementations. We then
discuss existence and uniqueness of solutions, and finally the stability and safety properties
of the dynamics.

A Equivalence of Control-Based and Projection-Based Implementations

Equivalence follows directly from the properties of the tangent cone, as we show next.

Proposition 4.2.2. (Equivalence of Control-Based and Projected-Based Imple-

mentations). Assume MFCQ holds at x € C and let (u,v) be any solution to (4.4) (note

91



that P(x) = F(x,u,v)). Then, P(x) = @) (—F(z)).

Proof. Let (u,v) be any solution to (4.4) and & = Ily,)(—F(x)). Then F(z,u,v) € Te(x),

so it follows immediately by optimality of & that
1€ + F(@)|* < | F(2,u,0) + F(z)]*.

Next, because € is given by a projection, there exists w € N¢(z) such that £+ F(z) +w = 0,
see e.g., [BDLA06, Corollary 2]. If MFCQ holds at z € C, by [RW98, Theorem 6.14], there

exists (u,v) such that w can be written as

m k
:Za Vgi(x z u>0, a'g(r)=0.

Combining this expression with the fact that £ = —F(z) — w € Te(z) and using the pa-
rameterization of the tangent cone in (4.6), we deduce that (u,7) € Kp5(z). By optimality

of (u,v),

le + F(x)|” =HZWQZ +Z%Vh (@)
I

> HZUZVgl —l—ZU]Vh T)

= ||F (2, u,v) + F()|.

But since the projection onto the tangent cone must be unique, we conclude £ = F(z,u,v).

]
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The value of Proposition 4.2.2 stems from showing that safety-critical control can
be used to systematically design algorithms that solve variational inequalities. Though the
control strategy pursued in Section 4.2.1 results in a known flow, this sets up the basis for
employing other design strategies from safety-critical control to yield novel methods, as we

will show later.

B Existence and Uniqueness of Solutions

The projected monotone flow is discontinuous, and hence one must consider notions
of solutions beyond the classical ones, see e.g., [Cor08]. Here, we consider Carathéodory
solutions, which are absolutely continuous functions that satisfy (4.7) almost everywhere.
The existence and uniqueness of solutions for all initial conditions follows readily from [AC84,

Chapter 3.2, Theorem 1(i)].

C Safety and Stability of Projected Monotone Flow

We now show that the projected monotone flow is safe, meaning that the constraint
set C is forward invariant, and the solution set SOL(F,C) is stable. Forward invariance
of C follows directly from Nagumo’s Theorem. The equilibria of the projected monotone
flow correspond to solutions to VI(F,C). Finally, stability of a solution z* can be certified

1

using the Lyapunov function V(z) = 5 ||z — 2|, as a consequence of [AC84, Chapter 3.2,

Theorem 1(ii)]. These properties are summarized in the following result.

Theorem 4.2.3. (Safe and Stability Properties of Projected Monotone Flow).

Let C be convex and suppose MFCQ holds everywhere on C. The following hold for the
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projected monotone flow:

(i) C is forward invariant;

(ii) x* is an equilibrium of the projected monotone flow if and only if x* € SOL(F,C);
(iii) If 2* € SOL(F,C) and F is monotone, then x* is globally Lyapunov stable relative to C;

(iv) If F is p-strongly monotone, then the projected monotone flow is contracting at rate
w. In particular, the unique solution x* € SOL(F,C) is globally exponentially stable

relative to C.

4.3 Safe Monotone Flow

In this section, we discuss a second solution to Problem 4.1.1, which results in an
entirely novel flow, termed safe monotone flow. Similar to the projected monotone flow, this
system admits two equivalent implementations: either as a control-system with a safeguard-

ing feedback controller or as a projected dynamical system.

4.3.1 Control-Based Implementation

We start with the control system (4.3) with the admissible control set U = RZ; x RE,
viewing C as a safety set, and design a safeguarding controller. We synthesize this controller

using the function (g, h) as a VCBF, following the approach outlined in Section 2.2.6.B.
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Letting @ > 0 be a parameter, the set of control inputs ensuring safety is given by

dg dg dg " dg Oh"
e m k —_ = _ v < - < _
Kaptal() {(u,v) eRY, xR | = UR() - 120 = 2028 < —ag(a)
oh ondgT  ohonT
5P Gege " Gpgn U= k@) |

The next result shows that this set is nonempty on an open set containing the constraint set.

Lemma 4.3.1. (Vector Control Barrier Function for (4.3)). Assume MFCQ holds
for all x € C. Then there exists an open set X O C on which ¢ = (g,h) is a vector-control

barrier function of (4.3) for C, on X, relative to RZ; x R*.

The proof of this result is identical to [AC24, Lemma 4.1] and we omit it for brevity.

By Lemma 4.3.1, the feedback controller (u,v) = k(x) where

k(x) € argmin J(z,u,v), (4.8)
(uﬂj)echf,a(:r)

and J is given by (4.5), is well defined on X. This controller has the same interpretation
as before: determining the control input belonging to Ko (x) such that the closed-loop
system dynamics are as close as possible to —F'(z). Similar to the case with projection-
based methods, the problem (2.10) does not necessarily have unique solutions. However, we
show below that the closed-loop system is well-defined regardless of which solution is chosen.

We refer to it as the safe monotone flow with safety parameter o, denoted G,,.
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4.3.2 Projection-Based Implementation

Here we describe the implementation of the safe monotone flow as a projected dy-
namical system. Similar to the projected monotone flow, the projected system is obtained by
projecting —F'(z) onto a set-valued map. However, because the projection onto the tangent
cone is in general discontinuous as a function of the state, we replace the tangent cone with
the a-restricted tangent set, denoted Tc(a), defined as

18@) = {e e m' | 22 De < _age), M0 - o)} (4.9)

Figure 4.1 illustrates this definition. This set can be interpreted as an approximation of the
usual tangent cone, but differs in several key ways. First, the restricted tangent set is not
a cone, meaning that vectors in Tc(a)(x) cannot be scaled arbitrarily: in certain direction,
the magnitude of vectors in 7| éa) (x) is restricted. An important property of Téa)(:v) is that,
even though the tangent cone is undefined for x ¢ C, this is not the case for the restricted
tangent set. In fact, it can be shown that Tc(a) takes nonempty values on an open set
containing C. This property allows for the safe monotone flow to be well-defined for infeasible

initial conditions. The next result summarizes properties of the a-restricted tangent set.

Proposition 4.3.2. (Properties of a-Restricted Tangent Set). Assume MFCQ holds

or all x € C. The set-valued map T . Rn = R™ satisfies:
c
(i) Tc(a) (x) is convex for all x € R";

(i) For any fized x € C, the set TC(,O‘) (x) satisfies MFCQ at all € € Tc(a) (x).
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Figure 4.1: Illustration of the notion of tangent cone, and a-restricted tangent set. The
gray-shaded region represents the set C. The colored regions depict either type of set, which
consists of vectors centered various points z;. The dashed border indicates directions in
which the magnitude of vectors in the set are unbounded. (a) The a-restricted tangent set.
Note that the set is well-defined at x5 ¢ C, however because the region does not overlap with
the point x5, the set TC(O‘) (x2) does not contain any zero vectors, and all vectors point strictly
toward the feasible set. (b) The tangent cone. Note that the tangent cone is not well defined
at points outside C.

(iii) There exists an open set X containing C such that Tc(a) (x) # 0 for allz € X;
(i) If x € C, then Tc(a) C Te(x).

Proof. We first observe that (i) follows from the fact that the constraints characterizing
T(Ef“) (x) are affine in the variable £. We prove (ii) using the same strategy as [AC24, Lemma
4.5], which we sketch here. If MFCQ holds at = € C, then the inequalities defining (4.9)
satisfy Slater’s condition [BV09, Chapter 5.2.3] at = and therefore MFCQ holds for all
£ e Tc(a)(x). To show (iii), we note that Slater’s condition implies that the affine constraints
parameterizing TC(O‘) (x) are regular [Rob75, Theorem 2|, meaning that the system remains
feasible with respect to perturbations. Since T, éa) (x) is nonempty for all x € C, it follows

that there exists an open set X containing C such that Tc(a) (x) is nonempty for all z € X.

Finally, (iv) follows from the definition of the tangent cone. O
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Using the a-restricted tangent set, we can define the projected dynamical system

i =T, (~F())

1
= argmin 5 1€ + F(:c)H2

LeR (4.10)
subject to 8‘%&?5 < —ag(x)
oh
af)ﬁ = —ah(x).

Similar to the projected monotone flow, the projection operation ensures that the trajecto-
ries of the system remain in the safety set. However, as we show next, the advantages of
projecting onto the restricted tangent cone is that the system is well defined for infeasible

initial conditions, and trajectories of the system are smooth.

4.3.3 Properties of Safe Monotone Flow

We now discuss the properties of the safe monotone flow. We begin by establishing
the equivalence of the control-based and projection-based implementations. Next, we discuss

its stability and safety properties.

A Equivalence of Control-Based and Projection-Based Implementations

We establish here that the control-based and projection-based implementations of
the safe monotone flow are equivalent. The next result states that the closed-loop dynamics
resulting from the implementation of (2.10) over (4.3) is equivalent to the projection onto

TS (x). The structure of the proof mirrors that of Proposition 4.2.2.
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Proposition 4.3.3. (Equivalence of Control-Based and Projection-Based Imple-
mentations). Assume MFCQ holds for everywhere on C and let X C R™ be an open set
containing C on which K.y, takes nonempty values. Let (u,v) be any solution to (4.8) at

x € X (note that G,(v) = F(x,u,v)). Then, G,(x) = HTéa)(r)(—F(x)).

Proof. Let (u,v) be any solution to (4.8) and ¢ = 1I F(x)). Then

T @) (—
F(z,u,v) € Tc(a)(x), so it follows immediately by optimality of ¢ that || 4+ F(z)|* <
| F(x,u,v) + F(z)|*. Next, because £ is given by a projection, there exists w € Np(€),

where T' = Tc(a)(x) such that £ + F(z) + w = 0, see e.g., [BDLA06, Corollary 2|, and where

3

W= w;Vgi(x) + > v;Vhi(z), u>0, u' (Vg(z)" + ag(z)) = 0.

1 j=1

]

Combining this expression with the fact that £ = —F(z) —w € Téa)(:v) and using the
definition of the a-restricted tangent cone, we deduce that (u,v) € Kepeo(z). By optimality

of (u,v), we have

= || F (2, u,v) + F()|*.

But since the projection onto the a-restricted tangent cone must be unique, we conclude

¢ = F(z,u,v). []
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B Existence and Uniqueness of Solutions

We now discuss conditions for the existence and uniqueness of solutions of the safe

monotone flow.

Proposition 4.3.4. (Existence and Uniqueness of Solutions to Safe Monotone
Flow). Assume MFCQ and the constant-rank condition hold on C for all x € C and let X

be the open set containing C in Proposition 4.3.2(iii). Then

(i) For all o € C, there exists a unique solution x : R>og — R™ to the safe monotone flow

with ©(0) = x.

(1t) For all xy € X, there exists a unique solution x : [0,t;] — R"™ such that x(0) = xo.
Furthermore, the solution can be extended so that either t; = oo or x(t) — 0X as

t—)tf.

Proof. We first note that the program (4.10) satisfies the General Strong Second-Order
Sufficient Condition (cf. [Liu95]) and Slater’s condition at x € X. Because the objective
function and constraints of (4.10) are twice continuously differentiable, we can apply [Liu95,
Theorem 3.6] to conclude that G, is locally Lipschitz at x. Therefore, G, is also lower
semicontinuous and by [AC84, Chapter 2, Theorem 1] there exists for all zy € X a solution
x :[0,ts] — R™ for some t; > 0 with 2(0) = xy. Furthermore, either ¢t; = oo or z(t) — 0X
as t — ty. Uniqueness of solutions holds by local Lipschitznes and (ii) follows.

To show (i), we note that G, (x) € T¢(x), and by [Bla99, Theorem 3.1], for any solution

with z(0) € C, we have that x(t) € C for all £ > 0 on the interval on which the solution
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exists. Since C C int(X), solutions beginning in C cannot approach 90X, and exist for all

time. O

C Safety of Safe Monotone Flow

Here we establish the safety properties of the safe monotone flow. We begin by

characterizing optimality conditions for the closed-loop dynamics.

Lemma 4.3.5. (Optimality Conditions for Closed-loop Dynamics). For x € R",

consider the equations

£+ F(z)+ =5 5 V=0, (4.11a)
398(;)6 + ag(z) <0, (4.11b)

agf)ﬁ + ah(x) =0, (4.11c)

u>0, (4.11d)

u' <8gé($x)§ + ozg(a:)) =0, (4.11e)

in (& u,v). Let Ay : R" = RZ) x R be

Ao () = {(u,v) | IE such that (§,u,v) solves (4.11)}.

Assume MFCQ holds everywhere on C. Then, there exists an open set X D C such that, if

x € X, then Ay(x) # 0. If (&, u,v) solves (4.11), then G, (x) =& and (u,v) solves (4.8).

101



Proof. Let F(z,€) = F(x) 4+ €. Then

€= e, (= F(2))

is a solution to the monotone variational inequality VI(F (z,-), T, éa) (x)), parameterized by x.
Since MFCQ holds at all £ € T2 (z) by Proposition 4.3.2(iii), we can use the KKT conditions
to characterize G, (), which correspond to (4.11). Further, by Proposition 4.3.2(iv), solutions
to (4.11) exist on an open set X containing C. Since F is strongly monotone with respect

to &, the solution to VI(E(z,-), Tc(a) (x)) is unique, proving the result. O

We rely on the optimality conditions in Lemma 4.3.5 to establish the following result

characterizing the equilibria and safety properties of the safe monotone flow.

Theorem 4.3.6. (Equilibria and Safety of Safe Monotone Flow). Let « > 0, C
be convex, and suppose MFCQ and the constant rank condition holds everywhere on C. The

following hold for the safe monotone flow:
(i) C is forward invariant and asymptotically stable on X;
(ii) =* is an equilibrium if and only if x* € SOL(F,C);

Proof. To show (i), note that by Proposition 4.3.3, for all x € X there exists (u(z),v(x)) €
Kepto(z) such that G, (x) = F(x,u(x),v(x)). Given the existence and uniqueness of solutions
of the closed-loop system, cf. Propositions 4.3.4, the result follows from Lemma 2.2.3 since
o(z) = (g(x), h(x)) is a VCBF. Statement (ii) follows from the observation that, if G, (z*) =

0, by Lemma 4.3.5, there exists (u*, v*) such that (0,u*, v*) solves (4.11), which holds if and
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only if (z*,u*,v*) solves (2.7). O

D Stability of Safe Monotone Flow

Here we characterize the stability properties of the safe monotone flow. We begin by

establishing conditions for stability relative to C.

