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ABSTRACT OF THE DISSERTATION

A Priori Bound on the Velocity in Axially Symmetric Navier-Stokes Equations
by
Esteban Adan Navas

Doctor of Philosophy, Graduate Program in Mathematics
University of California, Riverside, December 2015
Dr. Qi S. Zhang , Chairperson

Relevant results and theory in the Axially Symmetric Navier-Stokes Equations are reviewed.
Then we obtain pointwise, a priori bounds for the r, 8 and z components of the vorticity
of axially symmetric solutions to the three-dimensional Navier-Stokes equations, which im-
proves on an earlier bound in [1]. Finally, we show that, for any Leray-Hopf solution, v, we

can use the 6 component of vorticity to bound the velocity and derive

C|lnr|'/?

(@, t)] < —5—,

0<r<1/2,
r rsi/

where 7 is the distance from the z axis.
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Chapter 1

Introduction

In this dissertation we prove a priori bounds on the vorticity and velocity of solu-
tions to the 3-dimensional axially symmetric Navier-Stokes Equations, which are a special
case of the more general Navier-Stokes Equations (NSE). In cylindrical coordinates the axial
symmetry translates to #-derivatives of the velocity being equal to zero. To begin with, we
give a derivation of the (NSE) in cylindrical coordinates, from which the axially symmetric
version easily follows. Definitions of the vorticity and stream functions are recorded.

In Chapter 3 we present the main theorem and review work published in 2008
by Chen, Strain, Tsai, and Yau [4], and a similar result with different approach by Koch,
Nadirashvili, Seregin, and Sverak [12]. This includes regularity criteria for the axisymmetric
(NSE), motivating our main results.

With the given results and framework, in Chapters 3 and 4 we introduce the setup
and notation for the present results, including scaling of certain norms on hollow parabolic

shells in R3. Using a refined cutoff function, we do our analysis first on the #-component



of vorticity, which is used to control the r and z-components of velocity. This estimate
follows by a sharp embedding theorem proved by Kozono and Taniuchi [13] in 2000 and use
of Poincare’s Inequality on a ball, followed by a Nash-Moser iteration.

In Chapter 5 we work on the r and z-components of voriticity. These estimates
follow by a similar cutoff argument and grouping of the other two equations of vorticity;
control of the # component of vorticity yields control of these components of vorticity.
Nash-Moser iteration is utilized again to prove similar a priori bounds.

Finally, the connection between vorticity and velocity is explored, showing how

voriticity can be used to control the L*°-norm of velocity. This proves our main theorem.



Chapter 2

The Axially Symmetric

Navier-Stokes Equations

2.1 The Navier-Stokes Equations

The vector form of the general NSE is the following:

p(g:;—&-v'Vv):—Vp—i-l/Av

V-v=0

(2.1)

We take the density and viscosity, p and v, of the fluid to have values of 1, for simplicity.

By a solution to the NSE, we mean solving for the unknown functions v and p, where v is

the velocity vector vield of the fluid, v = (vi(z,t), v2(z,t), v3(z, 1)) : R® x [0,T] — R3. And

p is the unknown scalar-valued pressure function p(z,t). Initial data will be made explicit

in the statement of the main theorem.



The operator V = (a%l, 3%2, 8%3) is the gradient and the operator A = 8672% + 68723 +

% is the Laplacian; both operators as written are in rectangular coordinates. The second
3

equation in the above system is the continuity equation, stating that the divergence of the
velocity field must be 0.

Note that the vector form of the NSE actually represents a system of four equa-
tions: the first three arising from the first vector equation (one for each velocity field

component v, ve, and v3), and the last one the continuity equation. Therefore we can

write our system as:

Ovi 0 OV O O N 1 ci<3
ot | ‘Oxy | *0xy | “Ox3  Oxi L=
81;1 81)2 8’03 —0

Ozy " Ozy  Ozg

2.2 Derivation of the Axially Symmetric Navier-Stokes Equa-

tions

The Axially Symmetric Navier-Stokes Equations (ASNSE) are a special case of
the NSE. If we convert the NSE to cylindrical coordinates by letting x = (x1,x2,z3) =
(rcos,rsin®, z) and r = \/x% + 3, then our unknown velocity function v = vyi+wv2j+uvsk

becomes:

v(x,t) = vp(r, z,t)e, + vg(r, z,t)eg + v (r, z, t)e,



where

e, = (Qﬂ,o) = (cos@,sin6,0)
r’or
ep = (_@,E,O) = (—siné,cos6,0)
r’or
€, = (07071)

are the cylindrical unit vectors. We can rewrite the NSE using this change of variables to

cylindrical coordinates by utilizing the Chain Rule in several variables. That is, the Navier

Stokes equations (using v; = 8(%" for each i =1,2,3),

ov dxy; Ov dxg Ov dzs Ov
s o B Up+ A
ot T dt ony T dt 0wy T dt Ous p+av

becomes the following in cylindrical coordinates:

Oov drov déov dzov

T e Tt A

ot Vator T aros Tares - VP TAY
Therefore, using v, = %, vy = r%, and v, = %, we have:

ov ov vy v ov

I 9 _ A

ot " or T ae T, T VP TAY

The rest of the derivation follows by computing the vector partial derivatives %,

%, % and % in terms of the velocity v = v,e, + vgeg + v.e,, then collecting all e,, eg,
and e, terms. To compute these partial derivatives, we use the product rule for a scalar

multiplying a vector (e.g. v, and e,), which gives:

ov  Ov, Ovg %

a - aT T m O

0 et Pyt DV

UT(?T—UT(% " UT@T 0 UTar z

vg Ov g (Ovy Vg Ovg vy OV,
rae—r<ae ”9>er+r<”r+ae>e“raeez
v@—v%e +v%e —|—U%e

92 Foz " For T R F



On the right hand side of the equation we have Av = A(v,e,) + A(vgeg) + A(v,e;)

terms are expanded using the cylindrical gradient and Laplacian operators:

or r 00 0z
2 10 10* 02
a2 Tror T rzeg T a2

Therefore,

A(v,e,) = Avqe,

. These

Since we assume our solutions are axially symmetric, they do not depend on 6,

hence every 6-derivative term involving velocity and pressure goes to 0. Thus,

writing

b= (v, 0,v,), after summing we arrive at the Axially Symmetric Navier-Stokes equations:

or ot
ALY by 4 2 %
2) ve ot
dp Ov,
szf(b-V)vz—E— 5 0

19(rvy) n ov,
r Or dz

The last equation is the divergence-free condition written in cylindrical coordinates, notably

lacking the #-derivative of velocity.



2.3 The Vorticity Equations for Axially Symmetric Solutions

Results on a related function in fluid dynamics, the voriticity, w, also yield results
about the velocity, v. Therefore, the main theorem of this paper is stated in terms of the
voriticity, and most of the analysis is done using the corresponding vorticity equations. If
we compute w = curlv in the (7,0, z) variables, for an axially symmetric velocity field v,

then the vorticity w = wie; + wees + wses can be rewritten as wye, + wgpey + w,e,, with

8’1)9 av’r‘ aUz av@ Vo
——, — _ — +
0z

Wy =

we W, = — )
0z or’ = or r

By taking the curl of the Navier-Stokes equaitons, we derive a new set of equations
in the function w = curlv = V x v, that does not depend on the pressure. The resulting

general form of the vorticity equations, with density and viscosity equal to 1, is:

ow
E—(U-V)w—(w-V)v—Aw

Expanding the notation slightly, we have

Ow _(do 0w doy Qv dwy Ow ) () OvOv OV A
ot At Oz, ' dt Oxg  dt Oz3) \! w

This system of equations can be converted to cylindrical coordinates, by writing
v and w in the cylindrical basis. Then the remaining details follow the same pattern as
the ASNSE derivation; after explicitly computing all relevant partial derivatives using the

product rule, and collecting all e,, ey and e, terms, we derive the Vorticity Equations for



Axially Symmetric velocity fields:

1 ov, Ovy  Owp
(A—ﬂ>wr—(b-V)wr—l—wTar+wzaz— ot =0

g Ovg v Owp

1
(A—r2>we—(b~V)W6+2raz+W9T—at—0 (2-3)

Ov, ov, Ow,
sz—(bV)wz+sz +WTW— 6t =

2.4 Equations for =’ and ruvg

The equation we work on the most is a modified version of the second equation in

(2.3). Writing ©Q = “¢, we have:

r

209 0 2v90vg B
AQ—(b-V)Q—l—;E—E—!—T—Qa—O,V'b—O (2.4)

This equation follows by substituting r¢2 for wy in the rotational equation for vorticity:

(A - :2> Q) — (b V)(rQ) + 2:9%“; + () - a((;’?) — 0.