Theorem 4.3.7. (Stability of Safe Monotone Flow Relative to C). Assume MFCQ

holds everywhere on C. Then

(i) If z* € SOL(F,C) and F' is monotone, then x* is globally Lyapunov stable relative to C;

(i) If z* € SOL(F,C) and F is p-strongly monotone, then x* is globally asymptotically

stable relative to C.

Before proving Theorem 4.3.7, we provide several intermediate results. Our strategy

relies on fixing z* € SOL(F,C) and considering the candidate Lyapunov function

1 1 1

V=t e — o= it {€7F@)+L 1), (112
2 o EET(a)(:U) 2
N———— C

We first compute bounds on the Dini derivative of V along Ga.

Lemma 4.3.8. (Dini Derivative of f/) Assume MFCQ holds everywhere on C. For

x* € SOL(F,C), let (u*,v*) be Lagrange multipliers corresponding to z*. For x € X and
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(u,v) € Ay(x), then

DV (2) < —plla — 2" P = (u—u) (g(a) — gla")) — (v —v") Th(a),

if F'is p-strongly monotone (inequality holds with p = 0 if F is monotone instead).

Proof. Note that

Dgaf/(x) = —(x—2") F(z) - iul(x — %) 'Vgi(z) — ;'Uj(a: — x*)Tth(:c).

By s-strong monotonicity of F, —(z — 2*)TF(z) < —pullz — 2*||* — (x — 2*)TF(2*) (the

inequality holds with p = 0 if F' is monotone). Next, we rearrange (2.7a) and use that g; is

convex for all 7 =1,...,m and h; is affine for all j =1,...,m to obtain
m k
—(x— 2" F(2*) = Zuf(m — %) " Vgi(a*) + Z vi(z — x*)Tth(x*)
i=1 j=1
m k
< > ui(gi() — giz")) + Y _vj(hy(x) — hy("))
i=1 j=1

= () (g(x) = g(a")) + (v*) "h(2).

where the last equality follows from the fact that hA(z*) = 0. By a similar line of reasoning,
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we have

— iul(m — %) 'Vgi(x)— Z vj(x — ZE*)Tth(:L‘)

i=1 Jj=1

The result follows by summing the two expressions. O]
We now move on to characterizing properties of W.

Lemma 4.3.9. (Properties of W ). Assume MFCQ holds everywhere on C. Define the

matriz-valued function @ : X x RTy — R"™" by

ot - 3252425 S

=1

Then, for all z € X and (u,v) € Ay(z),
W(w) = 3 [Ga(@)| +au” g(z) + avTh() (113

and

D W(z) > Ga(2) ' Q(z,u)Ga(z) — &®u' g(2) — a®v h(z). (4.14)

Proof. We first show that the solution to the optimization problem in the definition of W
is & = Gu(x). Note that the constraints in the definition of W in (4.12) and (4.10) are

identical. Let J(z,&) denote the objective function in the definition of W. Then J(x,&) —
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s e+ F(z)|*> = -1 |F(z)||>. Because the difference between the objective functions of
(4.10) and the definition of W is independent of £, the two optimization problems have the
same solution. The claim now follows because the solution to (4.10) is G, ().

Next we show that W can be expressed in closed form as (4.13). Because the optimizer
is £ = G, (), we have

W (o) = Galr) TF(2) + 5 Gala) (4.15)

Note that (G, (), u, v) satisfies the optimality conditions (4.11) for all (u,v) € A,(x). There-

fore we can rearrange (4.11a) to obtain F(x) = —G,(z) — B%S)Tu - BZ;I)TU. Next
2(x) oh(z)
T _ 2 T T
Gala) F(2) = = [|Ga(2)|” —u’ =5 =Ga(z) — v’ =5 —=Ga(2)

= — [|IGa(@)|* + auTg(z) + v h(),

where the second equality follows by rearranging (4.11c) and (4.11e). Then, (4.13) follows
by substituting the previous expression into (4.15).
Finally we show (4.14). Let L(z;&,u,v) be the Lagrangian of the parametric opti-

mization problem in the definition of W in (4.12). Then

L €,u,0) = €T F(a) + 5 P

m k

+ Y ui(Vai(x) "€+ agi(z) + > vi(Vhi(2) '€ + ahy(z)).

i=1 i=1

(4.16)

Next by [BLM16, Theorem 4.2], it follows that

DEW@) = sup  (VaLle3Ga(w),u.0) Gal@)} 2 VoL (23 Gale). 1) Galo).
u,v)ENq (T
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By direct computation, we can verify that

dg(x)" Oh(x) " ;

VoL(x; & u,v) = Q(xz,u)é + a—p = u +« 9
Therefore
VoL(3Ga(0), 10) Gal) = Gale) Qe 0)Ga(w) + o 006, ) + TG )

= Go(2)" Q(a,u)Ga(r) — a®u' g(a) — a*v " h(x),

where once again, the last equality above follows by rearranging (4.11c) and (4.11e).

We are now ready to prove Theorem 4.3.7.

Proof of Theorem 4.3.7. Let x* € SOL(F,C) and suppose the hypotheses of (i) hold. Con-
sider the function V' : X — R defined by (4.12). We show that V' is a (strict) Lyapunov
function when F' is (p-strongly) monotone. Let z € C and (u,v) € A,(x). Then, us-
ing (4.11d), au'g(x) + v h(x) < 0, so by examining the expression in (4.13) we see that
W(z) < 0 for all x € C with equality if and only if x € SOL(F,C). Thus V is positive
definite with respect to z*. Next, D¢ V(z) = D¢ V(z) — 5Dg W(z), and by Lemmas 4.3.8

and 4.3.9,

DV () < ~—5Ga()Q(r,1)Ga(x) + 0 g(x) + 0 h(z)
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Since u > 0 and z* € C, we have g(z*) < 0 and h(z*) = 0, and therefore u' g(z*)+v " h(z*) <
0. Similarly, since uv* > 0, and z € C, we have g(z) < 0 and h(x) = 0, and therefore
(u*)Tg(z) + (v*)"h(x) < 0. Finally, since F is monotone and g is convex, it follows that
Q(x,u) is positive semi-definite, and therefore D§ V(x) < 0. To show (ii), we can use the

same reasoning above to show that Dg V(z) < —p |z — . O

Next, we discuss stability with respect to the entire state space, which ensures the

safe monotone flow can be used to solve VI(F,C) even for infeasible initial conditions.

Theorem 4.3.10. (Stability of Safe Monotone Flow with Respect to R™). Assume

MFCQ and the constant-rank condition holds on C. Then
(i) If 2* € SOL(F,C) and F is monotone, then x* is globally Lyapunov stable;

(ii) If x* € SOL(F,C) and F is p-strongly monotone, then x* is globally asymptotically

stable.

To prove Theorem 4.3.10, we can no longer rely on the Lyapunov function V' defined
in (4.12) because it is no longer positive definite and may take negative values for = ¢ C.

Instead, we consider the new candidate Lyapunov function

+6.(x) (4.17)

where € > 0 and ¢, is the penalty function given by

k

) = L3l + D (o)

N | =
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Before proceeding to the proof of Theorem 4.3.10, we provide a bound for the Dini derivative

of 4. along G,.

Lemma 4.3.11. (Dini Derivative of 6.). For all x € X and £ € R™, . is directionally

differentiable along & at x. In particular,

Do) <=2 % g -2 S b)), (1.18)

where Iy(x) = {j € [1,k] | hj(x) # 0}.
Proof. Note that . corresponds to the ¢! penalty function for the set C. By [DG89, Propo-
sition 3], the directional derivative of d, is

A= Y Ve 6+t Y [Val) e+

€l (x) i€lo(x)

: >~ sen(hy(2))Vh(x) "¢ i1 ST |Vhi(x) e

€ jeln(a) € il ()

Note D{ 6.(x) = 0.(x;Ga(x)). Expression (4.18) follows by noting that Vg;(2)"Ga(z) <

—ag;(r) and Vh;(z) G, (z) = —ah;(x). O
We are now ready to prove Theorem 4.3.10.

Proof of Theorem 4.3.10. We begin by showing (i). Let z* € SOL(F,C). Note that, from
the optimality conditions (4.11), A,(z*) corresponds to the set of Lagrange multipliers of

the solution z* to VI(F,C). Because MFCQ holds at z*, it follows that A, (z*) is bounded.
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Thus, it is possible to choose € > 0 small enough so that

% > sup { | (w*, v")] o } (4.19)

(u*v*)eAa(x*)

Next, it follows immediately from the definition (4.17) that V is positive definite with respect
to 2*. We now compute Dg_ V() and show that it is negative semidefinite. Let x € X. We

consider three cases: W(x) < 0, W(z) > 0, and W(z) = 0. In the case where W (x) < 0,
~ 1
D, Ve=DE,V(x) = —D§ W(x) + D, de(x).

Combining the bounds in Lemmas 4.3.8, 4.3.9, and 4.3.11,

1

D V() £ =—5Ga(2)Qx, 0)Ga () (4.20)
- =) gila) + o' = =) ()]
ie%:(x) ( 6) I jelzh%x) ( €>

Since e satisfies (4.19), it follows that DJ Vi(z) < 0.

For the case where W (z) > 0, we rearrange (4.13) to write

uT (o) + 0 ha) = W)+ o 6@ > o GG
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Then, we have

D§ Vi(z) = D§ V(z) + D§ 0.(x)

< —(u—u")Tg) = (w=—0)Th(z) == 3 g@) == 3 |h) (4.21)

€ el () € jel(x)
1 Y e
<o G @)+ X (u —) )+ ¥ (v -2 (o)),
a i€l (x) € j€IL(x) €

and D¢ V(x) < 0. In the case where W (z) = 0,
~ 1
DG, Ve(w) = Dg, V(x) + —[=Dg, W(x)]+ + Dg, de(x),

which leads us to two subcases: (a) D, W (z) < 0 and (b) Dg W(x) > 0. In subcase (a),

D V() satisfies the bound in (4.20) and, therefore, D§ V.(z) < 0. In subcase (b),
T T 1 2
u g(@) +v hz) = o ||Ga(@)l]

and, therefore, D V.(z) satisfies the bound in (4.21), so Dg V.(z) < 0.
Finally, for (ii), we can use the same arguments above to show in each case D Vi (z) <

—plle == =

We conclude this section by discussing the contraction properties of the safe monotone
flow. Contraction refers to the property that any two trajectories of the system approach
each other exponentially (cf. [DJB22, Bul23] for a precise definition), and implies exponential
stability of an equilibrium. We show that, for sufficiently large «, the safe monotone flow

system is contracting provided F' is globally Lipschitz and the constraint set C is polyhedral.
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Our analysis relies relies on the following result.
Lemma 4.3.12. ([Yen95, Lemma 2.1]). Consider the following quadratic program

1 2
min —
(u,0)ERT, xRk 2

u
(%

+cT m +p, (4.22)

Q

where Q = 0. Then (u*,v*) solves (4.22) if and only if it is a solution to the linear program

. T
~ u u
i . 4.23
(u,v)gﬂlﬁlétxﬂﬁk (Q [U*‘| + C) |ﬂ;| ( )
We now show that the safe monotone flow is contracting.

Theorem 4.3.13. (Contraction and Exponential Stability of Safe Monotone
Flow). Let F be p-strongly monotone and globally Lipschitz with constant {r and C a

polyhedral set defined by (4.2) with g(x) = Gx — ¢, and h(z) = Hx — ¢y If

52
a > l’ (4.24)
Ap

2
then the safe monotone flow is contracting with rate ¢ = p — %. In particular, the unique

solution z* € SOL(F,C) is globally exponentially stable.

Proof. We claim that if the assumptions hold, then
(= 9)"(Ga(®) = Galy)) < —cllz —y|*, (4.25)

in which case the system is contracting by [DJB22, Theorem 31], and exponential stability
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of z* € SOL(F,C) follows as a consequence. To show the claim, from (4.11a), note that

Go(z) = —F(z) — GTu, — H'v,.

for any (ug,v;) € Au(z). Let then z,y € X and (uy,v,) € Ag(x) and (uy,vy) € An(y).

Then, using the strong monotonicity of F,

(@ =9) " (Galz) = Galy)) = —(z — ) (F(z) - F(y))

+ (=) (Ga(z) + F(z) — Galy) — F(y))

o (4.26)
< — o 2 o T T T z — Yy
< =l = " 6T ][l
wy —u,| G(x —y)
_ a2 [T Yy -
SR el W e
Next, let J(z;u,v) = —infeepn L(x; €, u,v), where L is the Lagrangian of (4.10),

defined in (4.16), and let

o_lceT cnT
~ |HGT HHT|

For z € R", L is minimized when ¢ = —F(z) — G"u — H "v, and therefore

1
J(a:;u,v):§

: ;+[§§§3:3§§ﬁ:ii)>]Tm+§||F<x>||2. (127

If (uy, v2) € Aa(), then (uz, v,) is a solution to the program min, ,)crm «wx J(z,u,v), which

is the Lagrangian dual' of (4.10). By Lemma 4.3.12, (u,,v,) is also a solution to the linear

!By convention, the Lagrangian dual problem is a maximization problem (cf. [BV09, Chapter 5]). How-
ever, the minus sign in the definition of J ensures that here it is a minimization. The reason for this sign
convention is to make the notation simpler.
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program,

. ~ Uy GF(z) — a(Gx — ¢) " Ty
(u,v)g}&gix]]&k <Q [UJ + [HF(:}:) —a(Hzx — Ch)D lv] '

_ [u —uyr lax_cg] L

Uy — Uy Hx — ¢y, «

=l

By a similar line of reasoning,

_ uy—uwT Gy — ¢4 <_l
Vy — Uy Hy—c,| = «

2

N [ux—uyr lG@:—y)] < _; [ux—uy]T [G(ﬁ(x):p(y))] 1

Uy — Uy
Uy — Uy

v, [H@-y) v—v,) |HF@)-Fy)|  a .
<€i GTux—uy e = ”_l GTum—uy :
~ o ||[|H Uy — Uy rtTy alllH Uy — Uy |||

where we used ||[(u,v)|lg = [[M"(u,v)||, with M = [G;H]. For any e > 0, by Young’s

Inequality [RF10, pp. 140],

2

Vg — Uy H(l’—y) — 2ea (07 2c H Vg — Uy
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Therefore, (4.25) holds with ¢ = p — £ if ¢ satisfies

2ex

Fce<

lr 2
2041 lp

Such € can be chosen if o > %, which corresponds to the condition (4.24). The optimal

2

estimate of the contraction rate is ¢ = pu — %. [

Remark 4.3.14. (Connection with Safe Gradient Flow). The safe monotone flow
is a generalization of the safe gradient flow introduced in [AC24]. The latter was originally
studied in the context of nonconvex optimization and, similar to the case of the safe mono-
tone flow, enjoys safety of the feasible set and correspondence between equilibria and critical
points. Further, under certain constraint qualifications, the local stability of equilibria rela-
tive to the constraint set under the safe gradient flow can be established using the objective
function as a Lyapunov function. Because we are working with variational inequalities, F’
may not correspond to the gradient of a scalar objective function, so the Lyapunov functions
used in [AC24] are not directly applicable. The assumption of convexity and monotonicity

here allows us to construct novel Lyapunov functions to obtain global stability results. [J

4.4 Recursive Safe Monotone Flow

A drawback of the projected and safe monotone flows is that, in order to implement
them, one needs to solve either the quadratic programs (4.4) or (4.8) at each time along
the trajectory of the system. As a third algorithmic solution to Problem 4.1.1, in this

section we introduce the recursive safe monotone flow which gets around this limitation
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by incorporating a dynamics whose equilibria correspond to the solutions of the quadratic
program. We begin by showing how to derive the dynamics for general constraint sets C by
interconnecting two systems on multiple time scales. Next, we use the theory of singular
perturbations of contracting flows to obtain stability guarantees in the case where C is
polyhedral, and show that trajectories of the recursive safe monotone flow track those of
the safe monotone flow. The latter property enables us to formalize a notion of “practical

safety” that the recursive safe monotone flow satisfies.

4.4.1 Construction of the Dynamics

We discuss here the construction of the recursive safe monotone flow. The starting
point for our derivation is the control-affine system (4.3). The safe monotone flow consists
of this system with a feedback controller specified by the quadratic program (4.8). Rather
than solving this program exactly, the approach we take is to replace it with a monotone
variational inequality parameterized by the state. For fixed x € X, we can solve solve this
inequality, and hence obtain the feedback x(x), using the safe monotone flow corresponding
to this problem. Coupling this flow with the control system (4.3) yields the recursive safe
monotone flow.

In this section we carry out this strategy in mathematically precise terms. We rely

on the following result, which provides an alternative characterization of the CBF-QP (4.8).

Lemma 4.4.1. (Alternative Characterization of Safe Feedback). For x € R",
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consider the optimization

mintmie 3|30 + ST

(4.28)
+u' (giF(x) - ag(x)) +v <ZZF(95) — ah(x)).

If (u,v) is a solution to (4.28), then (u,v) is a solution to (4.8).

Proof. Note that the constraints of (4.28) satisfy MFCQ for all (u,v) € RZ; x R¥. Since
the objective function in (4.28) is convex in (u,v), one can see that necessary and sufficient
conditions for optimality are given by a KKT system that, after some manipulation, takes

the form

dg Og " dg ahT dg
- = - —=— v— =2F(x)— <
Oz Ox Y Oz Ox ox () —ag(z) <0

ohdg'  OhOn'T  Oh

u>0

dg dg " dg Oh " dg
T _— e — _ — — =
¢ ( Err e m it m GO (x)) 0

It follows immediately that if (u,v) satisfies the above equations, then (u,v) € Kepta(2)

given by (4.8). O

The rationale for considering (4.28), rather than working with (4.8) directly, is that
the constraints of (4.28) are independent of x, which will be important for reasons we show
next. Being a constrained optimization problem, (4.28) can be expressed in terms of a
variational inequality (parameterized by z € R™). Formally, let F(z,u,v) be given by

F(x,u,v) = g;%:;::g ; : gzg; : (4.29)
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where F is given by (4.3) and let C = R, x R¥, which we parameterize as

C = {(u,v) € R™ x R* | u > 0}. (4.30)
The optimization problem (4.28) corresponds to the variational inequality VI(F(z, -, -),C).

Our next step is to write down the safe monotone flow with safety parameter 5 > 0
corresponding to the variational inequality VI(F(x,-),C). Note that the -restricted tangent
set (4.9) of C is

780 (u,0) = { (60 6) € R" X R* | & > —puf.

The projection onto TCSB ) (u,v) has the following closed-form solution

o qZD _ [max{—bﬁ%a}] ‘

Using this expression and applying Proposition 4.3.3, we write the safe monotone flow cor-

responding to VI(F(z,),C) as

0= maX{ — Bu, 8%;90);(% u, v) + ag(x)} (4.31)
O = ah(flj)]-"(:zc, u,v) + ah(z).

ox

Under certain assumptions, which we formalize in the sequel, for a fixed z, trajectories
of (4.31) converge to solutions of the QP (4.8).

This discussion suggests a system solving the original variational inequality VI(F,C)
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can be obtained by coupling (4.31) with the dynamics (4.3) as follows:

&= F(z,u,v) (4.32a)
TU = max { — Bu, aga(;)]:(x, u,v) + ag(x)} (4.32Db)
TO = 82(;) F(z,u,v) + ah(z). (4.32¢)

We refer to the system (4.32) as the recursive safe monotone flow. The parameter T char-
acterizes the separation of timescales between the system (4.32a) and (4.32b)-(4.32¢). The
interpretation of the dynamics is that, when 7 > 0 are sufficiently small, (4.32b)-(4.32c)
evolve on a much faster timescale and rapidly approach the solution set of (4.8). The system
on the slower timescale (4.32a) then approximates the safe monotone flow. We formalize

this analysis next.

4.4.2 Stability of Recursive Safe Monotone Flow

To prove stability of the system (4.32), we rely on results from contraction the-
ory [DJB22]. Specifically, we derive conditions on the time-scale separation 7 that ensures
that (4.32) is contracting and, as a consequence, globally attractive and locally exponentially

stable. Throughout the section, we assume the following assumption holds.

Assumption 4.4.2. (Strong Monotonicity, Lipschitzness, and Polyhedral Con-

straints). The following holds:

(i) F is p-strongly monotone and {g-Lipschitz;
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(i1) C is a polyhedral set defined by (4.2) with g(x) = Gz — ¢, and h(x) = Hx — ¢, and
the matriz

~ lGGT GHT]
has full rank.

Next, we show that it is possible to tune the parameters 5 so the system (4.31) is

contracting, uniformly in x.

Lemma 4.4.3. (Contractivity of (4.31)). Under Assumption 4.4.2, if

1 Amax(@)
B ~ Z )\mln(Q) ’

then, the system (4.31) is contracting with rate &€ = Amim(Q) — AmZ}(Q) uniformly in x.

Proof. We first observe that F' is given by

By Assumption 4.4.2, Q = 0 and therefore F is (i) Apin(Q)-strongly monotone in (u,v)

uniformly in 2 and (i) ||Q|-Lipschitz in (u,v) uniformly in z. By Theorem 4.3.13, if 8 >

4A”QH(2Q)7 the system (4.31) is uniformly contracting. The result follows by observing that
Q1% = Anax(Q).- 0

We now characterize the contraction and stability properties of the recursive safe

monotone flow.
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Theorem 4.4.4. (Contractivity of Recursive Safe Monotone Flow). Assume F
is u-strongly monotone and g globally Lipschitz, and « satisfies (4.24). Under Assump-

tion 4.4.2 and B chosen as in Lemma 4.4.3, then

(i) the unique KKT triple, (x*,u*,v*) corresponding to VI(F,C) is the only equilibrium

of (4.32).
Moreover, for all € > 0, there exists 7* > 0, such that for all 0 < 7 < 7%,

(ii) the system (4.32) is contracting on the set

Z. = {(x,u,v) € X xR™ x R* | ||(u,v) — x(z)|| < 6},

and every solution of (4.32) eventually enters Z. in finite time. In particular, there ex-

ists a class ICL function B : RsgxRsg — R such that for every solution (z(t), u(t), v(t))

| (uz()), v®) = s(z@)]| < B( || (u(0)), v(2(0))) — r(x(0))

)

(iii) the unique KKT triple (z*,u*,v*) is locally exponentially stable and globally attracting.

Proof. We begin with (i). By direct examination of (4.32), we see that the equilibria corre-
spond exactly with triples satisfying (2.7). Since the matrix @ has full rank, the gradients
of all the constraints are linearly independent, and hence MFCQ holds on C. Since F' is u-
strongly monotone, the solution z* € SOL(F', C) is unique and there exists a unique Lagrange

multiplier (u*,v*) such that (z*,u*, v*) satisfies (2.7).
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To show (ii), we verify that all hypotheses in [CBD23, Theorem 4] hold. First, note
that the map x — F(x,u,v) is {p-Lipschitz in z uniformly in (u,v), and |||G; H]||-Lipschitz
in (u,v), uniformly in z. Let H denote the righthand side of (4.31). Because H is piecewise
affine in (u,v) and F' globally Lipschitz, there exists constants ¢4 ., {34, > 0, such that
H is {3 ,-Lipschitz in  uniformly in (u,v) and ¢, ,-Lipschitz in (u,v) uniformly in z. By
Lemma 4.4.3, there exists ¢ > 0 such that (4.31) is ¢-contracting, uniformly in x. Finally,
we note that the reduced system corresponding to (4.32) is & = G, (), which is contracting
by Theorem 4.3.13. Thus all the hypotheses of [CBD23, Theorem 4] hold and (ii) follows.

Finally (iii) follows from combining (i) and (ii). O

4.4.3 Safety of Recursive Safe Monotone Flow

Here we discuss the safety properties of the recursive safe monotone flow. In general,
even if the initial condition belongs to C, i.e., z(0) € C, it is not guaranteed that solutions
of the system (4.32) satisfy x(t) € C for ¢t > 0. However, under appropriate conditions, we
can show that the system is “practically safe”, in the sense that x(t) remains in a slightly

expanded form of the original constraint set C.

Theorem 4.4.5. (Practical Safety of Recursive Safe Monotone Flow). Assume
F' is p-strongly monotone and g globally Lipschitz, and « satisfies (4.24). Under Assump-
tion 4.4.2 and B chosen as in Lemma 4.4.3, then for all € > 0, there exists 6 > 0 and T*

such that, if 0 < 7 < 7%, any solution to (4.32) with

e 2(0) €C;
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* [[(u(0),v(0)) = r(z(0))]| < 6;
satisfies x(t) ECc={x €R"|g(z) < ¢, |h(x)| < €} for allt > 0.

To prove Theorem 4.4.5, we rely on the notion of input-to-state safety. Consider the

system

T = Galx Z ei(t)Vgi(x Z d;(t) (4.34)
=1

j=1
This system can be interpreted as the safe monotone flow perturbed by a disturbance de-
termined by (e(t),d(t)). The set C is input-to-state safe (ISSf) with respect to (4.34), with
gain v, if there exists a class IC function ~ such that, if y(|/(e, d)||.) < €, then C. is forward
invariant under (4.34). This notion of input-to-state safety is a slight generalization of the
standard definition, cf. [KA18], to the case where the safe set is parameterized by multiple

equality and inequality constraints. We show next that (4.34) is ISSH.

Lemma 4.4.6. (Perturbed Safe Monotone Flow is ISSf). Under Assumption 4.4.2,

Amax (Q)

the set C is input-to-state safe with respect to (4.34) with gain y(r) = r, where Q is

defined in (4.33).
Proof. For i € {1,...,m}, under (4.34)

n

(2) = GF (Gal2) — Y- e Vaule) — 32 d, ()W, (@)

where G is the ith row of G. It follows from [KA18, Theorem 1] that the set C,, = {z €
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R™ | Gz — (c;); < 0} is input-to-state safe with gain v with respect to (4.32).

For j € {1,...,k}, under (4.34),

iy (0) = 8] (G(a) = X ) Viste) = > (7))
— —ahy(z) — H] (fj e (t)Vgi(z) — fjld] )V (x)),

hy() < —ah;(@) + Anax(Q) (| (e(1), A1),
hy(x) > —ah;(x) = Anax(Q) [|(e(t), d(D))]] -

Thus, by [KA18, Theorem 1], the sets C,, = {z € R" | Hxz — (cn); <0}, and Ch ={z €
R™ | H ]T x—(cp); > 0} are also input-to-state safe with gain v with respect to (4.32). Finally,

input-to-state safety of C follows from the fact that

e (e fics ncs)

We are now ready to prove Theorem 4.4.5.

Proof of Theorem /.4.5. By Lemma 4.4.6, C is input-to-state safe with respect to (4.34), with
gain y(r) = )‘ma"(Q)r. Note that, for any solution (z(t),u(t),v(t)) of (4.32), the trajectory

x(t) solves (4.34) with

124



Next, by Theorem 4.4.4, for all €, there exists 7° > 0 such that if 0 < 7 < 7%, then for all

(0. d(0)]| < (| (e(0).d(0))

such that o Apax (Q)3(6,0) < € and let ||(u(0),v(0)) — x(x(0))|| < 6. Then, for all ¢ > 0,

t>0,

,t) for some class KL function 5. Now, choose 6 > 0

7 ([ (e, d®)]]) <186 1) < 1(5(5.0)) < e.

Hence, for z(0) € C C C, since C is input-to-state safe with respect to (4.34), we conclude

x(t) € Cc for all t > 0. O

4.5 Numerical Examples

Here we illustrate the behavior of the proposed flows on two example problems. The
first example is a variational inequality on R? corresponding to a two-player game with
quadratic payoff functions where we compare the projected monotone flow. The second ex-
ample is a constrained linear-quadratic dynamic game where we implement the safe monotone

flow in a receding horizon manner to examine its anytime properties.

4.5.1 Nash Equilibria of Two-Player Game

The first numerical example we discuss is a variational inequality on R? corresponding
to a two-player game, where player i € {1,2} wants to minimize a cost J;(z1,x2) subject
to the constraints that z; € C; € R. We take C = C; x C; C R?. We have selected a
two-dimensional example that allows us to visualize the constraint set and the trajectories

of the proposed flows to better illustrate their differences. The problem of finding the Nash
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equilibria of a game of this form is equivalent to the variational inequality VI(F,C), where
F is the pseudogradient map, given by F(z) = (V,, Ji(x1, x2), Va, Jo(21, x2)). Fori € {1,2},

let C; = {r € R| -1 <z <1} and J; be the quadratic function J;(z1, z2) = 27 Qi + 1/ z,

with
| -1 2x2 _ 10 2
Ql - [_1 1 e R 9 Tl - 0] e R )
! 9% 2 ~ 105 9
Qz—[l 1 € R**%, 7’2—[0.5]€R.

The pseudogradient map is given by F(x) = Qz + r where

Because %(Q +Q") =1 = 0, it follows that the F is 1-strongly monotone, and therefore the
problem has a unique solution z* € SOL(F,C).