Using the product rule for the terms with spatial derivatives,

0% o0 0%
+3—+

AGrQ) = rZ2 i
(r) "o or 92

(=b-V)(rQ) = —u,Q —7r(b-V)Q,

1 Q
*72(7"9) -

Ur

7(?”9) = ’UT-Q7

0 o0
A

We sum the above along with the inhomogeneous term Q%% to get:

2’ 90 9%Q o 0 2vgdug
rw+5+r@—r(b~V)Q+2— —

8T_T8t =0

r 0z



Grouping terms and dividing by r yields (2.3).

A similar equation for rvy can be derived using I' = ruy:

20T  OT
AT —(b- VD= = = =0 (2.5)

This equation differs from equation (2.2) by the opposite sign on the inhomogeneous term.
We do not work directly with (2.5), though it can be used to prove, among other important

results ([4], [5]), that rvy is uniformly bounded ([3], [20]).



Chapter 3

Background and Notation

3.1 Previous Results

In the 1960s, O.A. Ladyzhenskaya [14], Ukhovskii and Yudovich [23] proved that
finite energy solutions to (2.2) are smooth for all time, under the no-swirl assumption vy = 0.
A simpler proof can be found in [19].

With nonzero swirl, long time smoothness of solutions to (2.2) is not known. It
is known that any singularities can only be found along the z-axis, since by axisymmetry
a singularity off of this axis would generate a circle of singularities. From the partial
regularity theory, this could not happen because the Hausdorff measure of such a singular
set is nonzero, contradicting the results in [2].

Recently in [4] and [5], C.-C. Chen, R. M. Strain, T.-P. Tsai, and H.-T. Yau proved
a lower bound on the possible blow-up rate of axisymmetric solutions. They proved that v

is bounded in Bg x [—Tp, 0] for any ball of radius R > 0, if v satisfies the scaling invariant

10



bound:

(e, )] < —C

<o (2,t) € R x (=Tp,0).

Under this assumption, which guarantees the first blow up time is no earlier than ¢t = 0,
they were able to show that |vg(t, 7, 2)] < Cr®~! for some small o > 0, which is enough to
prove v is regular for every point on the z-axis.

H. Koch, N. Nadirashvili, G. Seregin, and V. Sverak published a similar result
later in 2008, following as a corollary of Louiville theorems they had established for bounded
ancient solutions of (2.1). Using the same notation as before, if v is a weak solution to (2.2)

and satisifies the bound:
lv(z,t)] < —, (x,t) € R3 x (0,7), (3.1)

then v is a bounded mild solution in R3 x (0,T). Hence, they show, v is a smooth solution
with pointwise bounds on all derivatives in R? x (7,7 for any fixed 7 > 0. Seregin and
Sverak later proved in [21] a local version of the results in [12]. They ruled out Type I
singularities, defined as singularities that also satisfy the bound (3.1). More recent progress
has been in ruling out singularities given an even less strict bound on v(x,t) than (3.1).
For instance, building on results in [6], in [16] the authors showed the bound |rvg(z,t)| <
C|lnr|72, for any 0 < 7 < § and some &y € (0,1/2), is enough to guarantee regularity.
In [24] singularities were ruled out by relaxing the bound even further to |rvg(z,t)| <
Cllnr|=3/2,

Further results in this direction can be found in [17], where Z. Lei and Q. S. Zhang

ruled out any singularities given v,e, +v.e, € L>([0,T],BMO™1!). This extends the results

11



in [4] and [12], since the condition v, < Cr~! implies the axisymmetric stream function,
Ly, is bounded, which by a main result in [17] is enough to prove regularity of solutions
(see [15] for details).

The main focus of this paper is on establishing an a priori bound on solutions to
(2.2). We establish the pointwise bound |v(x,t)| < CvInr/r?, which in lieu of (3.1) brings
us closer to proving regularity of solutions. A precise statement of the main theorem follows

in the section.

3.2 Statement of the Main Theorem

Theorem 3.1 Suppose v is a smooth, azxially symmetric solution of the three-dimensional
Navier-Stokes equations in R3 x (=T,0) with initial data vy = v(-, —T) € L*(R3). Assume
further rvg g € L®(R3) and let R = min{1/2, /T/2}.

Then for all (x,t) € R3 x (—R2,0), the following bound holds:

oV
< &, r € (0, R].

or (2, )] + [0z (2, )] 2

Here r is the distance from x to the z-azis, and C is a constant depending only on the initial

data.
The proof of the theorem is based on the following pointwise bound on the vorticity.

Theorem 3.2 Suppose v is a smooth, azially symmetric solution of the three-dimensional
Navier-Stokes equations in R® x (=T,0) with initial data vy = v(-,—T) € L*(R?), and w
is the vorticity. Assume further rvgg € L®(R3), and let R = min{1/2,/T/2}. Then the

following a priori estimate holds.

12



There is a constant C, depending only on the initial data, such that the following
holds for all (z,t) € R® x (—R2,0) with r € (0, R]:
Cn1/r) v 2
n(1/r
wolz, )] < — 75— | suwp (/B( ) )(v3+v§)(y78)dy> + 2 (o gl oo sy + 1)

selt—r2,t]

. 1/2
X (/ / wj (v, S)dyd8> + 7"1/2(|’TU0,9||L°°(R3) +1)
t—r2 J B(z,4r)

A similar a priori bound holds for the r- and z-components of vorticity.

Theorem 3.3 Suppose v satisfies the conditions in Theorem 3.2 and w is its vorticity. Let
R =min{1/2,\/T/2}. Then the following a priori estimate holds.

There is a constant C, depending only on the initial data, such that the following
holds for all (z,t) € R3 x (—R2,0) with r € (0, R], and &, &' any small numbers greater than

ZEero:

Cln2(1/r
o, )]+ o, )] < )

" 4
X [rg In(1/r) sup / (vz + vg)(y, s)dy | + /2 / / 010/3(y, s)dyds
sEft—r2,t] B(z,4r) t—r2 J B(z,4r)
; 4
+ (/ / wi(y, s)dyds) + 7“4}
t—r2 J B(x,4r)
. 1/2 . 1/2
X |:</ / w(y, s)dyds) + (/ / wz(y,s)dyds)
t—r2 J B(z,4r) t—r2 J B(z,4r)

Smoothness of solutions is assumed for technical simplicity. The first two theorems
are proved in the recently accepted paper [15] by Z. Lei, Q. S. Zhang and the author, and
there is some overlap here with their results. In Theorem 3.3 we prove a priori bounds on

wy and w, using similar techniques, which expands on some of the findings in [15].

13



The latter two theorems are an improvement on J. Burke Loftus and Q. Zhang in
[1], in which they used 3-dimensional Sobolev embedding and Nash-Moser iteration to prove
lwg(z,t)] < C/r°. They also proved bounds on w, and w,, though there was a significant
loss of accuracy between these bounds and the bound on wyg. The gap has been improved
by the results in this writing, but more work needs to be done to make the bounds on w;,
and w, as good as the bound on wy.

Here we mention other related papers on the axially symmetric Navier-Stokes
equations. J. Neustupa and M. Pokorny proved in [20] that regularity of either v, or vy
implies regularity of the other two components of the velocity. Q. Jiu and Z. Xin proved
regularity assuming smallness of zero-dimension scaled norms in [11]. D. Chae and J. Lee
in [3] proved regularity assuming smallness of another particular zero-dimensional integral.
A family of singular axially symmetric solutions with singular initial data was constructed
in [22] by G. Tian and Z. Xin, whereas T. Hou and C. Li found a special class of globally

smooth solutions in [8]. An extension was proved in [7] by T. Hou, Z. Lei and C. Li.

3.3 Outline of the Proof

The proof of the main result begins with the a priori bound on the rotational
component of velocity: r|vg(-,t)] € L. See Proposition 3.1. Using the equation for
) = wy/r, we then prove Theorem 3.2 by first localizing equation (2.4) to scaled (blown up)
dyadic balls away from the axis of symmetry. Using dimension reduction and the structure
of the equations, we improve on [1] by estimating the oscillation of the angular stream

function. Finally, after Moser’s iteration, we re-scale back to small parabolic cylinders to

14



finish the proof.

Theorem 3.3 is proved similarly to Theorem 3.2. The gap between these two
estimates is removed with dimension reduction and bounding the velocity derivatives by
the angular vorticity. Theorem 3.1 is proved at the end in Chapter 6 by using the localized
Biot-Savart law. Since we are working with solutions that are axisymmetric, the L?-integrals
of velocity in small dyadic regions are shown to be smaller than usual. This combined with

the a priori bound for wy implies the pointwise bound on |v,| + |v,].

3.4 Notation and Scaling

Instead of the balls B(x,4r) in the statement of our theorem, our proof will be
carried out over comparable cylindrical regions, allowing us to conveniently reduce our
computations to a 2-dimensional setting. Specifically, let (x,t) = (x1, 2, x3,t) be the point

in Theorem 3.2 and let R >0, S > 0, 0 < A < B be constants. Denote
Carpr = {(z1,29,23) : AR <r < BR,0 <60 <2n,|z3] < BR} CR? (3.2)

to be the hollowed out cylinder centered at the origin with inner radius AR, outer radius
BR, and height 2BR. Note that these shells become larger when AR becomes smaller or
when BR becomes larger.