Figure 4.2 shows the results of implementing each of the proposed flows to find the
Nash equilibrium. The projected monotone flow, cf. Figure 4.2(a), is only well defined in C.
However, the constraint set remains forward invariant and all trajectories converge to the
solution z*. The safe monotone flow with v = 1.0, cf. Figure 4.2(b), also keeps the constraint
set forward invariant and has all trajectories converge to x*. In addition, the system is well
defined outside of C, and trajectories beginning outside the feasible set converge to it.

In Figure 4.2(c), we consider the recursive safe monotone flow with o = 1.0, 5 = 1.0
and 7 = 0.25, where u(0) = 0. The trajectories converge to x* and closely approximate the
trajectories of the safe monotone flow. Note, however, that the set C is not safe but only

practically safe. This is illustrated in the zoomed-in Figure 4.2(d), where it is apparent that
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the trajectories do not always remain in C but remain close to it.
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Figure 4.2: Implementation of (a) projected monotone flow, (b) safe monotone flow (o =
1.0), and (c) recursive safe monotone flow (7 = 0.25) in a two-player game. The shaded region
shows the constraint set C and the colored paths represent trajectories of the corresponding
flow starting from various initial condition. (d) shows a zoomed-in portion of the boundary
of C to illustrate the practical safety of the recursive safe monotone flow.
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4.5.2 Receding Horizon Linear-Quadratic Dynamic Game

We now discuss a more complex example, where the input to a plant is specified by
the solution to a variational inequality parameterized by the state of the plant. To solve it,
we interconnect the plant dynamics with the safe monotone flow, and demonstrate that the
anytime property of the latter ensures good performance and satisfaction of the constraints
even when terminated terminated early. The plant takes the form of a discrete-time linear

time-invariant system with two inputs,
2(s+ 1) = Az(s) + Bywi(s) + Baws(s), (4.35)

where A € R"*"= and B; € R"*™ for i € {1,2}. We consider a linear-quadratic dynamic
game (LQDG) between two players, where each player i € {1,2} can influence the system
(4.35) by choosing the corresponding input w; € W; C R™. We fix a time horizon, N > 0,

and an initial condition z(0) = zo, and define a cost J as the quadratic payoff function,

J(wi(), w2 () = 12(N)llg, + 2} ()l + llwa ()1, — llwa(s)lI, - (4.36)

where Qf,Q = 0 and Ry, Ry > 0. The goal of player 1 is to minimize the payoff (4.36),
whereas the goal of player 2 is to maximize it. This problem can be solved in closed form
when the constraints W; are trivial (cf. [BO99, Chapter 6], [PP10]), but must be solved
numerically for nontrivial ones.

We first note the LQDG problem can be written as a variational inequality. Indeed,
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let Z = (z(1),...,2(N)) and, for i € {1,2}, let w; = (w;(0),...,w;(N —1)). Define

B 0 - 0

;{42 AB, B, - 0

v s A
A _ANilBi ANfQBZ' s Bi_

Next, letting Q = diag(Q,...,Q, Q) and R; = diag(R;,..., R;), and using the fact that

z = Azg + Cywy 4+ Cowy, we see that the payoff function (4.36) can be written as,

’wl‘| T [CFQC& -+ Rl CIQCQ ] |"lU{| + 9 [CFQAZO‘| T |:(U£| + ZS—ATQAZO

J(wly w?) = [MZ C’;—Q_Cl C;QCQ — RQ w2 C;QAZO

Finally, letting = (wy, W), we see that the problem corresponds to the variational inequal-

ity VI(F'(-, z0),C), where

F(l‘, Z()): OIQCl + Rl CFQCQ ] [@1] +[ CIQAZO ]

—CJQCl RQ — CQTQCQ IDQ —CQTQ.AZO
and the constraint set is

C=W; xW; x---W; x Wy x Wy x---xWs.

N times N times
If the problem data satisfies
CIQC, + R, 0
— T A >_ 0,
0 Ry — C5 QCy

then F' is strongly monotone.
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For simulation purposes, we take n, = 5, n, = 2, B; = I, W, = RQZO, and A a
marginally stable matrix selected randomly. We use the safe monotone flow to solve the
variational inequality and implement the solution in a receding horizon manner: given the
initial state zy, we solve for the optimal input sequence (w;(-),ws(-)) over the entire time
horizon, apply the input (w;(0),w2(0)) to (4.35) to obtain z(1), update the initial condition
2o < z(1) and repeat. When F' is strongly monotone, on each iteration the flow converges
to the exact solution as t — oo. However, we also consider here the effect of terminating the
solver early at some ¢t =ty < oo.

Figure 4.3 shows the results of the simulation. In Figure 4.3(a), we plot ||z(s)|| for
various values of termination times. We denote the exact solution with ¢; = co. The closed-
loop dynamics with the exact solution to the receding horizon LQDG is stabilizing, and as
ts grows larger, the early terminated solution drives the state of the system closer to the
origin. In Figure 4.3(b), we plot the first component of wy (s) in blue and the first component
of wy(s) in red. Regardless of when terminated, the inputs satisfy the input constraints on

each iteration due to the safety properties of the safe monotone flow.
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Figure 4.3: Receding horizon implementation of the safe monotone flow solving a linear
quadratic dynamic game for different choices of termination time ¢;. The closed-loop im-
plementation of the exact solution corresponds to t; = oo (dashed lines). (a) We plot the
evolution of [|z(s)|| in green. (b) We plot the evolution of the first component of wy(s) in
blue-green (scale in left y-axis) and the first component of wy(z) in red-orange (scale in right
y-axis).

4.6 Conclusions

We have tackled the design of anytime algorithms to solve variational inequalities as a
feedback control problem. Using techniques from safety-critical control, we have synthesized
three continuous-time dynamics which find solutions to monotone variational inequalities:
the projected monotone flow, already well known in the literature, and the novel safe mono-
tone and recursive safe monotone flows. The equilibria of these flows correspond to solutions
of the variational inequality, and so we have embarked in the precise characterization of their
asymptotic stability properties. We have established asymptotic stability of equilibria in the

case of strong monotonicity, and contractivity and exponential stability in the case of poly-
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hedral constraints. We have also shown that the safe monotone flow renders the constraint
forward invariant and asymptotically stable. The recursive safe monotone flow offers an al-
ternative implementation that does not necessitate the solution of a quadratic program along
the trajectories. This flow results from coupling two systems evolving on different timescales,
and we have established local exponential stability and global attractivity of equilibria, as
well as practical safety guarantees. We have illustrated in two game scenarios the properties
of the proposed flows and, in particular, their amenability for interconnection and regulation
of physical processes. Future work will develop methods for distributed network problems
and consider applications to feedback optimization arising in applications such as power

systems, traffic networks, and communications systems.
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Part 11

Human Focal Epilepsy as a Network

Dynamical Disease
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Chapter 5

Dynamical Models of Brain Networks

5.1 Introduction

Epilepsy is a chronic neurological disorder characterized by intermittent episodes
of hypersynchronous electrical activity in the brain. These episodes, commonly known as
seizures, are marked by symptoms such as abnormal sensations, muscle contractions, and
loss of consciousness. Approximately 50 million individuals have epilepsy, making the disease
one of the most widespread neurological conditions in the world. Despite this, there is no
known cure for epilepsy. Current treatment strategies merely aim to reduce the frequency
of seizures and manage symptoms when seizures occur. While modern anti-epileptic drugs
result in full remission of seizures in most patients, in around 20-40% of cases the condition
does not respond to pharmacological intervention [SS06, BBB12]. Surgical treatment may
be indicated for drug-resistant patients, however outcomes are highly variable, with cessation

of seizures being achieved 34-84% of the time, depending on the type of epilepsy and the
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surgical target [SHOS].

The difficulties in treating epilepsy arise from the complexity of the disease. To mo-
tivate the models and analysis considered in this section, we highlight two defining features
of epilepsy. The first is that epilepsy is a dynamical disease [MGT77, GMT79, dSBK*03].
This refers to the fact that the brain activity (when measured with e.g. EEG) can be
characterized with an oscillatory temporal signal that, in epileptic patients, appears normal
between seizure episodes but undergoes qualitative changes during seizures. Thus the epilep-
tic brain, if viewed as a dynamical system, exhibits a type of multi-stability, with healthy
and seizure-like modes corresponding to different attractors in the state-space. The second
is that epilepsy is a network disorder [Spe02]. This refers to the fact that the brain is com-
posed of many different components interconnected through a network structure, and while
seizures may be localized to certain brain regions, their emergence results from interactions
among all elements of the network. These network effects complicate the identification of
appropriate targets for surgical resection or neurostimulation, since simply targeting regions
with pathological activity might not have the intended effect due to the global nature of
these interactions.

Mathematical models that account for both the dynamical and network aspects of the
epileptic brain provide a promising route to managing this complexity, and designing effective
interventions to mitigate epileptic seizures. In this part of the thesis we show how tools from
nonlinear dynamics, non-smooth systems, and network optimization can be used to derive
such models and analyze their properties, as well as mathematically formalize the problem

of suppressing the spread of seizures and solve it optimally. Here, we review the current
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state-of-the-art in modeling brain networks, then we discuss mathematical preliminaries in

order to set the stage for our contributions in later chapters.

5.2 Related Work

In this section we discuss prior work in dynamic modeling of the human brain. Though
the field is vast and has a rich history, we restrict our attention here to models in the form of
ordinary differential equations on networks. For a more comprehensive overview we refer the
interested reader to, e.g., [Izh07, DA01, FZB16]. The human brain consists of on the order of
10! neurons and 10'* synaptic connections between these neurons. Because of the enormous
scale involved, it is not tractable to capture all the neurons and their connections in a single
model of the brain. For this reason, network models of the human brain exist on different
spatial scales[GCC*21], depending on the phenomenon of interest, or the particular features
of the brain one wants to understand (cf. Figure 5.1 for a depiction of different spatial scales
of brain modeling). At the smallest scale, each node in the network corresponds to a single
neuron, whereas at the largest scale a single node may represent an entire brain region. Here

we briefly review network brain models on the entire spectrum of spatial scales.

5.2.1 Microscopic or Single-Neuron Models

We begin by discussing microscopic or single-neuron models (cf. Figure 5.1(left)),
where as the name suggestions, nodes in the network correspond to individual neurons.

These systems are typically mechanistic, meaning they are derived from the fundamental
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Figure 5.1: Figure showing brain networks at different spatial scales. (Left) Schematic
of Hodgkin-Huxley model describing a single-neuron as a nonlinear circuit [HH52| (Center)
Depiction of brain network at the mesoscopic scale [SVWT21] (Right) Depiction of brain
network at the macroscopic scale [MBBP19].

physical laws, as opposed to phenomenological models which describe empirical observations
but are not derived from first-principles. The most famous examples are the Hodgkin-Huxley
model [HH52|, and closely related Fitzhugh-Nagumo model [Fit61, NAY62], which explains
the origination and propagation of action potentials in neurons through the diffusion of ions
across the cell membrane using the model of a leaky capacitor. While these systems are
used to understand the physiology of neuronal networks, recent work [SBS22| focuses on
controlling them, both in biomedical applications as well as engineering applications such as

neuromorphic computing.

5.2.2 Macroscopic Models

We now discuss macroscopic models (cf. Figure 5.1(right)), which exist on the oppo-
site end of the spectrum of spatial scales to single-neuron models. Here, nodes correspond to
entire brain regions, and edges represent long-range cortical connections between these re-

gions. At the macroscocpic scale the celebrated Kuramoto model (see e.g. [DB14, ADGK108§]
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for a review of this system and its properties) is often used. This system can be written as

N
éz‘ = W; + Z VVZ‘J’ sin(ej — 01)7

J=1

where W is the weighted adjacency matrix of the network and 6; is the state of the ith node.
This model is employed when the relevant information about each node can be captured by
a single phase variable, for example when one cares about synchronization between oscil-
latory signals in the brain [BHD10]. Recent work involving Kuramoto models has focused
on controlling brain networks using deep-brain stimulation, e.g., through optimal control

[IMWMM19, WM22] or vibrational control [QBP22b].

5.2.3 Mesoscopic Models

We finally review here mesoscopic models (cf. Figure 5.1(center)) which describe phe-
nomena occurring between the single-neuron and macroscopic scales, and will be the main
focus of the rest of this thesis. At this scale, the nodes in the network describe large popula-
tions of neurons. Unlike single-neuron models, the mesoscopic models we discuss are usually
phenomenological, though in special cases it has been shown these models corresponding to
mean-field approximations of single-neuron models [WC72]. Here we focus on rate models,
where the state of the ¢th node, x;, models the average firing rate of the ith neural popula-

tion. Examples of rate models include the Wilson-Cowan model [WC72] and the Jansen-Rit
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model [JRI5]. Typically these models have the following form

% = —x + f(Wx + u), (5.1)

where W is the weighted adjacency matrix of the network, u represents the vector of exoge-
nous inputs to each node, and f is an activation function. In the case where f is a sigmoidal
activation, one recovers the Wilson-Cowan model, however Gaussian functions [MEK™15],
Heaviside functions [HE15], and piecewise linear activation functions [NC21a, NC21b] have

also been used.

5.3 Mathematical Preliminaries

5.3.1 Notation

We use R, R, and R<( to denote the set of reals, nonnegative reals and non-positive
reals, respectively. We use lower case bold letters to denote vectors, and upper case bold
letters to denote matrices. The identity matrix is denoted by I. Given a vector x € R", we use
x; to refer to its ith component, and given a matrix A € R"*"™ we use A;; to refer to its (4, j)th
component. For x € Rand m € R, [z]j" = min{max{x,0}, m}, which is the projection of =
onto [0,m]. Similarly, when x € R” and m € R%, [x]§* = [[z1]5" - .. [zn]5""]". The open ball

in R"™ with radius € > 0 centered at x € R" is denoted by B.(x) = {y € R"||ly — x|| < €}.
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5.3.2 Graph Theory

Here we review basic notions from graph theory, which is theoretical framework we
employ for modeling networks. A graph is a pair G = (V,€) consisting of a set of nodes,
V=1{1,2,...,N}, and a set of edges £ C V x V which describe connections between nodes.
We say that the graph is undirected if (i,7) € € implies that (j,7) € £, otherwise we refer
to the graph as directed. The connectivity structure of the graph can be described by the

adjacency matriz, A € RV*N  defined by

1 (i,j) € €

0 (5,J) g€

Note that when the graph is undirected, A is a symmetric matrix. In certain applications,
we want to assign a weight w;; to each edge (i, j), where w;; = 0 whenever (i, j) ¢ €. In this
case we refer to the graph as a weighted graph, and describe its structure using a weighted

adjacency matric W € RYVN with W;; = wy;.

5.3.3 Linear Threshold Networks

Here we go over the theory of Linear-Threshold Networks (LTNs), which are a specific
instance of the rate model (5.1) where the activation function is piecewise linear. Our
exposition follows that of [NC21a]. Consider a graph G = (V, &) where V = {1,2,..., N},

and £ C V x V. Let W be a weighted adjacency matrix of the network. The dynamics of
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the LTN are given by

x = —x + [Wx + u|g’, (5.2)

where m is a vector describing the maximum firing rates of each node. The state-space of
the system is X = [0,m4] X [0,mg] X -+ x [0,my]. Note that by construction, if x(0) € X
then x(t) € X for all t > 0.

For Neuroscience applications, it is common to assume that the network satisfies the

following assumption, commonly known as Dale’s Law.

Assumption 5.3.1 (Dale’s Law). For all j =1,..., N, either W;; >0 foralli=1,...,N

or Wi; <0 foralli=1,...,N

Informally, Assumption 5.3.1 states that every node in the network is either excitatory,
meaning an increase in its activity enhances the firing rates of its neighbors, or inhibitory,
meaning that an increase in its activity decreases the firing rates of its neighbors. This

property is commonly observed in real-world examples of brain networks.

5.3.4 Existence and Stability of Equilibria

We now discuss equilibria in LTNs. We begin by partitioning the state-space of the

system (5.2) into 3V regions parametrized by a switching index o = (oy,...,0x), Where
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o; € {0,4,s}. Given a switching index o, we define the corresponding switching region by

QU:{XEX ‘ (‘fo—l-ll)z SOlfO'Z :0,
(Wx +u); € [0,m;] if 0; = L, (5.3)

(Wx +u); >m; if 0, = S}.

We also define the switching matrices L and 37 by

0 if o, # L 0 if o; # S

Using the switching matrices, the dynamics (5.2) can be equivalently written as

x=(-I+ZW)x +2fu+¥5m  ifxeQ, (5.4)

From the form of the equation (5.4), it is clear that the LTN is a switched affine system with
3" modes. However, even though the dynamics are affine in each switching region, switched
affine systems exhibit much richer behavior than affine systems, include multiple equilibria,
limit-cycles and even chaotic trajectories.

Our analysis requires the following assumption.
Assumption 5.3.2. Assume that
(i) det(W) #0

(ii) For all o € {0,£, s}, we have that det(—I + XLW) £ 0.
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Note that Assumption 5.3.2 is not restrictive because the set of matrices in RY*¥

which fail this assumption has Lebesgue measure zero, and it is therefore satisfied by almost
all matrices W € RY*Y_ With this assumption, we can rearrange (5.4) to define for each

switching region o, an equilibrium candidate,

xt = (=1 + W) H(Shu + 25m).

Clearly x? is an equilibrium of (5.2) if and only if x} € Q,, and the corresponding equilibrium

is stable if —I + 3XW is a Hurwitz matrix.

5.3.5 Existence of Oscillations

Finally, we discuss sufficient conditions for the existence of oscillatory solutions
to (5.2). The notion of oscillation varies in the mathematical neuroscience literature. Here,
we use definition of oscillation which appears in [NPC22]. We say that a solution x(t) is os-
cillatory if (i) its power spectrum contains distinct and pronounced peaks and (ii) x(t) does
not converge to a fixed point as ¢ — oo. Although this definition is imprecise, it includes
both limit cycles and chaotic trajectories, and encompasses the types of oscillatory patterns
typically encountered in neuroscience applications [BD04, WGTB14].

Recent work[NC19, NPC22] has characterized the existence of oscillations using an
approach inspired by the Poincaré-Bendixson Theorem [Str00, Chapter 7.3]. Informally, this
theorem states that periodic solutions to a system exist when the state-space is compact,

and does not contain any stable equilibrium points. This condition, which we refer to as
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“Lack of Stable FEquilibria” (LoSE) is both necessary and sufficient for the existence of a
limit cycle when N = 2. For N > 2, the condition is only sufficient for the existence of an
oscillation, which is possibly chaotic.

We conclude this chapter with a result which characterizes exactly when stable limit
cycles exist in LTNs satisfying Dale’s Law, with N = 2. We refer the reader to [NPC22] for

results for larger networks.

Theorem 5.3.3 (Existence of Stable Limit Cycle in Planar LTNs). Consider the sys-
tem (5.2) with N = 2 where

a —b

W= [c —d

] a,b,c,d > 0.

The system has a globally stable limit cycle if

d+2<a, (5.5)
(a—1)(d+1) < be, (5.5b)
(a— 1)m; < bma, (5.5¢)
0 < uy < bmy — (a — Lymy, (5.5d)
0 < (d+1)uy — buy < (be — (a — 1)(d + 1))my. (5.5¢)
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Chapter 6

Modeling Epileptic Behavior using

Excitatory-Inhibitory Pairs

In this chapter, we provide a detailed characterization of the equilibria and bifurca-
tions of two-dimensional linear-threshold models, referred to as excitatory-inhibitory pairs
(EI pairs). Using the input to the system as the bifurcation parameter, we characterize the
location of the admissible equilibria, show that bifurcations can arise only when equilibria lie
on the boundary of well-defined regions of the state space, and prove that (codimension-one)
bifurcations can only be of three different types: persistent, non-smooth fold, and Hopf. We
show how these bifurcations change the qualitative properties of the system trajectories, and
how these behaviors resemble prototypical patterns of EEG activity observed before, dur-
ing, and after seizure events in the human brain. Our findings suggest that low-dimensional
linear threshold models can effectively be used to model, analyze, predict, and ultimately

regulate the interactions of neuronal populations in the human brain.
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6.1 Problem Formulation

We model the interaction between populations of neurons using Linear-Threshold
Networks, An epileptic seizure can be viewed as an abrupt intermittent transition between
highly ordered and disordered states [NdS05]. In a dynamical systems’ context, this may
correspond to a qualitative change in the behavior of the system, which is typically linked to
the study of bifurcations. Evidence suggests that, even during highly disruptive events such
as seizures, the underlying connectivity structure between neurons does not experience a
significant change in its nature, while the inputs to the system may be altered by exogenous
and endogenous events. Following this evidence, here we study how changes in the input u
in (5.2) can generate qualitative changes in the behavior of the neurons firing rates.

0
1

Uy —>

<« UQ

d

Figure 6.1: Schematic of EI Pair, where node 1 is excitatory and node 2 is inhibitory.

We consider a network of excitatory and inhibitory neurons satisfying Dale’s Law
(c.f Assumption 5.3.1) with N = 2 all-to-all connectivity. We let the state x; (resp. xs)
correspond to the lumped activity of the population of excitatory (resp. inhibitory) neurons,
which have positive (resp. negative) feedforward contribution to the network. We refer to

the system in this special case as an EI Pair, and is depcited schematically in Figure 6.1. As
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our ensuing analysis reveals, the EI pair case shows much of the complexity of the general
case and is rich enough to capture a variety of epileptic behaviors.
In this case, the state space of the system is X = [0, m;] x [0, mz], and the dynamics

of the EI pair simplify as follows.

T = —x1 + [axy — bry + wy]g? (6.1a)

Ztg = —T9 + [CZL'l — dIL‘Q + Ug]gm. (61b)

The parameters u; and us capture changes in the neurological background activity. In this
chapter, we seek to understand how changes in this activity result in seizure like behav-
ior. Since qualitative changes occur due to bifurcations, we wish to identify all possible
bifurcations in (6.1) using u; as a bifurcation parameter. Additionally, we want to identify
conditions on the parameters of the system that ensure the existence of a stable limit cycle,

without relying on the “Lack of Stable Equilibria” (LoSE) condition.

6.2 Bifurcations in EI Pairs

In this section we characterize the bifurcations of (6.1) as a function of the external
input u. Throughout the rest of this chapter we assume that Assumption 5.3.2 holds. Recall
that the LTN can be viewed as a switched affine system with 32 = 9 modes. Let x = f,(x, u),
where

fr(x,u) = (=1 + ZEW)x 4+ ¥9m + Yl
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denote the dynamics (6.1) in the case x € €),, where €, is the switching region defined
in (5.3) and o € {0,¢,s}}?. Let x% denote the equilibrium candidate corresponding to the
region €2,.

We focus on codimension-one bifurcations, since they arise more frequently in bio-
logical systems than higher-dimensional bifurcations [Izh00]. In particular, we choose u; as
the bifurcation parameter, and leave uy constant. An equivalent analysis can be carried out
using us as the bifurcation parameter and keeping u; constant. Because uy is constant, we
abuse notation slightly by writing the equilibrium candidates as a function of u; only.

We now characterize the equilibrium candidates in each switching region. To do this,

we rely on the following assumption.

Assumption 6.2.1. The parameters of (6.1) satisfy

—myc < uy < (1+ d)mo. (6.2)

The condition bounding us in (6.2) limits the number of admissible equilibria to five
(down from nine). For us < —mye, (resp. us > (1+d)ms), we have xo = 0, (resp. z2 = ma),

for all uq, which are of little interest and we therefore exclude to keep the problem tractable.
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When (6.2) holds, the 5 equilibrium candidates are:

) (6.3a)

1
—u, o) , (6.3b)

(6.3d)

0
xz;<u1>=< L bm2,m2) (6.30)
((1+d)(1—a)+bc’(1+d)(1—a)+bc

(1 + d)uy — buy cu; + (1 — a)usy >

X5, (u1) = m. (6.3e)

A bifurcation can occur only when x*(u) is on the boundary of Q,. In this case,
the equilibrium candidate x? overlaps with the equilibrium candidate of another region.
Therefore, we call u a bifurcation candidate if there exist 01,09 € {0,¢,s}* with oy # 09
such that x, (u) = x}_(u). A boundary equilibrium bifurcation occurs when u is a bifurcation

candidate and x} is admissible in both Q,, and €2,,, i.e., when x} (u) € 5, and x(u) € €2,.

Suppose a boundary equilibrium bifurcation occurs at u. Then, u is

(i) a Persistent BEB (P-BEB) if the number of equilibria is constant in a neighborhood

of u;

(ii) a Non-smooth fold BEB (NSF-BEB) if the number if equilibria is not constant in a

neighborhood of u;

(iii) a Hopf bifurcation® if it is an NSF-BEB such that a limit cycle emerges.

1 As highlighted in [BBCKOS], the definition of Hopf bifurcation does not generalize well to piecewise
smooth systems since there is no sense in which eigenvalues cross the imaginary axis at the bifurcation onset.
However, with a slight but common abuse of terminology, we refer to a Hopf bifurcation if the only attractor
in the system is a limit cycle.
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We next state our main theoretical result which characterizes explicitly all possible

bifurcation diagrams of (6.1).

Theorem 6.2.2. (Bifurcation diagram) Let uy be the bifurcation parameter of the sys-
tem (6.1), and suppose Assumption 6.2.1 holds. Then, there exist at most eight bifurcation
candidates. Further, there exist four qualitatively different bifurcation diagrams induced by

the following inequalities:

a<1l, (6.4a)
(a—1)(d+1) < be, (6.4Db)
a<d+2, (6.4c)

In particular, the possible bifurcation diagrams are defined as follows (see Table 6.2 for an

illustration):

(A) If (6.4a) is satisfied, then there exists a unique equilibrium for every u and all bifur-

cations are P-BEB.

(B) If inequalities (6.4a) and (6.4b) are not satisfied, then the system has one equilibrium
(for small and big values of uy) or three equilibria. Then, bifurcations involving the g

region and only one other region are P-BEB. Otherwise, bifurcations are NSF-BEB.

(C) If (6.4b)-(6.4c) are satisfied and (6.4a) is not satisfied, then the bifurcation candidates
inwvolving either the region Qoo or s and only one other region are P-BEB. Otherwise,

bifurcations are NSF-BEB.
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(D) If (6.4b) is the only satisfied inequality, then the analysis of BEB is equivalent to that
of Case C. However, condition (6.4c) makes x}, an unstable fixed point resulting in a

Hopf bifurcation at uf and at u’s.

Proof. Recall that u is a bifurcation candidate if and only if there exist distinct oy and o9

*

+,(1). Examining only the z; component in equations (6.3a)-(6.3¢), we

such that x}, (u) = x
see that these are affine in u;. Moreover, the affine functions (6.3a) and (6.3e) are parallel
and never intersect, so there is no bifurcation candidate when o1 = 00 and o, = ss. By a
similar line of reasoning, we conclude that there is no bifurcation candidate when o; = 10

and oy = [s. Hence there are only eight possible bifurcation candidates.

Let Q,, and €2,, be neighboring regions. We claim that there exists

h:iQ, UQ, xR R

such that the dynamics (6.1), on Q,, U€,,, become

fal (X7u1)7 h(xaul) S 07

f02(X7U’1)7 h(X,u1> 2 07

where h(x,u;) = 0 on Q,, N€,,. Let uq, 5, be the bifurcation candidate, i.e., X} (g, ,0) =
X;,(Ug,,0,) = x*. Then, a BEB occurs if h(x*, s, 5,) = 0. Further, a P-BEB occurs if
there exists a neighborhood of u,, », such that, for all u; in such neighborhood, the following
inequality holds:

h(x, (u1), u)h(x, (u1), uy) > 0.
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A NSF-BEB occurs instead when the inequality is not satisfied in any neighborhood of uy, 4,.
We will now show explicitly how to compute the type of bifurcation when o7 = 00

and oy = (0. Let ©Q; = Qg and Qs = Q9. Then, (6.5) becomes

—11, h(x,u;) < 0,
i =

(O, — 1)1’1 — bry + Uy, h(X, U1> > 0,

with h(x, u1) = ax;—bxrs+u;. From (6.3) we have (zj,(u1)); = 0and (z)y(u1))1 = 1/(1—a)uy.
Hence, h(xgy(u1),u1) = uy and h(x$,(u1),u1) = ui/(1 — a), which identifies a P-BEB at
u; = 0 if and only if a < 1. Thus, in Case A the bifurcation candidate involving regions {2¢
and Qy is a P-BEB, while it is a NSF-BEB in cases B, C, and D. An equivalent analysis
involving the remaining seven bifurcation candidates can be performed. In the interest of
space, the explicit computations are here omitted.

Finally, cases C and D exhibit equivalent conditions for the boundary equilibrium
bifurcations. However, when condition (6.4c) is met, the equilibrium in € is unstable
(both eigenvalues of the I — W are positive), are are also satisfied. This gives rise to a

discontinuity-induced Hopf bifurcation, which differentiates case D from case C. n

We plot the possible bifurcation diagram of (6.1) as described in Theorem 6.2.2.
To make things easier to visualize, we only show the first coordinate of the equilibrium
candidates. The first coordinate of (6.3a), which corresponds to the equilibrium candidate
of the region g, is zero for every value of u; and is referenced as 00 in Case A of Table 6.2.