Denote Par BRr,sr to be the parabolic region
Parprsr = Carpr < (—S*R%)0). (3.3)

If R =1 then we simply write C4 g and P4 g s. We prove our a priori bound for wy close

to the wz-axis, in the region P, 5 s« with 0 < k < min{1/2,,/T/2}. Using the scaling
) I 4

15



property of solutions to the Navier-Stokes equations, we shift from these small shells to the
cube P2’3’%.
Recall that the pair (v(z,t),p(z,t)) is a solution to (NS) if and only if for any
k > 0 the re-scaled pair (v(z,t),p(x,t)) is also a solution, where v(z,t) = kv(kz, k*t) and
p(x,t) = k*p(kz, k*t). If (z,t) is a point in the parabolic region P,, s 35> and we replace
b 74

(z,t) with Z = # and £ = 7, then the new point (Z,) is in P, 5 3. Thus, if (v, p) is a solution
I 74

to the axially symmetric Navier-Stokes equations for (z,t) € Py, 5 s, then (0(%, %), p(%,t))
b b 4
is a solution to the equations for (,%) € Py 4 5.
"y 4
Blowing up to the region P, ;s makes our computations much easier, however,
"< 4

doing so affects certain quantities. These include 7 and the L L2-norms of velocity and

vorticity. Let D be any domain in R® and kD = {z : x = ky,y € D}. Then the following

16



changes must be considered when re-scaling back to P% 3k, 3k
4

IR IO

o(@, )| L2 (kD x (— (kR)2,0))

[0(Z, D)] 2D (- r2,0) </ / (%, 1)] dxdt) :

0
1
= kv(w,t dgcdt = —|v(x, t - .
</(kR)2 /]CD‘ ( )’ k5 ) k‘% H ( )HLQ(ka( (kR)2,0))

b(z,t) = (vy,0,v,) :

b(z,t) = (kv (kz, k*t),0, kv, (kx, k*t)) = kb(kz, k%), (2,t) € Pragr
= b(%,1) = kb(z, 1).
6(, )| oo (—(kR)2,0;2(kD))

B2, )l o020y = SUD ( | . |dm)

7R2<t<0

1
su kb $,t d$ = — b $7t o ) .
*(kR)2p§t<0 (/kD| ( )| k3 > k%H ( )HL (—(kR)2,0;L2(kD))

w(z,t): Dz, t) = KPw(ks, k%), (z,t) € P2737% = @(&,1) = Kw(x, 1)

lw(@, )| L2kDx (~(kR)2,0))

[l P ——— </ /|w Ida:dt>
R2
/ / (. 1) d:z:dt Lz, 1)
- 1 5 2 _ 2 .
(kR)2 JkD Ls L2(kDx(=(kR)?.0))

17



Another re-scaled quantity we will need for the proof of Theorem 3.3 is:

10 O30 o - k2.0

. 0 10 \10
15 D, 39 e ny = </ (&, 7)|5 dxdt)

—R2JD
101 0o
(/ . /kD |kv(z,t)]3 5d$dt> = EHU(:E’t)HL;og(ka(—(kR){O))'
I'(z,1) = #0y(&,1) can be shown to be a solution to (2.5) and Q(Z,{) = 7(7? 8 4 solution to

(2.3) in the variables (Z,t) € P, 4 5.

g

By the scaling invariance of rvg, the boundedness of rvg in the following result

guarantees 7y is also uniformly bounded.

Proposition 3.1 (/3] and [20]) Suppose v is a smooth, azially symmetric solution of the
three-dimensional Navier-Stokes equations with initial data vo € L*(R®). If rvge € LP(R3),

then rvg € L>(0,T; LP(R3)). In particular, if p = oo,

[Irvosllzo w2

2 2
\Vx] + x5

A proof can be found in [3], Section 3, Proposition 1. It follows by multiplying equation

|vg (2, 1)| <

(2.5) by |T[P~2T", where I' = rvjy, then integrating by parts and using Gronwall’s inequality.
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Chapter 4

A Priori Bound on wy

The proof of this theorem follows by first using a refined cutoff function to establish
an energy estimate on our scaled hollow parabolic cylinders, from which we can use Nash-
Moser Iteration to get a local bound for wy. We then re-scale back to the original parabolic

cylinders, which gives us an upper bound on the growth of wy near the z-axis.

4.1 Choice of Cutoff Function and Energy Estimates

We first rewrite equation (2.4) in terms of the positive portion above A = [|vg|| Lo (p, 4,):

Qz,t) + A Qz,t) >0,
Qi (z,t) =
A Qz,t) <O0.
By assumption  is smooth and € is Lipshitz, and on integration by parts all boundary

terms go to 0. Also Qi (z,t) > A and all derivatives of (), are zero on the set where

Q(x,t) < 0. For any g > 1, we have the equation for ﬁ‘i by direct computation:

=q—1
— 0 2. = — ¢ v g2~
AQL — (b-V)Q + ;arﬂi — 9,01 =~ T—g 076 +qlg — QLTTIVQL (4.1)
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For % < 09 < 01 <1, define P(0;) = C(0;) X (—02,0) to be a hollowed out parabolic shell,

with ¢ = 1,2 and C(0;) defined by
C(o;) ={(r,0,z) : (b—4o;) <r<do;, 0<0<2m, |z| <4do;}
We choose our cut-off function 1) = ¢(y)n(s) satisfying
supp ¢ C C(o1); ¢(y) =1forally € C(oz); 0 < o < 1;

Vol . _a

¢° *01—02

for § € (0,1) to be chosen later in the proof;
supp 17 C (—02,0]; n(s) =1, forall s € [-03,0]; 0 <75 < 1;
C2

/
< .
| < (1= 0a)?

Let f = ﬁi and use f1? as a test function in (4.1) to get
2
[ ar=0-911-0f + 200 dyas
P(O’l) r

= / g(q — DOV, 2 fo2dyds — /
P(o1)

772 —_
—qlq-1) / 0 VL P 2 dyds —
P(Ul)

¢y ovE
> = —Zp?dyds
/p(al) 2 0z

qu

2
‘%9 f¢2dyds

2q 1
(%9

1!1 dyds

r

The inequality at the end follows from positivity of the integral in the previous line.
From here, we integrate the first term with Af = V - Vf by parts and rearrange

the terms in the inequality to get:

/ V([ fdyds
P(o1)

2 2q ! 81}
< / (—b V() = 0 f (fY°) + 50 F(fU°) + : w2> dyds. (4.2)
P(Ul) T T
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To get an energy inequality bounding the L?-norm of the derivative |V (f1)|?, we use the
product rule to write |V (fv)|? = |[V(fv)|> — |[V|? f2. Therefore, replacing the left side of

(4.2) with |V (fv)|? and adding by |Vv|?, we get

[ vGePdds < [ (=Y - 0 (0%) + 200
P(o1) P(a1) "

=2q—1 2

g2 v
+ TS0+ [Vl dyds

T z

Using integration by parts on the term with the time derivative gives

/ (0uf) fPdyds = — / 0,12 42 dyds
P(o1) 2 JP(oy)

_ 1 2,2 B T 1 b
=3 </C(01)f ¥*(y,0)dy /C(al)f V=(y, Ul)dy> 2/13(01) 05 (v?) f2dyds.

Since our choice of cutoff function ¢ has 1% = (én)?, n(0) =1, n(—0?) =0, and 0 < ¢ < 1,

we get

[ INGoRdds 45 [P0
P(o1) C(a1)

<[ cbevseyds [ o+ [VOR) Pdyds (4.3)
P(o1) P(o1)
*2(]—1 2
Q
+ / 2 00 £ (9% dyds + / B 0% 2 gy
P(UI)T P(O'l) T 82

=T+ Ty +135+ 1y

4.2 Estimating T}, the Drift Term

This term is bounded by following an argument in [25], which treated a parabolic
equation with a similar drift term. We write our velocity b in terms of its stream function

and integrate by parts, then reduce the spatial dimension of 7 in our hollow domains, since

21



r is bounded by two constants. The benefit from reducing our dimension is gaining access
to an embedding proved in [9], which allows us to prove a sharper 2-dimensional estimate
on the drift term, compared to a priori estimates on vorticity previously established in [1].

Since div b = 0,

T = / b (VF)(f?)dyds
P(o1)

1 1
5 [ wr e v(Pyds =5 [ div () pdyds
P(o1) P(o1)

= 1/ div b(y f)2dyds + 1/ b-V(p?) f2dyds
P(a’l) P(Ul)

2 2
= / b (Vi) f2dyds.
P(o1)

Many of the computations will be carried out on the 2-dimensional shells

Clo1) = {(r,2)|(r,0,2) € Clo1)},

P(ay) = {(r, 2, 8)[(r.0,2,5) € P(o1)}. (4.4)
Integration over these domains will be in the variable § defined by
y=(r,z), dy=drdz, for dy=rdrdzdf.