Similarly, the first coordinate of the equilibrium candidate (6.3d), which corresponds to the
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equilibrium candidate of the region €2, varies linearly as a function of u; and is referenced
as ¢ in Case A of Table 6.2. A bifurcation candidate arises whenever two of these lines
intersect. Bifurcation candidates are shown as black dots in Table 6.2. When the equilibrium
candidates are admissible, then a BEB occurs, which is shown with a square in Table 6.2.
Further, when the number of equilibria remains constant on both sides of a bifurcation, a
P-BEB occurs: this can be seen, for instance, in Case A, where all bifurcations are P-BEB

(black squares). On the other hand, in Case B, the number of admissible equilibria to the

*
CER

left of the bifurcation occurring at u; = 0 are three, x{, xj, and x},, while there is just one
admissible equilibrium, x},, to its right. This is an example of NSF-BEB, which is denoted

with white squares.
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Figure 6.2: Different types of bifurcation diagrams as discussed in Theorem 6.2.2. Thin
dashed lines show families of virtual equilibria. Thick lines show equilibria: thick solid lines
show stable fixed points, while thick dashed lines show unstable fixed points. Black (white)
square markers show P-BEB (NSF-BEB), while circles show non-admissible bifurcation can-
didates. In Case (D) conditions for the existence of a limit cycle (c.f. Theorem 5.3.3 are
satisfied and the maximum and minimum values of the limit cycle are shown in green.
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6.3 Oscillations in EI Pairs

We now discuss conditions for the presence of oscillations in EI pairs, in the form of
a stable limit cycle. Our analysis leads to a refinement of Theorem 5.3.3 whose proof does

not rely on the “Lack of Stable Equilibria” condition. We state this result next.

Theorem 6.3.1 (Limit Cycles in EI Pairs). The system (6.1) has a globally stable limit

cycle if and only if

d+2 < a, (6.6a)
(a—1)(d+1) < be, (6.6b)

(a— 1)m; < bms, (6.6¢)

0 < uy < bmy — (a—1)my, (6.6d)

0 < (d+ Ly — buy < [be — (a— 1)(d+ 1)]m,. (6.6e)

If (6.6) holds, the system has a unique unstable equilibrium:

- 1 l(l +d)uy — buQ] 6.7)

“be—(1+d)(a—1) e — (a—uy|”

Proof. We begin by characterizing the nullclines of the system. Consider the z; nullcline
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set, X{(u) ={x € X | (f,(x,u)); =0, if x € Q,}. Note that x € X;(u) if and only if

x1 =0, Ty > %, (6.8a)
—1

x1 € (0,my), Ty = a4 P %, (6.8b)
—1

T1 = my, Ty < aTml + % (6.8¢)

Similarly, for the nullcline set Xj(u) = {x € X | (fo(x,u))2 = 0, if x € Q,} we have

x € X;(u) if and only if

T S —_—, To = 0, (69&)
C
d+1
I = _{c_ Ty — %, To € (O,m2)7 (69b)
d+1
T Z img — @, o = Ma. (69C)
& C

We first show how the conditions in the statement are necessary and sufficient for (6.1)
to have a unique fixed point x* which, furthermore, is unstable. For x* to be the unique
equilibrium, the nullclines X (u) and X;(u) must intersect exactly once. This condition
is satisfied when (i) the slope of the nullcline X;(u) in the linear region is less than the
ratio my/ms, cf (6.6¢); (ii) the slope of the nullcline X7 (u) is smaller than that of X;(u)
in the same region, cf. (6.6b); (iii) and 0 < x1(my) < mag, cf. (6.6d). Using the equations
defining the nullclines, we obtain the coordinates of x* in (6.7). Finally, since x* needs to
belong to the linear region, we have 0 < x7 < mq, which reduces to (6.6e). Furthermore, the

equilibrium is unstable since the Jacobian at this fixed point is A = —I+ W and, by (6.6a)
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and (6.6b), trace(A)? — 4det(A) < 0. Thus, the eigenvalues of A are conjugate roots with

(=d—1)+(a—1)

el > .

real part

Next, let R = [0, m4] x [0, ma] \ Be(x*) for € small enough so that B.(x*) C . Note
that R is compact by definition, and that [0, m] X [0, ms] is forward invariant with respect to
the dynamics (6.1). Furthermore, since x* is the unique fixed point, is in the interior of the
region €2y, and both eigenvalues of the Jacobian have a positive real component, we deduce
that R is forward invariant. By the Poincaré-Bendixon Theorem [Sma00, Chapter 7.3], since

R is compact, forward invariant, and contains no fixed points, the system has a stable limit

cycle in R, concluding the proof. O

6.4 Reproducing Epileptic Patterns

Here, we show how EI pairs can be used to model epileptic seizures. To obtain EEG-
like waveforms from the linear threshold model, we simulate the dynamics in (6.1) by adding

noise w in the linear threshold function:

x =—x+ [Wx+u+wg.

The noise w is obtained by filtering Gaussian white-noise, with variance 1.4, through a filter
with 1Hz cut-off frequency.

Although EEG measurements of the epileptic brain can exhibit a variety of behav-
iors, the EEG response can typically be constructed from a small number of prototypical

waveforms [NdS05]. The transition from healthy activity to a seizure is marked by a sudden
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tivity [Cha96].

Figure 6.3: EEG recordings showing prototypical epileptic waveforms.

dramatic change in the qualitative nature of the EEG signal. A seizure may contain several
further changes before normal neurological activity is restored [Cha96]. For example, the
EEG recording of the seizure in Fig. 6.3 can be divided into four segments based on the
qualitative nature of the waveform, labeled S1, S2, S3, and S4. The healthy background
activity, S1, is characterized by small fluctuations about a steady state. The presence of
spikes in S2 indicates the onset of a seizure, with irregular low-frequency oscillations in S3,
and quasi-sinusoidal oscillations in S4.

In [TWCF11], the authors introduce a “dictionary” relating prototypical waveforms
to attractors of a nonlinear dynamical system. Here, we introduce a similar dictionary
to associate prototypical waveforms to features in the phase-plane of the linear threshold
model. This dictionary, along with the bifurcation analysis in Section 6.2, can be used
to systematically determine conditions on the connectivity matrix W so that the desired
waveform can be replicated and the desired transitions can be obtained by varying the input
to the excitatory and inhibitory populations.

In Table 6.1, we relate the characteristic waveforms to features in the phase plane,
and in Table 6.2 we use the bifurcation analysis from Section 6.2 to show which transitions

between these waveforms each system is capable of exhibiting. These two tables can be used
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Table 6.1: EEG activity and features in the phase-space [TWCF11].

Waveform Description | Dynamical Behavior Clinical Setting
Normal background Stable Fixed Point Preictal activity
High-frequency Osc Stable Limit Cycle Interictal activity
Low-frequency Osc Multistability Interictal activity

Spikes Multistability of (0,0) and another fixed point Seizure onset

Table 6.2: Relationship between all bifurcations each system exhibits and transition in type
of EEG activity as outlined in Table 6.1.

System | Bifurcations Seizure behavior
A P-BEB
P-BEB No change
P-BEB
P-BEB
B NSF Normal — Spikes
P-BEB No change
NSF Spikes — Normal
C NSF Normal — Spikes
NSF Spikes — Normal
D NSF Normal — Spikes
Hopf Spikes — High frequency Oscillations
Hopf High Frequency Oscillations — Slow waves
NS% Slow waves — Normal

to explain epileptic patterns through the dynamical properties of linear-threshold pairs, to
characterize possible seizures each pair can create, and to synthesize a system that can
recreate an EEG pattern associated with a seizure event.

As we show next, with the correct values of parameters, the linear threshold model
can have solutions sharing qualitative characteristics with EEG waveforms during epileptic
seizures.

In Figure 6.4a we replicate the seizure in Figure 6.3b having the characteristic wave-
forms S1-S4. Figure 6.4b shows the input u; + w; as a function of time. To replicate the
normal background activity in S1, we initialize system (D) choosing u; so that (0,0) is the
unique (stable) fixed point. The system then fluctuates around the equilibrium and there
will be minimal activity in both the excitatory and inhibitory populations with sporadic

firings caused by the system noise.
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Figure 6.4: Recreating epileptic dynamics using the LTN in Case D. (Top) Simulation of
EEG recording. (Bottom) Input u; + w; as a function of time.

To obtain spikes in S2, we increase u; so that it is near the first NSF-BEB bifurcation.
If wy +uy < 0,then xqq is a stable fixed point. However, when u; +w; > 0, the system has a
unique limit cycle and xqq is unstable. In this case, the state x will initially oscillate until the
noise restores the stability of xqg, at which point the state will be attracted toward the origin.
As u; is increased, the stable limit cycle persists even with noise. The state oscillates about
X with small amplitude as in S3. Increasing u; further increases both components of x
(c.f. (6.3d)) as well as the amplitude of the oscillations, resulting in behavior similar to S4.
We notice that, instead of increasing uy, a similar behavior can be achieved by decreasing w5
since it has a negative contribution on the value of x}, in (6.3d). This is to be expected, since
Uy is the input to the inhibitory population. In fact, a higher input to a population translates
in a higher firing rate for the population itself. This, in return, increases oscillations when

increasing the input to an excitatory population, or decreases oscillations in the case of an
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Figure 6.5: Recreating slow waves using Case D. Simulation of EEG recording (top) and
input u; + w; as a function of time.

inhibitory population.

An additional behavior typical of epileptic seizures is a slow wave, consisting of a low-
frequency high amplitude oscillation with intermittent spikes. Figure 6.3¢ shows an EEG
recording of a seizure initially with high frequency oscillations in S5, then with slow waves
with intermittent spikes in S6. To recreate slow waves in the linear threshold model, we
initialize system (D) with u; near the second NSF-BEB bifurcation. When w; > 0, X is
a stable fixed point and system fluctuates around (m;,my). When w; < 0, x4, is unstable
and the system has a limit cycle, resulting in a high frequency spiking which is halted once
the stability of x,, is restored. A simulation showing this behavior is in Fig. 6.5a, with the

corresponding input in Figure 6.5b.
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6.5 Conclusions

We have shown how LTNs can be used to model a variety of prototypical brain waves
measured in both healthy and epileptic brains. Focusing on a two-dimensional network, we
provide an exhaustive analysis of the equilibria and bifurcations occurring as a function of
the input to the system. We also provide a map and numerical evidence to associate these
bifurcations to patterns of EEG signals observed before, during, and after seizure events.
Directions of future research include a formal analysis of the results suggested in Section 6.4
to relate the behavior of this model with real life EEG data, the study of higher-dimensional
linear threshold models, and the design of control algorithms to detect and regulate seizure

behaviors.
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Chapter 7

Optimal Network Interventions to

Control Localization of Oscillations

Oscillations are a prominent feature of neuronal activity and are associated with a
variety of phenomena in brain tissue, both healthy and unhealthy. Characterizing how oscil-
lations spread through regions of the brain is of particular interest when studying coun-
termeasures to pathological brain synchronizations. A recent study [SBBT10] revealed
the existence of pathological activity in brains of clinically asymptomatic subjects. In
other words, epileptic-like oscillations are observed in the brains of both healthy and non-
healthy patients, however only in the latter class do localized oscillations spread through-
out different regions of the brain into a symptomatic epileptic event. It is hypothesized
in [Spe02, SBBT10] that healthy and non-healthy brains differ with respect to their struc-
tural robustness to the spreading of localized oscillations. Modification of the network

structure to increase structural robustness is a potential avenue for treatment of neuro-
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logical disorders. This modification can be done via electrical stimulation, as is the case
with deep brain stimulation[KLA121, QBP22a], or surgical resection, where connections
between certain brain regions are severed in order to prevent the spread of harmful oscilla-
tions [RLO1]. This motivates the importance of characterizing the spatiotemporal dynamics
of oscillations onset and propagation in the context of pathological activity in the brain
[KTG'10, SBB*10, TDH'11], as well as developing design principles for modifying the
network structure optimally.

The main contribution of this chapter is to characterize conditions for the spreading
of oscillations in brain networks and to formulate and solve optimization problems for the
design of networks that are robust to oscillation spreading. In particular, we model the
excitatory and inhibitory activity of a small brain tissue (micro-domain) using EI pairs,
whose structural properties were characterized in Chapter 6. We begin by stating conditions
on the inputs of EI pairs which determine whether that pair is inactive or has an oscillation.
We then build networks of EI pairs in order to model the complex interactions among domains
of the human brain. Our goal is to exploit the known properties of the single EI pairs to
infer global properties of the brain network. Once formal conditions on the spreading of
oscillations are derived, we develop and solve a series of optimization problems through
which we can efficiently compute conditions to isolate localized oscillations from the rest of
the network. We show how these optimization problems are computationally efficient and
practically effective. We conclude the discussion with extensive numerical simulations on
synthetically generated networks. We tie the discussion of oscillations in the brain to the

the study of epilepsy; however our results can be also applied to other oscillation-related
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problems in network control.

7.1 Input Conditions on EI Pairs

Consider a single EI Pair whose dynamics whose dynamics are given by

i = —2P + [ax® — ba! + WP (7.1a)

il = —2! + [ea® — da! + )7 (7.1b)

In Chapter 7, we characterized the fixed points and attractors in (7.1) for all possible pa-
rameter values. Here we pay attention to the following dynamical features of EI pairs: the
origin being a stable fixed point (corresponding to healthy neurological behavior) and stable
limit cycles (corresponding to a pathological oscillation characteristic of an epileptic seizure).
The following result is a consequence of Theorem 6.2.2, and gives conditions on time-varying

inputs u(¢) resulting in trajectories converging to the origin.

Lemma 7.1.1 (Convergence to origin in EI pairs). Consider the EI pair (7.1). If the input

satisfies u(t) = (up(t),us(t)) <0 for allt > 0, then every trajectory converges to the origin.

We next give conditions on time-varying inputs to (7.1) such that the corresponding
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solution is oscillatory. We define the set

U= {(UE,U[) S RQ | Uug > O,
up < —(a—1)mg + bmy,
(d—|— 1)UE — bu; Z O,

where A = (bc — (a — 1)(d 4+ 1)). The next result follows as a straightforward consequence

of Theorem 6.3.1.

Lemma 7.1.2 (Sufficient conditions on inputs giving rise to oscillations). Consider the EI

pair (7.1). Then,

(i) U is nonempty if and only if

bmr > (a — 1)mg, (7.3a)

bc—(a—1)(d+1) > 0. (7.3b)

(7i) Suppose (7.3) holds and d+1 < a—1. Ifu(t) € U for all t > 0, then all solutions of

(7.1), except for those corresponding to equilibria, are oscillatory.

7.2 Interconnections of EI Pairs

We consider complex networks resulting from the interconnection of EI pairs. Con-

sider a network of N nodes, where each node corresponds to a single EI pair. For
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i€ {1,2,..., N}, the parameters of the ith EI pair in the network are

a; —b; m¥ uf

We interconnect the individual EI pairs to form a coupled network, with a 2N-dimensional
state space

X ={(af, 21, af, ay) | 27 € [0,m7] i € [0,m]]}.

The dynamics of the network are given by (5.2), where

W = diag(Wl, ce ,WM> (75&)
raso ) oleae )]
IE 0 0 1 0 0
e earalo 0]
m:{mlT mM}T, (7.5b)
u:{ulT uM}T. (7.5¢)

Here, AP¥ ¢ ]Rg(TN is a weighted adjacency matrix which characterizes the connections
between the excitatory nodes of each pair in the network, Al € RJEVOXN models connections
between the inhibitory nodes of each pair, and connections from excitatory to inhibitory
nodes and from inhibitory to excitatory nodes are given by AF! ¢ RJZVO and A'F ¢ RgOXN ,
respectively. Figure 7.1 illustrates a network built by coupling EI pairs in this manner.

We seek to characterize the oscillations in the network using knowledge of the pa-

rameters of the individual pairs, as well as the interconnections AF¥ AFI ATE AT We
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Figure 7.1: Illustration of the graph associated to a network of coupled EI pairs.

say that the ith node in the coupled network is oscillatory if for all solutions x(t) of the
interconnected system, x;(t) does not converge to a constant as t — co. We say that the
ith node is inactive if for all solutions, x;(t) — 0 as t — oo. While other behaviors are of
course possible, such as converging to a nonzero constant, our focus on these particular ones
is driven by their relevance for neurological applications.

Determining whether a particular node in the network is oscillatory or inactive is,
in general, nontrivial because of the complex effect of the interconnection on the dynamics
of individual nodes. In particular, note that, if the parameters of the 7th node satisfy the
conditions in Lemma 7.1.1, then the ¢th node is not necessarily inactive in the coupled
network. Likewise if the parameters of the ith node satisfy the conditions of Lemma 7.1.2,
this does not necessarily mean that the ith node is necessarily oscillatory in the coupled
network. We illustrate these observations in the following example. Although both cases are
interesting in their own right, our focus in this chapter is on characterizing the robustness of
the dynamical properties of the nodes, rather than the emergence of new features through

network interconnection.
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Figure 7.2: Illustration of how the dynamical properties of isolated EI pairs might signif-
icantly change when coupled with other EI pairs, as discussed in Example 7.2.1. (a) Two
oscillatory EI pairs, cf. (al), are interconnected so that, when coupled, cf. (a2), both EI
pairs saturate. (b) An oscillatory EI pair and an inactive EI pair, cf. (bl), are interconnected
in such a way that, in the resulting network, cf. (b2), both EI pair exhibit an oscillatory
trajectory.

Example 7.2.1 (Properties of EI pairs not preserved after interconnection). Consider the
numerical examples in Fig 7.2. In panel (a), we study a simple network made up of two
EI pairs (specific network parameters are reported in (a3)). When taken separately, each
EI pair is oscillatory, cf. (al). In panel (a2), the two EI pairs are interconnected through a
simple excitatory-to-excitatory interconnection. As a result of this reciprocal excitation, the
two nodes in the interconnected network become saturated.

In panel (b), we consider a network of two EI pairs (specific network parameters are
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reported in (b3)), where the first node has a globally asymptotically stable limit cycle and
the second node has a globally asymptotically stable fixed point at the origin, cf. (bl).
After interconnecting the two EI pairs in panel (b2), the second pair becomes oscillatory as

a consequence of the incoming activity from the other EI pair. ([l

Given these observations, this chapter has two goals. The first goal is to characterize
conditions under which properties of individual pairs in the network, such as being oscillatory
or inactive, are preserved when the pairs are interconnected with one another. The second
goal is to develop an approach to modify the network parameters so that given sets of desired

nodes are either inactive or oscillatory. We formalize both of these problems next.

Problem 7.2.2. What are the conditions on the node parameters W;, u;, and m;, i €
{1,...,N}, and the interconnection parameters AFE AFL AIE and Al that determine

when the dynamical properties of the ith node are preserved after interconnection?

Problem 7.2.3. Consider a network whose interconnection is described by AEE AEI AIE
and AT and let ©oseitatory Linactive C {1,..., N} be disjoint sets of nodes. How should the
interconnection structure be modified so that in the resulting network every node in Iyciiatory

is oscillatory and every node in Ijgctime 1S inactive?

Both problem formulations touch upon the spatio-temporal spreading (or lack of
thereof) of oscillations in networks and are of general interest. Here, we are particularly
motivated by the spreading of microseizures (localized pathological activity in the brain)
to clinical seizures (diffused pathological activity in the brain). In this framework, one can

interpret Problem 7.2.2 as studying whether a given brain network is prone to the insurgence
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of a clinical seizure as a consequence of a microseizure. Consequently, Problem 7.2.3 can be

viewed as the study on how interventions on the brain might target specific areas of interest.

7.3 Sufficient Conditions for Preservation of Dynami-

cal Properties of Subsystems

We begin by introducing notation that will be useful for the proofs of the main

technical results. The dynamics of the 7th node in the coupled network are

x'f(t):—xf(t)+[az ()—bx()mf(t)} , (7.6a)

x’f(t):—xf(t)%—{cz E(p) — dx()w{(t)r, (7.6b)

where (@ (t),@!(t)) incorporates the combined input to the ith node from its neighbors:

(3 P4

N

) = u +ZAEE TN ANl (7.7a)
=
) = u] +ZAIE P- ZA{JI al (7.7b)

We first present sufficient conditions for the ith node in the network to be inactive. As

a consequence of Lemma 7.1.1, the ith node taken individually is inactive when (uf,u!) < 0.

()

The following result gives conditions which ensure that (af(x),!(x)) < 0 for all x € X,

so the inactivity of the ith node is robust with respect to all inputs the node receives from

neighboring nodes.
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Theorem 7.3.1 (Sufficient conditions for robust inactivity). Assume that fori € {1,..., N},

N
uf +> AZPmEP <0, (7.8a)
j=1
N
ul + Y APmP <o. (7.8b)
j=1

Then, the ith node in the coupled system (7.5) is inactive.

Proof. Let x(t) be a solution to the coupled system (7.7). Note that by (7.8),

N
af(x(t)) < uf + ZAgEmf <0,
=1

N
al(x(t) <ul + 3 APl <0,
7j=1

Since the input to the sth EI pair is w;(t) = (@ (x(t)), @! (x(t))), the result follows by Lemma

) P

7.1.1. U

Note that the condition in (7.8) holds only if (uf,u!) < 0. In fact it is not possible

i Wi
for the ith node to be inactive with respect to the interconnected network, unless the ith
node individually is inactive.

We now move on to discussing sufficient conditions for the ith node in the network
to be oscillatory after interconnection. Our technical approach relies on the following result
which formalizes the following observation: the ith node taken individually is oscillatory

when (uZ, ul) € U;, where U; is the set (7.2) for the parameters corresponding to the ith EI

10

pair, so the oscillation of the ith node persists after interconnection if (a?(x), @!(x)) € U;
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for all x € X.

Lemma 7.3.2 (Robustness of oscillations in coupled networks). Fori € {1,..., N}, assume

eU;, forallx e X. (7.9)

Then, the ith node in the coupled system (7.5) is oscillatory.

Proof. Let x(t) be a solution to (7.7). Then by (7.9), u;(x(t)) € U; for all ¢ > 0. Since

1,;(x(t)) is the input to the ith node, the result follows by Lemma 7.1.2. O

Note that the condition (7.9) holds only if (uf,u!) € U;, meaning that Lemma 7.3.2
characterizes only the case where a pair that is oscillatory when viewed individually remains
oscillatory after being interconnected in a network. However, as shown in Example 7.2.1, it

is possible for nodes (u¥,u!) ¢ U; to become oscillatory after interconnection, though we do

1) (2
not consider such cases here.
In general, the condition in Lemma 7.3.2 is not easy to check computationally. How-
ever, as we show next, in the special case where there are no interconnections from the

inhibitory neurons in each subsystem (i.e., A’F = A = () the condition (7.9) can be

expressed in terms of affine constraints on the adjacency matrices.

Corollary 7.3.3 (Affine conditions for robust oscillations without inhibitory coupling).

Consider a network interconnection (7.5) with A'F = AT = 0. Fori € {1,..., N}, condition
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(7.9) holds if and only if

N biu!
— Y APl > max{0, — ¢, (7.10a)
et ! di +1
N A.mF ut
ulf + ZAEEmE < min {blmf — (a; — )m?, W} : (7.10b)
J=1 i

where A; = bic; — (a; — 1)(d; + 1). In such case, the ith node in the coupled system (7.5) is

oscillatory.

Proof. Note that

N
Sup{u —I—ZAEE & ZAEI I.}: uf +> ALFmY

xeX j=1
N
mf u; —I—ZAEE E_ ZAEI = u? ZAEIm»
7j=1
so by examining the constraints parameterizing U;, we see that condition (7.9) holds if and
only if
N
Z AEI m >0,
7j=1
N
EI_I I
j=1
and
uf + ZAEEmE < —(a; — 1)mE 4+ bym?,
(d+1) |u; +ZAEE E] —bul < AmF.
We obtain (7.10) by rearranging the above equations. ]

As the following result shows, in the presence of inhibitory coupling, it is still possible
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to derive checkable conditions in the form of affine constraints on the entries of the adjacency

matrices given by (7.11). The conditions are valid for all interconnection structures, and are

only sufficient for condition (7.9) to hold. However, in the special case where A’

= AT =,

the equations (7.11) reduce to (7.10) and are both sufficient and necessary for (7.9) to hold.

Theorem 7.3.4 (Affine conditions for robust oscillations with inhibitory coupling). Let

ied{l,...

where A\; = bjc; —

, N}, and suppose that

I~
*tlj
bﬂz
|

Allml >0, (7.11a)
J=1
N
uf + > AEPmE <bm] — (a — 1)m7, (7.11b)
j=
3 v N -
(d+1) [uf = > AL mE| = b u] + > AlPmP| >0, (7.11c)
I =1 =1 1
- N N -
(d+1) |uf + > AZPmP | — b |uf = > Allml| < Aim], (7.114)
L = =1 ]

(a;—1)(d;+1). Then, condition (7.9) holds and the ith node in the coupled

system is oscillatory.

Proof. Begin by observing that,

N
inf { (d+1) |uf + 3 AFELP - }:AEII bl S AlEgE }:A” !
xeX = =
N
zx;yngx{<d+1> ufle -S| o[ S ap - S
J= J=
N
=(d+1) ZA u{+ZIA{jEmf :
‘]:
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and similarly that,

N N
sup ¢ (d+1) |u; —i—ZAEE £ ZAEI I —b | —i—ZAIE B ZAHx][
xeX j=1 j=1 j=1
N N
< sup {(d+1) |uf + > APl — ZAEI -b uf—i—ZAfJEyJE—ZAHxJI.
xy€eX j=1 j=1 j=1 j=1

N N
=(d+1) uf—i—ZAZEmf —b[uf—ZAngI- .
j=1 j=1
It follows immediately that if (7.11) holds, then (7.9) holds as well. O

Remark 7.3.5 (Comparison with the literature). The results presented here differ from the
characterization in [NC19, NPC22, NC21a] of oscillations in linear threshold networks in
two ways: first, previous results use the lack of stable equilibria as a proxy for the existence
of oscillations, whereas we take a slightly different approach by showing when conditions
for the existence of oscillations in the ith node are robust with respect to all inputs from
neighboring nodes. Second, previous results simply ensure the existence of oscillations, while
the results here allow us to determine whether a given node participates in the oscillation,

or remains inactive. O

7.4 Network Design Using Sufficient Conditions

In this section we apply the results of Section 7.3 to address Problem 7.2.3, and deter-
mine how to modify the structure of a given network to control the spread of oscillations. The
approach we take is to determine the network interconnection structure as the solution to an

optimization problem, where the constraints of the optimization problem correspond to the
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conditions in Theorems 7.3.1 and 7.3.4. We begin by presenting the proposed optimization

problems, and then complement them with numerical examples.

7.4.1 Network Optimization Problems

Let Toscitatory and finactive C {1,..., N} be disjoint sets, where Ioscinatory denotes the
indices of the nodes in the network we desire to be oscillatory and I,active denotes the indices
of the nodes in the network we desire to be inactive. Assume we are given a nominal network
of coupled EI pairs whose interconnection is determined by A = (AFE AFT ATE AT) The
problem we address here is to modify the network parameters, so that the modified network
given by A = (AFE AEI ATE - Al has oscillating and inactive nodes as determined by
Toscinatory and finactive, respectively.

We consider two scenarios. In the first, the weights of each of the interconnection
matrices can be varied continuously, as is the case with deep brain stimulation, where the
magnitude of the change to the network increases with electrical stimulation. In the second
scenario, we no longer have fine-grained control over the weights of each of the interconnec-
tion matrices, and the network structure can only be modified by removing edges entirely.
This scenario corresponds to surgical resection, where connections between brain regions are

severed to control the spread of oscillations.
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A Continuous Modification of Network Weights

To find the modified network in the first scenario, we introduce the following opti-

mization problem.

. 1 ~ 112
minimize Z — HAk — AkH
AEE‘7AEI 2
ATE AL ke{EE,EIIEII}
subject to

(7.12)
AFE AFLATE Allsatisfy (7.8) Vi € Linactive

AFE AFLATE Algatisfy (7.11) Vi € Toscillatory-

The interpretation of the optimization problem (7.12) is that it finds the minimal modi-
fication to the parameters of the nominal network that ensure they satisfy the sufficient
conditions derived in Section 7.3. Because these conditions are affine with respect to AF¥,
AP ATE and AT (7.12) is a quadratic program and can be solved efficiently using stan-
dard convex optimization solvers. The solution, A = (AFE AEI AE A!l) gives the

network with the desired properties.