Let Ly be the angular component of the stream function in cylindrical coordinates,

which can be used to rewrite the components of the velocity b = v,.e, + v.e, as
1
Ur = _8ZL97 Uy = ;ar(TLO)

Let a = a(t) be a function depending only on time, to be chosen later. Using integration
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by parts and the divergence free property of b, we have

Ti= [ b (V)@ duds
P(o1)

- / (00000 + 020,06) (16 F2) dyds
P(o1)

P(o1)

=27 / Or(rLy — a)(0.4) (¢ f2)drdzds — 27T/ 9.(rLg — a)(8,) (1 f?)drdzds
P(o1)

20 [ (rLy ~ @)0,[(0.0) (0 drdzds

P(o1)

+ 27 / (rLg — a)d,[(0p1) (1 f2)drdzds. (4.5)

P(a1)
We will need an energy estimate on V(f1)). However, this is not compatible with
the outer r or z-derivatives in the last line of (4.5). Therefore we multiply and divide by

the cut-off function, v, then differentiate. Working on the first term, we have

/ (rLo — a)0,[(0:4) (v f?)|drdzds

P(o1)
= / (rLg — a)0, [(@w) Wf)Q] drdzds
P(o1) (4
= / (rLe — a) [aram(w 7L 0z (www ! - $2) )28’”’”)] drdzds
Plon) ¥ ¥
= /P( : (rLo — a) [0:0:9(0 f?) + 20400, (4 f) — 040, f*]drdzds.
(4.6)
A similar computation gives the following for the second term of (4.5):
/P (L~ @0(O:) () drd=ds (47

= / (rLo — a) [0:0,0 (4 £2) + 20,00 (10 F) — DypDotp 2] drdzds.

P(o1)

Hence, substituting (4.6) and (4.7) into (4.5) gives, along with properties of our cut-off
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function,

7= 2 [ (Lo - a)[0,0.0(0) + 2700000 )ldrdzds

P(o1)

+2m / (rLo — a)[0:0, (¢ f?) + 2f0,0- (¢ f )| drdzds

P(o1)

<C s Lo = all oo / (10:0,0)| + 0,0- 46| ) f2drdds

te(—02,0) P(o1)

+c/ IV - V(@ f)|drdzds)
P(o1)

<C sup ||rLy— a|LOO(C(O'1))</ fPdrdzds
te(—0a?.0) P(o1)

+—— / IV (@ )ldrdzds). (4.8)

(01— 02) JB(on)
Here we used the Cauchy-Schwarz inequality and the notation V = (9,,d,) for the 2-
dimensional gradient, v = (—0.,0,) for the rotation of V with respect to the r and z
variables.

Finally, we apply Young’s Inequality to (4.8) to get

T < C sup HTLQ - aHLOO(é(ol)) [/ deTdZdS

tE(—O’%,O) P(o1)
c € 9 1 = 9
+— (f frdrdzds + — V(o f)] drdzds)} :
(01— 02) \2 JB(o)) 2¢ JB(on)
4esupye(_ 2 Lo — al|l; o7 -
Choosing € = te(o1.0) ! Iz (e 1)), we thus obtain our first estimate on the

(01— 02)

drift term:

1 —
ti<g [ (O Pads
P(o1)

f2dyds. (4.9)

CSUPte(*GiO) (HT‘L@ B a(t)||2°°(6(01)) + 1) /
(01— 02)? P(o1)
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4.3 Refining the Estimate on the Drift Term

An estimate for |[rLy — a(t)HLoo(g(al)) can be derived using the embedding by
Hou-Li in [9] and Poincaré’s inequality.

Choose a 2 dimensional cut-off function ¢ = ¢(r,z) € C§°(R?) such that ¢ = 1
in C(o1), supp ¢ € C(901/8), 0 < ¢ < 1, and |V¢| + |Az¢| < C. Here Ay = 92 + 9? is
the 2-dimensional Laplacian with respect to the r and z variables. Therefore, referring to

embedding (1.10) of [9],

|| Lo — a(t)HLoo(ﬁ(Ul)) < |[(rLg — a(t>)¢HL°°(5(901/8))

< C(IV((rLo — a(®)D)|z2(@) + (Lo — a(t) gl aqes) +1) %

N

[ 108 (18a((rLo = a(®)8)l12(z2) + (Lo = a(t)) | 2 0o, s0) + )]

Choose a(t) to be the average of Lg(-,t) on C(901/8) under the 2-dimensional volume

element drdz. Then, applying the 2-dimensional Poincaré inequality, we get

||rLo — a(t)HLoo(ﬁ(gl)) < C(||§(7“L6)||L2(6(901/8)) +1)x (4.10)
1

log(||A2((rLg — a(t))d)||2@2) + CIIV (rLo)ll 2 (@90, 51y +€)| -

25



A computation on the Laplacian term gives

Ao((rLg — a(t))¢) = Aa(rLg)p + 2V (rLy) - Vo + (rLg — a(t)) Agé
= ¢(02 + 02)(rLg) + 2V (rLg) - Vo + (rLg — a(t)) Aa¢
2 — _
= ¢r(02Lo+02Lo + >0, Ly) +2V(rLy) - Vo + (rLy — a(t)) Azg
1 1 1 — _
— 4r (ang Y PLy+ -8, Ly — —2L9) n qﬁ(&Lg + ng) OV (rLg) - Vo
r r r
+ (T‘Lg — a(t))Ag(ﬁ
= —¢rwy + ¢v, +2V(rLy) - Vo + (rLy — a(t))Asd. (4.11)
We used the fact that WLy = “¢, where ¥ is the linear elliptic operator ¥ = %%(%%) +
1 9
r2 022"
At any point (z,t), we also have

_ 1 2
IV (rLg)|> = |0,(rLe)|* + r?|0. Lg|* = r* ”ra”(@e)

¥ |62L9|2] — PR, (412)
which, combined with (4.11), admits the bound
|Ao((rLy — a(t))d)| < |rwg + vs| + 2r|b| + C|rLg — a(t)].

Using the 2-dimensional Poincaré inequality again, the Laplacian term in (4.10) has upper

bound:

1A2((rLo — a(t)9)l| 2 (e2)
< CHweHm(é(ggl/g)) + CHbHL%é(gal/S)) +Cl(rLy - a(t))|’L2(5(9a1/8))
< CHweHLz(aggl/g)) + C||b||L2(6(90—1/8)) + C||§(1"L0)HL2(5(901/8))

< Cllwsll 2@ 904 /5)) + 2C 1Pl 2@ (901 8-
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Substituting this and (4.12) back into (4.10), we get

IrLo — a()|] Lo @0y

=

< Ol Dl 2@ 90,8 T 1) [log(CHwe(-,t)||L2(5(90_1/8)) + Cllv( Ol 2901 /8)) T €)

Using this estimate in (4.9), the following bound has thus been established for the drift

term:

1 _
i<y [ [ Pids
P(o1)

SUP¢¢(—02,0) [log(HW(?(‘at)”;:?(é(gal/s)) + HU('7t)||L2(6(ggl/s)) + 6)} /

(01 —02)? P(o1)

+C f2dyds.

For simplicity of notation in the iteration, we will use K to mean:

K=K(v,w)= sup [log(\|w9(~,t)||L2(5(901/8)) TG D 2@ 901 8)) + 6’)}-

tE(fU%,O)
Therefore,
) B _
T < < / IV (1) f)\zdyderCM / F2dyds (4.13)
8 P(o1) (01— 02) P(o1)

4.4 Bounding the Integrals 75 and T}

The term Ty = / (ndsn + |Vp|?) f2dyds is easily dealt with using properties
P 0'1)

of the cutoff function. Since

2

Vo[ \? c}
¢5> = (01— )

VP = gVoP < (

and

C2

Indsn| < |9sn| <
(01 —02)

27
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we get

C / 9 C 9
T<—— Pdyds < / F2dyds. 414
72| (01 —02)% Jp(oy) (01— 02)2 JB(on) (4.14)

For Ts = fP(m) %8,,f(fw2)dyds, we first rewrite 0, f(f) as %&(fQ), then integrate
by parts. Since integration over P(c1) avoids any possible singularities of solutions of the
axially symmetric Navier Stokes equations (by staying away from the z-axis), all functions in

the integrand are bounded and smooth. Therefore, the following computations are justified:

Ty = /p<m> iarf(fwz)dyds - /p SO0 rdrdodeds

(o) T

= / Or(f)V2drdfdzds = — / Or(¥?) f2drdfdzds
P(o1)

P(o1)

2
= [ e vty

Taking absolute values and using the Cauchy-Schwarz inequality for vectors on the integrand

gives

2
T3] < / 21V f2dyds
P(o’l) r

Since r is bounded by two constants in P(o;), combined with properties of the cutoff

function we thus arrive at a bound on T3:

T3] < C/ frdyds < C/ f2dyds. (4.15)
(01 — 02) P(o1) (01— 09) P(o1)

4.5 Bounding 7}, the Inhomogenous Term

We finish bounding the integrals on the right of (4.3) by estimating Ty, which arose

from the inhomogeneous term, 27%% Note that these inequalities have been derived for
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the function f = Qi, where 2, was defined in section 4.1 by cutting off all parts of (z,t)

that were less than A:

Qa,0) + A Qa,t) >0,
Qi (z,t) =
A Q(z,t) < 0.

Therefore, Q4 > A, where A = ||vg|| oo (p, 1) < |[700,0]| Lo (r3) < 0.

Using integration by parts yields

2(] 1 2
Q 0
Ty :/ Ly 3 T Y2dyds
P(o1) r 0z

—2q 9
9 (S 2
= _ —vpdyds
/P(U1) 821( Q+ ) 270
) 1 q , g o1 001 q 4
=— f¢2vdyds+/ QL) — ———=vgdyd
/P(zn) az( ) Q-I— 27 P(O‘l)( - ) QQ 0z r? ’

:_/P( )8z(f,¢)2 1 q— (1/2) Qdyds 1

1 —24002 1
3 2/ jQ2qi—21}gdyds.
+ P

(1) 1 t oz
Considering that ‘U—X' < 1, utilizing A < Qy, and r = \/y? +y5 > 1 for all y € P(01), we

continue by fixing €3 > 0. Apply Young’s inequality with exponents both being 2 to get

i< [ 2dvallste] \d dst 2 [ Plulayas
P(o1) 01— 02 Jp(oy)
2gA A
g/ a 1fw) (25 \d ds+ -2 / f2dyds
P(o1) ' (2€3)2 01 = 02 JP(oy)
2 2
< C”M/ deyds—i—eg/ IV (f1)[2dyds + csh / F2dyds.
€3 P(o1) P(o1) 01 = 02 JP(o1)

Thus

1 A
mi<y [ IV(f¢)I2dyds+C[A2q2+ ] [ pags @i
4 P(o1) 01— 02] JP(o1)
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4.6 Combining Estimates 77 — 7, and Embedding Estimates

Combining the results from the previous two sections on the integrals 77 — Ty, we

substitute (4.13), (4.14), (4.15) and (4.16) into (4.3) to get

[ vuwPds+; [ P00
P(o1) C(o1)
CK (v, w)

1
+14+ AP+ — / 2dyds
(0'1 — 02)2 4 (Ul - 0'2)2] P(o1) f Y

<3
!

/ IV (f) Pdyds + C
P(o1)

We can rewrite this inequality, since ¢ > 1 and 0 < 01 — 02 < 1, as

[ Rk + [ .06 @ )
P(o1) C(o)
Cq? — )
= (01 — 09)2 (K (v, w)(Cr4) + A + 1) /;>(Ul>f2dyd5'

The above energy estimate will be iterated using embeddings on BMO functions, which will
now be derived.

Apply Lemma 1 in Section 2 of [13] to (f¢)?,

1(F )2l L2 @)y < CNI Nl 2o 17Ol Brro@(ory» (4.18)

and recall the definition of BMO:

1 _
Hf?bHBMO(é(m)) - Sup {W ) |fo— (f?b)x,rydy} .

B(z,r)cC(o1) Z, T)| B(z,r
This supremum is taken over all 2-dimensional balls contained in C(cy), and the term (f¢).

is the average of f¢ over the ball B(z,r). Applying Holder’s inequality and Poincare’s
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Inequality on the ball, we bound the inside of the BMO norm:

1

1 i R
Bl )| Sy~ UOBEnIT

v/
< Ldy
|B($> ’l“)‘ ( B(z,r) )

Cr — 2
< V(fo)Pdy
< B < /B D y>

< CIIVUON L2 @)

N
N|=

( / fé— <f¢)x,r|2dy)
B(z,r)

1

Therefore, substituting this into (4.18) gives the embedding we will use to iterate (4.17):

1 — 1
||f¢||L4(6(0'1)) é C’|f¢||1242(6(a'1))”v(f¢)||[2/2(6(a'1)) (419)

4.7 L[? — L™ Estimate on wy using Moser’s Iteration

Embedding (4.19) implies

4 g 2 _ 9
L warasc [ gor [ el

We multiply by 7*(s) on both sides and integrate with respect to time to get

/ O /C s

<of | G [ N [5G P

2 73— - 2
<C swp ( / ) dy) /P ISy (4.20)

—0?<s<0 C(o1
Energy estimate (4.17) holds for all s in the interval —o? < s < 0 as the upper limit of the

time cut-off function, hence it controls both integrals in the above embedding. Therefore,
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substituting (4.17) into the embedding and using properties of the cut-off function gives

2

2
q 772 2 2

— (KT 4+ A +1 / dyds| .

(01—02)2( ) P(ol)f Y ]

The term K is the shortened form of K (v,w). Since f = Q7 , this shows

/ Fdgds < C

P(o2)

2

2
q —2 ) =2q ,_

— (KT 4+ A +1 / O dyds| . 4.21

(01—02)2( ) Blo) Y ] (4.21)

/ Qdyds < C
P(o2)

For i = 0,1,2,..., in (4.21), take ¢ = 2% and replace o1 by o; = 1 — Z;:l 2772

and o9 by 0j41 =1 — 23211 27772, We set Zj-:l 27972 = ( for the case i = 0. Then (4.21)

generalizes to

1/2
i+2 . [ o2
</ Qi+ d?d‘S) < erct2¥ (KQ A%+ 1) / Qiﬂd?ds- (4.22)

P(oiy1)

P(O',L)
If we take the 1/2-th power of (4.22) then we get

2

1
_9i 1/2 1oitl g s 1 i 2
(/ 0L dgds) T <cpey 2 (RP4A2+1)° (/ Qi“dy@)
P(oit1) P(o;)

. i . . - 141 __9(i—1)+1
< AL g% 420 (K2 N A2—|—1>2 / 02 dgds,  (4.23)

P(oi—1)

where the second line is the result of applying (4.22) to the first line of (4.23). We continue
this iterative process of taking the 1/2-th power of the above inequality, then applying

(4.22), until we reach the L%norm of Q4 over Pj 4, (enlarging the domain of integration if

necessary):
5T
_ it2 2t N J+1 i1 S _
/ Qi dyds < clZ ¥ 022 2T 92X 5 <K2 + A%+ 1) 2 / Qidyds.
P(oiy1) Praa

Each sum in the powers of the constants are from j = 1 to j = ¢ + 1. Letting

i — 00, each resulting infinite series converges. Therefore,

su §2<C’ F2—1—A2—|—12 §2d*d
Sup i = - +ayas.
szg% P14
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_ -O+A Q<0
We can repeat this argument on Q_ = to derive a similar L? — L™

A Q>0
bound for Q_:

P14,

. S 2 _
sup Q- < C (K2 Ty 1) / 0> dyds.
P2,3,2

Thus,

2 772 2 2 24—
sup Q< C (K + A"+ 1) [ Q%dyds.
?2,3,% P14

In the region F1,471, since r is bounded by two constants, the functions 2 = wy/r and wy

are equivalent. Therefore, the above estimate implies

— 2
sup wj < C (K2 + A%+ 1) / (wi + A?)dyds. (4.24)

?2,3,% Piaa

4.8 Re-scaling back to small Parabolic Cylinders; proof of

Theorem 3.2

All of our computations so far were done on blown up parabolic cylinders, for the
function wy. That is, bringing back the tilde notation, we have shown

N . ~ 4 _ - ~
swp B <O (K +K+1) / G5 Ddidi+ A2 | . (4.25)
) .

(a:,t)ePQ’?),% 35,1
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Here 7 = 7 and t = k%, and we have enlarged the domain of integration for convenience.