178



B Modification of Network by Removing Edges

We now consider the second scenario, where the network can only be modified by
removing edges. To solve this problem, we introduce the following optimization problem:
minimize > Y o(1-85)

SEE SEI —
S1B g1 ¢ fo. 1y FE(EEELIE L} 1<i<N

subject to

AP =S*oA* ke {EE EIIEII (7.13)

APE AP ATE Agatisty (7.8) Vi € Tnactive

APE AP ATE Algatisfy (7.11) Vi € Loseittatory -

Here, ® denotes element-wise multiplication. In the above problem, S¥ € {0, 1}V*V
where k € {EE, EI,IE, 11} is a matrix where Sfj = ( if the edge between i and j is severed,
and Sfj = 1if it is preserved. The interpretation of the problem is that it finds the minimum
number of edges that need to be severed in order for the modified network to have the
desired properties. The modified network is given by A = (APE AFI AIF Al where
Al = AZSZ Unlike (7.12), the problem (7.13) is not convex, but rather a mixed-integer
program (MIP), which in general is NP-complete. However, modern MIP solvers [MakO§]

employ a number of heuristic techniques which allows them to solve relatively large problems

efficiently.
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C Feasibility and Optimality of (7.12) and (7.13)

We now give conditions for (7.12) and (7.13) to be feasible. Intuitively, both problems
are feasible if, in the absence of any interconnection, every ¢ € liyactive 1S inactive, and every

© € Ioscillatory 18 oscillatory. This intuition is formalized in the following result.

Proposition 7.4.1 (Feasibility of (7.12) and (7.13)). The problems (7.12) and (7.13) are
feasible if and only if for all i € Iyactive, W; Satisfies the hypothesis of Lemma 7.1.1, and for

all @ € Ioscitiatory, Wi, Wi, my satisfy the hypotheses of Theorem 6.5.1.

Proof. We begin with the forward direction. Suppose that A* = 0for k € {EE, EI,IE, I1}.
Then it follows immediately that these matrices satisfy the constraints in (7.12). Similarly,
if Sfj =0 for all 1 < i < j, then it follows immediately that the constraints of (7.13) are
satisfied.

To show the reverse direction, suppose that A* for k € {EE, EI,IE, 11} is feasible
for (7.12). If i € Linactive, then (P (x), af(x)) solve (7.8) for all x € X, which implies that

(uf,ul) < 0. Likewise, if i € Iysciatory, then (@F(x), @l (x)) solve (7.11) for all x € X,

79 7 » g

which implies that (u”,u!) € ;. The same argument can be applied for the constraints

Rt

of (7.13). O

Finally, we show that the optimization problem (7.12) solve Problem 7.2.3. This

follows as a direct consequence of Theorems 7.3.1 and 7.3.4.

Theorem 7.4.2 (Network design via optimization). Suppose that for all i € Iyactive, Wi
satisfies the hypothesis of Lemma 7.1.1, and for all i € Iosciiatory, Wi, Wi, m; satisfy the

hypotheses of Theorem 6.3.1. Then
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(i) Let A = (AFE AP ATE A solve (7.12). Then for all i € Ioscitiatory, the ith node
of coupled network determined by A will be oscillatory, and for all i € Lynactive, the ith

node will be inactive;

(ii) Let A = (AFE, AFT ATE AT solve (7.13). Then for all i € Ioscitiatory, the ith node
of coupled network determined by A will be oscillatory, and for all © € Liypactive, the ith

node will be inactive.

7.4.2 Simulations

We illustrate here how the solutions to the optimization problems (7.12) and (7.13)

produce network designs that accomplish the desired controlled spread of oscillations.

A Example with Random Network

In the first example, we consider a network of N = 10 nodes. For i € {1,...,5}, the
ith node satisfies the hypotheses of Lemma 7.1.1, and for i € {6,...,10}, the ith node satisfies
the hypotheses of Theorem 6.3.1. The interconnections APF and AF! are given by random
networks, and A’? = Al = 0. We modify the network using the design methodology
outlined in Section 7.4.1, where liactive = {1,2} and Iosciliatory = {6,...,10}, and nodes
i € {3,4,5} can be either oscillatory or inactive. Figure 7.3 shows the results.

Note that the nominal network does not satisfy the desired properties since there are
nodes ¢ € linactive Which oscillate, and @ € Iogcinatory do not oscillate and instead saturate at
the upper limit. We modify the network designs both by continuously modifying the network

weights using (7.12), and by severing edges using (7.13). Note that with both designs, the

181



Figure 7.3: Illustration of the network design procedure. In each of the graphs, the edges
given by APE are solid and edges given by A®! are dashed. Each box represents a single EI
pair, where the pairs in Iipactive are grey, the pairs in Joilatory are green, and the pairs that
are not in either of these sets are white. In each plot, the response of the excitatory node
of each pair is on top, and the response of the inhibitory nodes are on bottom. The blue
trajectories represent pairs ¢ € Iipactive and orange trajectories represent pairs ¢ € Ioscillatory-
Panel (a) displays the nominal network, where AFF and A®’ are random networks. Panel
(b) displays the network designed using (7.12). The red edges are those modified by the
optimization, and the brightness corresponds to the magnitude of the modification. Finally,
panel (c) displays the network designed using (7.13).
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nodes in ¢ € [ipactive are inactive, and nodes in ¢ € Iogilatory are robustly oscillatory.

B Example with Spatial Propagation

For our second example, consider a network of N = 1230 nodes. The first 1225 nodes
in the network arranged in a 35 x 35 grid and satisfy the conditions in Lemma 7.1.1. The
remaining 5 nodes, whose indices we denote by Igiver, satisfy the conditions in Lemma 6.3.1.
The network has only excitatory-excitatory coupling, where each node in the grid is coupled
to the nodes in the cells above, below, to the left and to the right, and the driver nodes are
randomly coupled to nodes in in the grid (AEE denotes the adjacency matrix of the network).
As shown in Figure 7.4(a), the oscillations from the 5 driver nodes spread throughout the
network.

We now mark a region in the grid where we do not want the oscillations to spread.
Let Iiactive denote the indices of these nodes. To determine how to modify the network
interconnection, we use the optimization problem (7.12) to determine the interconnection
weights AFF of the modified network. As shown in Figure 7.4(b), the oscillations in the
modified network spread from the driver nodes to other regions in the network while avoiding

the region determines by the nodes in lipactive-
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Figure 7.4: Spreading of oscillations in two 35 x 35 grids of EI pairs, as discussed in Section
7.4.2. Panel (a) shows four consecutive snapshots of the network activity for excitatory (top)
and inhibitory (bottom) nodes in each EI pair of a randomly generated grid. We notice how
oscillations originate from a subset of pairs, and spread throughout the nominal network.
Panel (b) shows the network modified using (7.12), so that all pairs i in [jpaciive are inactive.
We find that 13 out of the 297 edges to nodes in [iyactive from nodes not in fiyactive have been
modified (i.e., changes were made by (7.12) to less than 5% of the links between EI pairs).
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7.5 Conclusions

We have studied the spreading of oscillations in complex networks of interconnected
EI pairs. Such networks, modeled here with a piecewise-linear activation function, are an
expressive modeling tool for oscillatory networks, with meaningful connections to brain dy-
namics. Motivated by the link between the spatial spread of oscillations and seizures in
the brain, we have identified formal conditions on the network interconnection structure
that determine which regions oscillate and which remain inactive. We have built on this
understanding to propose strategies that mitigate the spread of oscillations among brain
regions. These strategies formalize network design objectives by means of optimization pro-
grams with attractive numerical properties. The simulation results show that the proposed
approach may be effective in practice. Future work will address the study of the emergence
of oscillations through network interconnection and in particular characterize conditions for
the nodes in networks of coupled EI pairs to be oscillatory without assuming that they admit
oscillations individually. Further, we hope to compute tighter bounds on the sufficiency con-
ditions for robust oscillations and to further validate these results through data-generated

models of brain networks from human subjects.
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Chapter 8

Conclusion

This thesis addressed the control and optimization of interconnected systems. We
focused on two specific instances of this challenge: (i) understanding the systems theoretic
properties of optimization algorithms and using them to regulate dynamic physical processes,
and modeling (ii) epileptic seizures in brain networks and optimally modifying the network
structure to stop their spread. Here, we summarize the contributions of this thesis and

propose directions for future work.

8.1 Summary

The first part of this thesis focuses on the systems theoretic aspects of optimization
algorithms. After reviewing the literature and mathematical preliminaries in Chapter 2, we
introduced the safe gradient flow in Chapter 3. The safe gradient flow is a continuous-time
flow synthesized using techniques from safety-critical control that solves constrained nonlin-

ear optimization problems while keeping the invariant set forward invariant and asymptoti-
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cally stable. These properties make the system, when interpreted as an algorithm, anytime,
meaning that it is guaranteed to return a feasible solution even when terminated early.
This property is particularly useful for real-time applications where the algorithm might be
interconnected with other physical processes, such as when the algorithm output is used
to regulate a physical plant and constraints of the optimization problem ensure the safe
operation of the plant.

In Chapter 4 we extended the framework developed in Chapter 3 to the setting of
variational inequalities. This approach leads to reinterpretations of well-known algorithms
from the lens of control theory, such as the projected monotone flow, and in other cases
leads to entirely novel algorithms, such as the safe monotone flow and the recursive safe
monotone flow. We thoroughly analyze the safety and stability properties of each flow, and
demonstrate through numerical simulations the interconnection of the safe monotone flow
with a linear dynamical system on a receding horizon linear quadratic dynamic game.

The second part of this thesis concerns modeling the human brain as a network
dynamical system to understand and control epileptic seizures. We present an overview of
mathematical modeling of neurological systems in Chapter 5. Next, in Chapter 6, we perform
a detailed analysis of an EI Pair, a two-dimension linear threshold network that can be used
to model populations of interacting neurons. We characterize all possible bifurcations of these
systems, and relate the behavior of EI Pairs in different dynamical regimes to prototypical
oscillations observed during epileptic seizures.

Finally, in Chapter 7 we consider networks of interconnected EI Pairs. We identify

conditions which characterize the spatiotemporal spread of oscillations in the coupled net-
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work. In particular, we obtain sufficient conditions that ensure harmful oscillations remain
localized to certain regions of the network, and identify precisely which nodes participate
in the oscillation. Once formal conditions on the spreading of oscillations are derived, we
introduced an optimization-based framework to perturb the network structure so that it
exhibits the desired localization of oscillations. We hope that this framework allows us to
guide clinical interventions used to manage epilepsy, such as surgical resection and deep-brain

stimulation.

8.2 Future Work

In this section we outline future research directions that build upon the results ob-

tained in this thesis.

8.2.1 Interconnections of Dynamics with Optimizing Flows
A Discretization of Safe Gradient Flows

The algorithms considered in Chapter 3 and 4 are all continuous-time systems. While
this makes the theoretical analysis easier, and is more natural for applications where the
optimization algorithm is implemented in the form of a physical system, continuous-time
algorithms are not always practical since they require continuous communication, sensor
measurements, and actuation. For this reason, in the future, we would like to consider
discretizations of the safe gradient flow and the safe monotone flow, which still preserve

their stability and safety properties. Because Lipschitz continuity guarantees can be ob-
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tained in certain cases, one approach is to use standard ODE discretization schemes like the
Forward-Euler discretization, or the Runge-Kutta method. While we presented preliminary
experiments on this approach in Chapter 3, a rigorous characterizing of conditions under
which stability and safety are preserved can be done using tools outlined in [SH98]. Another
approach would be the implementation of event-triggered discretization [HJT12], which also
integrates well with the control-theoretic context in which these flows were originally derived,

and for which safety and stability guarantees are known [TOCA21].

B Dynamically Varying Parameters

Another exciting frontier for future work is using optimizing flows to solve parametric
optimization problems, where the parameters are varying dynamically. While the recursive
safe monotone flow, and the implementation of the safe monotone flow on receding horizon
dynamic games considered in Chapter 4 can be considered specific examples of this, special
assumptions were needed to obtain stability and safety guarantees, such as separation of
time scales and polyhedral constraint sets. However, the general case of designing optimiz-
ing flows with coupled parameter dynamics while ensuring safety, as well as convergence to
the dynamically varying optimizer, is still an open problem. In the case of unconstrained
problems, recent progress has been made using the framework of sensitivity conditioning
[PBD22], where feed-forward control is used to ensure stability of the coupled system. How-
ever, this approach assumes differentiability of the dynamics, which may not hold in the
presence of constraints. In the future, we hope to generalize these results to constrained

systems and apply them to the flows derived in Chapter 3 and 4.
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C Online Learning

As availability of data and computing power grows, the use of online learning for
controlling unknown systems becomes more relevant. There are multiple ways to approach
this problem. For example, this task can be formalized as an online feedback optimization
problem, where the optimization problem corresponds to learning the system model, and the
parameter dynamics correspond to the plant being controlled. In this case online control is
enabled using the sensitivity conditioning approach [PBD22]. A second approach draws on
ideas from extremum seeking control, where a dynamical system is steered to the optimizer
of an unknown objective function. The key component that enables extremum seeking
control approaches is the use of an oscillatory signal that allows the system to learn the
gradient of the objective function. Combining this method of gradient estimation with the
safe gradient flow opens the door to the possibility of optimizing flows that only need zeroth
order information, making them ideal for online learning applications. To make this possible,
however, we need a better understanding of the sensitivity and robustness properties of the

safe gradient flow.

8.2.2 Dynamics and Control of Brain Networks
A Emergence of Oscillations Through Network Interconnection

While oscillations in LTNs were studied in Chapter 7, the analysis leveraged the
idea of robustness, where individual nodes were assumed to be oscillatory, and we discussed

conditions under which this property was robust to network interconnection. However, in
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many cases, one is interested in the opposite situation, where individual nodes are not oscil-
latory, but oscillations emerge spontaneously after network interconnection. Understanding
the emergence properties is key to future work in mathematically characterizing biomarkers
of epilepsy, and will also inform the design of interventions to manage epileptic seizures,
including through network optimization and feedback control. For example, one drawback
of the optimization-based framework developed in Chapter 7 is that the designs were often
overly conservative. A better understanding of the emergence of oscillations may enable

network interventions which modify the network less aggressively.

B Online Control of Brain Networks

One exciting direction for future research is online control schemes for the prevention
epileptic seizures. In contrast to the network interventions discussed in Chapter 7, which
only modifies the parameters of the system, the goal of this line of research is controlling
the dynamics of the network. Recent progress has already been made in this direction,
For example vibrational control [QBP22b] has emerged as useful paradigm for controlling
synchronization in brain networks. In order to control linear threshold networks to inhibit the
spread of pathological oscillations, several challenges need to be addressed. First, feedback
control requires access to real-time measurements from which the state of the system can be
reconstructed. For neurological systems, most sensors can only acquire aggregate information
of entire brain regions, and access to information about specific nodes requires invasively
probing the brain. Secondly, the network can only be controlled through a sparse subset of

the nodes. We hope to extend our work on LTNs to develop control strategies that can be

193



implemented with these limitations.
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