Furthermore,
K = K(v, )

= ?Up : [("5('75)|’L2(6(9/8)) + 1)(10g1/2(|’°~30('7E)HL2(6(9/8)) + ‘|5('a£)"L2(6(g/g)) + C)}
te(-1,0

< sw (5 Blla, ) + Do (G0 Dll, ) + 17Dl )+ )

1
te(—1,0) 2
This inequality holds because C(9/8) C C1 5. Recall the effects of re-scaling on the L2L§°
2 k)
norms of velocity and vorticity:

~ _1
1602, Ol (-roiz2(cy ) = K2 1B Dl (-r2.022(0y, )0

S5

N

~f o 1
Hw(x’t)|’L°°(—170;L2(C%Y5)) =k2 HW(«T7t)HLOO(—kQ,O;LQ(C%jk))?

and

. _1
16 Dllz2py | ) =K"=l Ollz ey -

Hence, returning to C 5, from C1 5, we have
2 K 2 K

= 1 12 (112
< — .
K < ke[slllgo] (kl/g HbHLQ(C%M) + 1> log (k [wa ( at)HLQ(C%,M)

V2Dl ) + o)

In [1] it was proved that for any z € Ck 5,
27

where C' depends only on the initial value. Therefore,

_ _ 1
K <C(k 1/2”b||L°°(7k2,0;L2(057 »+ 1) log1/2(E +e) (4.26)

5,5k
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The last term left to re-scale is A, which is scaling invariant, since by Proposition 3.1,

A= sup [35(F,0)]

15,1

= ||rvg(z, _T)||L°°(R3) = HTUO,9’|L°°(R3)'
Substuting this and (4.26) into (4.25) gives, for k € (0, 1],

sup kw2 (x,t)

(x,t)esz’Bk,%

- 1 4
< Ok 2 bll a0 ) + 1108721 +€) + ool qus) + 1)

5,5k

1
4, 2 2
X (/k k*wy(z,t) k5dmdt+ Hrvo79||Loo(R3))

5,5k,k

C 1 .
< g (Ibllim iz 0 1082 +€) 4 K2 ool e + 47)

k 5k

2
% (lwollBeqe, 3+ klirvool 3 es))-
27 ’
Thus, after dividing by k* and taking the square root, Theorem 3.2 is proved:

o, )2, 56)

C 1 2
< (HbHLOO(fk?,O;L?(C%’M)) 10g1/2(g +e) + k2 |rvo ol poo ms) + k1/2)

x <||W0HL2(P,§’5,€J€) + \/E\|7“U0,9HL°<>(R3)> :
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Chapter 5

A Priori Bounds on w, and w.

We prove here similar pointwise estimates for the other components of vorticity in

the cylindrical system, w, and w,, which satisfy the equations:

Awy = (b V)wr +wp (G = ) + w252 — G

Aw, — (b V)w, —i—wz%”; +wr%1;’“ = % = 0.
Following the derivation in [1], we let V' be the matrix:

ovy 1 v,

or r2 or

V=

ovy v,
0z 0z

=0,

(5.1)

Then the max norm of the matrix V' can be estimated using a lemma proved in the above

paper:

Lemma 5.1 Let v = v(x,t) be a divergence free, axisymmetric, smooth vector field in

Q1,4 = Cra1x[=T,T) for fitedT > 0. Then for all ¢ > 1 there exists a constant ¢ = c¢(q) > 0
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such that:

Ur
r

190 z0an + | HIVellzags.

L(Q2,3

< C(H(CUTZ v)9HLq(Q1,4) + HUHLQ(Q1,4))‘

5.1 Energy Estimates for w, and w,

Once again we choose 1) = ¢(y)n(s) to be the cut-off function satisfying:

supp ¢ C C(o1); ¢(y) =1 for all y € C(02); |Z§j < 016_102 for 6 € (0,1), 0 < ¢ <1,

C2

—; 0<n< 1.
(0_1_0_2)2’ _77_

supp 17 C (—0%,0]; n(s) =1 for all s € [—03,0]; || <
Taking w242 as a test function in (5.1), we get:

B ov, 1 Ovr  Owr\ 901 9
0= /P(Ul) (Awr b-Vw, + w, ( o 7“2) + w, 5, s )wr Vdyds

_ / WAL A, dyds
P(o1)

1 1
[ bV tuds — [ o) @ dyds
P(o’l) q P(O’l) q

ov 1 ov
(22 (3 e
P(O'l) 8T TZ ( ) Bz

We work the first term on the right hand side as we did in (4.2) for wy, using integration

by parts, direct calculations and algebraic manipulations:

37



/ w22 Aw,dyds = —/ V(w2 1?) - Vw,dyds
P(o1) P(o1)

= —/ (2 — 1)(WX™2Vw,) - Vurp? + w2V, - V(4?)dyds
P(O’l)

= —/ (2¢ — D) (W Vw,) - (W' Vw,)p? + V() wi (wi™ ' Vw,)dyds
P(o’l)

2qg—1 1
== 2 /P( )V(wﬂ) - V(wh)dyds — / WiV (w?) - V() dyds

q q P(o1)
< [ V) (et + VR edyds, e < 2
q.Jp(oy) q q
1

- / V(wl) - V(wl?)dyds
q JP(o1)

1
- / (I (@82 — [V dyds,
q JP(o1)

which implies:
| 9 Payds
P(o1)

_ . q q,/,2 _
< /P o bV /

P(o1)

Ovy _ 1 2q,/.2 % 2g—1,,2
+q/P(01) [( B r2> (wZ?) + <8z > wow 9 | dyds. (5.2)

2

()i )dyds + [ [Ty Puidyds
P(o1)

Similarly, using w2? '4? as a test function in the equation for w, in (5.1),

/ IV (w24)|2dyds
P(o1)

B (w?) (wip?)dyds + / VP dyds
P(o1)

- b V(w?)(wiy?)dyds —
<[ b V) dds /

P(o1)

(%z 2 12 aUZ 1 12
QLWJ<&>WﬁM+<m)w%q¢PM& (5.3)

We let f = |w,|?7+ |w.|?, and |V| be the max norm of the matrix V', and add (5.2)
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and (5.3) to get:

/P Ve dyds <2 / (—b- T F(f1%) — 0 f(f1%) + [VUI2S? + ge|V] 202 dyds,

P(o1)
where we used the Cauchy-Schwartz inequality. Using the same steps as in (4.2), we get a

similar estimate to (4.3):

[ vuwPds+ ;5 [P0
P(o1)

C(o1)

< / 2b - VJ(f?)dyds + 2 / (ndsn + Vo) fdyds
P(o1) P(o1)

+cq / V| f2 dyds
P(o’l)

=11 + 15 + T5. (5.4)

5.2 Bounding 7j;

The T and T» terms in (5.4) can be treated using the methods in Chapter 4. We

therefore shift our focus to T3. This integral was bounded in [1]:

2 4 4 2
s < PPy, = IV g g [ Pl

Using dimension reduction, enlarging the domain of the velocity derivative norm to Pi 41,

and bounding the L5/3-norm of (fi))? by its L?-norm, we have the following bound for Tj:

Ty < all 0Pl + ' VI | Fauds (5.5)
o1

3 (P1,4,1)
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5.3 Combining Estimates and Embedding

At this time we utilize the estimates for 77 and T, (estimates 4.13 and 4.14,

respectively), along with T3 in the previous section. Energy estimate (5.4) then becomes:

[ FoPdds+; [P0

P(o1) C(o1)

<1 / T (1) Pdgds + 26| (f) | 2pony

552
K- (v, 1
ww) + VI ]/ f? dyds

(0'1 — 0'2)2 L?(ﬁ(gl)) P(o1
(01)

After absorbing the first term on the right, we get:

[ muwras+ [ .06 (5.6)
P(o1) C(o1)

<Y (Rwuw)+ VIt 41 / £ dgds + 262 (£ 2

= (01— 02)? ’ L% (P(o1)) Plon) LAPle))

noting 0<o;—02<1 and g¢>1.
Now, recall (4.20) in Moser’s iteration in Section 4.7, which follows from embedding

(4.18), Poincare’s inequality, and properties of the cut-off function:

0
/ / (f)'dgds <C sup < / (fw)Qdyds) / IV (f)|dyds
—o? JC(o1) —02<s<0 \JC(o1) Por)

As in Chapter 4, here we apply estimate (5.6), which controls both integrals in the embed-

ding since it holds for every s in the interval —O’% < s < O:where 7 = 01 — 09

_ Cq? —2 _
4dd<(K+V4 _ +1>/ 2dyd
/P(Ul)<f¢) s —02)2[ H HLL?*O(PM»H ?(cn)f -
9 2
+ 2e2||(f1) ||L2(ﬁ(01))}

Taking the square root on both sides gives us an inequality bounding ||(fv)?|| ;2 (P(or)) O1

the left. Therefore we choose €9 = i and absorb this € term to the left. Upon removing
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the square root, we have the key to our iteration:

4 Cq2
/ (f¢) dyds < m

2
-2 4 2
K +||V _ +1 / dyds 5.7
- (R it +1) [ s ] 5.7)

5.4 L? — L>* Estimate on w, and w, using Moser’s Iteration

Recall that f = |w,|?+|w,|?. Making this substitution in (5.7) and using properties

of the cut-off function, we get:

/ (oo + [e0:]9) dgds

P(o’z)

<C

_ad® <K2+HVH4 +1>/ (|lwr|? + |ws|7)2d7ds 2
(01 — 02)? LS (Pra) Ploy) -

We define h(z,t) = max(Jw,|, |w,|) and observe that since h? < |w,|? + |w,|? < 2hY, we can
replace the integrands containing f with h:

2
2

q —2 4 24y

¢ ([ v B 1 h2dyds| . 5.8
(0'1 — 02)2 < + H ||L§(P1,4,1) * > /]3(01) Y S] ( )

The rest of this argument follows exactly the same as in section 4.7, but with h

/ hYdyds < C

P(o2)

in place of O, and Q_. Fori =0,1,2,... in (5.8), again we take ¢ = 2¢ and replace o by
o, =1-— Z;Zl 27=J and 09 by 041 =1 — Z;J;ll 27772, We take 0; = Z§:1 27772 for the

case i = 0. Then (5.8) generalizes to:

1/2
/ P dgds | < eyt <K2—|—|V||410 ~ +1> / W2 dgds  (5.9)
P(oit1) L3 (P1,4,1) P(oy)
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If we take the 1/2-th power of (5.9) then we get

; 1/22 1 iz g [ 3 .
(/ p?dgds) < ciey” 2% <K2+ VIt o+ 1) / 2" dyds
P(oit1) L3 (Pray) P(oy)

+ (i—1)+1
/ h? dyds,

[N

(NI

1 ity i . .
< 012+IC£ 2 +Z]2[2§+2(z—1)] <K2 + HVH4m - + 1)
L3 (P1’4Y1) P(O‘Z',l)
(5.10)
where we applied (5.9) to the first line of (5.10). We repeat this process of taking the 1/2-th

power of the above inequality, then applying (5.9), until we reach the L?-norm of h over

Piaa:

( /P h2"+2dyds) o

(Tit1)

Yo S i=t (o
<ecp ey ¥ 1?25t (K +HIVI g
L3 (Pl,

CgeT
- 1) / h2dyds.
4,1) P11

Note that all the sums in the exponents are from j = 1 to j = ¢ + 1. Letting

1 — 00, the exponent series all converge. Therefore,

2
sup (Wl +w?) <C (K2 + HVHi%(? + 1> (/ wdyds + / w?d@ds) :
P 1,4,1)

2,3,3 P1,4,1 P11
(5.11)
5.5 Controlling the Velocity Derivatives
Recall the definition of V:
vy 12 v,
0 [Z]
V — T T T
duy vz
0z 0z
The same argument in [1] is used to control HVH‘; 1w _ , but with better accuracy due
3 1,4,1

to the results from Chapter 4. By Lemma 5.1 in [1], with Pj 4, as the domain on the left
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and P1 5.1 on the right, we have:
2%

4
WUy <elllenll g+l pp  +1) (5.12)

L3 (P151 2&1

The L'%/3-norm of wy is controlled using (4.21), after choosing ¢ = 1 and taking the %th

power on each side:

1

||Q+”L4 P(o2)) S 0(01 — 09)

; (K +A2+1) el 2 oy

, we have estimates on 0 and Q_:

With P(O-Q) == ﬁ17471 and P(O’l) P

1y
27

@l i, = el S € K+ A+ 1) 4N, )

and
12 ||L13°(F141) < Q- |lpap, ) < C(K+A+1) Q-2 Py sy
Combining these two estimates gives the same bound for . Writing Q = %2, we
have

[l 10 -

3 (P1,4,1) = C(K +A+ 1)Hw0”L2(ﬁ%,5,1)’

where we used the equivalence of 9 and wy in the blown up two-dimensional shells P A1

and P -, (with r bounded by two constants). Thus, HVHim _ satisfies the bound:
3

20 (P1,4,1)

VI +1)

< 574 4 4 4
S C(E A D etllia, o+l

5, 1)
The domain was enlarged proportionally to make the right-hand side more uniform. Sub-
stituting this back into (5.11) with the enlarged domain P1 ., on the right, we have

2 b

sup (w? +w?) < A /
P

2,3,%

widyds + / widyds | ,
P,

1
151 151
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where

9 s 4 2
A=C(E" + (E+A+1) lnllfap, + il +1)

15, LS Py )

5.6 Re-scaling; proof of Theorem 3.3

Recall our ”tilde” notation and that what has actually been shown to this point

is:
sup (@2 4325 0) < A / (7, B)did + / 3, i)dzdi |, (5.3)
($’£)€P2,3,3 P%,5,1 P%,S,l
where & = £, 1 = &, @,(&,1) = k2w, (kZ, k*t), ©.(Z,1) = k*w.(ki, k*t), and
i=c(F@.o) + (K@) +A+1) |zl (/9] 1)
= 9 9 6 LQ(P%,SK’,]C) L%(P%’m“k) .

From the scaling in Section 3.2 and estimate (4.26) on K (v,w), we have:

~~ _1
15 Ol = k2 Jv(z, 1)

||L%(P@75k7k)’

P
E,sk,k) K

2

1
) = k2 ljw(@, t)]|2(p,

2

@D,

sk’

and

F2

5k

o~ _ 1
(v,w) < C(k 1/2Hb”L°°(—k2,O;L2(C% ) T 1)210g(% +e).
We apply Theorem 3.2, for (z,t) € P 5
2? b
_7 1
’wg(.%',t)‘ <Ck™z log(% + 6)7

where C' depends only on the initial value.
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Therefore, rescaling and substituting estimates (4.26) and (??), we find that A

scales in the following way:

_ B 1
A < C((kj 1/2||b‘|Loo(_k2’0;L2(P%,5k,k)) + 1)210g(E + 6)

1

—1/2,. 1.1 4o 4 —2(1,,14 )2
+ (k log?(k+e)+A+1)k loolltzqr, o+ F 210 1)

Finally, after rescaling on (5.13) and substituting the estimate on A, we have, for

( k sk.k

any k € (0,1],

sup  k* (w2(2,t) + wi(z, 1))
P

3k
2k,3k, -

_1 1
< C((R 3Bl (x2 022(p, )+ D?Tog(1- +€)

k
T+ (kF logh (= + €) + A + 1) 42wl 4 + k3ol +1)2
L 9 LQ(P§,5k,k) LL?E](P%,M,/&)
1 1
X / kw2 (z, t)ﬁdxdt + / k1w (x, t)ﬁdmdt
Pg,sk,k P§,5k,k
C 1
< @ <(k3/2‘|b|’Loo(_kQ’O;L2(P%,5k,k)) —+ k2)2 log(E + 6)

1.1 i
+ (log? (% +e)+ k2 A + k1/2)4Hw0H%2(Pk _— + k7/2H?)H4L% + k4)
99K,

§,5k,k)

2 2
X (er||L2(p§’5k7k) + HWGHLQ(P%MJC)) .

Thus, after dividing by k* and taking the square root on both sides, we have proved the
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third part of the main theorem:

lor(@, Ol gm0y + s D)l g

2k,3k,% %13&%)
¢ 3/2 212 1
< k13/2 <<k / Hb|’Lw(_kQ’O;L2(P§,5k,k)) + k ) log(% +€)
1 1 1/2 1/2\4 4 7/2 4 4)2
+(log? (1 +e) + kA + KT ””9||L2<Pg,5k,k> +k ||U||L%Q(P%’5k7k) Lk

9 2
X (erHLz(Pé,sk,k) + HW"HLZ(Pg,sk,k)) :
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Chapter 6

Vorticity to Velocity

Now that the local bound on wy has been established, in this chapter it is shown
how the vorticity can control local growth of the velocity, v = v,e, + vgeg + v, e,. Since vy
a priori satisfies a good local estimate, we can work on just the v, and v, terms, which are

used to define the #-component of vorticity, with wy = %‘g — %ﬁf. Recalling our notation

b =v,.e, + v,e,, we establish the following inequality for all p > 1:

sup (b < Crg /7 |[b| o5y, (@) + Cro sUD |yl (6.1)
By (z) Bay (z)

6.1 Vorticity as the Laplacian of b
The cylindrical curl of b is

Vxb= wp€ep (6.2)
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Using the following identity for any smooth vector field: V(V-b) =V x (V x b) = Ab, along

with the divergence-free condition on b, we compute the curl of (6.2) to be:
V x (Vxb)=—-Ab
Therefore, replacing V x b with wyeg, we have established that

—Ab=V x (LL)geg) (6.3)

6.2 Inversion of —A(¢b) for a Cutoff Function ¢

To derive the local estimate on the - and z-components of velocity, we use a cutoff

argument on (6.3) by first inverting the Laplacian using a Green’s function on R3, denoted

by I'(x,y) = |x‘ioy|. The point y = (y1,¥2,y3) = (7 cos 0,7 sin, Z) is any point in R?, while
x = (21,22, 23) = (rcosf,rsinb, z) is fixed.

Choose a smooth cutoff function ¢ on R? with support contained in the ball By,, =

B(z,2rp), 0 < ¢ <1in By, ¢ =1 in By, and having the following properties:

voel<S . |agl<
To

| Q

[e]\V]

r

Then supp(V¢) C Bay, \ By,. Computing the Laplacian gives:

A(¢b) = bA¢ + 2V - Vb + dpAb

We use (6.3) to replace Ab, and then solve for ¢b by integration against the Green’s function
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over R3:

¢b:iéﬁF@;w(Ay¢b+2VQ¢-Vﬁr—¢cuﬂy@mew)dy
= / I'(z,y)Aypbdy + 2/ I(z,y)Vyo - Vybdy — / I'(z,y)¢ curl,(weeq) dy
R3 R3 R3

=L+L+1I; (6.4)

The y-dependence of ¢ and b in the integrands is surpressed, and will remain so

for most of the derivation of (6.1).

6.3 Bounding an Integral by supp, () |wy|

From here, we present detailed computations on bounding each integral in (6.4).
Starting with the more complicated term, I3, a quick computation of the cylindrical curl of

wyeg gives, with the axial symmetry assumption:

ow wp = Ow
curly (wpeg) = —T;ef + (: + a:)

Hence, I3 becomes

Oy

o 8w9~ B %~ )
g-é;@w¢%m@ Af@w¢f%@+éfmw¢w%®’ (6.5)
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which expands, after integration by parts, to

a w
h=- [ o Caysedundy— [ Tew)oLezdy

R3 OZ R3 r

+/ ; ~ 7“¢(7“a97f) e: | wy drdddz
e \/(FCOSH —1cos0)? + (Fsinf — rsinf)? + (2 — 2)?
__/ ( 2—23¢+ 0:¢ >w96de_/ F(x,y)gbw—fegdy (6.6)

r3 \ |z — Yl |z -yl R? "

N / |z — y|2(¢ + 707 ) — ¢[(Z1 ; 1)1 + (T2 — 22) ] wf)eg dy

We simplify (6.6) by rearranging the cutoff function and |z — y|? term in the

numerator of the third integral:

zZ—z 03 w
13:—/ ( 36+ ¢ )waefdy—/ T(2,y) ¢ —ezdy
rs \ |7 — ¥ |z =y R3 "

R TN
_ / (1 + 75 — 121 — Tow) (bfueeg dy +/ [(z,y) <¢ + 8F¢> wpez dy
R3 " R

@ —y|? 7

. zZ—z 0z¢ ) 1 . ~
__/R3< o+ _y|)waerdy+/T F(x,y)f@r(r@weezdy

EPE
|z =yl E By,

/ (.i‘% —{—i‘% —X1x] — 1‘2.272) qbwee
R3 lz -yl r

zdy (6.7)

The following two terms in (6.7): Z — z and f% + i’% — 2121 — Taxg, are both bounded by

|z — y| and |z — y|?, respectively. Since the cylindrical basis vectors have norm 1, we can
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finally bound I3:

= [ (T2 2 bt + [ vl 20r0) ol

x—yf? lz—y

2
o [ sl
R3 |x—y|3 r

_ "75‘ ’@?qﬁ‘ 1 -
_/R3 (,x_y,g + x_y,) |we!dy+/]Ra ID(z,y)| ‘Far(rqs)‘ lwe| dy

1 w
o[ e,
gs v —yl 7

which becomes, after grouping together the cutoff terms:

< [ satans [ (1osol + | 20r60)| ) nGolben

s |z —yl? o

_ 9] < ) '1~~ D ||
\/R3 ‘x_y2|w0|dy+/RS |8z¢| + far(T‘gﬁ) ‘y—l" dy (68)

We know that |0:¢| + ‘%&:(7%)‘ < |V¢|. Moreoever, our cutoff function is sup-

ported in B,,, with V¢ supported in Ba,, \ By, and |V¢| < TQ We can therefore bound

~

(6.8) by supp,, (z) |wol:

<o - YT Js roly-a

70

1 1
< C sup |wy / T dy +/ T dy
Bayg (@) Boy, |Y — 7| Qorgss 1Y — 7

Here we enlarged the domain of the second integral from B, to Qg,,/s = Q(z,970/8),

o

cylinder of radius 9r¢/8 and height 9r¢/4, such that By, C Qg,,/s C Bar,-
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Now we expand each integral, using spherical coordinates for the ball and cylin-

drical coordinates for the cylinder, thus arriving at our final bound for I5:

2r e 2r0 ~ o o 9% 97% 1 3
I3 < C sup |wy — 5% sin(¢)dpdddl + ~Fdidzdo
| 5P p
Barg () o Jo Jo P o J-ZoJo T

< Crg sup |wy (6.9)
Bayrg ()

6.4 Bounding the remaining Integrals

For the terms I; and I3, we integrate by parts and use properties of our cutoff
function to bound the integrals in terms of the LP-norm of b in the ball Ba,,(x). The details

are as follows, beginning with integration by parts:

I1+Igz/ F(m,y)Ayngbdy+2/ I(z,y)Vyo - Vybdy
R3 R3

/ F(x,y)Ayébdy—Z/ Vy - (T(z,y)Vyo)bdy.
R3 R3

Surpressing the y-variable in the Laplacian and gradient symbols, we compute

V. (I'(z,y)V¢) and combine the resulting integrals:

L+ 1, = / [(z,y)Apbdy — 2/ VI (z,y) - Vobdy — 2/ I(z,y)A¢pbdy
R3 R3 R3

—— [ Twwsobdy—2 [ VL) Vobdy
R3 R3

Therefore, using properties of the cutoff function ¢, in particular V¢ having support in

Bay, \ By, we get the bound

01+ 1R1 < [ IGo)l 180l bldy+2 [ 19T G.0)| [V 1bldy

= /B IT(z, )| [Ag] |b] dy + 2/ IVE(z, y)| Vol [bldy — (6.10)

0 Barg \Brg
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We have that y # z in By, (z) \ By, (z). This fact, along with the previous

calculations of 9I'/0r, OT'/0Z and a similar calculation on %%, shows that I'(x,y) and

VTI'(z,y) have the following bounds:
co C C C

< = and VI(z,y)| £ ——— < — 6.11
ly — x| ~ 1o VI (@)l ly — x| (6.11)

ID(z,y)| =

Combining (6.10) and (6.11) with properties of the cutoff function gives:

C C
L)+ 1] < 3/ \b<y>|dy+3/ b(y)| dy
TO BZTQ\BTO TO BQTU BTO
C
- / 1b(y)] dy.
TO B27'O\BTO

Lastly, by Holder’s inequality,

C
L)+ 1< & / by dy
TO BQTO\BT‘O

3 1-1 b
= %(07"0) rl| HLP(BQTO\BTO)

T =
=

1-3
/ 1dy
BZTO \BT‘O

_3
< Cro " |[bl] Lo (Bary (2))- (6.12)
Putting (6.4), (6.9), and (6.12) all together, we have thus shown

sup [b] < 07"0_3/p|’b”LP(Ber(J:)) + Cro sup |wy (6.13)

By (z) Barg (z)
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Chapter 7

Proof of the Main Theorem

We pick a point x = (71, z2,73) in R and let r = |2/| = \/2? + 23 be the distance

from x to the xs-axis. Theorem 3.2 asserts that we can bound wy pointwise by

Cln(1/r)

|wo(,t)] < 772

When this is substituted into (6.13), with p = 2 we have
—3/2 _
b, )] < Org 1Bl 28, () + Cror ™2 Inv] (7.1)

Using our axial symmetry assumption, (7.1) actually has greater decay as r — 0. The idea
is that we are free to choose rp, so we consider rop < r < 1/2 (since we only need to worry

about the bound close to the z axis) and choose rg to depend on r in an optimal way.
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7.1 Proof of Theorem 3.1

First we consider a torus at height x3, with radius r, generated by rotating the

ball B(z,r¢) around the curve

(y1,92,y3) = {(yl,yz,yg) Vi +us =7y = xg} :

Dividing the circumference of this curve by the diameter of the balls B(z,79), we can fit
27r/(2r9) ~ r/(2r¢) many disjoint balls of radius ro (rounding up to the nearest integer),
whose union are contained in the torus.

Since the function b is axially symmetric, the value of the integral of |b|? over each

ball is the same, hence

()

Writing this in terms of the L?-norm, we have the bound

2 2
) dy> < [ b,
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1
2rg \ 2
P2y < © (22 bl

With this extra decay on [[b]|12(p,, (x)), We substitute into (7.1):

b, )] < Crg 2 [1bll 123y, 23y + Cror™ 2| In7|

1
2T62 ? —7/2
<C . |1b]| 23y + Cror™ /%[ Inr|

Setting the terms involving ry and r equal to each other (or optimizing in the ry variable
using single-variable calculus) suggests the best choice of ¢ to be rg = 3/ 2| In r|_1/ 2. When

we substitute this choice of rg, we finish the proof of Theorem 3.1:

1
2r=31 2
") 1Bll 280 o) + Cr¥/2 |2~ 7/2 I

bz, 1) < c(

= Cr_Qllnr\l/Q.
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